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Synopsis

S.1 Introduction

The field of neutrino physics has made immense progress in the last decade,

which was initiated when the Super-Kamiokande experiment in Japan [1]

reported the evidence for oscillations in the atmospheric neutrinos. Afterwards

oscillations in the solar neutrinos were established by the SNO experiment

[2], which solved the long-standing solar neutrino puzzle. Results from the

controlled source experiments KamLAND [3] and K2K [4, 5] provided further

confirmation of the oscillation phenomena. Various short baseline experiments

also probed the neutrino mixing parameter space in different regions.

There have also been experiments that indicated the presence of neutrino

mixing beyond three flavors. The first such experiment showing the positive

indication for the neutrino oscillation beyond the three-neutrino paradigm

was the Los Alamos LSND [6] experiment, but the KARMEN [7] experiment

strongly constrained the LSND parameter space. Currently MiniBooNE [8]

experiment at Fermilab has probed the entire LSND parameter region but has

not observed any neutrino oscillations.

If the controversial LSND claim is set aside for the moment, the current

knowledge about the neutrinos is that there are three neutrino flavors (να, α ∈
{e, µ, τ}), which mix to form three neutrino mass eigenstates (νi, i ∈ {1, 2, 3}).
These mass eigenstates are separated by ∆m2

ij ≡ m2
i −m2

j where, mi,j denote

mass eigenvalues with i, j ∈ {1, 2, 3}. The two sets of eigenstates are connected

through να = (UPMNS)αiνi, where UPMNS is the Pontecorvo-Maki-Nakagawa-

Sakata neutrino mixing matrix [9, 10, 11, 12] in the basis where the charged

lepton mass matrix is diagonal. This matrix is parametrized as

UPMNS = P · U ·Q , (1)
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where

U = U23(θ23, 0) U13(θ13, δ) U12(θ12, 0) , Q = Diag{e−iφ1 , e−iφ2, 1} . (2)

Here Uij(θij , δij) is the complex rotation matrix in the i-j plane, δ is the Dirac

CP violating phase, φi are the Majorana phases, and P is the flavor phase

matrix (Sometimes the flavor phases are called as the unphysical phases since

they do not play a role in the phenomenology of neutrino mixing or in neutrino

beta decays.) The current best-fit values and 3σ ranges for these parameters

are summarized in Table 1.1. It is still not known whether the neutrino mass

ordering is normal (m1 < m2 < m3) or inverted (m3 < m1 < m2). Many

Best fit 3σ range
∆m2

21 [10−5eV2] 7.65 7.05 - 8.34
|∆m2

31| [10−3eV2] 2.40 2.07 - 2.75
sin2 θ12 0.304 0.25 - 0.37
sin2 θ23 0.50 0.36 - 0.67
sin2 θ13 0.01 ≤ 0.056

Table 1: The present best-fit values and 3σ ranges of oscillation parameters
[13, 14, 15].

high precession oscillation experiments are going on and also being planned

in order to measure the neutrino oscillation parameters with higher accuracy

and to determine the neutrino mass ordering. Though the neutrino oscillation

experiments are not sensitive to the absolute neutrino masses, the current

bound from cosmology on the sum of the three neutrino masses is
∑
mi . 1.5

eV [16]. The upcoming beta-decay experiments like KATRIN [17] will aim at

measuring the absolute neutrino mass scale.

Recently it has been pointed out [18] that with two or more sterile neutrinos,

having ∆m2 ∼ O(1) eV2, it is possible to satisfy both LSND and MiniBooNE

data simultaneously. Sterile neutrinos, with masses ∼ 0.1 eV or higher and

obeying all the constraints from the terrestrial experiments, can also play

an important role in astrophysics and cosmology [19]. The matter enhanced

active-sterile neutrino transformation can have a great effect on r-process

nucleosynthesis in the core-collapse supernovae [20], and can also influence

the explosion dynamics [21]. Presence of sterile neutrinos can explain the

large observed velocities of pulsars [22]. The Chandra blank sky observations
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also allow keV neutrinos to be viable dark matter candidates [23], which can

help in the production of supermassive black holes [24]. These are excellent

dark matter candidates in νMSM [25, 26, 27, 28] and can also explain masses

of active neutrinos and baryon asymmetry of the universe. Thus the main

requirements for the astrophysically and cosmologically relevant sterile neu-

trinos are that they be heavier than the three active neutrinos (m ∼ 1–10 eV

or ∼ keV) and that they mix weakly with the electron and muon neutrino (in

order to satisfy the MiniBooNE constraints).

In this thesis we explore the neutrino oscillation phenomenology, with fermions

beyond the standard model (SM), on two fronts. First, we study the effect of

the presence of one or more ∼ eV–keV sterile neutrinos on the signals expected

at the upcoming long baseline experiments. Second, we examine neutrino mass

models where new fermions with masses ∼TeV or higher participate through

the Type-III seesaw mechanism [29].

In the first part we find out the analytic expression for the survival and con-

version probabilities of the neutrinos when the ∼ eV–keV sterile neutrinos are

present and examine some of the possible signatures of sterile neutrino mixing

on the signals at a neutrino factory setup with near and far detectors. We also

estimate bounds on the sterile neutrino parameters that can be obtained at

such long baseline experiments [30].

One of the most distinctive features emerging out of the current experimental

values given in the Table 1 is that the neutrinos are massive and the absolute

masses of neutrinos are orders of magnitude smaller than those of quarks and

charged leptons. In the framework of the SM, since there is no right-handed

neutrino, the neutrinos are massless at the tree-level. Moreover, because

of the presence of only one helicity state of the neutrino per generation,

neutrinos cannot have a Dirac mass even at loop level. So the only other

possibility is the lepton number violating Majorana mass term. But lepton

number is a symmetry of the SM, though accidental, and if that symmetry

is to be obeyed, Majorana masses also cannot be generated at loop level.

It can also be seen that the Planck scale (MPl) effect cannot introduce the

required neutrino mass in the SM as it can only generate a neutrino mass

∼ O(v2
EW/MPl) ≈ O(10−5eV), and hence cannot explain the atmospheric mass

squared difference. Hence generally the neutrino masses are incorporated at

the tree-level by adding new particles to the SM. The most favored mechanisms
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to generate such small neutrino masses are the so called seesaw mechanisms

which need the introduction of one or more heavy fields, while maintains the

SU(3)C× SU(2)L× U(1)Y gauge group structure of the SM.

The low energy effective Lagrangian needed to explain the non-zero neutrino

mass can in general be expressed as a series of non-renormalizable operators,

the dominant one being the dimension-5 operator given as [31]

L = κ5lLlLφφ , (3)

where lL and φ are respectively the lepton and Higgs doublets belonging to

the SM. Here κ5 is the effective coupling which can be expressed in terms of

a dimensionless coupling a5 as κ5 = a5/Λ with Λ some high energy scale. In

this picture the SM serves as an effective theory valid up to the mass scale Λ,

which can be taken to be the mass of the lightest of the heavy fields. Such an

operator violates lepton number by two units and hence gives rise to Majorana

masses for neutrinos: mν ∼ 1
2
κ5v

2 , where v is the vacuum expectation value

of the Higgs field φ after spontaneous symmetry breaking. Taking v ∼ 246

eV, a neutrino mass of ∼ 0.05 eV implies Λ ∼ 1015 GeV if a5 ∼ 1.

Since the neutrino mass is generated at the high scale while the neutrino

masses and mixing parameters are measured experimentally at a low scale, the

renormalization group (RG) evolution effects need to be included. The current

experimental data in Table 1 shows that in the neutrino sector two of the three

mixing angles are large, while the third one is small, which is rather different

from the quark sector where all three mixing angles are small. Because of the

large values of the two mixing angles, RG evolution of the neutrino masses and

the mixing plays an important role in the neutrino sector, which is not the

case with the quark sector. RG evolution will be even larger if the neutrinos

happen to be quasi-degenerate.

The effect of RG induced quantum corrections on leptonic masses and mixings

have been studied extensively in the literature [32, 33, 34, 35, 36, 37]. These

effects can have interesting consequences such as the generation of large mixing

angles [38, 39, 40, 41, 42, 43, 44], small mass splittings for degenerate neutrinos

[45, 46, 47, 48, 49, 50, 51, 52, 53], or radiative generation of θ13 starting from a

zero value at the high scale [54, 55, 56, 57]. RG induced deviations from various

high scale symmetries and correlations with low scale observables have been

explored. Such effects can have significant contributions from the threshold
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corrections [58, 59, 60]. The RG evolution of the neutrino mass operator in

the SM and the Minimal Supersymmetric Standard Model (MSSM) in the

context of Type-I seesaw [59, 61, 62] and Type -II seesaw [63, 64] have been

studied in the literature. In the context of Type-III seesaw with degenerate

heavy fermions, the impact of the RG evolution on the vacuum stability and

perturbativity bounds of the Higgs Boson has been explored in [65].

Here we study the RG evolution of the neutrino masses and mixing in the Type-

III seesaw with non-degenerate heavy fermions [29] and discuss the salient

features through an illustrative example. Then the RG evolution of all these

parameters is studied in the effective low energy theory. Analytical expressions

for the evolution of these parameters are obtained through an expansion in the

small parameter θ13 [34, 35]. However, some subtle issues are present when

θ13 = 0 is reached, either at the high scale or during the evolution. We try to

analyze the problem for a better understanding and also present an alternative

formalism [57]. Then for the class of neutrino mass models with θ13 = 0 at

the high scale, we calculate the maximum value of θ13 that can be generated

through the RG evolution. This gives correlated constraints on θ13 and the

lightest neutrino mass m0, with the SM serving as the low energy effective

theory.

S.2 Signature of sterile neutrinos at long base-

line experiments

S.2.1 Analytic computation of probabilities

Motivated by the concept of sterile neutrinos important in astrophysics and

cosmology, we consider the sterile neutrinos with masses ∼ 0.1 eV or higher.

With only one sterile species present, the neutrino mixing matrix becomes

a 4 × 4 matrix U4, instead of UPMNS defined in Eq. (1.1), and is given as

U4 = U4.Q4 with

Q4 = Diag(e−iφ1 , e−iφ2, e−iφ3 , 1) , (4)

U4 = U14(θ14, δ14) U34(θ34, 0) U24(θ24, δ24) U23(θ23, 0) U13(θ13, δ13) U12(θ12, 0) ,

(5)
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where Uij(θij , δij) is the complex rotation matrix in the i–j plane and Q4 is the

Majorana phase matrix, which will not contribute to the neutrino oscillations.

Here we do not write the “flavor phases” explicitly. The limit when the sterile

neutrino is completely decoupled – or when it does not exist – is obtained

simply by setting θ14, θ24, θ34 → 0 and φ3 → 0 so that U4 → UPMNS, apart

from the unphysical “flavor phase” part.

We expect θ14, θ24 and θ34, the mixing angles involving the sterile neutrino, to

be small due to the constraints from the short baseline appearance [7, 8, 66, 67]

and disappearance [68] experiments. The atmospheric neutrino data restrict

the deviation of θ23 from maximality to be small [69], and the CHOOZ data

[70] combined with solar, atmospheric and KamLAND experiments constrain

θ13 to be less than 0.2 rad at 3σ C.L. [13, 14, 15]. Hence one can write

θ13 ≡ χ13λ , θ23 ≡
π

4
+ χ23λ , θ14 ≡ χ14λ , θ24 ≡ χ24λ , θ34 ≡ χ34λ , (6)

where λ ≡ 0.2 is an auxiliary small parameter and all the χij are O(1)

quantities. In the long baseline neutrino experiments of typical energy E ∼
O(GeV), owing to the small value of ∆m2

⊙L/(4E), the oscillations due to ∆m2
⊙

do not have enough time to develop, and the effect of ∆m2
⊙ may be viewed as

a perturbation to the dominating ∆m2
atm oscillations. Hence we can define

∆m2
21/∆m

2
32 ≡ ηλ2 . (7)

Note that η is positive (negative) for the normal (inverted) neutrino mass

ordering.

When neutrinos pass through the earth matter, there are matter effects that

give rise to an effective potential Ve =
√

2GFNe for the electron neutrino as

compared to the other neutrinos by virtue of the its charged current forward

scattering interactions. Here GF is the Fermi constant and Ne is the number

density of electrons. In addition, all the active neutrinos also get an effective

potential Vn = −GFNn/
√

2 compared to the sterile neutrino by virtue of their

neutral current forward scattering reactions. Here Nn is the number density of

neutrons. For anti-neutrinos, the signs of Ve and Vn are reversed. The effective
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Hamiltonian in the flavor basis is then

Hf ≈ 1

2E



U0




−∆m2
21 0 0 0

0 0 0 0

0 0 ∆m2
32 0

0 0 0 ∆m2
42




U†
0 +




Ae + An 0 0 0

0 An 0 0

0 0 An 0

0 0 0 0







,

(8)

where Ae(n) ≡ 2EVe(n), and U0 is the mixing matrix in vacuum, whose form

is given in Eq. (2.2). Let Hf be diagonalized by a unitary matrix Um to

give the diagonal matrix HD. If we assume that the density encountered by

the neutrinos during their passage through the earth is a constant, the flavor

conversion probabilities may be written as

Pαβ ≡ P (να → νβ) =

∣∣∣∣∣
∑

i

[Um]αi[Um]∗βi exp

[
i
(−m̃2

i )L

2E

]∣∣∣∣∣

2

, (9)

where m̃i are the effective masses of the interaction eigenstates in matter. This

approximation is valid as long as the neutrino trajectories do not pass through

the core, and the neutrino energy is not close to the θ13 resonance energy in

the earth.

It can be checked that the Rayleigh-Schrödinger perturbation theory in the

small parameter λ can be used in this framework to calculate m̃i and Um,

correct up to any required order in λ. Here we will calculate the probabilities

accurate up to O(λ2). The neutrino flavor conversion (or survival) probabilities

for an initial νµ, correct up to O(λ2), may be written as

Pµe ≈ 2θ2
13∆

2
32

sin2(∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (10)

Pµµ ≈ cos2 ∆32 + 4θ̃2
23 sin2 ∆32 − ∆21 sin2 θ12 sin 2∆32

+
θ2
13∆32

(∆e − ∆32)2
{+∆e(∆e − ∆32) sin 2∆32

−2∆32 cos ∆32 sin ∆e sin(∆e − ∆32)}
−2θ2

24 cos2 ∆32 + 2θ24θ34∆n cos δ24 sin 2∆32 + O(λ3) , (11)

Pµτ ≈ sin2 ∆32 − 4θ̃2
23 sin2 ∆32 + ∆21 sin2 θ12 sin 2∆32

+
θ2
13∆32

(∆e − ∆32)2
{−∆e(∆e − ∆32) sin 2∆32

2∆32 sin ∆32 cos ∆e sin (∆e − ∆32)} − (θ2
24 + θ2

34) sin2 ∆32

−θ24θ34 (2∆n cos δ24 + sin δ24) sin 2∆32 + O(λ3) , (12)
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where we have defined the dimensionless quantities ∆ij ≡ ∆m2
ijL/(4E) and

∆e,n ≡ Ae,nL/(4E) for convenience. To arrive at these simple expressions for

the probabilities given in Eqs. (2.15)–(2.17), which also provide with important

physical insights, we have used the following approximations. We assumed that

the neutrinos travelled through a constant matter density and then (taking

the density of the Earth mantle ∼ 5 gm/cc) |Ae,n| ≪ |∆m2
42| through out

the energy range 1 – 50 GeV. Also since |∆m2
32| ≪ |∆m2

42| and |∆m2
32L/E| ∼

O(1), for the experimental set-ups under consideration we have |∆m2
42L/E| ≫

1 and the oscillating terms of the form cos(∆m2
42L/E) may be averaged out.

However, these analytic expressions are not expected to be valid in the θ13

resonance region where ∆e ≈ ∆32, or for large L/E where ∆21 would become

O(λ) and higher order terms in ∆21 are to be taken into account. The validity

and limitations of these approximations have been checked with the exact

numerical simulations. Probabilities for the antiparticles are obtained simply

by replacing ∆e,n → −∆e,n and δij → −δij . As can be seen, only one CP

violating phase δ24 contributes to the CP violation in these channels up to

O(λ2).

For an initial νe beam, the relevant neutrino flavor conversion probabilities are

Pee ≈ 1 − 4θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
− 2θ2

14 + O(λ3) , (13)

Peµ ≈ Peτ ≈ 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (14)

where we have used the same approximations as above. Thus only Pee bears

the signature of the sterile neutrino at this order and the contribution is CP

conserving.

S.2.2 Signatures at long baseline experiments

In order to demonstrate the capability of future long baseline experiments

in distinguishing the sterile neutrino contribution to the neutrino flavor con-

version probabilities, we choose a typical neutrino factory setup [71], with a

0.5 kt “near” detector 1 km away and a 50 kt “far” detector 7000 km away,

with the charge identification capability. We implement the propagation of

the neutrinos through the earth using the PREM profile [72] and take care

of the detector characteristics using the General Long Baseline Experiment
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Simulator (GLoBES) [73, 74]. The energy range is chosen to be 10–50 GeV,

where the analytic expressions are valid for the chosen baseline of 7000 km.

We study the asymmetries Aµ(τ)(E) and the integrated asymmetries Ãµ(τ)

defined as

Aµ(τ)(E) ≡
N far
µ(τ)(E)

Nnear
µ (E)

−
N

far

µ(τ)(E)

N
near

µ (E)
,

Ãµ(τ)(E) ≡
N far
µ(τ)(E > 15GeV)

Nnear
µ (E > 15GeV)

−
N

far

µ(τ)(E > 15GeV)

N
near

µ (E > 15GeV)
, (15)

where Nℓ (N ℓ) is the number of ℓ− (ℓ+) observed at the near or far detector.

Here the events observed in the near detector act as a normalizing factor,

and help in canceling out the systematic errors due to fluxes, cross sections

and efficiencies in each energy bin. It is found that for θ24θ34 & 0.005, the

sterile contribution to neutrino conversions can be discernible from the three

neutrino mixing results at 3σ C.L. in the worst case scenario. If the value of

θ13 is bounded further, the reach of neutrino factories for the sterile mixing

is enhanced. In addition, the actual value of θ13 also affects the discovery

potential of sterile mixing. Since the asymmetries depend on the sign of ∆m2
32,

sterile mixing can also distinguish between the two mass orderings.

If we have a 50 kt detector that can detect e−/e+ and identify their charge,

we can use the observable Re(E) and integrated quantity R̃e

Re(E) ≡ N far
e (E)

Nnear
e (E)

, R̃e ≡
N far
e (E > 25GeV)

Nnear
e (E > 25GeV)

, (16)

for detecting the sterile neutrino contribution. In this case for θ14 & 0.06,

the sterile mixing signals can be clearly discerned at 3σ C.L. in worst case

scenario. If the bound on θ13 becomes stronger, even smaller values of θ14 may

be identified, while an higher actual value of θ13 helps in the identification of

sterile mixing even at lower θ14. No difference between the two hierarchies, or

between νe and ν̄e, is expected.

S.2.3 Generalization to any number of sterile neutrinos

Currently it has been proposed that two or more sterile neutrinos with ∆m2
j1 ∼

1 eV (j > 3) and |UejUµj | ∼ O(0.01–0.1) are consistent with all data [18]. It is
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therefore desirable to extend our formalism to more than one sterile neutrinos.

