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Synopsis

S1 Introduction

Nature provides us with an enormously wide variety of diverse phenomena. A theoreti-
cal physicist endeavors to understand these phenomena through a set of mathematically
consistent theories. In several moments of triumph of theoretical physics, one is led to a
connection between apparently disconnected phenomenon. This throws deeper insights into
such phenomenon and enables us to understand them through a single theoretical framework.
Often it is found that the mathematical power of such a framework leads us to unifications
connecting distinct areas of physics. One important example of such a framework is quantum
field theory, which has had enormous theoretical and experimental success. Another very

promising example, with an elegant mathematical structure, is string theory.

String theory which started as a prominent attempt to quantize gravity, over the years, has
grown into a much richer framework with several path breaking discoveries. As it stands
today, it has a mathematically consistent structure through which we can not only study
Plank-scale physics, but also attempt to address other problems of sufficient complexity and
interest. One extremely important implication of string theory is the AdS/CFT correspon-
dence [1], which constitutes an essential mathematical tool with wide applicability. This
conjectured correspondence relates a theory of gravity in AdS space to a conformal gauge
theory living on the boundary of the AdS space. This duality may be exploited to improve
our understanding of both, gauge field theories (especially in the strongly coupled regime
where there are very limited tools to study them directly) and gravity. In this thesis, we
shall present several realizations of such studies uncovering new and interesting facts about

gravity and quantum field theory, in a particular long wavelength limit.

In the long-wavelength limit, gauge theories admit a description in terms of a few effective
degrees of freedom which constitutes a hydrodynamic description. The gravity analogs of
these effective hydrodynamic degrees of freedom can be obtained through the AdS/CFT
correspondence. This map between gravity and hydrodynamics has attracted much atten-
tion recently. This is because, it not only throws light on transport properties of certain
exotic phases of matter (like the quark gluon plasma) but also has the potential to address
some of the yet less understood phenomenon in hydrodynamics (like turbulence). We have
worked out the precise details of the fluid-gravity correspondence for the case when there is
a conserved global charge in the boundary gauge theory [2]. The bulk system in this case is a

deformation of the charged black hole in AdS space which is a solution of Maxwell-Einstein
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system with a negative cosmological constant. In our analysis we have uncovered a novel
transport phenomenon which occurs very generically in systems where the global symmetry
is anomalous. To our knowledge, this kind of transport was never before considered in any

treatment of hydrodynamics.

Continuing our endeavor to understand hydrodynamics with the help of gravity, we ventured
into superfluids [3, 4]. The superfluid phase, is one in which an operator charged under a
global symmetry gains expectation value in the symmetry broken phase. The expectation
value of this charged operator can be thought of as the order parameter of the phase
transition. A bulk gravity solution that is dual to such a phase is a charged black hole with
a scalar hair. We perturbatively constructed such analytical hairy black hole solutions of
the Einstein-Maxwell-Scalar systems and studied them away from equilibrium in derivative
expansion. Subsequently, we derived the boundary hydrodynamics, yielding the transport
properties in superfluids. Even in this case we were lead to discover a new transport
phenomenon particular to superfluids which (as far as we know) was absent in the superfluid

literature till now.

As we emphasized earlier, we may also use the fluid-gravity correspondence to learn about
gravity solutions which may not be easily analyzed using Einstein equations. Gravity in
five or more dimensions is very rich as it can potentially have black hole solutions with
extremely exotic horizon topologies (e.g. black rings). Beside being of high importance
to string theory these solutions are interesting from a purely gravity perspective. Using a
Scherk-Schwarz compactification in the boundary directions it was possible to study localized
plasma configurations which solved the Navier-Stokes equations. Then using the AdS/CFT
correspondence these configurations could be mapped to horizon topologies of black objects
in the bulk. Employing some numerical and perturbative analysis we were able to prove
the existence of new black objects (in five or more dimensions) with non-trivial horizon

topologies and predict some of their properties [5, 6].

S2 Hydrodynamics of charged fluids and Superfluids

from gravity

It has recently been demonstrated that a class of long distance, regular, locally asymptot-
ically AdSg4+1 solutions to Einstein’s equations with a negative cosmological constant is in
one to one correspondence with solutions to the charge free Navier Stokes equations in d
dimensions [8, 9, 10, 11, 12, 13, 14, 16] 1.

The connection between the equations of gravity and fluid dynamics, described above, was
demonstrated essentially by use of the method of collective coordinates. The authors of [8,
10, 11, 12, 13, 16] noted that there exists a d parameter set of exact, asymptotically AdSg41
black brane solutions of the gravity equations parameterized by temperature and velocity.
They then used the ‘Goldstone’ philosophy to promote temperatures and velocities to fields.

The Navier Stokes equations turn out to be the effective ‘chiral Lagrangian equations’ of

IThere exists a large literature in deriving linearize hydrodynamics from AdS/CFT. See([17] - [50]).
There have been some recent work on hydrodynamics with higher derivative corrections [52, 53].
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the temperature and velocity collective fields.

This initially surprising connection between gravity in d + 1 dimensions and fluid dynamics
in d dimensions is beautifully explained by the AdS/CFT correspondence. Recall that a
particular large N and strong coupling limit of that correspondence relates the dynamics
of a classical gravitational theory (a two derivative theory of gravity interacting with other
fields) on AdSg4+1 space to the dynamics of a strongly coupled conformal field theory in
d flat dimensions. Now the dynamics of a conformal field theory, at length scales long
compared to an effective mean free path (more accurately an equilibration length scale) is
expected to be well described by the Navier Stokes equations. Consequently, the connection
between long wavelength solutions of gravity and the equations of fluid dynamics - directly
derived in [8] - is a natural prediction of the AdS/CFT correspondence. Using the AdS/CFT
correspondence, the stress tensor as a function of velocities and temperatures obtained above
from gravity was interpreted as the fluid stress tensor of the dual boundary field theory in

its deconfined phase.

We generalize the above correspondence to the case where the boundary fluid has a conserved
global U(1) symmetry [2]. In such a system we have an additional degree of freedom which
may be taken to be the chemical potential. In this case in addition to the stress tensor, We
also have a charged current which is conserved. Thus we have two constitutive relations
expressing the stress tensor and the charge current in terms of the velocities, temperature
and the chemical potential (see §52.1). The bulk description of this system comprises of a
Einstein-Maxwell system. The charged deconfined phase in the boundary corresponds to a
charged black hole in the bulk as we explain in more detail in §52.2. For the five dimensional
gravity system to be a consistent truncation of type-IIB supergravity a Chern-Simons terms
was required to be present. This term manifested itself as an anomaly of the conserved U (1)

current and is found to have interesting hydrodynamic consequences.

We further probed this fluid-gravity connection including the situation when the global U(1)
is spontaneously broken [3, 4]. The degrees of freedom in this case are further enhanced
to include the phase of the charged scalar operator which is the Goldstone boson for the
spontaneously broken continuous symmetry (this degree of freedom is included in a slightly
indirect way - see §52.1). As explained in the introduction this situation corresponds to the
phenomenon of superfluidity from the boundary point of view. The bulk dual of this phase

are hairy black holes as explained in more detain in §S2.2.

S2.1 Hydrodynamic description

A quantum field theory in the long wavelength limit is assumed to admit a hydrodynamic
descriptions for its near equilibrium dynamics. This description is generically based on a few
classical fields (like local fluid velocities, temperature etc.) and bypasses all the complexities
of interactions between more microscopic degrees of freedom. For this reason hydrodynamics
is a good description at long wavelengths even for strongly interacting quantum field theories.
The intrinsic quantum nature of theory is generically lost in such a macroscopic description
but in certain special and interesting cases it may manifest even at the macroscopic level as

we will see below.
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The equation of motion for fluid dynamics in the relativistic case are merely the conservation
principles corresponding to the symmetries of the system (like the conservation of the stress
tensor corresponding to space-time translational invariance, or the conservation of a charge
current corresponding to some globally conserved charge). Once these equations are written
in terms of the hydrodynamic fields the conservation equations provide us with a consistent
set of equations which we can solve (with a given set boundary conditions) to obtain various
allowed fluid configuration. This is realized by expressing the stress tensor and the charged
current, for example, in terms of the hydrodynamic field variables. Such relations are
called constitutive relations and contain information about the microscopic theory at large

wavelengths where hydrodynamics is well defined.

These constitutive relations are the key ingredient in the hydrodynamic description of a
system and therefore will remain the key focus of discussions. Since hydrodynamics is a
long wavelength phenomenon therefore derivative expansion provides a natural method
to write these constitutive relations. The form of the such constitutive relations in a
derivative expansion is fixed by Lorentz symmetry and two other very powerful principles.
The first one is a statement of local form of the second law of thermodynamics (which
implies the divergence of the entropy current is positive semi-definite) and the second one
is a statement of time translation invariance known as the Onsager’s principle. We shall
elucidate these abstract discussions below with two examples - one with a ordinary fluid with
globally conserved U(1) charge and the other in which such a global U(1) is spontaneously
broken giving rise to an additional long-wavelength mode by the Goldstone theorem (i.e.
superfluids). In the case of ordinary charged fluids we shall consider the effects of a parity
violating anomaly while in the case of superfluids we shall confine our discussions to the

parity even sector.

Charged fluids

In this subsection we construct the most general equations of Lorentz invariant charged fluid
dynamics consistent with the second law of thermodynamics upto first order in derivative
expansion. The long-wavelength degrees of freedom of a locally equilibrated system with a
single global U(1) charge can be taken to be the velocity field u,(z) (normalized so that
utu,, = —1), the temperature field T'(z) and a chemical potential field p(x). As mentioned
previously, both the energy momentum tensor and the charged current can be expressed
in terms of these five fields and their gradients through the constitutive relations. The
equations of motion of charged fluid dynamics are the conservation of the stress tensor and

charge current

VI = FYR,

c (1)
VHJM = —gGH P FMquU

which provides the five equations for the five hydrodynamic fields. In these equations we
have allowed for the possibility that the current in question has a U(1) anomaly. We call
the coefficient ¢ the anomaly coefficient. We have also allowed the current to be coupled

to an external source with field strength F),,. At this point it would also be convenient to



define the background electric and magnetic fields by the relations

174 1 174
By = Fuu”; By = Séunot . (2)
To completely determine the equations of motion it remains to determine the dependence
of TH” and J* on the fields u*(z), T'(z), u(x) and their derivatives.

By considering a stationary fluid for which u#* = (1, 0, 0, 0) and using boost invariance one

can argue that the stress tensor and charge current take the form

T = (p + Pyuu” + Pn"" + Tj, 3)
JH = qut + J~

diss

where 7, = diag(—+++) is the Minkowski-metric. T4 and J%; _ are the contributions to

diss diss
the stress tensor and charge current that involve derivatives of pu, T" and u*. The equations
that express T4 and JJ,_ in terms of fluid dynamical fields and their derivatives are
termed constitutive relations. In the long wavelength fluid dynamical limit it is sensible to
expand the constitutive relations in powers of derivatives of the fluid dynamical fields u*,
T and p. We refer to such an expansion as a derivative expansion and the terms which are

linear in gradients as first order terms.

Now the possibility of redefinitions of the hydrodynamic fields (u#, T and p) by first (or
higher) order quantities introduces arbitrariness in the quantities 7). and J/. ..

5 conditions to fix this arbitrariness. This is realized by imposing 5 frame choice conditions

We require

on Th" and Ji .. Although there are several choice of frames that are adopted in the
for the purpose of discussion in this synopsis we shall adhere to the so called transverse
(Landau) frame where the following conditions hold

w, The =05 w,Jh.  =0. (4)

diss diss
We shall specify all our results in this transverse frame.

The entropy current at first order has the canonical form

1 v M
Jg = Su# - TU’HTdHiss - Tjgiss : (5)
s being the thermodynamic entropy density of our fluid. Note that the second term is zero

in the transverse frame that we have chosen.

Let us now focus on the case when the anomaly is absent i.e. ¢ = 0. In parity even sector, this
canonical form in (5) is in fact unique if we require the divergence of this entropy current
is positive semi-definite [4]. We show this by first considering the most general entropy
current that is allowed by symmetry. We then demand that the divergence of J§ be positive
semi-definite for any solution of the equations of superfluid hydrodynamics on an arbitrary

background spacetime and that the Onsager relations are satisfied.? These restrictions forces

2Recall that the second law of thermodynamics must apply in any conceivable consistent situation. In
particular it must apply when the system is formulated on an arbitrary background spacetime provided the
system is free of diffeomorphism anomalies. This condition is true of all experimental superfluids as well as
all superfluids obtained via the AdS/CFT correspondence.
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the entropy current to take the canonical form.

We would like to emphasize that the requirement that the entropy current be of positive
divergence in an arbitrary background spacetime provides powerful constraints on the form
of the entropy current and through it, on the form of the possible dissipative corrections to
the hydrodynamic constitutive relations even in flat space. For instance, the divergence of
the entropy current could contain a term proportional to

VuJE ocvi Ry utu” + ... (6)

where u* is the fluid velocity, R, is the Ricci tensor, and v; is some arbitrary coefficient
function. The divergence of the entropy current may also contain many other terms inde-
pendent of curvatures. However, for any given fluid flow these other terms can be held fixed
while Ry, uu” is made arbitrarily negative by tuning the curvature tensor.? It follows that
the divergence of the entropy current is positive for an arbitrary fluid flow on an arbitrary
spacetime only if v; = 0. Thus, we find a constraint on the entropy current for fluid motion
in a flat space background, even though we needed to move to a curved spacetime in order

to obtain this constraint.

The divergence of the entropy current in (5) is given by
1 , [(E ,
aﬂ‘]g = _TaﬂuVTcllAiss + (Tﬂ - PMVa %) Jgiss‘ (7)

the requirement of positivity of (7) yields

v v N o Er vo M
T;iss:_n ot —EP# ("'), Jgiss:U(T_P# &,T) (8)
where
o O + 0glig C)
O = P Pf (% — nagg) i ©=0uuts P =nw +upu,. (9)

Note that the coefficient of bulk viscosity 7’ is zero for conformal fluids (which is true in

particular for the gravitational fluid).

This analysis was generalized in [68] to include the effects of the anomaly. The chief difference
from the ¢ = 0 case is the fact that the divergence of the canonical form of the entropy current

has an additional piece

1 v E LT clh

Ot = =0 ThY, + (TM — P, {TD Tl — T BB, (10)
The sign of this additional term may be easily manipulated by choosing a particular con-
figuration of electric and magnetic fields. Thus in the presence of the background electro-
magnetic field and a non-zero ¢ we are forced to modify the canonical form of the entropy

current so as to ensure the positivity of its divergence. This modification in turn forces

3Note that curvature tensors do not contribute to the fluid equations at first order, so it is consistent to
hold fluid flows fixed while taking curvatures to be very large.
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a modification in the constitutive relations. The authors of [68] found that most general
modification to the canonical form of the entropy current ( and hence the most general
entropy current including the parity odd sector) 4 consistent with the positivity condition
was given by

1
JE = sut — —u, T} JE

T diss_% diss+alu+aB B*. (11)

where [# = %e‘“’/\“uya)\ug. Note that the second term is zero in the transverse frame in
which we work. Although T} does not require any further modification the charge current

has to be modified in the following way

H Er v M
Ji..=0l——-P"0,=|+DI"+ Dp B". (12)
T T

The restrictions of positivity further do not allow for any new free parameters in the
constitutive relations or in the entropy current and the parameters a,ap, D and Dp are
completely determined to be ®

3

o

D =c
3T

2
DBzcg—T

(13)
o229
3p+ P

If we set the background electromagnetic fields to zero then the only remaining physical
effect is a new term in the charge current proportional to {* whose coefficient is completely
determined by the anomaly coefficient, the chemical potential and the temperature. Note
that before this analysis was performed in [68], this new term was discovered in a gravity

calculation in [2, 66] as we shall describe in §52.2.

superfluids

By definition, a superfluid is a fluid phase of a system with a spontaneously broken global
symmetry. When discussing superfluids this forces us to consider the gradient of the
Goldstone boson as an extra hydrodynamical degrees of freedom in addition to the standard
variables u#, T and p. More precisely, if we denote the Goldstone Boson by ) (¢ is the phase
of the condensate of the charged scalar operator) and we also wish turn on a background
gauge field A, then

gu = ,u"/) + Au (14)

represents the covariant derivative of the Goldstone Boson and is an extra hydrodynamic
degree of freedom. According to the Landau-Tisza two fluid model the superfluid should

4 Note that the fact that in the absence of anomalies, the canonical form of the entropy current was
the most general entropy current consistent with the second law of thermodynamics was shown in [4] which
appeared after [68].

Supto integration constants which vanished in all holographic calculations using gravity.
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be thought of as a two component fluid: a condensed component and a non condensed or
normal component. The velocity field of the normal fluid is given by u, and the velocity of
the condensed phase is proportional to §,. It is often convenient to define the component

of £ orthogonal to wu,
¢ = PHE,. (15)

We shall also find it useful to define the quantities

nt= 2, PHY = g oty — phpt. (16)

where ( is the magnitude of the vector (* and P is a projector orthogonal to both u* and

&* (or ¢* or nM).

The equations of motion of the superfluid are given by

0, T" =F""J,
8, J" = cE,B" (17)
Oy — 0u€p = F
together with the constitutive relations
T = (p+ P)ubu” + P + fere” + T

diss

TE = qu — e T (18)
U€ = b+ Hdiss

Note that &* being the gradient of the phase is a microscopically defined quantity and
therefore we shall not allow any field redefinition of it. Writing the equilibrium stress tensor
and charge current in terms of £” as in (18) itself involves a partial choice of frame (in a
frame where pgiss is not set to zero) 6. Apart from this choice we also have to specify five
more condition to fix the redefinition ambiguity of five other hydrodynamic fields. In order
to fix that, just like in §S2.1, we shall adhere to the transverse frame condition specified in

(4)-

As was the case for the theory of charged fluids which we described in the previous section,

superfluids also allow for a simple ‘canonical’ entropy current [3]

v Tiie
T o = s = LTl — i (19)

s where s is the thermodynamical entropy density of our fluid and is related to p and P
through the Gibbs-Duhem relation

p+ P =sT+ puq (20)

and 1
dP = sdT + qdp + 3 fde? (21)

6This frame has been referred to as a ‘fluid frame’ in [3]

Xiv



where
£=/—EHE. (22)

It has been demonstrated in [3] that the entropy current (19) is invariant under field
redefinitions. Following arguments very close to the that for ordinary charged fluids we
went on to construct the most general entropy current [4]. Even in this case of parity even
superfluids we found that demanding the divergence of J be positive semi-definite for any
solution of the equations of superfluid hydrodynamics on an arbitrary background spacetime
almost completely fixes the entropy current to the canonical form (19). However, in this
case, consistent with the above conditions we can add to the canonical entropy current a
term of the form 9, (co (§#u” — £”ut)), co being an arbitrary function of the scalar fields
T, i and £. Such a term is unphysical because being manifestly divergenceless it does not
contribute to the divergence of the entropy current and hence does not play any role in
determining the constitutive relations. Also from the bulk point of view this term is related
to a trivial ambiguity in the pullback of the area form on the horizon, which gives the

boundary entropy density (see [4, 9] for more details).

It was also shown in [3, 4] that the divergence of this entropy current in (19) is given by

Uy v E 158
aﬂ‘]ﬁ = 78# (?) T;iss - (aﬂ (%) - ?l“) Jll;iss + ‘udjﬂ aﬂ (f&’u) (23)

In the case of superfluid dynamics, the SO(3,1) tangent space symmetry at any point is
generically broken down to SO(2) by the nonzero velocity fields u* and £*. Representations
of SO(2) are all one dimensional. We refer to fluid dynamical data that is invariant under
SO(2) as scalar data. All other fluid data has charge £m under SO(2), where m is an
integer. There is always as much +m as m data. We will find it useful to group together +1
and 1 charge data into a two column which we refer to as vector data; similarly we group +2
and 2 data together into tensor data. In all the sections below we shall use the terminology

of scalar, vector and tensor of SO(2) in the above sense.

Constraints from positivity of entropy production and Onsager relations

We will now explore the constraints on dissipative coefficients from the physical requirements
of positivity of entropy production and the Onsager reciprocity relations. We will find these
requirements cut down the 36 parameter set of possible dissipative coefficients (assuming
parity invariance) to a 14 parameter set of coefficients that are further constrained by

positivity requirements. For concreteness we present our analysis in the transverse frame.
Constraints from positivity of entropy production

The divergence of the ‘canonical’ entropy current, given by (23), involves only terms pro-
portional to d,u, Ty, Ou(p/T)JY, o and f1gissOu(gs&” /). Let us examine these terms one

diss?

by one. In the transverse frame

v 17 6
aﬂuVTcllAiss = UMVTdHiss + (E) (Tdiss)g
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where 0, and © are defined in (9).

Now the field o, has one scalar piece of data
Sw =n'n"ou,

one vector piece of data

Vi), = Bin®ova

and a tensor piece of data
Ty = Py Ploag

The trace of T}, couples to another scalar piece of data

Sy = Oput.

Similarly, in the transverse gauge
81/ (H/T)Jtli/zss = P;aV(M/T)J%sw

where P, is the projection operator (defined in (9)) that projects orthogonal to w,, only.

The quantity P40, (u/T) has one scalar piece of data
Sy = (n"0,) (1/T)

and one vector piece of data
[Va]u = Pgaa (IU’/T)

Finally

9u(gs€"/€
5, = Bt/

is itself a scalar piece of data.

In other words we conclude that the expression for the divergence of the entropy current,
(23), depends explicitly (i.e. apart from the dependence of T =~ Jh. = and pgiss on these
terms) only on 4 scalar expressions, 2 vector expressions and one tensor expression. At
first order in derivatives the number of on-shell inequivalent scalar vector and tensors are
respectively 7, 5 and 2 in the parity even sector [3, 4]. Let us choose these 4 vectors
scalars S,, Sp, Sy and S, supplemented by 3 other arbitrarily chosen scalar expressions
SI (m=1...3) as our 7 independent scalar expressions. Similarly we choose the 2 vectors
[Val, and [V3],, supplemented by 3 other arbitrarily chosen expressions [V,1],, (m =1...3) as
our four independent vector expressions. We also choose 7,,,, as one of our two independent

tensor expressions We proceed to express T%" | J4. —and pgss as the most general linear

diss’ “diss
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combinations of all combinations of independent expressions allowed by symmetry

3
P
Tl;;;s T3|: <PaSa+PbSb+Pwa+Pw’Sw’ + Z PJLan) <n#nu £ >

m=1

3
+ (TaSa + TpSy + TSy + T Sur + Y Té%) pPr
m=1
3
+ Eq (VY +Vyn!) + By (V'n¥ + Vy/n) + Z EL (VL1*nY + [V,E]"n®)

m=1

oz ]

(24)

diss

m=1 m=1

Hdiss = —

3
QaSa + QbSb + Qwa + Qw’Sw’ + Z Q{nsim
m=1

(25)

Plugging (24) and (25) into (23) we now obtain an explicit expression for the divergence
of the entropy current as a quadratic form in first derivative independent data. We wish
to enforce the condition that this quadratic form is positive definite. Now the quadratic

form from (23) clearly has no terms proportional to (S%,)2.

It does, however, have terms
of the form (for instance) S,S. , and also terms proportional to S2. Now it follows from a
moments consideration that no quadratic form of this general structure can be positive unless
the coefficient of the S,S! term vanishes. 7 Using similar reasoning we can immediately

conclude that the positive definiteness of (23) requires that
Pl =1! =Fl =cCcl =Rl =7 =0. (26)

(26) is the most important conclusion of this subsubsection. It tells us that a 21 param-
eter set of first derivative corrections to the constitutive relations are consistent with the

positivity of the canonical entropy current.

Of course the remaining 21 parameters are not themselves arbitrary, but are constrained to
obey inequalities in order to ensure positivity. In order to derive these conditions we plug
(26) into (24) and (25) and use (23) so that the divergence of the entropy current is the
linear sum of three different quadratic forms (involving the tensor terms, vector terms and

scalar terms respectively)

2
O Jl =T (Qs + Qv + Q1) (27)
where
Qr =772
"For instance the quadratic form 2 4 cxy (where ¢ is a constant) can be made negative by taking % to

either positive or negative infinity (depending on the sign of ¢) unless ¢ = 0.

xvii
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QV = - C’a‘/a2 - (Cb + Ea) ‘/bva - Eb‘/b2

B Cy + E, ? (Cy+ Ea)?] .« 5 (28)
oo (B ) w) - [mo- v

Qs =— Pu,S2 —T,yS2, — Q.52 — RSP
- (Qw+Pa)SwSa - (Qw/ +Ta)Sw’Sa - (Rw +Pb) Swa (29)
- (Rw’ + Tb) Sw’Sb - (Ra + Qb) SaSb - (Tw + Pw’) Swa’

Positivity of the entropy current clearly requires that Qr Qv and Qg are separately positive.
Let us examine these conditions one at a time. For Q7 to be positive it is necessary and
sufficient that 7 < 0. This is simply the requirement that the normal component of our
superfluid have a positive viscosity. In order that QQy be positive, it is necessary and sufficient
that

Co <0, E,<0 and 4E,C, > (Cy + E,)%. (30)

Note that this expression involves C, and Ej, on the LHS but the different quantities Cj, and
E, on the RHS; the last inequality above is satisfied roughly, when Cj and F, are larger in
modulus than C, and Ej.

Finally Qg, listed in (29), is a quadratic form in the the 4 variables S,, Sy, S, and S,,,. We
demand that this scalar form be positive. We will not pause here to explicate the precise
inequalities that this condition imposes on the coefficients. See below, however, for the

special case of a Weyl invariant fluid.

Constraints from the Onsager Relations

After imposing the positivity of the divergence of the entropy current we found that first

order dissipative corrections to the equations of perfect superfluid dynamics take the form

P,
Thes = T° [ (PuSa + PySp + PySw + Puy Swr) (n#ny - %)
+ (TuSa + TvSt + Ty Su + Ty Sur) P
+ By (V" + Vynt) + Ep (V'n” + Vy/'n") + TT“U} (31)
Jg’iss = T2 |: (Rasa + RbSb + Rwa + Rw/Sw/) n” + CaVa“ + Cb‘/;ﬂ:|

Hdiss = — [QaSa + QbSb + Qwa + Qw’Sw’]

where the coefficients in these equations are constrained by the inequalities listed in the
previous subsubsection. The coefficients that appear in these equations are further con-
strained by the Onsager reciprocity relations (see, for instance, the text book [73], for a
discussion). These relations assert, in the present context, that we should equate any two

dissipative parameters that multiply the same terms in the formulas (28) and (29) for entropy
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production. This implies that

Qw:Paa Qw/:Ta; R, =P,

(32)
Rw’ = Tb7 Ra = Qb7 Tw = w’ Cb = Ea

In summary we are left with a 14 parameter set of equations of first order dissipative
superfluid dynamics. The requirement of positivity constrains further these coefficients to

obey the inequalities spelt out in the previous subsubsection.

Specializing to the Weyl invariant case in the transverse frame

Let us now specialize these results to the case of super fluid dynamics for a conformal
superfluid. The analysis presented above is simplified in this special case by the fact that
the trace of the stress tensor vanishes in an arbitrary state (and so in the fluid limit) of a
conformal field theory. This fact reduces the number of explicit scalars that appear in (23)
from 4 to 3 (the scalar S,,» never makes an appearance). It follows that the requirement of
Weyl invariance forces P,y = Ry = Ty = Qv = 0. Moreover the requirement that 77"
be traceless forces T, = 1T, = T, = 0. It turns out that there are no further constraints
from the requirement of Weyl invariance. The expansion of the dissipative part of the stress

tensor and charge current for a conformal superfluid is given by

P,
TV =T3| (PySq + PySp + PuSuw) (nunl, - %)

diss

+ Eq (V'Y + VIn") + By (Vin” + VynH) + TT“”]

(33)
Jll;iss = T2 (RGSG + RySy + Rwa) nt + C’aVa“ + Cb‘/b'u:|
Hdiss = — [QaSa + QbSb + Qwa]
The entropy production is given by
Ot =T*(Qs + Qv + Qr) (34)
where
Qr = —7T?
Qv =—CoV; — (Co + Ea) ViVa — BV
B Cy + E, 2 (Cy+ Eo)?] - 5 (35)
R o LI K ol

Qs = — PuS? — QuS? — RpSE + (Qu + Pu) SwSa — (Ra + Qp) SaSy + (Ruw + Py) SwSp
(36)
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For the entropy current to be positive it is necessary and sufficient that 7 < 0 and that
C, <0, E, <0 and 4E,C, > (Cy + E,)* (37)
and that the quadratic form
Qs = ale + agzg + 0,31'3 + biz1x9 + bozoxs + byrixs
mafee () () )+ (o) [ (B) ] o

+ (4(11(12 — b%)(4a1a3 — b%) — (2a1b2 — b1b3)2 ,’L‘2
4(11(4(11(13 — bg) 2

is positive with 1 = Sy, 2 = S, and z3 = S} and
ar = =Py, az=-Qu, az=—Ry, b1 =Qu+ Pa, b2=—(Qp+ Rs), b3 =Ry + D
For the last quadratic form to be positive it is necessary and sufficient that

al Z 0
dayay > b3 (39)
(4(11(12 — b%)(4a1a3 — b%) > (20,1172 — b1b3)2

By rewriting (38) as a sum of squares in a cyclically permuted manner we can also derive

the cyclical permutations of these equations.

In summary, the most general Weyl invariant fluid dynamics consistent with positivity on
the entropy current is parameterized by a negative 71, 4 parameters in the vector sector
constrained by the inequalities (37) and 9 parameters in the scalar sector, subject to the
inequalities (39). These 14 dissipative parameters are further constrained by the 4 Onsager
relations

Qw:Pa; Rw:Pb; Ra:Qb7 Cb:Ea (40)

leaving us with a 10 parameter set of final equations.

S2.2 Gravity derivation of boundary hydrodynamics

As explained before in §S1 the hydrodynamic systems described in §S2.1 has a dual de-
scription in terms of a gravitational system through the AdS/CFT correspondence. We
exploit this duality not only to compute the transport coefficients of the gravitational fluid
(fluid with a gravity dual), but also we use it to verify the general theory of hydrodynamics
(developed in §S2.1) for the special case of conformal fluids.

Charged fluids

In this subsection we work with the Einstein Maxwell equations augmented by a Chern

Simon’s term. This is because the equations of IIB sugra on AdSs5xS® (which is conjectured
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to be dual to A/ = 4 Yang Mills) with the restriction of equal charges for the three natural
Cartans, admit a consistent truncation to this system. Under this truncation, we get the

following action

1
o 167TG5

4k
/\/fg5 {R +12 — FypFAB — geLABCDALFABFCD (41)

In the above action the size of the S5 has been set to 1. The value of the parameter s
for N' = 4 Yang Mills is given by x = 1/(2v/3) - however, with a view to other potential
applications we leave k as a free parameter in all the calculations below. Note in particular

that our bulk Lagrangian reduces to the true Einstein Maxwell system at x = 0.

The equations of motion that follow from the action (41) are given by

1
Gap —6gap +2 |FacFp + ZQABFCDFCD =0 (42)

VFAP 4 ke PCPE FpoFpop = 0

where g4 is the five-dimensional metric, G 4 g is the five dimensional Einstein tensor. These

equations admit an AdS-Reisner-Nordstrom black-brane solution

ds® = —2u,dxtdr — r*V (r,m, q) u,u,datdz” + v Py, dxtdz”
V3q (43)
A = Fuudmu,

where

2
— m g
uydet = —dv; Vir,m,q) =1-— e + ek (44)

P = 1w +upuy,

Following the procedure elucidated in [8], we shall take this flat black-brane metric as our
zeroth order metric/gauge field ansatz and promote the parameters u,, m and ¢ to slowly
varying fields depending on the boundary coordinates. Subsequently we shall iteratively
correct the metric and the gauge field order by order in a derivative expansion so that they
remain a solution to our Maxwell-Einstein system (41). We would find it useful to define

the following quantities

M

Q*=M -1 (45)

E

Q

r. q.
p R’ R37

The global metric and the gauge field at first order

We solve the Einstein-Maxwell equations (42) using a suitable gauge and implementing
suitable boundary conditions (for more details see [2]). Here we report the entire metric

and the gauge field accurate up to first order in the derivative expansion. We obtain the

poel



Synopsis

metric to be

ds® = gAdeAde

= —2u,datdr — vV upuydatda” + TQPWd:E“de

A 2 2
— 2u,dz" r [u/\(%\ul, — Onu u,,] dz¥ + %FQ(p7 M)o,,, datdz”
(46)
\/§Kq3 6q7°2 y
= 2upda’ | Sl + ?PIJ\D,\qFl(p,M) dx” + ...
V3q 3rg® . V3P, (1,0)
A= 52 uy + 2m7’2l”_ SR8 PDxgFy (p, M)| da* + ...

where D) is the Weyl covariant derivative which we now define. The Weyl-covariant
derivative acting on a general tensor field Q- with weight w (by which we mean that the
tensor field transforms as Q¥ = e~*?QH - under a Weyl transformation of the boundary

metric g, = e2¢gw)

Dy QL =V QU +w AQU
+ [graA? — K Ay — 0" AN QS + ... (47)
— [ AY =08 A, — 0 AN QL —

where the Weyl-connection A, is related to the fluid velocity u* via the relation

V,\u’\

A, =u*Vyu, — —3 U (48)
In (46) we also have defined
- m g A — pA A 49)
V=1-2455  PiDa = Ploag +3(u 0w )g; (

1 M Q*\ [ 1 13 1
F””’M)é(lwp—s)/p dpm@ryﬂ(”@)
4

The Stress Tensor and Charge Current at first order

We now obtain the stress tensor and the charge current from the metric and the gauge
field. The stress tensor can be obtained from the extrinsic curvature after subtraction of

the appropriate counterterms. We get the first order stress tensor as

Ty = p(Muv + 4dupuy) — 200, + . .. (51)
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where the fluid pressure p and the viscosity n are given by the expressions

MR* R3 S
p= o= = (52)
167Gs 167G  4n
where s is the entropy density of the fluid obtained from the Bekenstein formula.
To obtain the charge current, we use
T T P'D 53
JH—TLngogﬁGs—nuu—Q D+ & L+ (53)

where the charge density n, the diffusion constant ® and an additional transport coefficient

¢ for the fluid under consideration are given by &

V3¢ . 1+M

3kq>
T ; = ;€ a (54)
G AMR

" 167Gsm

We note that when the bulk Chern-Simons coupling k is non-zero, apart from the conven-
tional diffusive transport, there is an additional non-dissipative contribution to the charge
current which is proportional to the vorticity of the fluid. This is because the boundary
equation for charge current conservation that follows from the Maxwell’s equations (42)
(given the current as defined in (53)) is

K
Ou = (~5o ) E-B 55
a 2rG (55)
Thus on comparing the above equations (55) and (1) we conclude k = —27Gec. The presence

of this non-dissipative term and the value of its coeflicient matches the predictions of (12)
and (13).

This new term in the constitutive relation was indirectly observed by the authors of [51]
where they noted a discrepancy between the thermodynamics of charged rotating AdS black
holes and the fluid dynamical prediction with the third term in the charge current absent.
We have verified that this discrepancy is resolved once we take into account the effect of the
third term in the thermodynamics of the rotating N’ = 4 SYM fluid.

The second order charge current and stress tensor
The expression for the metric and the gauge field at second order is very complicated. Here

we merely present the boundary charge current and the stress tensor that is read off from
the bulk gauge field and the metric respectively.

The second order corrections to the charge current (using the formula (53)) are obtained to
be

5
@ _ (_1 3w,
Jz’ - (87TG5) = Cl( U)z’ (56)

8Here we have taken the chemical potential 4 = 2v/3QR which determines the normalization factor
of the charge density n (because thermodynamics tells us ny = 4p — T's) which in turn determines the
normalization of J,,.
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where
Wob=mDwt o= IR
(Wo)s = Poun Cs = 7%,
(Wo) = n'o, Dan Cy = i\/gRMbg@) +O(M - 1),
W=t Dan = IV LOL SO D4 5)

On plugging in the asymptotic solution for the metric in to the formula (51) we obtain

9
1
T = (= ) SN W),
n (167705)1_1Nl pe (57)

with A being the transport coefficients at second order in derivative expansion correspond-

ing to the weyl covariant tensors WT'. They are given by

M 3—V4M —3
WTY) = urDyoy, N:RQ( 1 ( )+2) ,
. = TN ! I —3 °\34AM -3
MR? 3—V4M -3
WTR) = -2 (whyo™ + w’ro ™M Ny =— 1o< )
2z (Wro™ - wo™) 2T o i —3 S\ViM —3+3
1
WT&?) = 0’“,\0’,\” — gP“”aaﬁaag N3 = 2R2,
(4) 17 1 w o af R 2
WTS) =4 wawa + gP wPwap | Ni= M(M —1) (12(M — 1)r* — M),
2
5) _ . —1lyra8 _ (M - 1)R
WTE) =n Do Dgn Ns = o
1
WT©) = n > DanDyn No = 5(M - 1)R2(10g(8) - 1) +O((M—1)%),
V3(M —1)32R?k
WT(?) = D,l, + Dy, Ny = i :
WIS =n I, Dgn Ng=0
WTS? = n_leo‘ﬁ’\(#a,,))\ual)gn Ny =0.

In the above expressions we have introduced the projection tensor Hfjg which projects out

the transverse traceless symmetric part of second rank tensors

1

af —
H,U,l/:2

2
a pf a pf af
PP+ PIP) — §P P,
and R which is the Weyl invariant curvature scalar

R =R+ 6VyA — 64,47
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Finally we have used the usual definition w,,

1 (03 (e}
Wy = 5 PuaP,s(0 u? — 8%y ).

Superfluids

Following [69] in [3] we consider the system

_ 1
167G

1

1 L1
/d5z\/_fg <R+ 12+ <ZFWF“ = 3IDuol* + 2I¢>I2->) , o (58)

Where D, =V, —iA,, and V, is the gravitational covariant derivative. Note that unlike
the system in (41) this system is not any obvious truncation of type-IIB sugra. This system
is therefore purely phenomenological and has been designed keeping in mind the solvability
of the equations that follow from it.

The equation of motion for the scalar field and the gauge field that follows from (58) are
respectively
D,D"¢+4¢ =0, (59)

and 1
Dy F" = 21", (60)
where the current J, = i (¢*Du¢ — ¢(D,¢)*). The Einstein Equation that follows from
(58) is
G~ 60 = 5 (T + (o)), (61)

where

1 1 .
(Tnax)uw = =3 (FHHFBV — 19w Fos P’ ) :

1

(Tmat),uu = Z (D,LLd)DVd)* + DV¢Du¢*) - ig;w (|Dﬁ¢|2 - 4|¢|2) .

(62)

In [69] it was demonstrated that the system (58) at infinite e undergoes a second order
phase transition towards superfluidity whenever |£| > 2. The stable gravitational solution,
for |£] just larger that 2, has a background scalar vev. Let e denote the value of this vev.
In [69] the authors analytically determined the relevant bulk solutions perturbatively in e

and separately in the difference between superfluid and normal velocities.

In [3] we generalize the infinite charge solutions in [69] beyond the strict probe approxima-
tion, to first nontrivial order in the e% This generalization is necessary in order to allow for
the study of the response of the normal velocity and temperature fields to the dynamics of
the superfluid velocity and chemical potential fields. We then proceed to use these solutions
as raw ingredients for the fluid gravity correspondence [2, 8, 9, 10, 11, 12, 13, 66].

