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Abstract

In this thesis we have studied four different problems on the effects of disorders in low
dimensional quantum systems. In the first problem we studied the how the low energy prop-
erties of a non-interacting system of electron on a bipartite lattice gets effected due to random
site dilution. We conclude that the behavior of the density of states the gapless phase is of
so called “Gade type” and in the gapped phase is of so called “Griffiths” type. We also tried
to understand the possible origin of generation of such states at low energy. In the second
problem we have tried to understand the effect of random site dilution in a SU(2) symmetric
spin model by mapping the model into a non interacting fermion gas, this map helped us to
understand the behavior of the spin system from the results of the non-interacting electronic
systems of previous problem. We conclude that from the magnetic response of the system
that at low energy the system stabilizes to a “random-singlet” phase. In the third problem we
have focused on the ground state properties of finite size antiferromagnetic which can arise in
a thermodynamic system as a result of random site dilution. In the fourth problem we focused
on the effects of a single impurity on the spin texture in an antiferromagnetically ordered spin
chain.
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Chapter 1
Synopsis

A majority of solid state systems in the real world deviates from an ordered arrangement of atoms
or ions. Such deviations from a perfect crystalline structure are called defects or disorders in the
systems. Defects in crystalline solids not only demand different set of theoretical techniques from the
one used for idealized pure systems, but also shows interesting behavior which are different from the
pure system. In this synopsis we will overview our work on three different studies to understand effects

of defects in strongly correlated systems.

Local changes in the strongly correlated system properties due to defects is interesting as the re-
sponse of the system in the vicinity of an impurity is a measurable quantity with local probes like
NMR and STM, also such responses can give us important hints about the properties of the ground
state. In the first problem of the synopsis, we have tried to understand origins of multiplicative loga-
rithmic corrections to the scaling predictions of spin textures in presence of a missing site in the Néel
ordered phase of the one-dimensional Heisenberg antiferromagnet. We used standard Bosonization
techniques and RG improved perturbation theory to calculate [1] the spin texture in the Néel ordered
phase and compared those results with the numerical results [1] obtained by QMC for a different model
with same Néel ordered phase in one-dimension. The details of the analysis is presented in first section

of this synopsis.

In the second problem of the synopsis we tried to understand certain ground state properties of finite
size antiferromagnetic systems, which is important because in computational studies working with
finite size systems is inescapable. Also experiments have shown that when a square lattice Heisenberg
antiferromagnets (SLHAF) is randomly diluted with non magnetic impurities it shows a percolation
transition; with dilution above the percolation threshold the magnetic order of the system breaks in
many puddles of finite size [2]. In finite size clusters of SLHAF the ground state can be a either singlet
or a doublet which can have fundamentally different behavior. Properties of singlet ground state in
a SLHAF have been analyzed before, both numerically [3] and analytically [4]; whereas for doublet
such detailed analytical understanding is lacking. In this problem we focus on the doublet ground

state properties of SLHAF [5]. Using three different approximate analytic approaches we characterize



a universal relation (with respect to the microscopic details of the Hamiltonian) between the singlet
and doublet antiferromagnetic ground state magnetic order in those clusters, observed from numerical
experiments [5]. The details of the universal relation and details of the analysis is presented in the

second section of this synopsis.

In the third problem of the synopsis we tried to understand certain behavior of disordered quantum
spin liquids(QSL). QSLs are very interesting low energy states of strongly correlated matter, where at
temperatures lower than the scale of exchange coupling, there is no conventional magnetic order due
to interplay between quantum fluctuation and geometric frustration. Several experimental [6, 7, 8, 9]
proposals exist where such a state can be realized. This work is related to a realization of the SU(2)
invariant spin liquid with spinful Majorana fermion excitation previously discussed at mean field level
by Biswas et al [10] to model the phenomenology of EtMe3Sb[Pd(dmit)s]o [11, 12]. In the third
problem of this synopsis, we considered an exactly solvable spin model [13] with such SU(2) invariant
Majorana QSL ground state and studied the low temperature susceptibility in presence of random site

dilution, which is a kind of defect common to experimental systems.

1.1 Vacancy-induced spin texture in one dimensional S = 1/2 Heisen-

berg antiferromagnet

In this part we consider a one-dimensional spin chain with a S = 1/2 moment at every site, with
nearest neighbors interacting via Heisenberg antiferromagnetic interaction (1IDHAFC). We study the

vacancy induced spin texture in this system, in the Néel ordered phase.

Even though for S = 1/2 IDHAFC, the thermodynamic properties can be exactly calculated in
the ground state using Bethe Ansatz [14], such calculations are often too complicated to be useful in
calculating correlation functions [15]. Here we took an alternative route to study this problem i.e. the
bosonization approach, which is asymptotically exact in the limit of low energies and long wavelengths.
Using bosonization techniques one can map S = 1/2 IDHAFC to a 1 + 1 dimensional bosonic field
theory with a ‘sine-Gordon’ action, which has a scale invariant free-field part perturbed by a non-linear
cosine interaction [16]. The renormalization group (RG) analysis of such cosine interaction perturbing
the scale invariant free-field action is an well known example of ‘marginally irrelevant’ interactions
in the neighborhood of a well-characterized scale free RG fixed point. Such marginally irrelevant
interaction can give violation of scaling predictions at critical points due to the presence of logarithmic
corrections that multiply the scaling predictions. However, the physics of the multiplicative correction
for a marginal operator is quite general and applicable in other models like the textbook example of
¢* theory. The importance of studying the same physics in the context of S = 1/2 chain is that we
can access the system by a number of numerical and exact methods. So it represents an ideal testing

ground for this important result.



More generally this problem is relevant in the context of similar multiplicative logarithmic violations
of scaling, which have been argued to exist [3, 17] at the critical point of a continuous quantum phase
transition [18, 3] between the usual Néel ordered antiferromagnetic ground state and a spontaneously
dimerized non-magnetic state with valence-bond order in a two dimensional S = 1/2 SLHAF. The
questions about nature of that phase transition, existence of such corrections and the origin of the same
are not clear and under debate [3, 19, 17, 20, 21, 22].

In this problem, we tried to understand the origin of similar multiplicative logarithmic corrections by
studying the Néel ordered phase of this analytically and numerically tractable S = 1/2 IDHAFC. We
calculate the spin texture around a missing site from the corresponding bosonic field theory by keep-
ing careful track of the effects of the marginal cosine interaction term using one loop RG improved
perturbation theory. Those field theory results for spin texture, are compared to available numeri-
cal results [1], which was calculated previously using Quantum Monte-Carlo (QMC) [1] for a one-
dimensional chain with nearest neighbor Heisenberg exchange J and six-spin coupling () = 4qJ (JQ
model). Our main conclusion is that this marginal cosine interaction leads to multiplicative logarithmic
corrections of scaling in the power-law Néel phase. We compare these analytical predictions with our
numerical results for ¢ < g, (in the Néel phase, above ¢, the JQ model goes to a VBS phase) and find
good agreement with the data. By good agreement we mean that the strength of the log corrections is
larger for g further away from the critical point, and vanishes for ¢ = g, which is consistent with the

bosonized field theory results.

1.1.1 Details of calculation

Using bosonization, S = 1/2 1DHAFC with a non-magnetic impurity (or open boundaries) can be
modeled in low energy as the following effective Hamiltonian [16], where ¢ is the bosonic field with
[6(2), d(y)] = —iO(x — y) (O(x) is the step function).

H=Hy+ H; (1.1)

where the free field part Hy is written as

u (L do\?  (d3\’

and the interaction term H; reads

L
u€ 2¢(x)
H =—-—— d ; 1.3
1 2 J, 2 COS < 7 ; (1.3)
here ¢ is an ultraviolet regulator defined later and
1
R =1—1meg . (1.4)



The last constraint that relates R to the bare coupling constant € at scale rq arises from the SU (2) spin
invariance of the underlying microscopic theory [23]. Within this bosonized formulation, the operator
S#(r) at site 7 = ja is represented as

sy @ 4o A e (6(r)
S<T)_271Rdr+\/ﬁ( 1) sm< I ) (1.5)

The alternating part of this is denoted by N, (r) and compared with available numerical results. We
first calculate the alternating part(V,(r)) of (S*(r))+(the numerical calculation [1] was done in the
doublet ground state S7,, = +1/2, created by one missing site in a periodic lattice with even number
of sites) by using bare perturbation theory [24, 23, 25] of first order in ¢q for a finite system of length
L. However, the bare perturbation theory result turns out to depend logarithmically on the value of the
ultraviolet cutoff g via a logarithmic ultraviolet divergence proportional to ¢g log %

This logarithmic divergence makes bare perturbation theory suspect, since a notionally small O(eg)
correction turns out to have a logarithmically diverging coefficient. To extract useful information from
the bare perturbation theory, it is therefore necessary to appeal to the Callan-Symanzik equation' for
the one point function S = <\/%7o sin (@))T . Using the general form of solution of the Callan-
Symanzik equation for one-point correlation and comparing that with the bare perturbation theory

results we obtain the alternating part of (S#(r))4 as,

N.(r) = c\/aFOL ( <0 )4 (1+¢(L)R) , (1.6)

VL \e(L)
with
T 7 sin 6,
Fo(=) = — 1.7
and ) 0
r T 2 T =0
R(=)= =1 2 t pd 1.8
(=2 [+ [T ) ocorods. (18
with&rz%.

Expressing €(L) as (obtained by solving the one loop expression for the beta function )

(L) = <o (1.9)

1+ 27|eq| {log (%) + %log <log (%))} ’

we choose the short-distance cutoff as 7y = a, and set the length L to L = (N +1)a. Eqns(6.43),(6.44),

(6.45) with these inputs constitutes a theoretical prediction with two free parameters (the overall ampli-
tude ¢, and the bare coupling ¢ at the lattice scale), and we find below that this provides an extremely
good two-parameter fit of the available numerical data in the power-law ordered antiferromagnetic
phase of the one dimensional J()3 model(Figure 6.1).

In addition, the spin texture at ¢ = g.,(q. = 0.04 is known from numerics) the critical end-point
of this power-law ordered Néel phase, fits extremely well to the general prediction with ¢y = O(Figure
6.3).

'The Callan-Symanzik equation is a differential equation describing the evolution of the correlation functions under

variation of the energy scale at which the theory is defined.



0.8 r

L2 N, (L,1/L,eg)
L2 N, (L,1/L,eg)

0.6
0.4
02 [ QMC (N = 479, q=o.o4; —— 0.2 QMC (N = 959, q=0.04; ——
RG (Ie|p=0.00, crg=1.00) —— RG (Ie|p=0.00, crg=1.00) ——
0 ‘ ‘ ‘ ‘ Sca!ing prgdiction‘(cscﬂ‘.oo) — 0 ‘ ‘ ‘ ‘ Sca!ing prgdiction‘(csc=1‘.00) —
0 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02 025 03 035 04 045 05

r/lL r/lL

Figure 1.1: L'/2N_(r) plotted versus /L (where L = N + 1 for chains with N = 959 and N = 479
spins and open boundary conditions) and compared with the scaling prediction Fq for ¢ = g. = 0.04,
the approximate location of the quantum critical point separating the power-law Néel phase from the
VBS ordered phase in the one dimensional J()3 model. Note the data at both sizes fits essentially
perfectly to the scaling prediction with the same prefactor c.. Also note that the best two-parameter
fit corresponding to our RG improved perturbation theory result also gives |ep| = 0, and thus coincides

with the scaling answer.

1.1.2 Comparing numerical and analytical results

In Figure (6.3), we have shown the numerical data [1] for the alternating part of the spin texture to
compare it with the scaling prediction at the critical point ¢ = g. and RG prediction for the same, for
two system sizes. As can be seen from these two figures, the scaling prediction fits extremely well to
all the data at both sizes. Also, a two-parameter fit using the RG-improved perturbation theory result
yields a best-fit value of ¢( indistinguishable from €y = 0. This confirms the location of the critical
point, as the bare coefficient of the marginally irrelevant cosine interaction is expected to be zero at the
transition point. This almost perfect fit to the scaling prediction is contrasted with the results shown
in Figure (6.1), which show numerical results at two representative points(¢ = 0 and ¢ = 0.02) in the
power-law Néel phase compared with the one-parameter fit obtained from the scaling prediction. As
shown in these two figures, the scaling prediction cannot predict well the numerical results for ¢ < g..
Additionally we note that the misfit of scaling predictions with numerical results increases as we go
further from the critical point(i.e. smaller ¢). In the same figures, we also show the best two-parameter
fit obtained by using our RG improved perturbation theory results. We show here that the best-fit values
of |€o| increase as one goes further away from ¢ = ¢., which is consistent with the expectation that
the bare coefficient of the cosine interaction vanishes as g approaches g.. Also we show that the RG
improved perturbation theory provides a much better fit at ¢ = 0.02 than at the Heisenberg point ¢ = 0,

consistent with the fact that our calculation is perturbative in the renormalized coupling €(L), and is



supposed to be a better approximation when the bare value of |¢g| is smaller to begin with.

To summarize the first work, we did a field theoretical analysis to understand the origin of multi-
plicative logarithmic corrections in the critical scaling form, observed numerically on the verge of the

Néel to VBS transition of an one dimensional antiferromagnetic model.

1.2 Antiferromagnetic systems with doublet ground states

In the second problem we have investigated ground state properties of the square lattice Heisenberg
antiferromagnets(SLHAF) with S = 1/2 moments at every site of a finite size cluster. Such kind of
finite size systems can be relevant when the antiferromagnetic order breaks into puddles in an SLHAF

due to randomly dilution with non magnetic impurities above the percolation threshold.

On the other hand in computational studies, to obtain information about the system in the thermo-
dynamic limit one needs to know how the physical quantities of interest are dependent on the size of
the system and the thermodynamic limit extrapolation of the same [26, 27] . For example, consider
S = 1/2 SLHAF defined on a rectangular region of a two-dimensional lattice, where the sides of the
rectangle are L, (L,) in the = (y) direction in lattice units and periodic boundary conditions are im-
posed in both directions. The antiferromagnetic order parameter is defined as the singlet ground state

average of square of staggered magnetization. It is is given by:
1
2 _
rTr

with Ny = L, L,. Here nzis +1 when 7 € A-sublattice, —1 when 7 € B-sublattice on a bipartite
graph, (...)o and subscript 0 denotes expectation values over the singlet ground state. Usually numerical
studies [28, 29] of the finite size properties of the system are done by taking a sequence of L, X
L, systems, keeping both L, and L, even and imposing periodic boundary conditions(PBC) in both
directions. From the analytical side, the form of finite size dependence of m? and the leading effects on
low energy spectrum, are derived with even L., L, and PBC [26]. However, some numerical studies
[27] use “cylindrical” samples with PBC in one direction and pinning fields on one pair of edges to
keep the spins fixed on the boundaries, focusing on the dependence of ground state properties on the

aspect ratio L, /L in various lattices.

The common thing about all those approaches is that they focus on systems with an even number
of spin-half moments(/V;,;). According to the Lieb-Mattis theorem the ground state of such a system
is a singlet [30] with S, = 0. Certainly there can be another kind of finite size cluster with a very
different ground state i.e. SLHAF on an L x L square lattice with odd L and open boundary condition
imposed in both of the directions. According to Lieb-Mattis [30] theorem such a system should have

a doublet ground state with total spin S,y = 1/2. A measure of antiferromagnetic ordering in such a
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scaling prediction cannot be simply ascribed to an overall multiplicative factor that grows with NV,
since the shape of the curves is slightly different. For top two figures data at both sizes is also fit
to the best two-parameter fit corresponding to our RG improved perturbation theory result, and the
agreement is seen to be quite reasonable, but not perfect, for the best fit values of cr and |ep| listed
in the legend. Whereas for the bottom two figures, data at both sizes is also fitted to the best two-

parameter fit corresponding to our RG improved perturbation theory result, and the agreement is seen



system could be staggered component of this ground state spin texture (defined as ®*(7) = (SZ)4),
ni=—> n(Si) (1.11)

Where (... )4 and subscript 1 denotes expectation values calculated in the S7; = +1/2 sector of the
doublet ground state(nr = +1 on the A sublattice and —1 on the B sublattice). The quantities ns,
calculated in a particular sector of the doublet ground state and my, calculated in singlet ground state
are different ways of measuring antiferromagnetic order in ground states of different nature.

In this work we focus on the the functional dependence of nf on myg, which is a property of
the spontaneously broken SU(2) symmetry of the Néel state in the thermodynamic limit. It might
be possible to describe the low energy physics of SLHAF in doublet ground state by some effective
theory with a local term to capture the open boundary, where the effective field theory parameters’
can be extracted from the knowledge of the microscopic Hamiltonian. Such an effective field theory
description is not available since it is not clear what kind of local terms will capture the effect of
open boundaries and how to project out the S;,; = +1/2 sector of the ground state in the field theory
description.

From QMC studies [5] by deforming nearest neighbor interacting Heisenberg antiferromagnet with
additional multispin interactions, it turns out that irrespective of the model Hamiltonian n$ can be fitted
as an universal polynomial function of mg in the antiferromagnetic phase. The function is given by:

ni ~ (§ —5 Z)mo + am? + bm}, (1.12)
where a ~ 0.288 and b ~ —0.306. Here we tried to understand this functional dependence n%(mo) in
the antiferromagnetic phase from three approximate analytical methods: spin wave theory, sublattice
mean field theory and rotor model. In next subsection we will describe the details of the analysis and

the conclusions.

1.2.1 Details of the approximate analytical calculation

Spin wave analysis: Spin wave theory is a perturbative approach to understand the long wave-
length behavior of spin systems. Still it is surprisingly accurate in the description of SLHAF, even in
the predictions for finite size systems with periodic [31] and semi-open boundaries [4]. Motivated by
this success of spin wave theory in predicting finite size results of SLHAF, we developed a formal-

ism to do linear spin-wave expansion for a SLHAF with open boundary. The method is based on the

2The effective, long-distance/time and zero temperature description of 2D Heisenberg model is given by non linear sigma
model(NLSM). Such effective low-energy/momentum description of the system is completely determined by two ground
state parameters i.e. spinwave velocity c, spin stiffness constant ps. The values of those two parameters have to be deter-
mined from the microscopic Hamiltonian. The partition function looks like, Z = [ Di(x,7)d(7* — 1)exp[—Sp — Sa)
, where Sp is the Berry phase term and it is not important in the present context. For d-dimensional antiferromagnets
Sa = [ drdd:c[%(gﬁf + £:(9-7)?] and ¢ = L= One can choose ¢ = 1 to set the scale and that leaves only one
free parameter ps. Hence all the physical quantities should be a function of ps. Like the antiferromagnetic order parameter
mé(equation 2.16) can be calculated from this NLSM description as a function of p, and can be fitted with the experimen-

tal/numerical results of m3 to obtain the value of p, for a particular microscopic system.



Figure 1.4: An illustration of the interactions present in the J.J’ (left panel) and J.J> (right panel)
model Hamiltonians. In this illustration, black bonds denote exchange interaction strength of .J, while

a red bond represents exchange strength of .J’ (J5) in the left (right) panel

Holstein-Primakoff [32] representation of spin operators by bosons. The Heisenberg spin Hamiltonian
is represented by a bosonic Hamiltonian as a result, which is truncated to quadratic order in boson
operators by large S expansion to obtain the first quantum corrections to the classical energy of the
system( the Néel state being the classical ground state). For periodic systems since there is a transla-
tional symmetry in the problem, so one can work in the Fourier space to find the spin-wave modes and
calculate the leading order spin wave corrections in n¥ and my for various models in the large- S limit.
This calculation is pretty standard and routinely done in literature, but the corresponding analysis of
systems with free boundary conditions, with odd numbers of sites is not standard and has been devel-
oped in this part of the thesis. From our spin-wave analysis it turns out that the universality discussed
in the previous section is well captured by spin-wave theory. As discussed in the previous section,
we study two deformations of Heisenberg antiferromagnet which are known as J.J ' [33] and JJ5 [34]
models[Figure 5.1] in literature. The spin-wave expansion results in the following relationship between

ns and my , which is qualitatively same as the available numerical results
ni=(1—a-B/S)mo+ (a/S)m§ + O(S™?), (1.13)

with o =~ 0.013 and 8 ~ 1.003 for spin-S antiferromagnets[Figure 5.8]. Moreover, by studying the
Fourier transform® of the ground state spin-texture in the momentum space for various deformations
of the pure antiferromagnet, we found that spin wave expansion predicts that the spin-texture near the
antiferromagnetic wave-vector is an universal(with respect to various deformations of the microscopic

Hamiltonian) function of the wavevector[Figure 5.9].

Sublattice mean-field theory: We explore two other ways to explain this universal function for
antiferromagnets(Equation 1.13) with a spin-S moment at every site. One of them is a simple mean-

field picture in which the system can be described in terms of the dynamics of two giant spins vectors

3This Fourier transform is done numerically on the data to see the weight of the various modes in hte momentum space.
To be specific we are concerned about the weight of the modes near the antiferromagnetic wavevector. For an odd size

antiferromagnet it is convenient to use antiperiodic boundary condition as periodic boundaries induce frustration in this case.
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Figure 1.5: Using finite-size extrapolations to the L — oo limit, to obtain A(nf = S — A) for various
values of Jy/J and J ' /J, we compare the result with A’(mgy = S — A’). Specifically, we now ask if
the universality seen in the QMC results [5] is reflected in these semiclassical spin-wave corrections
to n% and mg. The obtained spin-wave corrections apparently satisfy a universal linear relationship
A — A’ ~ 1.003 + 0.013A’ as one deforms away from the pure square lattice antiferromagnet for
JJ' and J.J; models(Figure 5.1). This implies that nZ(my) to leading order in 1/ will be :Ti =
1— A%N +0O(S72). We highlight this point by plotting the figure in way such that it is clear that A — A’
is almost 1 with a very small slope of 1/.S order. Using our numerically established universal result to
relate A — A’ to A’, we obtain the universal relationship n% = amg + fmg with a = 0.987 —1.003/.5
and 8 =~ 0.013/8S.
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Figure 1.6: Fourier transform (with antiperiodic boundary conditions assumed for convenience) of the
spin-wave data for ®*(7) (assuming S = 3/2 and calculated using L = 75 for J.J; and JJ' model)
along cuts passing through the antiferromagnetic wavevector (7, 7). Note the nearly universal nature
of the results in the neighborhood of the antiferromagnetic wavevector, which in any case accounts for
most of the weight of the transformed signal. Note that this are only two cuts of the two dimensional
(k. » Gk, ) plane, if one considers the entire two dimensional plot, near the point (7, 7) there will be

significant overlap to see the universality.

S, and Sp, composed of the total spin of the A and B sublattices respectively. When the number of
spins in B sublattice(/Np) is one more than that in A sublattice(/N4) (or vice versa), one can take the
total spin quantum number of S, as Sp + S and the total spin quantum number of Spas Sp.

The effective Hamiltonian to describe this mean field picture is given by,
Hyr = JurSa - Sp (1.14)

with S 4 and S being coupled antiferromagnetically (Jy;r > 0). We focus on the |0) y7p = Stot = S,

=+ =S ground state of this effective Hamiltonian as this corresponds to the Sio = 5,5 = S ground
state considered in the analysis, which can be obtained by the angular momentum addition of S and
Sp + S. In this effective Hamiltonian picture, nf is (0[(S% — S%)/Niot|0)pp. Similarly, when

N4 = Np, one can also calculate m3 = ((Sa — Sp)?) j—0/NZ

. within the same sublattice-spin
approach, with the ground state being in the singlet sector. This allows to extract the ratio nf /mo the
thermodynamic limit as

S

This effective mean-field picture is exact for a Hamiltonian of an infinite-range model in which
every A sublattice-spin interacts with every B sublattice-spin via a constant (independent of distance)
antiferromagnetic exchange coupling J,r. So this simple mean field model will become asymptoti-
cally exact in the limit of infinitely long-range unfrustrated couplings in the Heisenberg model. In that
limit, we also expect mo — .5, and thus, our mean field theory predicts that n3 — (S/S + 1)mg when

mgo — S. This is the constraint that we impose into our fit of n%(mo).
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Rotor model: Another way to understand the functional form nf(mo) is in terms of a quantum
rotor picture, where the rotor vector is the Néel vector 77 of an antiferromagnetic system with an odd
number of sites. As we know that ground state of the SLHAF with nearest neighbor interactions
has Néel order and with that system, one can associate a Néel vector(i7) pointing at some definite
direction in space. Even though for a finite size system with singlet ground state there is no real
preferred orientation for this Néel vector, it was shown by Anderson [35] that the Néel state will be
a superposition of practically degenerate states and the Néel vector will slowly precess through those
states. That motion of Néel vector can be modeled as a rigid rotor. In the case of an antiferromagnet
with an even number of S = 1/2 moments, the low-energy effective rotor Hamiltonian of the order
parameter(Néel vector) is o

L-L
Hyotor = m- (1.16)

Here L is the angular momentum conjugate to the “quantum rotor” coordinate n = 7i/|7

, X is the
uniform susceptibility per spin, and Vit is the total number of spins.

In the case of antiferromagnets with an odd number of sites, the number of spin-S moments on A-
sublattice is one more than that on B-sublattice(or vice versa), i.e. N4 = Np + 1. For this system, we
postulate a rotor Hamiltonian, following the work of Chandrashekharan on quantum rotor descriptions
of insulating antiferromagnets doped with a single mobile charge-carrier [36]. In that description L
of 1.16 is replaced by the angular momentum operator I conjugate to a quantum rotor coordinate
7, which parametrizes a unit-sphere with a fundamental magnetic monopole at its origin. [37] The
low-energy effective Hamiltonian for this case becomes,

=g} =g}

H or = 2% Niot (L.17)
o

where the superscript reminds us that the lowest allowed angular momentum quantum number [ of
the modified angular momentum operator L'isl = S. The angular wavefunction [37] of the || =
S,m; = S) ground state of this modified rotor Hamiltonian is the monopole harmonic Y_g s (6, ¢).
To calculate nf/mo we calculate (nf)1 ie. the expectation value of 2° = cos(6) in this monopole

harmonic wave function on the unit sphere. It leads to

S
(nf)r = g1 (1.18)

which is exactly the same expression we got from sublattice mean-field theory.

Conclusion: The rotor model is a more general phenomenological approach than the sublattice
mean-field theory which doesn’t take into account any nonzero wave vector modes or the amplitude
fluctuations of the Néel order parameter, also the model makes no assumptions about any long range
interactions. It still reproduces the sublattice mean-field theory results which is asymptotically exact in
the limit of infinite-range unfrustrated interactions. Thus, a more general phenomenological approach

that goes beyond sublattice-spin mean-field theory but ignores all non-zero wavevector modes also

12



gives
mo

37
for S = 1/2. Since both numerical results and spin-wave results show clear deviations from this

ni = (1.19)

result, we conclude that such non-zero wavevector modes are essential for a correct calculation of the

universal function 13 (my).

To summarize this section, we did approximate analytical studies to understand an interesting uni-
versal relationship between certain aspects of the ground state spin texture, observed from numerical
experiments. In the process we uncovered some interesting features of ground state properties of an

antiferromagnetic system in doublet ground state or in general, any multiplet ground state.

1.3 Vacancies in SU(2) invariant Majorana spin liquid

Due to the effect of weak disorder, in the mean field proposal of SU(2) invariant Majorana QSL
state [10] the magnetic susceptibility goes to a constant value at 7' — 0. Understanding the effect
of missing sites or strong disorders in such a state can be useful as in experimental conditions often
samples have such kind of disorder. In the third problem we focus on the effects of random site dilution
in an exactly solvable SU(2) symmetric spin model (Yao-Lee model, equation4.2 [13]), which has
a spin liquid(QSL) ground state with gapped or gapless spinfull fermionic excitation in presence of

time-reversal symmetry.

In this context the gapless phase of Kitaev’s spin model is very interesting because it has a spin liquid
ground state with very short range spin correlations but broken rotational symmetry. Kitaev’s spin
model on a honeycomb lattice was exactly solved by mapping it to a free Majorana fermion hopping
problem, Willans et al [38] have shown that such a method also works in presence of randomly located
vacancies (dubbed as “random site dilution”). By that token the problem of random site dilution in the
spin model maps to a problem of random site dilution in a free Majorana fermion hopping problem on a
bipartite (e.g. honeycomb) lattice. And the susceptibility of the spin model maps to the compressibility

or density of states of the corresponding free fermion system as

P(T)
=,

X(T'— 0) ~ (1.20)

Thus computing the density of states of the randomly diluted free fermion problem at very low energy

gives the behavior of magnetic susceptibility at 7" — 0 limit.

