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General considerations

In D = 1, using the momentum eigenstates, |p〉 as basis, the
quantum evolution equation is—

i
∂ψ(p, t)

∂t
= Hψ(p, t) = V (p)ψ(p, t)− 1

2m
p2ψ(p, t),

where V (p) = 〈p|V (x)|p〉. If the solutions are
|E , t〉 = exp(−iEt) |E 〉, with energy eigenvalues E , then the
characteristic equation is 2m(E − V ) = p2. The eigenvalues of
E − V are 2-fold degenerate, due to parity, i.e., the symmetry
under the transformation p ↔ −p. The eigenstates of H are also
2-fold degenerate if V is even under parity.

1/
√
2mV and 1/

√
2mE have dimensions of length and

1/λ =
√

2m(E − V ) = p. When λ is real, it is the wavelength,
and the eigenstates |E 〉 are called scattering states. Otherwise they
are bound states and |λ| is the range of the wave function.
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Position eigenstates

Expanding in position eigenstates, the evolution equation becomes
a differential equation called Schrödinger’s equation. It can be
written in the form

∂2ψ(x , t)

∂x2
= 2m

[

−i
∂ψ(x , t)

∂t
+ V (x)ψ(x , t)

]

.

For an eigenstate of energy E , ψE (x , t) = ψ(x ;E ) exp(−iEt), we
can write this as

d2ψ(x ;E )

dx2
= 2m [V (x)− E ]ψ(x ;E ).

If needed, this equation can be decoupled into two coupled first
order equations by simply introducing a notation for the derivative

dψ(x ;E )

dx
= φ(x ;E ).
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A step potential

Consider a particle moving in a potential step:

V (x) = V0Θ(x) =

{

0 (x < 0),

V0 (x > 0),

with V0 > 0. At x = 0 there is an impulsive force directed to the
left. Classically, if the particle has energy E < V0, it is reflected. If
E > V0, then the particle slows down as it crosses the barrier.

Although the potential is discontinuous at x = 0, both ψ(x ;E ) and
φ(x ;E ) are continuous. So the earlier arguments remain valid. In
each of the force-free regions, one can use plane wave solutions. In
each of segment, the general solution is a combination of left and
right moving waves.
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Matching conditions

The wavefunction is

ψ(x ;E ) =

{

A1e
ikx + B1e

−ikx (x < x0, k =
√
2mE ),

A2e
ik ′x + B2e

−ik ′x (x > x0, k ′ = 1/λ),

where x0 = 0. When E > V0 we see that k ′ is real, in agreement
with classical reasoning.
At x0 the two halves of the wavefunction and its derivatives must
be matched up. The matching conditions are

M(k , x0)

(

A1

B1

)

= M(k ′, x0)

(

A2

B2

)

, where M(k , x0) =

(

z 1
z

ikz − ik
z

)

,

where z = exp(ikx0) and z ′ = exp(ik ′x0).
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Matching conditions: dimensionless form

Suppose there is an external length scale in the problem: a. Then
we can construct the dimensionless distance, y = x/a, and the
dimensionless wave number ρ = ka. The wavefunction is

ψ(y ; ρ) =

{

A1e
iρy + B1e

−iρy (y < y0, ρ = a
√
2mE ),

A2e
iρ′y + B2e

−iρ′y (y > y0, ρ′ = 1/λ),

Derivatives with respect to y are obtained by multiplying the
derivative with respect to x by a. So the matching conditions are

M(ρ, y0)

(

A1

B1

)

= M(ρ′, y0)

(

A2

B2

)

, where M(ρ, y0) =

(

z 1
z

iρz − iρ
z

)

,

where z = exp(iρy0).
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A transfer matrix

Using the transfer matrix T (ρ, ρ′, y0) = M−1(ρ, y0)M(ρ′, y0),

(

A1

B1

)

= T (ρ, ρ′, y0)

(

A2

B2

)

, and T (ρ, ρ′, y0) =

(

α+z
′/z α−/zz

′

zz ′α− α+z/z
′

)

,

where α± = (1± ρ′/ρ)/2. T connects the coefficients on the left
to those on the right. T−1 is obtained by interchanging ρ and ρ′.
If there is an incoming wave on the left of y0, then there is a
reflected wave on the left and a transmitted wave on the right.
Since there is then no incoming wave on the right, B2 = 0. The
reflection coefficient is R = |B1/A1|2. From the transfer matrix
above, we find

R =

∣

∣

∣

∣

ρ− ρ′

ρ+ ρ′

∣

∣

∣

∣

2

.

When E ≫ V0, we find that R → 0, and for E ≤ V0 one has
R = 1. The transmission coefficient is T = 1− R .