The analytical treatment in Sec. S.2.1 for the case of one sterile neutrino may

be generalized easily to any arbitrary number n of sterile neutrinos. The

(3 + n) × (3 + n) mixing matrix U3+n may be written in the block form as

U3+n ≡
(

[UAA]3×3 [UAS]3×n

[USA]n×3 [USS]n×n

)
≡ W · V

≡
(

[WAA]3×3 [WAS]3×n

[W SA]n×3 [W SS]n×n

)(
[V AA]3×3 [ 0 ]3×n

[ 0 ]n×3 [V SS]n×n

)
, (17)

where V AA is the standard mixing matrix for three active neutrino flavors, and

V SS is the matrix that mixes the n sterile neutrinos among themselves and

hence can be chosen to be identity matrix. The matrix W parametrizes the

mixing between active and sterile states. In addition, we assume that all the

active-sterile mixing is small [18]. This allows us to write WAS ≡ λXAS. Up

to O(λ2), the unitary matrix W may be written in its most general form as

W =




[
I − λ2X

AS(XAS)†

2

]
3×3

[
λXAS

]
3×n[

−λ(XAS)†
]
n×3

[
I − λ2 (XAS)†XAS

2

]

n×n


+ O(λ3) . (18)

Finally using the same approximations and assumptions as in Sec. S.2.1, the

sterile contribution to the CP violation up to O(λ2) becomes

Pµµ − Pµ̄µ̄ ≈ (Pµµ − Pµ̄µ̄)3ν + 4Re[W τS(W µS)†]∆n sin 2∆32 , (19)

Pµτ − Pµ̄τ̄ ≈ (Pµτ − Pµ̄τ̄ )3ν − 4Re[W τS(W µS)†]∆n sin 2∆32

− 2Im[W τS(W µS)†] sin 2∆32, (20)

for an incident νµ beam, while the only sterile neutrino contribution is in Pee

for an incident νe beam, as before, and is given by

Pee ≈ 1 − 4θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
− 2[W eS(W eS)†] + O(λ3) . (21)

As a result, the bounds obtained on θ14, θ24, θ34 and δ24 in the 4-neutrino anal-

ysis can be directly translated to bounds on the combinations [W eS(W eS)†],

[W µS(W µS)†], [W τS(W τS)†] as well as the real and the imaginary parts of

[W τS(W µS)†].
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S.3 RG evolution: Type-III seesaw scenario

S.3.1 The Type-III seesaw model and the effective low

energy theory

In Type-III seesaw model three heavy fermions are added to each family of the

SM. These fermions have zero weak hypercharge. However, under the SU(2)L

gauge, they transform as a triplet in the adjoint representation. For the sake

of simplicity, we define the quantity Σ ≡ ΣR + ΣC
R, where ΣR is the SU(2)L

triplet given as

ΣR ≡
(

Σ0
R/

√
2 Σ+

R

Σ−
R −Σ0

R/
√

2

)
, (22)

and ΣC
R is the CP conjugate field. Clearly, Σ also transforms in the adjoint

representation of SU(2)L. Note that though formally Σ = ΣC , the individual

elements of Σ are not all Majorana particles. The neutral components are

indeed Majorana spinors, while the others are charged Dirac spinors.

Introduction of the fermionic triplets Σ introduce new terms in the Lagrangian

to give

L = LSM + LΣ , (23)

LΣ = LΣ,kin + LΣ,mass + LΣ,Y ukawa , (24)

with

LΣ,kin = Tr[ΣiD/Σ] ,

LΣ,mass = −1

2
Tr[ΣMΣΣ] ,

LΣ,Y ukawa = −lL
√

2Y †
ΣΣφ̃+ h.c. . (25)

Here ε is the completely anti-symmetric tensor in the SU(2)L space. MΣ is

the Majorana mass matrix of the heavy fermion triplets and YΣ is the Yukawa

coupling. The covariant derivative of the triplet Σ is defined as DµΣ = ∂µΣ +

ig2[Wµ,Σ], where g2 is the SU(2)L gauge coupling.

In the low energy limit of the extended SM, we have an effective theory which

will be described by the SM Lagrangian with the additional operators obtained
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φd

φal
g
Lb

l
f
Lc

κ +

(a)

φd

φa

l
f
Lc

l
g
Lb

Σ

(b)

φd

φa

l
f
Lc

l
g
Lb

≡ Σ

Figure 1: The effective vertex κ at an energy µ ≪ M1, after all the heavy
fermions have been decoupled from the theory. f, g ∈ {1, 2, 3} are the
generation indices. The SU(2)L and generation indices for Σ are not shown
explicitly since they are summed over.

by integrating out the heavy fermion triplets added at high scale. The lowest

dimensional one of such operators is the dimension-5 operator

Lκ = κfg

(
lCL
f
σiεφ

)(
φTσiεlgL

)
+ h.c. , (26)

where κ is a complex symmetric matrix with mass dimension (-1). Generation

indices f, g ∈ {1, 2, 3} are shown explicitly and a, b, c, d ∈ {1, 2} are the SU(2)L

indices.

The relevant diagrams in the complete theory giving rise to the effective

operators in the low energy limit are shown in Fig 1. The “shaded box”

on the left hand side represents the effective low energy vertex κ, and the

equality in the figure is obtained with the identification

κ = 2Y T
Σ M−1

Σ YΣ . (27)

S.3.2 Radiative corrections in Type-III seesaw

Sequential decoupling of heavy fermions

Let us consider the most general case when there are r triplets having masses

M1 < M2 < · · · < Mr−1 < Mr. Above the heaviest mass Mr , all the r-triplets

are coupled to the theory and will contribute to the neutrino mass through

seesaw mechanism. Below the lowest mass M1, all the heavy triplets will get

xx
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decoupled and will contribute through the effective low energy operator. In

between, in the energy range Mn > µ > Mn−1, triplets with masses Mn–Mr

are already decoupled, while the lighter triplets with masses M1–Mn−1 are still

coupled and the effective mass of the neutrinos will be given as

(n)mν = −v
2

4

(
(n)

κ + 2
(n)

Q

)
, (28)

where
(n)

Q ≡
(n)

Y T
Σ

(n)M−1
Σ

(n)

YΣ. Here
(n)

YΣ is the Yukawa matrix for the coupled triplets.

Appropriate matching condition is to be applied at the threshold µ = Mn−1.

Dimensional regularization and renormalization: The β-functions

We use the dimensional regularization and the minimal subtraction scheme

for renormalization. However, the final results will be independent of the

particular regularization as well as the renormalization scheme used for the

calculations. All the calculations are done in the general renormalizable Rξ

gauge, and the GUT normalization of the gauge couplings has been used

[32]. Finally, functional differentiation method as in [75] is used to find the β

functions.

Since the fermion triplets have non-zero SU(2)L charge, they will affect the RG

evolution of the gauge coupling g2 via 16π2βg2 = b2g
3
2, where b2 = −19/6 +

4(n− 1)/3, showing that the sign of b2 changes for n ≥ 3. Also, one can check

that addition of fermion triplets shifts the g1-g2 intersection to higher energy

scales, and the g2-g3 intersection to lower energy scales, as can be seen from

Fig. 2 and thus can facilitate gauge coupling unification.

The running equations of the Yukawa couplings Ye and YΣ are given as

16π2βYe = Ye

(
3

2
Y †
e Ye +

15

2

(n)

Y †
Σ

(n)

YΣ + T − 9

4
g2
1 −

9

4
g2
2

)
, (29)

16π2βYΣ
= YΣ

(
5

2
Y †
e Ye +

5

2

(n)

Y †
Σ

(n)

YΣ + T − 9

20
g2
1 −

33

4
g2
2

)
, (30)

where T = Tr

[
Y †
e Ye + 3

(n)

Y †
Σ

(n)

YΣ + Y †
uYu + Y †

d Yd

]
.

Separating the components of different chirality, the running of the Majorana
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mass matrix is obtained to be

16π2βMΣ
=
( (n)

YΣ

(n)

Y †
Σ

)MΣ +MΣ

( (n)

YΣ

(n)

Y †
Σ

)T
− 12g2

2MΣ . (31)

The gauge coupling term produces a large running ofMΣ, a distinctive feature

of Type-III seesaw over Type-I.

As seen from Eq. (3.36), the RG evolution of the light neutrino mass matrix
(n)mν is controlled by the evolutions of both

(n)

κ and
(n)

Q, which are given by

16π2βx = αx
(n)

x+ P T
x

(n)

x+
(n)

xPx , (32)

with x = κ,Q and Px, αx are functions of
(n)

YΣ, Ye, T , λ, g1 and g2 in general.

We have calculated Px, αx explicitly and obtained them to be

Pκ =
3

2

(n)

Y †
Σ

(n)

YΣ − 3

2
Y †
e Ye ; ακ = 2T + λ− 3g2

2 , (33)

PQ =
3

2

(n)

Y †
Σ

(n)

YΣ +
5

2
Y †
e Ye ; αQ = 2T − 9

10
g2
1 −

9

2
g2
2 . (34)

xxii

gauge-run-linear.eps


S.3.3 RG evolution of neutrino masses and mixing an-

gles: Illustrative example

Using the beta-functions given in Eqs. (3.58), (3.59) and (32), we determine the

running of the neutrino masses, mixing angles and phases, using a procedure

similar to that in [34, 61]. In a basis where Ye is diagonal, UPMNS = Uν

with UPMNS defined in Eq. (1.1). A subtle point is that even if we start with

a diagonal Ye at the high scale, the Y †
ΣYΣ term in Eq. (3.58) will generate

off-diagonal terms and the neutrino mixing matrix will be given as UPMNS =

U †
eUν , where Ue is the unitary matrix that diagonalizes Y †

e Ye by a unitary

transformation.

We numerically calculate the RG running for some typical parameter values,

including the impact of running between the thresholds. We consider three

triplets to be present with masses M1 < M2 < M3. In Fig. 3.5, we illustrate the

RG evolution of parameters when the neutrino masses are quasi-degenerate.

From the top left panel it is observed that the running of θ23, θ13 is substantial

between the thresholds. It should be noted that though the running of θ12,

being proportional to 1/∆m2
⊙, is expected to be large, in this case θ12 running

is quite small owing to the special choice of Majorana phases |φ2 − φ1| ∼ 90◦

for the quasi-degenerate neutrinos. It illustrates that Majorana phases play an

important role in the RG evolution of neutrino parameters. The Dirac phase,

which was chosen to vanish at µ0, is generated by the RG evolution. The

running of Dirac as well as Majorana phases is thus also substantial between

the thresholds, as can be seen from the top right panel. The right hand bottom

panel of Fig. 3.5 shows the evolution of mβ ≡
√∑

i |Uei|2m2
i , the effective

neutrino mass measured in the Tritium beta decay experiments [17], as well

as mee ≡ |
∑

i U
2
eimi|, the effective neutrino Majorana mass in the neutrinoless

double beta decay. The large running of these masses suggests that, even if

the beta decay experiments were to bound mβ to ≤ 0.3 eV, or the neutrinoless

double beta decay experiments were to bound mee to ≤ 0.1 eV, the value of

m0 generated at the high scale can still be substantially larger.

As can be observed, the running of masses is quite substantial in Type-III

seesaw. It has also been checked that the values of m0 required to cause

substantial running of mixing angles may be quite small. The Majorana phases

also play an important role in determining the nature of running of the different

parameters. However the exact dependence on the value ofm0, mass thresholds
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Figure 3: RG evolution of mixing angles, mass squared differences, and
CP violating phases, for quasi-degenerate neutrino masses and normal mass
ordering. The values of parameters at the high scale have been chosen such that
the ∆m2’s and g2 at the low scale are reproduced. Note that for the Majorana
phases φi, the regions (0◦ − 180◦) and (180◦ − 360◦) should be identified with
each other.

and CP violating phases needs to be studied in further detail for a better

understanding of the allowed neutrino parameter space at high energies.

S.4 RG evolution of neutrino mixing: The sub-

tlety at θ13 = 0

S.4.1 Apparent singularity in δ̇ and evolution in the

complex Ue3 plane

When one writes down the analytic expressions for the evolution equations for

the neutrino masses, mixing angles and phases, it is seen that for a quantity

xxiv
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X ∈ {mi, θij , φi}, the evolution can be written as

Ẋ = AX + O(θ13) , (35)

where dot represents the derivative with respect to t ≡ ln(µ/GeV )/(16π2).

Here AX is independent of θ13, but is a function of mi, θ12, θ23, φi in general,

while only A13 depends on δ also. The evolution of δ formally takes the form

δ̇ =
Dδ

θ13
+ Aδ + O(θ13) , (36)

and thus the derivative of δ formally diverges at vanishing θ13, indicating an

apparent singularity. This is an unphysical singularity: all the elements of the

mixing matrix UPMNS evolve continuously, and the peculiar evolution of δ is

related to the fact that δ is undefined at θ13 = 0. This argument is in fact

used in [34, 35] to assert that Dδ identically vanishes when θ13 = 0, which in

the effective theory leads to the condition

cot δ =
m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3

m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2
, (37)

where ζ = ∆m2
⊙/∆m

2
atm. While this prescription for choosing δ at θ13 =

0 works practically when one starts with vanishing θ13, a few conceptual

problems remain. First, when θ13 = 0, the value of δ chosen should not make a

difference to the RG evolution since δ is an unphysical quantity at this point.

Secondly, it is not a priori clear whether the prescription would work when

θ13 = 0 is reached during the process of RG evolution, which seems like fine

tuning. The problem also propagates to the evolution of θ13, since it depends

in turn on δ. The evolution of all the other quantities, viz. θ12, θ23, mi, φi is

independent of δ up to O(θ0
13) [34, 35], so these quantities do not concern us

here.

In order to understand the nature of the apparent singularity in δ, we explore

the RG evolution of the complex quantity Ue3 = sin θ13e
−iδ. We start with

three representative values of δ at the energy scale µ0 = 1012 GeV, with the

other parameters chosen such that θ13 . 10−3 at µ ≈ 109 GeV. The left panel

of Fig. 4.1 shows the evolution in the complex Ue3 plane. It is seen that fine

tuning is needed to reach θ13 = 0. But as the limit is reached, the value of δ
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at the origin is well-defined by

cot δ̃0 ≡ lim
Re(Ue3)→0
Im(Ue3)→0

Re(Ue3)
Im(Ue3)

= lim
Re(Ue3)→0
Im(Ue3)→0

d
dt

Re(Ue3)
d
dt

Im(Ue3)

= −m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3

m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2

, (38)

where δ̃ ≡ 2π − δ and we have used L’Hospital’s rule to compute the limit.

This gives the value of cot δ0 which is the same as that prescribed in [34, 35].

S.4.2 RG running in the new basis PJ

The net evolution of θ13 and δ as functions of the energy scale is shown in

the top panels of Fig. 4.2. Though the origin of the discontinuity in δ in the

scenario B is well-understood now, it is important to have a clear evolution of

parameters that reflect the continuous nature of the evolution of elements of

UPMNS. The evolutions of (Re(Ue3), Im(Ue3)) and (JCP, J
′
CP) are shown in the

xxvi
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Figure 5: The evolution of θ13, δ, Re(Ue3), Im(Ue3), JCP and J ′
CP as functions

of the energy scale µ, in the scenarios A (violet, dash-dotted line), B (red,
solid line) and C (green, dashed line).

bottom panels of Fig. 4.2, where the quantities JCP, J
′
CP are defined as

JCP ≡ 1

2
sin θ12 cos θ12 sin θ23 cos θ23 sin θ13 cos2 θ13 sin δ , (39)

J ′
CP ≡ 1

2
sin θ12 cos θ12 sin θ23 cos θ23 sin θ13 cos2 θ13 cos δ . (40)

As can be seen, the evolutions of (JCP, J
′
CP) are very similar to those of

(Re(Ue3), Im(Ue3)) and more importantly are continuous at every point includ-

ing θ13 → 0. Calculations show that the RG evolution equations for (JCP, J
′
CP)

can be written in the same form as in Eq. (35), with AX being a function of

θ12, θ23, mi, φi, JCP, J ′
CP and independent of δ. We also choose to write

the RG evolution for θ2
13 instead of θ13 and this quantity turns out to have a

nonsingular behavior at θ13 = 0. Since θ13 ≥ 0 by convention, the complete

information about θ13 lies within θ2
13.
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Thus the evolution equations in basis PJ ≡ {mi, θ12, θ23, θ
2
13, φi, JCP, J

′
CP} are

all non-singular and continuous at every point. The agreement between the

evolutions of the different parameters in the two bases (up to O(θ13)) has also

been checked against the exact numerical running [57].

S.4.3 Bounds on θ13 at low scale

We consider all the theories that predict θ13 = 0 at the high scale µ0 = 1012

GeV and consider the SM to be the low energy effective theory. The values

of the other parameters at high energy are chosen such that their low scale

values are compatible with experiments. Then the maximum value that θ13

can gain through radiative corrections can be estimated as

θ13 ≡

∫ t

t0

A13dt+ O(θ13)

 (41)

≈ |C|∆τm3

2|∆m2
31|

sin 2θ12 sin 2θ23 ×

|m1 cos (2φ1 − δ) − (1 + ζ)m2 cos (2φ2 − δ) − ζm3 cos δ| . (42)

Here we have C = −3/2 for the SM and we define t0 ≡ ln(µ0/GeV)/(16π2),

and ∆τ = −(1/32π2) (g2mτ/MW )2 ≈ −1.4 × 10−5, where g2 is the SU(2)L

gauge coupling, whereas mτ and MW are the τ lepton and W boson masses

respectively. We keep the leading order terms in ∆τ and θ13, both of which

are small parameters.

We analytically obtain the maximum possible value of θ13 form Eq. (4.22)

(when θ12 and θ23 can take any value within the experimentally allowed range)

and compare with the experimental results. In Fig. 4.4 each point represents a

different high energy theory with θ13 = 0 at the high scale. Thus it is seen that

the maximum value gained radiatively by θ13 is rather small, being . 3×10−3

in the range 0 ≤ m0 ≤ 0.5 eV for both the mass orderings. Hence if future

experiments measure θ13 greater than this limit, all the theories with θ13 = 0

at the high scale and SM as the low energy effective theory will be ruled out

completely. If the upper limit for m0 is brought down by KATRIN [17] to

m0 . 0.2 eV, even lower θ13 values will be excluded for this class of theories.

Note that for m0 of this order, the effective electron neutrino mass mβ as

measured by KATRIN, will essentially be the same as m0.
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Figure 6: Scatter points show the low energy θ13 as a function of the lightest
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theory with θ13 = 0. The solid (black) line gives the maximum attainable θ13
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S.5 Conclusion

Heavy sterile neutrinos may play an important role in astrophysics and cos-

mology, for example in r-process nucleosynthesis or as dark matter. Neutrino

oscillation experiments, mainly the short baseline ones, have already put severe

constraints on the extent of mixing of these sterile neutrinos with the active

ones. Recently it has been pointed out that to satisfy both LSND and Mini-

BooNE data simultaneously, atleast two sterile neutrinos with ∆m2 ∼ O(1)

eV2 are in fact needed.

At the same time, the current experimental values of the mass squared differ-

ences of the three active neutrinos, combined with the bound on the sum of

the neutrino masses coming from cosmology and astrophysics, indicate that

neutrino masses are orders of magnitude smaller than the masses of the quarks

and the charged leptons. The most favored mechanisms to generate such small

neutrino masses are the seesaw mechanisms. In this scenario small active

neutrino masses will be generated by seesaw at some high energy scale, while

the experimental data are available at the laboratory energy scales and hence

one need to include the effects of renormalization group (RG) evolution. Unlike

the quark sector where all the mixing angles being small RG evolutions are
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also quite small, the effect of RG evolution on the neutrino masses and the

mixing parameters are important as two of the mixing angles θ12, θ23 are large

in this case. If the neutrinos are quasi-degenerate, the effect of RG evolution

will be even more.

