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Symmetry	
  in	
  7me:	
  quantum	
  vs	
  classical	
  
•  Dynamical	
  laws,	
  both	
  in	
  quantum	
  and	
  classical	
  theory,	
  are	
  ?me-­‐symmetric.	
  

•  Measurements	
  introduce	
  ?me-­‐asymmetry	
  in	
  quantum	
  case.	
  

Consider	
  state	
  of	
  an	
  isolated	
  system	
  at	
  ?me	
  t	
  is	
  known	
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Classical:	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  its	
  state	
  both	
  in	
  past	
  t0	
  well	
  as	
  in	
  future	
  t1	
  can	
  be	
  determined	
  !	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  everything	
  about	
  the	
  system	
  can	
  be	
  determined	
  at	
  all	
  ?mes	
  if	
  the	
  ini?al	
  condi?ons	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  its	
  dynamics	
  is	
  known	
  at	
  a	
  given	
  instant.	
  

Quantum:	
  

	
  	
  Even	
  if	
  the	
  wavefunc?on	
  is	
  known	
  at	
  ?me	
  t	
  ,	
  and	
  Hamiltonian	
  is	
  known	
  at	
  all	
  ?mes,	
  the	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  result	
  of	
  a	
  measurement	
  performed	
  at	
  a	
  later	
  ?me	
  t1	
  	
  	
  	
  or	
  previous	
  ?me	
  	
  t0	
  	
  	
  can	
  not	
  be	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  exactly	
  predicted	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  Both	
  “past”	
  and	
  “future”	
  equivalent	
  (equally	
  good	
  or	
  bad)	
  	
  as	
  far	
  as	
  predic?on	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  

“present”	
  	
  	
  	
  is	
  concerned	
  	
  !	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  So	
  why	
  not	
  use	
  both	
  to	
  predict	
  the	
  present	
  	
  (Y.Aharonov)	
  	
  	
  	
  !	
  	
  



Standard	
  theory	
  of	
  measurements:	
  

	
  	
  	
  Ideal	
  quantum	
  measurement	
  of	
  an	
  observable	
  A	
  
	
  	
  	
  	
  	
  	
  If	
  the	
  system	
  before	
  the	
  measurement	
  is	
  	
  in	
  an	
  eigenstate	
  of	
  A	
  with	
  an	
  eigenvalue	
  an	
  ,	
  the	
  outcome	
  of	
  the	
  	
  

measurement	
  is	
  an	
  and	
  the	
  quantum	
  state	
  of	
  the	
  system	
  is	
  not	
  changed.	
  	
  

	
  	
  	
  	
  The	
  interac?on	
  Hamiltonian	
  between	
  measuring	
  device	
  and	
  
system	
  is	
  	
  

•  P:	
  	
  momentum	
  conjugate	
  to	
  the	
  pointer	
  variable	
  Q	
  of	
  the	
  measuring	
  device	
  

•  g(t):	
  normalized	
  coupling	
  func?on	
  specifying	
  the	
  ?me	
  of	
  the	
  measurement	
  interac?on	
  	
  

	
  	
  	
  	
  	
  For	
  ideal	
  measurement,	
  	
  
•  g(t)	
  nonzero	
  only	
  for	
  a	
  short	
  ?me	
  δt	
  

•  free	
  Hamiltonian	
  negligible	
  during	
  this	
  ?me	
  
€ 

intH (t) = g(t) P A

    

€ 

dQ
dt

=
i


 intH ,Q[ ] = g(t) A

€ 

fQ - iQ  = A



Conven?onal	
  Measurement	
  

•  Any	
  precise	
  measurement	
  of	
  A	
  requires	
  Q	
  to	
  be	
  precisely	
  fixed	
  before	
  measurement.	
  	
  

	
  	
  	
  	
  	
  	
  	
  Consider	
  ini?al	
  state	
  of	
  the	
  pointer	
  on	
  measuring	
  device	
  	
  a	
  Gaussian:	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  precise	
  measurement	
  requires	
  	
  	
  Δ          0	
  

	
  	
  	
  	
  	
  	
  Effect	
  of	
  a	
  measurement	
  of	
  A	
  when	
  system	
  is	
  in	
  state	
  	



      Measurement	
  leads	
  to	
  coupled	
  state	
  

•  	
  measurement   gives	
  an	
  eigenvalue	
  	
  	
  	
  if	
  	
  	
  Δ            0	
  

	
  	
  	
  	
  	
  	
  	
  however	
  

•  Δ->0	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  P	
  with	
  large	
  uncertainty	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Hint	
  large	
  	
  	
  	
  