Following the procedure of the fluid gravity correspondence, we search for solutions of
the Einstein Maxwell scalar system that tube wise approximate the stationary solutions

described in the previous paragraph. More explicitly, we study a perturbative expansion to
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the solutions of Einstein’s equations whose first term is given by the stationary solutions
of the previous paragraph with the parameters of equilibrium superfluid flows replaced by
slowly varying functions of spacetime. The configuration described in this paragraph does
not obey the bulk equations; however it may sometimes be systematically corrected, order
by order in boundary derivatives, to yield a solution to these equations. This procedure
works if and only if our eight fields are chosen such that &*(z) is curl free, and such
that the energy momentum and charge current built out of these fields is conserved. The
constitutive relations that allow us to express the stress tensor and charge current in terms
of fluid dynamical fields is generated by the perturbative procedure itself. In other words
the output of our perturbative procedure is a set of gravitational solutions that are in one to
one correspondence with the solutions of superfluid dynamics, with superfluid constitutive
relations that are determined by the bulk gravitational equations.

Note that the construction described in the previous paragraph is carried out in a triple
expansion. We follow [69] to expand our equilibrium solutions in a power series in the
deviations from criticality (let us denote the relevant parameter by €) ? , and further expand
these solutions in a power series in e% We then go on to use the solutions as ingredients in

a spacetime derivative expansion.

Again the solutions of the bulk fields are complicated and therefore we do not write then
explicitly here. Using the solution of these equations in equilibrium section we evaluate the

boundary stress tensor charge current. For this purpose we use the standard AdS/CFT

formulas
1 . O*P
T = lim r*( 2 (0¥ Koy’ — K*) — 664 + =6~
v 167rGri»ngoT ( ( viRapy ”) vt e? ”)
1
e ———— ] 3 pur
4 167G e? b
(63)
k(1)
VTR
_
4mg(1)’

where 7,4 and K,g are respectively the induced metric and extrinsic curvature of a constant
r surface; and T and s are the temperature and entropy density respectively. Using the above
expressions and the solutions we can compute the coefficients in (18). In (18) let us define

f = ps/:u’?'

9n our analysis we also treat the difference between superfluid and normal velocities (denoted by ¢) to
be small (following [69]). However in constructing the solution at the first derivative order we assume that
this small parameter ¢ is of the same order of magnitude as e (but the order 1 ratio of the two (denoted by
x) is still kept arbitrary). This assumption is justified because of the presence of a dynamical instability in
the system at values of ¢ proportional to € (see [3]).
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Then we find

167G (p) = 3re + Z_g{ [4+2¢2+0(¢H] +¢ [% +0O(¢? )] + 0(64)} ) <€i4>

167G (ps) = —{ [O(CH] +E[1+0(?)] + (9(64)} +0 (54)
+

9 +
s = rc{[2+%2+§“4( éi+1°g ) )
cefr e (M) vor)]
o[ (- ) +ot@) + <eﬁ>]} o
Further the chemical potential of our solution is given by
o1 (- ) 00
ve|-gre (PR - ) ro]

)

Rl =

48 32 144 (65)
| (o) vt el ro(3)
Moreover we find
s = %{1+ (}2{62 F%(;L#CHO(C‘)] +O(e4)} +0 (é)] (66)
and
{5 e (55 o)
+€2[%+C2 (10%4(2) 22136) Lo )} (67)

+e4[ (% - 101%(82)) +O(£2)] +(9(66)} +O (54)

Using these expressions and the quantities obtained in (64) we have verified the relations
(20) and (21) to the order to which we have evaluated our solution.

The first order result in the transverse frame from gravity

Using the gravity solution we can compute the undetermined transport coefficients in (33).

Note that the boundary condition that we used in our gravity computation, guided by
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convenience, does not yield the boundary answer in the transverse frame. So, in order to
obtain the answer in the transverse frame we had to perform a frame transformation on our

gravity answer. We find

1 24y

1 us 288 1
_ 1 0 L _ 1 290 2 L
Qbiﬂ [ 256+O() }jLO(eQ) Be (16wG)e? [( 25 >+O(e)]+0<e4>
24 1 €2 52 1\’
Pa = [%X2 + O(€):| + O (;) Qa = 167TG (F) |: ﬁ + O(€)O:| + O ?
1 [ 24x 0 1 . ox? 288 9 1
R, ;[—2—56—%(’)()}—}—0(?) Pb_(leG)eQ[ € +0(e)*| + 0O 7
24 1 72 288 1
Qu = [%XQ + O(e):| + 0O (6—4) Ry, = 167G [g ex’ + 0(6)2] +0 (6—4)
(68)
and
b3 3 o (L g2 28 N o o] oL
v = TexG T oz | CTN\T T T gy X)) 0T +0 (G
72 1
167G B, = — [0(e)*] + O <e—4>
1
167G C, = 6—7; 14 0(e)]+ 0 (6—4)
3
_ o3, T | l_ 2\ 2 4 i
167G Ep, = —27 +€2[ 4+(6 2x)e +O(e)}+(’)(e4)
2 —1 +log(4) 4 1
167G Cp = = {egx <f) + O(e) ] +0 <e_4>
3 1 1
167G T = —27° + = [4+ <6 - 2x2> €+ 0(6)4:| +0 <e—4>
(69)

where the quantities appearing in (68) and (69) are same as the coefficients appearing in
(33) Note that in this transverse frame also we have Q,, = P,, Ry, = Py, R, = @ and
Cp = E,, which constitutes the expected Onsager relations. All the positivity constraints

given in (37) and (39) are also obeyed by the above gravity result.

S3 Lumps of plasma dual to exotic black objects

As mentioned in the introduction we may also use the boundary hydrodynamics in a suitable
way to infer properties of exotic black objects in the bulk. To this end we study horizon
topologies and thermodynamics of black objects in arbitrary high dimensional Scerk-Schwarz
compactified AdS spaces (SSAdS). The spectrum of black objects in more than 4 dimensions
is extremely rich and consequently has drawn considerable interest recently [75, 83]. As the
construction of these exotic horizon topologies directly in gravity turns out to be technically
difficult we study them in a somewhat indirect manner using the AdS/CFT correspondence
[1, 76, 77).
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We consider the field theory obtained by Scherk-Schwarz compactification of this dual
CFT, which consequently lives in d dimensions. This field theory has a first order con-
finement/deconfinement phase transition. This corresponds to a Hawking-Page-like phase
transition in the bulk, for which the low temperature phase is the AdS-soliton and the high
temperature phase is a large AdS black brane [78].

In the long wavelength limit, this field theory admits a fluid description where the dynamics
is governed by the d dimensional relativistic Navier-Stokes equation. The effect of the Scerk-
Schwarz compactification is only to introduce a constant additive piece to the free energy
of the deconfined fluid [79]. Due to this shift, the pressure can go to zero at finite energy
densities, allowing the existence of arbitrarily large finite lumps of deconfined fluid separated
from the confined phase by a surface — the plasmaballs of [79]. Now by the AdS/CFT
correspondence finite energy localized non-dissipative configurations of the plasma fluid in
the deconfined phase is dual to stationary black objects in the bulk. Thus, by studying fluid
configurations that solve the d dimensional relativistic Navier-Stokes equation we can infer
facts about the black objects in SSAdSg+2 [6, 80].

Two important feature of the dual black object that one can infer from the fluid config-
urations are the horizon topology and the thermodynamics. The thermodynamics of the
black object can be studied by simply computing the thermodynamic properties of the fluid
configuration — one integrates the energy density, entropy density etc. to compute the total
energy, entropy etc. and the rest follows.

The horizon topology can be inferred as follows. Far outside the region corresponding to the
plasma, the bulk should look like the AdS-soliton. In this configuration the Scherk-Schwarz
circle contracts as one moves away from the boundary, eventually reaching zero size and
capping off spacetime smoothly. Deep inside the region corresponding to the plasma, the
bulk should look like the black brane. In this configuration the Scherk-Schwarz circles does
not contract, it still has non-zero size when one reaches the horizon. It follows that as one
moves along the horizon, the Scherk-Schwarz circle must contract as one approaches the edge
of the region corresponding to the plasma. The horizon topology is found by looking at the
fibration of a circle over a region the same shape as the plasma configuration, contracting
the circle at the edges [79, 80]. We have provided a schematic drawing of this in fig.1.

In the fluid description the degrees of freedom includes the velocity field, u*(z), and the
temperature field, 7 (z), (we consider uncharged fluids dual to uncharged black objects;
otherwise the degrees of freedom would also include the chemical potentials for those
charges). Now as we seek time-independent solutions, Lorentz symmetry allows us to
consider fluid velocities of the form

uﬂ = ’7(615 + Wala)a

where [, are the killing vectors along the Cartan direction of the spatial rotation group,
v is the normalization and the w, are some constants. This along with the fact that our

solutions are non-dissipative forces the temperature field to be of the form
T =1T,
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(" ) Boundary

U _//— Scherk-Schwarz circle

AdS soliton Black brane AdS soliton

Figure 1: Schematic description of the bulk dual of a plasmaball with some circle fibres
indicated.

where T is a constant. With a simple thermodynamic argument we show that T is the
overall thermodynamic temperature of the fluid configuration and w, are the thermodynamic
angular velocities. Further we demonstrate that the equations of motion for non-dissipative

time-independent solutions at the surface of the fluid configuration reduce to the condition
P|surface = 065

where o is the surface tension and © is the trace of the extrinsic curvature of the fluid surface
under consideration. The pressure P is related to the temperature 7 by the equation of state,
so this provides a differential equation for the position of the surface. These configurations

are parameterized by the temperature 7' and the angular velocities wy.

We then proceed to construct a class of fluid configurations whose surface is a solution of
the above equation in a certain limit. In d spacetime dimensions the topologies of these

configurations are

BU1=m) 5 gt S L. st (70)
N————
n times

where n satisfies
n=0, ford=3.

-1
n < —5 for odd d greater than 3.

d—2
n<—=

5 for even d.

These solutions are rotating in the plane in which the S's lie, and for simplicity we turn off
angular momentum along any other directions. In these configurations pressure in the radial
direction of the ball is balanced by the surface tension. While along the radial direction of
the S's the centrifugal force balances the pressure (therefore rotation is essential in the plane
of the S's). We refer to the limit in which the (average) radius of the ball is small compared

to the (average) radius along the S's 10 as ‘the generalized thin ring’ limit. The ratio of these

10when there is more than one S! this radius refers to the magnitude of the vector which is obtained by
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two radii serves as the small parameter in the problem. To leading order in this parameter
we find that the fluid configurations are exactly B(4~1=") x T™ (in contrast to merely having
the same topology). The force balance conditions then relate the intrinsic fluid parameters
(the temperature and the angular velocities) to the parameters of the fluid configuration
(the radius of the ball and the radii of the various S's). These fluid configurations are dual

to black objects with horizon topologies S(4—™)

x T™ and hence this provides an indirect
proof of existence of such exotic horizon topologies of black objects in SSAdSg42. This

approach is reminiscent of (and inspired by) the black-fold approach of [81].

It is possible to analytically deduce several properties of these fluid configurations. The
configurations in (70) are parameterized by the radius of the ball (R) and the radii of the
various S's ({pP,). In the generalized thin ring limit locally these configurations are like
filled cylinders with the topology B(4=1=") x R™. Then we can bend the different directions
in R into S's in a controlled way with a perturbation expansion in e. Now the intrinsic
fluid parameters (namely the temperature (T') and the angular velocities (w,)) are related
to the parameters of the fluid configuration (R and £yP,) by the force balance conditions.
The pressure along the radial direction of the ball is balanced by the surface tension. This

condition yields

dl)
2

o (lon -2 R) (1 - Z(gopaway)(

a

On the other hand the pressure along the radial direction of the S's is balanced by the
centrifugal force. In order to obtain this force balance we require these configurations to
be rotating (at least) in the planes in which the S's lie. For the sake of simplicity we have
turned off angular velocity along any other direction. This force balance determines the

angular velocities to be

2 1
C (oPa) (d—n—2)+ R)(d+1) +n)

a

Note that the angular velocities has an upper bound in the limit R — 0 when it goes as
1/d, for large d and small n. Although this limit is outside the validity of our hydrodynamic
approximation, it is fascinating to note that such an upper bound to the angular velocity
even exists for asymptotically flat rings [83].

Further it is possible to construct a well controlled perturbation theory about these gener-
alized thin ring solution. This we demonstrate by explicitly computing the leading order
corrections to the thin ring solutions in specific examples, namely the ring in 4 dimensions
and the ring and the ‘torus’ (the one with the topology B? x T?) in 5 dimensions. We
find that the leading order correction only appear at the second order in the expansion
parameter (the small parameter described above). Also in these cases we explicitly compute
the thermodynamic quantities (which are again correct up to second order in the expansion
parameter) with which we construct the phase diagrams of these solutions within appropriate

validity regimes.

the vector sum of the radii of the various S's
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Then we go on to perform a detailed numerical study of the black objects occurring in 6
dimensional SS compactified AdS space. First we perform a thorough numerical scan to
demonstrate that the rotating fluid configurations with the topology of a ball and that of
a solid torus ( previously obtained in [80]) are the only stationary rotating solutions of the
relevant Navier-Stokes equations. Second we determine the thermodynamic properties and

the phase diagram of these solutions.

The thermodynamic properties of the ball and ring solutions of [80] turn out to be very
similar to the properties of the analogous solutions in one lower dimension (discussed in
detail in [80]). In fig:2 we present a plot of the entropy versus the angular momentum of the
relevant solution, at a fixed particular value of the energy. As is apparent from fig:2 there we
find at least one rotating fluid solution for every value of the angular momentum. However
in a particular window of angular momentum - in the range (Lp, L) - there exist three
solutions which have the same energy and angular momentum. These three solutions may
be thought of as a ball a thick ring and a thin ring respectively of rotating fluid. The ball
solution is entropically dominant for I < Lp while the thin ring dominates for L > Lp. At
angular momentum Lp (which lies in the range (Lpg, L¢) the system (in the microcanonical
ensemble) consequently undergoes a ‘first order phase transition’ from the ball to the ring.
It follows that the dual gravitational system must exhibit a dual phase transition from a

black hole to a black ring at the same angular momentum.

L

Figure 2: Schematic plot of the phase diagram for the various plasma configurations which
by AdS/CFT correspondence gives the phase structure of black holes with various horizon
topologies in Scherk-Schwarz compactified AdSg.

The phase diagram depicted in fig:2 has some similarities, but several qualitative points
of difference from a conjectured phase diagram for on the solution space of rotating black
holes and black rings in 6 flat spacetime directions. This suggests that the properties of
black holes and black rings in 6 dimensional AdS space are rather different from those of
the corresponding objects in flat six dimensional space. This is a bit of a surprise, as black
holes and rings in Scherk-Schwarz compactified AdSs appear to have properties that are

qualitatively similar to their flat space counterparts [80, 82].
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S4 Discussions

In §S2 we first presented a theory to describe the dynamics of a charged fluid up to first
order in derivatives based on simple principles like the second law of thermodynamics and
the Onsager’s relations. We then went on to use the metric dual to a fluid with a globally
conserved charge to find the energy-momentum tensor and the charge current in arbitrary
fluid configurations to second order in the boundary derivative expansion.

We have seen that a nonzero value for the coefficient of the Chern-Simons in the bulk leads
to an interesting dual hydrodynamic effect (note that this coefficient is indeed nonzero in
strongly coupled NV = 4 Yang Mills ). At first order in the derivative expansion we find that
the charge current has a term proportional to [¢ = e””’\"‘uuayu A in addition to the more
familiar Fick type diffusive term. After the discovery of this term in [2, 66] in the context
of conformal fluids, it was argued in [68] that the presence of this term was required by a
local form of the second law of thermodynamics (which we have briefly reviewed in §52.1)
for any fluids (not necessarily conformal) with an anomalous U(1) current. Thus this term
which does not find any mention in earlier hydrodynamic literature (known to us) can be
crucial for real fluids if such a fluid suffers from an U(1) anomaly. Also since anomalies are
essential quantum phenomenon, it is fascinating to note that the hydrodynamic transport
phenomenon associated with this special term is a macroscopic manifestation of underlying

quantum mechanics.

On a similar vein, we went on to construct a theory of first order superfluid dynamics
and obtained its dual gravity configuration in a particular convenient corner of parameter
space. Here again we found a new transport coefficient which to our knowledge was not
considered earlier in the superfluid literature (classic references on the subject like [71,
72] miss this term). This new term in the constitutive relations indicates the presence of
interesting transport phenomenon ( not studied till date) which may even be observable in
real superfluids like liquid helium. However the observation of such phenomenon may be
experimentally challenging as it is observable only for finite superfluid velocities and most
superfluids are unstable beyond a particular superfluid velocity (which may be quite small

for real superfluids).

In §S3 we went on to study exotic black objects in SS compactified (higher dimensional)
AdS spaces, in an indirect way using boundary fluid configurations. It will be fascinating
to construct these solutions directly in gravity and compare their properties against our
predictions. This investigation is primarily obstructed by the fact that the domainwall
solution in the bulk separating the confined and deconfined phase in the boundary at the
transition temperature is only known numerically. Further, the fluid configurations that
we study have boundaries which plays a crucial role in their dynamics. These boundaries
should support local fluctuation which is expected to interact non-trivially with the bulk
sheer and density waves. A detailed study of these fluctuations which forms an important
part of the dynamical perturbations of our static configurations may throw light on the
stability properties of these objects.

The investigations referred to in this synopsis opens up several interesting questions that

require future investigation. One question is the study of superfluid dynamics and its gravity
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duals in the presence of anomaly. This questions has been addressed in [4] where a consistent
theory of anomalous superfluids has been developed upto first order in derivatives. The
authors of [4] verifies some of the predictions of this theory through a dual gravitational
construction which focuses on a particular collinear SO(3) invariant limit. The most general

gravitational construction away from this special limit remains a open challenge.

The exotic black objects discussed in this synopsis makes us wonder if it is possible to add
scalar hairs to these objects. From the existence of soliton solutions in AdS reported in
[84, 85], we may conclude that such non-trivial scalar field configurations would also exist
for the SS compactified AdS. Like their AdS counterparts these solutions would be expected
to exist at all temperatures but only beyond a certain chemical potential. Thus it is natural
to wonder whether such superfluid configurations remain in equilibrium with finite lumps

of deconfined plasma at the same temperature and chemical potential.

In developing the theories of hydrodynamics both in the presence and absence of superfluid-
ity we have found that the principle of local increase of entropy was extremely powerful. For
example in the case of parity even superfluids considered here this principle cuts down the
total number of allowed constitutive parameters from 50 (which are allowed by symmetry) to
21 (the Onsager’s relations bringing it down further to 14). This throws open the question
whether such principles may be used to constrain (higher derivative) corrections to the
theory of gravity. If the answer turns out to be affirmative then it will have the potential
to throw enormous light into quantum gravity.

XXXIV
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Chapter 1

Introduction

In this thesis we focus on several applications of the gauge/gravity duality, which is one
of the most prominent outcomes of the study of string theory in the last decade. The
gauge/gravity duality is an equivalence between two theories: a quantum gauge theory in
d dimensional space time and a theory of gravity in d + 1 dimensional spacetime. The best
understood examples of this duality involve AdS spaces as the bulk and a conformal field
theory living on the boundary. In those contexts the gauge gravity duality is refered to as
the AdS/CFT correspondance. The d 4+ 1 dimensional theory of gravity in asymptotic AdS
space is refered to as the bulk theory. The d4 1 AdS space has a conformal boundary which
is d dimensional and the dual gauge theory lives on this boundary. The fact that the entire
information of the bulk theory can be encoded in a theory in one less dimension is analogous
to an optical hologram, and so the study of this correspondence is also sometimes referred
to as holography. The gauge/gravity duality, in its strongest form, is presently at the level
of a conjecture. But for certain specific examples there is overwhelming non-trivial evidence
suggesting its correctness. Since this duality will be the central theme of this thesis we shall

now provide a brief introduction to the AdS/CFT correspondence.

1.1 The AdS/CFT correspondence

The AdS/CFT correspondence [1, 86, 92] postulates that all the physics of any consistent
quantum theory of gravity in AdS space can be described by a local conformal quantum
gauge theory living in its boundary. The metric of AdS space is given by

d
dsas,,, = R’ ( — (r* +1)dt* + L

2
o +r2d931), (1.1)
where d?_| is the metric on a unit sphere, S?~!, and R is the radius of curvature of AdS.
This space is conformally equivalent to a solid cylinder. The boundary of AdS is obtained
by taking the limit » — oo, and is given by R x S9!, The bosonic isometries of d + 1
dimensional AdS is SO(2,d) which is the also the d dimensional conformal group. Thus the

action of the isometries in AdS on its boundary is simply a conformal transformation in the
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boundary. Hence, on symmetry grounds it is plausible that the dynamcis in AdS space is
captured by a CFT living on the boundary R x S¢~1.

In some applications (especially the ones that we shall consider in this thesis) it is useful
to consider a small patch of the boundary and treat it as R"¥. There exist a choice of

coordinates where a patch of AdS space has the following metric

(1.2)

dz? — dt? + di>
d52R2< : 5 xd_l).

z

In this coordinates the boundary is at z = 0 and constant z slices possesses d dimensional
Poincare symmetry. This patch coordinates are convenient when we want to consider a CF'T

living in d dimensional Minkowski space, R,

Since the correspondence relates theories in different dimensions it is necessary to understand
the matching of number of degrees of freedom on both sides. Let us consider that the
boundary theory which is a CFT on R x S¢~! is at a temperature T. Then for temperatures
(T) large compared to the radius of S4~1, its entropy density should scale with T as

s~ T4 (1.3)

where c is a dimensionless constant that measures the effective number of degrees of freedom
(fields) in the boundary theory. The bulk theory, however, is a theory of gravity which admits
black hole solutions of the form

2

e
(7’24’1*

am
rd—2

ds§h=R2(— (2 +1-25) a2+
T

+ r2dQ§_1), (1.4)

where g is related to the Newton constant in d + 1 dimensions G'(441)

Ga+1)
~ }{d+1 :

(1.5)

It is the effective gravitational coupling at the AdS scale. Now at large enough energies the
thermodynamics is entirely dominated by the black hole phase which can be used to put an
upper bound on the entropy of the system. The entropy in this phase is given by the area
of the event horizon and for large temperatures it is given by

Tdfl Tdfl

s~ =2 , 1.6
P 7 (1.6)

where we have used the fact that the Hawking temperature of the black hole (1.4), T' ~ rg,
rs being the Schwarzchild radius. Thus we see that the degrees of freedom in the bulk and
boundary match provided we identify

1 R!

cn~ —

g Gy

(1.7)

Thus we are led to conclude that the effective number of fields in the boundary CFT should

scale inversely as the bulk Newton constant. This fact is particularly important as it implies
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that if we are interested in a weakly coupled bulk theory (for better control) we must have
a large number of fields in the boundary. This fact is very nicely incorporated in large N

gauge theories.

In the better understood examples of the correspondence the rank of the gauge group of
the boundary gauge theory is taken to be N which is considered to be large so that the
bulk gravity is weakly coupled. In a conformal field theory, in general, there exists a map
between the states and the operators of the theory. Both the states and the operators of
the CFT organize themselves into unitary representation of the conformal group. These
representations are characterized by the spin and scaling dimension of the operator at the
head of the representation. Since we put the CFT on the boundary of AdS which is R x §¢~!
gauss law constraints forces us to project onto the gauge singlet states. Thus the operators
of the CFT may be generally classified as single trace operators and multitrace operators
(product of single trace operators). From the general structure of Feynman diagrams in
the CFT it is possible to argue that in the large N limit the scaling dimensions of the
multitrace operators are simply given by the sum of scaling dimensions of each of its
individual single trace components. Thus there is no new information in the multitrace
operators in the large N limit and we can legitimately focus on the single trace operators
only. Also it was noted by ’t Hooft [7] that in the large N limit we could organize the
Feynman diagrams of scattering amplitudes of a large N gauge theories in a way such
that it resembled the perturbative expansion of string scattering amplitudes, higher genus
diagrams being suppressed by a factor of 1/N?2. This analogy is made concrete in the context
of the AdS/CFT correspondence where a string theory with string coupling g ~ 1/N is
dual to the boundary gauge theory. Note that in the strict large N limit we are left with
only the planar diagrams on the gauge theory side and only the tree level diagrams on the
string theory side. It is in this sense that the gauge theory is said to admit a classical
description in the large N limit. Note that it is different from the usual classical description
(where A is set to zero) because in the planar diagrams that survive this large N limit there

are non-trivial loop diagrams.

The graviton is one of the lowest (massless) modes of a vibrating string. By considering
the large N limit we have we have essentially made the stings non-interacting. But the
oscillating sting would in general have other massive states of higher spins. If we want to
obtain ordinary gravity with the spin 2 graviton being the highest spin state then we require
a seperation of scales between the massless states and the massive states. This is achieved
by the condition

R>/, (1.8)

£s being the string length. This statement also has a gauge theory analogue. In the large N
limit we can have single trace operators with spin grater than 2, which in general can have
small scaling dimensions in the weak coupling limit. For the classical gravity approximation
to work these operators must be lifted by gaining large anomalous dimensions which is only
possible in the strongly coupled regime of the gauge theory. Thus if we are interested in
the boundary description of a two derivative theory of gravity with the graviton being the
highest spin object it should be given by a large IV strongly coupled gauge theory. The fact

that the gauge theory is strongly coupled makes it vary intractable and this one of the main
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stumbling block towards constructing a direct proof of the correspondence.

One of the most prominent and well understood example of this correspondence is the
conjecture that type-IIB superstring theory in AdSs x S° is dual to N = 4 super- Yang-Mills
theory in four dimension with SU(N) gauge group'. In the 't Hooft limit (large N limit)
this field theory has two parameters - N and the 't Hooft coupling constant A 2. These two
parameters are related to the radius of curvature R and the string coupling constant g5 of
the bulk theory in the following way

A L
= iR =L (1.9)

9s
Therefore if we take the large IV limit, the string loops are suppressed and further if we
take the large A limit the string theory geometry is weakly curved and we are left with a

ordinary two derivative theory of gravity in the bulk.

1.2 Applications of the AdS/CFT correspondence in

the long wavelength limit

This correspondence, at the first glance, seems to have enormous applicability as one can use
one side of it to gain structural and conceptual insights about the other. As was emphasized
in the previous section this possibility is hindered by the fact that in the limit when we have
ordinary gravity in the bulk we have a strongly coupled field theory in the boundary which
is not tractable. In several applications this fact is considered in positive light as this
can be then used to understand strongly coupled field theories using gravity computations.
However, there exists one limit in which even the strongly coupled field theory becomes
tractable. Any quantum field theory, no matter what its coupling, is believed to admit a
hydrodynamic description in the long wavelength limit. In most of the discussions in this
thesis we shall focus on this limit. As emphasized in the previous section, we consider the
large N limit followed by the strong coupling limit so that we have ordinary two derivative
gravity in the bulk. Also in most of our discussions we will be focusing on the phase of
the boundary field theory where the degrees of freedom scales as some positive powers of
N (for example, N? for N' = 4 Yang-Mills theory in 4 dimensions) so that the field theory
is deconfined. Hence our fluid is that of a deconfined Yang-Mills plasma. This in the bulk
would correspond to a black hole (or a black object) whose degrees of freedom also scales

as the same power of N.

In the long wavelength limit 3, the near equilibrium dynamics of gauge theories is captured
by a few effective degrees of freedom which constitutes a hydrodynamic description. The

variables of such a description are the local densities of all conserved charges and the local

INote that N refers to the amount of supersymmetry in the theory while N refers to the rank of the
gauge group.

2Here ) is related to the Yang-Mills coupling constant by the relation A = g%,MN and in the 't Hooft
limit N is taken to infinity keeping A fixed. Also note that this theory is a conformal field theory and so its
[B-function vanishes. For this reason A is a parameter of the theory unlike non-conformal theories where its
runs with the energy scale.

3By the long wavelength limit we mean that we focus on modes that vary over length scales which is
large compared to the mean free path which constitutes a consistent truncation of the system.

4
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fluid velocities. If there is a spontaneously broken symmetry then we should augment this
list of variables to include the corresponding Goldstone boson (as it is a low energy mode
and hence must be accounted for in all the low energy effective descriptions). The equations
of fluid dynamics are the equations of local conservation of charge currents. These equations
have to be supplemented by constitutive relations expressing these currents in terms of the
fluid variables. Using the fact that fluid dynamics is a long wavelength effective theory
these constitutive relations are specified in a derivative expansion. At any given order
in derivatives, symmetries plus a few other canonical principles (like the second law of
thermodynamics and time reversal invariance) determine the form of this expansion upto a
finite number of undetermined coefficients. These coefficients may then be obtained either

from experiments or from microscopic computations.

Using the AdS/CFT correspondence it is possible to capture the boundary hydrodynamics
in a bulk system with gravity. In fact it has recently been demonstrated that a class of long
distance, regular, locally asymptotically AdSyy1 solutions to Einstein’s equations with a
negative cosmological constant is in one to one correspondence with solutions to the charge
free Navier Stokes equations in d dimensions [8, 9, 10, 11, 12, 13, 14, 16, 93, 94]. The
most striking feature of these bulk solutions is the fact that it is possible to foliate them
into a collection of tubes, each of which is centered around a radial ingoing null geodesic
emanating from the AdS boundary. The congruence of these null geodesics provides us with
a natural map between the boundary and the event horizon. Locally these tubes are well
approximated by a uniform black brane solution which corresponds to local equilibrium in
the boundary fluid. In these solutions there is a singularity in the bulk (just as the one
in case of a uniform black brane), but it is shielded from the boundary by a regular event
horizon. In the picture that emerges if we stitch these tubes together, the event horizon
behaves as a membrane whose ‘vibrations’ capture the boundary fluid dynamics. In this
thesis, we generalize this construction to include fluctuations around a charged black brane
which provides a bulk description of a fluid with a conserved global charge (see chapter 3 for
more details). A global U(1) symmetry in the boundary maps to a U(1) gauge symmetry
in the bulk. We carried out our analysis in five dimensional bulk space time and included a

parity violating Chern-Simons term beside the standard kinetic term for the gauge fields.

There are several applications of such holographic constructions. Firstly, it gives us a sys-
tematic procedure to test and verify the general structure of hydrodynamics. For example,
through such holographic methods we were able to predict the existence of a new term in
the first order hydrodynamics of fluids with a global conserved charge (when the charge
current suffered from an anomaly). It was later shown in [68] that the consistency of
hydrodynamics with the second law of thermodynamics forced such a term to be present.
Secondly, as we pointed out in the previous section, the boundary gauge theory (with
the gravity dual) is strongly coupled. Therefore a microscopic derivation of coefficients
in the constitutive relations is not possible within the field theory itself. However for field
theories with a bulk description we can compute these coefficients from the dual gravity
solution. Such computations may be used to throw light on the transport properties of
certain exotic (strongly coupled) phases of matter like the quark gluon plasma. Besides, a
general understanding of fluid dynamics from a different angle might help us gain insight

into outstanding problems in fluid dynamics like turbulence.
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In this thesis we also extend the fluid gravity map into the domain of parity invariant super-
fluid hydrodynamics (see chapter 3 for details). This is achieved by introducing a non-trivial
charged scalar field in the bulk which corresponds to turning on a charged scalar operator in
the boundary. The non-zero expectation value of this charged scalar operator spontaneously
breaks the global U(1) symmetry in the boundary and hence gives rise to a superfluid phase.
In this context the gravitational computation of the constitutive relations were chiefly used
to derive and verify the structure of parity invariant superfluid hydrodynamics. We found
that the first order constitutive relations derived from gravity did not fit into the general
structure of superfluid hydrodynamics that existed in the literature [71, 72] (which claimed
to have a 13 undetermined parameters at first order). We could however, generalize that
existing structure (by increasing the undetermined parameters to 14) and found that our
gravity computation was perfectly consistent with this new generalization (see chapter 2 for
details of this generalization). Thus in the context of superfluids, our holographic methods

guided us to discover yet another previously unexplored transport phenomenon.

Till now we primarily discussed instances in which the fluid gravity map was used to learn
new physics about fluids in general. However, we can use this correspondence in an inverse
fashion to explore new interesting solutions in the bulk (see chapter 4 for more details).
Here we constructed plasma configuration in the boundary that solves the Navier Stokes
equation. Through a technical trick of Scherk-Schwarz compactification it is possible to
create interesting configuration that are confined to finite regions of space. These fluid
configurations can be then mapped to horizon topologies in the bulk . Exotic configurations
in the boundary provide us with new and interesting horizon topologies (in five or more bulk
dimensions). This method not only serves as a proof of existence of such new horizons but
also have the prower to predict their thermodynamic properties (as there is a direct map

between the bulk and boundary thermodynamics).

The thesis is organized as follows. In chapter 2 we present a complete theory of relativistic
hydrodynamics upto first order in derivative expansion. Here we initially discuss fluids
with a conserved global U(1) charge which may be anomalous. Then we proceed to discuss
superfluid hydrodynamics in a parity invariant situation. In chapter 3 we provide the a
specific bulk construction which aids us to test and verify the general structure of first
order fluid dynamcis presented in chapter 2. Finally in chapter 4 we study the properties
a completely new class of black-objects in higher dimensional AdS space with the aid of

localized plasma configurations in the boundary.

4 This map is not precisely known as in the previous case as here we only have a knowledge of the
map between the topologies. Constructing a one-to-one map between the horizon and the boundary fluid
configurations, in case of the exotic topologies discussed in this thesis, constitutes an interesting open
problem.
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A theory of dissipative
hydodynamics

In this chapter, we shall present a theory of most general dissipative relativistic hydrody-
namics upto first order in derivatives in two cases. First we consider fluids with a global
U(1) charge than may be anamolous. We then go on to study the fluid dynamics of parity
even superfluids. We should emphasize that this section is completely independant of any
reference to gravity (or string theory or the AdS/CFT correspondance) and is based on
general thermodynamic principles applicable to the long wavelenth limit of any reasonable
quantum field theory.

2.1 The theory of charged fluid dynamics

In this section we construct the most general equations of Lorentz invariant charged fluid
dynamics consistent with the second law of thermodynamics. Our goal is to illustrate our
method for determining the most general form of fluid-dynamical equations of motion in a
simple and familiar context before tackling the slightly more complicated case of superfluids.
The final results of this section are well known; the novelty of this section lies in our method

of computation.

The long-wavelength degrees of freedom of a locally equilibrated system with a single global
U(1) charge can be taken to be the velocity field u,(z) (normalized so that utu, = —1),
the temperature field T'(z) and a chemical potential field pu(x). Both the energy momentum
tensor and the charged current can be written in terms of these five fields and their gradients.
The equations of motion of charged fluid dynamics are the conservation of the stress tensor

and charge current

VI = FR,

c (2.1)
VHJM = —gGH P F;,u/FpO'
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which provides the five equations for the five hydrodynamic fields. In these equations we
have allowed for the possibility that the current in question has a U(1)? anomaly. We call
the coefficient ¢ the anomaly coefficient. We have also allowed the current to be coupled
to an external source with field strength F},,. To completely determine the equations of
motion it remains to determine the dependence of T*” and J* on the fields u#(x), T(x),

w(x) and their derivatives.

By considering a stationary fluid for which u#* = (1, 0, 0, 0) and using boost invariance one

can argue that the stress tensor and charge current take the form

T = (p + P)u'u” + Py + T

diss (22)

JH = qut + Tl
where T):.  and J. = are the contributions to the stress tensor and charge current that
involve derivatives of p, T and u*. The equations that express T)j... and J, . in terms

of fluid dynamical fields and their derivatives are termed constitutive relations. In the
long wavelength fluid dynamical limit it is sensible to expand the constitutive relations in
powers of derivatives of the fluid dynamical fields v*, T and p. We will refer to such an
expansion as a derivative expansion and refer to the terms which are linear in gradients as
first order terms. In this paper we work only to first order in the derivative expansion. The
electromagnetic source term F* is taken to be of first order in derivatives in this counting.

Field Redefinitions and frame choices

Note that the fluid temperature T', chemical potential x4 and velocity u* are thermodynam-
ical concepts that are well defined in equilibrium but have no microscopic definitions in
dynamical situations. In other words, we are always free to redefine the thermodynamic

variables into primed ones according to the equations

ut = u'* 4 Sut
T =T +6T (2.3)
p=p +op

where du* is an arbitrary one derivative vector that obeys dutu,, = (5u”u; = (0and 67 and §u
are arbitrary one derivative scalars. The primed and unprimed fields are each equally good
definitions of the velocity, temperature and chemical potential fields. Physically meaningful

assertions, such as the constitutive relations for 7%” and J% __, must only involve field

diss diss’

redefinition invariant quantities.

Thus, let us determine the field redefinition invariant combinations of 74" - and J/, .. Under
the field redefinition (2.3),
OTh . = (u'ou” + u”éu")(P + p) + utu”d(P + p) + n""dP (2.4)

5t
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= gout + dqut

where
ST =TI Tk

diss diss diss
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SJH =gk gk

diss diss diss

and df (u, T) represents the change in the function f under the first order variable change
(2.3). It useful to decompose 17 and J%,

diss diss
scalars The SO(3) that we are referring to is the group of rotations orthogonal to u#. To

into SO(3) invariant tensors, vectors and

this end we introduce the projection matrix
PHY =l 4 utu? . (2.5)
We find that there is one tensor, two vectors and three scalars. The unique tensor

prv
pPr P!

diss 3 PaﬁTaﬁ (26)

diss

is automatically field redefinition invariant. The two vectors P“aTgifsuH and PH J“ trans-

form under field redefinitions as

diss

5 (P“aTaﬁ u5) = —(P+ p)dut

(2.7)
1) (P“aJO‘) = qou”
so that the unique invariant combination of vectors is given by
PrJ* 4 PLM (PraTRus) - (2.8)
The three scalars transform under field redefinitions as
6 (PasTgl,) = 3dP
0 (UQTESSUQ) =dp (2.9)
§ (ueJ*) = —dq
so that the unique invariant scalar is given by
% (PasTsl,) - Z—i (uaTgus) + ‘?)—s (taT®) (2.10)

where %—P is taken at constant ¢ and %—P is taken at constant p.
P q

Instead of working in a manifest field redefinition invariant manner, it is sometimes conve-
nient to ‘fix’ the field redefinition ambiguity by imposing five additional conditions on the
thermodynamic fields so that they are well defined. Different choices of fixing the ambiguity
are referred to as frames. One often used frame is the so called Landau frame, in which

the velocity and temperature fields are defined to obey the conditions T/

hissUy = 0 and

Jh:osuy = 0. This gives one vector and two scalar conditions, matching the field redefinition
degrees of freedom. Another choice of frame is the Eckart frame which is defined by the
conditions Jf,

(2.8) and the invariant scalar (2.10) greatly simplify in either of these frames. In this paper

= 0 together with w, T} u, = 0. The expressions for the invariant vector

we adopt no such ‘gauge’ choice but work in a fully field redefinition invariant manner.
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The strategy for the rest of this section
In order to complete our specification of the equations of charged fluid dynamics, we need
to specify T%" and J%

diss diss

(or more precisely the field redefinition invariant parts (2.6), (2.8)
and (2.10) of these expressions) as a function of first derivatives of fluid dynamical fields. Of
course, in any particular dynamical system, the explicit form of the constitutive relations for
T and JY. . can be determined only by a detailed dynamical computation. In this paper
we will be interested not in computing the precise form of these quantities in any particular
system, but in parameterizing the most general form that the constitutive relationship can
take in any system. As we will see below, it will prove possible to completely determine the
form of the first order constitutive relations up to three undetermined dissipative parameters,

each of which is an arbitrary function of T" and pu.