In this thesis we explore the neutrino oscillation phenomenology on two fronts.

In the first part we check whether the sterile neutrinos obeying the constraints

form astrophysics, cosmology and neutrino oscillation data can still give rise

to observable signals at future long baseline experiments, and whether these

signals can be cleanly identified in spite of our current lack of knowledge of

the parameters in the mixing of three active neutrinos. We also estimate

the bounds on the sterile neutrino parameters that can be obtained at these

experiments.

The sterile neutrinos required to fit all the oscillation data, help r-process

nucleosynthesis or act as the warm dark matter are too light to serve as the

seesaw particles giving small active neutrino masses at the high scale. On the

other hand, if we have a heavy right-handed Majorana fermion in the high

energy renormalizable theory to generate the neutrino mass via seesaw (Type-

I or Type-III), the mixing angle with the active species will be . 3.10−5 for a

mass & 10 keV, and hence will not affect the signal at the future long baseline

experiments.

In the second part of the thesis we consider the Type-III seesaw scenario

when heavy right-handed Majorana fermion triplets are added to the standard

model (SM) at the high energy scale, so that they produce the small active

neutrino masses through the Type-III seesaw mechanism. At energies lower

than the mass of the respective heavy fermion, the particle gets decoupled

from the theory, and contributes to the active neutrino masses through the

non-renormalizable effective operator. We use the dimensional regularization

and the minimal subtraction scheme to compute the beta functions in the

renormalizable Rξ gauge and study the RG evolution of the neutrino masses

and mixing parameters in the high energy renormalizable theory as well as

the low energy effective theory. We point out some salient features of the RG

evolution of the neutrino masses and the mixing parameters in this model, and

also the important role of the threshold effects and Majorana phases in the

evolution of mixing angles through an illustrative example.

Some subtle issues are present when θ13 = 0 is reached, either at the high

xxx



scale or during evolution. This is essentially because of the fact that the Dirac

CP phase δ becomes unphysical when θ13 = 0. We analyze this problem for a

better understanding and also present an alternative formalism which enables

one to determine analytically the change in the neutrino masses and mixing

parameters due to RG evolution unambiguously, even when the evolution

involves the θ13 = 0 point. Finally we consider the models which predict

θ13 = 0 at the high scale and estimate the maximum value of θ13 that can be

generated through RG evolution. We obtain a correlated constraint on θ13 and

the lightest neutrino mass m0, for both the mass orderings and with the SM

as the low energy effective theory. It is seen that for both the mass orderings,

θ13 . 3 × 10−3 for 0 ≤ m0 ≤ 0.5 eV and future measurements of θ13 and m0

may be able to rule out this whole class of models considered here.
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Chapter 1

Introduction

The field of neutrino physics has made immense progress in the last decade,

which was initiated when the Super-Kamiokande (SK) experiment in Japan

[1] reported the evidence for oscillations in the atmospheric neutrinos. Now

there is compelling evidence that solar, atmospheric, accelerator and reactor

neutrinos oscillate, which implies that the neutrinos are massive and the

leptons mix among themselves.

The atmospheric neutrinos are produced in the Earth’s atmosphere by cosmic

rays. The flux of cosmic rays that lead to neutrinos with energies above a

few GeV is isotropic. Hence one expects the downward and the upward-going

fluxes of multi-GeV neutrinos of a given flavor to be equal. The underground

SK detector found that for multi-GeV atmospheric muon neutrinos the zenith-

angle dependence deviates from this expectation and the deviation can be

explained when one invokes νµ → ντ oscillations. The oscillations of muon

neutrinos into other flavors have also been confirmed by the energy spectrum

obtained from the controlled source experiments K2K [5] and MINOS [76].

The allowed region for the oscillation parameters, ∆m2
atm and sin2 2θatm, is

shown in Fig 1.1. As can be seen from the figure, the MINOS data is capable

of measuring ∆m2
atm with high precision, while SK put stronger bound on

sin2 2θatm. The results from the short-baseline (SBL) experiments (like NO-

MAD [67], CDHS [68] etc.) show that the νµ → νe oscillations can be present

only as small sub-dominant effects and also put strong bounds on the active-

sterile mixing angles in νµ → νs oscillations, an oscillation channel whose

sub-dominant effect is not yet ruled out completely.
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Figure 1.1: The region of the atmospheric oscillation parameters ∆m2
atm and

sin2 2θatm obtained from the SK, K2K and MINOS experiments [13].

The pioneering solar neutrino experiment by Davis and collaborators using
37Cl reported a solar electron neutrino flux significantly smaller than that

predicted by the standard solar model (SSM), and this deficit in the number

of electron neutrinos is known as the “solar neutrino problem”. The puzzle per-

sisted in the literature for about 30 years, and then the charged current (CC)

and the neutral current (NC) data from the SNO experiment [2], combined

with the SK solar neutrino data [77], provided direct evidence for neutrino

oscillations in solar neutrinos. However, four different solutions were there

to explain the solar neutrino oscillations [78]: (i) the LMA or large mixing

angle solution (∆m2
⊙ = 5.0.10−5 eV2, tan2 θ⊙ = 0.42), (ii) the low mass

solution (∆m2
⊙ = 7.9.10−8 eV2, tan2 θ⊙ = 0.61), (iii) the vacuum solution

(∆m2
⊙ = 4.6.10−10 eV2, tan2 θ⊙ = 1.8) and (iv) the SMA or small mixing

angle solution (∆m2
⊙ = 5.0.10−6 eV2, tan2 θ⊙ = 1.5.10−3). The results from

the controlled source experiment KamLAND [3] confirmed the LMA solution

and ruled out the other two possibilities. Fig 1.2 shows the allowed region of

the solar neutrino oscillation parameters ∆m2
⊙ and tan2 θ⊙.

Combining the results obtained from the solar, atmospheric and the reac-

2
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Figure 1.2: The allowed region in the neutrino oscillation parameter space
from solar neutrino data and KamLAND experiment [13].

tor neutrino oscillation experiments described above, the current knowledge

about the neutrinos is that there are three neutrino flavors (να, α ∈ {e, µ, τ}),
which mix to form three neutrino mass eigenstates (νi, i ∈ {1, 2, 3}). These

mass eigenstates are separated by ∆m2
ij ≡ m2

i −m2
j where, mi,j denote mass

eigenvalues with i, j ∈ {1, 2, 3}. The two sets of eigenstates are connected

through να = (UPMNS)αiνi, where UPMNS is the Pontecorvo-Maki-Nakagawa-

Sakata neutrino mixing matrix [9, 10, 11, 12] in the basis where the charged

lepton mass matrix is diagonal. This matrix is parametrized as

UPMNS = P · U ·Q , (1.1)

where

U = U23(θ23, 0) U13(θ13, δ) U12(θ12, 0) , Q = Diag{e−iφ1 , e−iφ2, 1} . (1.2)

Here Uij(θ, δ) is the complex rotation matrix in the i-j plane, δ is the Dirac CP

violating phase, φi are the Majorana phases, and P is the flavor phase matrix

(Sometimes the flavor phases are called as the unphysical phases since they

3
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Figure 1.3: The two possible neutrino mass orderings: normal (m1 < m2 <
m3) and inverted (m3 < m1 < m2).

Best fit 3σ range
∆m2

21 [10−5eV2] 7.65 7.05 - 8.34
|∆m2

31| [10−3eV2] 2.40 2.07 - 2.75
sin2 θ12 0.304 0.25 - 0.37
sin2 θ23 0.50 0.36 - 0.67
sin2 θ13 0.01 ≤ 0.056

Table 1.1: The present best-fit values and 3σ ranges of oscillation parameters
[13, 14, 15].

do not play any role in the phenomenology of neutrino mixing or beta-decay.)

Finally, with all the above definitions, U takes the form

U =




c12c13 s12c13 s13e
−iδ

−c23s12 − s23s13c12e
iδ c23c12 − s23s13s12e

iδ s23c13

s23s12 − c23s13c12e
iδ −s23c12 − c23s13s12e

iδ c23c13


 , (1.3)

where cij and sij are the cosines and sines respectively of the mixing angle θij .

The current best-fit values and 3σ ranges for these parameters are summarized

in Table 1.1. It is still not known whether the neutrino mass ordering is normal

(m1 < m2 < m3) or inverted (m3 < m1 < m2), these two possibilities are

shown in Fig. 1.3. Many other high precision oscillation experiments are

going on and also being planned in order to measure the neutrino oscillation

parameters with higher accuracy and to determine the neutrino mass ordering.

4
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While the neutrino oscillation experiments are not sensitive to the absolute

neutrino masses, the beta decay and the neutrinoless double beta decay (0νββ)

processes are. At the same time, it is possible to estimate
∑

imi from cosmol-

ogy also. In case of the beta decay, the non-zero neutrino mass would modify

the Kurie plot, regardless of whether the neutrinos are Dirac or Majorana

particles. The effect will depend on mβ = (
∑

i |Uei|2m2
i )

1/2
, and if the neutrino

masses are small, it will be visible only near the end point of the Kurie

plot. The Mainz [79] experiment has placed the upper limit of mβ ≤ 2.3

eV. The upcoming beta-decay experiments like KATRIN [17] will be sensitive

to mβ > 0.2 eV and will thus improve the bound by an order of magnitude.

The 0νββ decay, on the other hand, is sensitive to the effective Majorana

mass of the electron neutrinos, defined as mee ≡ |∑i U
2
eimi|, and will be

observed only if the neutrinos are Majorana particles. A non-zero signal for

the 0νββ decay will put bound on the specific combination of the neutrino

masses and the Majorana phases given by mee. The current limit put by the

Heidelberg-Moscow experiment [80] is mee . 0.9 eV. The cosmic microwave

background radiation (CMBR) carries the imprint of the neutrino masses since

in the standard Big Bang model, for the standard model (SM) interactions of

the neutrinos, the neutrinos are abundant like the photons till the epoch of

nucleosynthesis when they decouple from the thermal bath of the photons. It

is also possible to get information about the neutrino masses from the study of

the large scale structure as an active neutrino species of mass mν will tend to

wash out all structures upto a scale ∼ 1/mν by free-streaming. Recent results

from the Wilkinson Microwave Anisotropy Probe (WMAP) and the surveys on

the large scale structure put the limit
∑

imi ≤ 0.67 - 2.0 eV [16, 81]. However

it must be noticed that none of the processes discussed above can provide any

information about the lightest neutrino mass when there is a strong hierarchy

amongst the neutrinos, i.e. when the lightest neutrino mass is . 0.1 eV.

There have also been experiments that indicated the presence of neutrino

mixing beyond three flavors. The first such experiment showing the positive

indication for the neutrino oscillations beyond the three-neutrino paradigm

was the Los Alamos LSND [6] experiment, but the KARMEN [7] experiment

strongly constrained the region of the neutrino parameter space allowed by

the LSND. Currently MiniBooNE [8] experiment at Fermilab has probed the

entire LSND parameter region but has not observed any neutrino oscillations.

The very fact that the active neutrinos are massive demands an extension of

5
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the SM. One way is to extend it by addition of extra fermionic fields which

are heavy (m ∼ 1011 − 1015 GeV for Type-I seesaw and ∼ TeV for Type-

III seesaw) and hence can give rise to light active neutrino masses through

seesaw mechanisms. Light singlet fermions with m ∼ 1 eV are also predicted

to explain the neutrino oscillation data when LSND, MiniBooNE and the SBL

appearance experiments are considered together [18]. They can also play an

important role in stellar astrophysics, while singlet fermions with m ∼ keV

can serve the purpose of warm dark matter in cosmology. In this thesis we

explore the neutrino oscillation phenomenology, with fermions beyond the SM,

on two fronts. First, we study the effect of the presence of one or more ∼ eV–

keV sterile neutrinos on the signals expected at the upcoming long baseline

experiments. Second, we examine neutrino mass models where new fermions

∼ TeV or higher participate through the Type-III seesaw mechanism [82].

1.1 The light sterile neutrinos

Recently it has been pointed out [18] that with two sterile neutrinos, having

∆m2 ∼ O(1) eV2, it is possible to satisfy both LSND and MiniBooNE data

simultaneously. Fig. 1.4 shows the allowed regions in the ∆m2
41-∆m

2
51 plane,

when both LSND and MiniBooNE (MB475) data are considered along with

the SBL appearance data. It has also been shown that the introduction of

more than two sterile species does not introduce any significant changes in the

allowed values.

Sterile neutrinos, with masses ∼ 0.1 eV or higher and obeying all the con-

straints from the terrestrial experiments, can also play an important role in

astrophysics and cosmology [19]. The matter enhanced active-sterile neutrino

transformation can produce a significant effect on r-process nucleosynthesis in

the core-collapse supernovae [20] by reducing the number of electron neutrinos

available for νen→ pe− and thereby increasing the number of neutrons. Since

the sterile neutrinos interact very weakly with the nuclear matter, they can

transport heat out of the star very efficiently and thus can influence the explo-

sion dynamics of supernovae [21]. Presence of sterile neutrinos can explain the

large observed velocities of pulsars [22]. The Chandra blank sky observations

also allow keV neutrinos to be viable dark matter candidates [23]. Such keV

sterile neutrinos can help in the production of supermassive black holes [24].
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Figure 1.4: Allowed regions for SBL appearance data in (3+2) schemes at 90%,
95%, 99%, 99.73% C.L. (2 dof) in the plane of ∆m2

41 and ∆m2
51. All other

parameters have been minimized [18]. MB475 implies that the MiniBooNE
data points in the range energy < 475 MeV have not been considered.

These are excellent dark matter candidates in νMSM [25, 26, 27, 28], which

explain masses of active neutrinos and baryon asymmetry of the universe.

Sterile neutrinos may leave their imprints in the supernova neutrino burst

[83, 84], or in the ultrahigh energy neutrino signals observed at the neutrino

telescopes [85].

Thus the main requirements for the astrophysically and cosmologically relevant

sterile neutrinos are that they should be heavier than the three active neutrinos

(m ∼ 1–10 eV or ∼ keV) and that they mix weakly with the electron and muon

neutrino (in order to satisfy the MiniBooNE and SBL appearance constraints).

In the first part of the thesis we find out the analytic expressions for the

survival and conversion probabilities of neutrinos when them ∼ eV–keV sterile

neutrinos are present and examine some of the possible signatures of sterile

neutrino mixing on the signals at a neutrino factory setup with near and far

detectors. We also estimate bounds on the sterile neutrino parameters that

can be obtained at such long baseline experiments [30].

7
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1.2 Seesaw mechanisms and neutrino mass

One of the most distinctive features emerging out of the current experimental

values given in the Table 1.1, when combined with the present bound on the

absolute neutrino masses from cosmology and the beta-decay experiments,

is that the neutrinos are massive and the absolute masses of neutrinos are

orders of magnitude smaller than those of quarks and charged leptons. In the

framework of the SM, since there is no right-handed neutrino, the neutrinos are

massless at the tree-level, and they cannot have a Dirac mass even at loop level.

So the only other possibility is the lepton number violating Majorana mass

term. But lepton number is a symmetry of the SM, though accidental, and

if that symmetry is to be obeyed, Majorana masses also cannot be generated

at loop level. It can also be seen that the Planck scale (MPl) effect cannot

introduce the required neutrino mass in the SM as it can only generate a

neutrino mass ∼ O(v2
EW/MPl) ≈ O(10−5eV), and hence cannot explain the

atmospheric mass squared difference. Hence generally the neutrino masses are

incorporated at the tree-level by adding new particles to the SM. The most

favored mechanisms to generate such small neutrino masses are the so called

seesaw mechanisms which need the introduction of one or more heavy fields,

while maintains the SU(3)C× SU(2)L× U(1)Y gauge group structure of the

SM.

1.2.1 The seesaw

The simplest extension of the SM to incorporate small active neutrino mass is

to introduce right-handed singlet fermions NR in the theory, which are singlets

under the SM gauge group. Hence these NR fields are essentially right-handed

neutrinos. Presence of these new fields allows new terms in the Lagrangian

LN =
1

2
N(i∂/)N − 1

2
NMNN −

(
NYNφ̃

†lL + h.c.
)
, (1.4)

where lL and φ are respectively the lepton and Higgs doublets belonging to

the SM. Here we do not write the generation or the SU(2)L indices explicitly.

The field N is defined as N ≡ NR +NC
R , where NC

R is the CP conjugate of the

right-handed field NR. YN is the Yukawa coupling for the singlet fermion and

8



IntroductionMN is the mass matrix. Thus the complete Lagrangian of the theory becomes

L = LSM + LN , (1.5)

and it is possible to write the neutrino mass terms as

−Lνmass =
1

2

(
νL NC

R

)( 0 mDmT
D MN

)(
νCL
NR

)
+ h.c. , (1.6)

where mD = (v/
√

2)Y T
N is the Dirac mass matrix for the neutrinos generated

after the electroweak symmetry breaking when the Higgs gets the vacuum

expectation value (vev) v such that

〈φ0〉 = v/
√

2 . (1.7)

Thus the complete mass matrix for the neutrinos becomes

Mν =

(
0 mDmT
D MN

)
, (1.8)

which when block-diagonalized gives the eigenvaluesm1 ≈ −mDM−1
N mT

D , (1.9)m2 ≈ MN , (1.10)

where we have assumed that MN ≫ mD, i.e. the eigenvalues of MN are

much larger than the eigenvalues of mD. Thus Eqs. (1.10) and (1.9) show

respectively that eigenvalues of the matrix m2 are large, while those of m1

are small and hence the eigenstates corresponding to these small eigenvalues

should serve the purpose of the mass eigenstates of the light active neutrinos.

Thus the presence of the heavy right-handed neutrinos will produce the light

active neutrino masses and this mechanism of making one particle light at the

expense of making another one heavy is called the seesaw mechanism. The

seesaw obtained by adding heavy right-handed singlet fermions to the SM is

called the Type-I seesaw [86, 87, 88, 89, 90].

9
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Figure 1.5: Generation of the Majorana neutrino mass from the low energy
effective Lagrangian given in Eq. (1.11) after spontaneous symmetry breaking.

1.2.2 The effective theory

The low energy effective Lagrangian needed to explain the non-zero active

neutrino masses can in general be expressed as a series of non-renormalizable

operators, the dominant one being the dimension-5 operator given as [31]

L = κ5lLlLφφ . (1.11)

Here κ5 is the effective coupling which can be expressed in terms of a dimen-

sionless coupling a5 as κ5 = a5/Λ with Λ some high energy scale. In this picture

the SM serves as an effective theory valid upto the mass scale Λ, which can be

taken to be the mass of the lightest of the heavy fields. However the specific

form of κ5 will depend on the high energy field content and the interactions

present at the high scale. The operator shown in Eq. (1.11) violates lepton

number by two units and hence gives rise to Majorana masses for neutrinos

after spontaneous symmetry breaking, mν ∼ 1
2
κ5v

2, as shown in the Fig. 1.5.

Here v is the vev of the Higgs field φ, as given in Eq. (1.7). Taking v ∼ 246

eV, a neutrino mass of ∼ 0.05 eV implies Λ ∼ 1015 GeV if a5 ∼ 1.

Clearly the sterile neutrinos considered in Section 1.1 are too light to give

the seesaw masses to the active species. In the second part of this thesis

we consider the right-handed Majorana fermions capable of producing the

light active neutrino mass via seesaw. As can be seen from Fig. 1.6, for

neutrinos with a mass & O(10 keV) the mixing angle becomes . 3.10−5 [19]

and hence the heavy seesaw particles having masses ≫ 10 keV will not affect

the phenomenology at the long baseline experiments discussed before.