€ 

− 2Q / 4 2Δe

€ 

0Ψ = kc
k
∑  ka

  

€ 

tΨ
−i H dt∫ =  e − 2Q / 4 2Δe  0Ψ  =   kc

k
∑ −

2
Q − ka( ) / 4 2Δ e  ka

  

€ 

0Ψ tΨ =  2
kc

k
∑  −

2
Q − ka( ) / 4 2Δ e  



weak	
  measurement	
  

•  For	
  a	
  good	
  measurement,	
  	
  interac?on	
  between	
  measuring	
  device	
  and	
  system	
  should	
  be	
  weak	
  
	
   	
   	
  	
  H	
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  Δ	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  large	
  	
  	
  >>	
  	
  spectrum	
  length	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  then	
  state	
  of	
  pointer	
  is	
  a	
  Gaussian	
  centered	
  around	
  <A>	
  	
  with	
  spread	
  Δ	



•  	
  One	
  such	
  measurement	
  gives	
  no	
  informa?on	
  as	
  	
  	
  Δ	
  	
  	
  >>	
  	
  	
  expecta?on	
  value	
  <A>	
  	
  ,	
  

	
  	
  	
  	
  	
  	
  	
  	
  M	
  such	
  measurements	
  with	
  reduce	
  the	
  uncertainty	
  by	
  	
  

•  A	
  sufficient	
  large	
  ensemble	
  of	
  systems	
  all	
  in	
  a	
  ini?al	
  state	
  Ψ will	
  lead	
  to	
  measurement	
  	
  

	
  	
  	
  	
  	
  	
  	
  of	
  <A>	
  with	
  any	
  desired	
  precision.	
  	



•  As	
  measurements	
  hardly	
  disturb	
  the	
  ensemble,	
  they	
  characterize	
  the	
  ensemble	
  during	
  all	
  
intermediate	
  ?mes	
  

•  Even	
  non-­‐commu?ng	
  operators	
  can	
  be	
  measured	
  at	
  the	
  same	
  ?me	
  !	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  (as	
  a	
  single	
  measurement	
  is	
  imprecise)	
  

€ 

1
M



weak	
  values:	
  role	
  of	
  pre/post	
  selected	
  ensembles	
  
	
   	
  

•  Measurement	
  via	
  an	
  ini?al	
  state	
  ensemble	
  only	
  breaks	
  ?me-­‐symmetry.	
  

•  Time-­‐symmetry	
  can	
  be	
  preserved	
  by	
  selec?ng	
  both	
  past	
  as	
  well	
  as	
  future	
  
state	
  of	
  a	
  state	
  at	
  ?me	
  t	
  

	
  	
  	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  	
  defining	
  a	
  pre-­‐	
  and	
  post-­‐selected	
  ensemble	
  

•  	
  weak	
  measurement	
  of	
  an	
  operator	
  A	
  at	
  ?me	
  t	
  between	
  a	
  pre-­‐selected	
  
state	
  Ψ0  at	
  ?me	
  	
  t0	
  <	
  t	
  and	
  a	
  post-­‐selected	
  state	
  Ψ1	
  	
  at	
  t1	
  >	
  t	
  yields	
  values	
  
that	
  need	
  not	
  be	
  eigenvalues	
  or	
  even	
  classically	
  allowed	
  !	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  these	
  values	
  are	
  known	
  as	
  weak	
  values	
  !	
  

	
  	
  	
  	
  	
  	
  



How	
  weak	
  values	
  arise	
  	
  

•  measure	
  A	
  at	
  ?me	
  t	
  between	
  a	
  pre-­‐selected	
  state	
  Ψ0  at	
  ?me	
  t0	
  	
  	
  and	
  a	
  post-­‐
selected	
  state	
  Ψ1	
  	
  at	
  t1	
  

•  ini?al	
  wavefunc?on	
  of	
  the	
  measuring	
  device	
  is	
  Φ(Q)	
  of	
  width	
  Δ.	
  	
  

	
  	
  	
  	
  	
  	
  A_er	
  an	
  impulsive	
  measurement	
  of	
  A	
  and	
  projec?on	
  onto	
  a	
  final	
  state	
  	
  Ψ1	
  ,	
  	
  
the	
  	
  final	
  state	
  of	
  the	
  measuring	
  device	
  is	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
   For	
  Δ         large,	
  |P|	
  is	
  small	
  (weak	
  measurement)	
  	
  	
  

  

€ 

1Ψ  -i H dt∫ / e  0Ψ  Φ(Q) =  1Ψ  -i P A/ e  0Ψ  Φ(Q)

  