The free Majorana fermion hopping problem corresponding to the gapped phase of Kitaev’s model
with many vacancies was analyzed using perturbative techniques [38] and it was shown that low tem-

perature magnetic susceptibility behaves as x(7") ~ —. Analyzing the problem in the more

1
T(log( 7))
interesting gapless phase by same method is difficult as finite size effects becomes more important
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and the integrals appearing in Green’s function calculation doesn’t converge. On the other hand it can
be shown [13] that by similar mapping the SU(2) symmetric Yao-Lee model (equation4.2 [13]), can
be mapped to very similar free fermion hopping problem as that of Kitaev’s (detailed explanation is
provided in next subsection) with similar gapped and gapless phases, for the same parametric values
of exchange coupling. So in this work, by performing exact calculations of density of states for that
randomly diluted free fermion hopping problem at very low energy on large size systems, we tried to
understand the low temperature magnetic response of Kitaev’s model and Yao-Lee model in presence

of many vacancies in the both gapped and gapless phases.

The spin model to free Majorana fermion hopping map connects the disordered spin problem with
the earlier studies on particle-hole symmetric localization on bipartite random hopping problem [39]
where the spectrum is symmetric about zero energy(F = 0). From numerical works [39] it is known
that in the particle-hole symmetric pure problem introducing random bond disorder generate lots of
new states near &/ = (. In an effort to understand the physical mechanism behind generation of such
states, the functional form of density of states in the £ — 0 limit is an important quantity to study.
It was shown that random bond disorder in particle-hole symmetric hopping problem has universal
behavior in the functional form of density of states at low energy depending on whether it is defined
on a bipartite or nonbipartite graph and whether the spectrum in absence of disorder is gapped or
gapless [39, 40]. From the work of Motrunich et al [39] on bipartite random hopping problem in two
dimension at the strong disorder limit, the predictions are following:

In the gapless phase the density of states p(F) (E being the energy) will have the Gade [40]
functional form
p(E) ~ %e*CV"E'%. (1.21)

with x=3/2 and c is a constant whose values depends on the disorder concentration and type of disorder.

In the gapped phase the density of states shows the Griffiths [41] form given by
p(E) ~ B~z (1.22)

with a variable dynamical exponent z at dimension d (d = 2 here).
In contrast from the perturbative calculation of Willans et al [38] on randomly diluted Kitaev’s
model, the gapped phase density of states follows the Dyson form given by

1

p(E) ~ Eflog[1/E[F=" (1.23)

with z ~ 0.7. In this work on randomly diluted bipartite hopping problem we tried to resolve this
conflict and we conclude that Motrunich et al’s [39] prediction for the functional form of density of

states is correct in asymptotically low energy limit at both gapped and gapless phases.

There is another interesting aspect of this work. Using real space renormalization group analysis Ma-

Dasgupta-Hu [42] and Fisher [43] have previously shown that one dimensional Heisenberg spin chain
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with randomly distributed exchange coupling have a stable phase at low energy, in which each spin is
paired with one other spin that may be very far away (dubbed as “random-singlet” phase). Such random
singlet phase has a diverging low temperature susceptibility due to lack of any long range order of the
form x(T) ~ %h(log(1/T)) (h is some decreasing function of its argument that makes this density
states integrable) . As a first example of such kind of Physics in higher dimension, Bhatt-Lee [44]
have shown numerically that three dimensional Heisenberg antiferromagnet doped with non-magnetic
impurities doesn’t show any magnetic order at very low temperature (lower than exchange coupling
energy) due to such random singlet formation. The higher dimensional studies of the system are
numerical and it is not clear whether such random-singlet phase observed there is the stable low energy
phase of such system. From our exact calculation of density of states (or susceptibility , equation 1.20)
we seem to have found that the true low temperature phase of the system is of “random-singlet* like

on a randomly diluted two dimensional bipartite lattice.

1.3.1 Analysis of SU(2) symmetric extension model with spin liquid ground state

Construction of a SU(2) symmetric Kitaev model requires a lattice with coordination number three and
a tricolourability property for the links of the lattice. The SU(2) invariant spin model [13] we study
is defined on a brickwall lattice (topologically equivalent to honeycomb lattice). In that lattice each
link can be assigned a type-label x, y or z such that every vertex has exactly one link of each type. So
the link Hamiltonian H_j;~, on a A-type link < jk >, (A = z,y, 2) connecting sites j and k can be
defined as,

Hjyy = — Ty, (7, 997099 (0).0). (1.24)

The model has two different spin degrees of freedom o® (o = z,y, 2) and 7 at every site. Which
are represented by SU(2) invariant Majorana fermion representation as 0 = —ic¥c* (and all coun-
terclockwise permutations) and 7* = —:b¥Yb* (and all counterclockwise permutations). Note that any
model with this kind of structure will look like a bilinear in both Majorana operators b and c. Now
that we have two independent Pauli matrices as every site and we are writing each one of them by
SU(2) symmetric representation of three Majorana fermions, we have double counted the single site

Hilbert space. To get back to the original Hilbert space the typical choice [45] is ¢*cYc?b"bYb* = ¢ (or

alternatively c¢*c¥c*b*bYb* = —t). So the Hamiltonian in terms of the Majorana fermions becomes
H=i Y Jejisyticjrsy( Y &Gcf). (1.25)
<jk>x oa=1,y,%

Where the outer sum is over all three types of links < jk >, (A = z,y,z). Here the products
ib?<jk>bz<jk> on the A links < jk >, (with A = x,y, 2) become static Z gauge fields ux~, and
the Hamiltonian becomes a bilinear in ¢ Majorana fermion operators which are coupled to those static
Zo gauge fields. Note that the SU(2) symmetry of the original spin model is reflected in equation (4.9)
as a global SO(3) symmetry between the three copies of Majorana fermions. At this stage the only
difference between this model and the original Kitaev’s model is that, this model has three different

flavors of c-fermions which means we have three copies of Kitaev’s original solution with each of
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those fermion flavors being coupled with the same gauge field. Due this resemblance with the original
Kitaev’s model, the properties of this free Majorana fermion hopping problem of our SU(2) symmetric

model, is same as that of Kitaev’s original model.

Free Majorana fermions on a bipartite lattice: Some additional simplification is possible for
the random hopping problem on a bipartite graph, over equation 4.9. Since ;1) (= WiikysJ (k) N,
only connects A-sublattice sites to B-sublattice sites, instead of working with the pure imaginary but
hermitian matrix defined by the original hopping problem, we can work with a real symmetric matrix.

This can be seen by re-writing the Schrodinger equation in the following way,
D tumalidh) = eudl (1.26)

k
Z t<jk>)\¢? = (“ﬁﬁ)
J

Here, j is a A-sublattice site and & is a B-sublattice site. We note that it is advantageous to study
the matrix H? (= _t%jkh) instead of H (= itj,) the hopping Hamiltonian. For bipartite lattices
in H? the two sublatitces are decoupled with same absolute values of eigenvalues (differing in sign),
that reduces the size of the matrix to be considered to half of the original. Moreover, for very small

numbers the H? is more numerically stable.

Computation of Density of states: At this stage( equation 1.27) we approach the problem of
site dilution in SU(2) symmetric Majorana spin liquid as an eigenvalue problem where finding the
density of states is basically counting number of eigenvalues in a certain interval. To count the number
of eigenvalues below a certain energy value we use the Sturm method. The method suggest an way
to compute the number of eigenvalues above a particular number A for a real symmetric matrix A,
by calculating the number of sign agreements between the successive leading principal minors of the

matrix (A — AI). That translates to finding the number of eigenvalues below some particular —e for
2
i
Here one of our goals is to get as large size as possible in order to reduce finite size corrections in

the matrix A = H?, which has eigenvalues —e

low energy, so we use some schemes to reduce computational memory cost. We considered semiopen
boundary condition such that the free fermion hopping matrix becomes a banded matrix with a narrow
band, which has a lower memory cost in various operations compared to the full matrix. In order to
ease the process of evaluating the principle minors the matrix (A — AI) is triangularized using stan-
dard Gaussian elimination. We make use of a numerically stable algorithm by Martin and Wilkinson
[46] for such kind of calculations on banded matrices which is also very memory efficient. By that
algorithm, there is no need to store the whole matrix at any stage of the calculation, only a bandwidth
square number of elements is needed to be stored.

Since here we are trying to probe very low energy states of the system due to large number of
impurities, we tried to make our computation as accurate as possible for extremely small numbers. For

that purpose we make use of the GNU Multiple Precision Arithmetic Library [47], which uses efficient
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algorithms [48] to stretch the precision for basic arithmetic operations well beyond the machine pre-
cision. The only limit in the maximum achievable precision is imposed by the virtual memory of the
machine.

Using a combination of the previously mentioned memory efficient algorithms and the high pre-
cision libraries, we managed to reliably calculate integrated density of states of the disordered system

upto size 51200 sites and ~ 107120

precision. The cost of such high precision memory efficient al-
gorithm is the computation time. Still we managed to obtain significant statistics* for our conclusions

and we are working on improving that statistics.

1.3.2 Results

Gapped phase: We calculate the density of states in presence of a finite number of vacancies
upto very low energy(E,,;, = 107°%) and large size systems(N = 51200). We obtain reliable data
by carefully implementing Lieb’s theorem [49] in all plaquettes of our disordered fermion hopping
problem such that the system under study is always in the energy minimizing ground state flux sector”.

The key point in our observation is that the behavior of integrated density of states(IDOS) goes
through a crossover at a very low energy. Before going in to the detail of the crossover we will introduce
a few notations and express all the DOS forms in that for convenience. Instead of energy we will use
the quantity I' = log(1/FE) and instead of DOS we will plot IDOS, N (I"). Now with the new notations,
in Figure 1.7 in the left plot plot we have reproduced the result of Willans et al [38] in the energy range
considered by them. Our exact calculation shows same result as their perturbative calculation, which
is the “Dyson” form N (I') ~ I'"*(look at equation 2.9 for the corresponding p(E) expression) with
x ~ 0.8 (Willan’s et al predicted x ~ 0.7 [38]).

In figure 1.7 IDOS shows the “Dyson” form upto an energy E ~ 10720 . At an energy lower than
E ~ 10740 | the behavior of IDOS is better described by either Griffiths form N(I') ~ e‘gr(look
equation 2.7 for the corresponding p(F) expression) with a very high value of dynamical exponent
(z ~ 110) or modified Gade form N (I") ~ Fk%e_dﬂ% (look equation 2.6 for the corresponding p(E')
expression) with x = 3/2. From the IDOS data set we have it is really hard to distinguish between
those two forms, as Griffiths is an exponential and Gade is a stretched exponential.

The results obtained here, can be contrasted with the corresponding results from the studies of
strong disorder in bipartite random hopping (BPRH) by Motrunich et al [39], which predicts the Grif-
fiths form, in the gapped phase.

“We calculate the integrated density of states by averaging over a large number of disorder realizations with fixed con-

centration.
SLieb’s theorem: For a half-filled band of electrons hopping on a planar, bipartite graph the magnetic flux enclosed by a

loop of size 4m is 7, whereas the magnetic flux enclosing by a loop of size 4m + 2 is O(where m is an integer). The theorem
can was proved only in presence of certain symmetries. In the disordered fermion hopping problem those symmetries are not
present, but Willans et al [38] have shown with the aid of perturbative and numerical calculation that the theorem holds even

in the absence of those symmetries.
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Figure 1.7: Integrated density of states N (I") plotted against I'(=log(1/E)) for the gapped phase of
Kitaev’s model on a honeycomb lattice with semiopen boundary condition. The parameter values used
here J, = J, = 1,J, = 4o = J,/J;). The results are obtained with 5% impurity concentration,
for sample of 51200 sites, averaged over 1000s of disorder realizations. Left panel: the main plot in
left panel emphasizes the crossover from Dyson form(/N(I') ~ I'"*) to some other form behavior of
low energy IDOS. Inset of left panel shows a zoomed portion in the higher energy range of the plot, to
compare Willans et al [38] result. For comparison the inset plot is made for a sample with 3200 sites
and 5% impurity concentration , same as Willans et al [38]. Right panel: this plot shows a fit for the
crossover from Dyson form to Griffiths(N (I") ~ e—gr) or modified Gade form(N (T") ~ I‘l_%e*CF% ,
x = 3/2) in the behavior of low energy IDOS. From this plot it is hard to decide that for high values of
T", which of the two forms fits better with the data. The only thins we can say that certainly the IDOS
looks straighter than the Dyson form, so indeed there is a crossover in functional form of IDOS. The
fits made here are within the range of I' = 40 to 140. The z value fluctuates when we change the range.

For example for the range of I' = 25 to 80, z is 76.
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Figure 1.8: Integrated density of states N (I") plotted against I" for the gapless phase of Kitaev’s model
on a honeycomb lattice with semiopen, armchair boundary condition. The parameter values used
here J, = J, = J. = (o = J./J;). The results are obtained with 5% impurity concentration,
averaged over 1000s of disorder realizations. Left panel: for convenience to fit the data in the form
N(T) ~ I‘l_%e_cr% we plot N(I‘)I‘_H% to I'. Here we compare between Gade form(z = 2) and
modified Gade form(z = 3/2). We conclude that modified Gade form is a better fit to the data. Right
panel: here we compare between Gade form and Griffiths form(N (T") ~ e ir ). Again we conclude

that modified Gade form is a better fit to the data.

Gapless phase: We calculate the density of states in presence of finite number of vacancies
upto very low energy(E,,;;, = 107°°) and large size systems(N = 39200) and contrast our result
with the corresponding results of critical delocalized phase in the BPRH universality class [39]. In
the delocalized phase the IDOS at low energy follows the "Gade” form N (I") ~ Flfie_dﬂ%(look
equation 2.6 for the corresponding p(E) expression) with = 3/2(Figure 3.9, dubbed as “modified

Gade” form to contrast with the original ”Gade* [40] form with exponent 2.

Conclusion: From this work our conclusion is following: in the gapless phase even upto very
low energy the density of states is of Gade form (equation 2.6), on the other hand in the gapped phase
the Dyson form persists upto a certain energy scale (Figure 1.7) then there is a crossover in the form
and finally the form changes either to Gade form or Griffiths form. It is hard to distinguish between a
power law (equation 2.7) and stretched exponential (equation 2.6) from our current set of data.

So the predictions from Motrunich et al [39], which they provided for random bond disorder also
holds in presence of random dilution. In the gapped phase the prediction of Willans et al [38] on the
form of density of states turns out to be true (equation 2.9, x = 1.7, Figure 1.7)in the higher energy
range(E > 1072 in J = 1 scale) but at the £ — 0 limit the density of states takes either modified
Gade(equation 2.6) or Griffiths form(equation 2.7, Figure 3.9). It is is hard to resolve between these
two forms from our data.

In addition we conclude from the Equations 1.20 and 2.6, 2.7 that susceptibility will behave as
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X(T — 0) ~ +h(log(1/T))(h is some decreasing function of its argument that makes this density
states integrable), this is the signature of random singlet phase and from these results it seems to be
the true low temperature phase of the randomly diluted SU(2) spin model with a Majorana spin liquid

ground state, defined on a two dimensional bipartite lattice.
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Chapter 2

Introduction

Understanding emergent phenomena in many body systems at different levels of complexity is one of
the main goals of physics. Disorder effects in such systems are of special interest not only because they
are ubiquitous in nature but also because the effects of disorder can lead to genuinely different behavior
compared to that of the pure system. Sometimes studying the changed behavior of a complex system
in presence of disorder also improves understanding of the pure system. In this thesis our goal is to
understand effects of disorder in some specific examples of low dimensional many electron systems at

Zero temperature.

A class of phases observed in solid state systems (e.g. metals, band insulators, semiconductors,
semi metals, integer quantum hall systems) can be understood from a model of weakly interacting or
non interacting many electron system. It turns out in such a non-interacting system of electrons, a
metallic phase in the clean system can be driven to an insulating phase in the presence of disorder.
This phenomena was discovered by Anderson [50] and is known as Anderson localization. The nature
or existence of such an transition depends strongly on the dimensionality of the problem. Later it
was discovered that the properties (such as susceptibility, specific heat) of this kind of systems in the
metallic and insulating phase varies depending on the nature of the pure system and the kind of disorder
introduced. Different behavior corresponds to different “universality classes” which are determined
by the overall symmetries of the disordered system; such as time reversal symmetry, particle-hole
symmetry and spin rotation symmetry.

Characterizing the metal-insulator insulator transition in these different universality classes of non
interacting disordered many electron systems and understanding the physics of such systems is a sub-
ject of interest as it corresponds to the behavior of various physical systems like dirty graphene, topo-

logical insulators, superconductors etc.

On the other hand there is another class of phases observed in solid state systems (e.g. Mott in-
sulators, magnetic systems, high 7. superconductors, quantum spin liquids, fractional quantum hall

systems) where the role of interaction is not negligible, nor small enough to treat perturbatively. It
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turns out in an interacting electronic system, a metallic phase can be driven to an insulating phase de-
pending on the strength of interaction compared to the bandwidth. This phenomena was discovered by
Mott[51] and is known as Mott localization. The most well studied experimental example where Mott

transition is realized is in the family of cuprates.

A very different kind of metal-insulator transition is observed in doped semiconductors, where the
response of the system in both metal and insulator side is anomalous compared to the previous cases.
This anomaly is believed to be due to the fact that the metal to insulator transition is driven by an inter-
play between Mott and Anderson localization. The phenomenology of such a system can be captured
by a model of disordered Heisenberg quantum antiferromagnet. This model is well understood and
analyzed in one dimension where at low temperature the system stabilizes in a very special interesting
random singlet phase as shown by Dasgupta and Ma [42]. In higher dimension an exact solution of
this model is not known so far; but by approximate RG calculation for certain kind of disorder in three
dimension, Bhatt and Lee [44, 52] have predicted occurrence of a similar phase with no long range
order. However the higher dimensional theoretical calculations doesn’t capture all the experimental
features of the transition, and there are unresolved issues like whether random-singlet like phase is the

true low energy phase in higher dimension.

In a pure Mott insulator where the interaction is much stronger than the kinetic energy of electronic
hopping between atomic orbitals, the system can be modeled in low energy as a spin Hamiltonian
with Heisenberg antiferromagnetic interaction. Such antiferromagnetic phases shows an wide range
of differently ordered phases due to the interplay of competing nature of interaction caused by the
geometry of the system and quantum fluctuation. Often in the experimental realization of such kind of
phases, impurities are unavoidable even in the purest possible samples. Response of such impurities
can actually serve as a local probe to the system. By NMR and STM experiments one can scan the local
response of system near those point defects; for example such measurements performed on the cuprates
shows that near a non-magnetic impurity the staggered magnetization enhances locally. Similarly a
single spinless impurity in an one dimensional S = 1 antiferromagnet induces staggered magnetization
locally. The decay of the staggered magnetization from the impurity gives valuable information about
the spin correlations in the ground state of the pure system and manifests the presence of a finite

spin-gap (Haldane gap).

With this brief overview of the few areas relevant to the following discussion of this thesis, we

motivate the need to study disorder in low dimensional many body quantum system.
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2.1 Modeling disorder in correlated many body quantum system

The most general yet simple model of many electron system to capture the physics of both Anderson

transition and Mott transition is the single band Hubbard model:

H = Z tij(cj-?gc]‘ﬁ + h.c.) + %Z(n?a —-1)+ Z Vini. (2.1)
(ig),o B0 ¢

This model is defined on a lattice where every site is occupied by an atom and the atomic orbital of

neighboring sites can overlap (the simplest case) to allow conduction of electrons in the outermost

shell of each atom. Electrons are allowed to hop from one atomic orbital to another atomic orbital by

obeying Pauli exclusion principle such that at the atomic orbital of each atom there can be either no

electron or one electron or two electrons of opposite spins at a time.

The single-band assumption is related to the fact that only one band per atomic orbital is consid-
ered; it is a good enough approximation to capture most of the phenomenology. The first term of the
model is a kinetic term describing hopping of electrons between the atomic orbitals located between
sites 7 and j. In the Hamiltonian written in second quantization language the creation operator cgp rep-

resent creation of an electron at site 7, with o spin-1/2 eigenstate. The hopping probability amplitude

t;; in first quantized notation between sites ¢ and j is given by,

A2
tij = /drwi(r) <2m + Ui(m) P;(r). (2.2)

In this equation v;(r) represents the orbital wavefunction at site ¢ and Uj,, is the periodic potential
created by the lattice; the bandwidth( denoted by D) in the model is dependent on the Uj,, part of
this term. The operator n;(= ZU n; ») represents the fermion number operator at each site. Thus the
second term is the term representing two electrons with different spins (by Pauli exclusion principle)
occupying same site with effective Coulomb interaction energy U. In first quantization notation it is

given by

62

U= /drldr2|¢i(r1)|2|<;5i(r1)|2, (2.3)
1 — 1y

where we are ignoring the long range Coulomb interaction. The third term in the model denotes a

random on site potential V; at site ¢, which can be physically attributed to the presence of random site

impurities.

This simple model turned out to be a very successful model to capture the phenomenology of
Mott insulators. It shows different phases depending on the relative values of ¢;;, Ujop, D and U. In
one dimension for arbitrary filling this problem is exactly solvable by Bethe ansatz [14]. But in two
dimensions, no exact solutions is known so far. We will describe two limiting cases for which we will
discuss the theoretical approaches to the problem.

In a many body system the possibilities exist that U > 0 (coulomb repulsion between like charged
electrons), U < 0 (effective attraction can be mediated by electron-phonon interaction as in supercon-

ducting phase), U = 0 (uncorrelated free electron system, can be metal,band insulator, semiconductor,

semi-metal etc. depending on the filling factor). Depending on various values of the ratio U/ D one can
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expect other various kind of possibilities. Here, we focus on disorder effect in those specific situations,
all of which are deep in the Mott insulating regime ¢t << U. However, we will see that the low energy
properties of one of them (chapter 4) is essentially determined by the physics of free fermions with a

certain kind of disorder (chapter 3).

2.2 Disorder in U << t;; limit

First consider the limit U — 0 in which the disordered Hubbard model reduces to

H=" tigjolc] cjor +he)+ > Vini. (2.4)
(igho i
In absence of any disorder i.e. V; = V and {;, j,» = t, this model is the well known single particle
tight binding model. For convenience of the rest of the discussion we can write this Hamiltonian in a
matrix form as
H = ClHa 5Cp. (2.5)

The subscripts A = (i,0),B = (j,0). The vectors C4 = ¢;, and Cp = c¢;,. And the matrix
Ha,B = tisjo + Vidio, jo'. Depending on the constraints imposed on symmetry properties on this
first quantized Hamiltonian matrix H, the model captures the behavior of a wide class of physical
system. As mentioned in 2.1 in this U — 0 limit one can explain metal, semiconductor and band-
insulators etc. The model in Eq. (2.4) is a very general one where the only condition imposed on the
Hamiltonian matrix H is that it has to be hermitian. Apart from that when special symmetry properties
are imposed on this general model, it faithfully captures the physics of disordered graphene, topological
insulators, quasiparticles in dirty superconductors etc. As a specific example consider Graphene, which
is described by an Hamiltonian H 4 p with bipartite structure, particle-hole symmetry, time-reversal

symmetry and sublattice symmetry.

2.2.1 Symmetry classification in single particle random Hamiltonians

An important quantity characterizing the randomness in a quantum mechanical Hamiltonian is the
density of states. To see why knowing the density of states is important consider the general spectrum
from an ensemble of random valued matrices H 4 . In most general case, one can think that the
spectrum of this ensemble will consist of closed disjoint intervals (called bands); also there can be
open intervals between two such bands (called gaps). Now consider at the energies near the band edges
i.e. eigenstates near the boundary of band energies; for the spectrum to have such eigenstates there has
to be large regions in the system where all the hopping and on site potential is of same energy (near
lower or upper band edge). For a random valued distribution to have all same values near the minima
or maxima is of extremely low probability (dubbed as a rare fluctuation event) and can be shown to be
exponentially suppressed, this is known as Lifshitz tails [53] of the spectrum. The characterization the
spectrum with this kind of rare fluctuations at band edges or band center or divergence at band center

can be done conveniently by looking at the density of states, often it is more convenient to get spectral
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information uniquely from the integrated density of states given the fact it is a monotonic function with

energy of the system.

Considering the physical reasons it is also interesting to understand the behavior of density of states
in random Hamiltonians. As in non-interacting electronic system it determines the measurable ther-
modynamic quantities like specific heat, susceptibility. So while characterizing the properties of dis-
ordered systems described by single particle Hamiltonian, the low energy density of states for such
systems are often studied. As an example of such systems with different symmetries, consider the
BdG equations for spinless and spin-singlet paired superconducting systems; the quasiparticle excita-
tions in the former is described a single particle Hamiltonian which is charge conjugation symmetric
whereas for the later case the same is described by a charge conjugation antisymmetric Hamiltonian.
Observations for density of states in dirty systems with such different symmetries were put together
by Atland and Zirnbauer [54] to show that there only 10 different universal classes of random single
particle Hamiltonians (breaks all those symmetries which commute with the Hamiltonian e.g. transla-
tional, rotational symmetry) are possible. Those 10-classes are characterized by more-internal discrete
symmetries which anticommutes with the Hamiltonian e.g. time-reversal, particle-hole and chirality.
Without going into the entire details of that classification we will discuss the universal character of
density of states in some of the universality classes of the random single particle Hamiltonians relevant

to our work in this thesis.

General single particle system with random-bond disorder The most general class of this 10-fold
classification is the famous Anderson localization class, occurring in a general Hamiltonian which
doesn’t posses any of the time-reversal, particle-hole or chiral symmetry. Thus H 4 g for that Hamil-
tonian is represented by a hermitian matrix. Conventionally disorder is introduced in this Hamiltonian
by drawing the entries of the matrix H 4 p from a random valued distribution, and the disorder strength
is increased when the distribution is broader. For such kind of disorder in this Hamiltonian the den-
sity of states shows an exponentially suppressed Lifshitz tail at the band edge. Such tails are present
in the spectrum irrespective of the fact whether the Hamiltonian is gapped or gapless. This class of

Hamiltonians shows very different behavior with randomness in different dimensions.

Particle-hole symmetric single particle system with random bond disorder Now consider the
class of random Hamiltonians which is particle-hole symmetric, for such class of Hamiltonians the
spectrum is symmetric with respect to zero energy and even in the presence of randomization this
special zero energy point is protected which leads to different universal behavior from the previous
case. When this Hamiltonian is realized on a bipartite graph in addition to particle-hole symmetry it
also possesses chiral symmetry. That kind of Hamiltonians with random bond disorder was analyzed
by Motrunich et al. [39] and from their work it in known that the density of states is singular near
the special zero energy (£ = 0) point, thus randomization generates lots of states near &/ = 0. It

was observed that random bond disorder in particle-hole symmetric hopping problem has universal
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behavior in the functional form of density of states at low energy depending on the Hamiltonian being
gapped or gapless [39, 40]. For bipartite random hopping problem (BPRH) in two dimension at the
strong disorder limit, the predictions are following:
In the gapless or delocalized phase the density of states p(F) (E being the energy) will have the
functional form
p(E) ~ %e_CU”E'%. (2.6)

Where x = 3/2 and c is a constant whose values depends on the disorder concentration and type
of disorder. This delocalized phase is knowns as a critical Gade [40] phase as such a behavior of
density of states was predicted by Gade by analyzing 2-dimensional Dirac equation with random mass
and random vector potential. The mechanism of generating a large number of low energy states near
E = 0 with such stretched exponential kind of divergences in density of states can be modeled as
the states occurring near the extrema of a 2D random Gaussian surface. But as is evident here, these
states are not like the rare fluctuations described before; instead they are the usual fluctuations in a 2D
random Gaussian surface with the property that disorder strength (width of the random distribution)
renormalizes with the length scale of the problem.

In the gapped or localized phase the density of states shows the form,
p(E) ~ E~1T7, 2.7)

with a variable dynamical exponent z at dimension d (d = 2 here). This form is known as Griffiths [41]
form as it is same as that obtained from the Griffith’s effect in disordered quantum system. The gapless
or delocalized phase discussed above can be derived to the gapped or localized phase by making some
special bonds that produce a complete dimer cover of the lattice, stronger than the rest. To visualize
this consider hopping problem on a bipartite honeycomb lattice and to get the gapped phase in this
lattice one can make the bonds along the y direction of the honeycomb lattice stronger than others, so
those are the special bonds in this case. The power-law contributions to the low-energy DOS in such
bipartite gapped phases comes from the low-energy states associated with the end-points of the quasi
one dimensional strings along which the background dimer pattern is broken. When such a situation
occurs often, the density of states shows the Griffiths form.