10
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Figure 1.6: Constraints on the sterile neutrino mass and the mixing angle
from astrophysics and cosmology data [19].

1.2.3 Different seesaw mechanisms

There are four possible ways to form a dimension-5 gauge singlet term as given

in Eq. (1.11) at low energy through the tree-level exchange of a heavy particle

at the high energy: (i) each lL-φ pair forms a fermion singlet, (ii) each of the

lL-lL and φ-φ pair forms a scalar triplet, (iii) each lL-φ pair forms a fermion

triplet, and (iv) each of the lL-lL and φ-φ pair forms a scalar singlet. Case (i)

can arise from the tree-level exchange of a right handed fermion singlet and this

corresponds to the Type-I seesaw mechanism, as discussed in the Section 1.2.1

in detail. Case (ii) arises when the heavy particle is a Higgs triplet giving rise

to the Type-II seesaw mechanism [91, 92]. For case (iii) the exchanged particle

should be a right-handed fermion triplet, which corresponds to the Type-III

seesaw mechanism [82, 93], which will be discussed in detail in Chapter 3.

The last scenario gives terms only of the form νCL eL, which cannot generate a

neutrino mass.

A summary of the form of κ5 and hence the effective light neutrino mass at

the low scale in different types of seesaw is given in Table 1.2.

11
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The effective vertex κ5

Type-I κ5 = 2YT
NM−1

N YN

Type-II κ5 = −2Y∆Λ6M2
∆

Type-III κ5 = 2YT
ΣM−1

Σ YΣ

Table 1.2: Summary of the low energy effective couplings and the effective
neutrino mass mν ≡ −v2

4
κ5 in the three seesaw scenarios. Here, YN(YΣ) are

the Yukawa couplings for the heavy singlet(triplet) fermion present in Type-
I(Type-III) seesaw and MN(MΣ) is the mass matrix (N ≡ NR + NC

R ; Σ ≡
ΣR + ΣC

R). In Type-II seesaw, M∆ is the mass of the heavy triplet Higgs, Y∆

is its Yukawa coupling with the SM lepton doublet lL, and Λ6 is its coupling
with the SM Higgs φ.

1.3 Renormalization group evolution

Since the neutrino mass is generated at the high scale via seesaw mechanisms

while the neutrino masses and mixing parameters are measured experimentally

at a low scale, the renormalization group (RG) evolution effects need to be

included. The current experimental data in Table 1.1 shows that in the

neutrino sector two of the three mixing angles are large, while the third one is

small, which is rather different from the quark sector where all three mixing

angles are small. Because of the large values of the two mixing angles, RG

evolution of the neutrino masses and the mixing parameters plays an important

role in the neutrino sector, which is not the case with the quark sector. RG

evolution will be even larger if the neutrinos happen to be quasi-degenerate.

The radiative corrections in different types of seesaws are expected to be

different since the heavy particles couple differently to the SM fields present.

12
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However below the mass scale of the lightest of the heavy particles the effect of

all heavy degrees of freedom are integrated out and the effective mass operators

in these scenarios become identical, as seen from the Section 1.2.2, and so does

the RG evolution in different seesaw scenarios.

The effect of RG induced quantum corrections on leptonic masses and mixings

have been studied extensively in the literature [32, 33, 34, 35, 36, 37, 94].

These effects can have interesting consequences such as the generation of large

mixing angles [38, 39, 40, 41, 42, 43, 44], small mass splittings for degenerate

neutrinos [45, 46, 47, 48, 49, 50, 51, 52, 53], or radiative generation of θ13

starting from a zero value at the high scale [54, 55, 56, 57]. RG induced

deviations from various high scale symmetries and correlations with low scale

observables have been explored. Such effects can have significant contributions

from the threshold corrections [58, 59, 60]. The RG evolution of the neutrino

mass operator in the SM and the Minimal Supersymmetric Standard Model

(MSSM) in the context of Type-I seesaw [59, 61, 62] and Type-II seesaw [63, 64]

have been studied in the literature. In the context of Type-III seesaw with

degenerate heavy fermions, the impact of the RG evolution on the vacuum

stability and perturbativity bounds of the Higgs Boson have been explored in

[65].

In the second part of this thesis we study the RG evolution of the neutrino

masses and mixing in the Type-III seesaw scenario with non-degenerate heavy

fermions [29]. We consider the effect of sequential decoupling of the heavy

particles as the energy scale becomes equal to the mass, which is known as the

threshold effect. Finally, we study the RG evolution of all these parameters in

the effective low energy theory. Analytical expressions for the RG evolution

of these parameters have been obtained through an expansion in the small

parameter θ13 [34, 35]. However, some subtle issues are present when θ13 = 0 is

reached, either at the high scale or during the evolution. We try to analyze the

problem for a better understanding and also present an alternative formalism

[57].
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Signature of sterile neutrinos in

the upcoming experiments

In this chapter we consider the effects of one or more heavy sterile neutrinos,

with masses greater than 1 eV, on the survival and conversion probabilities of

the three active neutrino species and in turn on the signals of the upcoming

long-baseline experiments.

2.1 Introduction

In the framework of the Standard model (SM) of particle physics, there are

only three neutrinos, one each with the electron, muon and tau flavor. The

LEP experiments have determined the number of light neutrinos that couple

with the Z boson through electroweak interactions to be 2.984 ± 0.008 [95],

thus closing the door on any more generations of “active” neutrinos. However,

there still may exist sterile neutrinos that do not have electroweak interactions.

Though they cannot be detected in the Z decay, they may mix with the

active neutrinos and hence participate in neutrino oscillations. The LSND

experiment [6] has reported a positive signal for ν̄µ → ν̄e conversion, which

would necessitate the inclusion of a sterile neutrino in the standard framework

of neutrino masses and mixing. The extent of sterile neutrino participation

in solar neutrino data is severely restricted from the neutral current data

from SNO [96, 97]. The atmospheric neutrino data show that the major

contribution to the muon neutrino disappearance has to be from νµ ↔ ντ
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oscillations, however a small admixture of sterile neutrinos cannot be ruled

out [98, 99, 100, 101]. Short baseline experiments sensitive to sterile neutrinos

in the ∼ 1 eV range [7, 66, 67, 68] have given strong upper bounds on sterile

mixing. The parameter space consistent with the LSND results would be

further restricted at the CNGS experiment [102] or at a neutrino factory with

the baseline as short as 10 km [103] through the νµ → νe,τ channel, and

at a long baseline neutrino factory through the νe → νµ channel [104]. The

MiniBooNE experiment [8] has virtually ruled out any effect of sterile neutrinos

in the LSND parameter space if there were only one sterile neutrino species.

However, recently it has been pointed out [18] that with two or more sterile

neutrinos, it is possible to be in agreement with LSND, MiniBooNE and the

short baseline (SBL) appearance data.

Even if the LSND results are ignored, so that there is no longer any need

for sterile neutrinos for explaining the neutrino oscillation data, sterile neu-

trinos that obey all the constraints from the terrestrial experiments can still

play a crucial role in astrophysics and cosmology [19], as discussed in the

Chapter 1. Finally combining all the above aspects, the main requirements

for the astrophysically and cosmologically relevant sterile neutrinos are that

they be heavy (m ∼ 1–10 eV for r-process nucleosynthesis, and m ∼ keV for

the dark matter candidates) and that they mix weakly with the electron and

muon neutrino (in order to satisfy the MiniBooNE and the SBL appearance

experiment constraints). In the first part of this chapter, we consider the

case with one such sterile neutrino, which may influence neutrino oscillation

experiments. We perform the complete 4-ν analysis, taking into account all

the three additional mixing angles of the sterile neutrino νs with the active

ones, and the two additional CP violating phases. We only concentrate on

heavy neutrinos, such that if m4 is the mass of the neutrino eigenstate with

a dominant sterile component, ∆m2
st ≡ |m2

4 − m2
i | >∼ 0.1 eV2 for all other

neutrino mass eigenstates νi. The oscillations due to ∆m2
st are rather rapid,

and can be taken to be averaged out in the long baseline data. As a result,

the data are expected to be insensitive to the exact value of ∆m2
st in the long

baseline experiments. However, the additional mixing angles θi4 may leave

their signatures in the data.

We treat the effects of the sterile neutrino as a perturbation parameterized by

a small auxiliary parameter λ ≡ 0.2. To this end, we represent the active-

sterile mixing angles θ14, θ24, θ34, the deviation of θ23 from maximality, the

16



Signature of sterile neutrinos in the upcoming experiments

reactor angle θ13 as well as the ratio ∆m2
⊙/∆m

2
atm, formally as some power

of λ times O(1) numbers, so that a systematic expansion in powers of λ may

be carried out. Averaging out the fast oscillations due to ∆m2
st allows us to

obtain simple analytic approximations for the flavor conversion probabilities of

neutrinos. The expressions thus obtained describe the dependence of relevant

conversion or survival probabilities on the parameters in a transparent manner.

We analyze, using analytical as well as numerical means, how the parameters

involving sterile neutrinos – constrained by the data from solar, atmospheric,

and short baseline experiments – affect the results at the long baseline ex-

periments. We illustrate this effect quantitatively in the case of a neutrino

factory setup involving a near and a far detector that are capable of lepton

charge identification. In particular, we consider the CP asymmetry in µ

and τ channels as the observables and calculate how far the limits on the

sterile mixing parameters can be brought down. We also consider the electron

channel, where signals of sterile neutrino mixing can still be established by the

counting of the total number of events above a threshold.

This chapter is organized as follows. In Sec. 2.2, we explain our formalism

of a systematic expansion of all quantities in an auxiliary small parameter λ

and the use of perturbation theory to obtain the neutrino flavor conversion

probabilities. In Sec. 2.3 we examine some of the possible signatures of sterile

neutrino mixing on the signals at a neutrino factory setup with near and far

detectors, where we also estimate bounds that can be obtained at such long

baseline experiments. However, as stated in the Chapter 1, [18] shows that

it is possible to be in agreement with the data from LSND, MiniBooNE and

the SBL appearance experiments simultaneously if two or more light sterile

neutrinos are considered. In Sec. 2.4, we generalize our formalism to any

number of sterile species and point out that only certain combinations of the

sterile mixing parameters are relevant, independent of the number of sterile

species. Sec. 2.5 summarizes the chapter.
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2.2 Analytic computation of neutrino flavor

conversion probabilities

We work in the 4-ν framework, where (νe, νµ, ντ , νs) form the basis of neu-

trino flavor eigenstates and (ν1, ν2, ν3, ν4) form the basis of neutrino mass

eigenstates. The mass eigenstates are numbered according to the convention

|∆m2
42| ≫ |∆m2

32| ≫ ∆m2
21 > 0, where ∆m2

ij ≡ m2
i −m2

j . We have ∆m2
st ≈

|∆m2
42|,∆m2

atm ≈ |∆m2
32| and ∆m2

⊙ ≈ ∆m2
21. Note that the sign of ∆m2

32 is as

yet unknown, a positive (negative) ∆m2
32 corresponds to the normal (inverted)

mass ordering of neutrinos.

The mass and flavor eigenstates of neutrinos are connected through a unitary

matrix U , such that

να = Uαiνi , (2.1)

where α ∈ {e, µ, τ, s} and i ∈ {1, 2, 3, 4}. Here mixing matrix U is a 4 × 4

matrix U4 and may be parameterized as

U4 = U14(θ14, δ14) U34(θ34, 0) U24(θ24, δ24) U23(θ23, 0) U13(θ13, δ13) U12(θ12, 0) ,

(2.2)

where Uij(θij , δij) is the complex rotation matrix in the i–j plane, whose

elements [Uij ]pq are defined as

[Uij(θ, δ)]pq =





cos θ p = q = i or p = q = j

1 p = q 6= i and p = q 6= j

sin θe−iδ p = i and q = j

− sin θeiδ p = j and q = i

0 otherwise .

(2.3)

In the four neutrino basis, the PMNS matrix will look like

U4 = U4 ·Q4 , (2.4)

where Q4 is the Majorana phase matrix given by

Q4 = Diag(e−iφ1, e−iφ2 , e−iφ3 , 1) , (2.5)

and here we do not write the flavor phase matrix explicitly, which will not

contribute to the neutrino oscillations. The limit when the sterile neutrino
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is completely decoupled – or when it does not exist – is obtained simply by

setting θ14, θ24, θ34 → 0 and φ3 → 0 so that U4 → UPMNS as given by Eq. (1.1),

apart from the unphysical “flavor phase” part.

We expect θ14, θ24 and θ34, the mixing angles involving the sterile neutrino, to

be small. Indeed, though the 4ν analysis of atmospheric neutrinos give a rather

weak bound of θ2
24 ≈ |[U4]µ4|2 < 0.19 (90% C.L.) [99, 100, 101], short baseline

disappearance experiments [68] constrain θ2
24 < 0.013 (90% C.L.), whereas the

short baseline appearance experiments [7, 8, 66, 67] give a bound of θ14θ24 ≈
|[U4]e4[U4]µ4| < 0.02. The atmospheric neutrino data restrict the deviation of

θ23 from maximality to be < 0.15 rad at 90% C.L. [69], and the CHOOZ data

[70] combined with solar, atmospheric and KamLAND experiments constrain

θ13 to be less than 0.2 rad at 3σ C.L. [105]. In order to keep track of the

smallness of quantities, we introduce an auxiliary number λ ≡ 0.2 and define

the small parameters to be of the form aλn. This allows us to perform a

systematic expansion in powers of λ. For the sterile mixing angles, we define

θ14 ≡ χ14λ θ24 ≡ χ24λ θ34 ≡ χ34λ , (2.6)

whereas for the active mixing angles, we define

θ13 ≡ χ13λ , θ23 ≡
π

4
+ θ̃23 ≡

π

4
+ χ23λ . (2.7)

Here, all the χij are taken to be O(1) quantities. We also treat the solar mixing

angle, θ12 ≈ 0.6, as an O(1) quantity. The limits on the other θijs mentioned

above translate to χ24 < 0.6, χ14χ24 < 0.5, χ23 < 0.75 and χ13 < 1.

In the long baseline neutrino experiments, the dominating term in flavor

conversions oscillates as sin2[∆m2
atmL/(4E)]. Owing to the small value of

∆m2
⊙L/(4E), the oscillations due to ∆m2

⊙ do not have enough time to develop,

and the effect of ∆m2
⊙ may be viewed as a perturbation to the dominating

∆m2
atm oscillations. We treat the ratio ∆m2

⊙/|∆m2
atm| ≈ 0.03 as a small

parameter, and define

∆m2
21/∆m

2
32 ≡ ηλ2 . (2.8)

Note that η is positive (negative) for the normal (inverted) neutrino mass

ordering.

When neutrinos pass through the earth matter, there are matter effects that

give rise to an effective potential Ve =
√

2GFNe for the electron neutrino as
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compared to the other neutrinos by virtue of the its charged current forward

scattering interactions. Here GF is the Fermi constant and Ne is the number

density of electrons. In addition, all the active neutrinos also get an effective

potential Vn = −GFNn/
√

2 compared to the sterile neutrino by virtue of their

neutral current forward scattering reactions. Here Nn is the number density of

neutrons. For anti-neutrinos, the signs of Ve and Vn are reversed. The effective

Hamiltonian in the flavor basis is then

Hf ≈
1

2E


U0




−∆m2
21 0 0 0

0 0 0 0

0 0 ∆m2
32 0

0 0 0 ∆m2
42


U †

0 +




Ae + An 0 0 0

0 An 0 0

0 0 An 0

0 0 0 0





 ,

where Ae(n) ≡ 2EVe(n), and U0 is the 4 × 4 mixing matrix in vacuum, whose

form is given in Eq. (2.2). Let Hf be diagonalized by a unitary matrix Um,

such that

HD = U †
m Hf Um , (2.9)

where HD is the diagonal matrix. The elements [HD]ii, being the eigenvalues of

Hf , give the relative values of m̃2
i /(2E), where m̃i are the effective masses of the

interaction eigenstates in matter. If we assume that the density encountered

by the neutrinos during their passage through the earth is a constant, the

flavor conversion probabilities may be written in terms of m̃2
i and the elements

of Um as

Pαβ ≡ P (να → νβ) =

∣∣∣∣∣
∑

i

[Um]αi[Um]∗βi exp

[
i
(−m̃2

i )L

2E

]∣∣∣∣∣

2

. (2.10)

This approximation is valid as long as the neutrino trajectories do not pass

through the core, and the neutrino energy is not close to the θ13 resonance

energy in the earth.

In order to calculate Um, it is convenient to work in the basis of neutrino mass
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eigenstates in vacuum. The effective Hamiltonian in this basis is

Hv = U †
0 Hf U0

=







−∆m2
21

2E 0 0 0

0 0 0 0

0 0
∆m2

32
2E 0

0 0 0
∆m2

42
2E


+ U †

0




Ae+An

2E 0 0 0

0 An

2E 0 0

0 0 An

2E 0

0 0 0 0


U0


 ,

(2.11)

which can be diagonalized by the unitary matrix Ũ defined through

Um = U0Ũ (2.12)

such that

HD = Ũ † U †
0 Hf U0 Ũ = Ũ † Hv Ũ . (2.13)

Using the formal representation of the elements of U0 as well as ∆m2
21 in

terms of λ as shown in Eqs. (2.6), (2.7), and (2.8), the matrix Hv can now be

expanded formally in powers of λ as

Hv =
∆m2

32

2E

[
h0 + λh1 + λ2h2 + O(λ3)

]
. (2.14)

The elements of h0,1,2 are functions of all the neutrino mixing angles, mass

squared differences and CP violating phases in general; the exact expressions

are given in Appendix A. All the elements of the matrices h1 and h2 are of

O(1) or smaller, so that the techniques of Rayleigh-Schrödinger perturbation

theory can be used to calculate the eigenvalues and eigenvectors of Hv that

are accurate up to O(λ2). The complete set of four normalized eigenvectors

gives the unitary matrix Ũ that diagonalizes Hv through Eq. (2.13). Using

Eq. (2.12), one obtains the unitary matrix Um that diagonalizes Hf through

Eq. (2.9). The matrix Um and the eigenvalues of Hv (or Hf) allow us to

calculate the neutrino flavor conversion probabilities from Eq. (2.10).

The flavor conversion probabilities of neutrinos, accurate to O(λ2), obtained by

assuming the neutrinos to travel through a constant matter density, are given

in Appendix A. These expressions seem rather complicated. However, we can

make certain approximations that will simplify these expressions and bring

forth some important physical insights. Since we are interested in heavy sterile
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neutrinos, we may take |∆m2
32| ≪ |∆m2

42|. Also, since |∆m2
32L/E| ∼ O(1),

we have |∆m2
42L/E| ≫ 1 and the oscillating terms of the form cos(∆m2

42L/E)

may be averaged out. In the long baseline experiments, we are interested in

the energy range 1–50 GeV. Even at the higher end of the energy spectrum,

taking the density of the earth mantle to be ≈ 5 g/cc, we get Ae ≈ 2 × 10−2

eV2 and An ≈ −1 × 10−2 eV2 for neutrinos, so we also approximate |Ae,n| ≪
|∆m2

42| wherever appropriate. With these approximations, the neutrino flavor

conversion (or survival) probabilities for an initial νµ may be written as

Pµe ≈ 2θ2
13∆

2
32

sin2(∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (2.15)

Pµµ ≈ cos2 ∆32 + 4θ̃2
23 sin2 ∆32 − ∆21 sin2 θ12 sin 2∆32

+
θ2
13∆32

(∆e − ∆32)2
×

{
−2∆32 cos ∆32 sin ∆e sin(∆e − ∆32) + ∆e(∆e − ∆32) sin 2∆32

}

−2θ2
24 cos2 ∆32 + 2θ24θ34∆n cos δ24 sin 2∆32 + O(λ3) , (2.16)

Pµτ ≈ sin2 ∆32 − 4θ̃2
23 sin2 ∆32 + ∆21 sin2 θ12 sin 2∆32

+
θ2
13∆32

(∆e − ∆32)2
×

{
2∆32 sin ∆32 cos ∆e sin (∆e − ∆32) − ∆e(∆e − ∆32) sin 2∆32

}

−(θ2
24 + θ2

34) sin2 ∆32 − θ24θ34 (2∆n cos δ24 + sin δ24) sin 2∆32 + O(λ3) ,

(2.17)

where we have defined the dimensionless quantities ∆ij ≡ ∆m2
ijL/(4E) and

∆e,n ≡ Ae,nL/(4E) for convenience. The following observations may be made

from the above expressions:

• The leading O(1) terms are of the form sin2 ∆32 or cos2 ∆32, correspond-

ing to the dominating atmospheric neutrino oscillations. There is no

subleading term of O(λ).