€ 

1Ψ  -i P A/ e  0Ψ  Φ(Q) =  1Ψ  1- i P A/  0Ψ  Φ(Q) 
                                   ≈   1Ψ 0Ψ  -i P wA / e  Φ(Q) 
                                   ≈   1Ψ 0Ψ  Φ(Q - wA )                                                   

€ 

wA  =  1Ψ  A 0Ψ

1Ψ 0Ψ
  =  a complex number ≠   A



Example:	
  spin	
  ½	
  case	
  

ensemble	
  of	
  spin	
  ½	
  par?cles,	
  each	
  one	
  polarized	
  up	
  in	
  the	
  z-­‐direc?on	
  at	
  ?me	
  t0	
  	
  :	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  measurement	
  of	
  spin	
  in	
  the	
  x	
  direc?on	
  at	
  t1	
  for	
  each	
  member	
  of	
  ensemble,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
only	
  those	
  cases	
  are	
  selected	
  for	
  which	
  the	
  spin	
  is	
  up	
  along	
  x	
  :	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  this	
  sub-­‐ensemble	
  is	
  the	
  post-­‐selected	
  ensemble.	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  As	
  	
  both	
  Sz	
  ,	
  	
  	
  Sx=+1/2	
  	
  	
  at	
  	
  t	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (same	
  as	
  at	
  t0	
  ,	
  t1	
  	
  since	
  no	
  external	
  field	
  to	
  change	
  spin)	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  At	
  φ=π/4                                                     outside	
  the	
  range	
  [+1/2,-­‐1/2]	
  
€ 

φS =  xS  cos φ  +  zS  sin φ

φ ,weakS  =  xS  φS  zS
xS zS

 =  1
2

cos φ +  sin φ( )

€ 

zS zs = +
1
2 zs

€ 

xS xs = +
1
2 xs

€ 

φS =1 2    >  1 2



weak,	
  super-­‐weak	
  &	
  expecta?on	
  value	
  

•  the	
  weak	
  measurement,	
  for	
  both	
  past	
  and	
  future	
  ensemble	
  chosen,	
  	
  	
  

	
  	
  	
  	
  	
  	
  replaces	
  <A>	
  by	
  Re	
  (Aw	
  )	
  
•  Im(Aw)	
  gives	
  the	
  shi_	
  of	
  the	
  device	
  pointer	
  for	
  the	
  operator	
  conjugate	
  to	
  A	
  

•  	
  Re(Aw	
  )	
  can	
  lie	
  outside	
  the	
  spectrum-­‐range:	
  	
  	
  

	
  



spin                                    (1⁄2ħ)  

Primary interaction :        weak force.  

Types :                               3 known types or flavors   
                                           (named after their partner leptons) 
                    electron neutrino         , 
                       muon neutrino  
                    tau 
                    Sterile ? 

Mass:                                 implied by neutrino flavour oscillations  
⇒         existence of a tiny neutrino magnetic moment of the order of 10−19 µB,  
⇒         possibility of an electromagnetic interaction too among neutrinos 

neutrino flavor eigenstates different from neutrino mass eigenstates 
(referred as 1, 2, 3, more ?) 

Neutrinos  have left-handed chirality. (C.S.Wu) ?   

Neutrino Basics  ? 



  

€ 

flavour = f k U
k
∑   km

MSW effect:  

     even if all neutrinos are massless, oscillations may occur when 
neutrinos pass through matter. (L. Wolfenstein) 

    modified neutrino oscillations in matter, 
neutrinos in matter have a different effective mass than  vacuum.  

The electrons in matter change the energy levels of the propagation eigenstates of neutrinos due to 
charged current coherent forward scattering of the electron neutrinos (i.e., weak interactions). This scattering 
is analogous to the electromagnetic process leading to the refractive index of light in a medium. 

neutrino flavor oscillations:  

neutrinos are able to oscillate between the flavor states while  propagating 
through vacuum 

There are other possibilities in which neutrino can oscillate even if they are massless. If Lorentz invariance is 
not an exact symmetry, neutrinos can experience Lorentz-violating oscillations 

U : Pontecorvo–Maki–Nakagawa–Sakata  (PMNS) matrix, lepton mixing matrix, or  MNS matrix 



  

€ 

jm  t( ) =  i jp .r − jE t
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  e   jm  0( )

  

€ 

jE = c j
2p  +  2c  j

2m   ≈  E +  j
2m

2E

Neutrino masses   <<  1 ev   and  energy E = c p   ~ 1 gev  

Eigenstates with different masses propagate at different speeds. The heavier ones lag behind 
while the lighter ones pull ahead. The mass eigenstates being combinations of flavor 
eigenstates, this difference in speed causes interference between the corresponding flavor 
components of each mass eigenstate. Constructive interference causes it to be possible to 
observe a neutrino created with a given flavor to change its flavor during its propagation. 