However the characterization of this this delocalization-localization (or can be said metal-insulator)
transition in two dimension is not completely well understood in the literature. It is believed that the
“Gade” phase is a signature of criticality in this phase transition. In contrast in one dimension and
quasi-one dimension there is a simple picture where the system goes from one localized phase to
another via a critical point with divergent z. In the critical point the low energy density of states takes
the so called “Dyson” form given by

1

p(E) ~ Fllog[1/ B[+’ (2.8)

with £ ~ 2. This form is known as Dyson form as such a form for a disordered linear chain was

predicted by Dyson [55] many years ago.
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Particle-hole symmetric single particle system with random dilution In the studies of system
certainly another different kind of random disorder can be considered i.e. instead of taking the elements
of the matrix Ha p = tis jor + Vidio, jo' from a random valued distribution one can simply delete
bond hopping parameters at random locations; which is physically equivalent to knocking of atoms
from random locations in the lattice. In other words here this is equivalent to putting zero’s in randomly
selected entries of the matrix H, while maintaining the particle-hole symmetry and bipartite structure
(or chiral symmetry) of the Hamiltonian. The discussions in the previous case of random disorder
doesn’t obviously apply here to intuitively guess the behavior of density of states near zero energy
of random dilution problem, as random dilution is a much more abrupt way of introducing disorder
which changes the spatial structure and symmetries of the lattice. What happens to the density of states
near £/ = 0 for this class of Hamiltonian( One can name this class as bipartite random dilution class or
BPRD class) in 2D is the main question we tried to answer in the chapter 3 of this thesis. Other relevant
open issues related to this questions can be, characterizing the nature of localization to delocalization
phase transition in presence of random site dilution and providing a physical picture to the density
of states behavior near the band center in both of the phases. In this thesis we provide a complete
characterization of the functional form of density of states near the band center at both localized and
delocalized phases. We also tried to give a partial understanding to the origin of such states. In addition

we tried to understand the nature of the transition mentioned before.

The behavior of density of states near zero energy for this kind of disorder in the gapped phase of
free-fermion hopping problem on a honeycomb lattice was analyzed previously by Willans et al. They

have shown that density of states in that case follows the Dyson form,

1

") gl BT 22

with x ~ 0.7. Over a limited dynamical range in energy, this result is different from that of the gapped
case behavior in the previously discussed random-disorder problem. This poses a puzzle since on
general universality grounds one might expect Griffith’s behavior. This puzzle is resolved in chapter 3
where we show that Eq. 2.9 represents a crossover and the true low energy DOS is indeed of Griffith’s
form in the gapped phase. In addition we also study the delocalization phase and compare our results
as the Gade form of DOS. However from our work we conclude that for random site dilution in free
fermion hopping problem on honeycomb lattice, Motrunich et al’s [39] prediction for the functional
form of density of states holds true in asymptotically low energy limit at both gapped (Eq. 2.7) and
gapless phases (Eq. 2.6). We leave further discussion on the details of this work and our understanding

of the issues discussed above for chapter 3 of the thesis.

2.3 Disorder in U >> t;; limit

In the U — oo limit the energy cost for a electron hopping from one atomic orbital to another atomic

orbital is very high, thus there is no charge transport across the system; this describes a Mott insulating
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state. However virtual hopping of electrons are still possible due to quantum fluctuations, for which
the spin sector of this system is very much alive and thus in low energy limit the Mott insulating
phase is described by a Heisenberg spin Hamiltonian. The standard way to derive the effective low
energy Hamiltonian is by starting in the atomic limit with a finite U and ¢ = 0, and then perturb that
atomic ground state by turning on a small hopping ¢. For simplicity consider two sites, for which in
the atomic limit the ground state has four possibilities as one singlet (% (| 1,4) —14,1)) and three
triplets (| 1, 1), 1, ), % (| 1,4) +1]4,1)). Now turning on a small hopping ¢ causes virtual hopping
between a singlet and another exited singlet state as follows,
1 1
V2 V2

This is the only allowed virtual process with an energy cost J =

(10 =141 = — (114,0) = [0,11)) - (2.10)

42
U °

the triplet ground states are not allowed by Pauli exclusion principle. This low energy process can

any other process involving

be captured by a Heisenberg interaction term as (S;.S2) between the two spin states with exchange

interaction J. For N sites similarly the ground state has 2/ degenerate spin states and when the
. . . . t

full degenerate perturbation theory is performed with the perturbation parameter 7, the low energy

effective Hamiltonian of the system with half filling turns out to be
1
H:J(Z; (sz-sj—4>. (2.11)
ij

Away from half filling this Hamiltonian contains a hopping term of the excess electrons or holes,
with the creation/annihilation operators of the relevant Hilbert space. In this thesis we will focus on
understanding effect of impurity doping on the spin Hamiltonian, which will be referred as the spin

sector of Mott insulator.

2.3.1 Impurity doping in Quantum Spin liquid

Quantum Spin liquids (QSL) are known as very interesting low energy states of strongly correlated
matter, where at temperatures lower than the scale of exchange coupling, there is no conventional
magnetic order due to interplay between quantum fluctuation and geometric frustration. Several exper-
imental [6, 7, 8, 9] proposals exist where such a state can be realized. In the chapter 4 of this thesis we
will analyze an exactly solvable SU(2) invariant spin model(known as Yao-Lee model) which has a
ground state realizing an SU(2) invariant spin liquid with spinful Majorana fermion excitation. Such
kind of spin liquid states were previously discussed at mean field level by Biswas et al [10] to model
the phenomenology of EtMe3Sb[Pd(dmit)z]s [11, 12]. Due to the effect of weak disorder, in that mean
field proposal of SU(2) invariant Majorana QSL state [10] the magnetic susceptibility goes to a con-
stant value at 7' — 0. Understanding the effect of missing sites or strong disorders in such a state can
be useful as in experimental conditions often samples have such kind of disorder. In the chapter 4 of
this thesis we will focus on studying such kind of disorders in the exact spin liquid ground state of the
Yao-Lee model, and this gives one motivation behind that study; the other motivation is described in
2.3.2.
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2.3.2 Impurity doping driven metal-insulator transition in a Mott insulator

A very interesting phenomena to understand in the correlated system is the interplay between Mott
and Anderson localization. Real systems where this kind of physics is realized is the doped semicon-
ductors like Phosphorus or Boron doped silicon ( Si:P and Si:B, [56]). Experiments on such doped
semiconductors shows very unique behavior due to the competition between disorder and interaction.
For example in the zero temperature limit the magnetic susceptibility behaves like a power law as
1

X(T = 0) ~ 75, (2.12)
with 0 < a < 1 in both metal and insulator phases. Also the behavior of magnetic susceptibility is
smooth across the metal insulator transition which was believed to be a second order transition. This
phenomenon suggested that the anomalous behavior in the magnetic properties might be due to the spin
sector of Mott insulators. The specific heat measurements also manifests similar anomalous behavior
and similar singularities as that of the magnetic susceptibility, indicating a divergence in the number of

states at low energy.

The power law divergence observed in both magnetic susceptibility and specific heat measurements

can be understood from a model of disordered quantum antiferromagnet with the Hamiltonian

H=> JyS:8;, (2.13)
(3)

with all J;; > 0. Using real space renormalization group analysis Ma-Dasgupta-Hu [42] and Fisher [43]
have previously shown that in one dimension this model has a stable phase at low energy, in which each
spin is paired with one other spin that may be very far away (dubbed as “random-singlet” phase). Such
a phase was observed for J;; being drawn from a Gaussian distribution and in the strong disorder limit.
This random singlet phase has a diverging low temperature susceptibility due to the presence of a large

density of the form
X(T) ~ h{log(1/T)). (2.14)

Where £ is some decreasing function of its argument that makes this density of states integrable. This
prediction was confirmed by experiments on one dimensional random bond spin chains [57].
However such exact RG calculation turned out to be difficult in higher dimension; for such systems
Bhatt-Lee [44] have developed an approximate numerical RG technique and studied this model by
assuming .J;; as an exponential function of the distance between the two positions of donor atoms. In
two-dimension it was shown that susceptibility is of the form x(7") ~ 1/T% (with & < 1 depending
on the doping concentration). In three-dimension it was shown that the insulating phase has no long
range magnetic ordering and the susceptibility diverges with a weaker form than in two-dimension. On
the other hand the metallic phase of Si:P cannot be explained by Bhatt-Lee scenario with such itinerant
electrons and local spin moments. In that side the specific heat coefficient is much stronger suggesting

a stronger divergence in the number of degrees of freedoms at low temperature.
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In this thesis we study random site dilution in the SU(2) invariant Yao-Lee spin model [13](Eq.
4.2), defined on a brickwall lattice (topologically equivalent to honeycomb lattice). This model has a
quantum spin liquid(QSL) ground state with gapped or gapless spinfull fermionic excitation in presence
of time-reversal symmetry, as mentioned in the 2.3.1.

The model is exactly solvable by mapping it into a free lattice gas of Majorana fermions on a
brickwall lattice in the background of a static Zo gauge field. The random dilution in the spin model can
be shown to be random site dilution of the fermion hopping problem, and the magnetic susceptibility
of the spin model gets mapped to the compressibility of the free-fermion hopping problem. In chapter
4 of this thesis we will discuss the details of this mapping and show that because of this connection the
results obtained in the BPRH problem discussed before can be directly used to calculate the behavior
of the magnetic susceptibility in both gapped and gapless phase of the spin model. This connection
allows one to know the true low behavior of the spin model by exact solution. Our main result by
this exact solution analysis is following: we found that the magnetic susceptibility behavior in both
gapped and gapless phases of Yao-Lee spin model is same as the random-singlet form (Eq. (2.14)).
Thus it seems that the true low temperature phase of the randomly diluted SU(2) spin model with
a Majorana spin liquid ground state, defined on a two dimensional bipartite lattice has a phase with
random singlet like susceptibility in both the metallic and insulator side. However since we do not
know the exact transition point of this metal insulator transition we cannot make a clear statement
whether this random singlet behavior persists deep in the metallic phase. In chapter 4 of this thesis we

will provide our detailed analysis and conclusions about this problem.

2.3.3 Non-magnetic impurity doped 2D Heisenberg antiferromagnet

One of the most well studied Mott insulating compound is LasCuQO4 which realizes a two-dimensional
(2D) quantum (spin-1/2) antiferromagnet. Apart from disorder effects mentioned in the previous sec-
tions, non-magnetic impurity doping in such compounds shows another class of phenomena. By con-
trolled doping [2] with randomly distributed non magnetic impurities(Zn or M g) on the copper-oxygen
planes of LasCuQy, this system goes through a percolation transition which was studied via neutron
scattering and NMR tools. Those studied shows the system LasCui—,(Zn, M g),Oy, is well described
by the Hamiltonian

H=17Y pip;SiS;. (2.15)

ij

Where the sum is over nearest-neighbor (NN) sites, J is the antiferromagnetic Cu-O-Cu superex-
change, S is the S = 1/2 operator at site 7, p; = 1 on magnetic sites, and p; = 0 on nonmagnetic sites.
The long range antiferromagnetic order survives even at the percolation threshold of doping atoms at
which point the largest connected cluster of copper atoms could be considered as weakly connected.
With a little doping at the percolation threshold (known to be p* ~ 0.40725), the long range order dis-
appears as that macroscopically large connected cluster can break into small isolated finite size clusters
as in Figure 2.1. In those finite size clusters the system can be in both singlet or doublet ground state,

and so it is important to understand the ground state properties of such system.
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Figure 2.1: Schematic of finite-sized sections of the infinite square lattice with random site dilution
levels well below (p* ~ 0.31), just below (p* ~ 0.407), and above (p* ~ 0.45) the percolation
threshold p* ~ 0.40725. The inset is a close-up view for p* ~ 0.407, showing the role that magnetic

Cu and nonmagnetic Zn/Mg ions play in the experimental system. Figure taken from [2].

Studying finite size systems is also interesting from the computational point of view, as computa-
tional studies are inescapably limited to finite size systems. To obtain information about the system in
the thermodynamic limit one needs to know how the physical quantities of interest are dependent on
the size of the system and the thermodynamic limit extrapolation of the same[26, 27] . For example,
consider S = 1/2 SLHAF defined on a rectangular region of a two-dimensional lattice, where the sides
of the rectangle are L, (L) in the x (y) direction in lattice units and periodic boundary conditions are
imposed in both directions. The antiferromagnetic order parameter is defined as the singlet ground

state average of square of staggered magnetization. It is is given by:

1
2 __
m =y ;nmﬂsr -S.1)o, (2.16)

here Nyt = L,L,. Here nzis +1 when 7 € A-sublattice, —1 when #* € B-sublattice on a bipar-
tite graph and ()¢ and subscript 0 denotes expectation values over the singlet ground state. Usually
numerical studies[28, 29] of the finite size properties of the system are done by taking a sequence of
L, x L, systems, keeping both L, and L, even and imposing periodic boundary conditions(PBC) in
both directions. From the analytical side, the form of finite size dependence of m? and the leading
effects on low energy spectrum, are derived with even L,, L, and PBC[26]. Some numerical studies
[27] use “cylindrical” samples with PBC in one direction and pinning fields on one pair of edges to
keep the spins fixed on the boundaries, focusing on the dependence of ground state properties on the

aspect ratio L, /L., in various lattices.

The common thing about all those approaches is that they focus on systems with an even number

of spin-half moments(/V;,;). According to the Lieb-Mattis theorem the ground state of such a system
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is a singlet [30] with Siot = 0. Certainly there can be another kind of finite size cluster with a very
different ground state i.e. SLHAF on an L x L square lattice with odd L and open boundary condition
imposed in both of the directions. According to Lieb-Mattis[30] theorem such a system should have
a doublet ground state with total spin S, = 1/2. A measure of antiferromagnetic ordering in such a

system could be staggered component of this ground state spin texture (defined as ®*(7) = (5Z)1),

1
ni = N > (S (2.17)

Where (...)s and subscript 1 denotes expectation values calculated in the S7, = +1/2 sector of
the doublet ground state(nz = +1 on the A sublattice and —1 on the B sublattice). The quantities
n?, calculated in a particular sector of the doublet ground state and mg,calculated in singlet ground
state are different ways of measuring antiferromagnetic order in ground states of different nature. The
functional dependence of nf on my is a property of the spontaneously broken SU(2) symmetry of
the Néel state in the thermodynamic limit. It might be possible to describe the low energy physics
of SLHAF in doublet ground state by some effective theory with a local term to capture the open
boundary, where the effective field theory parameters' can be extracted from the knowledge of the
microscopic Hamiltonian. Such an effective field theory description is not available since it is not
clear what kind of local terms will capture the effect of open boundaries and how to project out the
Stot = +1/2 sector of the ground state in the field theory description.

The facts known about the functional dependence of nf and mg from numerical experiments is that,
there exists universal relationship between n? and my in the thermodynamic limit [17]. By universality
we mean that the relation is a low energy property of the antiferromagnetic phase and doesn’t depend
on the microscopic details of the Hamiltonian. We confirm this by studying several deformations
of Heisenberg antiferromagnet on a square lattice and by noting that for all the deformations, the
functional dependence of n% on mg remains the same in the antiferromagnetic phase. An approximate
analytical understanding of the relationship between nf and mg will be the topic of detailed discussion

in chapter 5.

2.3.4 Single non-magnetic impurity in one dimensional antiferromagnet

As mentioned before the in one dimension the spin sector of Mott insulating Hubbard model is the

playground of many analytical and numerical methods. Additionally one dimensional Heisenberg

!'The effective, long-distance/time and zero temperature description of 2D Heisenberg model is given by non linear sigma
model(NLSM). Such effective low-energy/momentum description of the system is completely determined by two ground
state parameters i.e. spinwave velocity c, spin stiffness constant ps. The values of those two parameters have to be deter-
mined from the microscopic Hamiltonian. The partition function looks like, Z = [ D#(z,7)5(7* — 1)exp[—Sp — Sa
, where Sp is the Berry phase term and it is not important in the present context. For d-dimensional antiferromagnets
Sa=[ drddx[%(gﬁf + 2:(8,7)% and ¢® = L= One can choose ¢ = 1 to set the scale and that leaves only one free
parameter p,. Hence all the physical quantities should be a function of p,. Like the antiferromagnetic order parameter m3(Eq.
2.16) can be calculated from this NLSM description as a function of ps and can be fitted with the experimental/numerical

results of mZ to obtain the value of ps for a particular microscopic system.
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antiferromangeic chain (1IDHAFC) is successful in describing the static and dynamic properties of
several Mott insulating magnetic materials[58, 59, 60]. Studying the effect of non-magnetic impurity
in IDHAFC is very interesting as such a defect can be doped controllably in an experiment to modify

magnetic properties of the ground state and excited states of such systems.

From the experimental side spin chains can be realized in chemical compounds which have a highly
anisotropic coupling between magnetic ions due to their inherent lattice structure, such that the cou-
pling is significantly stronger in one direction. Such examples of effective 1D spin 1/2 chains are
the compounds SroC'uQO3[58], KCulF3 [59]. Typically a non-magnetic impurity impurity is doped in
such samples by doping Pd in the C'u sites. As it is easy to see that presence of such non-magnetic
impurities (at any amount, like even a single impurity) in one dimensional spin chain breaks the system
into disconnected finite size segments and introduces extra booundaries or edges in the system. The
magnetic response of such system constitutes a finite size “bulk” effect due to the finite sizer segments
and a boundary effect leading to an alternating local magnetization near the edges. These effects can be
calculated theoretically as well as observed in experiments, giving an understanding of the spin texture

modification due to impurities.

Even though for S — 1/2 1DHAFC, the thermodynamic properties can be exactly calculated in
the ground state using Bethe Ansatz[14], such calculations are often too complicated to be useful
in calculating correlation functions[15]. An alternative route to study this kind of problems is the
bosonization approach, which is asymptotically exact in the limit of low energies and long wavelengths.
With this tool it is possible to fully determine the system’s zero temperature critical behavior. Using
bosonization techniques S = 1/2 1DHAFC can be mapped to a 1 + 1 dimensional bosonic field
theory with a ‘sine-Gordon’ action, which has a scale invariant free-field part perturbed by a non-linear
cosine interaction[16]. The renormalization group (RG) analysis of the cosine interaction turns out to
be an example of the treatment of ‘marginally irrelevant’ interactions in the neighborhood of a well-
characterized scale free RG fixed point. It was shown by Eggert, Affleck and Takahashi[61] that the
corrections due to the leading marginally irrelevant operator of the RG, leads to an logarithmically
divergence in the finite temperature susceptibility as the system approaches the zero temperature. The
results of this calculation was used to fit the susceptibility data and extract the effective exchange

coupling constant J for SroCuOs3 [58].

In chapter 6 of the thesis, we focus on marginally irrelevant interactions that can give rise to viola-
tions of scaling predictions at critical points due to the presence of logarithmic corrections that multiply
the scaling predictions. The physics of the multiplicative correction for a marginal operator is quite
general and applicable in other models like the textbook example of ¢* theory. The importance of
studying the same physics in the context of S — 1/2 chain is that we can access the system by a number
of numerical and exact methods. So it represents an ideal testing ground for this important result.

Another interesting example of similar multiplicative logarithmic violations of scaling have been
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argued to exist[62, 17] at the critical point of a continuous quantum phase transition[18, 3] between
the usual Néel ordered antiferromagnetic ground state and a spontaneously dimerized non-magnetic
state with valence-bond order in a two dimensional S = 1/2 SLHAF. The underlying field theory[18]
proposed for this transition predicts a second order critical point between Néel and VBS phases. Some
of the numerical works to verify these field theory predictions support[3, 19] the generic continuous
nature of this Néel-VBS transition. However, some numerical studies[19, 62, 20] find a deviation from
this prediction about continuous nature. Numerical experiments[62, 20] focusing on bulk correlation
functions in microscopic models, where Néel to VBS order transition is driven by the competition
between multi-spin interaction and two spin exchange interaction, found a multiplicative logarithmic
correction to the scaling prediction. In another work[17] which focuses on the impurity spin texture
induced by a missing-spin defect on similar microscopic models, also reach to the same conclusion.
The interpretation of this violation of scaling predictions as logarithmic corrections is not yet resolved
as some other studies[21, 22] interpret the violation as a weak first order phase transition. From the

current set of numerical experiments it is hard to resolve which one of the above scenarios is true.

However in chapter 6 of the thesis, our main goal is to understand the origin of similar multiplicative
logarithmic corrections by studying the Néel ordered phase of an analytically and numerically tractable
model in 1D. As a probe of the critical properties we use the missing site “impurity” induced spin
texture in vicinity of the defect. On the analytical side, we work within the bosonization framework and
use renormalization group (RG) improved perturbation theory to obtain predictions for the alternating
part of the spin texture in this example. These predictions are compared with Quantum Monte-Carlo
(QMC) data[1] for a one-dimensional chain with nearest neighbor Heisenberg exchange J and six-spin
coupling () = 4qJ; for ¢ < g.(in the Néel phase). We found a good agreement between the numerical
data and our analytical results where we note that the strength of the log corrections is larger for ¢
further away from the critical point, and vanishes for ¢ = q., consistent with the bosonized field theory

results.
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Chapter 3

Random site dilution in particle-hole
symmetric non-interacting fermionic

system

In this chapter, we will discuss the details of our work on random dilution in bipartite fermion hopping
Hamiltonian. In the introduction we have outlined our goal of this work as characterizing the behavior
of density of states near zero energy for a randomly diluted fermion hopping problem defined on a bi-
partite graph with particle-hole symmetry. With this motivation in mind we will outline the plan of this
chapter as follows: in section 3.1 we describe the model Hamiltonian and our scheme of introducing
random dilution. Followed by that in section 3.2 we will describe the symmetries of the problem. In
section 3.3 we will discuss a folk theorem known about the ground state of the BPRH Hamiltonian
with site dilution and we will also discuss our scheme to implement those theorems in our search of
the ground state. In section 3.4 we will discuss the results and in section 3.5 we discuss few possible

direction of future research.

3.1 Models

The bipartite random hopping/dilution model is nothing but the simple tight binding model defined on
a bipartite graph, with only nearest neighbor hopping. The Hamiltonian is given by ,

H =Y MyclC; = (cf,cly) (_ij o) 3.1)

(i7)
where ¢;; can take any non zero value but only if i € A-sublattice and j € B-sublattice, otherwise
it is zero. Also the condition M = M has to be satisfied as because of Hermiticity . The model is
defined on a two-dimensional brickwall graph (Fig. 3.2), which is topologically same as the familiar
honeycomb lattice. We consider the simplest case i.e. Z;; is non zero only when 7 and j are indices of

nearest neighbor sites; otherwise ¢;; is uniform i.e. ¢;; = t, we set the energy scale by putting ¢;; = 1.
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This simple model has a gapped and gapless phase. From Fig. 3.2 one can see that every lattice
point has three bonds along which we can name the hopping parameter as t,,%,,t.; we choose the
t. in the horizontal direction and t,, t, in the vertical up and down direction respectively. When
t,=t,=t.=t the model is gapless and when ¢, > ¢, + ¢, (and all permutations) it is gapped. We go
from gapless to gapped phase by tuning a parameter as o = ¢ /t,, while keeping ¢, = t,. By the above
condition a = 1 is the isotropic gapless point and as « is increased beyond 2 the model goes from
gapless to gapped phase.

The random disorder in this model for BPRH (bipartite random hopping) class is introduced by
drawing the values of ¢;; from some random valued distribution. Here we are interested in BPRD
(bipartite random dilution) class, for which we keep the all ¢;; values fixed and randomly select a

nearest neighbor pair (ij) to put ¢;; = 0.

3.2 Symmetry properties of BPRH Hamiltonian

The bipartite random hopping Hamiltonian in 3.1 has three important symmetries, namely particle-hole
symmetry, time-reversal symmetry and sublattice-symmetry. The particle-hole symmetry transforma-
tion leaves the Hamiltonian invariant under the following operation: d; — (—1)7 c}, d;f» — (=1)l¢;,
here we dropped the sublattice index from the creation/annihilation operators: when j is even it is
A-sublattice, otherwise it is B-sublattice. With this transformation applied on 3.1, the particle-hole

symmetric Hamiltonian, the eigenvalues come in =+, pairs.

Since we are interested about the spectrum of this Hamiltonian matrix, just knowing one half of the

eigenvalues ¢, is enough as the other is half is just —¢,,. Thus we note that it is advantageous to study

0 t;;
> ) instead of the hopping matrix M (= ( 4t OJ )) .
ij

tijt],
0 —tht;
For bipartite lattices in M? the two sublattices are decoupled with same absolute values of eigenvalues

the square of hopping matrix M? (= (

(differing in sign), that reduces the size of the matrix to be considered to half of the original. Moreover,

for very small numbers the M? is more numerically stable.

3.3 Ground state properties of the free fermion problem

3.3.1 Ground state flux configuration

For a half-filled band of electrons hopping on a planar, bipartite graph Lieb’s theorem puts a constraint
on the magnetic flux confinement in each closed loop which minimizes the ground state energy. To
state the theorem let’s first define several notations as follows: For a generic fermion hopping problem
on a lattice the hopping amplitude ¢;; between sites ¢ and j is a complex variable and can be generally
written as t;; = |t;;|exp(iv;;) with v;; = ~;; due to Hermiticity. In zero temperature this theorem
imposes a condition of the fluxes ~y;; which minimizes the total ground state energy. The condition

is on the “magnetic flux” enclosed in a plaquette, defined as the quantity > (i5) With this

,i,j€loop Yij-
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definition, the theorem states that the “magnetic flux” enclosed by a loop of size 4m is m, whereas the
magnetic flux enclosing by a plaquette of size 4m + 2 is O(where m is an integer). The theorem was
proved by Lieb [49] only for bipartite graphs which has a plane of reflection not overlapping with any
nodes. When sites are removed in random locations (Fig. 3.2) that symmetry doesn’t exist anymore.
However Willans et. al.[38] have shown with the aid of perturbative and numerical calculation that the

same plaquette flux configuration minimizes the energy even in the absence of those symmetries.

So in our calculation of the ground state density of state we use the same flux configuration which
minimizes the ground state energy. Next we will discuss a convenient scheme for our specific problem
to put in fluxes for each defective plaquette such that we always stay in the flux sector that conforms
to expectations from Lieb (we’ve checked that this configuration has lower energy compared to other

configurations even in the multi-impurity case).

Pure system To start with, in the pure sample on a brickwall lattice(topologically equivalent to
the honeycomb lattice) with periodic boundary condition in both direction, the ground state is the one
with zero flux in every closed hexagonal loop. One needs to be a little careful about the choice of
boundary conditions here. To satisfy Lieb’s theorem on a brickwall lattice, if one takes 2p(p is an
integer) unit cells in the closed direction, the boundary condition have to be antiperiodic. To see this
, look at the Fig. 3.2: there are 4 bonds in each unit cell, so for a closed loop with 2p unit cells
there will be a loop of size 8p, which must enclose a flux 7. Similarly for 2p + 1 unit cells the
choice of boundary condition must be periodic. Our calculations are all done with semi-open boundary
conditions (for reasons explained in next subsection), for which we carefully implement the correct
boundary condition in the closed direction for the pure system and check that this gives the lowest

energy state.

System with defect When one site is deleted from a pure brickwall lattice, in joins three consec-
utive hexagonal loops to a bigger loop of size 12. We call such closed loops as defective plaquettes.
Infact any closed loop made of more than 6 edges(except the boundary loops) can be called defect
plaquettes. So for a system with multiple vacancies randomly located, it is possible to have all kinds of
closed loops which needs to carry the correct fluxes. In addition the flux binding by a vacancy causes
a flux string as it leaves a flux in the attaching hexagonal plaquette to the defective plaquette. Such a
string can terminate in another such vacancy or to the open boundary.

We came up with a simple way to conveniently put such fluxes in the defective plaquettes, such that
the ground state is always is minimum energy flux configuration. In our way we use open boundaries
in y-direction and periodic (or antiperiodic depending on the number of unit cells) boundaries in the
x-direction. For every impurity we start a flux string and take it to the open boundaries by flipping
sign of a bond parallel to the the open boundary. If another impurity falls on the way of that flux
string we simply flip the sign of bonds under the same scheme towards the open boundary. As a result

the horizontal bonds to the open boundary, which are after the second vacancy gets double flipped in
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Figure 3.1: A sample with 72 sites and 4 vacancies on each of A and B-sublattice. Antiperiodic
boundary condition in X-direction and open boundary condition in X-direction. We demonstrate the
flux configuration consistent with Lieb’s condition which is made by our ground state flux generator.
Here sites are represented as black dots. An impurity is shown as a site with deleted bonds. The red
bonds are the one with real hopping amplitude +1, the blue bonds are the one which have real hopping
amplitude —1. Note that we flip one bond at the boundary usually the bond which links last unit cell

with the first one(not shown in this picture) to satisfy Lieb’s condition as discussed in the main text.
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Figure 3.2: A picture of an unit cell of the brickwall lattice. In this figure the black numbers indicates
site indices, blue numbers are for the bond indices. The red numbers denotes the bond type. For
example take the site with index 0: the Oth neighbor of that site is the site with index 1, the 1st neighbor
is site 2 and the 2nd neighbor is site 1 of another unit cell. Similarly the three bonds attached with the
site 0 are numbered as following: Oth bond is bond number 0, 1st bond is bond number 1 and 2nd bond
is bond number 2. Every bond links between two sites , to index that we take help of the arrows. Every
arrowhead points from a B-sublattice site to an A-sublattice site. So, consider the bond with index 1,

the Oth site connected with that is the site with index 2 and the 1th site connected is 0.

sign and the flux string terminates in the second vacancy. We check that our scheme always correctly
generate the minimum energy flux configuration. As a demonstration in Fig. 3.1 we show a typical

flux configuration in a diluted finite size sample.