• For Pµe, there is no sterile contribution up to O(λ2). Indeed, the leading

order sterile contribution to Pµe is proportional to θ2
14θ

2
24, which is O(λ4).

• In the expression for Pµµ or Pµτ , the first line contains the leading

oscillating term as well as the subleading terms due to the deviation

of θ23 from maximality and due to the nonzero value of ∆m2
21. The next
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line gives the contribution from θ2
13, which matches the one obtained

in [106]. The last line contains the contribution from sterile neutrinos.

Whereas it is enough to have either θ24 or θ34 nonzero for the sterile

mixing to have an effect on Pµτ , the sterile contribution to Pµµ will be

present only for nonzero θ24.

• Only one CP violating phase, δ24, is relevant for the flavor conversion

probabilities up to this order. The phases δ13 and δ14 appear only at

O(λ3) or higher. In particular, the CP violating terms proportional to

(∆m2
21/∆m

2
32)θ13, as given in [106], are absent since they are of O(λ3).

• Note that the leading sterile contribution at the long baseline experi-

ments is found to be at O(λ2). This may be compared with the CP vio-

lation in the active sector, whose leading contribution appears at O(λ3)

and the short baseline appearance experiments, whose positive results

would appear only at O(λ4) or higher. The O(λ2) sterile contribution

to Pµτ , which is proportional to sin ∆32, is absent in the short baseline

appearance experiments where in general |∆42| ∼ O(1) and |∆32| ≪ 1,

so that sin ∆32 ≈ 0. MARK

• When ∆e ≈ ∆32, the θ13 contribution is enhanced due to the factor

(∆e − ∆32)
−2. The analytical approximation is expected to fail in this

region since even the higher order terms in θ13 may become significant.

• The analytic expressions are not expected to be valid for large L/E

where ∆21 would become O(λ) and higher order terms in ∆21 would also

contribute to the probability in Eqs. (2.16) and (2.17) at O(λ2).

• The probabilities given in Eqs. (2.15), (2.16) and (2.17) do not involve

∆m2
st, and have no information on whether the mainly sterile neutrino

ν4 is heavier or lighter than the other three. This is due to our ap-

proximation of averaging out the fast oscillations due to ∆m2
st. This

approximation will be more and more accurate as ∆m2
st increases.

The probabilities for the antiparticles are obtained simply by replacing ∆e,n →
−∆e,n and δij → −δij . The sterile contribution to the CP violation is therefore
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given by

Pµµ − Pµ̄µ̄ ≈ (Pµµ − Pµ̄µ̄)3ν + 4θ24θ34∆n cos δ24 sin 2∆32 , (2.18)

Pµτ − Pµ̄τ̄ ≈ (Pµτ − Pµ̄τ̄ )3ν − 4θ24θ34∆n cos δ24 sin 2∆32

− 2θ24θ34 sin δ24 sin 2∆32 . (2.19)

The CP violating contribution of sterile neutrinos to Pµµ−Pµ̄µ̄ is entirely from

the earth matter effects, whereas for Pµτ − Pµ̄τ̄ , the contribution comes from

both the earth matter effects (through the ∆n term) as well as the vacuum

mixing matrix U0 (from the sin δ24 term).

For an initial νe, the relevant neutrino flavor conversion probabilities are

Pee ≈ 1 − 4θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
− 2θ2

14 + O(λ3) , (2.20)

Peµ ≈ 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (2.21)

Peτ ≈ 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (2.22)

where we have used the approximations |∆e,n| ≪ |∆42|, and have averaged

out terms that oscillate as fast as sin ∆42. The complete expressions accurate

to O(λ2) may be found in Appendix A. Clearly, sterile neutrinos have no

effect at this order on these probabilities except on Pee, and there is no sterile

contribution to the CP violation in any of these three channels.

We demonstrate the validity (and limitations) of our analytic approximations

in Fig. 2.1, where we show Pµµ and Pµτ as a function of energy for three

baselines, 3000 km, 7000 km and 10000 km. In each panel, we show the

probabilities with θ14 = θ24 = θ34 = 0.2 rad and θ13 = 0, for ∆m2
st = 0.1 eV2

and ∆m2
st = 1 eV2: the complete 4-neutrino numerical simulation with the

Preliminary Reference Earth Model (PREM) [72] for the density of the earth,

as well as our analytical approximation that uses the average density along

the path of the neutrino and averages out the high frequency approximations.1

In order to estimate whether nonzero θ13 can mimic the signatures of sterile

mixing, we also show the probability for all the sterile mixing angles vanishing,

but θ13 = 0.2 rad.

1For a baseline of 10000 km, we only show ∆m2
st = 0.1 eV2, otherwise the oscillation

frequency would be too high.
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Figure 2.1: Probabilities Pµµ and Pµτ as functions of energy, and the
comparisons with the analytic expressions in Eqs. (2.16) and (2.17). In all
the plots, we take ∆m2

⊙ = 8 × 10−5 eV2, ∆m2
atm = 2.5 × 10−3 eV2, θ23 = 45◦,

and θ12 = 33.2◦. The magenta (dotted) curve corresponds to the situation
with no sterile contribution and vanishing θ13. The blue (red) curve with
rapid (extremely rapid) oscillations corresponds to ∆m2

st = 0.1 (1.0) eV2,
with θ14 = θ24 = θ34 = 0.2 rad and θ13 = 0. The black curve that passes
through the rapidly oscillating curves denotes the analytical approximation,
which is independent of the value of ∆m2

st since the high frequency oscillations
are averaged out. The green (dashed) curve represents the situation with
θ14 = θ24 = θ34 = 0, but θ13 = 0.2 rad.
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The following observations may be made:

• The analytical approximation agrees well with the average of the exact

numerical results for L = 3000 km and 7000 km. For L = 10000 km,

though the analytic approximation predicts the qualitative behavior of

the averaged probabilities, the exact numerical values have an error of

∼ 5%. This is due to the large L making ∆21 ∼ O(λ) in the energy

range under consideration, so that higher order terms in ∆2
21 contribute

to the probabilities in Eqs. (2.16) and (2.17).

• The dominant effect of the sterile contribution is to pull down the value

of Pµµ, which mimics the deviation of θ23 from its maximal value. Such a

mimicking is also possible through a nonzero θ13, however the effect of θi4

may be significantly larger, beyond what is possible with the current limit

on θ13. Moreover, at energies much larger than the θ13 resonance, the θ13

contribution is suppressed by the factor ∆32/(∆e−∆32) in earth matter,

whereas the sterile contribution does not undergo any suppression since

|∆n| ≪ |∆42| in the whole energy range of interest. One therefore

expects that distinguishing the sterile contribution would be easier at

high energies.

• Sterile contribution to Pµµ as well as Pµτ is larger at longer baselines,

due to the ∆n term present in the Eqs. (2.16) and (2.17), which in-

creases with increasing L. On the other hand, at low L/E values, the

sterile contribution to Pµτ is highly suppressed by the factor sin ∆32 in

Eq. (2.17).

2.3 Signatures at long baseline experiments

The analytical expressions given in Eqs. (2.15)–(2.17) indicate that at E >∼ 10

GeV where |∆e| ≫ |∆32|, the contribution of the currently unknown θ13 is

suppressed by a factor ∼ ∆32/∆e. There is no such suppression for the

sterile contribution, since |∆e,n| ≪ |∆42| for E < 50 GeV. For E ∼ 5–

10 GeV, the earth matter effects cause an enhancement through the factor

(∆e − ∆32)
−2. This energy range is therefore unsuitable for searching for a

sterile contribution to the conversion probabilities. At E < 5 GeV also, since

the contribution due to the currently unknown θ13 is at least of the same order
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as the maximum allowed sterile contribution, discriminating between θ13 and

sterile contributions to the probabilities would need data from more than one

experiment. A high energy neutrino experiment is therefore preferred.

In order to demonstrate the capability of future long baseline experiments in

distinguishing the sterile neutrino contribution to the neutrino flavor conver-

sion probabilities, we choose a typical neutrino factory setup [107], with a

50 GeV muon beam directed to a 0.5 kt “near” detector 1 km away, and

a 50 kt “far” detector 7000 km away. The detectors may be magnetized

iron calorimeters [108], which can identify the charge of the lepton produced

from the charged current interaction of the neutrino or anti-neutrino. The

number of useful muons in the storage ring is taken to be 1.066 · 1021, which

corresponds to approximately two years of running with µ− and µ+ each at

the neutrino factory, using the NuFact-II parameters in [71]. We implement

the propagation of the neutrinos through the earth using the 5-density model

of the Earth, where the density of each layer has been taken to be the average

of the densities encountered by the neutrinos along their path in that layer

with the PREM profile [72]. We take care of the detector characteristics using

the General Long Baseline Experiment Simulator (GLoBES) [73, 74]. The

cross-sections used are taken from [109, 110] and the simulation includes an

energy resolution of σE/E = 15%, an overall detection efficiency of 75% for all

charged leptons, as well as additional energy dependent post-efficiencies that

are taken care of bin-by-bin. We assume perfect lepton charge identification,

and neglect any error due to wrong sign leptons produced from the oscillations

of the antiparticles. These can be taken care of in the complete simulation of

the detector once its detailed characteristics are known.

In Fig. 2.2, we display the asymmetries

Aµ(E) ≡
N far
µ (E)

Nnear
µ (E)

−
N

far

µ (E)

N
near

µ (E)
, Aτ (E) ≡ N far

τ (E)

Nnear
µ (E)

− N
far

τ (E)

N
near

µ (E)
, (2.23)

where Nℓ (N ℓ) is the number of ℓ− (ℓ+) observed at the near or far detector.

These asymmetries roughly correspond to Aµ ≈ Pµµ−Pµ̄µ̄ and Aτ ≈ Pµτ−Pµ̄τ̄ ,
where the events observed in the near detector act as a normalizing factor, and

help in canceling out the systematic errors due to fluxes, cross sections and

efficiencies in each energy bin. Note that we do not expect any τ± at the near

detector, hence the number of events of τ± at the far detector needs to be
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normalized to the number of events of µ± at the near detector.

In the absence of any sterile neutrinos, and in the limit of vanishing θ13, the

asymmetries Aµ and Aτ vanish, as can be seen from Eqs. (2.16) and (2.17).

The θ13 contribution is indeed suppressed at high energies, as discussed above.

In the figure, we show a band corresponding to the possible signals in the

absence of any sterile neutrinos, where we vary over the allowed values of the

angles θ23, θ13, the CP phase δ13 and both the normal as well as inverted mass

ordering. For ∆m2
atm,∆m

2
⊙ and θ12 we only take the current best-fit values,

since the variation in these parameters is not expected to cause any significant

change in our results. We choose to take θ24 = θ34 and δ24 = 0 for illustration,

since from the Eqs. (2.18) and (2.19) we expect the asymmetries to be identical

in magnitude and proportional to the product θ24θ34 with vanishing δ24. Any

discrepancy between these two asymmetries would indicate a nonzero δ24, and

hence CP violation in the sterile sector. The third sterile mixing angle, θ14, is

taken to be vanishing since it is not expected to affect the relevant neutrino

conversions.

It may be observed from Fig. 2.2 that for E > 15 GeV, the sterile contri-

bution results in an deficit (excess) of the asymmetry for normal (inverted)

hierarchy in the µ channel. In the τ channel, the situation is the reverse.

This is as expected from our analytic expressions in Eqs. (2.18) and (2.19).

The asymmetry integrated over energy may therefore be expected to serve

as an efficient discriminator between the scenarios with and without sterile

neutrinos. In Fig. 2.3, we show the integrated asymmetries

Ãµ ≡
N far
µ (E > 15GeV)

Nnear
µ (E > 15GeV)

−
N

far

µ (E > 15GeV)

N
near

µ (E > 15GeV)
,

Ãτ ≡ N far
τ (E > 15GeV)

Nnear
µ (E > 15GeV)

− N
far

τ (E > 15GeV)

N
near

µ (E > 15GeV)
. (2.24)

The figure indicates that for θ24θ34 >∼ 0.005, the sterile contribution to neutrino

conversions can be discernable from the three neutrino mixing results at 3σ

C.L. in the worst case scenario. The width of the band is determined essentially

by the allowed range of θ13. If the value of θ13 is bounded further, the reach

of neutrino factories for the sterile mixing is enhanced. In addition, the actual

value of θ13 also affects the discovery potential of sterile mixing by influencing

the integrated asymmetries Ãµ, Ãτ , as shown in the figure. Note that since the
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Figure 2.2: The asymmetries Aµ(E) and Aτ (E) as functions of energy at a
neutrino factory. The band corresponds to allowed values of the asymmetries
without any sterile mixing, with θ23, θ13 and δ13 allowed to vary over all their
allowed ranges, and with both the normal (NH) and inverted (IH) hierarchies.
The plots for showing the dependence on sterile components are with θ23 =
π/4, δ24 = 0, and ∆m2

42 = 0.1 eV2. The results will not change if ∆m2
42

has higher values. No significant dependence on θ14 is expected from the
Eqs. (2.16) and (2.17), hence we use θ14 = 0. The errors shown are only
statistical.
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Ã
τ
×

1
0
8

Figure 2.3: The integrated asymmetries Ãµ and Ãτ as functions of sterile
mixing parameters at a neutrino factory. We use θ24 = θ34 and δ24 = 0. The
rest of the parameters are the same as in Fig. 2.2. The statistical errors are
smaller than the circles shown in the plots.
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asymmetries depend on the sign of ∆m2
32, sterile mixing also makes it possible

to distinguish between normal and inverted hierarchies.

If we have a 50 kt detector that can detect e−/e+ and identify their charge2,

we can use the observable

Re(E) ≡ N far
e (E)

Nnear
e (E)

(2.25)

and the integrated quantity

R̃e ≡
N far
e (E > 25GeV)

Nnear
e (E > 25GeV)

(2.26)

for detecting the sterile neutrino contribution. Note that there is no difference

between the two hierarchies, or between νe and ν̄e, as far as the expected

probabilities are concerned. From Fig. 2.4, it may be seen that for θ14 >∼ 0.06,

the sterile mixing signals can be clearly discerned at 3σ C.L. in worst case

scenario. If the bound on θ13 becomes stronger, even smaller values of θ14 may

be identified. On the other hand, an higher actual value of θ13 helps in the

identification of sterile mixing even at lower θ14 values.

The “platinum” channel Pµe at the neutrino factories is not affected by the

sterile mixing, not just to O(λ2), but even at O(λ3). Indeed, going to one

higher order in the λ-perturbation, we get

Pµe =
∆2

32 sin2(∆e − ∆32)

(∆e − ∆32)2

[
2θ2

13 + 4θ2
13(θ̃23 − θ13)

]

+2θ13∆21∆32 sin (2θ12) sin ∆32
cos (∆e − ∆32 − δ13)

(∆e − ∆32)
· sin ∆e

∆e
+ O(λ4) .

(2.27)

For getting Pµ̄ē, one just needs to replace ∆e → −∆e and δ13 → −δ13. Thus

this channel, being free of any sterile contaminations to O(λ3), is suitable for

determining the parameters in the standard three flavor analysis. Nevertheless,

the neutrino factory will be able to probe the Pµe channel upto an accuracy

of 10−4 and hence may be useful in putting bounds on the O(λ4) sterile

2Charge identification is needed in order to get rid of the error due to misidentification of
the wrong sign leptons produced due to νµ → νe or ν̄µ → ν̄e oscillations. A magnetized iron
calorimeter with thin iron strips, or a liquid Ar detector [111, 112], may serve the purpose.
If charge identification is not possible, as in a water Cherenkov detector for example, the
background due to the wrong sign lepton will have to be taken into account.
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Figure 2.4: The observables Re(E) and R̃e at a neutrino factory, where e−/e+

and their charge may be identified. The active neutrino mixing parameters
are the same as that in Fig. 2.2. The sterile mixing parameters are taken to be
θ24 = θ34 = 0 and ∆m2

42 = 0.1 eV2. Any increase in ∆m2
42, or nonzero value of

θ24/θ34 are not expected to have any significant effect on this observable. The
result is insensitive to sgn(∆m2

32).
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contributions.

2.4 Generalization to any number of sterile

neutrinos

If the LSND results [6] are taken to be valid, a single sterile neutrino is not

enough to describe all the data from short baseline experiments. However, two

or more sterile neutrinos with ∆m2
j1 ∼ 1 eV (j > 3) and |UejUµj | ∼ O(0.01–

0.1) are consistent with all data [18]. Some avenues for probing the mixing

parameters and distinguishing between different mass orderings in such a case

have already been suggested [84, 113, 114]. It is therefore desirable to extend

our formalism to more sterile neutrinos.

The analytical treatment in Sec. 2.2 for the case of one sterile neutrino may

be generalized easily to any arbitrary number n of sterile neutrinos. The

(3 + n) × (3 + n) mixing matrix U3+n may be written in the block form as

U3+n ≡
(

[UAA]3×3 [UAS]3×n

[USA]n×3 [USS ]n×n

)

≡ W · V ≡
(

[WAA]3×3 [WAS]3×n

[W SA]n×3 [W SS]n×n

)(
[V AA]3×3 [ 0 ]3×n

[ 0 ]n×3 [V SS]n×n

)
,

(2.28)

where V AA ≡ U23(θ23, 0) U13(θ13, δ13) U12(θ12, 0) is the standard mixing matrix

for three active neutrino flavors, and V SS is the matrix that mixes the n sterile

neutrinos among themselves. Since the assignment of “flavor” eigenstates to

the sterile species is arbitrary, we choose the basis such that the flavor and mass

eigenstates of the sterile neutrinos coincide in the absence of any active-sterile

mixing, i.e. V SS = In×n. The matrix W parameterizes the mixing between

active and sterile states, and in general may be represented by a product of

matrices Uij(θij, δij) as defined in Eq. (2.3), with i ≤ 3 and j > 3.

In addition, we assume that all the active-sterile mixing is small, which is

borne out by the recent 3+2 neutrino fit to LSND, MiniBooNE as well as the
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short baseline disappearance data [18]. This allows us to write

WAS ≡




[W eS]1×n

[W µS]1×n

[W τS]1×n


 ≡ λ




[XeS]1×n

[XµS]1×n

[XτS]1×n


 ≡ λXAS . (2.29)

If terms of O(λ3) and smaller are neglected, the unitary matrix W may be

written in its most general form as

W =




[
I − λ2X

AS(XAS)†

2

]
3×3

[
λXAS

]
3×n[

−λ(XAS)†
]
n×3

[
I − λ2 (XAS)†XAS

2

]

n×n


+ O(λ3) . (2.30)

The net leptonic mixing matrix U3+n in Eq. (2.28) can then be written as

U3+n =





[(
I − WAS(WAS)†

2

)
V AA

]

3×3

[
WAS

]
3×n[

−(WAS)†V AA
]
n×3

[
I − (WAS)†WAS

2

]
n×n



+ O(λ3) .