 mj being mass eigenstates, their propagation can be described by plane  
wave solutions 



Source: wikipedia 

  

€ 

α→βP =

2

βn αn =
αk
∗

 U βk U
k
∑   

- i k
2m ( L/2E)  

e

Probability of a flavour α to be observed as flavour β   



Probability of a flavour α to be observed as flavour β   

    

€ 

α→βP  =  αβδ
2 −   sin 2θ 2 sin

t ΔE
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

The maximum probability of conversion :      governed by mixing angle θ 

Frequency of oscillation:                               governed by mass-difference 

For channel µ    τ , sufficient to consider 2 X 2 mixing matrix U as 
mixing angle between 1 and 3 is small and as two of the mass states 
are very close as compared to third one  (in atmospheric mixing) 

When only two neutrinos participate significantly in mixing 



OPERA experiment designed for detection  of neutrino oscillations  
In channel  νµ -> ντ 	



Only two neutrinos participate significantly :               and        

Sufficient to consider a 2 X 2 mixing matrix  with mass-eigenstates              
and              of energies E+  and  E_ 

  

€ 

U =
 cosθ      sin θ
- sin θ      cos θ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

€ 

µ

€ 

τ

€ 

+

€ 

−

  

€ 

µ = cosθ +  +  sinθ −

    

€ 

0Ψ x( ) = cosθ +  +  sinθ −⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  exp

ipx


⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  f(x)

Flavour µ 

Initial state of neutrino beam  

f(x) envelope of the initial wave packet     



    

€ 

Ψ x, t( ) = exp
i +t E


⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  f x - t v+
⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ cosθ +  +  exp

i -t E


⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  f(x - t v_ )sinθ −

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  exp

i p x


⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  

two mass states move with different speeds  and different energies 

wave arriving at the detector after travelling for time t  

  

€ 

±E =E ±  1
2

 ΔE
  

€ 

±v =v ± 1
2
Δ v

Detector postselects the muon flavour 

Final spatial wavepacket after postselection  

  

€ 

F(x,t) =  µ Ψ x, t( )  =  N  cosθ  +  + sinθ −  ⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  Ψ x, t( )



  

€ 

x =  v t +  ξξ   the deviation from the center  of wavepacket   
(assuming it moves with mean velocity  v ) 	



    

€ 

F( ξ,  t) = N exp i
 p x - t E


⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  2cos θ  exp −i

 t ΔE
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟   f ξ -

1
2

t Δv
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  +  2sin θ  exp i

 t ΔE
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟   f ξ+

1
2

t Δv
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥  

Shift in the measured final position of the wavepacket 
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Final spatial wavepacket after postselection  
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difference of group velocities possible amplification factor 

effective velocity shift 
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Independent of the width or shape of the wavepacket  

Relative shift of mass wavepackets effect of measurement 

For initial envelope f(x) as a Gaussian of width w centered at x=0 
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connection with weak measurement: 

preselected state, arriving at detector 
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For neutrinos with momentum p, the energies of two mass states are 
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Possibility of superluminal velocity measurement	
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Distorted wavepacket for the case 

separate 
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position 
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wide-range variation of energies of the neutrinos with average 
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c p =  28.1 GeV

Opera experiment  
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operaΔv  ≈ -510   c

so need amplification factor ~1019 
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 ≈ 7.3× 510

6× 810
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≈ 0.08

Opera experiment  

MINOS experiment gives mixing angle   
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2sin 2θ   >  0.9

Path length travelled by neutrinos from CERN to Gran Sasso = d  =730 KM 
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•   individual masses of neutrinos not exactly known,  

•   consideration of more than two neutrinos   
   (constructive interference of many mass-states may lead to superoscillations,  
    or equlvalently the superweak values of velocity difference operator) 

•   more drastic atmospheric effects on the propagation of mass eigenstates 

• If the neutrino mass proves to be of Majorana type (making the neutrino its own 
antiparticle), it is possible that the MNS matrix has more than one phase.  

•  Neutrinos may have another source of mass through the Majorana mass term. 
This type of mass applies for electrically-neutral particles since otherwise it 
would allow particles to turn into anti-particles, which would violate conservation 
of electric charge. 

•  The apparently innocent addition of right-handed neutrinos has the effect of 
adding new mass scales, completely unrelated to the mass scale of the 
Standard Model. Consideration of heavy right-handed neutrinos may explain the 
excess speed ? 

Points to ponder which could influence the result ? 