3.4 Results

Before discussing the results, we will introduce a few notations and express all quantities in terms of
them for convenience. I instead of energy F we will use the quantity I' = log(1/F) and instead of
DOS we will plot integrated density of states (IDOS), N (T"). IDOS, being a monotonic function turns

out to be a better representation of the spectral properties.

3.4.1 Gapped phase

Density of states We calculate the density of states using the methods discussed in Appendix-A. We
observe that the behavior of integrated density of states(IDOS) goes through a crossover at a very low
energy. In the energy range where Willans et. al. [38] studied IDOS, our results match theirs, and fit
the “Dyson” form

N({I) ~T7" 3.2)

with  ~ 0.8 (Willans et al[38] got a good fit with z ~ 0.7[38]).
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Figure 3.3: Integrated density of states N (I") plotted against I'(=log(1/E)) for the gapped phase of
Kitaev’s model on a honeycomb lattice with semiopen boundary condition. The parameter values
used here J, = J, = 1,J, = 4(a = J,/J;). In this figure we show the results for 5% impurity
concentration, for samples of 51200 sites(L=160 unit cells in either direction) and 64800 sites(L=180
unit cells in either direction), averaged over 1000s of disorder realizations. This plots for size L = 160
and 180 overlaps till a large value of I', demonstrating the system size taken will not have finite size

effects, till a large value of I'(= 100).
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Figure 3.4: Integrated density of states N (I") plotted against I'(=log(1/E)) for the gapped phase of
Kitaev’s model on a honeycomb lattice with semiopen boundary condition. The parameter values
used here J, = J, = 1,J, = 4(a = J,/J,). In this figure we show the results for 5% impurity
concentration, for sample of 64800 sites, averaged over 1000s of disorder realizations. The main
plot shows a crossover from “Dyson” form to “Griffiths” or “modified Gade” (difficult to distinguish,
see the figure 3.5 for a closer comparison) form in the behavior of low energy IDOS. Inset shows a
zoomed portion in the higher energy range of the plot, to compare Willan’s et al[38] (WCM) result. For
comparison the inset plot is made for a sample with 3200 sites and 5% impurity concentration , same
as Willans et al[38]. Here we show both log-log(left) and semi-log(right) plots for visual verification,
as Dyson form is a straight line in log-log plot and Griffith’s form is a straight line in semi-log plot.
Here we see the N(I") vs I plot has a crossover from straight in log-log plot tp straight in semi-log

plot; giving a visual verification of our claim.
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Figure 3.5: Integrated density of states N (I") plotted against I'(=log(1/E)) for the gapped phase of
Kitaev’s model on a honeycomb lattice with semiopen, boundary condition. The parameter values
used here J, = J, = 1,J, = 4a = J./J;). In this figure we show the results for 5% impurity
concentration, for sample of 64800 sites, averaged over 1000s of disorder realizations. The plot shows
a crossover from “Dyson” form to “Griffiths” or “modified Gade” form in the behavior of low energy
IDOS. This plot demonstrates the fact: it is hard to decide that for high values of I', which of the
two forms fits better with the data. The only thing we can say for sure that certainly the IDOS looks
straighter than the “Dyson” form, so indeed there is a transition. The fits made here are within the
range of I' = 40 to 140. The z value fluctuates when we change the range. For example for the range
of I' = 25 to 80, z 18 76.
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Figure 3.6: Mode of next to lowest non zero energy state plotted against L, for « = 4. As a fit
parameter we used the same values of ¢ for “Gade” form as obtained from the density of states plots.
And same value of z for the “Griffiths” form as obtained from DOS. The range of I" shown in the plot
indicates the range of I" used for fitting in the Density of states plot. Here Gd: Modified Gade, and Gr:
Griffith. The fit is made for large length scale above L = 60.

IDOS fits well to the “Dyson” form upto an energy E ~ 10720 . At an energy lower than £ ~
10730, the behavior of IDOS deviates from “‘Dyson” form as in Figures 3.8 and 3.5 we can see that.
However from the IDOS plots it is almost impossible to say that whether for I' > 30 the data fits better
to Griffiths form with

_dr
N(I) ~ e * (33)

with a very high value of dynamical exponent (z ~ 110 when fitted from I' = 40 to 140), or to
“modified Gade” form with
1
N([) ~ Tl ze ™ (3.4)

with z = 3/2.

Lowest gap analysis One can define an energy dependent length scale L(I") from the density of states
such that N(T") = L—2(T"), then the “Modified Gade* form scales as I' ~ (logL)3/? and the Griffith’s
form scales as I' ~ logL . To check which scaling behavior works better we look at the scaling
behavior of mode value of lowest non zero gap (I'y,,42)(over all the samples). However, because of the
presence of zero modes (we discuss details about these modes in the 3.4.4), we look at the scaling of
the next to lowest energy state. We plot I';,,4, with the sample size(No. of unit cells in a direction,

we call it L, here N = L?) in Fig. 3.7. We show histogram for the distribution of next to lowest
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Figure 3.7: Histogram of next to lowest energy state over 5000 samples, for o = 4

energy state for three representative sizes. And in Fig. 3.6 we show the scaling of the mode of that
distribution. In Fig. 3.6 we can see that clearly Griffiths* form fits better than ”"Gade’ form, which is
hard to distinguish from density of states plots.

A special feature in the histogram(Fig. 3.7) to notice is that, below a certain size (I, = 100),
the histogram has a single mode and with increase in size the histogram shows a bimodal character.
We presume that such behavior might be a consequence of the the fact that in gapped phase there is
a crossover from “Dyson” form to “Griffiths” form at a certain low energy scale (I' = 30 — 40), the
change in the number of modes of the histogram beyond a certain length scale (between L = 80—100),

might be reflecting the same crossover behavior.

3.4.2 Gapless phase

We attempt to study the form of the density of states using the same direct calculation scheme described
above. We calculate the integrated density of states in presence of finite number of vacancies upto
very low energy(E,,;, = 107°%) and large size systems(N = 80000) and contrast our result with the
corresponding results of critical delocalized phase in the bipartite random hopping (BPRH) universality

class[39]. In the delocalized phase the IDOS at low energy follows the ”Gade” form
1
N([) ~ Tl ze ™ 3.5)

with x = 3/2(Fig 3.9, dubbed as “"modified Gade” form to contrast with the original “Gade*“[40] form
with exponent 2. In Fig 3.10 we contrast the modified Gade* form with the “Griffiths* form and from

that plot we can see clearly the data is a better fit to the “modified Gade* form. However in the gapless
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Figure 3.8: Integrated density of states N(I") plotted against I'(=log(1/E)) for the gapped phase of
Kitaev’s model on a honeycomb lattice with semiopen boundary condition. The parameter values
used here J, = J, = 1,J, = (v = J,/J,). In this figure we show the results for 5% impurity
concentration, for samples of 64800 sites(L=180 unit cells in either direction) and 80000 sites(L=200
unit cells in either direction), averaged over 3000s of disorder realizations. This plots for size L = 180
and 200 overlaps till a large value of I', demonstrating the system size taken will not have finite size

effects, till a large value of I'(= 50).

phase also at the the high energy (smaller I') the DOS takes a "Dyson* form, but at low energy the the

Dyson form has a crossover to the “modified Gade* form 3.4.

Lowest gap analysis The corresponding lowest gap analysis for gapless was done in a similar man-
ner. Here we don’t see any peculiar bimodal character in the histogram and that is probably because
we don’t have a crossover behavior. The gapless phase IDOS is best described by the “modified Gade
form density of states data. From the scaling behavior of lowest non zero gap we can notice that
whether the gapless phase is best described by “Griffiths* form or ”Gade* form, is hard to decide. Also
it depends a lot on the range of I" used to fit in the DOS plot. Unfortunately in DOS plot we have clean
data with good statistics only upto I' = 55.

3.4.3 Tracking the transition

By analyzing the above results one can try to construct the following picture of the delocalization
to localization (or metal-insulator) transition: the gapless phase(a = 1) is a completely delocalized

state, located somewhere near the transition region and is nicely described by the “modified Gade”
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Figure 3.9: Integrated density of states IV (I") plotted against I" for the gapless phase of bipartite hop-
ping problem on a brickwall lattice with semiopen boundary condition. The parameter values used
here t, = t, = t, = 1(ov = t,/t;). In this figure we show the results for 5% impurity concentration,
of systems with 80000 sites, averaged over 3000s of disorder realizations. Like gapped phase, we also
see here a crossover from “Dyson form in small I' to a weaker than "Dyson* form in large I'. In
this figure we compare between “modified Gade” form(z = 3/2) and “Griffiths” form in the large I"

regime, and the figure above demonstrates that "modified Gade” form is a better fit to the data.

form at lower energy range. The gapped phase (a = 4) is also located near the transition region from
localized to delocalized phase. As a result one can see the “Dyson” form in the high energy IDOS
as a signature of the critical point, which goes to “Griffiths”/“modified Gade” form as a property of
localized/delocalized phase at lower energy. A schematic diagram of this picture is in Fig 3.13. So if
this picture is true, by tuning the « is should be possible to see that with higher a: the IDOS is more
going towards the “Griffiths” form and the lower « is more going towards the “modified Gade” form -
for that exponent “z” of “Griffiths* form must go higher and higher with increasing value «.. To note
here, for pure system the transition point is located at o = 2.

In order to check this picture we did a quick analysis for a smaller size system in Fig. 3.14, 3.15.
And from these figure this picture seems to be true. The supporting evidence for the picture in 3.13 is

not enough with the analysis shown above.

3.4.4 Puzzle with zero modes

In our analysis, we carefully tried to avoid all known reasons of exact zero modes. One important
feature of the bipartite hopping problem is that, it must have “graph zeroes” (zero energy eigenstates

, where N4 (N pg) are the number of A(B) sublattice

due to the geometry) equal in number to [N4— Np
sites. For each of these, one needs to explicitly keep one Majorana mode. In our calculation, we avoid
such zero modes by choosing Ny = Np. Additionally we avoid any edge zero modes by choosing

armchair boundary condition for the honeycomb model. We also carefully avoid any edge zero modes
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Figure 3.10: Integrated density of states N(I') plotted against I' for the gapless phase of bipartite
hopping problem on a brickwall lattice with semiopen boundary condition. The parameter values used
here t, = t, =t, = 1(a = t,/t,). In this figure we show the results for 5% impurity concentration,
of systems with 80000 sites, averaged over 3000s of disorder realizations. Like gapped phase, we also
see here a crossover from “Dyson® form in small I' to a weaker than ”Dyson* form in large I'. In this
figure we compare between “modified Gade” form(z = 3/2) and “Gade” form(x = 2), and the figure
demonstrates “Gade” is a better fit to the data for small I" but as we go to the large I', namely the low
energy limit modified Gade is a better fit. Thus from figures 3.9 and 3.10 we conclude in the gapless
phase the true low energy behavior of the DOS follows the “modified Gade” form , reminiscent of the

BPRH universality class.
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Figure 3.11: Mode of next to lowest non zero energy state plotted against L, for « = 1. As a fit
parameter we used the same values of ¢ for “Gade” form as obtained from the density of states plots.
And same value of z for the “Griffiths” form as obtained from DOS. The range of I" shown in the plot
indicates the range of I" used for fitting in the Density of states plot Here Gd: Modified Gade, and Gr:
Griffith.The fit is made for large length scale above L = 60.
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Figure 3.12: Histogram of next to lowest energy state over 5000 samples, for o = 1
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Figure 3.13: Schematic diagram of the conjectured phase transition. For pure system o = 1 is the
gapless phase and o > 2 is the gapped phase. From this Figure one can guess the disordered system
gapped to gapless transition point to be somewhere between o = 2 and 3, provided the conjectured

picture of the phase transition is correct.
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Figure 3.14: Integrated density of states /N (I") plotted against I" for various values of « of of bipartite
hopping problem on a brickwall lattice with semiopen boundary conditions. For pure system oo = 1 is

the gapless phase and o > 2 is the gapped phase.
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Figure 3.15: Exponent of Griffith’s form 2.7 , by fitting N (I") to I for various values of a.. The trend

in increasing z with « indicates that the system is more into the critical “Gade‘* phase.

due to vacancies sitting on the boundaries of the finite size samples by simply choosing not to put any
vacancies on the boundaries.

Apart from these kind of zero modes, there can be some exact zero modes due to the location of
vacancies on the graph e.g. such modes can occur if their is a disconnected or dangling part in the
lattices. We carefully avoid such cases also in our calculations. This kind of zero modes are entirely
“geometrical“ and has nothing to do with the lattice structure or the phase properties. However in
spite of eliminating all exact zero mode producing configurations of vacancies on the lattice, we find
that in certain realizations of vacancies there are some very low energy modes, which we suspect as
some exact zero modes. Such modes are possibly ”geometric* in nature, as they do not depend on the
system’s phase properties. In an attempt to understand those zero modes we study the scaling properties
of such zero modes for both & = 4 and o = 1 and note that the probability of a sample having a zero
mode is almost 1 in the thermodynamic limit(Fig. 3.16). Whereas the number of such zero modes per
sample per site also saturates to a constant value in the thermodynamic limit(Fig. 3.16).

As a further attempt to understand the zero modes we have a possible explanation of the origin of
the same from Kasteleyn’s theorem'[63]. We know that the Kasteleyn weighting of a planar bipartite
graph is a choice of sign for each undirected edge with the property that each face with Omod4 edges

encloses a 7 flux and each face with 2mod4 edges encloses as "0 flux. This condition is same as

'Kasteleyn’s theorem provides provides an way to calculated the number of closed pack dimer covering on any graph.
According to the theorem that number can be evaluated by calculating the Pffaffian of the Kasteleyn’s matrix, which is
nothing but the adjacency matrix of the graph with a weighting scheme known as Kasteleyn’s weight as described in the

main text.
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Figure 3.16: wy denotes the number of zero modes per sample and fj denotes the fraction of samples

which have a zero mode. From the scaling of fj one can see that in thermodynamic limit the probability

of finding a zero mode is almost 1. From the scaling of wgy one can conclude that at thermodynamic

limit the number of zero modes per sample per site almost converges towards a fixed value.
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the Lieb’s theorem [64] which was proven for bipartite graph with certain symmetries. However, with
this Kasteleyn’s weighting prescription one can construct the Kasteleyn’s matrix(same as our hopping
matrix with a = 1) whose Pffaffian gives the number of possible ways of close pack dimer covering
of a graph. So it might be possible to show that in the cases when we encounter a zero mode due to the
presence of disorder, there is no way of finding a closed pack dimer covering of the disordered bipartite
graph.

We show in Fig. 3.17 two configurations of impurity distributions on a small size sample; one of
which has a zero mode and other doesn’t. If we can show the the one with zero modes cannot have a
closed pack dimer covering and in contrast the one without zero mode has a dimer covering, that will

be an example supporting our guess of the origin of zero modes from Kasteleyn’s theorem.

3.5 Discussion

In this work we tried to answer some questions regarding the nature of density of states in the localized
and delocalized phases of randomly site diluted bipartite fermion hopping problem. We performed
our detailed analysis for the gapless phase o« = 1 and noted the density of states to be of “modified
Gade* form on the other hand in the gapped phase & = 4 we note a crossover of from “Dyson*
form to "Griffith’s form* or "modified Gade*. In the 3.4.3 we discussed in detail our interpretation of
these observation and the need of more analysis to this unresolved issue. On the other hand another
unresolved issue is these zero modes which we already discussed in the 3.4.4, at the end of that section

we indicated the possible analysis required to fully understand that issue.

Even though random site dilution is a very different kind of disorder from random hopping as pointed
out in the introduction, we see that the low energy DOS behavior of the former is localized and delocal-
ized phases are very similar to that of later [39]. A physical RG type picture explaining the generation
of many low energy states near £/ = 0 in the strong disorder limit was discussed by Motrunich et al[39]
which we have reviewed briefly in the introduction. There is no reason for such a mechanism to work
in this case of site dilution- in spite of the resemblance. This leaves a future direction of research to
provide such a RG picture which will give the possible mechanism by which large number of states are
generated near I/ = 0 and also to explain why these two kind of disorders leads to same form of DOS

behavior at low energy.

There are a few more unanswered questions and possible extensions on this work which can be listed

as follows:

e We understood the density of states behavior (Eq. 2.6) in the gapless phase quite unambiguously
but in the gapped phase we don’t have good enough results to distinguish between the Gade
(Eq. 2.6)and Griffiths (Eq. 2.7 behavior. More data is required in this phase to know the correct

behavior of density of states.
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Figure 3.17: Both of the plots are made for samples with 72 sites and 8 impurities, with 4 on each
sublattice. There is antiperiodic boundary condition in the X-direction and open boundaries in the
Y-direction. The top one shows a configuration which has a zero mode and the bottom one shows a

configuration which has no zero modes.
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e We have empirical evidence supporting our conjecture about the origin of zero modes by lack of
dimer covering. A proof or some sort of more detailed numerical analysis is required to be sure

that is always the case.

e An extension of this work is possible by analyzing the same hopping problem on a non-bipartite
graph. As it is known such a problem belongs to a different universality class; so it will be

interesting to understand the behavior of such class of systems.
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Chapter 4

Random site dilution in an SU(2)

symmetric interacting spin system

This chapter is about the effects of site dilution in the SU(2) symmetric Yao-Lee spin model. In the
introduction we have mentioned that this spin model can be mapped to a free lattice gas of fermions
in the background of a static Z, gauge field, and thus the magnetic susceptibility of the spin system
can be mapped to the compressibility of that Fermi gas. Using this connection we will analyze the
susceptibility of the randomly diluted Yao-Lee spin model by the result of the density of states analysis
of randomly diluted bipartite hopping problem of the last chapter. With this main agenda, this chapter
is organized as follows: in section 4.1 we will discuss the relevant models to this chapter i.e. Kitaev’s
spin model and SU(2) symmetric Yao-Lee model. Even though our main goal in this chapter is to
study the later model, we will describe the Kitaev’s model as it gets mapped to a very similar free
fermion hopping problem as that of Yao-Lee’s model and has same phase digram. In the section 4.2
of this chapter we will discuss this map in detail for the the Yao-Lee model and at the end we will
briefly mention the similarities and difference of this model with Kitaev’s model. Section 4.3 of this
chapter will contain discussion about choice of basis to construct Fock space in the free fermion model
such that it faithfully represents the spin model. In addition we will discuss the subtleties in mapping
randomly site diluted spin model to the randomly diluted fermion hopping problem. In section 4.4
we will recall the results of the previous chapter on random dilution in free fermion hopping problem
to characterize the magnetic susceptibility behavior of the metallic and insulator phases of Yao-Lee
model, which is our main result of this chapter. In section 4.5 we end the chapter with a discussion on

our interpretation of these results and some possible future direction of research.

4.1 Models

4.1.1 Kitaev’s model

Kitaev’s spin model is a very special kind of spin model which has anisotropic nearest neighbor spin

interaction depending on the direction of the bonds in real space. Before defining the original model
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Figure 4.1: Phase diagram of Kitaev’s model

on a honeycomb lattice let us introduce few notations as follows: a bond on the lattice (as in Fig. 4.1)
between the nearest neighbor sites with labels j and k can be in one of the three orientations in physical
space - labeled using the variable \(= z, y or z). A spin degree of freedom with moment 1/2 at site
j is represented by the Pauli matrices o, where the superscript is the spin component. The exchange
strength between spins at sites j and & in A direction is denoted as J 3, . With this notations defined,

the Hamiltonian is given by
HY == 3" Jm,oron . (4.1)
(k)

Ground state of Kitaev’s honeycomb model has both gapped and gapless phases. In the parameter
space with all Jy > 0 there are three gapped phases (J, > J, + J, and its permutations) and one
gapless phase around the point J,=J,=J.=J, as shown in Fig. 4.1.

The ground state of Kitaev’s spin model has quantum spin liquid like behavior in both gapped and
gapless phase, as the two spin correlation function vanish identically beyond nearest neighbor sites for

all values of the coupling constants.

4.1.2 Yao-Lee’s model

Construction of an SU(2) symmetric extension of Kitaev’s model requires a lattice with coordination
number three and a tricolourability property for the links of the lattice. On such a lattice, each link can
be assigned a type-label x, y or z such that every vertex has exactly one link of each type. Again our
brickwall lattice in Fig. 3.2. satisfy those conditions. The Hamiltonian with same notations as before
can be defined as,

H" == 3" T, (1712) (0.0k). 4.2)

(kA

The model has two different sets of spin degrees of freedom (7 and o) at every site for SU(2) invariance.
The phase diagram of this model is same as that of Kitaev’s model. In next section we will point out

the similarities of this model with Kitaev’s model.
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However one important difference of this model from Kitaev’s one comes in the behavior of cor-
relation functions. The gapped phase has exponentially decaying spin-spin correlation; but the gapless
phase of this model has power law correlation with exponent four. As the model is SU (2) spin rotation

invariant, it has spinfull fermionic excitations.

4.2 Solving spin Hamiltonian by Majorana fermionization

Representing a spin degrees of freedom in terms of a fermionic or bosonic is often useful as it allows
one to apply the powerful techniques developed to solve fermionic or bosonic system in obtaining a so-
lution for the spin system. Such mappings doesn’t always ease the solution as in most of the cases, like
Jordan-Wigner fermionization of Heisenberg spin chain maps it to a interacting fermionic model. Sim-
ilarly Schwinger bosonization [65] maps Heisenberg spin model into a non-linear interacting bosonic
system which can be only solved perturbatively. On the other hand the well used Schwinger fermion
representation comes with an additional, difficult to deal with, constraint equation to satisfy; such that
the fermionic Hilbert space is a faithful representation of the spin model Hilbert space. There are
attempts in literature to get rid of this constraint, such as “drone-fermion” representation: where one
represents a spin operator in terms of a canonical complex fermionic operator and a Majorana fermion'
operator.

Kitaev first time introduced a complete Majorana fermion representation of fermionic spins to
map a two dimensional interacting spin model (known as Kitaev’s model and described in Models
section) into a non-interacting Majorana fermion system which is exactly solvable. In Kitaev’s scheme
every spin at a site is represented by four independent flavors of Majorana fermions. Given that two
Majorana fermions are required to represent a canonical complex fermion and each Majorana fermion
has a Hilbert space dimension /2, this doubles the Hilbert space dimension per spin from two to four.
To project back in the physical Hilbert space Kitaev introduced a projection operator which commutes
with the Hamiltonian.

Kitaev’s model is not spin rotation symmetric and to explain some physical system (as discussed
in 2.3.1) one requires a model with such symmetries. Yao-Lee extended Kitaev’s scheme in solving an
SU(2) invariant spin (model described in models section) which has a spin liquid ground state. The
Majorana fermionization of Kitaev is not spin-rotation symmetric and was simply extended to such
a symmetric case by introducing another Majorana fermion representation similar to one introduced
by Shastry-Sen [45] for one dimensional spin models. In this section we will discuss this Majorana

fermionization in detail and we will also discuss the subtleties in extending the same in presence of site

'In 1937 Majorana [66] discovered that a modification of Dirac’s equation in possible which includes a charge conjugated
Dirac spinor and is completely written in terms of real numbers. This “real” Dirac equation has two solutions known as
Majorana fermions, one being a charge neutral particle and the other being a charge neutral antiparticle with the special
property of the particle being it’s own antiparticle. Since then there are debates on whether there is a physical example of
this mathematical solution.

However apart from that debate Majorana fermions are proven to be a useful mathematical tool in fermionizing interacting

spin models, we discuss in detail such an use of Majorana fermion in this chapter.
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dilution.

4.2.1 Mapping Yao-Lee’s model to free Majorana fermions

As mentioned in the Models section, this model has two different sets of spin degrees of freedom at
every site for SU(2) invariance. One set of spin degrees of freedom are expressed by the Pauli spin

matrices (0*,\ = x,y, z) which are represented by SU (2) invariant Majorana fermion representation

as
ot = —iddc® 4.3)
o/ = —ic’c”
o = —ic’d,

where ¢* (A = z, v, z) are Majorana fermions operators. The other spin degrees of freedom is repre-
sented by another set of Pauli spin operators (7*,A = x,, 2) at every site, which can be written by

another set of Majorana operators b*(\ = x, ¥, ) in a SU(2) invariant way as

o= —ibvh (4.4)
Vo= b
o= b,

The Majorana fermion operators obey the commutation relation

{Ci\, C?l} = 25}\)\’6@' (45)
{02, 0)'} = 26,0635, (4.6)

and all other commutations being zero. Note that any model with this kind of structure will look like
a bilinear in both b and c¢. And now that we have two independent Pauli matrices as every site and we
are writing each one of them by SU(2) symmetric representation of three Majorana fermions, we have
double counted the single site Hilbert space, leading to 8-dimensional Hilbert space at each site. To

get back to the original Hilbert space the typical choice[45] is

VWD = 1, 4.7

(or alternatively c¢*cYc?b*bYb* = —i). This allows us to write
o%rP = icovP (4.8)
(or alternatively c®7° = —ic®b?), where o and § runs over x,y and z. Each of this basically represents

a copy of the physical subspace, once a choice is made by choosing a constraint condition (as in Eqn.
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4.7) the other copy becomes the unphysical” sector. This is an interesting point about this model and
Majorana representation, here the “unphysical sector” is not unphysical in true sense (SU(2) algebra
is satisfied in that sector as well) as it an equally faithful copy of the physical states and one can work

with either copies [45].

The hopping Hamiltonian Using the Majorana mapping described above, the Hamiltonian in terms

of the Majorana fermions is

H"E =0 T, i, ( > cycg> : (4.9)
Where the outer sum is over all three types of links (jk) (A = z,y,2). The products ib?bg on
the A type (jk) bonds become static Zo gauge fields w(;py, as up, satisfy [Hvu(jkh] = 0 and
[u(j/ k) x s U(ik) A} = 0; making w3, a good quantum number with eigenvalues 1. The Hamiltonian

becomes a bilinear in ¢ Majorana fermion operators which are coupled to static Z, gauge fields.

At this stage it will be useful to mention the difference between the hopping Hamiltonian of Yao-
Lee model (Eq. 4.2) and that of the Kitaev’s model (Eq. 4.1) as following: the Yao-Lee hopping
Hamiltonian has three different flavors of c-fermions which means this has three copies of Kitaev’s
original solution with each of those fermion flavors being coupled with the same gauge field-which
means all of this three copies have exactly the same spectrum. This Eq. 4 has a global SO(3) rotational
symmetry which rotate among the three flavour of Majorana fermions as a consequence of the SU(2)
symmetry of the Yao-Lee spin model it represents. Due this resemblance with the original Kitaev’s
model, the properties of this free Majorana fermion hopping problem of this SU(2) symmetric Yao-

Lee model, is same as that of Kitaev’s original model.

4.3 Choice of basis for constructing Fock space of fermion operator

To make physical sense with Majorana fermions we need to construct the Hilbert space as the Fock
space of pairs of Majorana fermions, combined to make the canonical complex fermion. We will do
this first for a bipartite graph with equal number of A and B sublattice sites, then we will discuss the
modifications when one and then many sites are removed from this system. Finally we will see the
physical meaning of coupling a magnetic field with the spins of the original spin model in terms of

those canonical fermions.

Pure system with even number of sites Consider a bipartite honeycomb lattice with even number
of sites and let’s choose a convenient pairing of two of the three Majorana fermions at each site to a
complex canonical fermion as

zj = (¢ + zczj/)/2 (4.10)

59



This leads to
T 1
0j/2 = zjz] —5), 4.11)
where the z-fermions carry the conserved S* quantum number. The other fermions can be paired in a

convenient was as
fo=(cpa+ic,p)/2, 4.12)

where A and B are sublattice sites for an unit cell p. One can think this as pair formation between sites
coupled by a vertical bond in the honeycomb or horizontal bond in brickwall lattice, as in Fig (3.2).

Similarly for the Zo gauge field u, the pairing can be symmetric as ,

b+ il

. (4.13)

Cligy =
Thus the full Hamiltonian in terms of these complex fermions and the Z, gauge field is given by

HYE = Z Sk <2C2jk>)\<(jk) ) {2@ (z ZE — zkﬂzj> —i—icjcz}
— Z J]k (2n4<.7'k>x — 1) [21’ (z}zk — Z;sz) + icjcz} .

(k)
= Z Jjry,u {22 <ZTZk — zkzjﬂ Z k) U ja ic5 Cl-
(Gk) (Gk)
= Z it (k) [(z ZE — zkzj)} + Z J<jk>xu¢<jk>kicjci. (4.14)

(3k) A

On a bipartite graph with sublattice A and B , M;; = ty, and Mg = (M7 + M), My =
F(MT — M).