(2.31)

For the active mixing angles in V AA, we use the same λ-expansion as in

Eq. (2.7), i.e. θ13 ≡ χ13λ and θ23 ≡ π/4 + θ̃23 ≡ π/4 + χ23λ. We also treat

∆m2
21/∆m

2
32 to be a small quantity, and denote it formally by ∆m2

21/∆m
2
32 ≡

ηλ2, as in Eq. (2.8). The quantities η, χij as well as all the elements of XAS

are taken to be O(1) parameters.

Following the same systematic expansion procedure delineated in Sec. 2.2 in

the case of one sterile neutrino, we obtain the neutrino flavor conversion (or

survival) probabilities for an initial νµ beam to be

Pµe ≈ 2θ2
13∆

2
32

sin2(∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (2.32)

Pµµ ≈ cos2 ∆32 + 4θ̃2
23 sin2 ∆32 − ∆21 sin2 θ12 sin 2∆32 +

θ2
13∆32

(∆e − ∆32)2
×

{
−2∆32 cos ∆32 sin ∆e sin(∆e − ∆32) + ∆e(∆e − ∆32) sin 2∆32

}

−2[W µS(W µS)†] cos2 ∆32 + 2Re[W τS(W µS)†]∆n sin 2∆32 + O(λ3) ,

(2.33)
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Pµτ ≈ sin2 ∆32 − 4θ̃2
23 sin2 ∆32 + ∆21 sin2 θ12 sin 2∆32 +

θ2
13∆32

(∆e − ∆32)2
×

{
2∆32 sin ∆32 cos ∆e sin (∆e − ∆32) − ∆e(∆e − ∆32) sin 2∆32

}

−
(
[W µS(W µS)†] + [W τS(W τS)†]

)
sin2 ∆32

−2Re[W τS(W µS)†]∆n sin 2∆32 − Im[W τS(W µS)†] sin 2∆32 + O(λ3) .

(2.34)

Here we have assumed |∆m2
32|, |Ae,n| ≪ |∆m2

42|, and have averaged out the os-

cillating terms of the form cos(∆m2
42L/E), as before. The sterile contribution

to the CP violation in these channels is then

Pµµ − Pµ̄µ̄ ≈ (Pµµ − Pµ̄µ̄)3ν + 4Re[W τS(W µS)†]∆n sin 2∆32 , (2.35)

Pµτ − Pµ̄τ̄ ≈ (Pµτ − Pµ̄τ̄ )3ν − 4Re[W τS(W µS)†]∆n sin 2∆32

− 2Im[W τS(W µS)†] sin 2∆32 . (2.36)

For an initial νe beam, the corresponding flavor conversion probabilities are

Pee ≈ 1 − 4θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
− 2[W eS(W eS)†] + O(λ3) , (2.37)

Peµ ≈ 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (2.38)

Peτ ≈ 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) . (2.39)

The mixing matrix U3+n in Eq. (2.31) reduces to the 4 × 4 mixing matrix U4

given in Eq. (2.2) in the case of one sterile neutrino simply by taking n = 1

and using the substitution

W eS → θ14e
−iδ14 , W µS → θ24e

−iδ24 , W τS → θ34 . (2.40)

As a result, the bounds obtained on θ14, θ24, θ34 and δ24 in the 4-neutrino anal-

ysis can be directly translated to bounds on the combinations [W eS(W eS)†],

[W µS(W µS)†], [W τS(W τS)†] and the real and imaginary parts of [W τS(W µS)†].

Note that the expressions in Eqs. (2.15)–(2.22) obtained in the special case

of only one sterile neutrino can be obtained from the general expressions

in Eqs. (2.32)–(2.39) simply with the substitutions (2.40). Specifically, the

bounds obtained on θ24θ34 in Sec. 2.3 using the observables Ãµ, Ãτ are simply
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bounds on Re[W τS(W µS)†]. Similarly, the bound obtained on θ14 through R̃e

is simply the bound on [W eS(W eS)†]1/2.

The above argument also implies that, at least in the region of validity of

our analytic approximations, the only combinations of active-sterile mixing

parameters that may be bounded by data are the four quantities [W eS(W eS)†],

[W µS(W µS)†], [W τS(W τS)†] and [W τS(W µS)†], irrespective of the number of

sterile species. For example, in the 3+2 scenario, the mixing matrix U ≡ U5

may written as

U5 = U45(θ45, δ45) · U35(θ35, δ35) · U25(θ25, δ25) · U15(θ15, δ15) · U34(θ34, δ34) ·
U24(θ24, δ24) · U14(θ14, δ14) · U23(θ23, δ23) · U13(θ13, δ13) · U12(θ12, δ12) ,

(2.41)

where θ45 = 0, and θij ∼ O(λ) for j > 3. One may, in addition, choose some of

the phases δij to be vanishing by proper redefinitions of leptonic phases. With

the mixing matrix U5 in Eq. (2.41), the substitution




W eS

W µS

W τS


 =




θ14e
−iδ14 θ15e

−iδ15

θ24e
−iδ24 θ25e

−iδ25

θ34e
−iδ34 θ35e

−iδ35


 (2.42)

would give the relevant combinations of the sterile mixing parameters:

[W eS(W eS)†] = θ2
14 + θ2

15 ,

[W µS(W µS)†] = θ2
24 + θ2

25 ,

[W τS(W τS)†] = θ2
34 + θ2

35 ,

[W τS(W µS)†] = θ24θ34e
i(δ24−δ34) + θ25θ35e

i(δ25−δ35) . (2.43)

The expected bounds obtained in Sec. 2.3 then would correspond to

θ24θ34 cos(δ24 − δ34) + θ25θ35 cos(δ25 − δ35) < 0.005 ,
√
θ2
14 + θ2

15 < 0.06 .

(2.44)

at 3σ C.L. if the neutrino factory set up, like what we have stated above,

cannot see any sterile neutrino signature in the observables Ãµ, Ãτ or R̃e.

These bounds will act as a stringent test of the scenario with multiple sterile

neutrinos [18].
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2.5 Summary

Heavy sterile neutrinos may play an important role in astrophysics and cos-

mology, for example in r-process nucleosynthesis or as dark matter. Neutrino

oscillation experiments, mainly the short baseline ones, have already put severe

constraints on the extent of mixing of these sterile neutrinos with the active

ones. If the LSND results are taken to be valid, at least two sterile neutrinos

are in fact needed to describe all data.

Our aim in this chapter has been to check whether the sterile neutrinos so

constrained can still give rise to observable signals at future experiments, and

whether these signals can be cleanly identified in spite of our current lack

of knowledge of all parameters in the mixing of three active neutrinos. This

would lead to an estimation of bounds on the sterile mixing parameters that

can be obtained with neutrino oscillation experiments.

The number of neutrino mixing parameters increase quadratically with the

number of neutrinos, and only certain combinations are expected to be relevant

for the observed neutrino flavor conversions. In order to identify these combi-

nations in an analytically tractable manner, we have exploited the smallness of

certain parameters to carry out a systematic expansion in an arbitrarily defined

small parameter, λ ≡ 0.2. The small quantities θ14, θ24, θ34, θ13, θ23 − π/4, and

∆m2
⊙/∆m

2
atm have been formally written as powers of λ times O(1) numbers,

and neutrino conversion probabilities correct to O(λ2) have been obtained

using techniques of Rayleigh-Schrödinger perturbation theory. We have also

neglected terms proportional to ∆m2
atm/∆m

2
42, and averaged away the fast

oscillating terms like cos(∆m2
42L/E) since |∆m2

42L/E| ≫ 1 in typical long

baseline experiments.

It has been observed that the conversion probabilities Pµe, Peµ or Peτ get no

sterile contribution to O(λ2). For Pµµ and Pµτ , sterile mixing gives contribu-

tions proportional to θ2
24 and (θ2

24 + θ2
34) respectively. In addition, there is a

CP violating contribution proportional to θ24θ34 to both these quantities. The

survival probability Pee gets modified simply by a term proportional to θ2
14.

There is no dependence on the mass of the sterile neutrino, since oscillations

containing ∆m2
42 have been averaged out. It has been observed that as long

as the neutrinos do not pass through the core of the earth, the probabilities

obtained through our analytic approximations match the exact numerical ones
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rather well. Note that the sterile contribution to the conversion probabilities

at long baseline experiments appears at O(λ2), which is at a lower order than

the appearance of CP violation in the active sector or the sterile contribution

to short baseline appearance experiments.

Whereas the contribution due to the currently unknown θ13 decreases at high

energies due to the earth matter effects, the sterile contribution stays almost

constant, and therefore the energy range E = 10–50 GeV is suitable for dis-

tinguishing the sterile “signal” above the θ13 “background”. The CP violating

part of the sterile contribution builds up with increasing L, and hence longer

baselines are preferable. This naturally leads to the consideration of neutrino

factories with Eµ = 50 GeV and baseline of a few thousand km as the desirable

setup, with lepton charge identification capability and a near detector for

calibration purposes.

For illustration we have taken the far detector to be near the magic baseline

of ≈ 7000 km, and choose three observables, Ãµ and Ãτ that correspond to

the CP asymmetries in the µ and τ channels respectively, and R̃e, which

corresponds to the disappearance in the electron channel. The background

in these channels is obtained by varying over the unknown values of θ13, θ23

and the CP phase δ13. It has been observed that the signal rises above

this background for Ãµ and Ãτ when θ24θ34 >∼ 0.005 (3σ), and for R̃e when

θ14 >∼ 0.06 rad (3σ). The range of θi4 probed is limited mainly by the unknown

value of θ13. The limit on θ13 may be brought down by a factor of two or more

at the reactor experiments like Double CHOOZ [115] or Daya Bay [116], and

indeed at the neutrino factories themselves [117]. The values of θi4 that can

be probed then decrease by approximately the same factor.

Note that we have only chosen to analyze a few specific observables whose

dependence on the sterile mixing is analytically transparent. A complete

analysis that fits for all the parameters simultaneously may give rise to more

stringent constraints. The long baseline experiments thus have the capability

of tightening the limits on the sterile mixing angles by almost an order of

magnitude over the current ones, or identify sterile neutrinos if their mixing is

indeed above such a value. Note that if the sterile mixing is identified through

Ãµ or Ãτ , the neutrino mass hierarchy – normal vs. inverted – is also identified.

In the light of the recent results that show that LSND, MiniBooNE and the

earlier null-result short baseline experiments can be consistent if the number
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of sterile neutrinos is two or more, we have also extended our formalism to

include any number of sterile neutrinos. The number of distinct combinations

of sterile mixing parameters remains the same, irrespective of the number of

sterile neutrinos. We have given explicit expressions for such combinations,

and the neutrino conversion probabilities in terms of them. The limits obtained

on θi4 through the 4-ν analysis can easily be translated to the corresponding

combinations of these parameters in the general case. Indeed, the bounds on

the sterile mixing parameters obtained from the measurements described in

this chapter would act as stringent tests of the scenarios with multiple sterile

neutrinos.
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Type-III seesaw: RG evolution

of neutrino masses and mixing

In this chapter, we consider the renormalization group evolution of the neutrino

masses and the mixing parameters in the framework of the standard model

(SM) of particle physics, extended by the addition of fermionic triplets to

give rise to the small active neutrino masses through the Type-III seesaw

mechanism.

3.1 Introduction

The very fact that the three active neutrinos have tiny masses requires ex-

tension of the standard model (SM) of particle physics. The most favored

mechanisms to generate such small neutrino masses are the so called seesaw

mechanisms which need the introduction of one or more heavy fields, while

maintaining the SU(3)C×SU(2)L×U(1)Y gauge group structure of the SM. As

discussed in Chapter 1, there can be three types of seesaws if one demands

that the low energy small neutrino masses are generated by addition of only

one kind of heavy field at the high scale. These are known as Type-I, Type-II

and Type-III seesaw. Amongst them, Type-I and Type-III require additional

fermionic fields. Type-I is already discussed in Chapter 1 in detail. Type-II

requires addition of extra Higgs fields. Type-III seesaw mechanism is mediated

by heavy fermion triplets transforming in the adjoint representation of SU(2)L

and has been considered earlier in [82, 93]. Very recently there has been a
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renewed interest in these type of models. The smallness of neutrino masses

usually implies the mass of the heavy particle to be high ∼ 1011−15 GeV, as

shown in Chapter 1. However, it is also possible that one or more of the

triplets have masses near the TeV scale, making it possible to search for their

signatures at the LHC [118, 119, 120, 121, 122]. In such models, the Yukawa

couplings need to be small to suppress the neutrino mass, if no fine tuning of

of the parameters is assumed. Lepton flavor violating decays in the context of

Type-III seesaw models have also been considered in [123]. Recently it has also

been suggested that the neutral member of the triplet can serve as the dark

matter and can be instrumental in generating small neutrino mass radiatively

[124].

Fermions in the adjoint representation fit naturally into the 24-dimensional

representation of SU(5), and can rectify the two main problems encountered

in SU(5) Grand Unified Theory (GUT) models, viz. generation of neutrino

masses and gauge coupling unification [118, 119, 125, 126, 127]. The latter

requirement constrains the fermionic triplets to be of mass below TeV for

MGUT ∼ 1016 GeV, making the model testable at the LHC. Leptogenesis

mediated by triplet fermions has been explored in [128, 129, 130]. MSSM

extended by triplet fermions has recently been considered in [131].

In this chapter we consider the RG evolution of neutrino masses and mixing

parameters in the Type-III seesaw scenario with nondegenerate heavy fermion

triplets, when the low energy effective theory is the SM. We evaluate the

contributions of these fermion triplets to the wavefunction, mass and coupling

constant renormalization of the SM fields and of the triplet fields themselves.

We obtain the β-functions for RG evolution of the Yukawa couplings, the Higgs

self-coupling, the Majorana mass matrix of the fermion triplets, the gauge

couplings, and the low energy effective vertex obtained by integrating out the

heavy triplets, including the extra contribution due to the additional triplets

still coupled to the theory. We obtain analytic expressions for the running of

the masses, mixing angles and phases in a basis where all the quantities are

well-defined at every point in the parameter space including θ13 = 0. We also

solve the RG equations numerically and present some illustrative examples of

running of masses and mixing angles.
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3.2 The Type-III seesaw model

3.2.1 The Lagrangian

In the Type-III seesaw, there are right handed fermionic triplet ΣR added to

the SM at the high scale which is singlet under U(1)Y to meet the requirement

that the theory must be anomaly free, while transform as a triplet in the adjoint

representation of SU(2)L. In the basis of the Pauli matrices {σ1, σ2, σ3}, this

triplet can be represented as

ΣR =

(
Σ0
R/

√
2 Σ+

R

Σ−
R −Σ0

R/
√

2

)
≡ Σi

Rσ
i

√
2

, (3.1)

where Σ±
R = (Σ1

R ∓ iΣ2
R)
√

2. For the sake of simplicity of further calculations,

we combine ΣR with its CP conjugate ΣC
R to construct

Σ ≡ ΣR + ΣC
R . (3.2)

Clearly, Σ also transforms in the adjoint representation of SU(2)L. Note that

though formally Σ = ΣC , the individual elements of Σ are not all Majorana

particles. While the diagonal elements of Σ are indeed Majorana spinors which

represent the neutral component of Σ, the off-diagonal elements are charged

Dirac spinors.

Introduction of this triplet field will introduce new terms in the Lagrangian.

The net Lagrangian is

L = LSM + LΣ , (3.3)

where

LΣ = LΣ,kin + LΣ,mass + LΣ,Y ukawa . (3.4)

Here,

LΣ,kin = Tr[ΣiD/Σ] , (3.5)

LΣ,mass = −1

2
Tr[ΣMΣΣ] , (3.6)

LΣ,Y ukawa = −lL
√

2Y †
ΣΣφ̃− φT εTΣ

√
2YΣlL , (3.7)
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where

ε =

(
0 1

−1 0

)
(3.8)

is the completely anti-symmetric tensor in the SU(2)L space. Here we have

not written the generation indices explicitly. MΣ is the Majorana mass matrix

of the heavy fermion triplets and YΣ is the Yukawa coupling. The SM fields

lL, φ and φ̃ are SU(2)L doublets and can be written as

lL =

(
νL

e−L

)

Y=−1

, φ =

(
φ+

φ0

)

Y=1

, φ̃ = εφ∗ =

(
φ0∗

−φ−

)

Y=−1

. (3.9)

Each member of the SU(2)L doublet lL is a 4-component Dirac spinor. Since

the fermion triplet Σ is in the adjoint representation of SU(2)L, the covariant

derivative of Σ is defined as

DµΣ = ∂µΣ + ig2[Wµ,Σ] , (3.10)

where g2 is the SU(2)L gauge coupling.

All the Feynman diagrams for the new vertices involving the triplet fermionic

field Σ as well as those involving the SM particles are given in the Appendix B.

3.2.2 The seesaw

The new term LΣ in the Lagrangian, as shown in Eq. (3.4), can be expanded

as [123]

LΣ =
(
Ψi∂/Ψ + Σ0

Ri∂/Σ
0
R + h.c.

)

+g2

(
W+
µ Σ0

Rγ
µPRΨ +W+

µ Σ0C
R γµPLΨ + h.c.

)
− g2W

3
µΨγµΨ

−ΨMΣΨ −
(

1

2
Σ0
RMΣΣ0C

R + h.c.

)

−
(
φ0Σ0

RYΣνL +
√

2φ0ΨYΣlL + φ+Σ0
RYΣlL −

√
2φ+νCL Y

T
Σ Ψ + h.c.

)
,

(3.11)
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where we have defined the four component Dirac spinor

Ψ ≡ Σ+C
R + Σ−

R , (3.12)

for our convenience, while the neutral component of ΣR is still in the two

component notation. In Eq. (3.11), the first two lines come from LΣ,kin, the

third line corresponds to the Majorana mass term in LΣ,mass and the terms in

the last line corresponds to the Yukawa coupling terms in LΣ,Y ukawa, as given

in Eqs. (3.5)–(3.7). After the electroweak symmetry breaking, the mass matrix

for the neutral fields become

L ∋ −1

2

(
νCL Σ0

R

)( 0 mDmT
D MΣ

)(
νL

Σ0C
R

)
+ h.c. , (3.13)

where mD = (v/
√

2)Y T
Σ is the Dirac mass matrix of the neutral fields. Thus

the mass matrix in Eq. (3.13) looks the same as that obtained in Eq. (1.8)

and hence for large MΣ, diagonalization of the mass matrix will produce light

active neutrino states via seesaw mechanism,mν = −mDM−1
Σ mT

D , (3.14)

as obtained in the Section 1.2.1. The seesaw achieved here with the help

of the neutral component of the fermionic triplet is known as the Type-

III seesaw mechanism. Eq. (3.13) also implies that there will be a mixing

between the light and the heavy neutral states, however the mixing angle will

be O(mD/MΣ) and hence very small for large MΣ.

3.2.3 Corrections to the charged lepton mass

Since the heavy fermion triplets added to the SM at the high scale have charged

components also, they will modify the masses of the charged leptons belonging

to the SM, in addition to the generation of the small active neutrino masses.