Sourendu Gupta Quantum Mechanics 1



Outline 1 dimension Step Barrier Keywords and References

Quantum vs classical

1 In the classical theory, the particle is always transmitted across
the barrier when E > V0. In quantum mechanics, there is
always reflection, but the amplitude decreases with increasing
E .

2 In the classical theory, the particle is always reflected when
E < V0. Since R = 1, this is also true of quantum mechanics.

3 A classical particle is instantaneously transmitted when
E > V0. In quantum mechanics the relative phase between
the incident and transmitted wave at the barrier is
exp[i(ρ− ρ′)y0]. This phase angle is unobservable. It can
always be set to zero by a choice of x0.

4 In the classical theory, sub-barrier reflection is instantaneous.
In quantum mechanics T21 has a negative relative phase.
Compute the phase. Is there a notion of the delay time?
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Universality: a quantum phenomenon

Deform the step barrier to any general barrier—

V (x) =

{

0 (x < −a)

V0 (x > a),

and any shape in the range |x | < a. In this potential, consider
incoming waves with E → 0 on the left. The wavelength,
1/
√
2mE = λ≫ a. The only other intrinsic length scale of the

particle is the range of the wavefunction “under” the barrier:
r = 1/

√
2mV0. When r ≫ a, then the wave cannot possibly

resolve the detailed shape of the potential, and one must have
R = 1. So this feature is universal: true for all potentials.

V V V3210

V V V0 0 0

00
(x) (x) (x)

Check. Any caveats?
Sourendu Gupta Quantum Mechanics 1
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The potential

Consider the potential

V (x) = V0 [Θ(a− x)−Θ(x + a)] =

{

0 (|x | > a),

V0 (|x | < a),

where V0 > 0. Introduce y = x/a, z = E/V0, and choose a trial
wavefunction

ψ(y ; z) =











A1e
iρy + B1e

−iρy (y < −1)

A2e
iρ′y + B2e

−iρ′y (|y | < 1)

A3e
iρy + B3e

−iρy (y > 1)

where ρ = a
√
2mE and ρ′ = ρ

√
z − 1. Using the transfer matrix

twice, and choosing B3 = 0 as before, one finds the reflection
coefficient

R =
(ρ2 − ρ′2)2 sin2(2ρ′)

4ρ2ρ′2 + (ρ2 − ρ′2)2 sin2(2ρ)
.
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Resonances: a quantum phenomenon

The wavelength of the incident wave (2π/k) is an exact multiple
of the barrier width whenever 2ρ = 2nπ. For such energies, one
finds that R = 0 and T = 1. In terms of dimensional variables,
these resonances occur at energies, E ∗

n = n2π2/(2ma2).

The quantity r2 ≡ ρ2 − ρ′2 = 2mV0a
2 is a “shape” property of the

potential, and independent of the energy. Two different potentials
(V0 and a) with the same r have the same physics. Using this
shape variable we can write

R =
r4 sin2(2ρ′)

4ρ2ρ′2 + r4 sin2(2ρ)
.

For 2ρ = 2nπ + δ, one finds R ≃ r4δ2/16n4π4 ∝ δ2. The power of
δ is universal in the sense that it is independent of n. However, the
constant of proportionality depends on n. Can you trace this
universality to an argument about length scales?
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Problem 7.1: the square-well potential

Consider the square-well potential (V0 > 0),

V (x) = V0 [Θ(a+ x)−Θ(a− x)] .

1 Rewrite the equations using the dimensionless variables

y = x/a, r2 =
2mV0a

2

and z =
E

V0

.

2 Find the bound states, i.e., eigenstates for z < 0.
3 Find the scattering states, i.e., eigenstates for z > 0.
4 The shape of the potential can be tuned by changing r . What

values must r have in order to get a bound state at zero
energy (z = 0)? What is the range of such a bound state?

5 Find the maximum r for which there is no bound state.
6 Suppose such a value of r is r∗, then if r = r∗ + δ, find the

properties of bound states which are universal?
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Problem 7.2: resonances

For the square barrier and square well problems, consider the
scattering states in which there is no left-moving plane wave in the
region x > a.

1 Is there a phase difference between the right-moving plane
waves in the regions x < −a and x > a? Can this be
understood as a time-delay or time-advance in the region
where the potential is non-zero? Does classical mechanics
predict any such phenomena? If the answers to the previous
two questions are yes, then do the two computations give the
same result for the delay or advance? If any of the questions
have different answers in classical and quantum mechanics,
then explain the physics.

2 How do the phase differences behave near a resonance.
Assuming that A1 = 1, plot the track of the complex number
A3 in the complex plane as z changes for fixed r for the
barrier and step. Is there universality near resonances?
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