W () (e ) e () (60 (7)) s

Note that all this canonical fermions doesn’t reside on the sites of the lattice, the f fermions reside
on the ’2’ bonds of the lattice and z-fermions resides on the sites of the lattice. The Z5 static gauge
field also resides on the bonds of the lattice, whose Z5 character is clear from this equation as the bond
fermion number on the bonds n¢ By, Can be either zero or one. On the other hand we have a free
canonical fermion (z-fermions) hopping Hamiltonian with hopping amplitude # ), (= wjry, J(jk), )
between nearest neighbor sites j and k. In addition we have another set of canonical fermion hopping
(f-fermions) Hamiltonian which can be physically interpreted as following: f,, fermions resides on the
2 bonds connecting two sites of an unit cell and when p = p’ the f-fermion part of the Hamiltonian
represents an on site potential term, otherwise it represents a superconductor Hamiltonian with a gap
term (fp fy + fg Jp) of gap magnitude ¢z, -

The SU(2) invariance of the original problem is in the fact that the free fermion hopping problem

and superconductor problem has exactly identical spectra.
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Nature of Projection operators The nature of projection (4.7) is simpler to understand by writing

in terms of the original Kitaev’s projection (D;) as follows:
(2nf-1)D; =1 (4.16)

where
D; = bfb‘?bjcj. 4.17)

So the full projection operator becomes

J

1+ (205 - 1) D
pYL _ H 5 . (4.18)

The n? operator only increase or decrease the number of z-fermions and that number is conserved in

the system. Thus the P¥© operator should work very similar to the Kitaev’s projection

PE=T] <1 +2Dj> . (4.19)

J

Removing one site from the pure system To construct the Hilbert space when one site is removed
from the pure system with even number of site needs some regularization scheme, as it is not obvious
that in presence of such an abrupt disorder one can consistently carry out the calculation in the canon-
ical fermion Hilbert space while keeping the faithful representation of the spins intact. A sensible way
to do this regulation is by putting back the removed site by re-introducing three infinitesimal couplings
0 to the bulk system.

For the z fermion part of the Fock space, this has a trivial effect i.e. to leading order, é simply
mixes the zero mode wavefunction of the diluted hopping problem with the trivial zero mode that lives
on the single site that has been removed from the system. This splits these two zero modes to give two
canonical fermion modes at energies ~ =+4.

For the ¢ fermion part of the Fock space, keeping this removed site in our description allows us to
construct the Fock space exactly as in the pure system.

And for the f fermion part of the Fock space, putting the removed site back in is essential for
making sense of the Majorana zero mode: To leading order, § leads to a single canonical fermion
eigenstate at energy ~ || obtained by mixing the zero mode of the diluted hopping problem with the
trivial zero mode on the site that is removed. In the & — 0 limit, this becomes a genuine Majorana

excitation.

Removing many sites from the pure system In a similar fashion one can argue removal of many
sites from the system. As we have seen for removing each sites by the above regulated scheme, there
will be a genuine zero energy Majorana mode localized at the removed site. The rest of the eigenstates

of the hopping problem can be obtained by solving the single particle hopping problem (Eq. 4.15).
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So the hopping problem is same as in Eq.1.27 of chapter 3 with ¢y (= w(;), J(jk), ). The ground
state or energy minimizing flux sector of the hopping problem will be decided by the Lieb’s theorem
as discussed in the 3.3.

Thus the spectral properties obtained in the 3.4 for the bipartite hopping problem essentially repre-

sents the energy eigenstates of the fermionic hopping problem of Hamiltonian in Eqn. 4.9.

4.3.1 Coupling to external magnetic field and measuring susceptibility

After finding the spectrum of the fermion hopping problem now our task is to calculate the magnetic
response of the system from those exact eigenvalues. For that consider a simple physical way to think
about the two different spin degrees of freedom at every site in Yao-Lee’s model can be interpreting
the os as spins and 7s as orbital degrees of freedom. In that picture it is easy to add a Zeeman field B

in the z direction as,
o iB 1
Jj _ Y o_ T,
- B E 5 =5 E cfcj =+B E (zjzj - 2) . (4.20)
J J J

Since this is a bilinear in ¢, this keeps the model exactly solvable. In our choice of basis in the fermionic
Fock space, B maps to a chemical potential for non-interacting canonical (complex) fermions z cou-
pled to a static gauge field, and susceptibility therefore maps to the compressibility of this fermion

problem, since in presence of the magnetic field the hopping Hamiltonian becomes

HYL — (zgzg) (jT ]g) (24) + (f*f) (_%}S _%SA) ({f) 4.21)

Thus, the z-fermions carry the S* quantum number which is conserved in the presence of the field BZ.

As a result we have

. 1 1
(Stot) = Z (2 - WW) (4.22)

I

and correspondingly the uniform linear susceptibility

M

xeor(T) = > —— . (4.23)
p T (eT + 1)

A physical picture of magnetization can be the following: As we already know that the DOS is going
to diverge at low energy, the spins with energy £ < B will be completely polarized and the one with
E > B will be completely unpolarized. Thus as one turn on the temperature 7' , the leading order
terms in susceptibility dominated by canonical fermions with energy £ < T" will be free and will give
a Curie response. Rest of the fermions with £ > T will have a very small response and will give a sub
leading contribution. So the susceptibility at finite 7" for finite density of diluted sites can be expressed

as,

T
X(T) ~ / ————gple)de. (4.24)
0T ((37 + 1)



4.4 Site dilution effects

With that physical connection clear, let us look at the effects of site dilution on the magnetic suscepti-

bility of the spin problem.

Contribution of single zero mode Consider a situation in which there is a single zero mode (corre-
sponding to a missing site) in an otherwise gapped spectrum, then susceptibility acquires a Curie tail
in the low temperature limit as (expanding Eqn. 4.23)

L + ... (4.25)

Xtot(T) = T

So, the zero mode corresponds to a free spin-half object. In the case where the pure spectrum is
gapped, the regular terms are exponentially small at low temperature, as is the susceptibility of the
pure problem. Thus, the impurity susceptibility (conventionally defined to be the difference in the
susceptibility of the system with defect and the pure system) is given in the low temperature limit as

1

Ximp(T) = TR (4.26)

Thus, the missing site gives rise to an impurity spin-half i.e an orphan spin and the zero mode wave-
function essentially defines the orphan spin texture in these problems since this Curie tail is associated
|2

with a magnetization pattern (S%) controlled by |<I>§l °|* where p is the zero mode.

Mixing of zero modes Two zero modes mix with each other and develop non- zero energies in the
bipartite hopping problems only if they correspond to vacancies on opposite sublattices. As a result, if
sites of one sublattice are preferentially diluted in the bipartite problems, one can end up in a situation
with n = | N4 — Np| zero modes that survive this mixing between zero modes. In this case, we would

obtain
n

T 4T

However for finite vacancy density we always consider N4 = Np, so we never encounter this contri-

Ximp(T) + ... (4.27)

bution in our case.

Finite vacancy density As discussed before, we can appeal to the density of states results for random
site dilution in bipartite hopping problem (Eq. 2.6,2.72.9) to obtain the magnetic susceptibility in the
randomly diluted Yao-Lee Hamiltonian using Eq. 4.24. Notice that in both gapped and gapless phases

the low temperature susceptibility behaves as

T
x(T) ~ / ﬁp(e)de. (4.28)
0 T(e?+1>
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induced by a finite density of vacancies (equal in number in opposite sublattices) where h is some
decreasing function of its argument that makes this density states integrable. This is the form of the
susceptibility in a Random-Singlet or Bhatt-Lee type phase as we have seen in the introduction. So it
seems from the behavior of low temperature susceptibility that the nature of delocalization-localization
transition is very similar in nature as that one obtained for randomly disordered Heisenberg antiferro-

magnet (Eq. 2.14).

4.5 Discussion

Let us summarize the conclusion and point out some immediate questions which are not answered with

some possible extensions of this work.

e We have shown an example of SU(2) symmetric spin model in two dimension where in presence
of random dilution the susceptibility shows the “random-singlet” phase like behavior in both of
the gapped and gapless phase. We reached at this conclusion by exact numerical solution of the
model at very low energy i.e. £ ~ 107150 (setting exchange coupling J = 1) and since we see
such a “random singlet” like behavior at this low energy we conclude that probably this phase is

the true low energy phase of the system.

e A physical way to connect the random dilution effects with the random singlet physics can be as
follows: The mixing between two zero modes with index, say 1 and 2 kills the Curie terms asso-
ciated with each and gives rise to a susceptibility which falls of exponentially below an energy
scale A1z . Ajg can therefore be thought of as a renormalized exchange constant which is antifer-
romagnetic in sign. This is very similar to the real space decimation RG picture of Dasgupta-Ma
[42] and it is presumable, since there is a close relationship between the strong disorder RG
picture of Ref [39] for low energy states of such bipartite and pure-imaginary random hopping
problems, and the strong disorder RG ideas, which is the motivation of the random-singlet de-
scription of Bhatt-Lee [44, 52]. However in spite of this connection we don’t have a complete
physical understanding of the mechanism behind generation of the low energy states. So one

need to develop some strong disorder RG picture of the model we study for the same.

e Even though we see the “random singlet” like magnetic susceptibility in both metal and insu-
lator phase, the exact functional form of the same is not clear from this work and the nature of
ambiguity is discussed in details in last 3.5. In addition also the precise tracking of the transition

point is lacking from this work.

o In this thesis we have only considered the randomly diluted spin model on a bipartite lattice, a
very interesting extension of this study could be on a non-bipartite lattice. Random dilution on
a non-bipartite lattice is completely different universality class (Discussed in 3.5). So it will be

interesting to know the true low temperature behavior for such a system by similar analysis.
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Chapter 5

Ground state properties of randomly

diluted 2D Heisenberg antiferromagnets

In this chapter, we will discuss our work on the doublet ground state properties of two dimensional
Néel ordered Heisenberg antiferromagnet. In the introduction we have briefly mentioned that in this
work we characterized an universal relation between the staggered component of doublet ground state
magnetization (= n3 , Eq. 2.17) with the standard magnetization density of a singlet ground state (= m
, Eq. 2.16). The universal relation was obtained empirically from numerical experiments on various
deformations of S = 1/2 SLHAF. Here we provide a detailed characterization of the relationship
between nf and m using spin wave analysis. We also provide two effective low energy models for the
understanding of the same namely the sublattice spin mean filed model and quantum rotor model.
Here we will give the details of our study in subsequent sections with the following plan: In first
Section 5.1 we define four deformations of the square lattice S = 1/2 Heisenberg antiferromagnet
relevant to our study. In Section 5.2 we review the empirical results obtained from available numerical
data for nf as well as the full spin texture ®*(7), focusing on the universal properties alluded to
earlier. In Section 5.4, we outline the analytical approaches to the relationship between n? and m.
The first is a large-S spinwave expansion, within which we calculate the ground state spin texture
®*(7) and its antiferromagnetic Fourier component n} to leading O(1/S) order, and demonstrate that
such a calculation also yields the universality properties summarized earlier, but does not provide a
quantitatively accurate account of the numerical results for ®*(7) or n%(m) The second is a mean-
field theory formulated in terms of the total spin of each sublattice. And the third approach is in terms
of a quantum rotor Hamiltonian which is expected to correctly describe the low-energy tower of states
for odd Ny¢. In Section 5.5, we conclude with some speculations about a possible effective field theory

approach to the calculation of ®*(7), as a possible future direction of research.
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Figure 5.1: An illustration of the interactions present in the J.J’ (left panel) and J.J> (right panel)
model Hamiltonians. In this illustration, black bonds denote exchange interaction strength of .J, while

a red bond represents exchange strength of .J’ (J5) in the left (right) panel

Figure 5.2: Bond and plaquette operators in .J( model Hamiltonians. A thick bond denotes a bipartite
projector acting on that bond. All possible orientations of these bond and plaquette operators are

allowed.

5.1 Models

Apart from the standard Heisenberg model with nearest neighbor antiferromagnetic interactions, we
consider two deformations of the S = 1/2 SLHAF in our spin wave analysis study, namely the J.J’
and JJo model. The numerical data with which we compare our results considers JJo and two other
models called J@)2 and J(@Q3 model. In this section we will explain all four models in detail. However,

all of them retain the full SU(2) spin rotation symmetry of the original model.

Heisenberg model with nearest-neighbor interaction We first study the standard Heisenberg model

on a square lattice with nearest neighbor interaction,

H=17) S8, (5.1)
(i:d)

JJ' model The first of these deformed Heisenberg models is the coupled-dimer antiferromagnet,
in which there are two kinds of nearest neighbor interactions J and J', as shown in Fig. 5.1 (left

panel), where the ratio « = J'/.J can be tuned from o = 1 to & = . ~ 1.90 at which collinear
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antiferromagnetic order is lost.[34] The Hamiltonian for this system reads:

Hyp=J) Si-Si+J ) 88, (5.2)
(i7) (i5)’

where (ij) ((ij)') denotes a pair of nearest neighbor sites connected by a black (red) bond (see

Fig. 5.1).

JJ> model Another deformation of the Heisenberg model, the J J> model, has additional next nearest

neighbor Heisenberg exchange interactions J2, as shown in Fig. 5.1 (right panel). The Hamiltonian
reads

Hyp=JY Si-Sj+J2 Y S;i-S;, (5.3)

(i5) ({ig))

where ((ij)) denotes a pair of next nearest neighbor sites. Both these are amenable to straightfor-

ward spin-wave theory analyses, and the coupled dimer model can also be studied numerically to obtain

numerically exact results even for very large sizes due to the absence of any sign problems in Quan-

tum Monte Carlo studies. However, exact numerical results on the JJo model are restricted to small

sizes since Quantum Monte Carlo methods encounter a sign problem when dealing with next-nearest

neighbor interactions on the square lattice.

J@Q-models In addition to the J.JJo model the numerical observations were studied on two more
deformations that involve additional multispin interactions; the “J()” models.[62, 67] Of these, the
J @2 model has 4-spin interactions in addition to the usual Heisenberg exchange terms, and is defined

by the Hamiltonian

Hjyg,=—-J» Pj—Q2 Y PiyPu, (5.4)
(i5) (15,kt)
where the plaquette interaction ()2 involves two adjacent parallel bonds on the square lattice as shown
in Fig. 5.2 (middle panel) and
b= i -8S;-S; (5.5)
is a bipartite singlet projector. The first term in Eq. 5.4 is just the standard Heisenberg exchange.

Similarly, the J(@)3 model has 6-spin interactions and is defined by the Hamiltonian

Hyqs=~-J) Pj—Qs ), PyPuPum, (5.6)
(i) (ig,kl,nm)

where the plaquette interactions now involve three adjacent parallel bonds on the square lattice, as

shown in Fig. 5.2 (right panel). The products of singlet projectors making up the ()2 and ()3 terms

tend to reduce the Néel order of the ground state, and, when sufficiently strong, lead to a quantum

phase transition into a valence-bond-solid state.[62, 67] The numerical results were obtained by staying

within the Néel state in both models, and the universal aspects of this state was studied as the Néel order

is weakened.
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Figure 5.3: An illustrative example of finite size corrections of n} and m?, observed in the antiferro-
magnetic phase of the JJ' model(J’ = 1.8). Note the non-monotonic behavior of finite size corrections
for n%, which is fitted to a cubic polynomial. In contrast, finite size data for m? is well described by a

linear dependence on 1/L.

5.2 Review of numerical results

The available numerical results for this systems were obtained by total spin-1/2 sector version [68]
of the valence-bond basis projector QMC method [69, 70] to study L x L samples with L odd and
free boundary conditions. By that method ®#(7) and nf were computed in such samples for the J.J !
model and J(Q models in their antiferromagnetic phase. On the other hand the same models on L x L
lattices with L even and periodic boundary conditions, were studied using the original singlet sector
valence bond projector QMC method. In next two paragraphs we will highlight the two main features
observed from numerical experiments i.e. non monotonicity in finite size scaling, the universality

relation between n% and m described before and the spin texture.

Finite size scaling : The finite size scaling data for n? from a sequence of L x L systems with L odd,
shows that n extrapolates to a finite value in the L — oo limit as long as the system is in the antifer-
romagnetic phase. However, we noted from the numerical data that the approach of this observable to
the thermodynamic limit has a non-monotonic behavior. To obtain accurate extrapolations to infinite
size, it is therefore necessary to fit the finite size data to a third-order polynomial in 1/L. We find
that the coefficient for the leading 1/L term in this polynomial is rather small; this is true for all the
models studied here, as long as they remain in the antiferromagnetic phase. In Fig. 5.3 and Fig. 5.4, we
show examples of this behavior of the finite size corrections in n%. In these figures, we also show the
approach to the thermodynamic limit for m, as measured in a sequence of periodic L x L systems with
L even. We find that in complete contrast to the behavior of n%, m extrapolates monotonically to the

thermodynamic limit, with a dominant 1/L dependence—this is consistent with previous studies of the
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Figure 5.4: Another illustrative example of finite size corrections of nf and m?2, observed in the anti-
ferromagnetic phase of J@Q)2 model at ()3 = 1.0. Again, note the non-monotonic behavior of finite size
corrections for nf, which is fitted to a cubic polynomial (only L > 20 data used in the fit). In contrast,

finite size data for m? is well described by a linear dependence on 1/L.

structure factor in square lattice antiferromagnets [70] (however, with spatially anisotropic couplings,
one can also observe strong non-monotonicity in m[71]). In section 5.4 on our spin wave analysis of
this problem, we will provide a more detailed characterization of this non-monotonic behavior of finite

size scaling.

Universal relation between nf and m :  The non-zero value of nf in the thermodynamic limit clearly
reflects the long-range antiferromagnetic order present in the system and a partial breaking of the SU(2)
symmetry (due to the fact that we study only one member of the doublet ground state). For periodic
systems, the same long range antiferromagnetic order is captured by the non-zero value of m in the
large L limit—and a calculation of m (through (m?)) for the odd-L systems with periodic boundaries
would of course lead to the same value. However, since mg # n%, the full staggered magnetization is
not forced to lie along the z spin axis, so it could be interesting to understand the relationship between
these two measures of antiferromagnetic order.

To empirically characterize this relation, the numerical data is plotted as n? versus m in the ther-
modynamic limit of the JJ', JQ2 and J@Q3 models in Fig. 5.5. In that figure, each point represents the
result of a careful extrapolation similar to the examples shown in Fig. 5.3 and Fig. 5.4, and provides
an accurate estimate of the corresponding thermodynamic limits for n and m. So from this figure
the conclusion is that n% is a universal function of m independent of the microscopic structure of the
Hamiltonian. To model this universal function, we use a polynomial fit that is constrained to ensure

that n? — % when mg — %; the rationale for this constraint will become clear in Sec. 5.4. We find
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(Fig. 5.5) that the QMC results for n?(mo) are fit well by the following functional form:

b
ni(m)=(3 -5 - mo+ amg + bmj (5.7)

with ¢ ~ 0.288 and b ~ —0.306.

Spin texture : As discussed in the introduction, one can think this universal relationship as being
a property of the underlying low energy effective field theory of the antiferromagnetic phase, one is
led to expect that the full spatial structure of the spin texture ®7(7) should also be universal. More
precisely, one is led to expect 5Z(cj) the Fourier transformation of ®*(7) should be peaked at the
antiferromagnetic vector Q = (m, ), with a universal shape near the peak.

To test this, we compare the spin texture in the J.J' model and the J@Q3 model, choosing the
strengths of the J’ interaction and the ()3 interaction so that both have the same value of mg, and
therefore the same value of nf. This is shown in Fig. 5.6, which shows that these very different
microscopic Hamiltonians have spin-textures whose Fourier transform falls on top of each other at and

around the antiferromagnetic wavevector.

5.3 Analytical approach to the problem

We now present three distinct analytical approaches to understanding these numerical results presented
in the previous section: First, we develop a spin-wave expansion that becomes asymptotically exact
for large S[35]. Second, we explore a mean-field theory written in terms of the total spin of each sub-
lattice. Third, we describe an alternative approach in which the low-energy antiferromagnetic tower of
states of a spin-1/2 antiferromagnet is described by a phenomenological rotor model[36] adapted to

the case of a system with odd Nyo¢.

5.4 Spin-wave expansion

In this subsection we will first set up the general framework for spin wave calculations, followed by
that we will discuss the subtleties of the spin-wave calculation with open boundaries in a odd sized
sample, next we will describe the method of our calculation and finally the results. The standard spin
wave calculations for systems with even size and periodic boundaries are presented in appendix-3.
The leading order spin-wave calculation proceeds as usual by using an approximate representation of
spin operators in terms of Holstein-Primakoff bosons. The resulting bosonic Hamiltonian is truncated
to leading (quadratic) order in boson operators to obtain the first quantum corrections to the classical

energy of the system.

General framework of spin-wave theory As is standard in the spin wave theory of Néel ordered
states, we start with the classical Néel ordered configuration with the Néel vector pointing along the

2 axis, which corresponds to SZ = nzS(as before, 1 is +1 for sites belonging to the A sublattice,
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Figure 5.5: Extrapolated thermodynamic values of n% for three different models of antiferromagnets
on an open lattice, plotted as function of staggered magnetization mg for the same models on periodic
lattices. The former is clearly an universal function of the later. This universal function can be well
approximated by a polynomial fit constrained to ensure that n%(mg) — myp/3 in the limit of mg — %:
ni =~ (1/3 —a/2—0b/4)mo + am? + bm3, with a ~ 0.288 and b ~ —0.306.

and —1 for sites belonging to the B sublattice). We then represent the spin operators at a site i of the
square lattice in terms of canonical bosons to leading order in .S as follows: For sites i belonging to
the A sublattice we write

St =V2Sby; SZ=1S—blbs, (5.8)

7

while on sites 7 belonging to the B sublattice we write

Sz = V2Sby; SE=—8+0bbs. (5.9)

7 7

The number of bosons at each site thus represents the effect of quantum fluctuations away from the
classical Néel ordered configuration.
To quadratic order in the boson operators, this expansion yields the following spin wave Hamilto-

nian in the general case (with arbitrary two-spin exchange couplings):

S
H* = ¢,8%+ 5loT Mb , with
A=y By
M = (BL;, A;_,)
b
by — (bt> . (5.10)

Here €5 is the classical energy of the Néel state, M in the first line is a 2/N;,; dimensional matrix
specified in terms of Vi dimensional blocks A and B, and b is a 2V, dimensional column vector

as indicated above. Elements of A and B can be written explicitly as

Asp = (2% — ZE)owp + JL, (5.11)
By = JY%. (5.12)
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Figure 5.6: Fourier transform (with antiperiodic boundary conditions assumed for convenience) of the
numerically computed (for JJ' and JQ3 model with L = 65, S = 1/2 ) ®*(¥) along cuts passing
through the antiferromagnetic wavevector (7, 7). Note the universality of the results in the neighbor-
hood of the antiferromagnetic wavevector, which in any case accounts for most of the weight in Fourier

space.

In the above, JTEF, are Heisenberg exchange couplings between two sites 7 and 7 belonging to the same

sub-lattice, J. g;v are the Heisenberg exchange couplings between sites belonging to different sublattices,

and
z¢ = Y IY, (5.13)
zF = > Ik (5.14)

The effects of quantum fluctuations on the classical Néel state can now be calculated by diagonaliz-
ing this Hamiltonian by a canonical Bogoliuov transformation S which relates the Holstein-Primakoff

bosons b to the bosonic operators - corresponding to spin-wave eigenstates

Y

b=S8I', I',= ( T) , (5.15)
Y

where S is a 2Vy¢ dimensional matrix that transforms from b which creates and destroys bosons at
specific lattice sites 7 to ' which creates and destroys spin-wave quanta in specific spin-wave modes

. We want H5 be diagonal in this new basis. We represent this diagonal form as

H = ¢,8% + ngDr , (5.16)

p-(* 0 (5.17)
“\o A}’ '

with A denoting the diagonal matrix with the Ny positive spin wave frequencies A, on its diagonal.

where
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To construct a S that diagonalizes H*" in the I" basis, we look for 2V, dimensional column

u#
yt = (w) : (5.18)

My" =€, Ty" (5.19)

vectors

which satisfy the equation
with positive values of €, equal to the positive spin-wave frequencies A, for 4 = 1,2,3... Nyo. Here

o %)
7 7 (5.20)
0 -1

and 1 is the Nyt X Niot identity matrix. With these y* in hand, one may obtain Ny, additional

ut and v* are Nt dimensional vectors,

solutions to Eq. 5.19, this time with negative ey, 4+, = —A\, by interchanging the roles of the Ny

dimensional vectors u,, and v,, in this construction. In other words, we have

yNtot"‘M = (UM> s (521)
ut
with p =1,2,3... Ngot.

We now construct S by using these y* (with . = 1,2,3...2N;t) as its 2Nyt columns:
S=(y'y% oy Ner) (5.22)
Clearly, this choice of S satisfies the equation
MS =1ISID (5.23)

Furthermore, the requirement that the Bogolivov transformed operators v obey the same canonical

bosonic commutation relations as the b operators implies that S must satisfy
stzs =7, (5.24)
This constraint is equivalent to “symplectic” orthonormalization conditions:

(u") T — ()" = 6, (5.25)

(W) — () =0,

for p,v =1,2,3... Nio. It is now easy to see that Eq. 5.23 and Eq. 5.24 guarantee that H*" is indeed

diagonal in the new basis, since

bfMb = rfstMSTr = r'stzszpr = ror. (5.26)
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For periodic samples, it is possible to exploit the translational invariance of the problem and work
in Fourier space to obtain these spin-wave modes and their wavefunctions and calculate my = .S — A
correct to leading order in the spin-wave expansion—these results are standard[33], they are provided
in details on Appendix-2. On the other hand, the corresponding results for I x L samples with free
boundary conditions and N4 = Np+ 1 do not seem to be available in the literature, and our discussion

below focuses on this case.

Odd sized samples with free boundary We begin by noting that the non-zero entries in A only
connect two sites belonging to the same sublattice, while those in B always connect sites belonging to
opposite sublattices. As a result of this, the solutions to the equation for y* can also be expressed in
terms of a single function f,,(7) defined on sites of the lattice.

To demonstrate this, we consider an auxiliary problem of finding €,, such that the operator A — B —
€,n;i has a zero mode f, (7). This auxiliary problem has Ny solutions corresponding to the Nyt roots
€, of the polynomial equation det(A — B — €,n7) = 0; these €, can be of either sign. To make the
correspondence with the positive €,, solutions (u*,v#) (with u = 1,2...Nio) of the original equation

Myt = €, Ly, we now note that

(ful A= B|f.) = €Ny, (5.27)
where
Nu=D fulra)l? =D 1 fulrs)®. (5.28)

Since A— B is a positive (but not positive definite) operator, this implies that €,, has the same sign as N,
for all non-zero €,. To make the correspondence with the positive €, = A, solutions (1 = 1,2. .. Nyot)

of the original problem, we can therefore make the ansatz

uk = fu(ra)//Nu,ull, =0 (5.29)
o = —fu(rB) v/ Ny vt =0

if N, > 0, or the alternative ansatz

ull, = —fu(re)//—Ny,ul, =0 (5.30)
”ﬁA = fu(ra)/v _NuvvﬁB =0

if N, < 0. Here, 74 (rp) denotes sites belonging to the A (B) sublattice of the square lattice. This
ansatz clearly ensures that the y* (with p = 1,2..Nyo) obtained in this manner satisfy the original

equation with positive €, = A, and are appropriately normalized.

Treatment of zero modes The above approach we took for demonstration purpose is not the one
we use in our actual computations (see below), but it provides a useful framework within which we
may discuss possible zero frequency spin-wave modes, i.e \,, = 0 for some zo: A mode (o with

Ao = 0 clearly corresponds to a putative zero eigenvalue of the operator A — B. From the specific
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form of A — B in our problem, it is clear that such a zero eigenvalue does indeed exist, and f,, (7), the

corresponding eigenvector of A — B, can be written down explicitly as

Juo(7) =1 (5.31)

Since this corresponds to the root €,,, = 0 of the auxiliary problem, it can in principle be used to obtain
a pair of zero frequency modes €., and €,,4 n,,, for the original problem of finding €, and y* that
satisfy My* = €,Zy".

However, we need to ensure that the symplectic orthonormalization conditions (Eq. 5.26) are sat-
isfied by our construction of the corresponding y*0 and y*0t ™ot This is where the restriction to a
Niot = L x L lattice with Ny = Np + 1 enters our discussion. For this case, N,, = Ny — N = 1,

and we are thus in a position to write down properly normalized zero-mode wavefunctions:

Ut = fuo(ra), uld =0 (5.32)
vy = —fuo(rp), vy =0,
and
ui\ftoc-l-#o — Uﬁo’ (5.33)

Neot+ro — , 1o
V. = U .

[Parenthetically, we note that the question of zero frequency spinwave modes for the more familiar
case with V4 = Np and periodic boundary conditions has been discussed earlier in the literature[35]
and will not be considered here.]