We proceed as follows. As in any effective field theory, we start by writing down all possible
We then eliminate those that do

not, satisfy the symmetries of the theory, Lorentz invariance in this case. In addition,

expressions which may contribute to 7% and JJ_..
since we are dealing with a hydrodynamic theory, we must ensure that the second law of
thermodynamics is satisfied. We demand the existence of an entropy current of positive
semi-definite divergence even when the theory is formulated on a curved background. The
entropy current is defined to be a four vector JY satisfying two requirements. The first is

that in a configuration where the fluid is in uniform motion,’
J§ = su” (for a spacetime independent configuration) (2.11)
with s the entropy density which is related to p, P, ¢, 4 and T through
p+ P =sT+puq. (2.12)

Our second requirement of the entropy current is that its divergence is positive semi-definite
in an arbitrary curved background,
VuJ§ >0 (2.13)

implying that the entropy increase in any region is always greater than the entropy inflow

into that region.

For a perfect fluid level (i.e. a fluid in which all gradient terms have been neglected—
T = Jh.s = 0) the entropy current is given by (2.11). At this order it is not difficult to
verify that V,(sut) = 0 using (2.12) and dP = sdT + qdp.

Once the gradients of u*, T and p/T are non vanishing the divergence of the entropy current
no longer vanishes. Indeed, the divergence of the entropy current at the one derivative level
will be the focus of much of the rest of this chapter. We will demand, on physical grounds,
that it is possible to modify (2.11) by first order corrections so that (2.13) will be satisfied.

This requirement will turn out to constrain the possible forms of T}, and J7. .

We start our analysis in section 2.1.1 by considering parity conserving charged fluids. In

section 2.1.2 we move on to describe parity-violating fluid dynamics.

ISuch a configuration is a stationary, dissipation free solution to the equations of fluid dynamics. Indeed
it may be obtained by boosting a uniform fluid at rest (by which we mean a uniform fluid with velocity field
ut = (1, 0, 0, 0)).

10
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2.1.1 Parity Invariant Charged Fluid Dynamics

Consider a hydrodynamic theory in the presence of external electromagnetic fields satisfying
(2.1) with ¢ = 0. Following the general prescription described at the beginning of this
section, we would like to write the most general parity-invariant and Lorentz invariant

contributions to J*. , THY

hesr Thew and J& which involves a single derivative of the hydrodynamic

fields u*, T and p. We then work out the the restrictions on these terms by requiring that
the entropy current has positive semi-definite divergence.

Classification of one and two derivative data

We begin our analysis on a technical point. The tangent space about any point in our
spacetime manifold has an SO(3, 1) rotational invariance. However, the fluid velocity vector,
ut(z), takes a definite value at that point and breaks this rotational group down to SO(3).
It is useful to decompose all derivatives of fluid dynamical fields, at any given spacetime

point, into representations of this residual SO(3) rotational group.

In the first column of table 2.1 we have classified all expressions formed from a single
derivative of any of u#*(z), T'(z) and u(z) according to their SO(3) and parity transformation
properties. We refer to these expressions as one derivative fluid dynamical data. We have
also classified one derivative expressions constructed out of the background electromagnetic
fields according to their SO(3) and parity transformation properties. We will refer to these
as background data. As fluid and background field data enter our analysis on an even

footing, we have listed these expressions together in the first column of table 2.1.2

Not all the expressions in the first column of table 2.1 are independent under the equations
of motion. The equations of motion can be used to solve for some pieces of data in terms
of other data. The classification of the equations of motion according to their SO(3) and
parity transformation properties can be found in the middle column of table 2.1. Note that

there are no tensor equations of motion.

In the last column of table 2.1 we have listed a choice of independent data. By this we mean
a choice of independent one derivative fluid dynamical expressions and one derivative field

expressions in terms of which all others can be solved for.

While some of the expressions used in table 2.1 such as

Opy = %Pﬂapuﬁ (vauﬁ + Vﬁua - Paﬁ (V)\u)‘)) (2'14)

and
PHY = uhy” 4+ gt (2.15)

are standard, some of our notation isn’t. The new notation has been introduced in order to

prepare the reader for later sections. In particular V3 is the electric field in the rest frame

2Since all curvature invariants built out of the background metric have at least two derivatives, there is
no one derivative data associated with the metric.

11
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Table 2.1: One-derivative expressions classified according to their transformation laws under
the SO(3) residual symmetry and parity. The first column lists all one derivative data. The
second column lists the equations of motion. The last column lists a choice of independent
data. See (2.14) and (2.15) for the definition of ¢, and P,, respectively.

SO(3) and P All data Equations of motion | Independent data
classification
ut0,T
u,V,TH =0
Scalars uhV & V" =0 S1 = Oyut
Oput
P9, T u v u ., P
u’ o, ut P 5 T — Vlu = _VP aZT + =7
Vectors pavg i nop =0 Vi =u"Vyu
v VH — Ful/uy
7y,
Tensors O — Th=oum
LepvaBy, 9 v — LewaB, g
€ U, Oq g B w € U, Oqug
Pseudo vectors %e“"o‘ﬁuuFag BH — %GuuaﬁuyFaﬁ

of a fluid element. In the conventions of Son and Suréwka [68] we have

(Va)u=E,. (2.16)

We will soon construct an entropy current that includes terms which are first order in
derivatives. The divergence of such an entropy current is of second order in derivatives and
includes terms quadratic in first order fluid (and background field) data plus expressions
built out of two derivatives acting on fluid fields or single derivatives of electromagnetic field
strengths. We refer to the second class of expressions as two derivative scalar data. When
studying the divergence of the entropy current it is useful to have a listing of independent
scalar two derivative data.

In the first column of table 2.2 we list the most general fluid and background field (but not
curvature related) two derivative data that transforms as an SO(3) scalar. More explicitly,
we list all scalar expressions formed by acting with two derivatives on u*(x), T(x) and pu(x)
together with all scalars formed from the action of a single derivative on electromagnetic
field strengths.® In the second column of the same table we list all scalar two derivative
equations of motion. In the last column of the same table we list our choice of independent
two derivative scalar data (in terms of which we have solved for all the other two derivative

scalars).

The general entropy current and its divergence

Armed with the listings in tables 2.1 and 2.2 we now proceed with our analysis. Traditional

studies of first order charged fluid dynamics (see, for example, [73]) assume that the entropy

3Tt is also easy to list two derivative fluid data in the 3, 5 and 7 dimensional representations of SO(3),
but that will not be required in what follows, so we do not present such a listing.

12
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Table 2.2: Parity even two derivative scalar data for charged fluids. The first column lists
all six second order scalars constructed from two derivatives of the hydrodynamic variables
and background field strengths. The second column lists the three scalar two derivative
equations of motion. The last column lists one choice of a 6 — 3 = 3 dimensional basis for
the independent two derivative scalar data.

All data | Equations of motion Independent data |
utu”0,0,T
P*9,0,T V.V, T" =0 PHY 0, &

utu" 0,0, (%)

pr WrHY = LAV id
Pa,d, (%) V,V 0 utV,0,u
ut0,0,u” u’'V,VFJH =0 Vu(F*u,)
O (FMuy,,)
current takes a canonical form, 4
o IR | T Hoon
JScanon =sut — TU’H diss T‘Idiss : (217)

As we explained in the introduction, in this work we will not make any prior assumption
about the form of the entropy current. According to the analysis of section 2.1.1 the most

general parity even first order entropy current is given by

3
J” = J” +81 S’lu“—l—ZviViM (218)

canon
i=1

where S7 and V; are defined in the last column of table 2.1, and s; and the v;’s are arbitrary
functions of & and T

We now explore the constraints obtained by enforcing the positivity of the divergence of
the entropy current (2.18). It is easily demonstrated (see, for instance, [3, 73]) that the
divergence of the canonical part of the entropy current is given by

vujucanon = _vu (%) T;;Zs - (au (%) - Fu%u”) Jcl;iss‘ (2-19)

The right hand side of (2.19) is a quadratic form in one derivative fluid and background
electromagnetic field data. The divergence of the non canonical part of the entropy current
in (2.18) is also a two derivative expression but is composed of two kinds of terms. The first
set of terms are linear in independent two derivative and curvature data. Such terms are
always inconsistent with the positivity of the entropy current, and so we must choose s; and
v; so that these terms vanish. The second set of terms contains products of one derivative
terms. Such terms would modify the quadratic form on the right hand side of (2.19) and
do not necessarily vanish. Schematically, we have

- independent two ) (quadratic form in)
a“ JS (derivative and curvature data first order data / ° (2'20)

4As explained in [3] the expression in (2.17) is frame invariant, i.e. invariant under a first order field
redefinition of 7', u#* and p. Note that the second term on the right hand side vanishes in the Landau frame
while the third term vanishes in the Eckart frame.

13
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The first term on the right hand side of (2.20) must vanish while the second term must be

tuned to be positive.

Constraints from positivity of the divergence of the entropy current

We will first explore the constraints that follows from the requirement that no two derivative
data appears in the divergence of the entropy current. As explained previously, this implies
that the first set of terms on the right hand side of (2.20) must vanish. We will implement

this condition separately for two derivative and curvature terms.

Constraints from the vanishing of 2 derivative terms

The two derivative part of the divergence of the entropy is given by
v H nw v U1 puv
-0 P Vu(?,,? + (51 +v2)u! V. 0,u” + (vs + T V. (F*u,).

This expression is a linear combination of the three independent two derivative pieces of
data (see Table 2.2). It follows that the vanishing of two derivative terms requires us to set
the coefficients of each of these terms to zero, i.e. to set v1 = vs3 = 0 and vo = —s;. Thus
the vanishing of two derivative terms in the divergence of the entropy current restricts the
entropy current (2.18) to take the form

JE = Jk + 51 (St — V') . (2.21)

canon

where s; is still an arbitrary function of 7" and p.

Constraints from vanishing of curvature terms

According to (2.21) the entropy current has a one parameter ambiguity, s;. Were we to
restrict our attention to a flat space background we would not have been able resolve this
ambiguity. Consider a charged fluid propagating on an arbitrary curved background. The
cancellation of two derivative terms proportional to s; is now incomplete; it is not difficult to
check that there is an additional, curvature dependent term in the divergence of the entropy
current proportional to isaguauﬁ with R,p the Ricci tensor. This term is inconsistent

with positivity of the divergence of J. Thus, we are forced to set s; = 0.

We conclude that the requirement that the divergence of the entropy current is positive
in an arbitrary curved background forces the entropy current to take its canonical form,

justifying the assumptions of standard treatments of fluid dynamics e.g. [73].

Constraints on dissipative terms

We have demonstrated that the entropy current takes its canonical form and consequently
that its divergence is given by (2.19). It is now not difficult to work out the constraints on
dissipative terms that ensure the positivity of the quadratic form on the right hand side of
(2.19). We outline the calculation here.

14
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Consider the expansion of V, ( “) and =V = 0, & — % which appear on the right hand
side of (2.19) into SO(3) invariant tensors vectors and scalars. We find a single tensor, o,

two vectors,
0,T
VF,  and <PWT + (u.@)u“)
(see table 2.1 for a definition of the vector V}*) and three scalars,

(u-)T
T 3

(u-Q)v, and (V-u).

While the two vectors are completely distinct off-shell, it turns out that the equations of
motion imply that they are proportional to each other on-shell. Similarly, the equations
of motion imply that the three scalars are also proportional to each other on-shell. The

explicit relations are

(uw.0)T opr

7= 5], 5
(u.0)y = —% {{;—qu] ) (V.u) (2.22)
P2l oy = Ly

Plugging these relations into (2.19), we can rewrite the divergence of the entropy current in

the form
Vo ul) [ (Taiss)a peb 9P » oP
v, = - o) [ Qb2 S8 702 + G )
T 3 dp Jdq (2.23)
YVl (R e |
1p dzss p+ P diss T

where V}*, B and E* were defined in Table 2.1 and (2.16). We collect their definitions here

for convenience:

E,=F,u"
1

B, = Eeumgu”FO‘B
E

Vl,u = Tﬂ *Piagl/.

We will now use (2.23) to constrain the constitutive relations of fluid dynamics, i.e. the

expressions for T/ and J/. as alinear expansion in first order scalars, vectors and tensors.

188
To first order in gradients there is only one independent scalar data so the scalar parts of

T!"  and JY.  are necessarily proportional to V-u. The vector parts of T/ = and J/, . must

diss diss diss
each be expanded as a linear sum of the three independent vectors listed in Table 2.1. The
tensor in Table 2.1 is proportional to o, since there is only one SO(3) invariant tensor. It

follows from group theory that positivity of the divergence of the entropy current implies

15
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positivity of the scalar, vector and tensor components separately. Thus, we have

PHv
PLPYTSY, ~ TpaﬁT;igs = —na'”
a q av
P(éj (Jdiss + H—P(UV diss)) = Hvlu (224)

(Tdiss)abP“b oP opP .
A-drssjabs o T JTH - Ho )= —B0,u®
3 ap (’U,#’U, dzss) + aq (uﬂjdzss) 5 U
where
n>0, >0, B>0.

These three coefficients are the shear viscosity, 7, the heat conductivity, s, and the bulk
viscosity, #. The bulk viscosity is traditionally denoted by ¢ but in this work we reserve ¢

for different use.?

Several aspects of (2.24) deserve comment. First, the requirement of positivity does not

individually constrain the three scalar and two vector pieces in T4 and JA. .

but only
constrains the combinations that appear in (2.10) and (2.8). This is exactly as we would
expect: only field redefinition invariant data can be constrained in a physical way. The
vectors and scalars that are left undetermined are unphysical; they can be changed, or
chosen arbitrarily, by a field redefinition. Despite appearances, (2.24) constitutes a complete

determination of the constitutive relations of our system.

We also note that we could have used the fact that the divergence of the entropy current
is frame invariant (see [3]) to determine the frame invariant scalar, vector and tensor
combinations in (2.6), (2.8) and (2.10); the expression on the right hand side of (2.23)

must arrange itself into such frame invariant combinations.

The third aspect to note is that the constraints of positivity are relatively mild in the scalar
and tensor sector. The expansion of scalars and tensors is the most general one permitted
by symmetry; the requirement of positivity merely imposes inequalities in the coefficients of
this expansion. However, the constraint on vectors is much stronger. Symmetry alone would
have allowed the expansion of the second line in (2.24) as an arbitrary linear combination
of the 3 vectors Vi, V5 and V3. However the requirement of positivity sets the coefficients
Vo and V3 to zero,® apart from imposing an inequality on the coefficient of the third. We
will see this pattern repeated and magnified in the study of superfluid dynamics in section
2.2 in the scalar, vector and tensor sector.

2.1.2 Parity non invariant charged fluid dynamics

Let us now turn to the dynamics of fluids that are not invariant under parity transformations.

According to table 2.1 we should allow the entropy current to depend on an additional

5Note that the speed of sound, cs, is related to the variation of the pressure with respect to energy
density through %—P = ¢2. Using dimensional analysis one can conclude that %—1; = 0 in a scale invariant
theory. It then becomes clear that in a conformal theory the left hand side of the last equality in (2.24)
vanishes as it should.

SThe origin of this constraint is the observation that the quadratic form axz? + bxy + cxz is positive only
when b = ¢ =0 and a > 0. The role of z is played by the vector V', while the roles of y and z are played by
the other two vectors
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arbitrary pseudo vector. Thus, the most general entropy current for such a fluid takes the

form
3

JE=JE 451 Siut + ZUiVi‘L + o, w" +opB*. (2.25)
i=1

In the parity even sector the divergence of this entropy current is identical to the one
discussed in subsection 2.1.1; the arguments in 2.1.1 go through unchanged and in particular
the cancellation of two derivative and scalar terms set s; = v; = 0. In the parity odd sector
the divergence of the entropy current receives contributions involving the dot product of the
pseudo vectors w” and B* with ordinary vectors. Positivity of the divergence of the entropy
current implies that such products vanish.” This restriction was analyzed in detail by Son
and Suréwka [68] who found that it leads to

Vo P « v
PIPYTYS ~5PasT] B _ gk

diss

P (Ties + S5 TR ) = VP Rt 4 B (226)
p

+ P
(Tdiss)abpab oP v oP . o
— a—p(UquTlﬂsQ + a_q(u#jsiss) = —f0au
where
MB 2
w =c— +Tuk Tk
o c3T+ ko + 1
2
W
=+ —k
o8 =Cop t g .27
. 2 q 2q 2q :
2 3 2
Fo=clp?—S——p2 ) +T> (1 - ——p) ko — k
<M 3p+PM) < p+PM> S E T
5 1 q 9 T2 q i
KB =¢ - = - —
B ke, + P 2 p+P”

and k; and ko are integration constants. We will now argue that the requirement of

CPT invariance forces ks to vanish. &

The argument goes as follows. Consider the
CPT transformation «# — —z# ¢ — —q (and so 4 — —pu). Under this transformation
T —Th and JY.  — —J4 . Also u* — u* so that w* — —w# and B* — B*. Thus
under a CPT transformation it must be that kK, — K, while kg — —Kp. Consistency of
this requirement with (2.27) sets k2 = 0. Nothing in our argument requires that k; vanish
(although it would be intersting to find a specific system with k1 # 0; k; vanishes in all

AdS/CFT computations performed so far).

The results (2.26) and (2.27) have several interesting features. First, the presence of an
anomaly forces the entropy current to depart from the canonical form (i.e. op and o, are
never zero if ¢ is nonzero). Second, it induces new terms in the vector part of the constitutive
relations, proportional to the vorticity and the magnetic field. Third, the new contributions

to both the entropy current and the vector part of the constitutive relations are completely

"We will see later that products of vectors and pseudo vectors do not necessarily need to vanish in the
case of superfluid dynamics. In the current setup vanishing of such bilinear terms follows from the fact that
the divergence has no squares of pseudo vectors and contains only a single squared vector.

8 We thank D. Son for pointing this out to us.
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determined (up to an integration constant that is independent of T' and p) by the anomaly.
In other words, although the constitutive relations take a different form from the parity
even case, this change in form is completely determined by the anomaly, and we have no

new free parameters apart from the integration constant k.

2.2 The thoery of parity invariant superfluid hydrody-

namics

By definition, a superfluid is a fluid phase of a system with a spontaneously broken global
symmetry. When discussing superfluids this forces us to consider the gradient of the
Goldstone boson as an extra hydrodynamical degrees of freedom in addition to the standard
variables u*, T and p. More precisely, if we denote the Goldstone Boson by 1 (¢ is the phase
of the condensate of the charged scalar operator) and we also wish turn on a background

gauge field A, then
§u=—0u+ Ay (2.28)

represents the covariant derivative of the Goldstone Boson and is an extra hydrodynamic
degree of freedom. According to the Landau-Tisza two fluid model the superfluid should
be thought of as a two component fluid: a condensed component and a non condensed or
normal component. The velocity field of the normal fluid is given by u, and the velocity of
the condensed phase is proportional to &,. It is often convenient to define the component
of £ orthogonal to wu,

¢H = PHE, . (2.29)

The equations of motion of the superfluid are given by

0, IT" =F"J,
OpJ" = cE, B" (2.30)
a,ufu - avf,u = F,uv
together with the constitutive relations
T = (p+ Pyul'u” + Py + f&"¢" + Tj,,
JH = qut — fet + Tl (2.31)
&= p+ fdiss

Note that the first and higher order quantities in (2.31) are ambiguous upto field redefinition
ambiguities of the fluid fields. The quantity £, is microscopically defined and therefore we
do not allow any field redefinitions of this quantities (such a choice was refred to as the fluid
frame in [3] where a more detailed discussion about the various choice of frames has been
provided). The rest of the redefinition ambiguities are fixed by imposing certain conditions
on the first (or higher) order quantities T%;. , J&.

Vissy Juiss aNd figiss. In all our discussions in this

thesis whenever we need to make a frame choice we will work in the transverse frame ?

9n the gravity calculations, however we had to make a different choice for convinience, but we report
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which is the choice
w,Th = 05w, Jh = 0. (2.32)

diss

As was the case for the theory of charged fluids which we described in the previous section,

superfluids also allow for a simple ‘canonical’ entropy current [3]

T
T e = S0 = T — s (2.33)

where s is the thermodynamical entropy density of our fluid and is related to p and P
through the Gibbs-Duhem relation

p+ P =sT+ puq (2.34)

and 1
dP = sdT + qdu + 3 fde? (2.35)

where

§= /=& (2.36)

It can be demonstrated (see [3]) that the entropy current (2.33) is invariant under field

redefinitions. The divergence of this entropy current is given by

Uy v E 155
a#‘]gcanon = 78# (?) T;iss - <aﬂ (%) - T‘u) J(ZSS + MC;_‘ aﬂ (fé'#) (237)

The rest of this section closely follows section 2.1. In 2.2.1 we list the independent first order
data and second order scalar data, in section 2.2.2 we construct the most general positive
divergence parity conserving entropy current consistent with Lorentz invariance. We find
that up to a certain ambiguous term which is physically trivial, the entropy current agrees
with its canonical form (2.33).

2.2.1 Onshell inequivalent First order independent data

In the case of superfluid dynamics, the SO(3,1) tangent space symmetry at any point is
generically broken down to SO(2) by the nonzero velocity fields u* and £*. In the special
case that u* and £* are collinear, SO(2) is enhanced to SO(3). This special case is physically
interesting since it implies that the superfluid component is motionless relative to the normal
component—once the superfluid velocity is too large superfluidity breaks down. We will find
it convenient to decompose all first order fluid dynamical data into representations of SO(2)

and treat the collinear limit as a special point in parameter space.

Representations of SO(2) are all one dimensional. We refer to fluid dynamical data that
is invariant under SO(2) as scalar data. All other fluid data has charge £m under SO(2),
where m is an integer. There is always as much +m as —m data. We will find it useful to

group together +1 and —1 charge data into a two column which we refer to as vector data;

the final answer in this transverse frame after performing suitable field redefinitions (see chapter 3 for more
details).
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Table 2.3: One derivative data for superfluids. The first column lists all quantities formed
from the action of a single derivative on fluid and background fields. The second column
lists all one derivative equations of motion. The last columns lists a choice of independent

data. The tensors o¢

, and g}, are defined in (2.39)-(2.38). We also

used e®? = eﬂ”aﬁuu&,.

o
[ Classification | All data | Equations of motion [ Independent data |
Oput au(Tﬁ‘;) PRV uy
EREY O Uy grou (%) PHV B, (TEy)
Iy e Iy 8, JH—cEM Bl
Scalars (set 1) tou (%) chonT Op It =cBl By gHeT oy
E-¢ whoy (4) ghul (0u6y — Byépu)=¢-F ghoy (4)
uhd, T utoy, (-%) €O THY =g Fyyy JY ehay, (-,‘Fi)
EHuY O up up &y THY =—E, J* glo,T
Oput au(Tﬁ‘;) PRV uy
EREY O Uy grou (%) PHV B, (TEy)
5 (L : : Rl ve
Scalars (set 2) tou (%) ghouT Ou It =cENB,, wh e dpuy
E-¢ uk o, (%) ehuY (0u€y — B Ep)=¢-E uua#(%)
uhd, T uh oy, (-%) €Oy THY =g Fyyy JV uhay, (%)
EHuYdpuy up &y THY =—E, J* qg‘?ﬂ‘
w-& w-&
Pseudo scalars B¢ eaﬂ@a&g _ 665(1):5@/31;‘(’“3 B¢
v eBuyy e, 00ty
BV uP 8,y
PHYEPO,uy, PHV P, e, F’““aBT‘Z:FW’FUﬁ,Jﬂ PHYuP O, ey,
PHY D, I PRV 8y, 5 PYREY (B 6y — Bu&p) =P Fu Y | PRVEPD,E,
PHY 3, T PHY X0, uq, PHY B,
PEYwPipu,  PHYuPap,e, PV g, geh
BHY o, &
0 — 0
Tensors Ugw Tpv
o — Thv

Table 2.4: Labels for the two sets of independent one derivative scalars and one set of

independent vectors.

i 1 2 3 4 5 6 7

St | P"ouu, | PMO.(TE) | €€ 0uuy | €0, (%) | €0u (%) | €'0.T E.£
S| Pou, | PMOL(TE) | v | w0, (%) | w'o. () | w'e.T E.£
Ve | PP uPdou, | PPYufd,E, | PPYEPO,u, | PHYEPOLE, | PPO L | PPYO,E, | PPVE, 36"

similarly we group +2 and —2 data together into tensor data.

We now turn to a listing of the one derivative fluid dynamical and field data for superfluids.
In Table 2.3 we explicitly list all one derivative data, one derivative equations of motion,
and then eventually independent one derivative data. The scalar £ used in this table is given
by (2.36). We do not list pseudo vectors and pseudo tensors independently from vectors
and tensors as they are isomorphic and contain the same data. In Table 2.4 we assign
labels to our independent data. In the same table we also present a second listing of a basis
for independent scalar data which will be more convenient at places. In Appendix B we
demonstrate that both sets of seven scalars and the seven vectors listed are independent
data, i.e. that we can solve for all other scalars and all other vectors in terms of the chosen
basis.

As can be seen from Tables 2.3 and 2.4, after imposing the equations of motion we have six

first order scalars and one first order pseudo scalar built out of fluid data, one first order
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Table 2.5: Two derivative scalar data. The first row gives all two derivative scalar data, the
second row lists all the equations of motion. The third row represents a particular choice of
independent second order data.

PRV uP 8,0, ur PPV EP D, 00 up PRV uP8,0,(T¢,)  PFVEPB,0, (T€)
EFEVuPO,0uy ut P OO, (-%) uhgPO,0, (-7&,) uhgPO,0, T

All data BHY 9,0, (J%> PV 0,8, (%) PRV 0,8, T ukuP 8,0, (%)
erePopo, (&) erePa, o, (&) £1eP9,0,T whulo,0, (4)
whuP 9,0, T EHEVEPD0 UL uk €V uP 90, uy €V PPIO Oy
“”&’JCMEV €”€V<'IMEU PWJ@;LEU MV UiuuxauBa
wPog (0, 7H) = uwPog (cEFBy) ePog (0, 7F) = ePog (cEFBy)

Equati £ “Baﬁ (Eudy THY) = “Baﬁ (&H Fuuy Jv) 5ﬁ6ﬁ (pduTHY) = 5ﬁ6ﬁ (& Fpy J")

quations o . ; _ B, ) . _ B¢

e S A i
uPog (M’ (Ougy — OvEp)) = uPog (4 EBpy) §Pog (ghu? (guiu —ouép)) = £Pog (€M EL)
o (POFuY (0uéy — Bu€p)) = 8o (POHEY) op (PrvogTh)) = 8, (PHVF,577)
Oa (POHEY (0uéy — 0uéu)) = da (POHFuve")
PPV WP o, 0, uy PPV EP D, 0 up PPV uPo,0,(Tey)  PPVEPD,0, (TEy)

Independent data EleVuPo,duy uheP 9,8, (_%) uhgPB,d,, (_%) uhePD,d, T
PHV 9,8, (J%) ukeva, By heva, By PRV, B,
P (0uFyp) €7

scalar and one first order pseudo scalar built out of background field strengths, five first
order vectors built out of fluid data, two first order vectors built from background fields and
two independent tensors. The first tensor is simply the usual shear tensor o*" projected

orthogonal to the plane formed by the two fluid velocities.
u puro pr 1 D 7
o, = PrOP | o0p — EUQQP.Y(;U . (2.38)

The second tensor aﬁ is defined by

v

1~ a pv D D
of, = 5 PP’ (0t + 0p8a — PagP 0,5 ) (2.39)

The counting of data in the absence of background fields agrees with [3].

As was the case for normal fluids, the divergence of the first order superfluid entropy current
is a sum over quadratic one derivative terms and two derivative pieces of data. In order to
assist the analysis of the positivity of the divergence of the entropy current we list all the
scalar two derivative data, the two derivative equations of motion and a basis for onshell
independent two derivative scalars in Table 2.5. Note that we have nine independent pieces
of two derivative fluid dynamical data together with four additional pieces of two derivative
data from background field strengths. In Appendix B demonstrate that the scalars listed in

the last column of table 2.5 form a basis of onshell independent scalars.

2.2.2 Constructing the entropy current

With the independent data at hand we proceed with our analysis. The most general entropy

current allowed by symmetries takes the form

7 7 7
TG = TG o T 0D SISTHER Y SIS) Y iV (2.40)
=1

=1 =1
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b

where the coefficients s§, s7, and v; are, at the moment, arbitrary functions of &, T', and

€2. Note that we have chosen to expand the terms proportional to u* in the basis S¢ while
terms proportional to £# are expanded in the basis Sf’. This choice will prove algebraically

convenient below. In total we start with twenty one free parameters in the entropy current.
The two derivative terms in the divergence of the entropy current (2.40) are given by
Oty = (51 + v1) PP ul0p0,u, + (85 + va2) PP ul0,0,(TE,) + (5 + vs) PH€P0,0,u,
+ (sh 4+ va) PP EPD,0,(TE)) + (55 + s5) €€ uP 8,0, u,
+ (83 + s5) ut€ro,0, (%) + (55 + %) ut£P8,0, (%)
(58 + ) WP ,0uT + vs P0,0, (1) + st w0, E,

+ s €1€Y 0, B, +vg P O,E, +vr PM (9,F,5) &% +....
(2.41)

Following the algorithm of the previous section, we first set the coefficient of each of the
thirteen independent two derivative terms listed in Table 2.5, which appear in the divergence

of the entropy current, to zero. The vanishing of the nine fluid dynamical two derivative

terms yields the following nine relations between the s%’s s*’s and v’s
v = —s7 vy = —85 v3 = —s vy = —sh % = —s4 (2.42)
sh = —s4 s = —s2 8% = —s8 vs =0.

The vanishing of the four electromagnetic field related two derivative scalars yields the
additional four relations
s¢=sb=vg=v;=0. (2.43)

Apart from the two derivative fluid dynamical and background electromagnetic field data,
there are four nontrivial curvature invariants one can form out of the contractions of u*, &#
and g" with the the Reimann tensor Ragu..'? After plugging in the constraints in (2.42)
and (2.43) into the expression for the entropy current (2.40) we find

0Tt =P g+ SPIEE R 1)
+ (ng + sl{) f“u/\R,\gau + sguafﬁu'yéaRalg.ﬂ; + ...

Each of the terms in (2.44) is of indefinite sign. Thus, the coefficients of these four terms

must vanish. This implies

s¢=0, si=-Ts%, s5=0, s3=0. (2.45)

To summarize, by setting the two derivative and curvature terms that appear in the diver-
gence of the entropy current to zero we have eliminated 9 + 4 + 4 = 17 of the original 21

10We omit the curvature scalar R in this listing since it is a pure gravitational term and therefore never
appears in the divergence of fluid dynamical entropy current.
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coefficients and are left with an entropy current with four undetermined coefficients,

Jh = Jh

canon

+ 58 (u”Paﬁaa(ng) — PMPYY 9, (T€) — TP Pus + Tﬁﬂﬁguayuﬁ)
§ ¢

a I uau_ S
+ 8y (U ¢ T

7 - o,

) + 5% (u“f”@u% — E”u”@u%) + sg (€0, T — EHuto,T) .

(2.46)

The entropy current (2.46) can be rewritten in a simpler form by introducing the antisym-

metric tensor

Q,uv = T(g,uuu - fuu,u) ) (247)

introducing a unified notation for the three thermodynamical scalar fields

7S ,
Ei: _a_aT :152335
{rrrf

and also redefining our coefficient functions

. Tu T¢ 2
Co = S C1:S5fm 02:S4+m 03:867?.
Then (2.46) takes the form
3
JE= T4 on T 0 Q D QMDY (2.48)

i=1

The divergence of the entropy current (2.48) is given by

w_ Uy v n Hdiss
a#JS a,u ( T ) diss + Vl#‘]dzss + T a’“ (fgy) (249)

+ (05,0) (0,5:) 0, Q7" + ¢,0,9" 0,5 + (95, ¢1) (0,5,) Q™ (8,%;) .

The first line of the right hand side of (2.49) corresponds to the divergence of the canonical
entropy current and the second line corresponds to the divergence of the new terms. The
right hand side of (2.49) can be written as a sum of three classes of quadratic forms: a
quadratic form in one derivative scalar data, a quadratic form in one derivative vector data
and a quadratic form in one derivative tensor data. Let us first focus our attention on the
quadratic form in the vector data. All vector terms that appear on the right hand side of

(2.49) are linear combination of the six independent vector pieces of data,
P¥&roy, , P0,Q", POV, PY™(0,%) (i=1,...,3).

Independent of the structure of the (as yet undetermined) dissipative terms 77 and
Jgiss’

POL&, QM 11 Tt is an easily verified fact that a quadratic form that does not contain the

the quadratic form in one derivative vectors does not contain squares of d,3;, and

square of any given variable is positive if an only if it is independent of that variable. Thus,

M This follows because these terms do not appear explicitly on the right hand side of the divergence of
the canonical entropy current.
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positivity of the divergence of the entropy current requires that the right hand side of (2.49)

does not contain any term proportional to P03 and ]5%81, orv,

The term in (2.49) proportional to ]50,180[21- x 0, QM appears with a coefficient (¢; 4+ Jx, o).

Setting this coefficient to zero yields an expression for the ¢;’s in terms of ¢
C; = —aEiCO. (250)
Inserting (2.50) into (2.48) we find

JE=J 40, (cQ"") . (2.51)

canon

We have ended up with a one parameter set of entropy currents (2.51) specified by the un-
determined coefficient ¢y. The divergence of these entropy currents is, however, independent
of ¢g. In fact, due to the antisymmetry properties of Q"

DIt = 0, (2.52)

canon

The parameter cy is essentially trivial and is related to a pullback ambiguity as we now
explain. It was pointed out in [9] that the following set of operations maps one positive

divergence entropy current J§ to another

1. Dualize J* to a three-form.
2. Shift this three-form by its Lie derivative with respect to any vector field V#

3. Dualize the resultant form back to a current.

The end result of this operation is a shift in the entropy current given by (see eq. 6.6 in [9])

§JE =V, (JEVI— VY JE) + VIV,J5. (2.53)

In the current setup we are interested in first order corrections to the entropy current. The
right hand side of (2.53) has an explicit derivative. Therefore, the entropy current on the
right hand side should be replaced by the perfect fluid entropy current J§ = su*. This
implies that the second term on the right hand side of (2.53) is zero (recall that the perfect

fluid entropy current is divergence free). Moreover V# must be a derivative free vector field.

In ordinary (non superfluid) fluid dynamics there is a unique vector at the zero derivative
order—the fluid velocity u#. Since J* o u* then V#* o u# implies that the first term on the
right hand side of (2.53) also vanishes, and so (2.53) leads to no ambiguity in the entropy
current at the first derivative order.

In superfluid dynamics there exist two zero derivative vectors, u* and &*. Consequently
(2.53) can be used to generate a shift in the current proportional to 9, (o Q@"*) . We conclude
that the freedom to add the total derivative term 9, (coQ"*) is precisely the ‘pullback

ambiguity’ freeedom described in [9].
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Going back to (2.52), it follows that the constraints on the dissipative terms T);;. , Jh: .. and
Waiss from demanding the positivity of the divergence of Jg are identical to the constraints

from the positivity of the divergence of the canonical entropy current J4

canon

2.2.3 Constraints from positive divergence of cannonical entropy

current

In this subsection we will present constranints on the constitutive relations by considering
posidetive semidefinite divergence of the cannonical entropy current. We will parameterize

the allowed forms of T#" and J#

iss iss at first order in the derivative expansion. Our parame-

terization will be in terms of a certain number of undetermined functions of 7'yt and €. One
of these functions is the viscosity of the normal part of the superfluid. Following standard
(but slightly misleading) usage, we will refer to these functions as dissipative parameters of

the superfluid.

2.2.4 Summary of arguments and results

As the analysis of this subsection will be rather lengthy, we first present a summary of
our logic and our procedure. To start with we simply classify all onshell inequivalent one
derivative contributions to T4 ., Jh.

given frame there exists a 36 parameter space of inequivalent first derivative corrections to

and pgiss- It is not difficult to establish that, in any

the equations of superfluid dynamics (assuming parity invariance).

In order to cut down the set of possibilities we now demand that the canonical entropy
current should have positive semi-defintie divergence. Using the expression (2.37) we find
that this requirement cuts down the 36 parameter space of possible one derivative corrections
to the entropy current to a 21 parameter space of possibilities. The coefficients in this 21
parameter space are further constrained by a complicated set of inequalities that ensure
positivity of the entropy production. (One of these inequalities, for instance, asserts the
positivity of the normal viscosity). Finally, the Onsager reciprocity relations relate 7 of the
remaining parameters to each other, leaving us with a 14 parameter space of dissipative
coefficients. As mentioned above, these 14 parameters (each of which is a function of T',
and ) are further constrained to obey a set of inequalities. As far as we are aware, there
are no further restrictions on this 14 parameter space from general principles.

To end this summary we explain how the framework presented in this subsection relates
to previous work. The programme outlined in the paragraph above was implemented by
Landau and Lifshitz [73] for the special case of flows with zero (or negligibly small) superfluid
velocities. Landau and Lifshitz found a set of equations with 5 first order dissipative
parameters. Our 14 parameter set of equations indeed reduce to the Landau Lifshitz
form upon setting the superfluid velocity to equal the normal velocity; consequently our
framework agrees with that of Landau and Lifshitz within its domain of validity.

Clark and Putterman [71, 72] extended the Landau Lifshitz programme to the case of

nonzero superfluid velocities. The end result of their analysis was a thirteen parameter set
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of equations. We believe that Clark and Putterman overlooked one allowed parameter '2

Reinstating that parameter yields our 14 parameter set of equations. Thus Clark and
Putterman’s equations are a special case of our 14 parameter equations with one parameter
set to zero.

2.2.5 Counting of parameters

As we have seen, there are 6 onshell inequivalent parity even scalars, 5 onshell inequivalent
parity even vector and 2 onshell inequivalent parity even tensor first derivatives of fluid
dynamical fields. '3

In order to be specific we will assume in the rest of this subsection that we are working
in the transverse frame (2.32). In this frame, T}/, has two inequivalent scalar components
§1&myu and 7!, one vector component ﬁgwa”@, and a single tensor component pwﬁﬁyﬂ-aﬁ ,
where P, is the projector orthogonal to the u#, " plane. On the other hand J/; has one
scalar component J| ;szu and one vector component Paﬂjt(iliss' Finally p4:ss has one scalar
component. It follows that the total number of undetermined parameters in the arbitrary

expansion of TH" = J"

s e and plaiss in terms of first derivatives of the fluid dynamical fields

(assuming parity invariance) is given by
4x6+2%x5+2=36

where the three terms above originate in the scalar, vector and tensor sector respectively.
14

2.2.6 Constraints from positivity of entropy production and On-
sager relations in the transverse frame

In this subsection we will explore the constraints on dissipative coefficients from the physical
requirements of positivity of entropy production and the Onsager reciprocity relations. We
will find these requirements cut down the 36 parameter set of possible dissipative coefficients
(assuming parity invariance) to a 14 parameter set of coefficients that are further constrained
by positivity requirements. For concreteness we present our analysis in the transverse frame
(2.32).

12Specifically, the traceless symmetric 3 index tensor listed in equation (A VI-9) of Putterman’s book is
not unique. Another such tensor is given by

Yijr = wi(wjwg — (1/3)w?5;).

13In addition we have one additional parity odd scalar field. Further, every vector V). can be transformed
to a psuedo vector f/ﬂ according to the formula Vu = EH,,ag\/”nauB.

