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The problem in flavour basis

i
d
dt

 νe
νµ

ντ

 = Hf

 νe
νµ

ντ


Hf = U Hvac U† + V

Hvac =

 0 0 0
0 2∆21 0
0 0 2∆31

 , V =

 Vc 0 0
0 0 0
0 0 0



U = ŨPMNS = R23(θ23)U13(θ13, δ)R12(θ12)

=

 1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

 c12 s12 0
−s12 c12 0

0 0 1





Neutrino conversion probability

Passage through constant matter density

Pαβ =

∣∣∣∣∣∣
∑

j

(Um)∗βj(Um)αje−iεj L

∣∣∣∣∣∣
2

 ν1m
ν2m
ν3m

 = U†m

 νe
νµ

ντ


Um =

 (ν1m)e (ν1m)µ (ν1m)τ

(ν2m)e (ν2m)µ (ν2m)τ

(ν3m)e (ν3m)µ (ν3m)τ

†

Need to calculate
εj : Eigenvalues of Hf

νjm: Normalized eigenvectors of Hf
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Expanding Hf in small parameters

Hf = H0 + H1

H0 = Hf (θ13 = 0,∆21 = 0) =

 Vc 0 0
0 2s2

23∆31 2s23c23∆31
0 2s23c23∆31 2c2

23∆31


H1: Linear / quadratic terms in two small parameters:

θ13 . 0.2
α ≡ ∆21/∆31 ≈ 0.03

Perturbative method:

Obtain eigenvalues ε(0)
j and eigenvectors v (0)

j of H0

Perturbative expansion of εj and vj in small parameters
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Eigenvectors and eigenvalues of H0

H0 = 2∆31

 Â 0 0
0 s2

23 s23c23
0 s23c23 c2

23


Â ≡ Vc

2∆31
Eigenvalues of H0:

ε
(0)
1 = Vc , ε

(0)
2 = 0 , ε

(0)
3 = ∆31

Eigenvectors of H0:

v (0)
1 =

 1
0
0

 , v (0)
2 =

 0
c23
−s23

 , v (0)
3 =

 0
s23
c23
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Higher order corrections to εj and vj

First order:

ε
(1)
j = 〈v (0)

j |H1|v
(0)
j 〉

|v (1)
j 〉 =

∑
k 6=j

|v (0)
k 〉
〈v (0)

k |H1|v
(0)
j 〉

ε
(0)
j − ε

(0)
k

Second order:
ε

(2)
j = 〈v (0)

j |H1|v
(1)
j 〉
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Perturbatively calculated conversion probability

εj = ε
(0)
j + ε

(1)
j + ε

(2)
j + ...

vj = v (0)
j + v (1)

j + ...

U†m =

 (ν1m)1 (ν1m)2 (ν1m)3
(ν2m)1 (ν2m)2 (ν2m)3
(ν3m)1 (ν3m)2 (ν3m)3


νjm = vj/|vj |

Net conversion probability

Pαβ =

∣∣∣∣∣∣
∑

j

(Um)∗βj(Um)αje−iεj L
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Conversion proability and CP violation

∆ ≡ ∆31L (Slide from W. Winter)
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Long baseline experiments

Useful when ∆31 ∼ VC ∼ 10−13 eV

Corresponding energy E ∼ 1–10 GeV

∆31L ∼ 1⇒ L ∼ 1000–10000 km
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Superbeam experiments
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Neutrino factory / muon storage ring



Neutrino factory: neutrino spectra
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Beta beam

Ion τ (s) E0 (MeV)

18
10Ne→18

9 F 2.41 3.92

6
2He→6

3 Li 1.17 4.02
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Beta beam



The future of θ13 measurement



The future of mass ordering (hierarchy) measurement



The future of CP violation measurement
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