Thus, the equation My" = €, Zy* has a pair of zero modes related to each other by interchange
of the u and v components of the mode, and it becomes necessary to regulate intermediate steps of
the calculation with a staggered magnetic field Ze;,n7 with infinitesimal magnitude ¢, > 0 in the 2
direction. Denoting the corresponding A by A, we see that A“» — B is now a positive definite operator
and does not have a zero eigenvalue. Indeed, it is easy to see from the foregoing that the corresponding
eigenvalue now becomes non-zero, yielding a positive spin-wave frequency A = Niotep. One can
also calculate the O(ep,) term of fg(7) and check that fg* tends to f,,(7) in a non-singular way as
e, — 0, from which one can obtain the corresponding y#°(¢;,) analytically in this limit. Thus, the
contribution of the zero mode to all physical quantities can be obtained in the presence of a small
ep, > 0, and the €, — 0 limit of this contribution can then be taken smoothly and analytically at the

end of the calculation.

Treatment of non-zero modes In our actual calculations, we use this analytical understanding of
the zero frequency spin wave mode to analytically obtain the properly regularized zero mode contri-
bution to various physical quantities, while using a computationally convenient approach to numeri-

cally calculate the contribution of the non-zero spin wave modes. To do this, we rewrite Eq. 5.19 for
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pw=1,23... Nyt as

(A4 B)ot = At (5.34)
(A*B)WL = )‘uﬂw

where
ot = ut ot (5.35)
T —
This implies
(A= B)(A+ B)¢" = M(A— Bt =Xt (5.36)
(A+ B)(A=B)" = MNJ(A+ B)¢" =\t (5.37)
We now decompose
A-B=K'K. (5.38)
where
K = ywU. (5.39)

with w the diagonal matrix with diagonal entries given by eigenvalues of the real symmetric matrix
A — B, and U the matrix whose rows are made up of the corresponding eigenvectors.

With this decomposition, we multiply Eq 5.37 by K from the left to obtain
K(A+ B)Kx" = X x". (5.40)
with x* = Kvy*". From the solution to this equation, we may obtain the ¢ as
" = (K1) x"/ . (5.41)

and thence obtain " using Eq. 5.35. In order to ensure the correct normalization of the resulting

ut, v#, we impose the normalization condition
(M) = A (5.42)

Thus our computational strategy consists of obtaining eigenvalues of the symmetric operator K (A+
B)KT, and using this information to calculate the y* and thence the Bogoliuov transform matrix S.
Notwithstanding the normalization used in Eq. 5.42, the zero mode with A\, = 0 causes no difficulties
in this approach, since we work in practice with the projection of K (A+ B)KT in the space orthogonal
to the zero mode. This is possible because we already have an analytic expression correct to O(ep,)
for y#0 (e,) and yNeot 40 (¢, corresponding to this zero mode, and do not need to determine these two

columns of S by this computational method.
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Putting all modes together, to the final expression of n? We use this procedure to calculate the

zero temperature boson density as
(blbr) = lim 3 (v (en))?. (5.43)

In this expression, one may use the numerical procedure outlined above to obtain the contribution of
all i # o directly at €, = 0, while being careful to use our analytical results for v/ (ej) to obtain the

limiting value of the contribution from p = pg. This gives

(bL bry) = > (vf )? (5.44)
HF O
(blgbip) =1+ Y (vF)? (5.45)
BF 1o

Here, the distinction between sites on the A and B sublattices arises in this final result because
lim,, o v5°(ep) = —1 for 7 belonging to the B sublattice, while lim,, o v5° (¢,) = 0 for 7" belonging
to the A sublattice.
Knowing the average boson number at each site gives us the first quantum corrections to the ground
state expectation value (S*(7)):
(S*(7) = ne(S — (blbr)) (5.46)

This result for the spin-wave corrections to the ground state spin texture then allows us to write nf =

lim g, 00 (325 17(S* (7)) / Niot as
ni=§-A (5:47)

where A represents the leading spin-wave correction to the classical value for ni.

Finite size scaling from spin wave theory

In order to obtain nf reliably in this manner, it is important to understand the finite size scaling proper-
ties of A for various values of .J' /J in the striped interaction model and .J2/.J in the model with next-
nearest neighbor interactions. In addition we also want to understand the surprising non-monotonicity
in scaling behavior from the spin-wave theory. In Fig. 5.7, we show a typical example of this size
dependence. As is clear, we find that A has a non monotonic dependence on L: A initially increases
rapidly with size, and, after a certain crossover size L*, it starts decreasing slowly to finally saturate
to its asymptotic value. This non-monotonic behavior is qualitatively similar to that observed in the
finite size extrapolations of n% from our QMC data earlier. To explore this unusual size dependence
further and reliably extrapolate to the thermodynamic limit, we analyze the contributions to A from
the spin-wave spectrum in the following way: We note that there is always a monotonically and rapidly
convergent O(1) contribution to A from the lowest frequency spin-wave mode, whose spin-wave fre-
quency scales to zero as 1/Nio (for any finite Ny, this is not an exact zero mode of the system). We

dub this the ‘delta-function contribution’ and its thermodynamic limit is easy to reliably extrapolate
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Figure 5.7: A typical example of the finite size scaling of the delta-function and continuum contri-
butions to A. Note the monotonically increasing size dependence of the delta-function contribution,
and the non-monotonic and more slowly converging nature of the continuum contribution. Due to
this difference in their behavior, we find it more accurate to separately fit each of these contribu-
tions to a polynomial in 1/L and use this to obtpgn the thermodynamic limit of the total A. Here
F5/e(L) = bsje + ¢5/0/ L — agye/ L? + dije/ LP.



to. In addition, there is a ‘continuum contribution’ coming from all the other spin-wave modes, each
of which contributes an amount of order O(1/Nyot). This contribution converges less rapidly to the
thermodynamic limit, and also happens to be non-monotonic: it first increases quickly with increasing
size, and then starts decreasing slowly to finally saturate to the thermodynamic limit.

The delta-function contribution can be fit best to a functional form

cs a d
fwm:m+f—§+ig

(5.48)
with the dominant 1/L? term accounting for the monotonic increase with L, while the continuum
contribution is fit to

c a d

whereby the size dependence is predominantly determined by the competition between the term pro-

(5.49)

portional to 1/L which decreases with increasing L, and the term proportional to 1/L? which increases
with increasing L. This gives rise to non-monotonic behavior whereby the continuum contribution first
increases rapidly and then decreases slowly beyond a crossover length L* to finally saturate to its infi-
nite volume limit. We also find that the length L* gets larger as we deform away from the pure square

lattice antiferromagnet, making it harder to obtain reliable extrapolations to the thermodynamic limit.

5.4.1 Universality from spin wave theory

Using such careful finite-size extrapolations to obtain A for various values of J>/J and J / /J, we
compare the result with A’ calculated analytically. Specifically, we now ask if the universality seen in
our QMC results is reflected in these semiclassical spin-wave corrections to n% and mg. The answer
is provided by Fig. 5.8, which shows that the numerically obtained spin-wave corrections apparently

satisfy a universal linear relationship
A — A" ~1.003 4 0.013A’ (5.50)

as one deforms away from the pure square lattice antiferromagnet in various ways.

What does this imply for n(my) to leading order in 1/5? To answer this, we note that

ni 7A—A’

+0(57?) (5.51)

Using our numerically established universal result to relate A — A’ to A’ and thence to my itself, we

obtain the universal relationship (upto leading order in 1/.5),
ni = amg + fmg (5.52)

with a ~ 0.987 — 1.003/S and 3 ~ 0.013/S. However, being a large-S expansion, spin-wave theory

is unable to give a quantitatively correct prediction for n%(mg) for the S = 1/2 case.
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Figure 5.8: A — A/, the difference between the leading spin wave corrections to nt and my, plotted

against the leading spin-wave corrections A’ to my for the J.J "and JJ, models described in the text.

Spin texture from spin-wave theory Finally, we use our spin-wave predictions for the ground-
state spin texture to look at the Fourier transform of the spin-texture for various deformations of the
pure antiferromagnet. The results are shown in Fig. 5.9, which demonstrates that spin-wave theory
also predicts that the Fourier transform of the spin-texture near the antiferromagnetic wave-vector is a
universal function of the wavevector; this provides some rationalization for the observed universality

of the Fourier transformed spin texture seen in our QMC numerics.

5.4.2 Sublattice-spin mean-field theory

We now turn to a simple mean-field picture in terms of the dynamics of the total spins Laand Ly
of the A and B sublattices respectively, for an antiferromagnet composed of spin-S moments at every
site. The idea of this mean-field theory is to approximately model the true low-energy spectrum of the
spin-S antiferromagnet by that of a model in which the N4, A-sublattice spins form a giant moment
La, coupling antiferromagnetically with a similar giant moment Lp formed by the Np, B-sublattice

spins. At the end of this section, we will see the limitations and scopes of such a simple picture.

Now in our case with Ny = Np + 1, it is clearly appropriate to assume that the total spin quantum
number of L B as Sp = SNp while the total spin quantum number of L 4 should be taken to be
S4 = SNy = Sp + S. In this mean-field treatment, we assume the following low-energy effective

Hamiltonian describes the dynamics of Laand Ly,
Hyr = JurSa-Sp (5.53)

with Jysr > 0. Within this mean-field treatment, the S,y = S ground-state multiplate expected from
the Lieb-Mattis theorem for an odd sized sample is thus modeled by the Si,t = S multiplate obtained
by the quantum mechanical addition of angular momenta Sp = SNp and S4 = Sp + 1/2. Within
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this mean-field theory, n% is modeled as the expectation value of (L% — L%) in the S = S state of

this multiplate.

(Stot = 5,85 = 5;5B;Sa| (L% — L) |Stot = S, S5 = 5;S8;54)  (5.54)

1
ny = lim ;

Np—oo NN, tot
Which can be readily obtained in closed form using the following standard result for the minimum
angular momentum state |J = j; — jo, m ) state obtained by the addition of angular momenta j; and

J2 (with j1 > j2):

(1, m1; o, mo| T, my) = pyep™s (5.55)
with
(27 4 1)!(242)!
=4/ 5.56
pJ 21+ 1) (5.56)
and
epma = (=12 [y )1 — )] [+ ma) (G2 — ma)! (T + m)(T — m)E37

for m1 + mo = my and c#;?f%m = 0 otherwise. In our case, j1 = Sp+ S, jo = S, J =5, mj =5,
and nf = (m1 — m2) 1m,/Niot can therefore be readily calculated to obtain,

25 + 1 i“: (2m — S)I(255 + 1)T(S4 +m + 1)

Ny 2Np+1 = TESA+20(Sp+m+1-5)
_ o

ny = (5.58)

using I'(n) = (n — 1)!, where n is an integer. Surprisingly this sum can be carried out to the following

closed form expression

1 25
=1 — | S S| . 5.59
" N§§IW2N3+1< MRS B> (5-59)
On the other hand, we may also calculate m% defined as
2 _ /7 7 N2 2
my = ((La — LB)*)j=0/Niot (5.60)

where the average is taken in the S,y = 0 singlet state (note the suffix). Like before this is obtained
by quantum-mechanics addition of L 4 and L B where the two sublattice angular momenta are equal:

Sp = Sa = SNy /2 for sample with even number of sites NV;;. This leads to,

2/Sp(Sp + 1) . (5.61)

This allows us to compute the ratio n} /my in the thermodynamic limit:

S 1
S+1m0+(’) <Ntot):| (02

mgz lim
Niot—00 INtot

ni/mo = lim [

Is there a limit in which this sublattice-spin mean-field theory is expected to give exact results?
The sublattice-spin model represents the Hamiltonian of an infinite-range model in which every A
sublattice-spin interacts with every B sublattice-spin via a constant (independent of distance) antifer-
romagnetic exchange coupling Jysr. In this limit, we also expect my — 1/2, and thus, our mean field
theory predicts that ny — mo /3 when mg — 1/2. This is the constraint that we built into our choice

of polynomial fit for n(my) in section. 5.2.
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Figure 5.9: Fourier transform (with antiperiodic boundary conditions assumed for convenience) of the
spin-wave result for ®*(7) (assuming S = 3/2 and calculated using L = 75 for J.J5 and JJ' model)
along cuts passing through the antiferromagnetic wavevector (7, 7). Note the nearly universal nature
of the results in the neighborhood of the antiferromagnetic wavevector, which in any case accounts for

most of the weight of the transformed signal.

For further understanding of this sublattice-spin model as a low energy effective model, consider
Heisenberg model on a square lattice with nearest neighbor interaction (Eq. 5.1). We go to the recip-

rocal space by Fourier transforming the spin operators as,

1
Vv Ntot

In the last expression r; is the coordinate of spin ¢ and Q runs on the reciprocal space points in first

So = Z Siexp(—iQ.r;). (5.63)

Brillouin zone (BZ). On a lattice with Ny, sites and periodic boundary condition this leads to the

following expression of Hamiltonian in reciprocal space,

H=1J > (SqSq (5.64)
QeBZ

The lattice structure factor is denoted as (g, for a square lattice that reads,

1
=5 ‘Z cos(Q.a;), (5.65)
1=1,2
with a; (z = 1,2), the unit vectors of a square lattice. On this lattice the Néel state is invariant

by translations associated to wavevectors Q, = (0,0) and Q, = (7, 7). One can breakdown the
Hamiltonian H in two components, Hj containing the Q, and Q ,y momentum terms and H; containing
all other momentum terms.

H = Hy+ H,; (5.66)

where
Hy = J(S§ —Sq,S—0qy) (5.67)

82



and
Ho=J > (0S0S-o- (5.68)
QeBZ—{Qy.Qn}

From the expression 5.63 one can easily show

2] o

Hy =~ (St —S% —S%) (5.69)
tot
4.J
Hy = N (SA.Sp), (5.70)

where S¢: = SNy is the total spin of the system and Sp = SNp,Sp = SN4 are respectively the

total spin of A and B sublattices. This is the model we-called sublattice mean-field model(Eq. 5.53)

by writing Jyp = J\%i -. The model is exactly solvable as Hy is an SU(2) invariant Hamiltonian

commuting with 87,87, and 8124( B)" Also from the above discussion we can see that it is the true
low energy description (in the thermodynamic limit) of the ’classical’ Néel ordered antiferromagnetic
phase, when only the wavevectors corresponding to Néel order(Q, and Q) is contributing. In such a
limit the n% /my ratio in Eq. 5.62 will be exact. Since numerical and spin wave results both show clear
deviations from this results(Eq. 5.7 and Eq.5.52), we conclude the other such non-zero wavevector
modes are essential for a correct calculation of the universal function n%(mo); as is evident from Fig.
5.6.

5.4.3 Quantum rotor Hamiltonian

The other approach we take in understanding effective low energy behavior of antiferromagnetic phase
is in terms of a quantum rotor picture. Consider SLHAF, which is a bipartite system with Ny (even)
number of sites; the ground state of the same is a Néel ordered state (|¢)) with quantum fluctuations.
As we know the classical Néel state (|1/)) is not an eigenstate of the spin operator and explicitly
breaks the SU(2) symmetry of the Heisenberg Hamiltonian. However, for a finite size system with
N4 = Np, the ground state is always singlet(S;,; = 0) by Lieb-Mattis [30] theorem, which means
that the true ground state has no preferred direction in spin space, restoring the SU(2) symmetry. The
solution of this apparent puzzle was suggested by Anderson by noticing that the |¢)7) can be thought of
quantum superposition of all possible eigenstates of the Heisenberg spin model(Eq. 5.1). As shown by
Anderson, those eigenstates are characterized by finite total angular momentum sectors from Ly, = 0
to Liot = S Nyoi(as the Hamiltonian is SU(2) symmetric) and the rotational symmetry can be restored
by the precession of the Néel state vector in all those spin sectors. Anderson also argued, the Néel state
is a superposition of many effectively degenerate states, they are truly degenerate in the thermodynamic
limit. These states for finite size system is knowns as “Anderson’s tower of states*, which collapses
to the degenerate state in thermodynamic limit. The vector representing Néel order(Néel vector 77)
precesses between those angular momentum sectors due to the quantum fluctuations, but the rate of
precessing is O (ﬁ), so in the thermodynamic limit one can think of it as a stationary or infinitely
heavy degrees of freedom. This idea is in par with the concept of “spontaneous symmetry breaking”,

as we know when any continuous symmetry is broken, the corresponding order parameter variable
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becomes very “heavy” in a well-defined sense.[35] The long-time, slow dynamics of this heavy nearly
classical variable is controlled by an effective “mass” that diverges in the thermodynamic limit.

Neuberger and Ziman [26] approached to model the low energy spectrum of a finite system (the
“tower of states”) by constructing an effective Hamiltonian which respects the SU(2) symmetry of
the original Heisenberg Hamiltonian. By the discussion above the Néel vector can be thought of as a
angular momentum degree of freedom, which is made by quantum addition of spin angular moments
of the system. The angular momentum variable is precessing very slowly about some axis for some
large value of Ny, and thus it can be mapped to a model for a rigid rotor. In the usual case of an
antiferromagnet with an even number of spin-S moments, the low-energy effective Hamiltonian that
controls the orientation dynamics of the Néel vector 77 is

Liot - Liot

Hiotor = 2v NV, (5.71)
ot

where Ly; is the angular momentum conjugate to the “quantum rotor” coordinate 1 = 7i/|i|, x is the
uniform susceptibility per spin, and Nyt is the total number of spins. The effective moment of inertia
of the rotor being an extensive quantity is given by I = Ny, x (intuitively the rotor is heavier as the

Nyt and x increases). The eigenstates of H,.o¢0r Will be

Liot(Ltot + 1)
E = — 5.72
rotor 2X Ntot ( )
Now we generalize this to our case of N4 = Np + 1 and an odd number of spins Ny, = 2Np + 1.
Following earlier work on quantum rotor descriptions of insulating antiferromagnets doped with a
single mobile charge-carrier[36], we postulate that the correct rotor description of our problem is in
terms of a rotor Hamiltonian in which L is replaced by the angular momentum operator I conjugate

to a quantum rotor coordinate n that now parametrizes a unit-sphere with a fundamental magnetic

monopole at its origin.[37] In other words, we postulate a low-energy effective Hamiltonian

Ly - L
HE o = 75; Nt tt"t (5.73)
o

where the superscript reminds us that the lowest allowed angular momentum quantum number [
of the modified angular momentum operator E;Ot is | = S. The angular wavefunction[37] of the |/ =
S,my = S) ground state of this modified rotor Hamiltonian is the monopole harmonic Y_g 5 5(6, ¢).
To calculate nf/mo we calculate (nf)r i.e. the expectation value of 2* = cos(6) in this monopole

harmonic wave function on the unit sphere. Since |Y_g s +5(0, ¢)|? oc (1 + cos 0)2°, it leads to

S
(nf)r = S (5.74)

which is exactly the same expression we got from sublattice mean-field theory.

Connection between two-sublattice mean field theory and quantum rotor model The question

one can ask here is: why do we get the same relation (Eq. 5.62 and Eq. 5.74 ) from two apparently
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different low energy approximations of the antiferromagnetic phase ? The rotor model is a more general
phenomenological approach than the sublattice mean-field theory which doesn’t take into account any
nonzero wave vector modes or the amplitude fluctuations of the Néel order parameter, also the model
makes no assumptions about any long range interactions. It still reproduces the sublattice mean-field
theory results which is asymptotically exact in the limit of innite-range unfrustrated interactions. This
seems to be consistent with Andersons analysis of the low-energy tower of states in an antiferromagnet
which used a picture in terms of the total spin of each sublattice to arrive at a rotor description. To

illustrate that statement let us look at the Eq. (5.69), the eigenvalues of H, will be

E

= Ny [Stot(Stot + 1) — SA(SA + 1) — SB(SB + 1)] . (5.75)

NiotS
2

Where both S4 and Sp can span over the values 0, 1, ..., and for a given S 4, Sp , Stor can span

0,1, ..., N¢or.S. Which leads to the ground state energy in each S;,; sector as,

J 4.J
Ec(Stot) = —§(Ntot +4)+

N 1S(S+ 1], (5.76)

As by Lieb-Mattis theorem, for even N;, and classical Néel state, S4 = Sp = Npt.S/2. This
corresponds to the rotor spectrum in Eq. 5.72 and that tower of states in finite size also collapse to the
ground state as O(1/Nyy). This gives us a reason why we should expect same result from this two

apparently different effective low energy models.

Thus, a more general phenomenological approach that goes beyond sublattice-spin mean-field theory
but ignores all non-zero wavevector modes also gives

mo

for S = 1/2. Since our QMC data show clear deviations from this result[Fig 5.6], like before we
conclude that such non-zero wavevector modes are essential for a correct calculation of the universal

function n3(my).

5.5 Discussion

We conclude this chapter with some questions not answered in this work. A natural question that
arises from our results is whether the universal ground state spin texture we have found here can be
successfully described using an effective field theory approach of the type used recently by Eggert and
collaborators for studying universal aspects of the alternating order induced by missing spins in two
dimensional S = 1/2 antiferromagnets[72]. This approach uses a non-linear sigma-model description
of the local antiferromagnetic order parameter, with lattice scale physics only entering via the values of
the stiffness constant ps and the transverse susceptibility x| , and the presence of the vacancy captured
by alocal term in the action. An analogous treatment for our situation would need two things—one is a

way of restricting attention to averages in the Sy, = 1/2 component |G)4+ of the ground state doublet,
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and the other is an understanding of the right boundary conditions or boundary terms in the action, so
as to correctly reflect that fact that our finite sample has open boundaries. This can be an interesting
direction for future work, which may shed some light on the role of non-zero wavevector modes that

were left out of the rotor description of the earlier section.
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Chapter 6

Single impurity in one dimensional

antiferromagnetic spin chain

In this chapter we will focus on understanding the origin of multiplicative logarithmic corrections on
the impurity spin texture in Néel ordered phase of an one dimensional Heisenberg antiferromagnet.
With the motivation as outlined in introduction, the plan of the chapter is as follows: in the section
6.1, we will describe the models studied in this problem. In section 6.2, we will briefly review some
facts known from the numerical studies on the spin texture around the impurity in this system. In
section 6.3 we will show with the help of bosonization that the low energy theory of one dimensional
Heisenberg antigerromagnet is a “sine-Gordan” model, which has a bosonic free Gaussian term and a
cosine interaction term; we will also discuss the effect of vacancy in spin chain on the “sine-Gordan”
model. In section 6.4 we will use renormalization group (RG) improved perturbation theory from the
bosonization framework to obtain predictions for the alternating part of the spin texture in this example;
at the end of this section we will write down our field theory prediction for the same in a closed form. In
the section 6.5 we will compare the numerical results to our field theory results, keeping careful track of
the effects of the marginal cosine interaction term using one loop RG improved perturbation theory. In
section 6.6 we will end the chapter with a discussion on the possible future research directions relevant

to this work.

6.1 Models

For analytical studies, we consider simple Heisenberg antiferromagnet with nearest neighbor interac-
tion in one dimension. The numerical data with which we compare our analytical results are obtained

from a model called J()3 model.
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6.1.1 Model studied in analytical work

The pure Heisenberg model (Eq.6.1) on an one dimensional ring with N 4 1 spins (indexed 0 to NV,
with periodic boundary condition) is given by,

N

H=1J) SiSi1. (6.1)
=0

To treat this interacting spin model perturbatively, we introduce an exchange anisotropy in the z di-
rection, the model with such anisotropy is called an X X Z Heisenberg spin chain (Eq.6.3). For per-
turbative treatment we will consider J, as the small parameter, later we will show how to restore the
effective low energy theory of usual isotropic Heisenberg model with SU(2) symmetry from the low

energy theory of X X Z model.

N g
= 5 [SiFSi1 + 87 8] + 157 5%,
=0

2

here J is positive, S; s represent the usual spin operators.

6.1.2 Model studied in numerical work

The microscopic model here is an one-dimensional spin chain with nearest neighbor Heisenberg ex-
change J and six-spin coupling ) = 4q.J. The Hamiltonian for this model (known as ‘J()3 model’)
is: N
H=-JY Piit1— Q> Piiy1PiroirsPiyais (6.3)
i=0 i
where P = (% -5 5’}) is the projector to the singlet state of the two spin-half variables at sites 7 and
j. Both J and @) are positive, and periodic boundary conditions were imposed by placing the system

on a ring so that site N + 1 + k is identified with site k (the total number of spins /N + 1 is taken even).

6.2 Review on relevant numerical studies

The J(@Q3 model was studied previously using the singlet sector valence-bond projection method[70],
which shows that the () term (in Eq.) drives a transition to a valence-bond solid phase at g. ~ 0.04; so
that the system is power-law Neel ordered for ¢ < g. and VBS ordered for ¢ > g.. Such a transition
is more well studied in the case where the transition is driven by next-nearest neighbor Heisenberg
antiferromagnetic exchange couplings. But the J()3 model is more interesting to study because unlike
the former it does not have a sign problem in standard non-zero temperature QMC calculations (as well
as in the ground state projector QMC approach), and can therefore be studied at larger length scales
and greater precision.

Now to introduce a vacancy in the J()3 spin chain, one can remove the spin at site 0 by deleting all

interactions that involve the site 0 from the Hamiltonian (Eq.6.2). Since N is odd, the ground state of
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the chain with a missing spin becomes a doublet with S;,; = 1/2. Focusing on |G4), the S7,; = 1/2
component of this doublet, the spin texture ®(r) = (S%(r))+ can be obtained in this ground state for
various values of g. This spin texture can be decomposed as ®(r) = ®,(r) 4+ (—1)"/*N,(r), where
alternating part N, (r) and a uniform part ®,(r) can be obtained from the numerical data [17] by a
suitable coarse-graining procedure. That calculation of spin-texture was performed by Banerjee et
al [17], using a recently developed spin-half sector generalization [68] of the valence-bond projector
QMC algorithm.[70]

We postpone further discussion on those numerical results for N, (r) till the Section (6.5), where

we compare the numerical results with our field theory results.

6.3 Effective low energy theory of spin 1/2 chain

A spin 1/2 antiferromagnetic chain can be modeled as a collection of bosonic harmonic oscillators
in the low energy limit by the bosonization technique. In this Section we will review the details of
that procedure. Then we will take care of a single site removal in the spin chain in the bosonization

framework and represent the spin operators in terms of bosonic degrees of freedoms.
6.3.1 Spin chain to Harmonic oscillators
Fermionization of the spin chain
The first step of bosonizing a spin 1/2 chain is: mapping the spin chain to a system of spin-less
fermions(= ). That is performed by the standard Jordon-Wigner transformation which faithfully

represents spin degrees of freedom to spin-less fermionic degrees of freedom in one dimension. The

transformation is given by,

1
5 = Y- (6.4)

N
; Yiexp |im > wly;

J=0

n
_|_
Il

Using Eq.(6.5), the spin Hamiltonian (6.3) is mapped into the fermionic Hamiltonian as

Norg
Hxx = Z: [2 (%T%H + wgﬂwz‘)] (6.5)
and
RS f— 1\ (o 1
Hy = Z Jo | i — 3 Vi 1 Yie1 — 3 (6.6)
=0

The lattice fermionic operators satisfying the standard fermionic anitcommutation relations {;, w: } =
di; and {¢;,;} = 0. X X Z model recovers the full SU(2) symmetry of Heisenberg model in the limit

J, = £J. In the limit J, = 0 this Hamiltonian is exactly solvable as the problem reduces to a problem
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of free spin-less fermion hopping problem. In that limit, the dispersion relation is cos(ak) (setting
lattice units as a), with Fermi level at kp = +7/2a. So the ground state is a half-filled band filled upto
the Fermi level. Now the problem can be approached for small J, by perturbative expansion around
this ground state. Thus considering only very low energy fermionic excitations around this ground

state, i.e. |k + kr| < A (A < kg is an UV cutoff), the fermionic operator can be written as:

b(x) ~ Va (e—“fF%R(x) + eiksz/JL(x)> . 6.7)

Where 7, and 1 are left propagating and right propagating modes respectively, containing only

slowly varying (compared to lattice scale a) Fourier modes. Now taking the continuum limit for Hx x,

Hxx = v/dm [: ¥l (i%) Ll (—i%) :] 6.8)

with v = Ja , the Fermi velocity.

Next we consider the H term of the Hamiltonian (Eq.6.6). Note that near the Fermi level,
6—27Lkpx ~ e—im’c _ (_1)j/a ) (69)
With this one can see that Sj will have one smooth part and one rapidly oscillating part as

SF = el (6.10)
= yh(e)Pr(z) + U] (@)Pr(2) « +e 2Rl () () + hec.
= yh(a)r(z) + ¥f (@)  + (-1 vl (@)vr(z) + hee.