MDropping the assumption of parity invariance we have 4 x 74 2 x 10 + 2 = 50 independent dissipative
coefficients.
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Constraints from positivity of entropy production

The divergence of the ‘canonical’ entropy current, given by (2.37), involves only terms

proportional to d,u, T4 ., 0, (1/T)JY, . and pgissOpu(fEF). Let us examine these terms one

by one. In the transverse frame

o ut
W _ pv 1 0
a/U;l‘Ll’T'diss - JHVTdiss + ( 3 Ty

where o, is the traceless symmetric part of d,u,, projected in the direction perpendicular

to ut.

o Oaupg + Ogtin [0.u]
ou = PP (f i

nd (2.54)

P,, = The projector = 0, + u,u,

Now the field 0, has one scalar piece of data '°

174
Sw =n'n"o,,

one vector piece of data 16

Vil = BYn®0ya

and a tensor piece of data 7
7;1'/ =P, ﬁ‘ P f Oap

The trace of T}, couples to another scalar piece of data '®
S = Dy,

In the expressions above n* is the unique normal vector in the plane spanned by u* and &
that is orthogonal to u* and is given by

with w, being the component of £, projected orthogonal to u, and w being the norm of
the w,, vector.

Similarly, in the transverse gauge

a'/ (H’/T)Jtli/zss = P;aV(M/T)J%ss’

15Tn the terminology of §3.3.2 below, S, = 224=56

16Tn the terminology of §3.3.2 below, [V3], = %[Vs]#
17In the terminology of §3.3.2 below, 7,,, = %[Tl]w,
181n the terminology of §3.3.2 below, S, = S4 + Se.
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where P, is the projection operator (defined in (2.54)) that projects orthogonal to u,, only
. The quantity PY9,(u/T) has one scalar piece of data

8y = (n0,) (u/T)

and one vector piece of data
[Va]u = Piaa (IU’/T)

Finally
Ou(fE")
S =S/
a T3

is itself a scalar piece of data.

In other words we conclude that the expression for the divergence of the entropy current,

(2.37), depends explicitly (i.e. apart from the dependence of Th" J%

diss “diss and Hdiss Ol these

terms) only on 4 scalar expressions, 2 vector expressions and one tensor expression. Let us
choose these 4 vectors scalars Sy, Sy, Sy and Sy, supplemented by 3 other arbitrarily chosen
scalar expressions SI (m = 1...3) as our 7 independent scalar expressions. Similarly we
choose the 2 vectors [V;], and [V3],, supplemented by 3 other arbitrarily chosen expressions
[V.E], (m =1...3) as our four independent vector expressions. We also choose 7,,,, as one of

our two independent tensor expressions 9. We proceed to express T%7 | J* and pgiss as

diss? “diss
the most general linear combinations of all combinations of independent expressions allowed
by symmetry

3
Py
T;ll;s T3|: (PaSa+PbSb+Pwa+Pu}/Sw’ + Z Pr{ALSrIn> (n#ny g )

m=1

3
+ <Ta5a + TpSp + T1ySw + T Swr + Z T’r{zS71n> pr
m=1
3
+ Eqo (V" +V/n") + Ey (V/'n¥ + Vin*) + Z EL (VI n” + [V,E]"n*)

m=1

+ TTH + T2T2uyj|

3
Jz;iss = T2|: (RaSa + RbSb + Rwa + Rw’Sw/ + Z R;&ﬁ) nt

m=1

3
+CVE+CVE+ Y C [v,,{]#]

m=1

3
Hdiss = — [QaSa + QbSb + Qwa + Qu}/Sw’ + Z Q’rInSv{n‘|

m=1

(2.55)

Plugging this into (2.37) we now obtain an explicit expression for the divergence of the

9We could now go ahead and use the perfect fluid equations to solve for for the dependent data in terms
of independent data; however we will not need the explicit form of this solution in this subsection.
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entropy current as a quadratic form in first derivative independent data. We wish to enforce
the condition that this quadratic form is positive definite. Now the quadratic form from
(2.37) clearly has no terms proportional to (SZ)2. It does, however, have terms of the form
(for instance) S,SZ,, and also terms proportional to S2. Now it follows from a moments
consideration that no quadratic form of this general structure can be positive unless the

20

coefficient of the S,S! term vanishes. Using similar reasoning we can immediately

conclude that the positive definiteness of (2.37) requires that
Pl =1l =F! =Cc! =R. =n=0. (2.56)

(2.56) is the most important conclusion of this subsubsection. It tells us that a 21 param-
eter set of first derivative corrections to the constitutive relations are consistent with the

positivity of the canonical entropy current.

Of course the remaining 21 parameters are not themselves arbitrary, but are constrained to
obey inequalities in order to ensure positivity. In order to derive these conditions we plug
(2.56) into (2.55) and use (2.37) so that the divergence of the entropy current is the linear
sum of three different quadratic forms (involving the tensor terms, vector terms and scalar

terms respectively)
9t =T?(Qs + Qv + Qr) (2.57)

where
Qr=-1T°

Qv = —C, V2 —(Cy+ E) WV, — EyVi2

B Cy+ Ea\ ., | (Cy + Eo)?] . s (2.58)
=—C, [Va+ (270@) Vb] - [EbT Vs
QS = - P’w‘s’g] - Tw’S?u’ - Qa‘s’g - RbS{?
- (Qw + Pa) SwSa - (Qw’ + Ta) Sw’Sa - (Rw + Pb) S’wa (259)
— (Rw/ + Tb) Sw' Sy — (Ra + Qb) S.Sy — (Tw + Pw/) SwSw

Positivity of the entropy current clearly requires that Q1 Qv and Qg are separately positive.
Let us examine these conditions one at a time. For Q7 to be positive it is necessary and
sufficient that 7 < 0. This is simply the requirement that the normal component of our
superfluid have a positive viscosity. In order that QQy be positive, it is necessary and sufficient
that

C, <0, E, <0 and 4E,C, > (Cy + E,)* (2.60)

Note that this expression involves C, and Ej on the LHS but the different quantities C}, and
E, on the RHS; the last inequality above is satisfied roughly, when Cj and F, are larger in
modulus than C, and Ej.

Finally Qg, listed in (2.59), is a quadratic form in the the 4 variables S,, Sp, S, and Sy.

We demand that this scalar form be positive. We will not pause here to explicate the

20For instance the quadratic form x2 + cxy (where c is a constant) can be made negative by taking % to
either positive or negative infinity (depending on the sign of ¢) unless ¢ = 0.
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precise inequalities that this condition imposes on the coefficients. See below, however, for

the special case of a Weyl invariant fluid.

Constraints from the Onsager Relations

In the previous subsection we found that first order dissipative corrections to the equations

of perfect superfluid dynamics take the form

diss

P
THY T3|:(PaSa+PbSb+Pwa+Pw/Sw/) (n#ny r >

+ (ToSa + TpSp + TS + T S ) PHY
+ E, (VIn" +Vin*) + E (Vb“n” + WWnt)

+ TTW] (2.61)

J =T? { (RaSa + RpSy + RupSw + Ry Sur) 0t

diss
+ CaVa“ + vabﬂ]
Mdiss = — [QaSa + QbSb + Qwa + Qw/Sw’]

where the coefficients in these equations are constrained by the inequalities listed in the
previous subsubsection. The coefficients that appear in these equations are further con-
strained by the Onsager reciprocity relations (see, for instance, the text book [73], for a
discussion). These relations assert, in the present context, that we should equate any two
dissipative parameters that multiply the same terms in the formulas (2.58) and (2.59) for

entropy production. This implies that

Qw:Pa; Qw’:Taa R, =D

Rw’ = Tb; Ra = Qba T’w = Pw’
(2.62)
and

Cb:Ea

In summary we are left with a 14 parameter set of equations of first order dissipative
superfluid dynamics. The requirement of positivity constrains further these coefficients to

obey the inequalities spelt out in the previous subsubsection.

2.2.7 Weyl Invariant Superfluid Dynamics in the transverse frame

Let us now specialize the results of the previous subsection to the case of super fluid dynamics
for a conformal superfluid. The analysis is simplified in this special case by the fact that
the trace of the stress tensor vanishes in an arbitrary state (and so in the fluid limit) of a
conformal field theory. This fact reduces the number of explicit scalars that appear in (2.37)
from 4 to 3 (the scalar S,,» never makes an appearance). It follows that the requirement of

Weyl invariance forces P, = Ry, = Ty = Q. = 0. Moreover the requirement that Tc’l‘;s
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be traceless forces T, = T, = T, = 0. It turns out that there are no further constraints
from the requirement of Weyl invariance. The expansion of the dissipative part of the stress
tensor and charge current for a conformal superfluid is given by

P
T;zl;s = T3|:(PGSG+PbSb+Pwa> (n,unu - g )

+ B, (V" + V) + By (V¥ + Vi)

o]
(2.63)
J. =17 [ (RaSa + RySy + RyySy) n*
+ C,VF + Cbe#:|
Hdiss = — [QaSa + QbSb + Qwa]
The entropy production is given by
duJt =T*(Qs + Qv + Qr) (2.64)
where
Qr =—1T>
Qv =— CuV2 = (Cy + Ea) VoV, — B V72
Cy+ E, ? (Cy+ Eu)?] - o (2.65)
— o 1 ~a _|\p, X0 T ma)
ca[va+( T )Vb] [b 1C, Vi
:—PwS?U— asng S2
Qs © b (2.66)

+ (Qw + Pa) SwSa - (Ra + Qb) SaSb + (Rw + Pb) Swa

For the entropy current to be positive it is necessary and sufficient that 7 < 0 and that
C. <0, E, <0 and 4E,C, > (Cp + E,)% (2.67)
and that the quadratic form
Qs = a177 + asxs + azx3 + b1w179 + bazoxs + b1 T3
e () ()]

(o ) [ s (Patemtits ) e
3 4(11 3 4(110,3717% 2

+ (4@1&2 — b%)(4a1a3 — b%) — (2a1b2 — b1b3)2 $2
4(11(4(11(13 — bg) 2
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is positive with z1 = S, o = S, and xz3 = S and
ay = _Pw; az = _Qaa asz = _Rb; bl :Qw+Pa; b2 - _(Qb+Ra); b3 :Rw +Pb
For the last quadratic form to be positive it is necessary and sufficient that

a1 Z 0
dayas > b3 (2.69)
(4@1&2 — b%)(4a1a3 — bg) > (2@1[)2 — blbg)2

By rewriting (2.68) as a sum of squares in a cyclically permuted manner we can also derive

the cyclical permutations of these equations.

In summary, the most general Weyl invariant fluid dynamics consistent with positivity on
the entropy current is parameterized by a negative 71, 4 parameters in the vector sector
constrained by the inequalities (2.67) and 9 parameters in the scalar sector, subject to the
inequalities (2.69). These 14 dissipative parameters are further constrained by the 4 Onsager
relations

Qw = Pa, Rw = Pb; Ra = Qb7 CVb = Ea (270)

leaving us with a 10 parameter set of final equations.
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Boundary hydrodynamcis from

bulk gravity

In this chapter we shall test and verify the theories of hydrodynamics developed in the
previous chapter by constructing bulk duals. We use the AdS/CFT correspondance to relate
our bulk solutions to the boundary fluid dynamics as discussed in chapter 1. First we shall
consider fluctualtions about an electrically charged black brane solution in 5 dimensional
AdS space which would be dual to a fluid in the boundary with a globally conserved charge.
Then we shall consider fluctuations about hairy charged black branes to capture superfluid

hydrodynamics in the boundary.

3.1 Hydrodynamics from charged black branes

3.1.1 Notations and Conventions

In this section. we will establish the basic conventions and notations that we will use in the

rest of the paper. We start with the five-dimensional action®

1 4k
S = T6nCn /\/—95 [R+ 12 — FapFAB — ?eLABCDALFABFCD (3.1.1)

which is a consistent truncation of IIB SUGRA Lagrangian on AdSsxS® [93] background
with a cosmological constant A = —6 and the Chern-Simons parameter £ = 1/(2v/3) (See
for example, [2, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64]). However, for the sake of generality
(and to keep track of the effects of the Chern-Simons term), we will work with an arbitrary
value of k in the following. In particular, x = 0 corresponds to a pure Maxwell theory with

no Chern-Simons type interactions.

I'We use Latin letters A, B € {r,v,z,y, 2z} to denote the bulk indices and p, v € {v, x,y, 2z} to denote the
boundary indices.
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The field equations corresponding to the above action are

1
Gap —6gap +2 |FacF s + ~gapFepFCP| =0
4 (3.1.2)

VpFAB 1 ke BCPEpp Fpp =0

where gap is the five-dimensional metric, G 4 is the five dimensional Einstein tensor. These

equations admit an AdS-Reisner-Nordstrom black-brane solution

ds® = —2u,dztdr — TQV(T, m,q) upu,datda” + T2PWd:E“dx”
V34 (3.1.3)
A= —uydat,
2r2
where

dz" = —d Virm,g) =1—— + @

w,dz" = —dv; r,m,q)=1—— + =—;
a 1 rt 6 (3.1.4)

P = 1w +upuy,

with n,, = diag(— + ++) being the Minkowski-metric. Following the procedure elucidated
in [8], we shall take this flat black-brane metric as our zeroth order metric/gauge field ansatz

and promote the parameters u,, m and ¢ to slowly varying fields.

In the course of our calculations, we will often find it convenient to use the following ‘rescaled’
variables

q

m
Mzﬁ; Eﬁ;

Q*=M-1 (3.1.5)

s}
I
=)=

where R is the radius of the outer horizon,i.e., the largest positive root of the equation V' = 0.
The Hawking temperature, chemical potential and the charge density of this black-brane

are given by?

R 2\/§q \/gq
T=—"(2-0Q° = =9 = . 3.1.6
5 2-Q), = V3QR  and  n 167G (3-1.6)

In terms of the rescaled variables, the outer and the inner horizon are given by

pp=1 and p,z[(Q2+1/4)1/2—1/2}1/2

and the extremality condition p, = p_ corresponds to (Q* = 2, M = 3). We shall assume
the black-branes and the corresponding fluids to be non-extremal unless otherwise specified
- this corresponds to the regime 0 < Q% < 2 or 0 < M < 3 which we will assume henceforth.

Using the flat black-brane solutions with slowly varying velocity, temperature and charge
fields, our intention is to systematically determine the corrections to the metric and the
gauge field in a derivative expansion. More precisely, we expand the metric and the gauge

2In much of the literature the chemical potential j is taken to be the potential difference between the
boundary and the horizon. However we have chosen a different normalization for p (and hence the charge
density n).
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field in terms of derivatives of velocity, temperature and charge fields of the fluid as

gAB=9f2+g$%+gfé+~-

(3.1.7)
A=A 4 A0 4 AP 4

where 91(4% and Ag\}}) contain the k-th derivatives of the velocity, temperature and the charge

fields with

gffl)gdxAd:EB = —2uy(x)dz"dr — r*V (r,m(x), ¢(x)) u,(x)u, (z)da"dx” + r? P, (v)da" dz”

Ag\(})dzM = @u#(z)dz“.
r

(3.1.8)

In order to solve the Einstein-Maxwell-Chern-Simons system of equations, it is necessary to
work in a particular gauge for the metric and the gauge fields. Following [8], we choose our
gauge to be

grr =0; grpxu,; Ar=0; TT[(g(O))flg(k)] =0. (3.1.9)

Further, in order to relate the bulk dynamics to boundary hydrodynamics, it is useful to
parameterise the fluid dynamics in the boundary in terms of a ‘fluid velocity’ u,. In case of
relativistic fluids with conserved charges, there are two widely used conventions of how the
fluid velocity should be defined. In this paper, we will work with the Landau frame velocity
where the fluid velocity is defined with reference to the energy transport. In a more practical
sense working in the Landau frame amounts to taking the unit time-like eigenvector of the
energy-momentum tensor at a point to be the fluid velocity at that point.

Alternatively, one could work in the ‘Eckart frame’ where the fluid velocity is defined with
reference to the charge transport where the unit time-like vector along the charged current
to be the definition of fluid velocity. Though the later is often the more natural convention
in the context of charged fluids, we choose to use the Landau’s convention for the ease of

comparison with the other literature.

In the next two subsections, we will report in some detail the calculations leading to
the determination of the metric and the gauge field up to second order in the derivative
expansion. This will enable us to determine the boundary stress tensor and charge current

up to the second order.

3.1.2 First Order Hydrodynamics

In this subsection, we present the computation of the metric and the gauge field up to
first order in derivative expansion, the derivative being taken with respect to the boundary
coordinates. We choose the boundary coordinates such that u* = (1,0,0,0) at «*. Since
our procedure is ultra local therefore we intend to solve for the metric and the gauge field
at first order about this special point z#. We shall then write the result thus obtained in a

covariant form which will be valid for arbitrary choice of boundary coordinates.
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In order to implement this procedure we require the zeroth order metric and gauge field
expanded up to first order. For this we recall that the parameters m, q and the velocities
(6;) are functions of the boundary coordinates and therefore admit an expansion in terms

of the boundary derivatives. These parameters expanded up to first order is given by

m =mg + x“@um(o) + ...
q=qo+ "9, +... (3.1.10)
B; =a9,8" + ...

Here m®, ¢ B refers to the i-th order correction to mass, charge and velocities respec-

tively.

The zeroth order metric expanded about x* up to first order in boundary coordinates is

given by

ds©% — 2 dudr — r2v(© (r) dv? + r? da; dx’

— 20 0,8 da’ dr — 229, 8" r*(1 — VO (r)) da’ dv (3.1.11)
B (—w“a;; m(© N quxu? q(O)) 0.
T T

where mg and qg are related to the mass and charge of the background blackbrane respec-

tively and

2
(0 _q1_"0o, 9%
V0 =1 s X

Similarly the zeroth order gauge fields expanded about x* up to first order is given by

A= 76 [<qo +x“8uq(0)

. . > dv — W09, 5 do' (3.1.12)
r r

Since the background black brane metric preserves an SO(3) symmetry 2, the Einstein-
Maxwell equations separate into equations in scalar, transverse vector and the symmetric
traceless transverse tensor sectors. This in turn allows us to solve separately for SO(3)

scalar, vector and symmetric traceless tensor components of the metric and the gauge field.

3Here we are referring to the SO(3) rotational symmetry in the boundary spatial coordinates.
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Scalars Of SO(3) at first order

The scalar components of first order metric and gauge field perturbations (g(l) and A

respectively) are parameterized by the functions hi(r), k1(r) and wi (r) as follows 4

S0P ) =32 (r),

o) = )
r? (3.1.13)

3
g5 (r) = —3Mh (r)

AP () = -Bnlr)

Note that g;-l) (r) and gﬁ) (r) are related to each other by the gauge choice Tr[(g(®)~1g(M] =
0.

Constraint equations
We begin by finding the constraint equations that constrain various derivatives veloc-
ity,temperature and charge that appear in the first order scalar sector.The constraint equa-
tions are obtained by taking a dot of the Einstein and Maxwell equations with the vector

dual to the one form dr. If we denote the Einstein and the Maxwell equations by Eap = 0
and M 4p = 0, then there are three constraint relations.

Two of them come from Einstein equations. They are given by

9" Eor + 9" By =0, (3.1.14)
and

9" Err +9"Ey =0, (3.1.15)

and the third constraint relation comes from Maxwell equations and is given by

g M.+g""M,=0. (3.1.16)

Equation (3.1.14) reduces to
4
8,m© = —gmoaiﬁz@ . (3.1.17)

which is same as the conservation of energy in the boundary at the first order in the derivative
expansion, i.e., the above equation is identical to the constraint (scalar component of the
constraint in this case)

0uTly =0 (3.1.18)

on the allowed boundary data.

The second constraint equation (3.1.15) in scalar sector implies a relation between hq(r)

4here i runs over the boundary spatial coordinates, v is the boundary time coordinate and r is the radial
coordinate in the bulk
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and k1 (r).

281-@-(0)7“5 +12r%hy (r) +4qow: (1) —mor3 b (r) +3r B (r) —r® k| (r) = 2qorw) (r) = 0. (3.1.19)

The constraint relation coming from Maxwell equation (See Eq. (3.1.16)) gives
9y 0 = —qo 03 . (3.1.20)

This equation can be interpreted as the conservation of boundary current density at the
first order in the derivative expansion.

GMJ(”O) =0. (3.1.21)
We now proceed to find the scalar part of the metric dual to a fluid configuration which

obeys the above constraints.

Dynamical equations and their solutions

Among the Einstein equations four are SO(3) scalars (namely the vv, rv, rr components and
the trace over the boundary spatial part). Further the r and v-components of the Maxwell
equations constitute two other equations in this sector. Two specific linear combination of
the rr and vv components of the Einstein equations constitute the two constraint equations
in (3.1.17). Further, a linear combination of the r and v-components of the Maxwell
equations appear as a constraint equation in (3.1.20). Now among the six equations in
the scalar sector we can use any three to solve for the unknown functions hq(r), k1(r) and
w1 (r) and we must make sure that the solution satisfies the rest. The simplest two equations

among these dynamical equations are
5hy(r) +rh{(r) = 0. (3.1.22)
which comes from the rr-component of the Einstein equation and
6qoh} (r) +wi(r) — rw!(r) = 0. (3.1.23)

which comes from the r-components of the Maxwell equation. We intend to use these
dynamical equations (3.1.22), (3.1.23) along with one of the constraint equations in (3.1.17)
to solve for the unknown functions hi(r), k1(r) and wi (r).

Solving (3.1.22) we get
1

C’h
s Cr.. (3.1.24)

h1(7‘) =

where Cil and C,QL1 are constants to be determined. We can set C,QL1 to zero as it will lead
to a non-normalizable mode of the metric. We then substitute the solution for hq(r) from
(3.1.24) into (3.1.23) and solve the resultant equation for wy (r). The solution that we obtain

is given by ol
h1
T (3.1.25)

wi(r) = Coy* + O3, — q0—

Here again C! Ciz are constants to be determined. Again Cil corresponds to a non-

w1
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normalizable mode of the gauge field and therefore can be set to zero.
Finally plugging in these solutions for h;(r) and w;(r) into one of the constraint equations

in (3.1.17) and then solving the subsequent equation we obtain

2 240 2¢02 m
kl(r) - grgaiﬂi(O) + Ckl - TLQCSM + <z—g o T_40> Cflu (3126)

Now the constants C, and C2, may be absorbed into redefinitions of mass (mg) and charge

(o) respectively and hence may be set to zero. Further we can gauge away the constant
Cil by the following redefinition of the r coordinate

(1+5)
r—ri{l+—],
r

Thus we conclude that all the arbitrary constants in this sector can be set to zero and

C being a suitably chosen constant.

therefore our solutions may be summarized as

hi(r) =0, wi(r) =0, ki(r)= §T3ai@.<0> . (3.1.27)

In terms of the first order metric and gauge field this result reduces to
Z gz(zl) (T) =0,

2
gty (r) = 5roiB”, (3.1.28)
9 (r) =0,
AWV (r) =0

Now, we proceed to solving the equations in the vector sector.

Vectors Of SO(3) at first order

The vector components of metric and gauge field gt and A are parameterized by the

functions ji(l)(r) and gV

;. (1) as follows

m 2 .
V= (M- %) 0w

r ré

(3.1.29)
4”w><¥@@>ﬁ”w>+¢”@>

2r2 v

Now we intend to solve for the functions j(l)(r) and gz(l)(r).

%

Constraint equations

The constraint equations in the vector sector comes only from the Einstein equation. So
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there is only one constraint equation in this sector. It is given by
9" Eri+ 9" Ey =0 (3.1.30)

which implies
8;m® = —4m0,8". (3.1.31)

These equations also follow from the conservation of boundary stress tensor at first order.
We shall use this constraint equation to simplify the dynamical equations in the vector
sector.

Dynamical equations and their solutions

In the vector sector we have two equations from Einstein equations (the ri and vi-components)

and one from Maxwell equations (the ith-component) °.

The dynamical equation obtained from the vi-component of the Einstein equations is given
by

a3V (r)
dr?

dit (r)
dr

dg; (1
—|—4\/§q0r2 gi )(T)—i-(mOrQ —qg)r

— —3r49,89. (3.1.32
o 10,6, ( )

(qg — 3m0r2)

Also the dynamical equation from the ith-component of the Maxwell equation is given by

a9, dg" (r)
6 2 2 i 2 7 3 2 [
r 2(r — mor +q0) 02 r —|—(6r + 2mgr —6q0r) 7
2 (1) '(1)(r) (3.1.33)

d?j. 7 (r di;
Ji ()+\/§qo (r6—3m0r2+5q§) i

dr?
= ﬁ(qoavﬂfo) + 81-(](0))7"3 — 24q8m"l§0),

— V3aor (r® = mor® + q3) dr

where [; is defined as
l; = €510 Br.- (3.1.34)

Now in order to solve this coupled set of differential equations (3.1.32) and (3.1.33) we shall

substitute g(l)(r) obtained from (3.1.32) into (3.1.33) and solve the resultant equation for

ji(l)(r). For any function ji(l)(r), using (3.1.32) ggl)(r) may be expressed as

(1)
1 mar? — g2) Yi (r)
g (r) = (Cyi + 0,80 + o) - =B T ) (315)

4v/3qo r

Here (Cy); is an arbitrary constant. It corresponds to non normalizable mode of the gauge

field and hence may be set to zero.

Substituting this expression for ggl)(r) into (3.1.33) we obtain the following differential

5Note that a linear combination of the ri and vi-components of the Einstein equation appear as the
constraint equation in (3.1.31).
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equation for ji(l) (r)

djt" (r)
dr
i) (r)
dr? (3.1.36)

(35q5 + 57 (r* — 6mo) g5 + 3mor® (3r* +mo))

r (—11q§ — (5r6 — 14m0r2) qg — mor? (r4 + 3m0))
dji) (r)
dr3

(6\/§q08¢q(0)7’4 + 3\/§8v6i(0) (5r6 —mor? + q(Q)) rt—144 r lgo)qgn)

+ r? (qg — mor2) (7’6 — mor2 + q(Q))
1

V3

The solution to this equation is given by,

Cjz)ir2 r 61161(0)

D) = (1),
jl (T) (j)z+_20_é+m_20_q_2
O s 3.1.37
+ V31" air 6720 (9 + 300, 8" (=, 10y | |
mo(%*ﬁ)?"4 R7(%—Z—§) YRRYY

where again (C}); and (C7); are arbitrary constants. (C7); corresponds to a non-normalizable
mode of the metric and so is set to zero. (le)l can be absorbed into a redefinition of the
velocities and hence is also set to zero.

Here the function Fy (%, 3%) is given by®

1 M Q? o 1 1 3 1
A=t (122 @) [Ty L (L3 (1)) e
3 pt %)), (1 — My Q_Z)Q pS AT M

P p®

where Q> = M — 1.

Substituting this result for ji(l)(r) into (3.1.35) we obtain the following expression for gz(l)(r)

M () = V3r8y/R? (mg — RY) (0,6%) + 3R%k(mo — RY) .
5 = S lmelr— R+ R) + 7o) T o (7 — RE) 1 RO)
VBrt (v mo (12— B2) + B) F™) (3,88 + (67 — 6moR) Fi (5, 54))

2R3 (mg (r? — R2) + RY)

(0:4 + 3900,8)
(3.1.39)

where we use the notation (7 (a, 3) to denote the partial derivative 0**7 f /0a’03? of the
function f.

Plugging back ji(l)(r) and ggl)(r) back into (3.1.29) we conclude that the first order metric

6 Although the expression for Fl(%, %) is very complicated but it satisfies some identities. One can

use those identities to perform practical calculations with this function.
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and gauge field in the vector sector is given by

V3 lEO)qS’Fa 612

D) = 8. 80 90 1 3008, 3, (L o
gvz (T) T Uﬁz + m0T4 + R7 QO( lq + QO Uﬁz ) 1(R) R4)
5(1,0) (r mo Z 2 4
@, N 7\/57" Fy (ﬁ, R4) (0 (0) 3RkvVmg — R \/R (mo — RY) _
Ai (7’) = RS (3#1 + 3‘1081251' ) + 2m0T2 L
(3.1.40)

Tensors Of SO(3) at first order

The tensor components of the first order metric is parameterized by the function az(-jl-)(r)
such that
g =r2al). (3.1.41)

i
The gauge field does not have any tensor components therefore in this sector there is only

one unknown function to be determined.

There are no constraint equations in this sector and the only dynamical equation is obtained

from the ij-component of the Einstein equation. This equation is given by

d2 i d i
r (r% —mor® + q3) %(T) — (=57 + mor® + ¢3) —QC;T(T) = 6oyt (3.1.42)
where 0;; is given by
1 1
o) = 5 (08 +0,8") = 208 (3.1.43)

The solution to equation (3.1.42) obtained by demanding regularity at the future event

horizon and appropriate normalizability at infinity. The solution is given by

2
a(l) = _UijFQ(_

V=% -9, (3.1.44)

where the function Fy(p, M) is given by

oo 2
s [ e
with M = m/R* as before.
Thus the tensor part of the first order metric is determined to be
1 212 T Mo
ij = ?O—ijF2(Rv ﬁ) (3.1.46)

The global metric and the gauge field at first order

In this subsection, we gather the results of our previous sections to write down the entire

metric and the gauge field accurate up to first order in the derivative expansion.
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We obtain the metric as

ds® = gAdeAde

= —2u,datdr — r2 Vv uyuydatdx” + TQPWd:E“de

A 2 2
— 2u,dz" r {u/\a)\ul, — Onu uy} dz¥ + %FQ(p7 M)o,,, datdz”
(3.1.47)
3kq® 6qr>
— 2u,,dat %ll,—i— Iq%7 P DyqFy(p, M)| da” + ...
V3q 3kq? V3r® 1,0
A= 2r2 uu+2mr21“_ 2R8 PSDAqFf’)(p,M) dx! + ...

where D, is the weyl covarient derivative defined in appendix A.1. We also have defined

2

m q VAo o _r
V=1- py + el " = "2 u, Oty P:D,\q = P:@Aq + 3(u/\8)\u“)q; p= =
) Za— « v 1 17 7m J— q
o = Pt Pﬁa(auﬁ)—gp‘L Oalla; M:ﬁ; :ﬁ; Q*=M-—-1
(3.1.48)
and
1 M Q%\ [® 1 13 1
F My=-(1——+— dp—m8 —— | — — — (1 4+ —
1 M) 3( p4+p6>/p p(1M+Q_2)2<P8 4p7<+M))
Pt (3.1.49)
oo p(P*+p+1)
Fyp, M) = dp .
2o M) / D+ - M)

The Stress Tensor and Charge Current at first order

In this section, we obtain the stress tensor and the charge current from the metric and the
gauge field. The stress tensor can be obtained from the extrinsic curvature after subtraction

of the appropriate counterterms. We get the first order stress tensor as
Ty = (M + dupuy) — 200, + . .. (3.1.50)

where the fluid pressure p and the viscosity n are given by the expressions

4 3
p= MA ; n= s (3.1.51)
167TG5 167TG5 4
where s is the entropy density of the fluid obtained from the Bekenstein formula.
To obtain the charge current, we use
. TQAH y
J“:rlggo&r 5:nu#—© P/Dyn+& 1, +... (3.1.52)

where the charge density n, the diffusion constant ® and an additional transport coefficient
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¢ for the fluid under consideration are given by ”

3kq>
167Gsm

V3¢ . 1+M

. D= : (3.1.53)
167G AMR

n

£

We note that when the bulk Chern-Simons coupling x is non-zero, apart from the conven-
tional diffusive transport, there is an additional non-dissipative contribution to the charge
current which is proportional to the vorticity of the fluid. To the extent we know of, this is
a hitherto unknown effect in the hydrodynamics which is exhibited by the conformal fluid
made of N’ =4 SYM matter. It would be interesting to find a direct boundary reasoning
that would lead to the presence of such a term - however, as of yet, we do not have such an

explanation and we hope to return to this issue in future.

The presence of such an effect was indirectly observed by the authors of [51] where they
noted a discrepancy between the thermodynamics of charged rotating AdS black holes and
the fluid dynamical prediction with the third term in the charge current absent. We have
verified that this discrepancy is resolved once we take into account the effect of the third
term in the thermodynamics of the rotating /' = 4 SYM fluid. In fact, one could go further
and compare the first order metric that we have obtained with rotating black hole metrics
written in an appropriate gauge. We have done this comparison up to first order and we
find that the metrics agree up to that order.

3.1.3 Second Order Hydrodynamics

In this section we will find out the metric, stress tensor and charge current at second
order in derivative expansion. We will follow the same procedure as in [8] but in presence
charge parameter q. Note we have not performed a general constuction of second order
hydrodynamics (as done for first order in Chapter 2) but the result of this section provides

a definite prediction of the form of second order charged hydrodynamics for conformal fluids.

The metric and gauge field perturbations at second order that we consider are

ggﬁ)dxo‘dzﬂ = —3ha(r)dvdr + r*ha(r)dz' dx; + ﬂdlﬁ + 127’2ji(2)dvdxl + TQQZ(-?)dxldzJ

2
" (3.1.54)
and
V3
ASJQ) = *ﬁwz(ﬂ
Al@) = ?rsg§2)(r)dxi. (3.1.55)

Here we have used a little different parameterizations (from first order) for metric and gauge

field perturbations in the vector sector. We found that this aids in writting the corresponding

:(2) (2

dynamical equations for j,(r) and ¢g;”’(r) in a more tractable form (as we will see later).

"Here we have taken the chemical potential p = 2v/3QR which determines the normalization factor
of the charge density n (because thermodynamics tells us ny = 4p — T's) which in turn determines the
normalization of Jy,. Note that due to the difference in p with [66], our normalization of J,, is different from
that in [66].
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Like neutral black brane case, here also we will list all the source terms (second order in
derivative expansion) which will appear on the right hand side of the constraint dynamical
equations in scalar, vector and tensor sectors. These source terms are built out of second
derivatives of m, g and § or square of first derivatives of these three fields. We can group
these source terms according to their transformation properties under SO(3) group. A
complete list has been provided in table 3.1. In the table the quantities [; and o;; are
defined to be

1 1
l; = €10 Bk , Oij = 5(51'5]‘ + @m) — géijakﬁk . (3.1.56)

In table 3.1 we have already employed the first order conservation relations i.e. equation
3.1.18 and 3.1.19. Using these two relations we have eliminated the first derivatives of m

and q. However at second order in derivative expansion we also have the relations
8#8,,T(‘g)’ =0, (3.1.57)

and
('),\GMJ(“O) =0. (3.1.58)

The equations (3.1.57) and (3.1.58) imply some relations between the second order source

terms which are listed in table 3.1. These relations are

S3 8m 16m 2m 4m
1 = — - —STl+ —ST3—- —ST4+ —ST
S 3 3 ST1 + 9 ST3 3 ST4 + 3 ST5
1 1
S2 = ——83+4+4ST1+ =ST4 - ST5H
4m 2
QS1 = ¢(—ST1-S2+ST3)— QS5
40 4 56 4 8
1, = ——V4;, — =V5;, + —=VT1, + =VT2; + =VT3;
A% m( 9V 9V5+3V +3V +3V 3>
10 1 2 1 5
2, = —V4;+=-V5;,—=VT1,+=-VT2, — =VT3;
Vv 9 V4, + 9\/5 3V + 6V 3V 3
1
V3, = - §VT4Z- + VT5;
10 1 1
QVl, = —¢q (?Véli + §(VT21- +2VT1; +2VT3;) + §V5i)

1 2
1 1
Tlij = —4m (Tgw + ZTT5Z] — 4TT1ij + gTT4ij + TTGZJ) (3159)

With these relation between the source terms we will now solve the Einstein equations and
Maxwell equations to find out the constraint and dynamical equations at second order in
derivative expansion. As in the first order calculations we shall perform this seperately in

various sectors denoting different representation of the boundary rotation group SO(3).
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Table 3.1: An exhaustive list of two derivative terms in made up from the mass, charge and
velocity fields. In order to present the results economically, we have dropped the superscript
on the velocities §; charge ¢ and the mass m, leaving it implicit that these expressions are
only valid at second order in the derivative expansion.

1 of SO(3) 3 of SO(3) 5 of SO(3)

S1 = afm Vli = aiavm Tlij = (’)lajm — % s3 61']‘
S2 = 81,(9161 V2i = 812,51 T2ij = a(ilj)

S3 = 827’)1 V3i = &Jll T3ij = Qvaij

ST1 = a’uﬁi a’uﬁi
ST2 = 1, 0, 3;

ST3 = (0:3;)°

ST4 =[; 1
ST5 = 0y 0%
QS1 = d2¢q
QS2 = 9;0:q
QS3 = 1;04q
QS4 = (0iq)?

QS5 = (0iq)(9u5:)

Vd4; = 20,05 — 0°B;
V5; = 025;

VT = 3(,5:)(9;57)
VT2; = —e1, 1 0,8
VT3, = 01 0,3
VT4, = 1; 8;/3

VT5; = 04 I/

QV1, = 0;0,q

QV?2, = 9;q05,3*
QV3; = €ijx0;l
QV4,; = 04059

QV5; = €10,580kq

TT1;; = 0u3 0u0; — 5 ST1 &;;
TT2i; = l; 0,85 — 5 ST2 4y
TT3; = 2 (i 0u3" 0;)B' + 2 ST2 6
TT4,; = 0xB* 0y

TT5;; = l;l; — 5 ST4 4y
TT6;; = oir of — 3 ST5 dy;
TT7i5 =2 emn(i ™ 07

QT1,; = 9;0;4 — + QS2 65
QT2,; = diqly) — & QS3 4y,
QTSW- = 0(199jyq — % QS4 95
QT4y; = 9:q0u55) — 5 QS5 &y

QT513 = E(ikmakq Omyj)
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Scalars of SO(3) at second order

We parametrise the metric and the gauge field as follows

3 4P (r) = 3r2ha(r),

o) = 2

o (3.1.60)
42() = ~Sha(r)
AP (p) = — ﬁ;i(r)'

Now we intend to solve for the functions hs(r), ko (r) and wa(r).

Constraint Equations

As we have already explained, there are three constraint equations. First two come from
Einstein equations (Eq. 3.1.14 and 3.1.14) and the third one comes from Maxwell equations

(Eq. 3.1.16). The first constrain from Einstein equations gives
W _ 2ps
9mV) = 2R ST5 (3.1.61)

Second constraint implies relation between ka(r) and ho(r). This constraint equation is

given by

dgowz(r)  2qow(r)

—mohb(r) + 3r*hh(r) + 12r3ho (1) — kb(r) + 3 5 = S, (3.1.62)
r r
where the source term S¢ is given in appendix A.2.
The constraint relation coming from Maxwell equations is given by
3q0 (R* R 2
pyg0 = BB Amo) o (B Hmo) o 6V3a0’k gy
16mo2R dmoR mo
(mo — 11R") 2/3q0r %
— S5 — S3 — S4
4m0R Q mo Q 4m0R3 Q
9q0 (3R4 + mo)
———F=ST1 3.1.63
4m0R ( )

Dynamical Equations and their solutions

The Dynamical Equations in the scalar sector (coming from the Einstein equation F,.,. = 0)
is given by
rhy (1) + 5ho(r) = Sh . (3.1.64)

The source term S}, is explicitly given in appendix A.2.

The second dynamical scalar equation, which comes form the Maxwell equations (M (r) = 0),

is given by
— 6qohs (1) + rwy (r) — wh(r) = S (r). (3.1.65)
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The explicit form of the source term Sy, (r) is again given in appendix A.2.