With the addition of the triplet fields, the mass term of the charged lepton
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sector becomes

L ∋ −
(
lR ΨR

)( mL 0√
2mT

D MΣ

)(
lL

ΨL

)

−
(
lL ΨL

)( mL

√
2m∗

D

0 MΣ

)(
lR

ΨR

)

= −
(
lR ΨR

)
Mc

(
lL

ΨL

)
−
(
lL ΨL

)
M†

c

(
lR

ΨR

)
, (3.15)

where mL is the Dirac mass matrix of the SM charged leptons and

Mc ≡
( mL 0√

2mT
D MΣ

)
(3.16)

denotes the complete mass matrix for the charged leptons after electroweak

symmetry breaking. Eq. (3.16) shows that the inclusion of the charged fermions

as components of the heavy triplets does not change the masses of the charged

leptons of the SM. However, there will be mixing between the states lL-ΨL

and lR-ΨR, but the mixing angle is small in the mD,mL ≪MΣ limit.

3.2.4 The effective vertex

In the low energy limit of the extended standard model, we have an effective

theory which will be described by the SM Lagrangian with the additional

operators obtained by integrating out the heavy fermion triplets added to it.

The lowest dimensional one of such operators is the dimension-5 operator [31]

Lκ = κfg

(
lCL
f
σiεφ

) (
φTσiεlgL

)
+ h.c., (3.17)

= −κfg
(
lCL
f

cφal
g
Lbφd

) 1

2
(εacεbd + εabεcd) + h.c. , (3.18)

where κ is a symmetric complex matrix with mass dimension (−1). Generation

indices f, g ∈ {1, 2, 3} are shown explicitly and a, b, c, d ∈ {1, 2} are the SU(2)L

indices. In writing Eq. (3.18) we have used

(σi)ab(σ
i)cd = 2δadδbc − δabδcd

⇒ (σiε)ba(σ
iε)dc = 2εdaεbc − εbaεdc (3.19)
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φd

φal
g
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κ +
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φd
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l
f
Lc

l
g
Lb

Σ

(b)

φd

φa

l
f
Lc

l
g
Lb

≡ Σ

Figure 3.1: The effective vertex κ at an energy µ ≪ M1, after all the
heavy fermions have been decoupled from the theory. f, g ∈ {1, 2, 3} are the
generation indices. The SU(2)L and generation indices for Σ are not shown
explicitly since they are summed over.

and utilizing the φd ↔ φa symmetry, we can write

2εdaεbc − εbaεdc =
1

2
(εabεdc + εdbεac) . (3.20)

The relevant diagrams in the complete theory giving rise to the effective

operators in the low energy limit are shown in Fig 3.1. The “shaded box”

on the left hand side represents the effective low energy vertex κ, while A(a)

and A(b) are the amplitudes of the diagrams labeled as (a) and (b) on the right

hand side. The amplitudes are given by

A(a) = iµǫ
(
Y T

Σ M−1
Σ YΣ

)
fg

[
(εTσi)ab(ε

Tσi)cd
]
PL , (3.21)

A(b) = iµǫ
(
Y T

Σ M−1
Σ YΣ

)
fg

[
(εTσi)db(ε

Tσi)ca
]
PL , (3.22)

with ǫ = 4 − D where D is the dimensionality that we introduce in order to

use dimensional regularization. Note that A(b) is obtained from A(a) just by

d↔ a interchange. Using Eq. (3.19) one finally gets

A(a) + A(b) = −iµǫ
(
Y T

Σ M−1
Σ YΣ

)
fg

(εabεcd + εacεbd)PL . (3.23)

This is equal to the left hand side of Fig. 3.1 with the identification

κ = 2Y T
Σ M−1

Σ YΣ . (3.24)

Equation (3.24) gives the Feynman rule for the low energy effective vertex
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κ, as shown in the Appendix B. From Eqs. (3.24) and (3.18), one gets the

neutrino mass after spontaneous symmetry breaking to bemν = −v
2

2
Y T

Σ M−1
Σ YΣ (3.25)

which is the Type-III seesaw relation. Here, v denotes the vacuum expectation

value of the Higgs field.

3.3 Radiative corrections in Type-III seesaw

3.3.1 Sequential decoupling of heavy fermions

As mentioned in Sections 3.2.2 and 3.2.4, after electroweak symmetry breaking

the light neutrino mass matrix is given bymν = −v
2

2
Y T

Σ M−1
Σ YΣ . (3.26)

In this section we would like to study the radiative corrections to the quantityR ≡ Y T
Σ M−1

Σ YΣ , (3.27)

which is the quantity of interest at different energy scales and finally gives

the light neutrino mass matrix as mν = −v2

2
R, after spontaneous symmetry

breaking.

Let us consider the most general case when there are r triplets having masses

M1 < M2 < · · · < Mr−1 < Mr. Above the heaviest mass Mr, all the r-triplets

are coupled to the theory and contribute to R as

(r+1)R =
(r+1)

Q , (3.28)

where
(r+1)

Q denotes the contribution from the r coupled triplet fields and is given

by

(r+1)

Q =
(r+1)

Y T
Σ

(r+1)M−1
Σ

(r+1)

YΣ (µ > Mr) . (3.29)

Here
(r+1)

YΣ is a [r × nF ] dimensional matrix (nF is the number of flavors, which
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is 3 in our case), given as

(r+1)

YΣ =




(yΣ)1,1 · · · (yΣ)1,nF

...
...

(yΣ)r,1 · · · (yΣ)r,nF


 . (3.30)

(r+1)MΣ is a [r × r] matrix and
(r+1)

Q as well as
(r+1)R is a [nF × nF ] dimensional matrix.

We use the super-indices just to keep track of the number of coupled fields.

Below the scale Mr, the heaviest triplet decouples from the theory. Integrating

out this degree of freedom gives rise to an effective operator
(r)

κ. The matching

condition at µ = Mr is

(r)

κij


Mr

= 2(
(r+1)

Y T
Σ )ir (Mr)

−1 (
(r+1)

YΣ)rj


Mr

, (3.31)

where no summation over ‘r’ is implied and i, j ∈ {1, 2, · · · , nF}. This con-

dition ensures the continuity of R at µ = Mr. In order to get the value of

the threshold Mr, we need to write the above matching condition in the basis

where MΣ = Diag(M1,M2, · · · ,Mr). Here it is worth mentioning that the

matching scale has to be found carefully since MΣ itself runs with the energy

scale, i.e. Mi = Mi(µ). The threshold scale Mi is therefore to be understood

as Mi(µ = Mi).

In the energy range Mr−1 < µ < Mr, R will be given as

(r)R =
1

2

(r)

κ+
(r)

Q . (3.32)

The first term in Eq. (3.32) is the contribution of the integrated out triplet

of mass Mr through the effective operator
(r)

κ. The second term represents the

contribution of the remaining (r − 1) heavy fermion triplets, which are still

coupled to the theory.
(r)MΣ is now a [(r − 1) × (r − 1)] matrix while

(r)

YΣ is a

[(r − 1) × nF ] dimensional matrix given as

YΣ →




(yΣ)1,1 · · · (yΣ)1,nF

...
...

(yΣ)r−1,1 · · · (yΣ)r−1,nF

0 · · · 0








=
(r)

YΣ ,

}
Mr integrated out .

(3.33)
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Finally
(r)MΣ and

(r)

YΣ constitute
(r)

Q, which is [nF × nF ] dimensional.

The matching condition at µ = Mr−1 is

(r−1)

κij


Mr−1

=
(r)

κij


Mr−1

+ 2(
(r)

Y T
Σ )i(r−1) (Mr−1)

−1 (
(r)

YΣ)(r−1)j


Mr−1

,(3.34)

where no summation over ‘(r − 1)’ is to be taken.

Generalizing the above sequence, we can say that if we consider the interme-

diate energy region between the (n − 1)th and the nth threshold, i.e. Mn >

µ > Mn−1, then all the heavy triplets from masses Mr down to Mn have

been decoupled. In this region the Yukawa matrix
(n)

YΣ will be [(n − 1) × nF ]

dimensional that couples the (n− 1) coupled triplets with nF flavors and will

be given as

YΣ →




(yΣ)1,1 · · · (yΣ)1,nF

...
...

(yΣ)n−1,1 · · · (yΣ)n−1,nF

0 · · · 0
...

...

0 · · · 0








=
(n)

YΣ ,





heavy triplets with

masses Mn—Mr

integrated out .

(3.35)

(n)MΣ will be [(n− 1)× (n− 1)] dimensional matrix involving the mass terms of

all the coupled triplets. In this energy range R will be

(n)R =
1

2

(n)

κ+
(n)

Q , (3.36)

with
(n)

Q ≡
(n)

Y T
Σ

(n)M−1
Σ

(n)

YΣ . (3.37)

Note that R, κ and Q are [nF × nF ] matrices. The matching condition at

µ = Mn is given by Eq. (3.34) with r replaced by (n+ 1).

At low energies µ < M1, when all the heavy triplets are decoupled, Q(µ) =
(1)

Q(µ) = 0 and
(1)R(µ) = (1/2)

(1)

κ(µ). Fig. 3.2 shows the expressions for R at

different energy scales for the case of three fermion triplets i.e. for r = 3.

When µ < M1, all the heavy triplets will get decoupled and thus only
(1)

κ

will contribute. Finally the light neutrino mass matrix mν is obtained as
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Figure 3.2: Sequential decoupling of the heavy fermion triplets and construc-
tion of R at different energy scales, for r = 3. Finally the light neutrino mass
matrix is given as mν ≡ −v2

2
R after spontaneous symmetry breaking, where

v is the vacuum expectation value of the SM Higgs.mν ≡ −v2

2
R, after the electroweak symmetry breaking.

For the sake of convenience and to be consistent with the existing literature,

we will refer to mν = −v2

2
R as the effective light neutrino mass matrix at any

energy scale, in the rest of the thesis. However, it must be understood that the

quantity ‘v’ is present only after electroweak symmetry breaking and hence,

strictly speaking, this relation is valid only in that energy regime, while R is

a well-defined quantity at all energy scales.

3.3.2 Dimensional regularization and renormalization

Now we consider the radiative corrections to the fields, masses and couplings

in our model, on the lines of that performed in [34, 75] in the context of Type-I

seesaw. The wavefunction renormalizations are defined as

ψfB =
(
Z

1
2
ψ

)
fg
ψg , (3.38)
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where ψ ∈ {lL, qL, eR, uR, dR}. We denote the renormalized quantities as X

and the corresponding bare fields as XB. For the fermion triplets

Σfi
B =

(
Z

1
2
Σ

)

fg
Σgi . (3.39)

For the doublet Higgs

φB = Z
1
2
φ φ , (3.40)

whereas

AB = Z
1
2
AA (3.41)

for the gauge bosons where A ∈ {B,W i, GA}. For the Faddeev-Popov ghosts

one has

cB = Z
1
2
c c , (3.42)

however the ghosts will not appear in the RG evolution of the relevant quan-

tities at one loop level. We introduce the abbreviation

δZX = ZX − 1 , (3.43)

where ZX denotes the renormalization constant of any of the relevant quanti-

ties X.

We will use the dimensional regularization and the minimal subtraction scheme

for renormalization. In this renormalization formalism, the counter terms

are defined such that they only cancel out the divergent parts. Thus the

renormalization constants are of the form

ZX = 1 +
∑

k≥1

δZX,k
1

ǫk
, (3.44)

where the δZX,k are independent of ǫ. In our scenario, at the one loop level,

the renormalization constants are proportional to 1/ǫ. The final results of

course will be independent of the particular regularization as well as the

renormalization scheme used for the calculations.

The diagrams contributing to the renormalization constants of different quan-

tities are all shown explicitly in Appendix C. The renormalization constants
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of different quantities are given by

δZφ = − 1

16π2

(
2T − 3

10
(3 − ξ1)g

2
1 −

3

2
(3 − ξ2)g

2
2

)1

ǫ
, (3.45)

δZlL = − 1

16π2

(
Y †
e Ye + 3

(n)

Y †
Σ

(n)

YΣ +
3

10
ξ1g

2
1 +

3

2
ξ2g

2
2

)1

ǫ
, (3.46)

δZeR
= − 1

16π2

(
2YeY

†
e +

6

5
ξ1g

2
1

)1

ǫ
, (3.47)

δZΣ = − 1

16π2

[(
2

(n)

YΣ

(n)

Y †
Σ + 4ξ2g

2
2

)
PR +

(
2(

(n)

YΣ

(n)

Y †
Σ)∗ + 4ξ2g

2
2

)
PL

]
1

ǫ
.(3.48)

where we have used the Rξ gauge, and the GUT normalization of the gauge

couplings [32].

The Yukawa couplings are renormalized as1

δZYe = − 1

16π2

(
−6

(n)

Y †
Σ

(n)

YΣ +
9

10
(2 + ξ1) g

2
1 +

3

2
ξ2g

2
2

)1

ǫ
, (3.49)

δZYΣ
= − 1

16π2

(
2Y †

e Ye −
3

10
ξ1g

2
1 −

1

2
(12 + 7ξ2) g

2
2

)1

ǫ
, (3.50)

while the Majorana neutrino mass matrix gets renormalized as

δZMΣ
= − 1

16π2
(12 + 4ξ2) g

2
2

1

ǫ
. (3.51)

The addition of the right handed fermion triplets to the SM will contribute one

extra diagram to the renormalization of the Higgs self-coupling λ, as shown in

the diagram (G1) of the Appendix C. This contribution will be2

δZλ|new = − 5i

4π2
Tr

[
(n)

Y †
Σ

(n)

YΣ

(n)

Y †
Σ

(n)

YΣ

]
(δabδcd + δacδbd)

1

ǫ
. (3.52)

1 In [65] the contributions of fermion triplets to some of the above renormalization
constants are calculated in the context of SM extended with these fields. Their conventions
of field normalizations are different and hence the results may differ upto numerical constants
in certain cases. However, their Eq. (19) for δYν , which is the same quantity as our δZYΣ

in Eq. (3.50), is missing the Y †
e Ye term. The source of this term is the diagram labeled as

(F2) in Appendix C. The extra contribution to δZY e from the fermion triplets has also not
been calculated in [65].

2 Note that Ref. [65] gives this quantity (δλ in their Eq. (20)) to be of the form Tr(Y †
Σ
YΣ).

However, the additional contribution to the Higgs quartic coupling δZλ should be of the
form Tr(Y †

Σ
YΣY †

Σ
YΣ), since it comes from the diagram (G1) in Appendix C.
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Finally for the effective vertex
(n)

κ, the renormalization constant is

δ
(n)

κ = − 1

16π2

[
2

(n)

κ
(
Y †
e Ye
)
+2
(
Y †
e Ye
)T (n)

κ−λ(n)

κ−
(

3

2
− ξ1

)
g2
1

(n)

κ−
(

3

2
− 3ξ2

)
g2
2

(n)

κ
]1
ǫ
.

(3.53)

We observe that there is no contribution from the fermion triplet Σ in the

loop, which means that δ
(n)

κ will not directly depend on the fermion triplets still

coupled to the theory. However, during RG evolution an indirect dependence

will creep in via the other couplings.

3.3.3 Calculation of the β functions

To calculate the β functions for the RG evolution of the Yukawa couplings,

Majorana mass matrix, the effective vertex κ and other relevant quantities,

we consider the relations between the bare (XB) and the corresponding renor-

malized (X) quantities given by

ZT
Σ

1
2MΣBZ

1
2
Σ = ZMΣ

MΣ , (3.54)

Z
1
2
ΣR
YΣBZ

1
2
φZ

1
2
lL

= µ
ǫ
2YΣZYΣ

, (3.55)

Z
1
2
eRYeBZ

1
2
φZ

1
2
lL

= µ
ǫ
2YeZYe , (3.56)

ZT
lL

1
2Z

1
2
φ κBZ

1
2
φZ

1
2
lL

= µǫ(κ+ δκ) , (3.57)

where ZΣR
= PRZΣ. We further use the functional differentiation method as

in [75] to find the β functions for the Yukawa couplings as

16π2βYe = Ye

(
3

2
Y †
e Ye +

15

2

(n)

Y †
Σ

(n)

YΣ + T − 9

4
g2
1 −

9

4
g2
2

)
, (3.58)

16π2βYΣ
=

(n)

YΣ

(
5

2
Y †
e Ye +

5

2

(n)

Y †
Σ

(n)

YΣ + T − 9

20
g2
1 −

33

4
g2
2

)
, (3.59)

16π2βYu = Yu

(
3

2
Y †
uYu −

3

2
Y †
d Yd + T − 17

20
g2
1 −

9

4
g2
2 − 8g2

3

)
, (3.60)

16π2βYd
= Yd

(
3

2
Y †
d Yd −

3

2
Y †
uYu + T − 1

4
g2
1 −

9

4
g2
2 − 8g2

3

)
. (3.61)

Here

T = Tr

[
Y †
e Ye + 3

(n)

Y †
Σ

(n)

YΣ + 3Y †
uYu + 3Y †

d Yd

]
, (3.62)
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Figure 3.3: The solid (red) line and the dashed (green) lines show the energy
scale variations of g1 and g3 respectively in the SM, which is unaffected in
Type-III seesaw. The dotted (blue) line gives the SM running of g2, while
dot-dashed (magenta), dot-dot-dashed (sky) and densely dotted (black) lines
show the running if there were one, two or three fermion triplets respectively.

and βX ≡ µ(dX/dµ). Note that
(n)

YΣ is given in Eq. (3.35), with (n − 1) the

number of heavy fermion triplets still coupled to the theory.

Since the fermion triplets have non-zero SU(2)L charge, they couple to the W

bosons and hence will affect the RG evolution of the gauge coupling g2 via

16π2βg2 = b2g
3
2 , (3.63)

where

b2 = −19

6
+

4(n− 1)

3
. (3.64)

Note that if the number of heavy fermion triplets is ≤ 2, the value of b2 is

always negative. On the other hand, if the number is ≥ 3, then b2 becomes

positive above the mass scale M3. Adding fermion triplets shifts the g1-g2
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intersection to higher energy scales, and the g2-g3 intersection to lower energy

scales, as can be seen from Fig. 3.3. The exact situation would depend on the

values of Mi.

The RG evolution of λ is given by

16π2βλ = 6λ2 − 3λ

(
3

5
g2
1 + 3g2

2

)
+ 3g4

2 +
3

2

(
3

5
g2
1 + g2

2

)2

+ 4λT

−8 Tr[Y †
e YeY

†
e Ye + 3Y †

uYuY
†
uYu + 3Y †

d YdY
†
d Yd] − 20 Tr[

(n)

Y †
Σ

(n)

YΣ

(n)

Y †
Σ

(n)

YΣ] .

(3.65)

As it is evident from Eq. (3.65), the last term is the new contribution to the

β-function from the heavy triplets still coupled to the theory.