The Hz term contains four different low energy processes near the Fermi level, we will discuss them
one by one. Re-writing the four fermion interaction term with J, interaction in terms of fermionic
current operators as J; =: ¢E¢L :Jrp = w;r%@b R :, the J, interaction term in the continuum limit

becomes

N N
Hy ~ J.Y SiSiy=Y ol vl v (6.11)
=0 =0
. [JL + Jr + (—1)7 gl + h.c.} . [JL + Jp+ (1Yl + hee.
_ .72, .72 . . . A 2
_ Jz/da: [ T2t JE A Jdr s —{( iR o) +h.c.}]

The First two terms in this expression represents a low energy process which breaks Lorentz invariance.
Applying Wick’s formula upto first order (restoring the Lorentz symmetry) on those two terms leads

to a free fermion Hamiltonian as follows:
Jp(z)Jp(x) = lin%JL(ac)JL(x—i—a) (6.12)
a—

ﬁ [T’Z)}; (z +a)pr(z) - wTL(fE)%ZJL(fU + a)| + constant

%

s Jp(x)Jp(x) -+

] d
— iwz —pp, + constant.
' “dx
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Similarly,

' d
Jr(z)Jr(x) ~ %'Lﬁ};%w}z + constant. (6.13)

Thus the only effect of this Lorenz symmetry breaking terms in Eq.(6.12) is to renormalizes the Fermi
velocity as u = a(J + %) (Eq.6.8,6.13,6.13).

The third interaction term in Eq.(6.12) represents a Lorentz symmetry preserving process and we
will keep that term as it is. The fourth term represents a process called “Umklapp” process and that is
the only term which can generate a gap as we will see in the following discussion. We will call that
term as H; (Eq.6.14) and the combination of all other massless terms as Hy. So Hy expressed in terms

of spin-less Fermion current with renormalized Fermi velocity is :

4.,
Hy = m/da; [sz +J7 + —=JrJR| . (6.14)
And the “Umklapp” part of the Hamiltonian is given by
Hy = —Jz/d:z:{(: Plpr )+ h.el. (6.15)

Bosonization of the spin-less fermionic Hamiltonian Next we appeal to the standard bosonization
dictionary (see Appendix-A for a brief review on bosonization) to convert the fermionic fields(¢) to

bosonic fields (¢) as follows:

1
o= e - 09) (6.16)
Jp = —— (114 0,0)
4ma
v = V;Taem—imqm
Yr = —V;T—aexp(im%),

the prefactors depend on the UV cut-off (lattice constant a) and here II is conjugate momentum to the
bosonic field ¢. We first take on Hy (Eq.6.14) and then H; (Eq.6.15). Bosonized Hy is given by

Hy = % [(1 - 25) (0:0)° + (1 + 25) (&EH)Q] . (6.17)

Where ¢, and ¢ are respectively left and right propagating parts of the ¢ which can be rewritten
as

T

ou(0) = o) - [

—00

onte) =3 [0+ [ amw)].

— 00

dyH(y)} (6.18)

Introducing a dual field 5 =— ffoo dyII(y) the Hamiltonian (Eq.6.17) can be rewritten as

H=1 [(1 - 2;5) (0.0)” + (1 4 2;’) (ama)Q] (6.19)
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For convenience one can define a rescaling factor

1
1 [(1+2=\> 1 2J
RP=— ) o~ — (1 : 6.20
4%(1—%) 47r<+7w>’ (6:20)
to rescale ¢ and 5 in an opposite way such that the canonical commutation relations are preserved.
¢
— 6.21
i VArR (©2D
¢ — VATR.

This gives the free boson Hamiltonian

Hy= 2 Ld ), (40 6.22

Now let’s turn to H; (Eq.6.15); one can expand it using the bosonization dictionary,

(vr(@)r(e) ) = lim (@) er(@)n (@ +a) v +a) ; (6.23)
1 ) igp (@) igp() iepta)t ipg(eta)
= ——=lim:e" B e R e E e R
4m2a2 a—0

B 1 I id@)  Zig(ata)
= mal_l’)]%(.e R e R +)

Here “...” represents the derivative terms. In the weak-coupling limit J, — 0, where R ~ \/%, the

2i ()

operator e~ & is irrelevant and can be dropped. With increasing R it becomes more relevant and the

term H; takes the form

H = —J / de{(: YL R )2 + h.c} (6.24)
= — 27;]222 dx cos <2¢}Ef)> .
For convenience we choose to represent the coefficient in a dimensionless form as eg = #gu leading
© uey [ 2¢(x)
H, = 2 ; dx cos ( I ) . (6.25)

Thus the full continuum Hamiltonian is of the form,

H = Hy+H (6.26)

o L do\? dqg ? ueg [T 2¢(x)
= 2/0 dx <d:c> +<d1:> _7“3/0 dxcos(R >

For generalization let us write the UV regulator as rg, here we have always chosen ro = a. This
Hamiltonian (Eq.6.27) is well known in the literature as the “sine-Gordan” model.

Note that all physical operators if this Bosonic theory are symmetric under a transformation
p=¢+21R (6.27)
~ ~ 1
6=0+ .
This leads to an interpretation of the boson field ¢ as a periodic variable measuring the arc length on a

circle of radius R, which was introduced as a scaling parameter for the fields ¢ and 5
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Comparing bosonization parameters with exact results

As mentioned in the introduction, the advantage of analyzing this spin-1/2 model in 1-dimension is
that the field theory results can be compared with exact results. The scaling introduced via parameter R
so far is valid only for small values of .J, and by this token it is not possible to know the true relations
of the scale parameter R and the renormalized velocity u. By exact calculation using Bethe ansatz that
can be determined analytically and it provides useful checks for the field theory results. With a new

variable cos ) = % those quantities from Bethe ansatz calculations are known as

Jmsin 6
= 6.28
u 20 (6.28)
and
1 0
R= — — —. 6.29
[2% 2772] (6:29)
Thus at small J,, R ~ \/%7 (1 + 7{—3) as we have seen previously from the perturbation theory in Eq.
6.20. And at the isotropic point (J, = J) R = \/%, as expected from the SU(2) symmetry at this

value of R from Eq. 6.28.

6.3.2 Removing a site from the spin chain

Finally we impose the condition that we have a vacancy at the site at location zero i.e. the spin at
site with index “0” is missing and the system is made of spins at sites indexed from 1 to /N. This is
equivalent to imposing an open boundary condition between sites with index 1 and N. To impose open
boundaries assume two ghost sites with index 0 and NV + 1 and demand S(0) = S(/N + 1) = 0. That

translates to following conditions for bosonic fields ¢(r),

#(0) = 0 (6.30)
O(N+1) = 2rRS%,.

Where 57, = Zf\; 1 S7 is the total magnetization in z direction and the boundary condition is in par

with the symmetry condition in Eq.6.28. With this boundary condition the mode expansion is given by,

(6.31)

~ ~ > cos (- an—aIL
Hr) = do+iy) (L}% )

Here mR is actually eigenvalue of the zero mode represented by vacuum of bosons gg. Such that

n=1

Qolgnd) = qo|0) = wR|0) (actually 2w RS7,, but here S, = 1/2). The non zero commutation
relations are [5(0),%} = i,[am, an*] = dmn.-
The spin operators represented in terms of this bosonic operators with this open boundary condi-

tions are given by,
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s = @ 4o A e (90)
S*(r) = 27err+\/770( 1) Sln( R) (6.32)

S=(r) = e"i2rRé [B(—1)2+csm (@)]

Where A,B,C are coefficients dependent on the microscopic details of the Hamiltonian, from the
effective theory standpoint they are determined as free parameters of the theory by fitting with the
experimental or numerical data.

So all the quantities for spin chain with a vacancy will be evaluated with these expressions of mode

expansion(Eq.6.32) and magnetization(Eq.6.33).

6.3.3 RG analysis of sine-Gordon model

The “sine-Gordon” model is analyzed in various context as it is related to a variety of other models
like the spin-1/2 XY Z chain, One dimensional fermionic system with backward scattering, two-
dimensional Coulomb gas problem etc. Now we will briefly review the low energy behavior of “sine-
Gordon” model from RG point view.

The three free parameters in this model given by u,e and R, this effectively reduces to two as u
is just an overall factor. The other two €(L) and R(L) can be thought of as dependent on the the
energy/length scale. We want to know the stable low energy fixed point(or collection of points i.e. a
fixed line) of the system in terms of RG flow, given a starting point (e(Lg), R(Lo)). The flow equation
in the ¢ — R plane is determined by splitting the fields as fast(above momentum cutoff Ae”) and
slow(between momentum cutoff Ae’ and UV cutoff A) and then by generating the effective coupling
of the slow field terms for H in first two orders of € and €2, obtained by integrating out the fast modes.

This leads to the following flow equations,

de(L) 1 n2e3

a2 (mzm‘1> TR (€33
dR(L)
. = W

The solution of this coupled first order differential equation upto second order in € will give us the

flow-trajectory as the hyperbolic equation,

2
(1 — 2132) — 1262 = Const. (6.34)
T

The phase diagram of the “sine-Gordan “model is given by all possible paths (e(L), R(L)) satisfying
Eq.6.34 in the ¢ — R plane. Each of those paths with an arrow direction denotes the flow of an initial
point (e(Lg), R(Lo)) where the observable start at L = L and flows towards the arrow direction at
lower L (as in Fig "to be made”). The three different phases in this flow-trajectory diagrams are as

follows,
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e Asymptotic freedom region

In the regime where R < \/% and € > ﬁ (3272 — 1) . the flow is towards the fixed line

e=0R < \/%7 This line is described as free Gaussian theory. In the corresponding spin
problem the corresponding parameter range is —1 < J—j < +1. In this critical regime the
ground state is singlet with (S*) = 0 with power law correlations. This phase is known as the

“Tomonaga-Luttinger liquid” (TLL) phase.

e Strong coupling

. 1 1 1 1 .
In the regime where R < ——,¢ < 0 and R > > = (5752 — 1) . the flow is towards

€ — —OO.

In the regime where R < \/%, e >0and R > \/%, € < ﬁ (ﬁ — 1) , the flow is towards

€—00.

As it is evident, in both of these two cases the cosine term in the Hamiltonian becomes very
significant. The corresponding parameter regime in the spin chain for the first case can show
staggered two point correlations as the signature of “spin Pierl’s order”. For the second case the

spin problem shows Neel order with staggered magnetization.

® (Crossover

The special line marking crossover from asymptotic freedom region to strong coupling region at
€= ﬁ (ﬁ — 1). This line is in the TLL phase with J, = J and is of our interest here as it
retains the SU(2) symmetry of Eq.6.1, with symmetric two point correlators in all directions of

same spin components. We discuss further about this regime below.

6.3.4 Low energy theory of isotropic Heisenberg model

The original model we want to study is the Heisenberg spin model with isotropic exchange interaction
ie. J = J, in Eq.6.1, but to handle interaction perturbatively we introduced an anisotropy in z
direction by making J, < J. This means our bosonic Hamiltonian doesn’t have any SU (2) symmetric
phase representing the isotropic Heisenberg model. Nevertheless the effective low energy theory of the
SU(2) symmetric Heisenberg model can be recovered at the point (¢ = 0, R = \/%). To see how is
that possible, one can calculate! the correlators (S, (x)S,(2")) ,(S*(x)S~(2')) from equations (6.32,
6.33) and notice that at leading order those two correlators decay with same power law exponent
at the point (¢ = 0, R = \/%7), manifesting SU(2) symmetry. The renormalization group should
always respect the symmetry of the Hamiltonian, so all the points flowing into and out from the SU (2)

symmetric point should posses SU(2) symmetry. From the renormalization flow Eq. 6.34 and the

"For that calculation see Reference [73].
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relations 6.34, 6.20 one can therefore conclude that on the line
1

21 R?

the low energy theory is SU(2) symmetric in a RG sense. Thus on that critical line(Eq. 6.36), at low

=1— meg, (6.35)

energy the SU(2) symmetry appears by the renormalization which does not exist in the original micro-
scopic Hamiltonian corresponding this low energy theory(Eq. 6.1). So one can say the “sine-Gordan*
model is the correct low energy model of the SU(2) symmetric isotropic Heisenberg model (Eq. 6.1)
on the critical line[23]. The well-known Kosterlitz-Thouless renormalization group theory[74] is ap-

plicable on the SU (2) symmetric line yielding the flow equation (using Eq.(6.36) on Eq.(6.34)),

= Be(e(L)) (6.36)
with the one loop expression for the beta function being given by[25]

Bo(e(L)) = 2meX(L) — %(%)2)63@) | 6.37)
This equation can be solved to obtain the running coupling constant ¢(L) at scale L as[25]

() (oo

Note that ¢ is negative in the power-law ordered antiferromagnetic phase in the present sign conven-

tion.

Obtaining alternating part of the spin texture from bosonization framework

Within this bosonized formulation, the magnetization or spin-texture operator S*(r) at site r =

ja is represented as in Eq.(6.33). The alternating part of the spin texture is given by the operator

\/%70 sin ((bg)). The expectation value of that i.e. the one-point function S = (— sin (%) )+ can

Vro
be thought of as a function of L and the running coupling €(L) for fixed bare coupling ¢y and fixed

r/L (S = S(L,e(L)/ €0, ))- So it will be useful to recall that one-point function must obey the
Callan-Symanzik type RG flow equation[25]

0 0 r
<8lnL + Be(e)@ + ’v(e)) S(L,e(L)/ eo, Z) =0. (6.39)
with the anomalous dimension having the expansion
1 i
1) =5+ (5) L) (6.40)

in terms of the running coupling €. As is well-known, this can be solved to leading order in €(L) to

give the following scaling law for S

I

T F € T
S (L,e(L)/ e, 7) V%(é&) (1+€e(L)R), (6.41)

where Fj (%) and R (%) are some functions of the ratio ; and the key point about this formal expres-
sion for S is that all dependence on the ultraviolet regulator ry has been traded in for a dependence on

(L), the running coupling at scale L for a flow that starts with bare coupling ¢y at scale 7.

96



6.4 Results for alternating part of spin-texture

With these preliminaries out of the way, we now outline the strategy we took to calculate the alternating
part of (S*(r))+ (we defined it as N (r)). The basic idea is to begin by calculating the result for this
alternating part using the bosonized part of the alternating spin density and bare perturbation theory to
first order in €( for a finite system of length L. As we shall see below, this bare perturbation theory
result will turn out to depend logarithmically on the value of the ultraviolet cutoff r( via a logarith-
mic ultraviolet divergence arising from a first order perturbation theory contribution proportional to
€o log % This logarithmic divergence makes bare perturbation theory suspect, since a notionally small
O(e€p) correction turns out to have a logarithmically diverging coefficient.

To extract useful information from the bare perturbation theory, it is therefore necessary to appeal
to the Callan-Symanzik equation for the one point function S, and use the fact that S is expected to
have the general form as in Eq.6.41. In order to make contact with our bare perturbation theory result
(for details of that calculation go to Appendix-B), we expand this renormalization group prediction to

first order in the bare coupling constant:

S = FO\/(%) (1 — geo logrL0 + ) (1 + eoR(%) + )

~ Fo(%)
VL

By comparing with the result of our first order perturbation theory in €, it becomes possible to fix the

s L r
(1 — 560 log % + eoR(z) + > . (6.42)

functions Fjy and R. This strategy gives us the one-loop RG improved result for the alternating part of
(S%(r)

. F() €0 %
with
T msin 6,
Fo(7) ==\ =5 (6.44)
and ) ) ;
T T T T T
R(f) =3 log g, + 2 (/0 —i—/o ) ¢ cot pdo , (6.45)
with 0, = %

In order to cast this expression into an explicitly useful form for comparison with numerical results

on a chain of N sites with lattice spacing a, we rewrite the prefactor as

<e(62)>i ~ (1 + 27| €| {log (i) + élog <log (i)) })1/4.

€l

1+ 27|eq| {log (%) + %log <log (%))} '

As mentioned before, we choose the short-distance cutoff as 7o = a and set the length L to L = (N +

Express €(L) as

(L) = (6.46)

1)a (see Appendix B). Eqns (6.43),(6.44), (6.45) with these inputs constitutes a theoretical prediction
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with two free parameters (the overall amplitude c, and the bare coupling € at the lattice scale), and we
find (Section 6.5) that this provides an extremely good two-parameter fit of our numerical data in the
power-law ordered antiferromagnetic phase of the one dimensional J()3 model. In addition, the spin
texture at ¢ = ¢, the critical end-point of this power-law ordered Neel phase, fits extremely well to the

scaling function F{, to which the more general prediction reduces when ¢y = 0.

6.5 Comparing numerical results with field theory results

In Fig (6.3), we have shown our data for the alternating part of the spin texture and compared it with
the scaling prediction at the critical point ¢ = ¢, for two of our largest system sizes. As can be
seen from these two figures, the scaling prediction fits extremely well to all the data at both sizes.
Also, a two-parameter fit using the RG-improved perturbation theory result yields a best-fit value of ¢g
indistinguishable from €y = 0. This confirms the location of the critical point, as the bare coefficient
of the marginally irrelevant cosine interaction is expected to be zero at this quantum phase transition.

This almost perfect fit to the scaling prediction is contrasted with the results shown in Figs (6.2)
and (6.1); which show numerical results at two representative points in the power-law Néel phase
compared with the one-parameter fit obtained from the scaling prediction. As shown in these two
figures, the scaling prediction cannot predict well the numerical results for ¢ < g.. Additionally we
note that the misfit of scaling predictions with numerical results increases as we go further from the
critical point(i.e. smaller q).

In the same figures, we also show the best two-parameter fit obtained by using our RG improved
perturbation theory results. We show here that the best-fit values of |¢y| increase as one goes further
away from ¢ = gq., which is consistent with the expectation that the bare coefficient of the cosine
interaction vanishes as ¢ approaches g.. Also we show that the RG improved perturbation theory
provides a much better fit at ¢ = 0.02 than at the Heisenberg point ¢ = 0, consistent with the fact
that our calculation is perturbative in the renormalized coupling (L), and is supposed to be a better

approximation when the bare value of |¢g| is smaller to begin with.

6.6 Discussion

The question one might ask, what can we conclude from these results about the possible origins of
multiplicative logarithmic corrections to spin textures at other critical points ? To explore this, let us
consider the same calculation of the spin texture, but at a different critical point with an irrelevant
coupling g and a small scaling dimension «. In other words, we assume that 5(g) = —ag + ... with
a small and positive, and y(g) = dp + d19 + . ... In this case, the Callan-Symanzik equation would
predict that N, satisfy the scaling law

L - 9(L) Lg) 7
N.(7) = exp < /go Blg) dg) F <L,g(L)> (6.47)
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Figure 6.1: LY2N. .(r) plotted versus r/L in the power-law ordered Néel phase at ¢ = 0.0 (where

L = N + 1 for chains with N = 959 and N = 479 spins and open boundary conditions) and

compared with the scaling prediction with a common best-fit prefactor c,.. Note that the deviation of
the data from the scaling prediction cannot be simply ascribed to an overall multiplicative factor that
grows with N, since the shape of the curves is slightly different. Data at both sizes is also fit to the best
two-parameter fit corresponding to our RG improved perturbation theory result, and the agreement is

seen to be quite reasonable, but not perfect, for the best fit values of cr and |eg| listed in the legend.
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Figure 6.2: LY/2N_(r) plotted versus /L in the power-law ordered Néel phase at ¢ = 0.02 (where
L = N +1 for chains with N = 959 and N = 479 spins and open boundary conditions) and compared
with the scaling prediction with a common best fit prefactor cs.. Note that the deviation of the data
from the scaling prediction cannot be simply ascribed to an overall multiplicative factor that grows
with N, since the shape of the curves is slightly different. Data at both sizes is also fit to the best

two-parameter fit corresponding to our RG improved perturbation theory result, and the agreement is

seen to be excellent for the best fit values of cr and |eo| listed in the legend.
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Figure 6.3: L'/2N,(r) plotted versus /L (where L = N + 1 for chains with N = 959 and N = 479
spins and open boundary conditions) and compared with the scaling prediction Fj for ¢ = 0.04,
the approximate location of the quantum critical point separating the power-law Néel phase from the
VBS ordered phase in the one dimensional J()3 model. Note the data at both sizes fits essentially
perfectly to the scaling prediction with the same prefactor cs.. Also note that the best two-parameter
fit corresponding to our RG improved perturbation theory result also gives |ep| = 0, and thus coincides

with the scaling answer.

for some function F' (that needs a more detailed analysis to determine). Using the postulated form of

the 8 and ~ functions, one can therefore conclude
C T o
N.(F) = —L%F f’gO/L (6.48)

Thus, if the critical point in question has no marginal operators, the spin texture will quite generally
obey scaling as long as the scaling function F'(x,y) does not diverge as y — 0. Conversely, if the
critical point in question has a marginal operator, scaling will always be violated by multiplicative
logarithmic factors even if the scaling function F'(z, y) is perfectly analytic and well-defined in the y —
0 limit. Indeed, in this marginal case, the only way of evading a multiplicative logarithmic correction
would be to “arrange” for the y — 0 limit of the scaling function F'(z,y) to have exactly the “right”
kind of singularity needed to cancel the effects of the multiplicative logarithmic correction coming
from the exponential prefactor. One may therefore conclude that unless the scaling function has a
particularly “fine-tuned” form, scaling predictions for NV, will be generically violated by multiplicative
logarithmic corrections in the presence of a marginal operator. Conversely, irrelevant operators can

lead to violations of scaling only if the scaling function has a divergence as this operator renormalizes

to zero.
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Appendix A

Evaluating Density of states for randomly

diluted bipartite hopping Hamiltonian

In this appendix we will discuss in detail our methods of calculating the density of states for the
randomly diluted bipartite hopping Hamiltonian. As it was discussed before (section 3.2), our need in
calculating density of states boils down to obtaining the spectrum of a very large matrix at very high
precision. It turns out that calculation is possible without actually diagonalizing the matrix or storing
the matrix. In this appendix first we will discuss the schemes we took for reduction of memory cost
of the computation and then we will briefly review the tools we use to fetch reliable results at high
precision. Finally we will discuss about the Sturm’s method of calculating the spectral density without

diagonalizing the matrix.

A.1 Reducing the matrix size

We already discussed (section 3.2) that for bipartite hopping Hamiltonian analyzing only half sized
matrix M? is enough. A further not so significant reduction in the matrix dimension is possible, by
removing the array elements for deleted sites. So there is no need to analyze the Nj( B)(Number of site
in A or B sublattices) size matrix, we can now analyze the compressed alim?4 (B) (dim gy = Na(B)—
I 4(B)-I A(B) being number of vacancies in A or B sublattices and N = N4 + Np is the total number of
sites ) size matrix. However while doing this contraction we keep track of the correspondence between
the compressed matrix elements and original full matrix elements. Here one of our goals is to get as
large size of N 4(p) as possible in order to reduce finite size corrections in low energy. In addition,
as discussed in the introduction (section 2.2.1) that we are trying to see rare fluctuation events is very
narrow energy range; so here we need to probe very low energy states of the system due to large number
of impurities. So our another goal is to make our computation as accurate as possible for extremely

small numbers.
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A.2 Calculation of Density of states

The simplest way to calculate density of states is to diagonalize the matrix M by any standard proce-
dure (like Gaussian elimination) and count the number of eigenvalues (we will call it A,.) in all intervals
[\, A + A]. But the time-complexity of that process will be O(N(B)?), and the memory cost will
be O(N4(B)?). So one possible way to reduce that cost such that the problem fits into a standard
computer capacity at large values of N4(B), is to use sparse matrix algorithms. For that we will use
semi-open boundaries; which means in the N x N matrix M a site with index ¢ can have the farthest
connection to a site with index 7 + 2L, so the matrix will be a banded matrix with 2L leading diago-
nals. Similarly, for the N (p) X N 4(p) matrix M? a site with index i can have the farthest connection
to a site with index ¢ + 4L. That reduces the memory cost to O(4LN31( B)) and time-complexity to
O(4LN31( B)). Moreover, since M? is a symmetric matrix, one can use standard Gaussian elimination
type algorithms for symmetric band matrices to calculate the eigenvalues. There are available rou-
tines (like LAPACK [75]) which performs that task reliably using the standard computer floating point

arithmetic.

Calculating with high precession It turns out that due to using the standard floating point arithmetic
such routines are numerically unstable when the eigenvalues are very small. For instance the machine-
¢! for double precision in IEEE 754 floating-point formats is given by 1.11 x 1076, So obviously when
there are many eigenvalues that small, an instability is expected in determining those numbers. Since
we are interested in the very low energy properties of the system induced by impurities, it is important
for us to know the number of eigenvalues in an interval which is well below the standard machine-
e. For that purpose we make use of the GNU Multiple Precision Arithmetic Library[47], which uses
numerically stable and efficient algorithms [48] to stretch the precision for basic arithmetic operations
well beyond the machine precision. That task is accomplished by breaking down the asthmatic calcula-
tion into units which fits (known as limbs) withing the memory of a machine and then after performing
calculation in each units they are recombined; depending on the required precision and the arithmetic
operation different algorithms are used [48, 47]. However, the only limit in the maximum achievable

precision by this is imposed by the virtual memory of the machine.

Calculating density of states without diagonalizing the matrix Ml We took an alternate approach
here to calculate density of states. Since our main interest is knowing the number of eigenvalues in a
certain interval of specified values, we make use of the Sturm sequence method. In brief the method
gives a prescription to count the number of eigenvalues above a particular number A, for any real
symmetric matrix A by calculating the number of sign agreements between the successive leading
principal minors of the matrix (A — AI). The ease the process of evaluating the principal minors the
matrix (A — AI) can be first triangularized using Gaussian elimination process[46]. Even though there

are several methods for triangularization, Gaussian elimination process is favored because it doesn’t

'the smallest number € for which the machine returns 1 + € > 1
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spoil the banded form of the matrix.

Sturm sequence The method of Sturm sequence is obtained as a corollary from a well-known theo-

rem for hermitian matrices, which is states as:

Theorem 1. (Separation Theorem) Consider an N x N Hermitian matrix A, with eigenvalues A1 >
Ao > ... > An. Suppose Ay denotes the principal submatrix of A obtained by deleting the kth row

and kth column of H, where Ay, has the eigenvalues oy > g > ... > an_1,

then \1 > a1 > Aoy > a9 > ... > an—_1 > AN.

Corrolary 2. From the Separation theorem it follows that if Ay, is a principal submatrix of A of order

k with eigenvalues oy > ag > ... > a, then \j > «; > An_pyi fori=1,.. k.

The method of Sturm sequence follows from this corollary just by noticing the fact that the eigen-
values of the (k — 1)-th leading principle minor, say Aj_1, of a symmetric matrix separates the eigen-
values of the k-th leading principle minors Ay, for £ = 1,..,N. From here one can proof by in-
duction that if one calculates the leading principle minors of the matrix (A — AI) i.e. the quantities
(A — X))o, (A — A)1,...,(A — AI)n- at a given A, the number of agreements in the sign of con-
secutive principle minors will be the number of eigenvalues greater than \( For details of the proof
see Ref. [46]). In order to make this statement meaningful for all values of %k, one can assume that
(A — Iy = 0 and we associate (A — A\I)j a sign opposite to (A — \I);_1 when (A — \I); = 0 (also
note the two consecutive (A — AI); cannot be zero).

In our calculation A = M? , so all eigenvalues above X in A will be eigenvalues below \ for M?

and that gives us the integrated density of states N ().
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Appendix B

Spin wave theory calculations in closed

systems

This appendix is complementary to 5.4. Here we show the details calculation to find the eigenvalues
and eigenstates for the spin-wave Hamiltonian H*" in periodic samples. As mentioned in chapter
2.3.3, we will exploit the translational invariance in periodic samples and work in Fourier space to
obtain the spin-wave modes and their wavefunctions to calculate mg = .S — A’ correct to leading order
in the spin-wave expansion. We will discuss that calculation for all the models we study under spin

wave theory, as described in the 5.1.

B.1 Nearest neighbor interaction model
Our nearest neighbor model Hamiltonian reads as follows:

H=J) §;8;. (B.1)

(4.3
After Holstein Primakoff transformation (Eq. 5.8, 5.9) and linear spin wave expansion it comes to Eq.
5.10, which for Heisenberg model with nearest neighbor interaction reads,
o — 75.S iy 4 20 fyf
= 7Sz bib; + 5 > "(bibj + blbl). (B.2)
g (i)

The Fourier transformation of the bosonic operators into reciprocal k-space is given by,

1 iy
b= 7 > e My, (B.3)
J
Applying the Fourier transformation (B.3) and using the delta function identity # > i et (k—K') _ O i/
on Eq.B.2, we will get the Hamiltonian in the k-space as,
JS?L2z
2

1
5

H (k) = + Ho(K) + Hy (k) + O( (B.4)
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Where H*" (k) is the quadratic Hamiltonian containing usual b'b type term and bb or b'b type terms.
H; (k) contains terms of the order (1/5)°. We keep only terms upto lowest order in 1/S approximation,

so the only term we want to deal with is the quadratic term Hy(k),

(k) = JS2 Y [blbx + %(bkb,k +uibt )] (B.5)
Kk
where nx = %Za e’®a(a being the lattice vector). For the diagonalization we have to perform a

Bogoliuov transformation(equivalent to finding a transformation S of Eq. 5.15 in k-space) as follows,
7 = Peb — Qib' . (B.6)
To determine Pk and Q) (in other words to know the matrix S in k-space) we apply the following facts

e the Bogoliuov quasi particle i.e. v is bosonic i.e. [k, VT

k/] = 5kk’7[’7k7ryk’] = [’Y]L’Yl/] = 0’ this

is equivalent to condition (25) of real space on F, Q.
It turns out from this condition that we can take Fx = cosh fx,Qx = sinh 6, where 6 is real
and even in k — —Kk. Now in terms of the spin wave excitations i.e. Bogoliuov quasiparticles

v, the Hamiltonian is given by,

Ho(k) = JSz Z[(cosh 20k + nk sinh 29k)7;£7k (B.7)
k

1
+ i(sinh 20k + i cosh 29k)(71t7ik + YY—k) + sinh? Oy + 7y sinh 26y ]

e The Bogoliuov transformation diagonalizes the Hamiltonian i.e. Hyp(Kk) must come to the diago-

nal form )\k’Yk’YlL equivalent to condition Eq. 5.26 of real space.