The source terms have the same large r behavior as uncharged case (see [8]) because the
charge dependent terms (leading) are more suppressed than that of charge independent
terms. So one can follow the same procedure to obtain the solution for hs(r) and ka(r).
Here we present the result schematically. Firstly, we solve equation (3.1.64) for the function

ha(r); we obtain

ha(r) = / (%5 (/ (48 (r)) dr + c,ﬁ”)) dr+C?, (3.1.66)

where C,Sl) and C,(f) are the constants of integration. We then plug in this solution for ha(r)

in to (3.1.65). Solving the resultant equation for the ws we obtain,

wa(r) = / (7‘ ( / (T%Sw(r)) dr + c;”)) dr+C®, (3.1.67)

where again Cful) and CfUQ) are integration constants, and the function Sy, (r) is
Sw(r) = Sar(r) + 6gohb(r).

Finally, we substitute the functions ha(r) and ws(r) solved above, in to (3.3.2) to obtain
the following equation for ko(r)

4qo 2q0

ES(r) = (3rt — mo)hh(r) + 12r3ha (1) + T—3w2(r) — ?wé(r) —8Sc = 8k(r). (3.1.68)
This equation can be easily integrated to obtain
Fa(r) = / Sk(r)dr + Ci, (3.1.69)

C}, being the integration constant. All the integration constants in the above solutions are
obtained by imposing regularity at the horizon and normalizability of the functions, just as

in the first order computation.

Vectors of SO(3) at second order

As given in (3.1.54) and (3.1.55), in this sector we parametrize® the metric, and the gauge
field respectively in the following way
gvi = 617 (r)
/3 (3.1.70)

AP = 5292 ().

Constraint Equations

In this sector, the constraint equation comes only from the Einstein equations (3.1.30). This

8Note that the parametrization of the gauge field at this order is different from the one used for the
scalar sector.
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constraint relation is give by

1 3 1 3 1 3 3
om = O V4,; + 01t V5; + O —— VT, — ﬁVT21-
9 9 3 6
6qoR 21R" — 43myR?
+ 2 vy, _ o Jvrs, . (3.1.71)
mo — 3R 3 (mo — 3R")

Dynamical Equations and their solutions

There are two vector dynamical equations. The first equation comes from Einstein equation
and is given by

!
q0r9® (1) + 5006 (r) + 15" (1) + 55 (r) = (S5 (r), (3.1.72)

where (S}°)i(r) is the source terms given in the appendix A.3. The second dynamical
equation comes from Maxwell equation and is given by

)//

V3( = mortg®" () + @329 () + 19" (1) + g7 () (~9mor® + Tadr +1317)

/
+597(r) (=3mor? + g2 + 1) + 12007 (1)) = (S})ir)
(3.1.73)

where (S¥5¢);(r) is the other source term the explicit form of which is also given in the

appendix A.3. The sources (S}5°):(r) and (S}°);(r) are expressed in terms of the weyl
invariant quantities (W,)!* which are defined in appendix A.1. We can now solve equation
(3.1.72) for the function g( )( ) to obtain

(2) 1 2 0o 1 2
(2) r) = 7]1' (T) (Wv)z + (Wﬂ)z o 1 vec o (WU)z + (Wv)z T
g (1) = qo i 6qor3 <‘J0T5) /r <(S Jilr) 3z3 (3)1 il’)

where the integrating constant has been chosen by the normalizability condition. Plugging

in this solution in to (3.1.73) we obtain the following effective equation for ji@)(r)

i (7 (700) 5 (7)) + s = 1T

where

501= (~723) (ﬁ (r (mo (B2 — 1) +1° — B) (S5, (r)

+(SE)i(r) (mo (R* = 3r%) + 7r® = R%)) — V/R? (mo — R*)(Sy{)i(r ))-
(3.1.76)
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Finally, the solution to the equation (3.1.75) is given by

&) = —vO () / h v<0 ( / / S7ed( dzdy)d:c

R 74O (T)/T W [ng) — W3R7< ((Wv)zl + (Wv);l) z

B (W)} + 3OV~ o ()1 + (02) o + R0 ()1 + (2 ?) )]d
(3.1.77)

where again for convenience we have defined

R? (mo((Wo)} +3(Wy)}) = 3R (Wo)} + (Wo)}))
322 (mo — 3R%)

57°(z) = ~5i(2) — =W} + (WD)

(3.1.78)
The constant Ci(j ) is determined by the regularity at horizon and is given by

; 1
cY = _
¢ 12mg (mo — 3R*)

<R4 (mg(g(Wv)} +4(W,)7 + 15(W,)})
= 6moRH(6(W,)} + 3(W0)? + 4(W)}) + ORS BV} + 200,07 + (W,)1))

— 9R? (m§ — 4moR* + 3R®) ( / 579 (x )dz) + 6mg (mo — 3R") / Y28y )d;,)
R R

(3.1.79)

We now have to plug in the source terms (given in Appendix A.3) and perform the integrals
to write the solutions explicitly. Since such explicit solution would be very complicated,
we do not provide it here. Nevertheless, from the above solution we extract the boundary

charge current as we explicate in the following section.

Boundary Charge Current at second order

The charge current at second order in derivative expansion is given by

(3.1.80)

The gauge field perturbation at this order is parametrised by the function gz@(r). Thus to
obtain the charge current density we have to consider the asymptotic limit (i.e. the r — oo
limit) of the function g§2) (r). This function is given by (3.1.74). The function ji@)(r) in

that equation is in turn given by (3.1.77).

If we carefully extract the coefficient of the 1/72 term in the r — oo limit of the gauge field

(using the equation referred to in the last paragraph) we find that the charge current is
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given by _
mo(W,)? — 6C)

4v/3\/R2 (mo — RY)’

the constant Ci(j ) being given by the equation (3.1.79). Plugging in the sources in to equation

J@ (3.1.81)

(3.1.79) and performing the integrations we find

5
@_ (_1 ! 1.82
J, (87705) ;cl(wu)z, (3.1.82)

l

where the coefficients of the Weyl invariant terms (W,,)! are given by °

_ 3V3RVM -1

G 8M
o — V3R(M —1)3/?

2 — 4M2 )

_ _3Rr(M-1) 3.1.83
C= "1 (3.1.83)
1

Cy= Z\@R\/M —1log(2) + O(M — 1),
c VBRVM =1 (M? — 48(M — 1)k* + 3)

5= — .

16M?2

We have expressed the above results in terms of the parameters M and R with M = mq/R*.

Tensors Of SO(3) at second order

We now consider the tensor modes at second order. Following the first order calculations
we pametrize the traceless symmetric tensor components of the second order metric by the
function az(-?) (r) such that
2 2

ggj) = r2a§j)(r). (3.1.84)
In this sector there are no constraint equations. However, there is a dynamical equation
which we solve in the following subsection.

Dynamical equations and their solutions

The ij-component of the Einstein equation gives the dynamical equation for ozz(-?) (r) which
is similar to (3.1.42). However the source term of the differential equation is modified in the

second order. Thus, at second order this equation is given by

1 d /1 d
57 (; (q§ —mor? + rﬁ) 50%(.]2_) (r)) = Ty;(r), (3.1.85)

where we write the source in terms of weyl-covariant quantities as follows

Ty(r) =Y n(r) WT). (3.1.86)
=1

9All these coefficients match with the corresponding coefficients in [66] except C2 and Cs which differ by
a overall sign
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We define the weyl-covariant terms WTi(jl) in appendix A.1. The coefficients 7;(r) of these
weyl-covariant terms are given in appendix A.4.

The solution to (3.1.85) which is regular at the outer horizon and normalizable at infinity

We need to plug in the source from appendix A.4 in to the above equation and perform the

is given by

integrals to obtain an explicit answer. However, as in the second order vector sector this
turns out to be very complicated in general and therefore we do not produce it here. The
transport coefficients, however, of the boundary stress tensor at second order in derivative
expansion may be obtained only by knowing the function a( )(T) asymptotically (near the
boundary). In the next subsection, we compute this boundary stress tensor.

Boundary Stress Tensor at second order

As mentioned earlier, the AdS/CFT prescription for obtaining the boundary stress tensor

from the bulk metric is given by

1 4
T = e Jim, (r (KH — 51 ) (3.1.88)
where K is the extrinsic curvature normal to the constant r surface. Now, as is apparent
from the formula, we need to know the asymptotic expansion of the metric perturbation

ozg) (p) in order to obtain the stress tensor. The asymptotic expansion of the solution
(3.1.87) for az(-?) (p) is given by

) r2

9
1 1 1
a@(p) = = (WTi(f) LA Ly 4’) y Z NWTY +0 ( ) . (3.1.89)
=1

The leading term of this asymptotic expansion gives divergent contributions to the stress
tensor which are canceled by divergence arising from the expansion of ¢(® +¢() up to second
order.

On plugging in this asymptotic solution for the metric in to the formula (3.1.88) we obtain

1
M
T, = (167705)5 N WT (3.1.90)

with N, being the transport coefficients at second order in derivative expansion. These

transport coefficients are given by

e () ).

M R? (3—\/4M—3)
log
2y/4M -3 VAM —3+3

(3.1.91)
Ny = -
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and
N3 =2R?,
R2
Ny= M(M —1) (12(M — 1)r* — M),
(M —1)R?
N = ————,
’ 2M (3.1.92)

Ne = %(M - 1)R2<log(8) - 1) +0((M—-1)?),

3(M —1)%2R?
N7: \/_( M) ’iv

Ng =0, Nyp=0.

3.2 An analytically tractable limit of hairy black branes

In this section we shall write down static hairy balck brane solution perturbatively in certain
small parameters. In particular, we shall demonstrate that the thermodynamics of these
solutions is given by the Landau-Tiza two fluid model which directly related them to the
boundary superfluids. In order to explicitly determine the thermodynamics of any particular
gravitational system, however, we need to explicitly determine the solutions dual to uniform
superfluid flows. Unfortunately, the ordinary differential equations that arise in this attempt
have proved so complicated that it has not proved possible to analytically solve for hairy
black branes (the gravitational duals to superfluids) in any reasonable gravitational system
10 The only analytic results that we are aware of, for hairy black brane solutions, are those
of Herzog [69]. Herzog considered a very special model, the model of a charged scalar field of
m? = —4 and infinite charge e (i.e. a model in the so called probe limit). He demonstrated
that this model displays a second order phase transition towards superfluidity whenever
5| > 2.

When |£| is just larger that 2, the stable gravitational solutions develop a scalar vev. Let ¢
denote the value of this vev. Herzog was able to generate the relevant gravitational solutions
perturbatively in € and also perturbatively in the difference between superfluid and normal

velocities.

In this paper we will be interested in probing the structure of viscous superfluid dynamics
from gravity. In the infinite charge or probe limit of [69] scalar and gauge dynamics do not
back react on spacetime. In order to probe the dynamics of the interaction between the
stress tensor and the charge current we need to go beyond the infinite charge probe limit.
In this section we generalize Herzog’s perturbative construction of gravitational solutions
to go beyond the probe limit. In other words we generalize Herzog’s infinite e solutions to
retain the first nontrivial correction in a (1) expansion.

In the next section we will use the results of this section as an input into the fluid gravity

map, in order to generate gravitational solutions dual to viscous superfluid flows.

100f course much attention has been focused on the numerical solutions of the relevant equations in
several models.
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3.2.1 The bulk system and the equations of motion

Following Herzog [69] we consider the system

1 . 1/ 1 1 )
- - 124+ = (—=F, F™ — Z|D 262.) ) 2.
= qorg [ FovTa (R124 5 (~1Fur - gDl 2i0) ). (293)

Where D, =V, —iA,, and V,, is the gravitational covariant derivative.

The equation of motion for the scalar field and the gauge field that follows from (3.2.93) are

respectively
D, D'¢ +4¢ =0, (3.2.94)
and )
D, F" = EJV’ (3.2.95)

where the current J, = i (¢*Du¢ — $(D,¢)*). The Einstein Equation that follows from
(3.2.93) is

1
G = 69 = =5 (Tmax)w + (Tmat v ) (3.2.96)

where

1 1 .
(Trmax)pw = D) (FNBFﬁU - ZQWFGEFE ) )

1

(Tace = 3 (DudDu" + DydDyd) = 1 (Dol — 4I6F)

(3.2.97)

We assume that this system admits a homogeneous stationary asymptotically AdS family

of solutions - dual to homogeneous stationary superfluid flows - that take the form

Metric : ds? = 72g(1)u#dx”dr — rff(i)u#u,,dz“dx" + 72 k(i)n#n,jdz“dz”
Te Tc Te

+72 j(rL) (nuuy + uyny,) detde” + 2P, dztdz”
(&

Gauge field : r.A = H(L) u"0, + L(L) n*o,
r

TC C

Bulk scalar field = ¢ <i>

Te
(3.2.98)
where
Py = N + wptty, — num,. (3.2.99)
Here u, and n, are two arbitrary constant vectors obeying
ut'n, =0; vw'u,=-1; nfn, =1 (3.2.100)

We work in a gauge such that the scalar field is real ¢* = ¢ (this implies A” = 0), so that
the boundary value of the gauge field gives the superfluid velocity. We choose the constant
vector u, so as to ensure that the killing vector coincides with the generators of the event
horizon of our solution. n* is then uniquely determined by (3.2.100) together with the
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requirement that A, at infinity (i.e. £,) can be written as a linear combination of u* and

nk.

We now choose coordinates so that the killing vector 9, points along the direction of the u”
and the vector J, points in the direction of n#. Our solution retains rotational invariance in
the remaining two spatial directions. Here 7. is a parameter of our solution and corresponds
to the position of the horizon. We also work in the rescaled variables TL and r.x* in terms
of which (3.2.98) reduces to

ds* = 2g(r) dv dr — f(r)dv?® — 25(r) dv dx + k(r) dz* + r* (Z dyf)
A" =0, A" =H(r), A®=L(r), AY=0, A*=0 (3.2.101)
Bulk scalar field = ¢(r)

3.2.2 Boundary Conditions and Solutions

We search for solutions of the form (3.2.101). The 4-vectors n*, defined in the previous

subsection, may be computed as follows. Let

rcCu = (771“/ + UMUV) .

It follows that n, is given by
= Cu/IC]-

We search for solutions that obey the following large r boundary conditions

k(r) :r2+%

f(r)r2+%+(9<—>

i(r) :i_ier (3.2.102)
L(r) = T% +

o(r) = = +

It turns out that the conditions above, together with the equations of motion, automatically
ensure
lim g(r) =1

T—00
so that this condition, while true, does not have to be additionally imposed. Also, it turns
out that the coefficient of 1/7? term in the asymptotic expansion of H (r) is fixed by equations
of motion and the requirement that ¢ be regular at the horizon.

Our functions are also constrained at r =1 as follows
j(1) = f(1)=0 (3.2.103)
On the other hand the functions H(r), k(r), L(r) and ¢(r) are required only to be regular
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at r=1.

It is possible to argue that there exists an 8 parameter class of solutions of the form (3.2.98),
to the system (3.2.93), subject to the boundary conditions listed above. One of these
parameters is r. in (3.2.98). The three normal velocity parameters can be set to zero by a
boost, and rotations can be used to point the superfluid velocity in the = direction, as in
the previous section. This leaves us with a two parameter set of solutions, parameterized
by € and (.

3.2.3 Perturbative Solutions

In this subsection we will generalize the work out in [69] to the hairy black branes of our
system, as a function of € and ( at small values of those parameters. Our starting point is
Herzog’s observation that, at e = oo, the linearized equations of motion about the Reissner

Nordstrom black brane at | 4| = 2 admit a regular static solution scalar solution proportional

_€ _
1+4r2"

perturbative expansion of hairy black brane solutions in a power series in €. The solutions

to As was explained in [69] this solution can be taken to be the starting point for a

of [69] were further generalized to nonzero (.

In this subsection we generalize Herzog’s solutions away from the infinite charge limit, to
first order in a power series expansion in O(e%), i.e to first order in deviations away from the
probe approximation. This generalization will prove crucial for generating the equations of

superfluid dynamics including effects of back reaction of the superfluid on the normal fluid.

The techniques for obtaining this perturbative expansion are standard. We do not pause to
explain our computations in detail; in the rest of this section we simply present the results
of our calculations. As a function of € and £ (with both taken to be small) we find that the

scalar field is given by

1 ¢? (2log(r) — log (r? + 1))
211 42+ 4

o) ={ +o(ch

=2 (r* +1)log(r) + (r* + 1) log (r* +1) — 2

48 (r2 + 1) o)

+é3

n (9(65)} (3.2.104)

The functions in the gauge field in (3.2.98) are given by

H(r)= (Ho(r) + Hy(r)e® + Hy(r)e* + (9(66)) +O(1/e%),

(3.2.105)
L(r) = (Lo(r) + Li(r)e + La(r)et + (’)(66)) +0(1/e?)

where

Ho(r) = r2i-1 + 2(r§+ 5 - ¢ il(ﬂligl(?)) +0 (¢, (3.2.106)
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and
1(r) < o5 + ¢ <10r4 + 72r* log(r) — 27r* log(2) + 1872 + 18r? log(2)
48 (r2 1) 288(r2 —1)(r2 + 1)
—36r*log (r* +1) —28+45 log(2))> +0 (¢,
Hs(r) = — L (253r6 + 589t — 589r% + 48 (2 + 1) log(64)
55296 ((r2 —1)(r2 + 1)3)
—336 (r> — 1) (r* + 1) 1og(2) + 576 (r° + %) log <T2i 1> - 253) +0(¢%),
(3.2.107)
and also
¢ ¢
Lo(r) = 720 Li(r) = —m + O(C3)7 La(r) = O(Q). (3.2.108)
The functions in the metric in (3.2.98) are given by
10 = (= 5 )+ 5 () + e + Rlr)et +06) +0 (7).
g(r) =1+ e% (go(r) +g1(r)e® + 92(7’)64 + (9(66)) + O <ei4> ,
. . (3.2.109)
) = 04 35 (iolr) + 3100 + () +0 ().
k(r)=r?+ 6—12 (ko(r) + k1 (r)€® + ka(r)e* + O()) + O (54) :
where
4(r2—1) 2(r2=1)¢C  ¢* (372 +r%(—1log(16)) — 3 + log(16)
folr) == (37’4 )2 37"4) gl 124 )+O(<6)’
—7rt4+12r2 -5
A
¢? 547 4+ r4(5410g(2) — 23) — 36r2(2 + log(2)) + 41 — 90 log(2)
+ 432r2 (r2 +1) ( r2

+18 (3r° 4 3r* — 9r% — 1) (2log(r) — log (r* + 1)) > +0 (¢,

1 ( B 2 (TG +rt = 2r2) (2 log(r) — log (r2 + 1))
48r2 3(rz2+1)

fa(r)

1

~ ST T (576r10 +9897% + 6247r%log(2) — 1538r° 4 1248r%log(2) — 1044r*

+ 91472 — 124872 log(2) + 103 — 624 1og(2)) )

(3.2.110)
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go(r) = 0 (¢%),
1
6(r2 4 1)
¢ (54(r2+1)" =6 (2 + 1) (~9r* — 187 4 3) (2log(r) — log (1* + 1))
864 (r2 +1)*
65 21t — 14 — 6 (r2 + 1) (4 + 2) (2log(r) —log (12 + 1)) + 4

92(r) = 864 (r2 + 1)* +o(e),

g1(r) = —

+

+0 (¢,

(3.2.111)
jo(r) = 0 (¢%),
i) = % Lo, (3:2.112)
and
ko(r) = O (¢,
ki (r) = r2¢? (22(r + log(r) + (2 + 1) dog (P +1) =1) ) (€*), (3.2.113)

8(r2+1)
ka(r) = O (¢?),

Upon setting e% = 0, our result exactly matches with the equations 2.30, 2.31, 2.32 in [69],if
we replace v = 1/r in those equations.

3.2.4 Boundary Thermodynamics

Using the solution obtained in the previous subsection we evaluate the boundary stress

tensor charge current. For this purpose we use the standard AdS/CFT formulas

1 *
Boundary stress tensor = TH = 6nC Tllrgo r (2 (6{,‘Kaﬁ70‘5 — Kl') — 604 + 6—2(156’5)
1
Boundary charge current = j# = 167G 2 Tlingo 3 ET
k(1)
Ent density = s = ~——=
ntropy density = s ek
!/
1
Temperature =T = F() .
4mg(1)

(3.2.114)

where 7,4 and K, are respectively the induced metric and extrinsic curvature of a constant
r surface.
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The result for the stress tensor and current can be parameterized as the form

1 A—- B\ -
T = Autu” 4+ Bntn” + C (nfu” 4+ ut'n”) + ( ) P‘“’}

167G 2 (3.2.115)
Jh = T6n G[Qlu“JrQQn“]
A, B and C are given by the following expressions.
r 3
A=3rt+ ;{ [4+ 2¢% + ¢* <1og(2) - Z) +0 (46)}
S, [7 (59 3log(2) .
+ € [Eﬂ“ (m— S )+O(C)}
6241og(2) — 451 1
+e [—Olg?)(8;4 +O(§2)} +O(€6)} +0 (6—4)
_ 4 ﬁ 2¢* 4 (log(2) 1 6
Bn+e{[3+3 +§< ! 4)+o@>} (3:2116)
o 7 131 log(2) 4
e [%+C (432 8 )+ (C)}
o [62410g( ) — 451 } } (i)
41472 et

While @1 and Q2 are given by the following expressions

@:—§ P+@+<m%mn+0@%} [;+@<7 E§@)+O@ﬂ

36 16
| (U5~ m) 0 ) vountro ()
3

e[ Srac]roa) ol

(3.2.117)
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Now the relations in (2.31) in equilibrium may be casted in the form
TH — (Pn —‘,—P)u“u” + an/ + %E#EV
= (pn + P)ut'u” + Pn"" + psufuy
m

JH = qputt — qs% (3.2.118)

= quut + qsul

ut& = p
where the following thermodynamical relations are obeyed

pnt+ P =qupu+Ts

Ps = fhsqs
ps = €= Eut (3.2.119)
dP = sdT + qsdps + qndp

= sdT + qsd€ + gndp

In our gravity system the parametes in (3.2.118) are found to be

167G (py) = 3r + Z—i{ [4+2¢2+ 0] + € [—% + O(@)} + (9(64)} +0 (54)

4
_<

167G(ps) = % { [O(CH] + e [1+0(¢)] + (9(64)} +0 (54)

g

Tél 4 7
2

e { [5 * %CQ * 0@4)] e [% + O(Cz)} + 0(64)} ) (%)

)

167G(P) = r* +

r

167G (qy) = —e—z{ 44+ + 0] +¢€ [—3 + O(g“?)] - 0(64)} +0 (

.J>|’_‘

24

€

3 1 1
167G(gs) = Z—;{ [(9(44)} + €2 [5 + (9((2)} + (9(64)} + 0O <e_4>
(3.2.120)
Further the chemical potential and us of our solution are given by
¢? 1 log(2)
uu“furc{{Q?Jr& 1 4 +(9(§6) ]
2 1 5 (3log(2) o 4
- — - — 2,121
+6[ R G TR vv Y R () (8.2.121)

ve[ (- T o)) +oe] b o (3)
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and
2
s = ubé, = rc{ {2+ S +¢* ( é—i + 1Og4(2>> +(9(<6)>]
1 3log(2) 43
4 2[ 12 < 2 + TSQ) +0 (§4)} (3.2.122)

+
(e ) 000 o) o2

Moreover we find

5= Z; [1 + %{ez [bg(g%@ + O(c‘*)} + 0(64)} +O (e%) ] (3.2.123)
It (e B il Cab R
+é E +¢? <@ - 22—136> +0 (§4)] (3.2.124)

o[ (am o) ro@] e} ro (5)

Using these expressions and the quantities obtained in (3.2.120) we have verified all the

relations (3.2.119) to the order to which we have evaluated our solution.

3.3 Superfluid dynamics to first order in the derivative

expansion

In the previous section we have determined the equilibrium solutions for hairy black branes,
perturbatively in € and the superfluid velocity, and separately in an expansion in =. In this

section we use the results of the previous subsection as an input into the fluid grav1ty map.

The basic idea here is a simple generalization of the ideas spelt out in [2, 8, 9, 10, 11, 12,
13, 66]. We search for gravitational solutions that tube wise approximate the 8 parameter
hairy black brane solutions described in the previous section, with values of the temperature,
the chemical potential, (* and u* varying in space and time. The tubes in question run
along null ingoing geodesics, and foliate our spacetime. Technically, this programme is
implemented by working in ingoing Eddington Finklestein coordinates (as we have been
through this paper) but promoting the parameters of our solutions to fields that vary in

spacetime.

The fluid gravity map generates the gravitational solutions dual to fluid flows perturbatively
in a boundary derivative expansion. The zero order ansatz for such a solution is simply
the solution (3.2.98) with €, 7., ¢(* and u* promoted to arbitrary slowly varying functions
of spacetime. This ansatz of course solves the equations of motion (3.2.94), (3.2.95) and
(3.2.96), when all parameters are constant, but does not solve these equations when these

parameter vary in spacetime. As in [2, 8, 11, 66] this ansatz may be corrected to obtain
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a true solution ( systematically in a derivative expansion) provided the eight fluid fields
that parameterize our ansatz obey certain constraint equations. These constraint equations
are simply the fluid equations with holographically generated constitutive relations for the
stress tensor, the charge current, and a holographically generated correction to the Josephson

equation.

In this section we implement this programme to first order in the derivative expansion.

3.3.1 The method

As we have explained above, we will search for gravity solutions that tube wise approximate
the equilibrium solutions of the previous section. In principle our solutions could be labeled
by a temperature and a chemical potential field in addition to the normal and superfluid
velocity fields. However, for calculation purposes we will find it convenient to trade chemical
potential for e(x), the local expectation value of the operator O, and a temperature like
variable r.(x), together with u#(z) and (#(x). The precise definitions of our field variables

is given by the equations

U“T:(SC) = 7pn( )u + ps(;c) [7‘u(z)uu +7’C(SC)<V(SC)] (3.3.125)

w(x)? = r2(x)¢(x)?
P#UEV(‘T):TL( CL a (= V MC/L

where ¢(r, z) is the slowly varying bulk scalar field and 7" (x) is the boundary stress tensor.
The functions ps(z), pn(z) and p(z) are given in terms of r.(z), e(x) and ((x) determined

by thermodynamics (i.e. from previous sections). As usual, P*” = n*" + utu”.

The fluid gravity map is generated by solving Einstein’s equations tube wise, point by point
on the boundary. At any given boundary point we can always boost and rotate coordinates
so that

u, =(—1,0,0,0), mn,=(0,1,0,0)

In the neighborhood of our special point, however,

Uy = 771(71751562763)5 n, = Vn(in’m 17”25”3)5 Ny = 61 + n252 + n3ﬂ3

1 1 (3.3.126)

,Yui\/lfm 2 27 7"*\/%2}717”%7”%

where 3; and n; are of first or higher order in derivatives of fluid fields at the special point.

In this paper we will work only to first order in the derivative expansion. At this order we
are sensitive only to first derivatives of 51 (2, O3, no and ngs along with the first derivatives

of &, r. and e.

The solution at our special point preserves an SO(2) symmetry (of rotations in a plane
perpendicular to u, and n,; the yz plane in our coordinates). This symmetry will help us

organize our calculation. To start with it will prove useful to organize first derivative ‘fluid
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data’, i.e. all the first derivatives of the fluid fields at our special point, in terms of their

SO(2) transformation properties. We list our results

e First order derivative excitations with spin 0 (scalars):
S1=101C, Sy =10ie, S3 =001, Sa =011, S5 = Oy,

Se = 0i i, S = €;;0;n;,
Sg = 607‘0, Sg = 617‘0, SIO = %60@ ,511 = %606, 512 = eij&ﬂj

e First order derivative excitations with spin +1 (vectors):
Vi), = 20ie, Vo], = L0i¢, V3], = Oima, Vi, = Bof3i,

V5], = 0iB1 + 018i [Vs]; = Oire, [V7]; = Ooni, [Va]; = 0if1 — 013

e First order derivative excitations with spin +2 (traceless symmetric tensors):
[Th];; = 9iBj + 0;8: — (OkBr)dij.  [T2];; = Oimy + Oym; — (Oknk)dis
Here {i,j} = {2,3}.

Following the methods of [2, 8, 11], in order to derive the metric dual to a fluid flow we need
to solve the equations of motion, order by order, in the derivative expansion. That is we set
the metric g of our solution to gg+e€g; . .. (and similarly for the gauge fields and the scalars)
and solve the bulk equations of motion at first order in e. As explained in [2, 8, 11], the
resulting equations are of two sorts. The Einstein and Maxwell constraint equations reduce
simply to the equations of energy momentum and current conservation, and do not involve
the unknown fields g; etc. These equations relate some of the independent derivatives listed
above to others. On the other hand the dynamical Einstein and Maxwell equations allow
you us compute the unknown fields g; etc in terms of the constrained derivative data listed
above.

3.3.2 The constraint equations

We will now first describe the solution of the constraint equations, before turning to the

dynamical equations.

In addition to the conservation equations described above, there is one additional source of
constraints on the derivative data given in §3.3.1. Our demand that our solution be asymp-
totically AdS requires, in particular that the boundary field strength vanishes, implying
0u&y — 0,&, vanishes. We must add this equation to the list of equations that constrain
independent data.

It is convenient to decompose the constraint equations according to the its quantum numbers
under the preserved SO(2). We now perform the relevant decompositions, and state which

pieces of data we use these constraints to solve for.

e Current conservation: It is a spin-0 constraint. Using this we shall solve for S1;.

e Stress-tensor conservation: It is effectively four equations. Among them two are spin-0

constraints and one spin-1 constraint. Using this we shall solve for Sg, Sg and V,.
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o Curl-free condition on £, : This imposes a set of 6 equations.

Two of them transform in spin-0 ([0p&1 — 01&o] and €;;0;&;). Using these we solve for

S10 and Spo respectively.

Four of them transform in two separate spin-1 ([0;§1 — 01&;] and [0;€0 — 00&;]). Using
these we solve for V7 and V5.

After solving for dependent data !, the remaining independent one derivative pieces of data
are given as follows. We have seven spin-0 (S1,---,57), five spin-1 (V4,---,V5) and two

spin-2 (T1,T3) boundary data.

For later use we will find it useful to list covariant expressions for the independent data.
These expressions are most usefully written in terms of the projector normal to the velocity/
superfluid velocity frame

P =uyuy + 1y —nun,
Using this projector one can write the following covariant expressions for our choices of

independent boundary data as follows:

Spin-0
S1= l(n“a )¢ S2 = l(n“a )&, Sz =uln"Oyu,, Si=n"n"0,u,
e e ne T (3.3.127)
Ss = P"0,n,, Se¢=P"0uu,, Sr=¢€e"""n,u,0ne
Spin-1
1 ~ 1 Do PV 0
[Vl]u = EPM Ose, [VQ]H = EPH 95, [V3]M = PMn Do (3.3.128)
Vil = BiuOpus,  [Vslu = Pin” (yus + 05uy)
Spin-2
Ty]p = P9 PP [0,u, + Opig) — Se Py,
(Tl = P E 0 + Opuis] = So by (3.3.129)
[To]uw = B P (051 + Opnig] — S5 Py

3.3.3 The dynamical equations

Following earlier work on the fluid gravity correspondence [2, 8, 11, 66] , we work in the
gravitational gauge gr» = 0 and g¢,, = u,. For the U(1) field we continue to demand that

the scalar field be real. With derivatives taken into account this requirement no longer sets

1 As we have indicated above, we solve for some first derivatives of fluid fields in terms of other derivatives.
The relevant equations are linear and easy to solve; the solutions are explicit but lengthy and we do not
present them here.

64



Boundary hydrodynamcis from bulk gravity

A" to zero, but allows us to determine A" rather simply, by demanding the consistency of

the equations for ¢ and ¢*.

We will now solve for the first derivative corrections about the basic fluid gravity ansatz.
As we have determined the equilibrium solutions, in the previous section, only to order e%,

we can of course compute the metric dual to fluid flows only at the same order in e%

We now describe in rough terms how we determine the deviations away from the zero order
fluid ansatz. Let us start with the gauge field and scalars. At leading order in e% we take
derivative corrections to the gauge field and the scalar field to have the form (§4* is the

derivative correction for the gauge field)

cogon(E)sro(l)

B SRR

¢ =1
! r 1
L [25@- (T—) Si| +o (?)
c =1 c

We now describe in structural terms how we have solved for these functions, emphasizing

~o(3)

(3.3.130)

boundary conditions

1. It turns out that dA;(r) obeys a first order differential equation in r. The general
solution of A" diverges linearly in r while expanded around r = co. We fix the
constant of integration (coefficient of the homogeneous solution in this equation) by
setting the coefficient of the linear term in r to zero. This choice of boundary conditions
is forced on us by the requirement that the bulk current goes to zero at the boundary

so that the boundary current is really conserved.

2. §H;(r) obeys a second order differential equation (arising from the r component of the
Maxwell equation). The two integration constants for this equation are fixed as follows.
One of the integration constant is determined from the requirement of regularity at
the horizon. The other integration constant is obtained from the requirement that

there exist a regular scalar field solution (see below).

3. dL;(r) obeys a second order differential equation given by the x component of the
Maxwell equation. Here one of the integration constant is determined imposing the
regularity of the solution at the horizon. The other integration constant is fixed
using the fact that according to equation (3.3.125) ¢* does not receive any derivative
correction. A generic solution of §L;(r) dies of at infinity like 2, the coefficient of

this T% must be set to zero.

4. The equation for X;(r) comes from the y or z component of the Maxwell equation. This
is also a second order differential equation and its integration constants are determined

in a similar way as in §L;(r).
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5. The equation for the scalar field determines d¢;(r). Normalizability and the definition
of () as given in equation (3.3.125) fixes the two integration constants here. More

specifically, an expansion about infinity of a generic solution to the scalar field equation

In(r) b; 1
5¢)i(7‘) = a, I;(QT + 2 + O (7’_2)

Our boundary conditions are that both a; vanishes (from the requirement of nor-

takes the form

malizability) and that b; vanishes (from our definition of €¢). These two requirements
completely fix the scalar fluctuation. As described above, the further requirement that
the scalar fluctuation be regular at the horizon yields a boundary condition on éH;(r)

(see above).

Let us now turn to the metric field. In the strict limit of e% — 0 the scalar and gauge field
do not back react on the metric. The derivative expansion of the metric in this limit is thus

that of uncharged fluid dynamics and was determined in [8] to be

4
ds® = — 2uydxtdr + r? [ - (1 - T—Z) Uy Uy + JrPW] dx*dx”
r

(3.3.131)

_ datda {2% ((u.@) "y — % (0.0) u) .y (;) UW]

C

Where

2

F(r) = —% [— log (r2 + 1) + 4log(r) — 2log(r 4+ 1) 4+ 2tan"'(r) — 7r]

and o o 5
o W Ug + Ol U
O’HV:PHPVQ <f—T7’]a5)

The new results of this paper are for the derivative correction to the metric at order O (e%)

We parameterize the corrections to the metric as

7
Te v T T

z?: Si 0J; (TL)} (Nt + nyuy) } (3.3.132)

c

v > () vl D)+ W () (Vi V2L,

v (2) o (4)

66



Boundary hydrodynamcis from bulk gravity

We now describe, very qualitatively, how we have solved for these functions.

1. 0gi(r), 0 fi(r) and 6 K;(r) are determined solving three coupled equations obtained from
the (rr) (rv) and (zx) component of the Einstein equations. Once decoupled using
appropriate combination of these functions, two of the equations become first order
and the third one is a second order differential equation. Two of the four integration
constants are determined using the asymptotic AdS condition of the metric. 2 A
third integration constant is fixed by demanding the regularity of the function § K;(r)
at 7 = r.. The last integration constant is fixed to ensure that the vv component
of the boundary stress tensor receives no derivative corrections so that the equation
(3.3.125) is satisfied.

2. The function 0.J;(r) is determined using the (rz) or (vz) component of the Einstein
equation. This is a second order differential equation in r. The two integration
constants are determined using the normalizability and the definition of boundary
stress tensor (according to (3.3.125) the va component of the boundary stress tensor
should not receive any derivative correction). The general solution for §.J;(r) has the

following expansion around r = co.
lim 6J;(r) = j 2 oL
Jim 8,(r) =jo ¥ + 5+ 0
Our boundary condition is that jp, and j; both vanish.

3. Yi(r) is determined from the (vy) or (vz) component of the Einstein equation .
This is a second order differential equation in 7. The two integration constants are
determined using normalizability of the metric and the definition of boundary stress
tensor (the (vy) or (vz) component of the stress tensor should not receive any derivative
corrections). This condition is exactly same as that of §.J;(r) in terms of the coefficients

of 1 expansion.
T

4. W;(r) is determined from the (zy) or (xz) component of the Einstein equation . This is
a second order differential equation in r. The two integration constants are determined
using normalizability and regularity of the metric respectively. A generic solution of
W; behaves like r? at large . Our boundary conditions are that the leading coefficient

of this leading 72 piece vanish.

5. Z;(r) is determined from the (yz) component of the Einstein equation . This is a
second order differential equation in r. The two integration constants are determined

exactly the same way as for W;(r).

12 After this condition is imposed % expansion of the functions dg;(r) and §K;(r) take the form

lim dg;(r) =0 (%) , lim §K;(r) =0 (%)
r—00 r 7— 00 T
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3.3.4 Results for Bulk Fields

Without further ado in this subsection we simply present our final results for all the fields

defined in the previous subsection.

We have performed all our computations in this section using Mathematica. In several
instances we have carried out calculations to higher order, in the Mathematica file, than we

have presented below, mainly to avoid burdening the reader with very lengthy expressions.

The solutions presented in this subsection determine the full first order correction to the
gauge field, scalar field and metric to the relevant order in an expansion in € and e% Now

we choose to scale ( like e. We present our results below in terms of the order one field

X==
€

Recall that, a supefluid in general becomes unstable for high values of superfluid velocities.
In the particlular in the perturbation theory that we are considering this instability set in
whenever x exceeds a number of order unity (see [3] for more details). So while x can be

arbitrarily small, it is unphysical for y to be made arbitrarily large.

Results for the gauge field and scalar field

SAL(r) = ¢ [72 (962 —12; 48x? +1 + ()

6A5(r) =€ l% + O(é%)

0As3(r) = —e¢ w O(%)

(3.3.133)

0Aa(r) = [16 (QT;—: e 3 (T22:— 1) +O(e)

5As(r) = [(1‘14#)" o)

A0(r) = - (,,22: o 8 (27"27;;1) X )
A COE YA SLRPRR
SHa(r) = € - 75?:5 if;:f)ﬁ) +O() (3.3.134)
o= [0 )
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16 (2r% + 4r — 1) ¥
rr3+r2+r+1)
(5r2 +10r + 1) x
dr(r3+r24r+1)

8 [2r(r +2) — 1] *

(SHG(T) = — 7T(7’+ 1) (7’2 T 1) + 0(62)

OHy(r) = +0(€%)

§Hs(r) = + O(?) (3.3.135)

x (log (r* +1) — 2log(r + 1) + 2tan~'(r) — 7)

SLy(r) =€ l 2 + O(e*)
1 241)—21 1) + 2tan~t(r) —
SLo(r) = & l og (r + ) og(;“(j:; )+ 2tan"t(r) — 7 Lo

SL3(r) = O(eh)

0L4(r) = —e X (log (? +1) — 4log(r) +32T120g(7“ +1) — 2tan~!(r) + ) (5.3.1360
+0O(e%)
SLs(r) = O(*)
dLe(r) = —¢ x (log (r* + 1) — 4log(r) +62T120g(r +1) = 2tan~1(r) + )
+ O(e%)
log (r* +1) — 2log(r + 1) + 2tan™'(r) — 7
[ 9672 + 0(64)
10 = Jr12 2tan™ — T
[ : (TH) . © ) + O(eh)
)=o) (3.3.137)

472
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01 (r { (1-38x%) tanfl(r) —log(1+47r) — g)
+ 2 30~ 1) gt + (3 -0 s (07 1) | + 01
dpa(r) = —21—8x (=Tlog (r* + 1) + 4log(r) 4+ 10log(r + 1) — 10tan™ ' (r) + 5#)]
+ O(eh)
5 o B (=7log (r? + 1) + 8log(r) + 6log(r + 1) — 6 tan™"(r) + 3)
93(r) = _ 4 +1)
+ O(eh)
4x? (=Tlog (r* +1) + 12log(r) + 2log(r + 1) — 2tan"'(r) + 7)
00a(r) =€ T2 + 1)
+0(%)
S5 (1) = €2 {f% (—Tlog (r2 + 1) + 8log(r) + 6log(r + 1) — 6tan~!(r) + 37r)}
+ O(eh)

0p(r) =€ [—;XQ (=Tlog (r* 4+ 1) + 12log(r) 4 2log(r + 1) — 2tan""(r) + 7T):|

+O(e?)
(3.3.138)

Results for the metric

70

Ofi(r)=ce l% + O(e%)
Ofa(r)=c¢ [2116;2} +0O(e?)
Ofs(r) = —e {,1727}} +0O(e?)
3202 (r*+1) (=5log (r? +1) +8log(r) + 2log(r + 1) + 4 tan~'(r))
Ofalr) = [ 20t or?
2(r4+1)(r2(ﬂ'r2—r+ﬂ'—3)—2) 9
9 (r6 4+ r4) +0O(<)

373(r) = | 2%] + 06

(3.3.139)
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1 320>  (r*+1) (~5log (r? + 1) + 8log(r) + 2log(r + 1) + 4 tan™*(r))

5f6(r) = 75 - 2174 B 9r2
2(r*+1) (r2 (mr? —r4+m—3) =2 9
( ) ( 9((r6+r4) )=2) +O(€7)
(3.3.140)
591(r) = O()
8g2(r) = O(®)
5g3(r) = O(e®)
5ga(r) = [1_18 (=5log (r* 4+ 1) + 8log(r) + 2log(r 4+ 1) + 4 tan™"(r) — 2m)
O+ 4rd +4rt 4603 412 — 2r — 2 2 3.3.141
9(r+1)(r3+r)2 ] +OE) ( !
8g5(r) = O(®)
dgs(r) = —% L_IS (—5log (r* + 1) + 8log(r) + 2log(r + 1) + 4 tan™"(r) — 2)
8 4 495 + 49t 4+ 613 + 7*22* 2r — 2] +0(2)
9r+1)(r3+r)
SK1(r) = O(%)
§Ko(r) = O(e%)
dKs5(r) = (’)(64)
SK4(r) = [% (—5log (T2 + 1) + 8log(r) + 2log(r + 1) + 4tan*1(r))
4-2r% (nr? —r 47— 3) 2 3.3.142
+ 3(r2+1) ]+O(E) ( )

3Klr) =~ [ (<5l (12 1)+ Slor) + 2os(r+ 1) 4t ()
4—2r2 (mr? —r+ 7 —3) 5
+ 3(r24+1) ]+O(€)
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(r4 — 1) X
Sy (r) = 62[ 5 (log (r* +1) — 2log(r + 1) — 2tan™"(r) + )
r
X
+ @(2 — 3T):| + 0(64)
5n(r) = —2| — (r4 — 1) (— log (r2 + 1) +2log(r +1) — 16 tan=1(r) + 87r)
9672
27rt — 3r® +20r? — 3r — 19 4
* 144 (7% 1 1) } +0(€) (3.3.143)

(r 1)
27r* — 3r3 +20r2 — 3r — 19
144r (r2 + 1)

[— log (r2 + 1) + 2log(r +1) — 16 tan™!(r) + 87r]

} +O()

¥atr) = [ DX (g (72 4 1) - 21og(r + 1) - 2tan~ 1) + 7]

472
+ %(2 , 37“)} + O (3.3.144)
Ys(r) = O(e")
Yalr) =€ [6(7’2: 7| O
Y5(r) = O(e”)
Wi(r) =€ x{_?’” (r’+r) + 61(;3(:; :):;ml(r) +6r% + 4} L OE)
3{ 37 (1 +T)+6§;(;:—):?n r )+6r2+4} o)
3 -1 2
3 lX —3m (r* +r +(;§r(r;t:)r;an (r) + 6r2 + 4] +O(eh o
3 lx —37 (r® + 7 —I—Zé?‘(i:—:)r‘)canl(r)—f—GrQ—i—él] + O
—_g[—%—éﬂ)log(r +1) — 8log(r) — 2log(r + 1)

—4tan"(r) 4 27| + O(€?)
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r?[2(r+1) 4 9
Zl(T) = g [m + T_2 - 510g (7’ + 1) + 810g(7’)
+2log(r + 1) + 4tan*(r) — 27| + O(€?) (3.3.146)
-3 (r3 + r) +6 (r3 + r) tan1(r) + 612 + 4
7 — 3 4
2(r) =€ X[ 16 (3 +7) + O(€)

3.3.5 The ¢ — 0 limit

The gravitational solutions presented above are complicated largely because they possess
very little rotational symmetry. At any given spacetime point we have a normal fluid velocity
and an independent superfluid velocity. These two velocities together break the local Lorentz
group at a point down to the abelian group SO(2). While we have usefully organized the
results of our gravitational calculation in representations of SO(2), as representations of

SO(2) are all one dimensional, our solutions admit several different functions of r.

In the special case that ( = 0, however, the residual symmetry group about a point
is SO(3). SO(3) representation theory is considerably more constraining than SO(2)
representation theory. This implies that the gravitational dual to superfluid dynamics should

be considerably simpler in the special limit ( — 0 than in the generic case.

Let us first present a brief ab initio analysis of the nature of the gravitational solution when
¢ = 0. All independent first derivative data may be organized into SO(3) scalars, vectors

and tensors. These may be chosen as follows

Scalar
Ouu” and P*0,(,
Vector
ut0,u”, P"0,e and e“”)‘”u,j(%\cg
Tensor

pv

e ey poi62
O and O'(C) — PSPVQ (a gﬁ ; aﬁ( . |: ?(?91492] Uaﬁ)

Note of course that an SO(3) vector or an SO(3) may be decomposed into an SO(2) vector
and a scalar, while an SO(3) tensor is composed of an SO(2) tensor, vector and scalar. In

SO(2) terms, therefore, the data listed above totals to 7 scalars, 5 vectors and two tensor.

It follows from symmetry considerations (and the fact that our parity conserving gravita-
tional system will never generate a parity violating vector term, so we can ignore the third

vector above) that it must be possible to write the metric and gauge field, in the { — 0
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limit, in the form
ds? = —2¢ ) utdxtdr + { —rif < > UyUy + 1 PW} dxtdx”
+T§F( )a vdztdx”
Te

e e

c

+ 7’3 (L) oput) + Fo <T ) (P‘“’(?#Q,)] upuyde da”
r

(Ua) Uy + VQ <T_) Pfaa€:| u#dx“dzu

[ 1
+r2 |T (L) o + Tz (L) Uff,,)] dw“dm”} + 0O (—4)
L Te Tc €

(3.3.147)

1) (P“”am] 9,

(&

+ {Al (;) (Dpu) + Ay <

C

b= [Hl <TL) (D) + Mo (f) (P‘“’@HCU)] utd,

c C

1 r 1 r y 1
+ —2£1 (—) (u@) u“@u + Eﬁg (—) P'u auﬁau + O (;)

re Te Te

The results of the previous subsection must obey several relations in the limit ¢ — 0 for
them to agree with the form presented in (3.3.147). 3. We have explicitly verified that
each required relation is indeed obeyed. Our gravity solution is consistent with the form

(3.3.147) once we make the identifications

V1(7") = 3 (T2 T 1)2 + O(e )
VQ(T) = 0(64)
Ti(r) = —% [ — 27(,271—1) — :1—2 + 5log (T2 + 1) — 8log(r) — 2log(r + 1)
—4tan~!(r) + 27r] + O(é%) (3.3.148)
To(r) = O(e%)

13 A direct comparison between these two forms is complicated by an irritating feature; the coordinate
choice of the previous subsection differs from the one above (it breaks manifest SO(3) invariance) even in
the limit { — 0. We have explicitly performed the coordinate change that allows one to transform the

results between coordinates.
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and
A7) =~ + O
As(r) = 75 +O(E)
Hi(r) = O(c?)
Halr) = “Sr(r+2) -1 ] o) (3.3.149)

14r(r +1)(r2+1)

log (r? + 1) — 2log(r + 1) + 2tan™(r) —
9672

Lo(r) = ¢ [ + O(e")

3.3.6 Stress Tensor, Charge current and the Josephson Equation

The results of the previous subsection may be used to read off the values of the boundary
stress tensor, the boundary current and the correction to the Josephson equation at first
order in the derivative expansion. Like all the calculations in this paper our results are

obtained in a power series expansion in € and eiz

We parameterize our boundary stress tensor and current as

1 A— B\ - y
T = e Autu” + Bntn” + C (nfu” + ut'n )+( 5 )PW}"‘TCZSS

(3.3.150)

1
JH = Torc: [Qu" + Qont] + JH

where A, B, C, Q1 and Q2 are functions of e(x), ((z) and r.(x) as given in equations
(3.2.116) and (3.2.117). We further expand the corrections to the perfect fluid stress tensor

and current as

(3.3.151)
167GJH =

diss

.\;Iw

7 2 5
T 1
Z au“—l—bn“)—i—;Zci[Vi]“—l—O(E)

7
1
Hdiss = Z&U/l Si +0 <€_2>
=1

Our results are given as follows.
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Results for stress tensor:

P1 10(64), PQ 10(64), P310(64), P4:O(63), P5 10(64), PG :O(EB)
v = 0(), vy =0(), v3=0(), wvy=0(), wvs=0()

(3.3.152)
Results for current:
al—e[ (3—80 x )] +0(€), bp=¢€ x+0(c)
8 1
ag = (TX) +0(e3), by = —¢ [—ﬂ} + O(eh)
ta= () + 0. =0(H
1 2
ay = — 607X > +O(e?), by = O(e")
as = € <97X> +0(®), bs=0O(e")
2 3.3.153
ag = <807X > + O(€?), bs = O(e*) ( )
= &+ 0
C1 24 €
=2 x+O(eh)
c3 = O(eh)
cq = (9(64)
1+ 2log(2)
_ 3 4
= (T o)
Results for the correction to the Josephson equation:
1 2 3
Oy =€ ﬁ(5796x )|+ O(e?)
3 x
Opa =€ ( ) + O(€%)
7
ops = ( ) +0
(3.3.154)

(5 >
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In ¢ — 0 limit this derivative corrections to stress tensor, charge current and the phase
equation take the following form

. UV 3 v 3

%E}% Tcllliss = _QTCUM + 0(6 )

%gk%”:ﬂgghwqu@@}+aﬂw%%4 (3.3.155)

%1_% ﬂdiss = a3 [Pabaagb]

where

3.3.7 Weyl Covariance of our bulk fields and boundary currents

In this section we will demonstrate that our fluid dynamical solutions must, on general
grounds, obey certain constraints that follow from the requirement of Weyl invariance.
We then verify that our explicit solution does indeed obey these constraints, providing a
nontrivial check on these solutions.

All computations reported in this paper have been performed for superfluid motion on a
flat boundary metric. However our final results must be the restriction to a flat boundary
of results that apply in a general weakly curved space. The (boundary) generally covariant
version of our final bulk metric, stress tensor etc are all given simply by promoting all
derivatives to covariant derivatives (ambiguities in this procedure and boundary curvature

terms all show up only at second order in the derivative expansion).

Given these results in a general boundary spacetime, it follows on general grounds (see [10])
that our bulk metric, gauge field and scalar fields must enjoy invariance under the following

spacetime dependent Weyl transformations and coordinate redefinitions.

29 (v,x;)

7= et (V@)

g,ul/ = g€

Uy, = ue V), = e V0T C =) E=e

Note that the Weyl transformed metric g, is, in general, not flat even if the original metric
is. Let us work in the special case that the original metric g,, is taken to be flat. The

boundary connection with respect to g,, is non zero and is given by
L9, = — (670, + 670,0) — 10, 071))

The new frame covariant derivatives of u, and n, are given by

<t

e ¥ [Opty + 100 — 1 (u.0) )]
e (B + 1y Dot — 1 (1.0}

plly

<t

pi

Using these expressions one can deduce the transformation properties of the scalar, vector

(s
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and the tensor forms appearing in the bulk solution

Sl = ewSl, SQ = eng
S3 = e [S3 — (n.0)Y], Sy=e¥[Sy— (u.d)],
e [S5 — 2(n.0)Y], Sg=e¥[Ss— 2(u.0)Y],

*
I

—

[~ L = Vi, [VQL = [Valu (3.3.156)

(Vo] = 0al+ Prove, [Va] =Vl —Prow, [W5] =Wl

[Tl}#y =e? [Tl];wv |:T2} #U =e¥ [TQ]#V

If we transform the gauge field and the metric from the new Weyl frame (the frame with
tilde variables) to the old Weyl frame (the frame where the variables are denoted without
tilde), the equilibrium solution itself generates some new terms due to the r coordinate
redefinition. In the new frame the coordinates are 7 = re¥(""%1) and #* = z#. This implies

the following transformation rule for the differentials.

dF = %) (dr + rdazt 0,4)

dz" = dz*
o (3.3.157)
Oy = 8—%#& + 0y

= [re¥0,¢] 0, + 0,

This induces the following transformations on gauge field

(3.3.158)

= —re¥ [H (r) (w.00) + L (r) (n.00)] 8y + r [H (r) (u.0) + L (r) (n.0)]

In the last line we have used the scaling symmetry to set r. = 1.

Similarly the equilibrium metric also transforms and the nontrivial transformation is gen-
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erated due to the term dz*dr.
r r
—2g ( ) Uy datdi = —2g < ) uy, dz* (dr + roydz”)
r r
= —2g (—) uydatdr — 2rg (T—) upty (u.0)pdat da”
TC c

. rg (L) |:(u,ﬂ”bu + uunﬂ)(n 6)¢ + (U/MPG' + ul/ ) a'w:| dx”dm
z (3.3.159)

= —2¢ (r) updatdr — 2rg (r) upu, (u.0)pdat da”
—rg(r) {(uunl, + uyny)(n.0)Y + (uHPU +u, P ) 01/1] datdx”
Here also in the last step the scaling symmetry is used to set r. =1

Combining these transformations we find the transformed metric, gauge field and scalar have
the expected form (expected according to (3.3.7) ) together with some additional pieces that
multiply a single derivative of 1. The coefficients of these unwanted pieces themselves have
no derivatives, and must vanish in order that our result respect Weyl invariance. This
requirement imposes the following simple algebraic conditions on the fields in the metric,
scalar and gauge field:

5A3(T +25A5(T ( ):0

) ) —
0A4(r) +2 dA6(r) —rH(r) =0
(SH3(7‘) +2 (5H5(7“ 0, (SH4(7‘) +2 (SHG(T) =0

(3.3.160)
0L3(r)+20L5(r) =0, O0L4(r)+2d6Le(r)=0
03(r) +2 d0gs(r) =0, dpa(r) +2 dge(r) =
Xs(r) — Xu(r)=0
Sfs(r)+20fs5(r) =
§fa(r) +20f6(r) + 27‘9( )=0
8J3(r) +2 8Js5(r) +rg(r) =0, &Js(r) +2d6Js(r) =0 (3.3.161)
SK3(r)+2 6K5(r) =0, 6K4(r)+2 dKe(r) =0
Ya(r) = Ya(r) —rg(r) =0, Ws(r) — Wa(r) =0

We also require that the stress tensor, charge current and Josephson equation in our model
are invariant under Weyl transformations. As these boundary quantities are all independent
of r, the redefinition of r is irrelevant to the study of Weyl transformations of these quantities.

Using only the equations (3.3.156) we find the following constraints on the coefficients in
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(3.3.151)

Ps+2P=P1+2F=0

’U3—’U4:0

a3+2a5:a4+2a6:0 (33162)
by +2bs=0bs+2bsg=0
C3—C4:0

Opz +2 dps = Opa +2 ope =0

The equations (3.3.161), (3.3.160) and (3.3.162) must apply to any consistent asymptotically
AdS solution of gravitational equations. In particular these equations must apply to the
results of this paper, and constitute a nontrivial consistency check on our algebra. We have
explicitly checked that the results of our solutions obey these constraints, to the calculated

order in € and e%

3.3.8 Entropy Current from Gravity

Fluid flows obtained from the fluid gravity correspondence are automatically equipped with
families of local entropy currents of positive divergence. A particularly natural choice for
this entropy current was presented in equation 3.11 of [9]. Using this formula for our solution
we have computed the entropy current dual to our fluid flow. This entropy current has a
piece at O(1) and a piece at O(1/e?), and takes the form

2 2 5
s, Tl (W) (n) TEN" ) 1
4GJ§‘—rcu#+§;Sz (ni Uy + K; nH)Jre ;ni [VZ]H+O<64> (3.3.163)
where
(“)71 3 _ 80 v2 O3 (n) _ 1 2 O3
=56z ( )| +0(E), K" =5¢ x+0(e)
w _1 (88X 3 my _ 1o 1 3
K —26( 7)+(9( ), Ky = 5€ [ 24:|+O(6)
1 1
o) = —ge (BX) o). = oe)
L /160 22 (3.3.164)
! ‘5( 7x) O), w" = 0(e")
1
r = 2 (9—X)+O(63), P O(e?)
2 7
1 2
) — 3 (—807X ) +0(e%), k(" =0()
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w _ 1€

T o0
v 1
Ry = 5 X+ O(&)

+0O(%)

3.1
ng) — 0(63) (3 3 65)

wy) = 0(e)
wy) = O()

Quite remarkably this gravitational entropy current agrees exactly with the simple fluid
dynamical current described in (2.37) (to the order at which we have done the calculation).

3.3.9 Transformation to transverse frame and identification of the
dissipative parameters

The equations of gravitational super fluid dynamics, derived in the previous subsection are
presented in a frame (which is not transverse frame) that is adapted to the expectation
value of the operatore €(z), and is not particularly natural from a fluid dynamical point of

view.

In this subssection we will transform our results to the transverse frame. We will then
compare these results with the general ‘theory’ of dissipative dynamics presented in chapter
2. We will find perfect agreement with that general structure, and so be able to read off the

values of all 10 nonzero dissipative fluid parameters in (2.63).

The basis of first derivative quantities with non zero coefficients most suitable for this frame

is given by

S =0, (%gﬂ) LS, = (n"),) (%) L Su = 0

3 (3.3.166)
Vi = PorY, (%) ; V= Pfgo,m’; TH = JBO‘“PHVUW

These quantities may be expressed in term of the quantities (defined in (3.3.127)) used for

the gravity calculation as follows

1 28X 5 [ =5+ 96x> 43X % )
a — 2 - e - - —(2 — s
5 167G 2 |© 7 (284 = S) + ¢ 28 S1—e 14S2+€ 28( 83— 85) +O(e")
e 25, — 8
Sp = —€>xS1 — ﬂsz +O(e"); Su = %;
62 V# . T,uu
Vit= =XVl = W O, V= T = =

(3.3.167)
Let us rewrite the first derivative corrections to charge current obtained from gravity (given
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in (3.3.151) and (3.3.153)) in the following schematic form

= 1 r2 . ~
I3 _ c - . ) -
Jliss = <167TG> = (Juu“ + Jan# + ;cz[vz]“> : (3.3.168)

In the gravity solution the stress tensor ( T4

158

) is given as the following (see (3.3.152)).

167G Th = [-2r3c" + O(*)] + O < L >

diss 6_4

We can now compute first derivative corrections to stress tensor, charge current and chem-

ical potential in the transverse frame (which we denote by (Tdiss)g), (JSQ)M and p(")

respectively). We find

6 ~ v P'U‘V a1
167G ((Tdiss)(T))HU = g [.]u - 4,udiss] §2 (TL'LLTL - 3 > + T;iss’

2 - 6 N
167G (JG)" = =5 ((g - gc G — 4udiss}) n+ 3 cz-[vz-]”> . (3:3.169)
ugijl;)'s = E [ju — 14 Mdiss] 5

where 455 is the first derivative correction to the chemical potential obtained from gravity
given in (3.3.151) and in (3.3.154). Here the formulas presented in (3.3.169) are valid only

at the leading order in € for each independent data at one derivative order.

As in the previous subsection, we then consider the expected standard form fluid expression

which is given by

Puw
TCZZS = Ts |: (PaSa + PbSb + Pwa) (”u”“ - %)
By (Vi + VInk) + By (Vi + V)
+ TT“V:|
(3.3.170)
Jgiss = T2 |: (RaSa + RbSb + Rwsw) n“

+ Cavau + Cb‘/;u:|

Hdiss = — [QaSa + QbSb + Qwsw]

The gravity result after the frame transformation (3.3.169) perfectly fits into the above form
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provided we identify equation 8.22

e? 52 0 1\’
Qa = 167TG (—3) {_ﬁ + O(G) :| + O (;)
1] 24y 1
Raﬂ'{ 25¢ +0(e )] O<€2>
24 1
P, = |:25X +O( ):| + 0O <€_2>
_ 12K 0 1
@ 0 { 256+O(6) ]+O(62)
R 288
o = e (1) +00)] o (3) (33.171)
P—L@ 3+(’)()2 ) i
b (167rG)e2 2 ‘ et
24 1
72 288 1
R, = TorG)e? [— ex® + O(e) ] +0 (6—4)
373 w3 1 9 288 4\ o 3
Po="162G T orce2 [_6 - (Z AR )6 +0(0) }
1
+0(%)
and
2 1
167G B, = = [0()°] +0 <€—4)
s 1
167G Ca = 6—2[1+O(6)]+O<6—4)
3
167G Eyp = —27° + % [4 + (% - 2x2) €+ 0(6)4] +0 <€i4> (3.3.172)
2 _
167G Cp, = 7r_2 |:€3X (M) + (9(6)4] + O (%)
e 8 e
167rGT*—27r3+7r—3 —4+ LD 2106 +0 1
N e? 6 N)° ‘ et

Note that in this transverse frame also we have Q,, = P,, Ry = Py, Ro = Qp and Cp, = E
which constitutes the expected Onsager relations. All the positivity constraints given in
§2.2.7 are also obeyed in this frame. In ( — 0 limit derivative corrections to stress tensor,
charge current and the phase equation in transeverse frame take the following form

i 1] =19

lim 2 [0 =128 P, (£) (3.3.173)

hm,udws B30, (%E”)
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where

6127r3+%[ 4+—+(9

3

1 T
br = 167G [76_2 +0
2
)

wo(;

] o(2)
o)

(3.3.174)
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Lumps of plasma as duals to

exotic black objects

In this chapter we study horizon topologies and thermodynamic properties of black objects
in arbitrary dimensions greater than 5 with the assymptotic space being Scerk-Schwarz
compactified AdS space. The spectrum of black obejcts in dimensions greater than equal to
5 is extremely rich with interesting phase diagrams. As the construction of these exohotic
horizon topologies directly in gravity turns out to be difficult we employ an indirect method
to study them which uses the AdS/CFT correspondance in the long wavelength limit in an

essential way.

In the long wavelength limit, this field theory admits a fluid description where the dynamics
is governed by the d dimensional relativistic Navier-Stokes equation. The effect of the Scerk-
Schwarz compactification is only to introduce a constant additive piece to the free energy
of the deconfined fluid [79]. Due to this shift, the pressure can go to zero at finite energy
densities, allowing the existence of arbitrarily large finite lumps of deconfined fluid separated
from the confined phase by a surface — the plasmaballs of [79]. Now by the AdS/CFT
correspondence finite energy localized non-dissipative configurations of the plasma fluid in
the deconfined phase is dual to stationary black objects in the bulk. Thus, by studying fluid
configurations that solve the d dimensional relativistic Navier-Stokes equation we can infer
facts about the black objects in SSAdS,42 [6, 80]. We shall conduct this study by explicitly

constructing a non-trivial class of fluid configurations in a perturbative expansion.

Two important feature of the dual black object that one can infer from the fluid config-
urations are the horizon topology and the thermodynamics. The thermodynamics of the
black object can be studied by simply computing the thermodynamic properties of the fluid
configuration — one integrates the energy density, entropy density etc. to compute the total

energy, entropy etc. and the rest follows.

The horizon topology can be inferred as follows. Far outside the region corresponding to the
plasma, the bulk should look like the AdS-soliton. In this configuration the Scherk-Schwarz
circle contracts as one moves away from the boundary, eventually reaching zero size and

capping off spacetime smoothly. Deep inside the region corresponding to the plasma, the
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(" ) Boundary

U //’ Scherk-Schwarz circle

AdS soliton Black brane AdS soliton

Figure 4.1: Schematic description of the bulk dual of a plasmaball with some circle fibres
indicated.

bulk should look like the black brane. In this configuration the Scherk-Schwarz circles does
not contract, it still has non-zero size when one reaches the horizon. It follows that as one
moves along the horizon, the Scherk-Schwarz circle must contract as one approaches the edge
of the region corresponding to the plasma. The horizon topology is found by looking at the
fibration of a circle over a region the same shape as the plasma configuration, contracting
the circle at the edges [79, 80]. We have provided a schematic drawing of this in fig.4.1.

4.1 General construction and thermodynamics of plasma-

lumps

In this section we review the general formalism we will use in this chapter. In §4.1.1 we
discuss the thermodynamic properties of the fluids we consider here, in §4.1.2 we review
relativistic fluid mechanics, in §4.1.3 we review the relativistic treatment of surface tension

and in §4.1.4 we describe the general construction of equilibrium configurations.

4.1.1 Thermodynamics

A fluid with all conserved charges and chemical potentials set to zero satisfies

p+P=sT,
dp = Tds, (4.1.1)
dP =sdT,

where p, P, s and 7 are the local density, pressure, entropy density and temperature as
measured in the rest frame of the fluid. Note that all intensive thermodynamic quantities can
be written as functions of one variable which we will usually choose to be the temperature.
Once we are given the pressure as a function of temperature, we can use (4.1.1) to determine
the other quantities.
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The fluids that we will consider here — those obtained by the compactification of a conformal
theory with a gravity dual on a Scherk-Schwarz circle — have an equation of state of the

form

= % (7d+1 . Tcdﬂ) _ (4.1.2)

Note that this notation is slightly different from that used in [6, 80]. The quantity « here

differs from the one used previously by a factor of 7. We also have py = o7.%.

w2 N?
g -

When the parent conformal theory is A' = 4 super Yang-Mills, we have a =

As the confined phase has a free energy ~ O(N?), to leading order at large N we can treat it
as the vacuum. The confining/deconfining phase transition occurs when the two phases have
the same free energy. In our case, this is approximately at 7 = 7.. At this temperature,
the density is given by p. = (d 4+ 1)aZ.?. Note that pg is not the critical density.

4.1.2 Fluid mechanics

Provided all length scales are large compared to the thermalisation scale of the fluid (which
we call lmgp), each patch of the fluid is well described by equilibrium thermodynamics in
its rest frame. The fluid is characterised by the velocity of these patches — described by a
vector ut = y(1,7) — and the intensive thermodynamic quantities in their rest frames —
which can all be computed from the proper temperature 7 using the equation of state and

the first law of thermodynamics, as in §4.1.1.

The equations of fluid dynamics are simply a statement of the conservation of the stress

tensor THY
V. =0. (4.1.3)

This provides d equations for the evolution of for the d quantities ¥ and 7 once we have

expressed the stress tensor as a function of these quantities.

Perfect fluid stress tensor

The dynamics of a fluid is completely specified once the stress tensor and charge currents are
given as functions of 7 and u#. As we have explained in the introduction, fluid mechanics
is an effective description at long distances (i.e, it is valid only when the fluid variables vary
on distance scales that are large compared to the mean free path lmg,). As a consequence it
is natural to expand the stress tensor in powers of derivatives. In this subsection we briefly

review the leading (i.e. zeroth) order terms in this expansion.

It is convenient to define a projection tensor
PH = gl + u'u”. (4.1.4)

PH” projects vectors onto the (d — 1) dimensional submanifold orthogonal to u*. In other

words, P*” may be thought of as a projector onto spatial coordinates in the rest frame of
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the fluid. In a similar fashion, —u*u” projects vectors onto the time direction in the fluid

rest frame.

To zeroth order in the derivative expansion, Lorentz invariance and the correct static limit
uniquely determine the stress tensor, charge and the entropy currents in terms of the

thermodynamic variables. We have

™. . = putu” + PP*
perfect ’
(4.1.5)
(Jg)perfect = su“,

where all thermodynamic quantities are measured in the local rest frame of the fluid, so that
they are Lorentz scalars. It is not difficult to verify that in this zero-derivative (or perfect
fluid) approximation, the entropy current is conserved. Entropy production (associated with
dissipation) occurs only at the first subleading order in the derivative expansion, as we will

see in the next subsection.

Dissipation

Now, we proceed to examine the first subleading order in the derivative expansion. In the
first subleading order, Lorentz invariance and the physical requirement that entropy be non-
decreasing determine the form of the stress tensor and the current to be (see, for example,
§814.1 of [87])

T(ﬁlslsipative = _CﬁP#V - 27704“/ + q“u” + uﬂql/’
g" (4.1.6)
(Jg)dissipative = ? .
where
at =u"Vyut,
¥ =V, u,
(4.1.7)

1 1
wro_ P,u)\v v Pu/\v wy _ 9 PH
g 5 ( AU+ AU ) d—1 )
¢ = —-kP*" (0, T +a,7T),
are the acceleration, expansion, shear tensor and heat flux respectively.

These equations define a set of new fluid dynamical parameters in addition to those of the
previous subsection: ( is the bulk viscosity, 1 is the shear viscosity and « is the thermal
conductivity. Fourier’s law of heat conduction §= —kVT has been relativistically modified

to
¢ = —kP*" (0, T +0a,7), (4.1.8)

with an extra term that is related to the redshifting of the temperature.

At this order in the derivative expansion, the entropy current is no longer conserved;
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however, it may be checked [87] that

7" qu 2
+ (0% + 2n0 07 (4.1.9)

TV, JE =
Vi, KT

As ¢* and o™ are all spacelike vectors and tensors, the RHS of (4.1.9) is positive provided
71, (, k are positive parameters, a condition we further assume. This establishes that (even
locally) entropy can only be produced but never destroyed. In equilibrium, V,J§ must

vanish. It follows that, ¢*, ¥ and o*" each individually vanish in equilibrium.

For fluids with gravity duals, the shear viscosity is given by n = ;> [45]. We can estimate
the thermalisation length of the fluid by comparing coefficients at different orders in the
derivative expansion

s

(4.1.10)

N
TP A

This length scale may plausibly be identified with the thermalisation length scale of the
fluid. This may be demonstrated within the kinetic theory, where ly,¢, is simply the mean
free path of colliding molecules, but is expected to apply to more generally to any fluid with

short range interactions.

With the equation of state (4.1.2), this is given by

Td
7r(deJrl + Tcdﬂ) :

(4.1.11)

lmfp ~

As we will be restricting attention to temperatures close to 7¢, we have lygp ~ 1/7c.

4.1.3 Surfaces

The plasma ball configurations we consider have a domain wall separating a bubble of the
deconfined phase from the confined phase. As the density, pressure, etc. of the deconfined
phase are a factor of N2 larger than the confined phase, we can treat the confined phase as

the vacuum and the domain wall as a surface bounding the deconfined fluid.

At surfaces, the density of the fluid changes too rapidly to be described by fluid mechanics.
However, provided that we look at length scales much larger than the thickness of the

surface, we can replace this region by a delta function localised piece of the stress tensor.

At these length scales, this stress tensor will depend on the direction of the surface, with

dependence on its curvature being suppressed.
In general, introducing a surface energy density og, a surface entropy density og and a

surface tension o, considerations similar to those leading to (4.1.1) lead to

og=0+7og,

do = —0g5dT.

However, the surface tension was only computed at 7 = 7 in [79], so we will have to ignore
its temperature dependence. As we can see above, this is equivalent to setting g = 0 and

O = 0.
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Let’s describe the location of the surface by a function f(x) that is positive inside the fluid

and has a first order zero on the surface:

T = O(F)Thy + O(F)TL (4.1.12)

surface*

At large length scales, as mentioned above, T"”

r wface Will only depend on the first derivative

of f and no higher derivatives.

If we demand invariance under reparameterisations of the function f(z) — g(z)f(x), where
g(z) > 0, and that the surface moves at the velocity of the fluid

w9, f|;_y =0, (4.1.13)

the surface stress tensor is (see §2.3 of [80])

Th tee = VOF-Of [opuru” — o(g" — nFn” + ubu”)], (4.1.14)
where n, = —0 Of-Of is the normal to the surface. Note that (8, f)T"". . =0. If we
® © [ surface

take the surface tension to be constant, as above, we get

Tsirface = —oht” V afafv (4115)

where hu, = g — nun, is the induced metric of the surface. The factor of /Of-0f also
has a simple interpretation: suppose we use a coordinate system where f is one of the
coordinates. Then

VOf-0f =g/ = deth (4.1.16)

detg’

which provides the correct change of integration measure for localisation to the surface. If

we used some other coordinates, there’d be an extra Jacobian factor.

We have
VT = 0 )V T + () @y )Ty + D)V, T (4.1.17)

surface*

So, in addition to (4.1.3), we have the boundary conditions

(aﬂf)TfTull/ld + VHTsﬁljll;face =0. (4118)
f=0
Also, when we take the surface tension to be constant:
v Uf (0"f)(DM )V O f
VI o = - £ f=-000" 4.1.19
K~ surface o (afaf)l/g (8f8f)3/2 f a fv ( )

where © is the trace of the extrinsic curvature of the surface, as seen from outside the fluid
(see Appendix C.1).

If we have several disconnected surfaces, it is convenient to make the separation f =[], f;.
As the surfaces are disconnected, the zero sets of the f; do not intersect. Also, the f; are

all positive inside the fluid. Therefore, whenever one of the f; is negative or zero, all the
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others are positive. Luckily, (4.1.17) splits nicely

VT =[]0 ViTha+ 32 80 (O Thiha + VTt 1)

From the form of the gravity solution, we would expect o /p to be similar to the thickness

of the surface. We can estimate it using

A — (4.1.20)

= Pc (d+ 1)a7zd .

In general, it will be of order NV and is similar to the surface thickness and Imgp (if 87 can

be considered similar to 1).

For the domain wall of [79] in d = 2 + 1 dimensions, the thickness and surface tension are
approximately 6 x # and o = 2.0 x £ respectively. This gives £ = %, which is pretty

close to the thickness.

In d = 3+ 1, the domain wall of [79] has thickness and surface tension approximately equal
to 5 X ﬁ and o = 1.7 x £¢ respectively. This gives £ = %7, which is also pretty close to

T,
the thickness.

For our purposes, it is more convenient to talk about the length scale

§=(d+1)E="—=—

= —. 4.1.21
po Tl ( )

4.1.4 Equilibrium configurations

In this subsection, we will specialise the general discussion above to the construction of
equilibrium configurations of fluids with surfaces. We will also derive a simple approach to

studying the thermodynamic properties of these configurations.

Solutions for the interior

We want to find solutions of (4.1.3) that are independent of time, which means we need to
set (4.1.9) to zero. This means we need velocity configurations that have zero expansion
and shear. In general, this would be a combination of a uniform boost and rigid rotation.
We can always boost to a frame where the centre of rotation is static and the rotation lies

in the Cartan directions of the rotation group. This gives
u = Y(0 + waly), (4.1.22)

where w, are the angular velocities and [, are a set of commuting rotational Killing vectors.
The important feature is that the velocity is a normalisation factor times a Killing vector
(see §2.2 of [88]):

ut = yK*F, VK'K, = -1, VK, =0. (4.1.23)
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One can deduce that

v Oy
Y=0c"=0 ut0,v =0, a, = ——+=
v
Which leads to -
q" = —kyP*" 9, {—}
One can also show that
y N ds T
VHTItLerfect =7 (SP " + Ta_Tu u#) aﬂ [;]

So the velocity configuration (4.1.22) will be an equilibrium solution to the equations of
motion provided that
T
— =T = constant. (4.1.24)
Y

Using the equation of state and (4.1.1), this determines all of the intensive thermodynamic

quantities in the fluid.

Solutions for surfaces

The fluid configurations described in the previous subsection have T(ﬁls/sipative = 0. Therefore

(O Ty = (0 F) Ty = PO,
This means that (4.1.18) and (4.1.19) reduce to
Ply=o = 0O. (4.1.25)

As the pressure is determined by (4.1.24), this provides a differential equation that deter-
mines allowed positions of surfaces. Demanding that the surface has no conical singularities
turns out to provide enough boundary conditions to determine the position of the surface

completely (up to discrete choices) in terms of the parameters Q,, T

Thermodynamics of solutions

We compute the extensive thermodynamic properties of these solutions by integrating the
time components of the corresponding currents (noting that the current associated with a
Killing vector ¢* is J' = T"(,):

Qx = /dVJ%. (4.1.26)

We are assuming that the space-time in consideration is static, so it can be foliated by
space-like surfaces ¢ = constant with normal d;. In fact, here we will only consider fluids in

flat space.
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In particular, also noting that for equilibrium configurations 0°f = 0,

Q¢ = /dve(f) [(p+P)V’K K¢+ P —/dV&(f)\/af-afag‘O. (4.1.27)

Noting that K° = (9;)° = 1 and [? = 0, this gives

E=-Qs =- /dvo(f) [(p+P)V’K-9,+P] + /dVé(f)\/afﬁfo,
Lo=Q. = / AVo(f) [(p + PIK 1], (4.1.28)

S=Qs = / ave(s) frs).

From these quantities, we can compute overall angular velocities w, and temperature T'
thermodynamically
dF = w,dL, +TdS. (4.1.29)

A priori, it may not seems that these quantities have to be the same as w,, T from (4.1.22)
and (4.1.24). However, we can show that they are the same by checking that (4.1.29) holds
with wg, T taken from (4.1.22) and (4.1.24). In practice, it is easier to verify the equivalent
statement

A(E — woLq — TS) = —Lq dwg — SdT. (4.1.30)

First, making use of (4.1.1), we see that

E—wola—TS=—Qx —TQg = — /dVG(f)P + /dV&(f)\/af-afa. (4.1.31)

Note that the second integral is simply o times the surface area: as we saw in (4.1.16) the
factor of \/Of-0f provides the correct change of measure for the delta function to localise

the integral to the surface.

Consider an infinitesimal change of w,, T. We have

4P = sd(vT) = 252 4y 4 s ar.
o
7y 3dy = K-dK = K1, dw,.

From this, we see that (4.1.30) is satisfied by the contributions from the interior. As the
right hand side of (4.1.30) has no contributions from the surface, we need to check that the
surface contributions of the variation of (4.1.31) cancel.

The change in the surface area can be written as
dA = 7{ dA -,

where the integral is performed over the union of the initial and final surfaces, 77 is a unit
normal vector pointing into the initial fluid and out of the final fluid and @ is some vector

field that is equal to the outward pointing normal at both the initial and final surfaces. By
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Gauss’ theorem, this can be written as
dA = / dV V-,

with the integral performed over the region between the two surfaces. The volume element
can be written as [dV = [dA (7i-Az), with 7 pointing outwards. As the volume element
is already infinitesimal, we can replace @ with the vector field described in (C.1.5), as the
difference would be infinitesimal, i.e. V- — ©O. Also, as f = 0 on the initial surface, and
f+df =0 on the final surface (df refers to the change in f due to the change in Q,, T),
we have

of of

S0 10 + FHdT =0,
df

— iAr=

VOf-of

OufAz! +

Therefore

dA = /dV(S(f)@ df.
So, we can write the surface contribution to the variation of (4.1.31) as
d(E — weLlq — T'S)surface = — /dV(S(f)Pdf + /dV(S(f) o0 df,

which vanishes due to (4.1.37).