Condition (2) tells us to choose the  such that is satisfies the tanh 6y = —mny in order to
eliminate the unusual terms vy or vfyf. Making that choice, A\x = /I — 7 and the final

diagonalized Hamiltonian turns out to be

1
- ]
H=FE+ ¥wk(7k7k +3)- (B.8)
Where wg = JSzAk and Ey = %225 Thus our square lattice with antiferromagnetic inter-

action under the lowest order in 1/.S approximation is mapped to a collection of independent

harmonic oscillators with frequency w.
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Now let us calculate the n%, from the definition of the same in Eq. 2.17 and applying Holstein-
Primakoff transformation (Eq. 5.8, 5.9),

1
ni = MtE)Mxh (B.9)

= SOCSa- Y8
i J

= 5 o ()
k

1
ST

k
1 1
= S Y l—-1
2LQZk: \/1—17]%

So for a periodic infinite lattice we can convert this sum into an integral and write,

vi

ni=5-A. (B.10)

Where A is the quantum fluctuation which reduces the staggered magnetization n; from its classical

value. And the integral form of A is given by

2
A_l/dk[l—u. (B.11)

A2

Now another order parameter m? is given by (Eq. 2.16),

1

2
_ S ey (Se - Sy B.12
my Nt NN /)0 ( )

1

= ﬁ[Z<SAiSAJ‘ +8SBiSpj — QSAiSBjﬂ
ij

==
rr

Applying the Holstein-Primakoff transformation transformation (Eq. 5.8, 5.9) and doing the lowest
order in 1/S expansion,
1

2 _
mO_L2

[L2S% + 8> " (bidl + blb; — bib; — bl — 2070;)). (B.13)
ij
Applying the Fourier transform (B.3) and using the delta function identity,

1

my = IPS%+ S {bobf + blbo — bobo — bl — 2bLbic)] (B.14)
k
S
= [$®+ (bobb + biibo — bobo — b — 2biby.)].

k

Now using the Bogoliuov transformation (Eq. B.6) and taking the average we get,

2 1
my = S[l—mzvz]z (B.15)
k
1 1
S =573 k[ 1_171%—1]7



keeping terms upto lowest order in 1/.S. From the expression of m (B.16) we can see that it is same
as the expression of n (B.10) under the spin wave approximation of lowest order of 1 /S terms. So

exactly in the same manner we can write this sum as an integral for a periodic infinite lattice i.e.
mo=S— A, (B.16)

where A" = A(Eq.B.11).

B.2 Next nearest neighbor interaction model

The next nearest neighbor model is described by the Hamiltonian H ;;,

Hyp,=J) 8iSj+J2 Y SiS;. (B.17)

(i4) ((ig))
Where (.) denotes nearest neighbors bonds and ((.)) denotes next nearest neighbors bonds, see the
models section 1.1 for more details. The calculation is same as before, so let us skip some of the steps
and directly write down Hamiltonian in the k space in lowest order spin wave approximation i.e. the

quadratic part,

H5, (k) = 252 % [(1+ (7 — 1)blbi + 5 (b + bbT ). (B.18)
k

We can write the Hamiltonian as

T
H3Y (k) =282 > Axlblbx + ?k(bkb,k +olbl ). (B.19)
k

Where A = 1 +n(y — 1), Tk = m and n = Jo/J. Thus we wrote down the Hamiltonian
—

in our known form as before,hence the rest of the calculation will just follow as before and the final
results for JJy will be,
ny=S-A, (B.20)

and

mo=28—A),. (B.21)

! 2
Where A, = Ajg, and Ay g, = [ %[ﬁ —1].
k

B.3 Striped interaction model

The striped model is described by the Hamiltonian H s4,ipeq

Hyp=JY Si8;j+J > 8.8 (B.22)
(i5) (i)

Where (.) and (.)" denotes the red bonds and the blue dotted bonds in the Fig. 5.1 respectively. For

more details look at 5.1.
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Here the expression for nf is,

n'? =95 Astriped- (B.23)
Where
1 e L e, I
Astripe L =2 B.24
friped = 2/( O TV TV ) (529
3 1
)\1 :_§_§ai \/1+oz2—|—2acos/~c + cos ky (B.25)
=2 s L AT ek k B.26
2 = =5~ yaEgVI+a+2acosk, —cosky (B.26)

Here o« = J'/.J. Point to notice is that the unit cell size is double here, so the normalization factor is

different from before. In a similar manner we can calculate m for J.J' model,

=S5 — A, B.27)

striped*

Where A/JJ, = AJJ/.
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Appendix C

Bosonization

Bosonization is a procedure with which one can map quantities in a fermionic theory to quantities
in a bosonic theory. The converse can also be used, which is called fermionization. Bosonization is
often more useful as that can be used to tackle more difficult fermionic calculations with the help of
tools developed for bosonic calculations. In brief, bosonization can be described as following: in one
dimension, it is possible to express a fermion as a coherent state of a Bose field, or conversely, a boson
as a bound state of fermionic theory. Such a connection is possible in one-dimension because in one
dimension the low lying excitations have a linear form (Fig. C.1). So, Fermi surface is a pair of points
about which the particle-hole excitation pair can have nearly the same group velocity and propagate
together; in other words the pair dispersion relation near Fermi surface is narrow and like a coherent
bound state.

In higher dimensions a particle-hole pair with a given momentum can have a continuous spectrum
of energies depending on the shape of Fermi surface(Fig. C.2). Thus, the particle-hole spectrum is a
continuum throughout and it is harder to form such a coherently propagating particle-hole bound state;
in other words the pair-excitations are not bound state like. It is relatively straightforward to understand
the functional form of boson to fermion mapping (dubbed as “bosonization dictionary”) at the level of
correlation functions. So in this appendix we will discuss the correlation functions of a free fermionic
theory and a free bosonic theory; which will lead us to the bosonization dictionary. For a detailed

review of this subject, look at references [76][77].

C.1 Correlation functions for free fermionic theory

Consider a system of free massless non-relativistic fermions(represented by the field ) in one dimen-

sion with the Hamiltonian
Hp = / da [w (—;a;‘;) b - w%} : (C.1)

Here 1) is Fermi field satisfying canonical commutation relations {¢'(z),(2')} = §(z — '), with

the dispersion relation £ = % — . The zero temperature ground state of this system will be all the
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single particle eigenstates filled up upto the Fermi energy e = p and the Fermi level will be made of
two points at k = £kp(Fig. C.1). If one is interested in the low energy physics of this system for all
practical purposes it is a good enough approximation to linearize the dispersion relation near the Fermi
levels as E ~ +vp(k + kp), with vp(= kr/m) being the Fermi velocity. Thus one can express the

low energy excitations about this ground state in the chiral basis as

() = Va (e o pp(@) + ey (2) ) (C2)
The corresponding low-energy Hamiltonian becomes,

) d d
Hp = —wp/d:r [%;b; — EZCZGL] .

Where v;, and i are left propagating and right propagating modes respectively, containing only

(C.3)

slowly varying Fourier modes near the points £ = vp(k + k) and E = —vp(k — kp) respectively.
The canonical commutation relations followed here is {wz( R) (x),Yrry(@')} = d(x —a’). Now
this Fermionic fields can be expanded in terms of the physical modes, which can have several kind
of excitations. As mentioned before the ground state for this linearized Hamiltonian is made of all
the negative energy states with respect to the Fermi energy i.e. the right moving negative k£ modes
and left moving positive £ modes. In the right moving sector the possible excitations are following:
particles(holes) of momentum k > 0 with creation operator o (k)(87(k)). Similarly for left moving
sector the excitations are: particles(holes) of momentum k& < 0 with creation operator 1 (k)(67(k)).
Those operators again satisfy all the canonical fermionic commutation relations {af(k), a(k')} =
{BY(k), B(KN} = {7T(k),v(K)} = {6T(k),6(k")} = 2m(k — k'), rest other possible commutations
are zero. The fermionic operators expressed in terms of this low energy modes are given by

vrlz) = [ 55 at) + siw) 4

k>0 27

ViL(5) = /k dk [ (k) + 45t ()]

>0 27

- £(k)

Figure C.1: Left panel: Dispersion relation for one-dimensional fermions. Right panel: electron-hole

pair dispersion relation for one-dimensional fermions. Figure taken from ref [77].
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Figure C.2: Left panel: Dispersion relation for two-dimensional fermions, assuming a circular Fermi
surface. Right panel: electron-hole pair dispersion relation for two-dimensional fermions with a circu-

lar Fermi surface. Figure taken from ref [77].

with the notation v7 — iz = 2, v7 +ix = Z and 7 = ¢t the imaginary time. In terms of this low energy

modes the Hamiltonian is as follows:

Hy = vp / Pk [o k) — ISR+ (b () — 5T R)] . (€5)

dk
o k=

The way to deal with this infinity is by putting the creation operators to the left of annihilation operators

The ground state of this Hamiltonian will have infinite negative energy Fy = —vp fo —0Q.

i.e. working with the normal ordered Hamiltonian, where the Ejy is subtracted.

- Hy = v /0 Dk [atk)atk) + 81 (R)BG) + 1 (k0 (k) + S ROK] . (€O)
Thus one can calculate the propagators as follows
(Wr(2)VR(2)) = ) (C7)

LA —

=/ 2/ O (ak)s! (ke
k>0 4T Jg>0 7T

di’ '

:/ / 520k — K)emhE
k>027r >0 27

dk
_ / 7€—k(z—z )
k>0 2T

- 1
 2m(z—2)
Similarly,
1
WL = WLEWL) = 5 (C8)
In the equal time limit,
(Wule,0)¢](2,0) = lim (] (z,pr(,0)) (€9)
= lim i 1

e—0+ 2mi(x — ') + €

where time ordering is ensured by taking the limit as lim,_,q+.
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C.2 Correlation functions for free bosonic theory

Now consider a free Boson Hamiltonian in one dimension as

/d (0:0)%] . (C.10)

If TI(x) is the canonical conjugate momentum to the field ¢(z), the equal time canonical conjugate

relationship for bosons will be

[¢(2), (")) = i6(z — 2'). (C.11)
Like the fermionic case the standard modal expansion will be
_ dk 1 —kz kz t
or(z) = /M o T [ a(k) + e*a(k) (k;z)] (C.12)
_ dk 1 k3 t
dr(x) = /M%\ﬁ[ a(—k) + =a(=k)T (k)|

With the usual bosonic commutation relation [a(k), a(k')T] = 276 (k—k'). Here the dispersion relation
E = vp|k| can thought of as two half lines with slope vy above E' = 0 and here the the infinity in
ground state energy Ep(equivalent to “Fermi sea” for Dirac electrons) is due to the sum of the zero

point energy of infinite harmonic oscillators. In terms of the above expansion the Hamiltonian is as

follows:
dk vp|k
Hp = / dk v |H [a(k)fa(k) +a(k)a(k)t] . (C.13)
27 2
And the normal ordered form,
dk
Hp = / O e kla(k)ta(k) (C.14)
s
We can now switch to a convenient notation to work with a new field 5 defined as II = — z% The

new field follows the commutation relation

[qb(x), (E(x')} = —if(z — ), (C.15)
where 0(x) is the Heaviside step function as 6(z) = 1(z > 0), #(x) = 0(x < 0). In terms of this new
field qﬁ =— f I1(y)dy, one can write the normal ordered Bosonic Hamiltonian as

vF 7\2 2
:Hp = [ do [: (020)% : + : (920) :} . (C.16)

Switching to the chiral basis as ¢ = ¢r + ¢, and 5 = ¢p — ¢, one can re write the Hamiltonian

as

Hp = %F dz [ (0upr)? : + ¢ (0u6r)? ] - (C.17)

Here one can calculate the propagators and correlation functions like before as

(Or(2)on()) = 1 (4=~ ) c.18)
(61(:)01(z)) = —1n (u(z — ). €19
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The equal time correlation is given by,

(dr(x)Pr(2")) = — el_i>%l+ iln (i(z' —2)+¢€), (C.20)
(61(2)or () = — lim L In (i(' =) +¢) 21

where pu(~ 1/L, L is the system size) is an IR cutoff, which is needed because the correlators are ill
defined in the massless limit due to appearance of the integrals of type %eikm . In later applications
we will mostly need either the derivative of ¢ or "*?, for which the role of the IR cut-off is to ensure

vanishing of the correlators when the total sum of 5 numbers doesn’t vanish. For now we will assume

w=1.

C.3 Bosonization dictionary from correlation functions

A convenient way to see the boson-fermion connection could be from the algebra of current oper-
ator. For fermions one can easily calculate the charge density(J& = w};wR + wTLwL) and current
commutator(Jf = 1/)%1# R — wjﬂ’ 1) at equal times in normal ordered form relative to the “Fermi-sea
vacuum ” ground state as .

8 (2), I ()] = == 0.6(z = ). (C22)

For free Bose field the corresponding normal ordered charge density and current operators are given by

JB(x) = %&Zgb(z) and JP(z) = —ﬁ (z) respectively. Taking a derivative on Eq.(C.11) we can

™

see
TP (=), JE(2)] = —%@6(2—,2'). (C.23)

Thus from the Eq.(C.22) and Eq.(C.23) one can conclude that for a free massless Dirac fermionic field

in one dimension there exists a free bosonic field whose current coincides with the normal ordered
Fermionic current as follows,

W) = —=0.6(2) (C.24)

NZS

.

NG

To establish the mapping between bosonic and fermionic fields one can compare the field corre-

lation functions and Egs. C.8,C.8,C.10, C.18,C.19,C.20,C.21 from which a reasonable ansatz of the

bosonic representation of fermionic operators can be following,

J(2) = 0:6(2).

P(z) = Ae"BR), (C.25)

The constants A and B can be determined now by attempting to satisfy the fermionic anticommutation
relations, with the help of bosonic commutation relations and the following identity

clad(2) iBs(2') eia¢(z)+iﬁ¢(2’)e*a5¢>(z)¢(z/)> (C.26)

(0B HiBHE) () i

Y
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which can be proved with the Baker-Campbell-Housdroff formula'.

Thus one can write in terms of the normal ordered expectation values of the fields,

(WR(2)YR(Z)) = A (e 1Bor()iBoR()) (C.27)

B2

= A2<6_ZB(¢R(Z)_¢R(Z,))> (Z — Z,)_H

32
= A*(z-2)" "
Comparing Eq.(C.27) and (C.28) one can write down the following identity setting A = \/% and
B = +/4m,
1 . 1 . ’
(WR(@)Wh(a) P = (= : @VITORE) s s VIR (C28)

V2m Ver

Where the fermionic and bosonic correlators are evaluated with respect to their own ground states and

Hamiltonians respectively. So the relation between bosonic and fermionic fields is given by

Yr(z) = 12W:eim¢R(w>: (C.29)
L i@
Yr(z) = \/ﬂ.e :

The bosonization dictionary discussed so far is summarized in the table below.

Fermionic Theory Bosonic Theory
Yr(2) \/% : eVATOR(2)
Vi (2) e Vi),
J(2) < 0.0(2)
Hp = [dz [¢li (-202) ¢ — wyply] | Hp = £ [dx [I(z)? + (9:0)?]

'for Bosonic fields A and B , e”e? = eA1Bl4B1/2
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Appendix D

Bare perturbation theory for one

dimensional open spin system

This appendix is supplementary to 6.4. Here we give the details of bare perturbation theory calculation
leading to the calculation of 6.42, 6.43, 6.44, 6.45. As discussed in 6.3.2, when a spin is removed
from a periodic spin chain of N + 1 sites, the system can be visualized as a spin chain of N spins
obeying open boundary condition. With those boundary conditions as in Eq. 6.31, the bosonic field

¢(r) expanded in terms of bosonic normal modes are as in Eq. 6.32:

0o . - (nmr T
q sin (T) (an + an)
— 7R+ D D.1
o(r) TR+ Lt nz::l N (D.1)
~ ~ >, cos (™) (an — a:g)
o(r) = ¢o+i L .
2=
Here, the non zero bosonic commutation relations are [55(0), qo} =1, [am, a};} = dmn, Ho can be

written (apart from an infinite constant > 7, the sum of zero point energies of all the oscillators)

in the canonical form

2 o0

Hy= 2% +%" (?) alan . (D.2)
n=1

Thus the ground state |Gy) of the unperturbed Hamiltonian is the vacuum for all the a,, operators, and

an eigenstate of the zero mode go. Indeed, qo|Go) = TR|Gy) for the S;os = 1/2, S, = 1/2 ground

state that we wish to model (more generally |Gy) is an eigenstate of gy with eigenvalue 27 RS7,,).

Now, the ground state corrected to first order in €y can be written formally as

Gy = 1Goy — 3 (EHCo)y D.3)

0 _ 0
k#£Go Ek; EGO

Here k = {N,,} withn = 1,2...00 and N,, being the number of bosons in mode n. For an arbitrary

excited state, we have the unperturbed energy

EU({N})ZEQ—‘%JFZW N+ 1 (D.4)
" 2L &~""\" 2 '
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with w, = “F*, which gives us the following expression for the energy denominators:

E°({Nu}) = By =) wnlNy. (D.5)

As a result, our formal expression for the ground state corrected to first order in €y now reads

ue M [E cos(222)
\G>:]{Nn:0})+7g{N2};{o}<<{N }r&roz : i I >|{o}>> w0

This gives the following formal expression for the one point function:

S(L 7o) = <G|\/1770sin <¢g>> e (D.7)

(0} sin (4 ) o
{OH s sin (252) NGB (UM} fy” cos (2552) 10})

12

€0 Vo
{Nn}#{0}
Loy N s sin(H) D ({0} fy” cos (252) [{Na})
r Y on TN, '
{Nn}#{0}

where we can set R = 1/+/27 in the contributions that arise from the O(eg) corrections to |Gy),
as long as we are careful to use the full expression R = (21 — 2n%eg) /2 ~ (1 + meo/2)/V/ 21
when evaluating the first “unperturbed” term in order to obtain the latter correct to O(ep). To evalu-
ate the matrix elements and expectation values, it is useful to write the state |{N,,}) in “coordinate”

representation as

) =TT (e ) ©38)

n=1

. T . _af .
where the coordinates ¥, = “"\g‘” are conjugate to “momenta” 7, = % and H,,(z) is the m*

Hermite polynomial of x.

Now

1 (o) D |y ]S e H i () 27
(O g sn (%) ) = s | E ]
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Using the formula [©2° e~V Hy(z)dx = ayN2N. So

(0 s (A9 ) 1) .10

X
1
<%
=
/N
~| 3
N—
|
=

™
.o\;
VR
[a—
_|_
vo| L
™
g
~—
+
o
@]
)]
/N
~| 3
N—
|
=
~—~
|
2
2
L
N——
VR
=
|
o |
—_
™
F
~_—
| I

Thus

sin o) sin? 2
({0} Sg)r{o»:—j%sm@")e— 2o o). (D.11)

Similarly,

o (20@) | pp [ ey, ) D,
({0} < 7 >\{Nn}> = 3%_ 1;[{ N (D.12)

( {0} feos <2¢If)> (N (D.13)

(12 aporgmn

o 4sin2(Lzl‘)
= ei Zn:l 27 R2n H

X
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o
o
n
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7
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So,

2¢(x)

({0} eos(ZE2HNI P (N, }Sm&g

s [(4sw?(2mp2) gin?(Tpr)
2 a Zn:l 27 R2n + 27 R2n
= ——=€

Vo

4sin (T2 sin (TR Nn
()

n

e () (=)

1{0}) + h.c. (D.14)

Now
() <os( DN N UNHEGENOD + e
2 f (D.15)
i L sin (&) i
= [t eos (242) i \</j)|{0}>+hc) e
-1 ?1<4blzigf)+smjﬂ(};§)>
L.

X |:sin< (TEQOU)/OOO
+ sin (W(TJLrZr /000

dsin (%) sin () _uer )™ 1
21T R2n ¢ N

Nn,
4sm 7”” Sln (T) et 1
27TR2 ¢ A

n
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So

({0} cos(®

NG} (N |2

sm

|{O}> + h.c.

CEEDY
To

(D.16)

nm
{Nn}#{0} 2n T N
45in2 ik (15 sin2 anr
€0 B Zn:l ( 271'1(?/2i )+ 27T(R2Ln )>
= ——§e
g
(r—2x dT 45111 ’T”T)sm (T) nnT Mo 1 .
< Jsin (702 HZ L
. (7(r+2x) 451n(”"T)51n(T) e\ 1
+ sm(L)/o I ()
n n
sin2 7rrL() sin 7r7L() sin 7rn() _nnT
Therefore we now have to do summations » 7 | ——=F— and > ° | —~L—r L.

It is at this stage the UV regulator of the field theory (rp) comes into our calculation. We calculate

these summations as follows using the formula ) ° ,

e‘T) , as follows.

2 ™nr
Sln I

i €

n=1

n

__7mnrg

L

oo p"cos(nz)
n

= log(

1

\/1—2pcos z+p2

1

)(for us p =

(D.17)

log

1 & 1 — Cos 2’””") _mnrg
= 5 Z L
n=1
1 1
o 5 10g 2mrg

\/1—267%4-67

L

1 -1—26_%COS2%T—|—6_270

= Zlog _7rg _2mrg
1—2e" T +e L

_ llog _coshm—cos 227"

4 cosh 770 —1
o llog 1+%(%O) —COSQET]
= 2

S| 3 (%)

1 4sin?
g Zlog 1 WTOLQI

L5 (1)

1 2L sin (=
= log< (L)>

2 ™o
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Similarly,

Sin WTm‘ Sin ﬂLx nrT

Do e L (D.18)
n
oo T T
_ }Z [cos T2 (r — x) — cos T (r + )] s

2 n
n=1

1 1 1 1

2 %8 5108

\/1 — 92T cos L(zﬂj) + e 5 \/1 —92¢~ T cos 277(7;1‘) + o5

_ llog [1—26?COSW+6W]
4 1- 2T COS@—F(B_%
_ llog [cosh % — cos M
cosh%— —cosw

So,

(10} cos(24) [N, }) ({1} 222 {03) + e

DY ST (D.19)
{Nn }#4{0} n L
) o ( o ) 2
rg 2L sin % 2L sin %
0o hﬂ _ 2w (r+x)
X sin <E(r — 21‘)) / dT oS T L_ -1
L 0 cosh % — cos M
%) hﬂ - w(r—x)
+  sin (W(r+2x)>/ AT cosh < COS —1 .
L 0 cosh % — cos w
2
T T
= —¢
%\ 2L sin 2~ <2Lsin “L)
0o w(r—x) _ 7 (r+x)
X |sin (E(r — 237)) / dT ST I B
L 0 cosh L — cos Z0=2)
L L
00 w(r+x) w(r—x)
+ sin (E(r + 2:c)> / dT CSTL ST .
L 0 cosh %— — coS ”(T;x)
And the unperturbed part
< B(r) ,
S1n <T> 1 - SmQ(ﬂ'nr)
<{0}|T|{0}> = —7710 Sin (%) 67 Zn:O 27\.R2Ln . (D20)
_ 1 . (m“) o 25
- 70 St L 2L sin %
1 . (wr) o P
= ———sin(—
70 L 2L sin %
T . (777") ro 2 | _ €0, o
= ———=Ssmm | — — — — 10 ———— | .
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So

r wsin &F TEY T
S(L,—, ) - L(1-T0 5, ™0 __ D.21
L €0 2L 2 8 2L sin X ( )

T
msin ™ 72 1
— & L
2L  4L2sin T
/ / ATz f<7“ —22)) (cos 2 — cos T
X
n? 7 cosh =L — cos ”(r;x)

7r 00 w(r+x T(r—x
N / / iTda sin Z(Z ;i—xQx)) / 0T cos (L ) _ cos ((JFL)) |
sm® 7 0 cosh L — cos TL z

Variable change

T = 0, (D.22)
T
= =
T _
7 = 5
In new variables the last expression becomes
r sin 6 TEQ T
L,— ):— "1 - —Flog ——— D.2
S( AR oL ( 2 Og2Lsin0T> 0.23)

\/W 1
B 2L 4sm9
sin(f, — 2¢) [ cos(6, — @) — cos(0, + @)
[/ / dsdg sz é < cosh s — cos(0, — ¢) )
sin(6, + 2¢) cos(0, + ¢) — cos(f, — @)
/ / dsd¢ sin® ¢ /0 ds ( cosh s — cos(6, + @) )] )

The ranges of 0, + ¢ and —6, + ¢ are 0, + ¢eg[0,, 0, + 7] and ¢ — 0,.€9[—0,, ™ — 6,.] respectively. In

X

order to use the standard integrals let us express

cos(0, + ¢) = costy,t1ep(0,m) (D.24)
cos(¢p — 0,) = cost_,t_€p(0, ). (D.25)

Let us do the s integral as , -

1
Iy = _ D.26
* /0 cosh s — costy ( )
So,

&0 1

Iy = / _ (D.27)
o coshs—costy
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Now,
I s

- (D.28)
sin ug
where uy =7 —ty and ty € (0,7) hence uy € (w,0)orz € (Fr,(L+ 1) Fr).
L= —= (D.29)
sin v4
where vy =ty —mandty € (m,27) hence vy € (0,m)orx € (L+1)Fr2(L+1)Fr).
Ip= = (D.30)
sin wy
where wy = 7+ ty and t4 € (m,0) hence wy € (0,7) orz € (—(L + 1) Fr,Fr). So
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I = w_€l0,r] (D.32)
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Putting cut offs to remove divergences at ¢ = 0, 7, 6,,

r 7 sin 6, TEQ mro
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nonumber
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Now let us assume r > % and remove the cutoffs everywhere except at the divergent integrals ,

r 7 sin 6 e g
L,—, ) = - "1 - —log ——— D.38
S( L oL ( 2 0g2Lsm9T> (0.38)
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Substitute ¢ + 6, = £ and ¢ — 6, = p.
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Substituting 7 — 7 = 7 we have [;' (7 — 1) cot 7dr = foﬂfaT 7 cot 7d7. Similarly substituting
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7r+6

T+ 7 = 7 we have f (t1—1)cotTdr = foe" 7 cot Td7. Using the above substitutions we can write
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Write ¢ = 7rg.
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r 7 sin 6, TEQ T
S( AN < 2 ngLsmeJ
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2L 0 0 sin 6,
7 sin HT TEQ Tro Tro 0, /71—_97,
= - 1-—log —-— 1 92 "
2L ( 2 8 2L sin 0, +meolog sin 6, T 20 (/0 + 0 ¢ co
7 sin 07- TEQ 27‘(‘7"0 0r /7‘(—97‘
- 1+ =71 2 t pd
2L ( + 2 OgLsin0T+ € (/0 + 0 ¢ cot ¢d¢

7 sin 6, TEQ L T7e 27 /9" /”_97'
= - 1 0 pg = 4 70, 2 t d
oL ( 2 % T2 e, T 6°< A ¢ cot gdg

r 7 sin 6,
Fo(=) =— . D.42
o(L) 5 (D.42)
and
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L - 2 gSingr 0 0 )

To summarize, we have regulated mode sums » >~ g, over the harmonic oscillator modes by
replacing them with ">, g,,, exp(—mmro/L) whenever necessary. And the integral representations
are again regulated with the short distance cut-off ry by requiring that the ¢ integrals are to be done by
excluding the region [#, — 7ro/L, 6, + wro/L] from the integration range. Somewhat remarkably, it
is possible to obtain explicit expressions for all integrals sensitive to this ultraviolet cutoff, and thereby

reduce this integral representation to the following compact and simple form:

s(rpa) = T (1B s Pen gy w2 ([0 1) )
Comparing with the general expectation from our RG analysis (Eq. 6.42), we therefore obtain
Fy(Dy = —y/T5nlr (D.45)
L 2
and ) 0 o,
R(%) - glog SH:;T +2 < /0 + /O > ¢ cot pdo. (D.46)
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