The thermodynamics of the solution can be summarised by defining a grand partition

function 5 I
Z,e = Trexp <$) . (4.1.32)
T
In the thermodynamic limit,
—TInZg=FE —weLq, — T8,
(4.1.33)
d(T'In Zs.) = L, dw, + SdT.
We have seen that
Tangc:/ dVPf/ dAo (4.1.34)
f>0 f=0

and the w,, T are the same as those given by (4.1.22) and (4.1.24).

Validity

We are making several approximations in this paper. First of all, the Navier-Stokes equations
are merely a long wavelength approximation to the full dynamics of the gauge theory. This
will be a good approximation provided that the length scale of variation of 7 and wu* is

small compared to the thermalisation scale of the fluid (4.1.10).

Second, we have treated the surface of the plasma as sharp; in reality this surface has a

thickness of order £ (see (4.1.20)). Consequently, our treatment of the surface is valid only
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when its curvature is small compared to 1/€ ~ 1/£" (higher derivative contributions to the
surface stress tensor, which we have ignored in our treatment, would become important if
this were not the case); further we must also require that only a small fraction of the fluid

should reside in surfaces. This boils down to demanding that all sizes are much larger than

3

Thirdly, we have ignored the fact that the surface tension is a function of the fluid temper-
ature at the surface, and simply set o = o(7;). This is valid provided that 7 /7. ~ 1 at
all surfaces. When this is the case, the pressure will be small compared to p. (see (4.1.2)).
Then, (4.1.37) tells us that the extrinsic curvature of the surface must be small compared
to 1/&, which is the same as the previous condition.

We can estimate the scale over which thermodynamic quantities vary as the distance over
which the fractional change in the temperature is one. As the temperature is proportional

to 7, we should demand (schematically)

1 1—02
[VInyl| vl

> lmfp .

At temperatures close to 7;, where our other approximations are valid, we have lng ~ &'

Therefore, we require that that
1—v?

[lwo]]

This will be true if the speed of the fluid is much less than the speed of light and the angular

> ¢

velocities are much less that 1/’

Dimensionless variables

It is convenient to rescale the variables as follows. First we rescale all lengths and times by
¢’ (i.e. working in units where &' = 1)
- w
x=£'17, We = «f_(’l . (4.1.35)
We measure temperature in units of 7, and further rescale extensive thermodynamic quan-
tities by aZ.%.

T= ch, InZ,. = (T 1e =N 1n Z~gc, E= (a’]’cdéldfl)i', (4.1.36)
S = (O/Jdcdflgldfl)g, L = (a%df/d)z. o
Then, (4.1.41) becomes
[(yf)d“ - 1} o (4.1.37)
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and (4.1.42) becomes

Tln 2 — / av [Ty 1] - / dA,
>0 f=0

FlZy=F - GuL. - T8, (4.1.38)
A(TIn Z4.) = Ly dig + S dT.

From now on, we will suppress all tildes and work entirely with the new variables.
Summary
We can summarise the construction of equilibrium solutions as follows:
The fluid velocity is given by

ut = ~vyK*, where K = 0 + we0y,,

‘ ¢ (4.1.39)

v = (~K'K,) 77,
with ¢, being a set of angular coordinates such that ¢, — ¢, + ¢, are a set of commuting
isometries and w, the angular velocities.

The thermodynamic properties of the fluid are specified by
T =~T. (4.1.40)
All other local thermodynamic properties can be computed from the equation of state (4.1.2)

and the relations (4.1.1).

The position of the surface is specified by a function f that is positive inside the fluid and

negative outside. It is determined by
[(’YT)d-i_l - 1} surface 9’ (4141)

with © given by (C.1.7), and the condition that the surface is closed without conical

singularities.
The overall thermodynamic properties of the solution can be computed from
Tln Z, :/ AV [(vT)* = 1] f/ dA,

f f

>0 =0

~TlZe =FE —woLy — TS, (4.1.42)

A(T'In Zye) = Ly dw, + S dT.

4.2 Black objects in arbitrary dimensions

As mentioned in the introduction we study the horizon topologies of black objects in

SSAdS442 through the dual fluid configurations which solve the d dimensional relativistic
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Navier-Stokes equation. In [80] exact disc (B?) like plasma configurations were obtained
in 241 dimensions. In one higher dimension (i.e. in 341 dimensions) we can expect the
existence of the solution B? x R!, which is topologically a cylinder. Now we can bend the
cylinder into a ring. The fact that such a ring solution exists were shown (numerically) in
[80] and its thermodynamics were explored in [6]. This ring solution can be constructed
perturbatively from the cylinder (a suitable expansion parameter being the ratio € = %, R
being the radius of the cylinder and £ being the distance of the cylinder from the origin). The
leading order solution, called the thin ring, (correct up to O(e)) was obtained analytically
in [6].

This method can be used to construct rings and other exotic plasma configurations in higher
dimensions. For example in one more dimension (i.e. 4+1 dimensions) we can have a cylinder
solution with topology B x R! (B? being the ball type solution in 3 + 1 dimension) then
we can bend this cylinder to form a ring. In this way we would be able to obtain ring type
solutions from the plasmaball configuration in one lower dimension. Further besides the
ring we can also construct other configurations by a similar method. Again for concreteness
let us consider the example of 4 + 1 dimension where besides the B3 x R! topology we can
also have a topology B? x R? constructed out of the B2 solution in 2 + 1 dimensions (two
dimensions lower). Now we can bend the B? x R? configuration along two directions in the
R? to form B2 x S x S'. Another way to think of it is that in 3 + 1 dimensions the B? x S!
topology existed. So (just like the construction of the cylinder) in 4 + 1 dimension we have
a topology B? x S x R'. Now we can bend this cylinder along the R! to form the topology
B? x 8! x S'. Thus in d space-time dimensions we can use this method to study a topology

Bld=1-n) o pn _ gld=1-n) y gl o gl St (4.2.43)
N—————
n times

Note that there can be solutions with other topologies in d dimensions which we will not
be able to capture by our method, therefore we shall look at these topologies only. Here n

cannot be arbitrary. Naively we would expect n < d — 3 so that the ball is at least a B2

L. However there is a stronger bound on n. We recall the fact that for the ring (or more

exotic objects as above) to exist we must have non-zero angular momentum in the plane of

the S'(s). However in d dimensions we can independently turn on angular momentum only
along 41 (452) directions for odd (even) d. This is because the group of spatial rotations in

d dimensions is SO(d — 1) which has rank 45* (452) for odd (even) d. Thus n should not be
more than the number of Cartans of the (spatial) rotation group in a particular dimension.

Hence n should satisfy

n=0, ford=3.

d—1
n < — for odd d greater than 3. (4.2.44)

d—2
n< ——

, for even d.
2

L If the ball is a B! then we would be considering hollow solutions; however we are unable to capture
the description of those solutions by our method. In addition, such hollow solutions might not exist in all
dimension. In 2 4+ 1 dimensions the existence of such hollow solutions (the annular ring) was reported in
[80]; while there is strong evidence (see [6, 80]) to suggest that such hollow solutions do not exist in 3+ 1
dimensions.
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Here note that d = 3 is a special case because for this dimension n < d — 3 is a stronger
bound than n < 91, Also note that a new topology of the plasma configuration is obtained
for every odd d (2 5). Thus in an even d we only have the solutions that existed in d — 1

dimensions.

Here we shall analytically show (in an approximation analogous to the thin ring approx-
imation) that these topologies exist as plasma configurations which are solutions of the
relativistic Navier-Stokes equations expressed in the form (4.1.3). The most suitable co-
ordinate system for studying the general topology (4.2.43) is the one in which we choose
{ra,da} with @ = 1,...n as the coordinates on the n planes containing the n S's and in the
rest of the space (which exists exists when d > 2n+ 1) we choose spherical polar coordinates
{r,01,...,0 (d—2n—2) }. The coordinates ¢, and 0; are angular coordinates; the coordinates
{6} with j = 1,...,(d — 2n — 2) may be taken to be the coordinates on a unit sphere in
a d — 2n — 1 dimensional space. The angles 0; will be absent if d = 2n + 2. The range of
all the radial coordinates {r,r,} are as usual [0, 00) while the angles ¢, € [0,27). Besides

these spatial coordinate we denote the time coordinate by .

The metric is given by

ds? = —dt?+) " r2d@2+ Y drZ+dr? 4072002, o (01,02, Oa2n—2) (4.2.45)

where dQ% d—2n—2) is the round metric on a unit sphere in d — 2n — 1 dimensions. In such a
space we consider the fluid surface to be given by

f=h(r,re,...,1) —7=0. (4.2.46)
For n = % we have a special case because then there is no r coordinate. In this case we
consider f = h(ra,...,r,) —r1 = 0 as the equation of the surface.

The velocity is given by u* = v(1,w,...,wy,0,0,...,0), with y = (1 = >, w? ) being
the normalization factor. Note that here we are not considering any angular velocity in the
0; directions. The topologies that we explore could also be spinning along the 6; directions.
However, if that were the case the zeroth order solution would not be simply a round ball
times a plane and we would lose analytic control. It might be possible to turn on infinitesimal

angular velocities in these directions, but we will not consider that here.

The equation for h(r,) that follows from (4.1.37) is given by

d+1 n
T 1= _ 1 _ sza’rahfzaraarah
(1= Yo w2rd) ) 1+ 301 @)@, )2 \\ b 5 Ta

a=1

(1 + Y (9r,h)(0r, h) + > (0r, 1) (02, h)(Or, O, )

a=1 a,b=1

(4.2.47)

where m = d — 2n — 2. In order to obtain (4.2.47) from (4.1.37) we set the typical length

scale of the problem £’ to 1 by suitable choice of units and we are measuring temperature
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in units of 7, as described in §4.1.4. For n = % the sum starts running from 2 (instead
of 1) in the above equation. Now we separately consider the space of {r,r,} (only the first
"quadrant’ of this space is physical because {r,7,} € [0,00)). We now shift the origin to a

new point Z such that it is given by
—
L=(0,LP,LP,...,LP,) (4.2.48)

P,s are projectors along various 7, directions, so that >_ P2 = 1 and £ is the magnitude of
— —

the vector L£. Again in the special case of n = % we take £ = (LPy,LP,...,LP,). Let

{z,} be the new shifted coordinates such that

T = LPy + T (4.2.49)

As is apparent the coordinate r (if it exists) remains unchanged by this coordinate change.
Now we perform the following scaling

1
We = €Wg; L= ?0; h=y({xa}) (4.2.50)

Then (4.2.47) at leading order in € (which is €°) reduces to the equation

T+t 1 m  —
S (5 Xo00)
a=1

(1= 3, (waloP,)2) (%) (1430, D0, yde,y) 3

(1 +y 8Iay8%y> -

(02,9)(02,Y) (02, 0z, y)

1

n

a=1 b

(4.2.51)

Now (4.2.51) is satisfied by the function

y({za}) = <R2 - Zﬁ) : (4.2.52)

a=1

provided the following equation is satisfied by the parameters

dl)
2

(
e ((d—”#) (1 _ Z(gopawa)2> (4.2.53)

a

Also the equation (4.2.47) at O(e) yields

d+ 1)Td+1 2P 00Ta 1 0,
(d+ )T 3 (waPaloza) Zgoijy —0. (4.2.54)

(13, (waPal)2) T (14 X0y Ou,y0e,y)?

In the above equation if we substitute (4.2.52) and set the coefficients of x, to zero then we
get (after using (4.2.53))

w? = > ! . (4.2.55)
(boPa)” (((d—n—=2)+ R)(d+1) +n)
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Note that here we have n+ 1 equations for n+ 2 parameters R, ¢y and n P,s. However there
is one constraint among the P,s (namely > P? = 1) which gives us the correct number of

equations for the parameters to be determined.

Again for the special case of n = 951 the chief results (4.2.52), (4.2.53) and (4.2.55) remain
unchanged. However we have h = LP;+y({z;}). As aresult the Oth and 1st order equations,
(4.2.51) and (4.2.54), are changed respectively to

Td-‘rl 1
-1= 3 - § 02,0z,
(1— 3, (weloPa)2)F) 1+, 0e,y0s,y)? << ” y)

(1 + Z 3xay8xay> + Z(amay)(axby)(azaarby) )

a,b
(4.2.56)

and

d+1)Ti+! 2P, by, 1 1 '
(T Salbatipge) | T 3 b ) _ g (a257)
(1 - Za(waPaKOP)T (1 + Za 5%?/5%3/)2 EOPI = EOP(aJrl)

As mentioned before here the sums run from 2 to n. Also in this case besides equating the
coefficients of x4s to zero in (4.2.57) we also have set the coefficient of (R? — 3", #2)7 to
zero to obtain (4.2.55).

In (4.2.55) we find a very curious fact about the speed of the class of solutions that we
analyze here. The velocities w, P,{y reach a maximum when R — 0 and the maximum

value is given by
1

Vid=—n=2)d+1)+n

This value is consistent with the maximum speed for the ring in 3 + 1 dimensions quoted in

W Ply = (4.2.58)

[6]. Also note that for the ring (n = 1) and large d this maximum value goes as %; this is
unlike (although consistent with) the behavior of the ring in asymptotically flat space where
this goes as ﬁ (see [83, 89]). However, this limiting value occurs when R — 0, where our
approximation of the surface as having no thickness breaks down. Nevertheless, for large
space time dimension the behavior of black holes in asymptotically flat spaces and that in
asymptotically AdS spaces are expected to be similar (see [88]). In the light of this fact we
may conclude that our fluid approximation is unable to capture this phenomenon correctly

unless there actually exist a better bound in flat space (which would go as é for large d).

In the coordinates that we have used in this section, the first derivative of our solution

(aby(aca) = ﬁ) is singular near Y 22 = R2. In fact (from our analysis so far) it is
_ x2 2

unclear whether a consistent perturbation theory can be performed in the ¢ parameter about

the solution (4.2.52). In the later sections we shall move to better coordinates and exhibit

the existence of a well controlled perturbation theory about (4.2.52). In certain special cases

we shall explicitly compute the first correction to (4.2.52) which occurs at O(€?).
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Summary

Here we have constructed a class of fluid configurations to the d dimensional Navier-Stokes
equation in the generalized thin ring limit. To leading order in the parameter e these fluid

configurations are given by,

BU=1=n) yopn — Bld—1-n) o gl o gt . sy
—_—
n times

where n < [%] These configurations are parameterized by the radius of the ball (R)
and the radii of the various S's ({oP,). In the generalized thin ring limit locally these
configurations are like filled cylinders with the topology B(¢~1=") x R”. Then we can bend
the different directions in R™ into S's in a controlled way with a perturbation expansion in €.
Now the intrinsic fluid parameters (namely the temperature (T") and the angular velocities
(wq)) are related to the parameters of the fluid configuration (R and ¢yFP,) by the force
balance conditions. The pressure along the radial direction of the ball is balanced by the

surface tension. This condition yields

o (lon -2 R) (1 - Z(gopaway)(

d+1
2
a

On the other hand the pressure along the radial direction of the S's is balanced by the
centrifugal force. In order to obtain this force balance we require these configurations to
be rotating (at least) in the planes in which the S's lie. For the sake of simplicity we have
turned off angular velocity along any other direction. This force balance determines the
angular velocities to be

9 1

Y P (d=n—2) 1 R)d+ 1) +n)

These fluid configurations are dual to the horizon topology S~ x T™. Thus by exploiting
the AdS/CFT correspondence we indirectly confirm the existence of such exotic horizon
topologies. It is possible to generate a perturbation expansion (in the e parameter) about
these solutions as we shall demonstrate in some explicit examples in the later sections. Also
the thermodynamic properties of the fluid configurations directly map to that of these exotic
black objects. This provides us with a opportunity to study the thermodynamics of these

black objects without performing a direct gravity calculation.

4.3 Rings

In this section we shall analyze the topology B4~2 x S'. This topology is the special case of
(4.2.43) (for n = 1). We shall study this ring type solutions in 3 + 1 and 4 + 1 dimensions
in detail. We use regular coordinates to set up a well controlled perturbation expansion in
the parameter € to compute corrections to the thin ring. The thin ring solution in 3 + 1

dimensions has been well studied (including the thermodynamic properties) in [6]. Here

101



Chapter 4

we present the first correction to that solution demonstrating the fact that it is possible
to construct such rings as a series in the e¢ parameter. This method can in principle be
generalised to higher dimensions (we present the results in 4 + 1 dimensions in §4.3.2). All

these solutions are consistent with the general case discussed in §4.2 to zeroth order in e.

4.3.1 Rings in 3+1 dimensions

As pointed out previously in §4.2 the coordinates that we used for our general discussion
(which are those that are used in [6, 80]) are not suitable for the perturbation theory.
Therefore, for the construction of a regular well controlled perturbation theory, we move to

some regular coordinates.

Here we use the coordinates {t, p, 8, ¢}, t being the time coordinate, which are related to

those used previously by

r =L+ pcosb,
P (4.3.59)
z = psiné.
The metric is given by
ds? = —dt* 4+ dp? 4 p?dh* + (L + pcos 0)?de®. (4.3.60)

Here £ is a number which we shall determine in terms of the parameters of our system order
by order in perturbation theory. Physically £ is the distance of the center of the cylinder
(our Oth order solution) from the origin. We simply redefine this center to be our origin in
the above metric.

These coordinates are described in fig.4.2.

A

z

[
<

Figure 4.2: Cross section of the 341 dimensional ring. The curved arrow labelled ¢ indicates
a direction that has been suppressed.

_1
2

The velocity vector is given by u# = (1, 0,0, w), where again v = (1 — w?(L + pcos(6))?)

is the normalization constant. In this case we consider the fluid surface to be given by
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Then (4.1.37) reduces to the following differential equation for the function g(6)

75 )

—1- sin(6)g' ()

(1 — w2(L + cos(B)g(6))2)*? (C+ cos(090) 90 + 9(0)) (sin(0)g'(0)
+(2L + 3 cos(0)g(0))g' (0) + 9(6)* sin(0)g'(0) + g(0) (9(0)(L + 2 cos()g(6))

—(£ + cos(0)g(0))g" (6))) = 0.

(4.3.61)
Now we perform the following scaling:
w=€w

9(0) = R+ g1 (0) + €2g2(0) + € g3(0) (4.3.62)

1
L= 0o+l +ely + €23
€

where € is the small parameter with which we wish to perform the perturbation. Here
g1, g2, g3 are functions to be determined and £y, {1, {2, {3 are to be expressed in terms of the
fluid parameters. Also note that to zeroth order g() = R, which is the same solution that
has been obtained in [6]. Also the solution in [6] (as in the general discussion above) was
true up to first order in e. This implies that the first order correction to g(6) (i.e. ¢1(9))
should vanish, as we shall shortly show.

To first order in € (4.3.61) reduces to

1 T5
-1-=—4+——=0. 4.3.63
R (1- wQE%)% ( )

To higher order in € we obtain differential equations for g1, g2, g3 etc. These differential
equations are of the general form

9i(0) + g7 (6) = S;(0). (4.3.64)

where S§(0) is the source which is determined at a particular order once the the complete
solution up to one lower order is completely known. Also note that the homogeneous part

of the equation is the same at all orders.

The equation that we obtain at first order is

5T50olw? 5700 Rw? 1
" _ _n2 0*1 0 4
91(0) +9/(0) = —R ((1 ) + ((1 ByrweE £O> cos(9)> (4.3.65)

Solving the above equation we obtain
g1(0) =Cy cos(0) + Cosin b
R (((1 — 2uw?)"? - 5T5£ng2) (cos(6) + 20sin(0)) — 20Tseg£1w2) (4.3.66)
4l (1 — Buw?)"?

+
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where the C; and C; are the integration constants to be determined by the boundary
conditions. We must also remember that the constants R, {,,#; are also to be determined

in terms of the other fluid parameters, viz. K and w.

Now from physical considerations we shall demand that the surface should be a closed

surface. This results in the boundary condition
91(0) =0; gy (m) =0. (4.3.67)

The first condition demands C3 = 0, while the second condition yields

5T502 Ru?

e _1=0 (4.3.68)
(1 2w2)™?

Here the relations (4.3.63) and (4.3.68) may be used to express R and ¢y in terms of the
fluid parameters 7" and w. However for performing the calculations it is more convenient to

do the reverse. We then have

T5 — (1 + %) (%)% (4.3.69)

1
T V6T bR

Plugging back these relations into (4.3.66) we find ¢g(#) up to order €, which is given by
¢ 2
g(0) = R+¢€(Cicos(f) — =—— ) +O(e?), (4.3.70)

where C; and ¢; are still to be determined.

Now once we start including corrections we should consider a redundancy in description of
the ring which we have to remove by proper gauge fixing. This pertains to the fact that we
haven’t defined £ properly yet. Vaguely, it is r coordinate of the center of the ring. This
becomes ill-defined once we take into consideration the corrections to the thin ring, which
was a circle in the p-0 plane to zeroth order. This is taken care by the following gauge-fixing

condition

/07r g(0) cos(8) = 0. (4.3.71)

In words, this condition states that the average r coordinate of the surface in the -z plane
is £. This condition implies C; = 0. The constant ¢; will only be determined at next order
in epsilon just as ¢y was determined at O(e). Therefore we now proceed to the calculation

of the second order corrections to e.

The equation for go(f) is given by the coefficient of €* in (4.3.61). After plugging in the
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solution for g1 (f) we obtain

R

92(0) + g5 (0) = T0BRTT)

(2= B5R)6T + 106pla(R + 1)

+Rcos(0)(2¢1(5R + 12) + R(15R + 22) cos(h))) .
(4.3.72)

The solution to the above equation is given by

92(0) =C3 cos(0) + C4sind
LR
6003(R+ 1)

—601(5R + 12)0sin(0)) — 3 ((4 — 10R){3 + 200pla(R + 1) + R*(15R + 22)))
(4.3.73)

(R(—3£1(5R + 19) cos(#) + R(15R + 22) cos(26)

where again C3 and Cy4 are integration constants to be determined. The boundary conditions

(i.e. g4(0) =0 = g4(m)) again imply C4 = 0 and the condition

OmR2(5R +12)

=0. 4.3.74
102(R+1) ( )

The above condition implies ¢; = 0. At this point the e order solution is completely
determined; and we find that corrections to g(f) and £ all vanish. However we go ahead
further to compute the O(€?) correction completely as it will provide us with the leading
order correction. Using the fact £; = 0 and C4 = 0 we find g(6) to be

g(0) = R+C3 cos(f)e

(+R (R?*(15R + 22) cos(26) — 3 ((15R + 22)R% + 20£ol2(R + 1))))
i 6003(R+ 1)

€24+ 0(e)?.

(4.3.75)

Now the condition (4.3.71) again implies C5 = 0. Again in order to determine {5 we have to
perform one higher order calculation. We can then determine /5 by imposing the boundary
conditions on g3(f). Here we intend to present only the leading order corrections and
therefore do not specify the details of the third order calculation. However the value of /5

that we obtain is given by

_ R?(225R? + 380R + 92)
> 406y BR2 + 1TR + 12)

(4.3.76)

Note that the denominator in the above expression never vanishes for positive values of R.
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Figure 4.3: A plot of the corrected solution (4.3.77) for the 3+1 dimensional ring with
%0 =14and R=7.

In summary we can write

R3(2(5R + 12)(15R + 22) cos(20) — 15(3R(25R + 64) + 124))e?

0) = 3
9(0) = R+ 12002(R + 1)(5R + 12) +0 (<)
1 R? (225R? + 380R + 92)
L=-¢ O(e2
R TN ST ST R
(4.3.77)

As mentioned earlier R and ¢y are related to the fluid parameters K and w through the
inverse of the relations (4.3.69). We can carry forward to arbitrary order in € in a perfectly

well controlled fashion.

Finally we would like to mention that it is possible to obtain corrections to the radius R
from (4.3.77). However, just like the center, the notion of the radius has to be redefined for

the corrected solution. This we may do by defining an average corrected radius,

27
Ravg = / g(@)d@. (4.3.78)
0

Using (4.3.77) we can compute Rayg to be

(R*(BR(25R + 64) + 124)) €

Ravg = R — 8(FA(R+1)(BR+12))

O (). (4.3.79)

We present a plot of this corrected solution in fig.4.3.
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Figure 4.4: Plot of entropy, S, vs. angular momentum, L, at fixed energy, £ = 10,000, for
the ring in 341 dimensions. The dotted portion of the curve represents the region where
R < 1 and hence lie outside the surface tension approximation.

The thermodynamic properties of the solution can be computed from (4.1.38) as follows

n 9(0)
TlnZ, =27 l/ dO/ dpp(L+ pcosh)(K~y° —1)
0 0

_ /O "A0/G O+ 0L + g(0) cosd)|  (4.3.80)

We find

212l R 272 R3(15R + 22)
Tln Zye = — O (€2 4.3.81
P ee e " anmsn o) (4.3.81)

The other thermodynamic properties can be found by differentiating this (4.1.33):

_ 2n%,R(5R+7)  2n’RP(R(5R(105R + 353) + 2018) + 792)

E O 2
; 8(o(R+ )R 1 12)) «+0(),
5 212\ /5(5R + 6)0oRS/5(R +1)3/10
- ¢ (4.3.82)
212 RY6/5\/5R + 6(R(5R(105R + 353) + 2018) + 792) Lo -
— € ),

8v/50o(R + 1)17/10(5R 4 12)
_ 2n%03RV5R+6 N 2m2R3VBR + 6(15R + 22) L0
— ' :

L
€ 40(R+1)

Note that to leading order these expressions for energy, entropy and angular momentum

match with that presented in [6] after performing the necessary variable transformations.

We present a plot of the thermodynamic properties of this ring in fig.4.4
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4.3.2 Rings in 4+1 dimensions

We now analyze the ring in one higher dimension i.e. 4 4 1 dimension. The construction is
exactly parallel to that in 3 4+ 1 dimensions and therefore we skip most of the details and

specify only the result.

The coordinates that we use here are {t, p, 8, ¢1, P2}, which are related to the old coordinates
by

r1 =L+ pcosb,
(4.3.83)
ro = psin,

with the metric
ds? = —dt? + dp?® + p?d6? + (L + pcos)?de? + (psin §)>de3. (4.3.84)

These coordinates are described in fig.4.5.

T'QA

‘L

0

\

L J 7“1>
1

S

Figure 4.5: Cross section of the 441 dimensional ring. The curved arrows labelled ¢ indicate
a direction that has been suppressed.

The velocity is given by u* = v(1,0,0,w,0) where the normalization is given by v = (1 —
w?(L 4 pcos(0))?)~2. We take the fluid surface to be f = g(0) — p = 0. Then the equation
(4.1.37) reduces to

76 ) +g"0) g0

5 2 3 ’ 2 2

(=P eos@g@ g (202 1)
1

+

——7v (900 +9'(6)?) (9(0)(2£ + B cos(6)g(6))-
(£ -+ cos(6)g(6)) (g<e>4 (2 +1)” )

— csc(0) (L cos(0) + cos(20)g(0))g' (0) — (L + cos(0)g(0))g" (0)) = 0,
(4.3.85)
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Now we plug in the scaling with € as in the previously discussed cases:

9(0) = R+e€g1(0) + €g2(0) + ... (4.3.86)

1
Ezgfo-i-fl—f—ﬁfg-i-...

Then, performing an analysis exactly the same as the one performed in §4.3.1, we obtain

RS (5 (SLR? + 432R + 572) cos(20) — 3 (243R” + 1040R + 1108)) ,

0) = 3
g9(0) = R+ 24002 (9R? + 44R + 52) +0(€)
1 R?(81R?+240R + 116)
=2y 2
L= ot S R+ R T 52) +0(€),
(4.3.87)

with R and ¢y being expressed in terms of the fluid parameters T and w (implicitly) by the
following relations

T _ 216(R + 2)*
R(6R+13)3’
_ 1
© LoV/6R+13°

Even in this case we note that all the O(e) corrections vanish.

(4.3.88)

Finally the average radius of the curve in (4.3.87) (Ravg as defined in (4.3.78)) is given in

this case by
(R3(243R + 554)) €2

Ravg = R—
ave 80 (F2(9R + 26))

+0 (). (4.3.89)

We present a plot of this corrected solution in fig.4.6.

The thermodynamic properties of the solution can be computed from (4.1.38) as follows

9(0)
Tln 2, = (27)? [/ d9/ dp p?sinB(L + pcos) (K% —1)

— /0 d0+v/g(0)2 + ¢'(0)%(L + g() cos8)g(#) sinf| (4.3.90)

We find
420, R2
Tln 2, :”970 (~6R+ VR+2V36R + 78V/R —18)
€
+ 2m R (—3216\/36]% T 78R/S — 243\/36R + T8R'9/S
13500(R + 2)5/3(9R + 26)

—1524v/36R + T8R™/6 + 1458(R + 2)*/*R® + 9630(R + 2)*/* R
+21888(R + 2)*/°R — 2288v/36R + 78V R + 17160(R + 2)2/3) €
+ O(?),
(4.3.91)
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Figure 4.6: A plot of the corrected solution (4.3.87) for the 441 dimensional ring with
%U =14and R=7.

For expressions of the energy, angular momentum and entropy refer to Appendix C.2. We

present a plot of the thermodynamic properties of this ring in fig.4.7

4.4 ‘Torus’ in 4+1 dimension

Here we analyze the solution with the topology B2 x S! x S' which for the lack of terminology
we refer to as the ‘torus’. Although the perturbation theory for the torus is almost exactly
parallel to that for the ring, however there are certain differences as far as imposing the
boundary condition is concerned. We consider spatial part of the 441 dimensional space
to consist of 2 independent planes. We turn on two independent angular velocities (wy, w2)
along a direction orthogonal to these planes. The two S's of the topology B2 x S x St
lie on these two planes. Initially we put polar coordinates r1,®; and 73, @2 on these two
planes. Further in the (ri,r2) plane we shift to coordinates p, 6 after a shift in the origin
by the vector L = (L cos(x), Lsin(x)) (expressed in the (r1,72) coordinates). The various
coordinates have been represented in fig.4.8. Thus finally we work with the coordinates
{t,p,0, $1, d2}, which are related to the old coordinates by

ry = Lcosx + pcosb,
' xwe (4.4.92)
ro = Lsinx + psin 6,

with the metric

ds? = —dt? + dp?® + p?df* + (L cos x + pcos0)?dpT + (Lsinx + psin)?de3  (4.4.93)

Here the velocity is given by u* = (1,0, 0,w1,ws) where again the normalization is given

by v = (1 — (Lcos x + pcos#)?w? — (Lsinx + psin#)2w2)~2. We consider the fluid surface
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Figure 4.7: Plot of entropy, S, vs. angular momentum, L, at fixed energy, £ = 1,000, 000,
for the ring in 441 dimensions.

to be given by f = g(0) — p =0.

Now the differential equation satisfied by g(f) (which is (4.1.37) for the present case) is
given by

6 1 O +9"0)g'(9)
(1 — w2(Lcosy + g(0) cos0)? — w2(Lsiny + g(6) sin 0)2)° 9(0)* (gg((g))j n 1) 3/2

(9(9)* +4'(9)%) (COS(9)9'(9) g9(0)sin(0)  _cos(0)g(0) + sin(0)g'(0)
90 (292 +1) 32 \sin(0)g(0)* + Lsin(x)g(0)  cos(0)g(0)* + L cos(x)g(0)

HOd0) g

9(0)?
(4.4.94)
Now we again consider the following scaling:
w1 = € Wy
W1 = € W2
9(0) = R+egi1(0) + ¢ g2(0) + ... (4.4.95)

1
£:€€0+£1+6€2+...
X=Xotexi+e xa+...

We shall determine the unknown functions in a similar way as we did for the ring. However
there is a crucial difference between the two. Firstly here we have one more parameter (since
we have two angular velocities instead of one). Secondly the boundary condition that we
have to impose on ¢(f) is different from the previous case because here we are dealing with

a different closed surface. Although physically it is the same criterion — the fact that we
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Figure 4.8: Cross section of the 4+1 dimensional torus. The curved arrows labelled ¢
indicate a direction that has been suppressed.

should have a closed surface, the mathematical formulation of the statement is different as

we shall now describe.

Instead of the boundary condition (4.3.67) we should use the condition

9(0) = g(2m);  ¢'(0) = g'(2m). (4.4.96)

which is the statement that we should have a closed curve in the p-6 plane and that the
curve must close in a regular fashion such that the derivatives on either side of the point
of closing (which we take to be §# = 0) are equal. As the differential equation is second
order and periodic, this ensures that all higher derivatives are continuous at § = 0 and the

solution is fully periodic.

Besides the boundary conditions we will also have to fix the ambiguity regarding the center
of the torus just as we did for the ring. However unlike the ring the center here does not
lie on the r9 axis. Therefore in order to fix the center we will have to use two conditions

namely

| storeosor =0,
0 (4.4.97)

/ 7Tg(t?) sin(f) = 0.
0

In words, these conditions states that the average r; coordinate of the surface in the r1-r9

plane is £ cos x and the average 1o coordinate is L£sin y. Then proceeding in the same way
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as the ring (after including the above modifications) we find the following result:

1
- 2(B(R+1))
+4(9R 4 17) cos(2(60 + x0))) esc®(2x0)) € + O (€°)

g(0) =R (R® (9 (27R? + 74R + 51) + 36(R + 1) cos(20 — 2xo)

R? (81R? + 150R + 8 4 57 2(2 4.4.98
L= E_O + ( + + COS( XO) + )CSC ( X0)6+O(62) ( )
P 180o(R+ 1)
o R? cot(2)(0)62
X=X 3pR+1)

Note that just as for the ring all the order € corrections vanish. Here R, ¢y and xq are again

given implicitly in terms of the fluid parameters 7', w; and wsy by the following relations,

6 2R+
 R(BR+4)37

1 1
_ / 4.4.99
= Gy cos(xo) V 8+ 6R (4.4.99)
1 [1
Wo = .
> Tosin(xo) V 8+ 6R

Note that this entirely matches the general results (4.2.53) and (4.2.55) for d = 5 and n = 2.

Again in this case, the average radius of the closed curve (4.4.98) (with R,y as defined in
(4.3.78)) is given by,

€2 (R® (27TR? + T4R + 51) csc?(2x0))

Ravg = 1t = 8(2(R+1))

+0 (). (4.4.100)

We present a plot of this corrected solution in fig.4.9.

We expect our construction of the torus solution to break down when ¢y ~ R. Which is

2
reflected in the fact that 92—1@, §—2 and % are all proportional to (%) .

The thermodynamic properties of the solution can be computed from (4.1.38) as follows

27 9(0)
TIn Zge = (27)? [/ dé dp p(L cos x + pcosB)(Lsinx + psin0)(K~° — 1)
0 0

7/0 7Tdt? 9(0)2 + ¢'(0)*(L cos x + g(#) cos0)(Lsin x + g(#) sin 9)] (4.4.101)

We find
2132 R sin(2 ‘ .
Thh 2, = %?(XO) (—3R + YR+ 1VOR+ 12VR — 6)
€
3R3 esc(2
TR CSC2X0) (0 4 1)2/3(R(3R(2TR + 98) + 401) + 208) (4.4.102)

36(R+1)%/3
— VRBR + 4)VIR+ 12(R(27TR + 62) + 39)) + O ('),

Again the expressions for the energy, angular momentum and entropy are given in Appendix
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Figure 4.9: A plot of the corrected solution (4.4.98) for the 441 dimensional torus with

L =100, yo = £ and R = 10.
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Figure 4.10: Plot of entropy, S, vs. angular momentum, L1, at fixed energy, £ = 1,000, 000,
and different values of f—f for the torus in 4+1 dimensions. Here again the dotted portion
of the curve represents the region R < 1 which is outside the validity of the surface tension
approximation.

C.2. We present a plot of the thermodynamic properties of this torus in fig.4.10

4.5 Numerical Results

We performed a through numerical analysis of the possible fluid configurations in 3+1
dimensions (which corresponded to Scherk-Schwarz compactified AdSg). Upto numerical
acuracies we found that the only configurations that are allowed in this dimension is a ball,
a pinched ball and a torus. We then went on to plot the regions of their existance in the

energy-angular momentum plane (see fig.4.11)

10

w s uTo u » o

Figure 4.11: Here we present the E L plane showing regions where the various solutions
viz. the ordinary ball, the pinched ball and the ring exists. In region A we have only a
single ball solution. In region B we have one ball (either ordinary or pinched) and two ring
solutions. In region C' we have a single (thin) ring solution.

we see that the EL plane is divided into three distinct regions, A, B, C in fig:4.12. In region

A we have only a single ball solution. In region B we have one ball and two ring solutions.
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In region C we have a single (thin) ring solution 2.

In the region B of fig:4.12, the solution of maximum entropy will dominate the thermody-
namics of the system. In order to see how this goes we once again fix to a given value of
energy and plot the entropy versus angular momentum of ring solutions fig:4.12(see right
inset), where we superpose this plot with that of the ball solution to obtain the entropy
versus angular momentum plot of all solutions in fig:4.12 at constant energy. The shape of
this final plot is schematically depicted in fig:4.13(b) We see from this plot that the thick
ring solution is always entropically subdominant compared to the ball and the thin ring.
Thus the ball dominates at smaller angular momenta, while the thin ring is entropically

dominant at larger angular momenta.
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Figure 4.12: Plot showing S(y-axis) vs L(x-axis) for all the solutions together.

4.5.1 Comparison with the results in flat space

Above we have used the effective fluid dynamical description of the dynamics of the de-
confined phase of the field theory dual to gravity on AdSg compactified on a Scherk-
Schwarz circle to investigate the structure of large rotating black holes and black rings
in this gravitational background. In this section we qualitatively compare our results with
known results and conjectures about the structure of black holes and black rings in flat six

dimensional space.

While rotating Myers Perry black holes have been analytically constructed in flat space six
dimensional space, black ring solutions have not yet been constructed. Nonetheless Emparan
and collaborators [83] have presented physically motivated conjectures for the structure of
these solutions. In this section we will compare the moduli space of solutions obtained
in this paper with that conjectured in [83]. We will find some similarities but also other

differences.

In fig:4.13(a) we present the relevant part of the conjectured phase diagram (the area of

the horizon vs the angular momentum) in asymptotically flat six dimensional space. Here

2 A portion of this thin ring solution are captubred by our perturbation theory.
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(a) (b)

Figure 4.13: In (a) the area of the horizon has been plotted against angular momentum
for black hole topologies in six dimensional asymptotically flat space as in [83] (we present
only that part of the phase curve that is relevant for comparison with our result). In (b) we
summarize our result qualitatively.

the dark line from A to E through B represents the well known Myers-Perry black holes
which is a class of rotating black holes with a spherical (S*-ordinary ball) horizon topology.
The thin line from C to D represents the black ring (with S3 ® S! topology) and the grey
thick line from B to C is the conjectured smooth interpolation from the ordinary ball to the
ring type through the ‘pinched ball’ solutions, with the point C being the point of extreme
pinching. It is important to note however that the authors in [83] make it clear that this

part of the diagram is a guess.

In fig:4.13(b) we present qualitatively the phase diagram (Entropy vs angular momentum
at constant energy) obtained by us for asymptotically AdSg spaces. Here the dark line from
A to F represents the rotating black hole with spherical topology which is the analog of
Myers-Perry black holes in asymptotically flat space. The two phase diagrams have several
points of difference. Firstly, at any given energy there exists a Myers-Perry black holes at
every value of angular momentum no matter how large. In contrast, at any given energy the
ball like fluid solutions determined in this paper exist up to only a finite value of angular
momentum. Also in fig:4.13(b) the segment F to B represents the pinched ball configuration.
Note that the ordinary ball smoothly continues into the pinched ball at F. This is unlike the
flat space predictions where there is a kink at the point where the ordinary ball continues
into a pinched ball (see point B in fig:4.13(a)).

This important difference feeds into the next point of distinction between fig:4.13(a) and
fig:4.13(b). The moduli space of balls ends, at large angular momenta, as an extreme
pinched ball. This ball smoothly turns into a thick ring giving rise to the segment BC' in
fig:4.13(b) with point B representing the extreme pinched ring. The natural continuation of
fig:4.13(b) to flat space would be to push the point B to infinity as a consequence of which
the Myers Perry black holes would ‘pinch off’ only at infinite angular momentum. This
would result in a phase diagram with three solutions at all angular momenta larger than a

critical value, with the thick ring always entropically subdominant, and approaching a pinch

117


Chapter4/emparanI.eps
Chapter4/OurI.eps

Chapter 4

at infinite angular momenta. In such a scenario the fact that the thin ring is entropically
dominant compared to the Myers Perry black holes is similar to that in fig:4.13(a). However
it would still be qualitatively different from fig:4.13(a). This perhaps suggest that despite
similarities there are considerable difference between asymptotically AdS and flat spaces.
Such differences between AdS and flat space in five dimensions regarding existence of Saturn
type solutions have also been reported in [90]. Alternatively the continuation of fig:4.13(b)
to flat space could be such that the ordinary ball solution is continued from the point F' to
infinite angular momentum such that the thin ring at large angular momentum is always
entropically dominant compared to the ordinary ball. This diagram would be more close
to fig:4.13(a). Both these diagrams would have a special point where the solution with ball
topology would split up into two lines. It would clearly be interesting to have a better

understanding of this point.
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Chapter 5

Conclusions

In this thesis we have explored the deep connection between black holes in AdS spaces
and the hydrodynamic limit of Yang-Mills theories. This fluid gravity map constitutes an
area of active recent research. One of the primary reasons for interest in fluids with a dual
gravity description is the fact that these are fluids with a microscopic theory that is strongly
coupled (see chapter 1) and therefore it is extremely difficult to get analytical control on the
transport properties of these fluids. It is nevertheless possible to use the dual gravitational
solutions for studying the hydrodynamics of these strongly coupled theories. Such recent
studies has proved to provide us with new insights into fluid dynamics (for instance, the
discovery of a lower bound on the sheer viscosity to entropy density ratio). In this thesis,

we undertake a detailed study of this fluid gravity correspondence in a more general set up.

Firstly we generalized the fluid gravity map to include fluids with a global U (1) charge, which
may be anomalous. In this case we discovered a completely new transport phenomenon
related to the vorticity of the fluid with the corresponding transport coefficient being
proportional to the coefficient of the anomaly at first order in the derivative expansion.
This transport coefficient was later argued to occur even for non-conformal fluids (which
are not captured by our gravity analysis). All that was required for it to be non-zero was an
anomaly of the global charge. Thus although discovered in the context of the gauge gravity
duality, this transport coefficient has potential applications for real charged fluids if such a
fluid suffers from an anomaly. It is also fascinating to realize that this transport coefficient
is a macroscopic manifestation of a quantum phenomenon (anomalies) and therefore is very

interesting in its own right.

We then went on to consider the case when this U(1) symmetry of the charged fluid is
spontaneously broken, i.e. superfluids. In this case, guided by our gravity calculations we
were able to construct a theory of (parity even) superfluid hydrodynamics. Even in this
case, we found the existence of a new transport coefficient which to our knowledge was not
considered earlier in the superfluid literature (classic references on the subject like [71, 72]
miss this term). This new term in the constitutive relations indicates the presence of a
interesting transport phenomenon ( not studied till date) which may even be observable in

real superfluids like liquid helium. However the observation of such a phenomenon may be
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experimentally challenging as it is observable only for finite superfluid velocities and most
superfluids are unstable beyond a particular superfluid velocity (which may be quite small
for real superfluids).

Finally we used the fluid gravity map in a reverse fashion to study thermodynamic properties
of a class of black objects in Scherk-Schwarz (SS) compactified AdS, with completely new
horizon topologies. It will be fascinating to construct these solutions directly in gravity and
verify our predictions. This investigation is primarily obstructed by the fact that the domain
wall solution in the bulk separating the confined and deconfined phase in the boundary at
the transition temperature is only known numerically. Further, the fluid configurations that
we study have boundaries which play a crucial role in their dynamics. These boundaries
should support local fluctuations which are expected to interact non-trivially with the bulk
shear and density waves. A detailed study of these fluctuations which forms an important
part of the dynamical perturbations of our static configurations may throw light on the

stability properties of these objects.

The investigations referred to in this synopsis opens up several interesting questions that
require future investigation. From the existence of soliton solutions in AdS reported in
[84, 85], we may conclude that such non-trivial scalar field configurations would also exist
for the SS compactified AdS [91]. Tt would be interesting to study the hydrodynamics dual
to these solutions as it would be the first instance of a case where we expect to see non-trivial
long wavelength phenomena even in the absence of a horizon. Also if these solutions exist
then it is natural to wonder if they can be used to add scalar hair to our generalized black

rings in SS compactified AdS.

Another very interesting avenue of research that we are guided into by our study here is
as follows. In developing the theories of hydrodynamics both in the presence and absence
of superfluidity we have found that the principle of local increase of entropy was extremely
powerful. For example in the case of parity even superfluids considered here this principle
cuts down the total number of allowed constitutive parameters from 50 (which are allowed
by symmetry) to 21 (the Onsager’s relations bringing it down further to 14). This throws
open the question whether such a principle may be used to constrain (higher derivative)
corrections to the theory of gravity. In fact this question may be addressed in the fluid
gravity context which helps us identify non-trivial fluid configurations where there is no
entropy production. We may try to see if small corrections to these configurations due to
the addition of a higher derivative term in the bulk lagrangian renders the divergence of
the entropy current negative. Then for consistency with second law of thermodynamics we
should demand that such a higher derivative term is disallowed as a correction to Einstein
general relativity. If this program can be realized then it would throw enormous light on
the physics of gravity in the real world.
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Charged conformal fluids: Weyl

covariance and Source terms

A.1 Charged conformal fluids and Weyl covariance

Consider the hydrodynamic limit of a 3 + 1 dimensional CFT with one global conserved
charge. The Weyl covariance of the CF'T translates into the Weyl covariance of its hydrody-
namics. In turn, this implies that the metric dual to fluid configurations of the CFT under

consideration should also be invariant under boundary Weyl-transformations [9, 10, 14].

In this section, we use the manifestly Weyl-covariant formalism introduced in [14] to examine
the constraints that Weyl-covariance imposes on the conformal hydrodynamics and its metric
dual. We begin by introducing a Weyl-covariant derivative acting on a general tensor field
Q"+ with weight w (by which we mean that the tensor field transforms as Q! = e~ w9 Q-

under a Weyl transformation of the boundary metric g,,,, = ewgw)

Dy QL =Va QU4+ w A\QY:
+ [graA? — KAy — SHAN QO + .. (A.1.1)
— (gAY = 03 A, — AN QR —

where the Weyl-connection A, is related to the fluid velocity u* via the relation

\v4 A
A, =uVyu, — )‘—uu# (A.1.2)

3
We can now use this Weyl-covariant derivative to enumerate all the Weyl-covariant scalars,
transverse vectors (i.e, vectors that are everywhere orthogonal to the fluid velocity field u*)
and the transverse traceless tensors in the charged hydrodynamics that involve no more than
second order derivatives. We will do this enumeration ‘on-shell’, i.e., we will enumerate those
quantities which remain linearly independent even after the equations of motion are taken
into account. Our discussion here will closely parallel the discussion in section 4.1 of [10]

where a similar question was answered in the context of uncharged hydrodynamics coupled
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to a scalar with weight zero. However, we will use a slightly different basis of Weyl-covariant

tensors which is more suited for purposes of this paper.

The basic fields in the charged hydrodynamics are the fluid velocity u* with weight unity,
the fluid temperature T" with with weight unity and the chemical potential p with weight
unity. This implies that an arbitrary function of p/T is Weyl-invariant and hence one could
always multiply a Weyl-covariant tensor by such a function to get another Weyl-covariant
tensor. Hence, in the following list only linearly independent fields appear. To make contact
with the conventional literature on hydrodynamics we will work with the charge density n
(with weight 3) rather than the chemical potential p.

At one derivative level, there are no Weyl invariant scalars or pseudo-scalars. The only
Weyl invariant transverse vector is nilPﬁ Dyn. Finally, the only Weyl-invariant transverse

pseudo-vector [, and only one Weyl-invariant symmetric traceless transverse tensor T'o,,,.

At the two derivative level, there are five independent Weyl-invariant scalars’

T %0,,0", T ?w,w, T2R, T *n'P"D,D,n and T *n *P"D,nDyn
(A.1.4)

one Weyl-invariant pseudo-scalar T‘Qn_ll“Dlm and four independent Weyl-invariant trans-

verse vectors

T_lP:D,\UVA, T_lP:D,\wl,)‘, T_ln_la,f‘D,\n and T_ln_lwu’\DAn
(A.1.5)

and one Weyl-invariant transverse pseudo-vector T’law v.

There are eight Weyl-invariant symmetric traceless transverse tensors -

u/\D)\Uuua wu/\gz\u + wu/\UAu; Uu/\UAV - % Uaﬁaaﬁa Wu/\wz\u + % Waﬁwaﬁa
_ _ 1
nt HZ‘E DoDgn, n 2 Hzfj Dan Dgan, C#m,guauﬁ and 1 eo‘ﬁ/\u e"G‘TVCag,Yg UNUg -
(A.1.6)

where we have introduced the projection tensor Hfjf which projects out the transverse

traceless symmetric part of second rank tensors

1 2
aff _ a pB a pp af
IHU:§ P#PVJrPUP#ng P,

and Cqp is the boundary Weyl curvature tensor. Further, there are four Weyl-invariant

1'We shall follow the notations of [14] in the rest of this section(except for the curvature tensors which
differ by a sign from the curvature tensors in [14]. In particular, we recall the following definitions

R=R+6VrA* —6A\AY 5  Duuy = o + Wi

(A.1.3)
’DAUW‘ = VAO“A - 3A>\U”>‘ ; ’DAw“A = VAw“A - AAw“A

Note that in a flat space-time, R is zero but R is not.
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symmetric traceless transverse pseudo-tensors

A

1
D(,lyy, n_lﬂﬁflal?gn, n_leaﬁ)‘(uoy))\ual)gn and geag,\(ucaﬁy)gu u’.  (A.L7)

We will now restrict ourselves to the case where the boundary metric is flat. In this case the
last two tensors appearing in (A.1.6) and the last tensor appearing in (A.1.7) are identically
zero whereas, contrary to what one might naively expect, the Weyl-covariantised Ricci scalar
R would still be non-zero.

We will now relate the rest of the Weyl-covariant scalars, transverse vectors and symmetric,
traceless transverse tensors listed above to the quantities appearing in the table 3.1.

There are six scalar/pseudo-scalar Weyl covariant combinations given by

VVS1 =00 =8T5

1
w2 = wpwh’ = §ST4

2 S3
W3=R=14 ST1 + 3ST3 — ST4 + 28T5 — —
m
P 1 34 (A.1.8)
Wi=n"'P"D,D,n= p QS2 — 83+ 18qST1 + 5QS5
1
W5 =n"2P"D,n Dyn = 2 [QS4 + 69QS5 + 997ST1]
W8 =1"D,q = QS3 + 3qST2.
and five vector /pseudo-vector Weyl covariant combinations given by
5V4 5V5 5VT1 5VT2 11VT3
W’U 1 = PYD V)\ _ "= i _ _
(Wo)u = FiDro o "9 T3 12 6
5V4 V5 VT2 VT3
)2 =P Dy =" - — VIl - —= 4+ —=
(Wo)y = FiDaw 5 3V TR
(Wo)y = Paun = VT5 (A.1.9)
1
(Wo)h =n" o, Dan = p [QV4 4 3qVT3]
1
(WU)Z =n"'w, MDn = % [QV3 4+ 3qVT?2)
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In the tensor sector, there are nine Weyl-covariant combinations

WT() = u*Droy, = TT1+ %TTZL +1T3.
WT = =2 (w'ro™ +w’xo™M) = TTT.
WT) = ot \on, — %ijaaﬁaag = TT6.
WT() =4 (w“ @i + %waﬁwaﬁ) =TT5.
WT) =n 0D, Dan

1 3¢ (A.1.10)
- QT1+8QT4+15qTT1 + qT'T4+3qT3 + 3qTT6 + —TT5

1
WTE) = n 2% DanDyn = = [QT3 + 6¢QT4 + 9¢*TT1]
q
WT) = Dy, + Dyl = ATT2 + 272 — TT3.
1
WTE) =n 1501, Dn = _leT2434TT2).

1 3 3
WT;S?/) = n_leaﬁk(uau)/\uoﬂ)ﬁn = - QT5 — 5 q TT2 + 5 q TT3| .
q

A.2 Source Terms in Scalar Sector: Second Order

There are three source terms in scalar sector at second order Sy(r), Sp(r) and Sas(r). They
are quite complicated functions. Here we provide the explicit form of these source terms in

terms of weyl covariant quantities.

The source term Sy, is given by

6
Sc =3 s\ Wi (A.2.11)

i=1

(k)

The Weyl covariant terms W/ are given in §A.1. The functions s;"’s are given by,

(o T (4 (mo —3r*) (1 + rR+ R?*) F» (%, %%) + R (mo(r + R) — 2R® (r? + rR + R?)))
' 3R(r + R) (—mo +r* +r2R%2 + R*)

s = ngﬂ ( —md (r* + 2rR? + 36R*x?) + 2m2 (18r*R*x? + r2R® 4 36 R®x?)
~36moR®K? (20" + R*) + 361 R'2%? )
s = g
o 2 o= R (rF (5.2) +0RF: (5.52))
sy = 7
(A.2.12)
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) _ 1 2 4 4 r Mo 3 (12 4
L e Yo (72 (mo— B*) (24R'Fy (5. 5 ) (4 (mf — 4mo R
+ 3R FPO (5. 50 ) +110°R (mf — 4moR* 4+ 3R%) F™ (%, T3 )

+ 6moR" — 4R™) +r (r*R? (m§ (25r% — 13R?) + mo (—257° — 757> R* 4 52RS)
6 P4 10\ @(1,0) (T T (2,00 (T T 9 _ pd

+ TRt = 30R") I (. R4) + 0 (2. 52 ) (4R (mo — BY)

— 7% (mf (B2 = 7%) 4 mo (10 + 32 R — 4R%) + 3R (RS — %)) IO (2,70

R’ R
+ 2RFMO (2 08) (<50 (md (B2 = r2) +mo (1° + 3r2R* — 4R°)

R’ R*
2,0) (T Mo
+ 3R*(R® —1%)) F®O (R 34) +26mo R — 22R")
6 4y p(t1) (T Mo 7 4y (0,1) (T Mo
+ 16moR® (mo — &) (Y (£, 23) ) + 96mo 7 (mo — BY) 1"V (5. 57
6 4 4 romg\?
+ 2887 R° (mo — 3R") (mo — R') Fi (55, 57 ) ))
1,0) (r m 2,0) /
o 2R (mo =) (B —mo) (5RECY (5. 5) + Y ()
sg | = T .
(A.2.13)
The source term Sy, is given by
6
Sp=">_ s"Wi, (A.2.14)
i=1
where the functions sz(-h)’s are given by
(R) 1 3 2 2 3
sy = 2r (2 (mo (4r° + 8" R+ 6rR” + 3R
' 3R(r 4+ R)? (—mg + 14 + r2R2 4+ R%)? (2r (2 (mo ( )
3R (1 + R+ B)°) By (5. 5 ) + 2R (2 4 rR+ BY)) ).
n 2 4 36 R K> (mo — R4)
2T\ m3 ’
sgh) =0,
sflh) =0,
Séh):T7(R4_m) (5RF(10)(T mo) Fl(gg)(?" mo))Q
R16 R’ R4 R’ R*
4v/3k (R4 —m ) rom rom
(hy _ 0 (1,0) (T ™Mo (2,0) (T Mo
) = (5RF1 (R,R4)+rF1 (R,R4)).
(A.2.15)
Finally the source term S/ (r) is given by
Sar(r Z My (A.2.16)
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with the functions SEJM) being given by

(M) 4r R2(m07R4)(T +TR+R) (T mo)
P —

_ R> R*
! R(r + R) (—mo + r* +r2R% + R%)

Jon _ 2R (mo — R*Y) (m3r* + 12R*s? (mo — R*) (2mor? + 3moR* — 3R"))
2 - m0T7

ng) =0

o — 1 (58F( (5,5 + rF* (5 )
R9

= O (o () (5 ) 1)) 0 (5,2

- (157"23(7”0 3RY) PO (2 0)" 4 (30 (mo — 3RY) (R0 (£, 10)

SO0 _

o R’ R
+35R2F, (; ZZ)) + 20R7) 7 (; 7;2) tE (Qm‘)”RF(g " (% %)
+ (307 (mo = 3RY) By (3. 32 ) + TR A7 (. 3)
#10moR*FY (5. 57))))
4 _
Ay (o (5 ) e (. 5)
+7°’R (20m07’ — 17m0R2 + 17R6) F(l K (; 7;2)
+13 (4mor® — TmoR? + TR®) F*" (; 7;2) + 4R9)

(A.2.17)

A.3 Source Terms in Vector Sector: Second Order

The source term in the vector sector at second order S}F°(r) in (3.1.72) is given by
(SE°); Zr(E) )L (A.3.18)

where the Weyl covariant quantities W¢’s are given in Appendix A.1 and the functions sz(.E)
are given by

T(E)— r2 +rR+ R?
V' 7 3(r+ R) (—mo + 74 +7r2R2 + R4’
) _ 1

T2 T 33 (A.3.19)
5 _ r (R? (mo ))3/2 (mo(r+2R)—|—3r (r2+rR+R2)2)

s :

\/_m0r3( + R)2(—mo+r*+1r2R? + R4)2
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B _ (mo — RY)
4 3RS(r + R)2 (—mo + 1% +1r2R? + R4)2

rt R B P (250 ) —6rR (3 (2 4+ r R+ B2)” (17 4 2R°)

—6r%(r + R) (T2 +rR+ R2) (—=mg

—mo (77 + 149° R+ 12rR? + 6R%)) Fi (5, 57 )
R (mo(2r + R) + 3R (12 + 1R + R2)°)
B mo — 3R4 ) ’

(B mo) (r (ORE( (5. m8) 4 rFCO) (5,5)) 4+ 6R2F, (5. 5))
7’5 = .

(A.3.20)

The other source term in the vector sector at second order S}¢(r) in (3.1.73) is given by

5
(S35°); Z A0 (w7,) (A.3.21)
where the coefficient functions TE]\/I) are given by
rgM) =0,
(M) 2v/3/R2 (mg — R%) (m0r2 + 24 R?K? (R4 — mo))
Ty == m0r5 )
(M) 6 Rk (mo — R4)

2 2 2 3 3
T3 7m0r5(r+R)(—m0+r4—|—r2R2+R4) (T R(r(r +TR+R)(37’ +R)

,m0(3r2+3TR+2R2))—8mO(T+R)( m0+7" +T2R2+R4)F2(r m0)>

R R
o) _ 2v3/R? (mo — RY) 2 B s
S TG R e+ e | TR Fmet
22 4 (1,0) (T Mo (2,0) (I 10
PR+ Y (SR (R R4)+ rh (R’R4))
4\ (,.2 2 T mo 6 2
+12rR (mo — RY) (" + rR+ R?) Ay (E R4)+R (r2 —l—rR—i—R))

2v/3/R2 (mo — R*
i = BT (o (1 5 ) -0 (5 )

+ mor? RS + 24 R8k? (R4 — mo) ) .

(A.3.22)

A.4 Source Terms in Tensor Sector: Second Order

In this appendix we provide the source of the dynamical equation (3.1.85). We report the
result in terms of the parameters M and R and the variable p defined in (3.1.5). The source
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T;;j(p) in (3.1.85) is given by
9
Tyi(r) = > n(r) WT, (A.4.23)
=1

where the weyl-covariant terms WTi(jl) are defined in Appendix A.l in equation (A.1.10).

The coefficient of the weyl-covariant terms in the above source is given by

(r) = 3rE (7. 7%) i mo(r + R) — (r> + rR+ R?) (3r° + R?)
e R (r4+R)(—mo+r*+r2R2+ RY)
1 r mo 2r3R (r? + rR + R?)

7'2(7’) 2R<7’ Q(RaR4) (T+R)(—m0+T4+T2R2+R4)+ y
() = SRR | 2(mo(r+ R) = 2° (12 + 7R+ B2))
T R (r+ R) (=mo + 74+ r?R2 + RY)

18R4K2 (mo — RY)? (—mor? + 4moR2 + 15 — 4R°)  mgr? + 2moR? + r® — 2RS
T4(r) = e _ i ’

0

1 1,0 T Mo r mo

0= g (ot (10 (5 ) o (7. 52)) )

_ _3r(mo—RY) 2p(10) (T 70\ (5 " 2
T6(r) = SR (m03R4)< (R (R R4) (r* (mo — 3R*) (—25mor

T Mo

R’ R?
r (3R* —mo) (r — R)(r + R) (—mo + r* +r*R* + R*) F{*") (

+37moR? + 25r° — 37R%) F{M0 (2, Z0) + 30moR® - 2R'2)

T Mo\ 2
R ﬁ)
+2rR (5r* (3R* — myg) (R —r)(r + R) (—mo + r*

+r2R2 4 B RO (2, 50) + RS (mo + BY) ) FOY (2, 57)

R R* R’ R*
rom rom
+16moR® (mo — RY) PV (E’ R—j)) +48moR" (mo — RY) FOY (E’ R_g)
rTom,
+24R" (3mo — 2R") Fy ( 7 Rj) )
9 4\\3/2

3v3k (R? (mo — RY))

T7(r) = ST :
mor

3v3rk (R? (mo — RY))*? 1,0) (T ™Mo
T8(r) = Py (2r2 (R( mo (5r + RQ) + 575 + RG) F (R R4)

r (mo (R? = 2) +1° = RO FO (£, 00)) + R?))
T9(p) = 0.

(A.4.24)
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The linear independence of data

for the parity even superfluid

B.1 The linear independence of first order terms

The vector sector

The equations of motion in the vector sector are

P30, T"% = P,gF""J,
P8y (088, — 0,€p) = P“BE[} (B.1.1)
PBEY (D8, — 0y&p) = P*PFp, 8"

A basis of ten one derivative vectors (before using the equations of motion) was listed in
table 2.3. It is given by

Puﬁ(u@)um Puﬁ(ua)gﬁa fwﬁ(&a)uB’ ﬁuﬁ(&a)gﬁ, puﬁaﬁ (%) ’

Prog,T, P00, (%) PrOE Oguy, PPOEy, PPPEE .

(B.1.2)
The quantities in (B.1.2) are not all on-shell inequivalent as they are constrained by the rela-
tions (B.1.1). In this subsection we will argue that it is consistent to choose the seven vectors
listed in the third column of Table 2.3 as independent vector data. That is, we will show that
it is possible to use the equations (B.1.1) to solve for P#395T, P99 (%) , PrP¢vdgu,, in

terms of

PP (u-0)ug, PO(u-8)Es, PPP(€-0)ug, PMP(¢-0)¢s, PHO8, (%) 1)
p“ﬁEg, P“ﬁFﬁyf”
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If we rewrite the equations of motion in (B.1.1) in terms of the quantities in (B.1.2) we find

pr ((P +p)(u-O)up + Ir POST + 5%@3% + 5%%% + f(§-5)§ﬂ) =P (¢B, — [Fut)
pHs ((u&)&; - Tag% - %@;T +€Vaﬁuu) :P#ﬁEﬁ
pre ((5-5)&9 + T«E@g% + %55T> =P*PFg,¢".
(B.1.4)

It is possible to use (B.1.4) to solve for the scalars listed in (B.1.3) if and only if the 3 x 3
matrix of the three vectors P”ﬁaﬁT, ]5“[58[3 (%) , P“ﬁé’jagu,, in the three equations (B.1.4)
has nonzero determinant. This 3 x 3 matrix is given by

P OrP 0
M(U) = —,u/T 0 1 (B15)
e/ TE 0

and its determinant is given by

It is nonzero for a generic functional form for P(T,u,£). We conclude that the vectors

(B.1.3) form a basis for onshell independent one derivative vectors.

The scalar sector

The equations of motion in the scalar sector are given by

&0 T = qE-¢

u, 0,T" = fE-§

ouJ" =cE-B

W (0,6, — D,6,) = E-E.

(B.1.7)

A basis of 11 one derivative vectors (before using the equations of motion) was listed in
Table 2.3. We denote them by {E;a), S’i(a)} for the first set of on shell independent scalars
and {E;b), S’i(b)} for the second set. Here j runs from 1 to 4 and ¢ runs from 1 to 7. We have

used the notation in Table 2.4. The new quantities Egb), Egb) are defined as follows

LW = .05, £ =¢.05, (B.1.8)
LY = u-0%,, L =05,
£ = u-0%s, L = ¢.0%;,
Eé(f) = tMu-Ouy, Egb) = &M'E-Ouy, .
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The quantities defined in (B.1.8) are the dependent data for the two choices of bases among
the on-shell inequivalent quantities. These quantities are to be determined by the equation
of motion (B.1.7) in terms of the dependent quantities S;. Note that the sets {EZ(-G), SZ-(G)}
and {Egb), SZ-(b)} are different partitioning of the same set of quantities. The equation of
motion in (B.1.7) expressed in terms of the quantities in (B.1.8) has the form
7 4 7 4
D (e S+ 3 () £5 =0, Y (e)y S+ D (1) £5=0. (B.1.9)
j=1 j=1

i=1 i=1

In the equations above the index p runs from 1 to 4 denoting the 4 equations in (B.1.7).
Again note that both the equations in (B.1.9) refer to the same set of equations. We find it
convenient to define the new set of quantities

_ T S/
A=y BT mE ey O Ty (B.1.10)

so that the projector
P = g 4 Autu¥ 4 BEPEY + C (EMu” + uleY). (B.1.11)

The coefficients in (B.1.9) are given by

(&)1 = ~(P+p), (51 = fv. (B.1.12)
(€)= B(P+p) +Cfu— f, (i) = BET fuu+ pdy f,

(e§))1 = pdy f — CTfpu+ fT. (e6")1 = pdrf +2fv.

()1 =~

(ei”)2 = (P + p)n, (e5”)2 = /T,

()1 = —(uB(p+ P)+ CTfE?),  (ef")s = 0P = 0, f —&fT — BETS,
(ef)s = 8,P — €20, f + CTf&, (e§”)2 = 0rP — £0rf — 2T,
(ef)e = —q,

(el)s =g, (e5)s = %

(e{)s = —(Bq + Cf), (ef)s = —0yf — BEST

(el")s = 0,f + CT, ()2 = ~0rf ~

(es)s =0,

(e{™)s =0, (e5")s =0,

(™), = 1, (ef”)a =0

(), =T, (ef)s = v,

(ef)a= -1
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and
()1 = CueT — dyp, (6$), = —(AfuT + d,p), (B.1.13)
(€5), = —0rp, (6, = Afu+C(P + p),
(67)2 = pdy (P + p) — CFET, (), = 10, (P + p) + TAES,
(5, = pdr (P + p), (68)y = (P + p) — Cu(P + p) — Af€?
((§)s = Oyg — CEST, (5))s = B,q + AT,
(t5)s = Org, () = (Cq +Af)
()4 =T, (54 =
(657)1 = X°T, (7)1 =

() =(e{)i; (1) = ()i (69)i = (e§)i; (1) = (e§”)s;

. . . ; (B.1.14)
() =(2")is ()i = (6575 (e)i = (45 (o) = (64"

We can express all the derivatives in (B.1.12) and (B.1.13) as derivatives of a single function,
say, the pressure. Thermodynamic relations that enable us to do so are

1

S

5

We make the following observations:

a) We can use the equations of motion (B.1.9) to solve for the 4 scalars {#u-Vuy,, u-0%;
(i=1,...,3) in terms of the 7 independent scalars in the 3rd column of the first row
of Table 2.3. This is possible if and only if the 4 x 4 matrix of coefficients of the four
quantities in the first equation in (B.1.9) has nonzero determinant. This matrix is
given by

M = ((4V);; (B.1.16)

b) We can use the equations of motion (B.1.9) to solve for the quantities £/§-0u,,, £-0%;
in terms of the 7 independent scalars in the 3rd column of the second row of Table
2.3. This is possible if and only if the 4 x 4 matrix of coefficients of the 4 quantities

in the second equation in (B.1.9) has nonzero determinant. This matrix is given

MY = (");; (B.1.17)

The relations (B.1.15) allow us to express the matrices (B.1.16) and (B.1.17) in terms of the
pressure. Using several reasonable equations of state we have used Mathematica to verify

that the determinant of the matrices in (B.1.16) and (B.1.17) is generically non-zero.
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B.2 The linear independence of the second order terms

A list of second order scalar data, the second order equations of motion and a choice of
second order independent scalar data can be found in Table 2.5. The second order scalar

equations that follows from the first order vector equations are
Vo (Pou (9460 — 046)) = Va (P E,)
v, (PWWT@) =V, (f”“’Fl,gJB) (B.2.18)
va (Paugv (a,ugv - a,uév)) = va (pa'uF;wéy)

The two derivative terms in these equations take the form

<(P+p) PV gty + OrpV 0 + 07V 0, £ =+ £V, vggy) ... (B219)
prv (uﬁv#vﬁgy ~TV,0,5 — £V,0,T + gﬁv Voug)=... (B.2.20)
<gﬁv V& + TEV .0, s T 5 v 0, T> . (B.2.21)

The quantities PWV#&,T, PWV#&,%,PW&QV#VUUH can be solved for using equations
(B.2.19), (B.2.20), and (B.2.21). Note that these two derivative scalar quantities do not
appear in any other equations of motion. We can then use the remaining 8 equations of

motion to solve for the other 8 dependent data,
w'u'V ,0,%,  u'u PV, Voug,  1€VEPV , Voug, €46V 0,5 (B.2.22)

where 4 runs from 1 to 3. The reaming 8 two derivative scalar equation of motion are

WPV (u,V,T") = uPVg(—E,J"), (B.2.23a)

WV (VT = WPV (EHFwY), (B.2.23b)

WPV (V") = uﬁV5(cE“B (B.2.23c)

uIV g (0" (Db = 0,€4) = u’V5(EHE (B.2.23d)
V5 (uw,V,T") = €°V5(-E J“) (B.2.23¢)

Vs (VL T™) = V(" FuT"), (B.2.23f)

V5 (V") = Vg (cE'B,), (B.2.23g)

V5 (E1u¥ (046 — 0uE)) = PV (E"Ey) (B.2.23h)

The matrix of coefficients of the terms in (B.2.22) as they appear in the equation of motion

(a)
M 0
Ny=|"4 B.2.24

! (0 Mi(f)> ( )

(B.2.23) may be expressed as
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where the rows represent the ordered equations in (B.2.23) and the columns represent the
ordered quantities in (B.2.22). It follows that

a b
Det[N;j] = Det[M,”|Det[M1}"]. (B.2.25)

In the previous section we concluded that both Det[Mi(f)] and Det[Mi(f)] are generically
non-zero. Therefore we can infer that Det[N,;] is also generically non-zero.

In order to understand the structure of the matrix N we note that the first four equations
in (B.2.23) are generated by the action of u-9 on the first equation in (B.1.9). We then
find that u-0 acting on SZ-(a) generates all the independent second order data as presented in
Table 2.5. Likewise, the action of u-0 on the EZ(-G) generates the four terms u“u”fﬁvﬂvyum
wurV,0,5; (i =1,...,3). In fact these dependent two derivative terms appear only in
equations (B.2.23a), (B.2.23c), (B.2.23d), (B.2.23e) and is not there in the rest of the four
equations in (B.2.23).

Similarly, we can think of the equations (B.2.23f), (B.2.23g), (B.2.23h), (B.2.23h) as being
obtained by the action of £-9 on the second equation in (B.1.9). Also here the terms
§“§V§5V#Vl,u5, £rE¥V ,,0, %, (which constitutes the 4 remaining second order quantities
which are determined by the equation of motion) are generated by £-9 acting on the El(.b)
terms. These dependent four second order quantities do not appear in the first four equations
in (B.2.23). This structure justifies the block diagonal form of the coefficient matrix in
(B.2.24).
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Extrinsic Curvature and
thermodynamics of the ring and

torus in 4+1 dimensions

C.1 Extrinsic curvature

Suppose we have a timelike surface with unit normal vector n pointing toward us (spacelike

surfaces will require some sign differences). The induced metric on the surface is
h;,w =Guv — NpNy. (Cll)
The extrinsic curvature is given by [? |
1
O, = §£nhw =V, n,. (C.1.2)

We have to be a little careful with the last expression. It agrees with the first expression when
projected tangent to the surface. The first expression has vanishing components normal to
the surface. The normal components of the second expression depend on how we extend n

off the surface.

The conventional choice for extending n is as follows: at each point on the surface, construct
the geodesic that passes through that point tangent to n and parallel transport n along it.

In other words
n'V,n" = 0. (C.1.3)

This ensures that the second expression in (C.1.2) has vanishing components normal to the
surface. The other normal component, n”V,n,, vanishes due to the normalisation of n.

For the surfaces given by f(x) = 0, considered in §4.1.3, the unit normal on the surface is
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given by

ny = _ O (C.1.4)

VOf-Of

However, if we used this vector away from the surface, it would not satisfy (C.1.3). We
could still use either expression in (C.1.2) with this vector — we would just have to project
the second one tangent to the surface. Alternatively, we can use
19) 0"fV,0 O, f ON OVF V2O,
n, = — wf | OFVOu)  Ouf OF O VaOyS f+0(f?). (C.1.5)
(Of-0f)/2  [(9f-0f)3/2 (0f-0f)5/?

The O(f?) terms don’t contribute to (C.1.2) or (C.1.3) on the surface. The contribution
of the O(f) terms on the surface to (C.1.2) are normal to the surface and ensure that n
satisfies (C.1.3).

Either way, on the surface, we get

Vidof 04 O V20 +00f PFVaDut  0uf 0 O 0°f V20, f
(Of-0f)1/? (@f-01)> (0f-01)>/

As this is perpendicular to n, it doesn’t matter if we contract its indices with the full metric

O = — . (C.1.6)

guv or the induced metric h,,,. We get

af OMfOf V.0, f

O=Oh="TramE T (arane

(C.1.7)

C.2 Energy, angular momentum, and entropy of the

ring and torus in 441 dimensions

The energy, F, angular momentum, L, and entropy S for the 4 + 1 dimensional ring are
obtained from (4.3.91) by differentiation (4.1.33) and are given by

47T2€0R2 a .
E= —2379vV6 /R + 2R7/% — 180vV6 /R + 2RY9/6
3V6R + 13(9R + 26)e (

—1128V6Y/R + 2R™/6 + 180v6R + 13R> + 1188V6R + 13R? + 2732V6R + 13R
—1690v6/R + 2R + 2184V6R + 13)

n 22 R4

13500(R +2)5/3\/6R + 13(9R + 26)3
—34169688(R + 2)*/°V6R + 13R° — 186252048(R + 2)*/*\/6 R + 13R*
—539837568(R + 2)*/3V/6R + 13R> — 879420672(R + 2)*/*V6R + 13R>
—765123840(R + 2)%/3V6R + 13R
+v6(6R + 13)(3R(R(3R(3R(243R(66 R + 853) + 1105784) + 9364772)

(—2598156(]% +2)23\/6R + 13R®

+44322304) + 37098880) + 38667200) VR — 278403840(R + 2)*/3v/6R + 13) ¢

+0(e),
(C.2.8)
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5= AmLRY (468(R +2)2/3\/36R 1 78
" 9YR+2(9R + 26)e

~VR (—396(R +2)?/3V/36R + T8R%/5 — 90(R + 2)*/3V/36 R 4 7T8R''/6 4 540R?

m2R2/6, [AR + 28
3276R? + 6591 R + 4394 111296640361 + 78R™/°
* * +4394)) + 1350(R +2)7/3(9R + 26)3 ( *

+433026+/36R + 78R*"/¢ 4 5596533v/36R + 78R*Y/® + 29856168v/36R + 78R/
+84282948+/36 R + 7T8R'/® 4 132966912v/36 R + T8R'/® — 2598156(R + 2)%/° RS
—34169688(R + 2)?/3R® — 186252048(R + 2)*/* R* — 539837568(R + 2)*/3R?
—879420672(R + 2)*/?>R? — 765123840(R + 2)*/>R + 38667200v/36R + 78V R

278403840(R + 2)%/ 3) e+ O(),
4 A
L=~ o (P GR*VGR+13 (~6R+ VR +2V36R+ 15VR - 18))
€

2m2R4V/6R + 13
—3216V36R + 78R™/% — 243\/36R + 78R'%/6
135(R + 2)73(9R + 26) ( * *

—1524+/36R + T8R'/6 - 1458(R 4 2)*/3R® + 9630(R + 2)*/° R?
+21888(R + 2)%/* R — 2288V/36R + 78V R + 17160(R + 2)2/3) + O(eh),

(C.2.9)

These expressions for E, S and L are used for the plot in fig.4.7.

For the torus in 441 dimensions, the energy, entropy and angular momenta can be expressed

in terms of the derivatives of T'In Z,. as in (4.1.34) as well.

Using (4.4.102) we find
B 733 Rsin(2x0)
3e?

+9(12+ R(18 + R(11 + 3R)))) + % (VRBR+4)VOR+13(R

(9R(R(135R + 554) + 867) + 5564) + 1560)
—3(R+1)*3(R(BR(3R(3R(135R + 734) + 4907) + 16948) + 30658) + 7904))

(_Rl/e‘(l + R)/3V12+ 9R(20 + 3R(8 + 3R))

302 R7/6 4in (9
g7 fg]fR j”ll(ZXO) (3(R+1)*VORT12(R(3R +8) +8)
vV €

T RY/5(6R 4 8) csc(2x0)
144 (V3(R +1)7/3)

V3R + 4(R(3BR(R(135R + 554) + 891) + 2020) + 624)

—V3VR(3R + 4)(R(OR(R(135R 4 554) + 861) + 5440) + 1482)) +0('),

—VR(3R + 4)(3R(3R + 8) + 14)) - (9(R+ 1)2/3
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L 427303 R sin(xo) cos? (x0) (3(R+2>m7 V3YR 3/—R+1(3R+4))

3e3
w3 loR3v/3R + 4 cos(2x0) csc(xo)
36v2(R +1)%/3¢

“3(R+ 1)¥3(R(3R(27R + 98) + 401) + 208)) +0 (),

1, — W2rliRsin’ (xo) cos(xo) (3( R+2)V3R+4—V3VRVR+1(3R+ 4))

3e3
3o R3V/3R + 4 cos(2x0) sec(xo)
36v2(R +1)%/3¢

—VYR(3R + 4)vOR + 12(R(2TR + 62) + 39)) +0 ().

(\G/E(?,R + VIR + 12(R(27R + 62) + 39)

(3(R +1)¥3(R(3R(27R + 98) + 401) + 208)

(C.2.11)

We use these expressions for E, S, L1 and Lo to obtain the plots in fig.4.10.
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