The RG evolution of the Majorana mass matrix of the heavy triplet fermions

is given by

16π2βMΣ
=

[(
(n)

YΣ

(n)

Y †
Σ

)
PL +

(
(n)

YΣ

(n)

Y †
Σ

)∗

PR

]MΣ

+ MΣ

[(
(n)

YΣ

(n)

Y †
Σ

)∗

PL +

(
(n)

YΣ

(n)

Y †
Σ

)
PR

]
− 12g2

2MΣ , (3.66)

where it is always possible to separate the components of different chirality to

get the left-chiral part as

16π2βMΣ
=

(
(n)

YΣ

(n)

Y †
Σ

)MΣ +MΣ

(
(n)

YΣ

(n)

Y †
Σ

)T
− 12g2

2MΣ , (3.67)

since PL + PR = I. Thus all the β-functions are gauge-independent, as they

should be. The anomalous dimension of MΣ is

− 16π2 (0)

γMΣ
= M−1

Σ

[(
(n)

YΣ

(n)

Y †
Σ

)
PL +

(
(n)

YΣ

(n)

Y †
Σ

)∗

PR

]MΣ

+

[(
(n)

YΣ

(n)

Y †
Σ

)∗

PL +

(
(n)

YΣ

(n)

Y †
Σ

)
PR

]
− 12g2

2 . (3.68)

Similar to the left-chiral component of βMΣ
in Eq. (3.67), the left-chiral com-

ponent of
(0)

γMΣ
is

− 16π2 (0)

γMΣ
= M−1

Σ

(
(n)

YΣ

(n)

Y †
Σ

)MΣ +

(
(n)

YΣ

(n)

Y †
Σ

)∗

− 12g2
2 . (3.69)
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As seen from Eq. (3.36) and the definition of the effective neutrino mass

matrix
(n)mν ≡ −v2

2

(n)R, the RG evolution of the light neutrino mass matrix
(n)mν

is controlled by the evolutions of both
(n)

κ and
(n)

Q, which are given by

16π2βκ = ακ
(n)

κ+ P T
κ

(n)

κ +
(n)

κPκ , (3.70)

16π2βQ = αQ
(n)

Q+ P T
Q

(n)

Q+
(n)

QPQ , (3.71)

with

Pκ =
3

2

(n)

Y †
Σ

(n)

YΣ − 3

2
Y †
e Ye ; ακ = 2T + λ− 3g2

2 , (3.72)

PQ =
3

2

(n)

Y †
Σ

(n)

YΣ +
5

2
Y †
e Ye ; αQ = 2T − 9

10
g2
1 −

9

2
g2
2 . (3.73)

3.4 RG running of neutrino masses and mix-

ing angles

To derive the RG evolution for the neutrino masses and mixings we follow the

standard procedure [34, 61]. At any energy scale µ, the neutrino mass matrixmν can be diagonalized by a unitary transformation via

Uν(µ)Tmν(µ)Uν(µ) = Diag(m1(µ), m2(µ), m3(µ)) . (3.74)

In a basis where Ye is diagonal, the neutrino mixing matrix is given as

UPMNS = Uν , (3.75)

where UPMNS is the Pontecorvo-Maki-Nakagawa-Sakata neutrino mixing ma-

trix [9, 10, 11, 12]. From Eqs. (3.58) it is seen that above and between the

thresholds, off-diagonal terms will be generated in Ye even if we start with

a diagonal Ye at the high scale, due to the Y †
ΣYΣ terms. These terms will

give additional contributions to the evolution of different parameters. In the

presence of Ye with off-diagonal entries, the neutrino mixing matrix will be

given as

UPMNS = U †
eUν , (3.76)
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Ce CΣ De DΣ αe αν

µ > M3
5
2

3
2

3
2

15
2

T − 9
4
g2
1 − 9

4
g2
2 2T − 9

10
g2
1 − 9

2
g2
2

µ < M1 -3
2

0 3
2

0 T − 9
4
g2
1 − 9

4
g2
2 2T + λ− 3g2

2

Table 3.1: Coefficients of the β-functions governing the running of neutrino
masses and mixings in the energy regimes µ > M3 and µ < M1. The quantity
T is defined in Eq. (3.62).

where Ue is the unitary matrix that diagonalizes Y †
e Ye by a unitary transfor-

mation. The parametrization of UPMNS is shown in Eq. (1.1) in Chapter 1.

In this work, we consider r = 3 heavy fermion triplets, one for each generation.

Then YΣ is a 3 × 3 matrix at high scale when all the three triplets are

coupled, and is identically zero for µ < M1. The RG evolution of the neutrino

parameters is then controlled by

16π2βYe = YeF + αeYe , (3.77)

16π2βmν = P Tmν +mνP + ανmν , (3.78)

where

P = CeY
†
e Ye + CΣY

†
ΣYΣ , (3.79)

F = DeY
†
e Ye +DΣY

†
ΣYΣ . (3.80)

Eqs. (3.77) and (3.78) are essentially the same as the β-functions given in

Eqs. (3.58), (3.70) and (3.71), which we rewrite in the above form for later

discussions. For µ > M3 and µ < M1, the evolutions of Ye and mν can be

written in simple analytic forms, using Table 3.1. Note that for µ > M3 the

running of the neutrino masses will be governed by βQ and so P in Eq. (3.79)

is the same as PQ as defined in Eq. (3.73). On the other hand, for µ < M1,

we have P = Pκ as given in Eq. (3.72). P and F are 3 × 3 matrices, with the

rows and columns representing generations. We denote the elements of P and

F by Pfg and Ffg. The coefficient of Pfg and Ffg in the running of Ye andmν can be read off directly from [61], since the structure of Eqs. (3.77) and

(3.78) remain the same both in Type-I and Type-III seesaw. The values of Pfg
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and Ffg themselves will however be different because of different underlying

theories. The values of the relevant coefficients in Type-III seesaw are shown

in Table 3.1.

If we consider the running equations in the basis Pδ = {mi; θ12, θ13, θ23;φi; δ},
then both δ and δ̇ become ill-defined at θ13 = 0 [34, 35] and as a consequence,

θ̇13 also becomes ill-defined because of its δ dependence. This is only an ap-

parent singularity. One can get rid of it by imposing a particular value of cot δ

at θ13 = 0 [34, 35] or by using the basis PJ = {mi; θ12, θ23, θ
2
13;φi; JCP, J

′
CP},

where the singularity does not appear at all [57]. We will elaborate on this

issue later on in Chapter 4. Here JCP and J ′
CP are defined as

JCP ≡ 1

2
s12c12s23c23s13c

2
13 sin δ , (3.81)

J ′
CP ≡ 1

2
s12c12s23c23s13c

2
13 cos δ . (3.82)

In the limit θ13 → 0, JCP, J
′
CP → 0. From the point of view of the experi-

ments also, the Jarlskog invariant JCP is the quantity which appears in the

probability expressions for CP violation in neutrino oscillation experiments,

and is therefore directly measurable. J ′
CP is needed in order to have complete

information on δ, since JCP has no information on the sign of cos δ. We also

choose to write the RG evolution for θ2
13 instead of θ13 as is traditionally done.

This quantity turns out to have a smooth behavior at θ13 = 0. Moreover, since

θ13 ≥ 0 by convention, the complete information about θ13 lies within θ2
13. The

information about the Dirac phase will be present in JCP, J ′
CP.

The running of masses and the Majorana phases does not depend on the Dirac

phase to the lowest order in θ13. Hence the RG evolution equations do not

change with the change in basis Pδ → PJ . Running of the two large mixing

angles θ12 and θ23, as given in Table 3.2, is also the same as that in the Pδ
basis since the quantities Sij and Q±

ij , defined as

Q±
13 = |m3±m1e2iφ1 |2

∆m2
atm(1+ζ)

, Q±
23 = |m3±m2e2iφ2 |2

∆m2
atm

,Q±
12 = |m2e2iφ2±m1e2iφ1 |2

∆m2
sol

, (3.83)

S13 = m1m3 sin 2φ1

∆m2
atm(1+ζ)

, S23 = m2m3 sin 2φ2

∆m2
atm

, S12 = m1m2 sin (2φ1−2φ2)

∆m2
sol

, (3.84)

depend on the mass eigenvalues and Majorana phases only. However the

running of θ2
13, as seen from the Table 3.2, depends on the quantities Ã±

ij,
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32π2 θ̇12 32π2 θ̇23
P11 Q+

12 sin 2θ12 0
P22 −Q+

12 sin 2θ12c
2
23

(
Q+

23c
2
12 + Q+

13s
2
12

)
sin 2θ23

P33 −Q+
12 sin 2θ12s

2
23 −

(
Q+

23c
2
12 + Q+

13s
2
12

)
sin 2θ23

ReP21 2Q+
12 cos 2θ12c23

(
Q+

23 −Q+
13

)
sin 2θ12s23

ReP31 −2Q+
12 cos 2θ12s23

(
Q+

23 −Q+
13

)
sin 2θ12c23

ReP32 Q+
12 sin 2θ12 sin 2θ23 2

(
Q+

23c
2
12 + Q+

13s
2
12

)
cos 2θ23

ImP21 4S12c23 2 (S23 − S13) sin 2θ12s23

ImP31 −4S12s23 2 (S23 − S13) sin 2θ12c23
ImP32 0 4 (S23c

2
12 + S13s

2
12)

64π2 ˙
θ2
13

P11 0

P22

(
Ã+

23 − Ã+
13

)
sin 2θ12 sin 2θ23

P33 −
(
Ã+

23 − Ã+
13

)
sin 2θ12 sin 2θ23

ReP21 4
(
Ã+

13c
2
12 + Ã+

23s
2
12

)
s23

ReP31 4
(
Ã+

13c
2
12 + Ã+

23s
2
12

)
c23

ReP32 2
(
Ã+

23 − Ã+
13

)
sin 2θ12 cos 2θ23

ImP21 4
(
B̃−

13c
2
12 + B̃−

23s
2
12

)
s23

ImP31 4
(
B̃−

13c
2
12 + B̃−

23s
2
12

)
c23

ImP32 2
(
B̃−

23 − B̃−
13

)
sin 2θ12

Table 3.2: Coefficients of Pfg in the RG evolution equations of the mixing
angles θ12, θ

2
13 and θ23, in the limit θ13 → 0.

B̃±
ij defined as

Ã±
13 =

4 (m2
1 +m2

3) J
′
CP ± 8m1m3(J

′
CP cos 2φ1 + JCP sin 2φ1)

a∆m2
atm (1 + ζ)

, (3.85)

Ã±
23 =

4 (m2
2 +m2

3)J
′
CP ± 8m2m3(J

′
CP cos 2φ2 + JCP sin 2φ2)

a∆m2
atm

, (3.86)

B̃±
13 =

4 (m2
1 +m2

3) JCP ± 8m1m3(JCP cos 2φ1 − J ′
CP sin 2φ1)

a∆m2
atm (1 + ζ)

, (3.87)

B̃±
23 =

4 (m2
2 +m2

3) JCP ± 8m2m3(JCP cos 2φ2 − J ′
CP sin 2φ2)

a∆m2
atm

, (3.88)

where a ≡ s12c12s23c23. Clearly these quantities depend on JCP, J ′
CP in addition
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64π2 J̇CP/a 64π2 J̇ ′
CP/a

P11 0 0
P22 −4aG+

s 2a(G−
0 − 2G−

c )
P33 4aG−

s −2a(G−
0 − 2G−

c )
ReP21 4s23G+

s 2s23(G+
0 + 2G+

c )
ReP31 4c23G+

s 2c23(G+
0 + 2G+

c )
ReP32 −2 sin 2θ12 cos 2θ23 G−

s sin 2θ12 cos 2θ23(G−
0 − 2G−

c )
ImP21 2s23(G+

0 − 2G+
c ) 4s23G+

s

ImP31 2c23(G+
0 − 2G+

c ) 4c23G+
s

ImP32 sin 2θ12(G−
0 + 2G−

c ) −2 sin 2θ12G−
s

Table 3.3: Coefficients of Pfg in the RG evolution equations of the Jarlskog
invariant JCP, the quantity J ′

CP ≡ JCP cot δ, in the limit θ13 → 0. The
convention used here is a ≡ s12c12s23c23, and JCP ≡ (a/2)s13c

2
13 sin δ.

to the masses and Majorana phases. The coefficients for the RG evolution of

JCP and J ′
CP are presented in Table 3.3, where the quantities G±

0,c,s are given

by

G±
0 =

m2
2 +m2

3

∆m2
atm

± m2
1 +m2

3

∆m2
atm(1 + ζ)

, (3.89)

G±
s =

m1m3 sin 2φ1

∆m2
atm(1 + ζ)

± m2m3 sin 2φ2

∆m2
atm

, (3.90)

G±
c =

m1m3 cos 2φ1

∆m2
atm(1 + ζ)

± m2m3 cos 2φ2

∆m2
atm

. (3.91)

Thus all the the quantities appearing in the evolution equations (3.85) – (3.91)

have finite well-defined limits for θ13 → 0 in the PJ basis.

The expressions for the running of masses and Majorana phases are the same

as the ones obtained in [61] for the Type-I seesaw mechanism. Tables 3.4

and 3.5 show the running of the masses mi and the difference between the

Majorana phases |φ1 − φ2| respectively.

Even if one starts with diagonal Ye (i.e. Ye = Diag(ye, yµ, yτ)) at the high scale,

non-zero off-diagonal elements of Ye will be generated through Eqs. (3.77)

– (3.80) since
(n)

Y †
Σ

(n)

YΣ is not diagonal. These off-diagonal elements will give

additional contributions to the running of masses and mixing above and be-

tween the thresholds through F and αe. Since αe is flavor diagonal, it will

contribute to the running of ye, yµ and yτ , while off-diagonal components of

F will contribute additional terms in the β-functions of angles and phases, as
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16π2ṁ1/m1 16π2ṁ2/m2 16π2ṁ3/m3

αν 1 1 1
P11 2c212 2s2

12 0
P22 2s2

12c
2
23 2c212c

2
23 2s2

23

P33 2s2
12s

2
23 2c212s

2
23 2c223

ReP21 −2 sin 2θ12c23 2 sin 2θ12c23 0
ReP31 2 sin 2θ12s23 −2 sin 2θ12s23 0
ReP32 −2 sin 2θ23s

2
12 −2 sin 2θ23c

2
12 2 sin 2θ23

ImP21 0 0 0
ImP31 0 0 0
ImP32 0 0 0

Table 3.4: Coefficients of Pfg in the RG evolution equations of the neutrino
masses mi {i = 1, 2, 3}, in the limit θ13 → 0.

32π2(φ̇1 − φ̇2)
P11 −4S12 cos 2θ12
P22 4S12c

2
23 cos 2θ12

P33 4S12s
2
23 cos 2θ12

ReP21 −8S12c23 cos 2θ12 cot 2θ12
ReP31 8S12s23 cos 2θ12 cot 2θ12
ReP32 −4S12 cos 2θ12 sin 2θ23
ImP21 −4Q−

12c23 cot 2θ12
ImP31 4Q−

12s23 cot 2θ12
ImP32 0

Table 3.5: Coefficients of Pfg in the RG evolution equations of the Majorana
phase difference (φ1 − φ2), in the limit θ13 → 0.

tabulated in Table 3.6 and Table 3.7, respectively. These contributions will

just get added to the Pfg contribution for the evolution of the quantities in

Tables 3.2, 3.3, 3.5. Note that the Ffg coefficients are . O(1), whereas the Pfg

coefficients are & O(m2
i /∆m

2
atm). Since the running is significant only when

m2
i ≫ ∆m2

atm, in almost all the region of interest Pfg contributions dominate

over the Ffg contribution.

Note that the analytical expressions obtained in Eq. (3.83) onwards, and those

given in the tables, are valid only in the two extreme regions µ > M3 and

µ < M1. For the intermediate energy scales,mν will receive contributions from

both
(n)

κ and
(n)

Q. In the SM these two quantities have non-identical evolutions,

as seen from Eqs. (3.70) and (3.71), and therefore the net evolution of Ye andmν is rather complicated. We perform it numerically in the next section.
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16π2 θ̇Ue

12 16π2 θ̇2
13

Ue

16π2 θ̇Ue

23

F11 0 0 0
F22 0 0 0
F33 0 0 0

ReF21 −c23 −4s23J
′
CP/a 0

ReF31 s23 −4c23J
′
CP/a 0

ReF32 0 0 1
ImF21 0 −4s23JCP/a 0
ImF31 0 −4c23JCP/a 0
ImF32 0 0 0

Table 3.6: Coefficients of Ffg in the RG evolution equations of all the
angles (θ12, θ

2
13, θ23), in the limit θ13 → 0. The convention used here is

a ≡ s12c12s23c23, and JCP ≡ (a/2)s13c
2
13 sin δ. We neglect ye and yµ compared

to yτ , and take vanishing flavor phases.

16π2 J̇Ue

CP 16π2 J̇
′ Ue

CP 16π2 φ̇Ue

1 16π2 φ̇Ue

2

F11 0 0 0 0
F22 0 0 0 0
F33 0 0 0 0

ReF21 0 −s23a/2 0 0
ReF31 0 −c23a/2 0 0
ReF32 0 0 0 0
ImF21 −s23a/2 0 c23c12/s12 −c23s12/c12
ImF31 −c23a/2 0 −s23c12/s12 s23s12/c12
ImF32 0 0 −1/(c23s23) −1/(c23s23)

Table 3.7: Coefficients of Ffg in the RG evolution equations of JCP, J
′
CP and

the Majorana phases φi in the limit θ13 → 0. The convention used here is
a ≡ s12c12s23c23, and JCP ≡ (a/2)s13c

2
13 sin δ. We neglect ye and yµ compared

to yτ , and take vanishing flavor phases.

3.5 Illustrative examples of RG running of the

masses and mixing

In this section we numerically calculate the RG evolution of the masses and

mixing parameters within the Type-III seesaw model including the impact of

running between the thresholds. This analysis is done by imposing suitable

matching conditions (3.34) at the thresholds. For illustration, we start at µ0 =

1016 GeV and choose the basis in which Ye is diagonal, so that UPMNS = Uν .

We further choose Uν at this high scale to be the bimaximal mixing matrix
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Uν,bimax [45, 132, 133, 134, 135], i.e. θ12 = θ23 = π/4 and θ13 = 0. This scenario

is clearly inconsistent with the current data in the absence of RG evolution.

We shall check if the radiative corrections to the masses and mixing angles

can make it consistent with the data at the low scale.

If the low energy theory in the complete energy range µ < µ0 is the SM,

then θ12 decreases as the energy scale decreases, however the running is not

sufficient to achieve compatibility with the low energy data. If the low energy

theory is the MSSM, then θ12 increases with decreasing energy scale [136], so

that compatibility with the data is not possible. However, it has been shown in

[59, 137, 138] in the context of Type-I seesaw mechanism, that the inclusion of

threshold effects can make the mixing angle θ12 decrease substantially as we go

to lower energy scale and can give the correct values consistent with the Large

Mixing Angle (LMA) solution. In this section we study the evolution from

bi-maximal mixing at high scale in the context of Type-III seesaw scenario,

including the seesaw threshold effects.

We write the neutrino mass matrix asmν = U∗
ν,bimaxDiag(m1, m2, m3)U

†
ν,bimax , (3.92)

with δe = δµ = δτ = 0 at the high scale. Given the masses of the three fermion

triplets and the light neutrino masses at the high scale, one can determine a YΣ

at the high scale3 that satisfies the seesaw relation mν = −(v2/2)Y T
Σ M−1

Σ YΣ.

We then evolve the parameters using the analysis of Section 3.4.

Among the neutrino mixing angles, θ12 is expected to be the most sensitive

to RG effects. Table 3.2 shows that θ̇12 is proportional to Q+
12 and S12, which

are in turn proportional to (m2
i /∆m

2
sol) as can be seen from Eqs. (3.83) and

(3.84). For the other angles θij , the corresponding quantities Q+
ij and Sij are

proportional to (m2
i /∆m

2
atm), so the evolution of these angles is smaller. The

direction of θ12 evolution depends on the details of the Yukawa coupling matrix

and masses of the heavy fermions.

Since the values of Majorana phases at the low scale are completely unknown,

we first consider the case where φ1 = φ2 = 0. In this case the CP violation

3 The solution for YΣ need not be unique, however any one of the solutions would
suffice for the illustration. For practicality, we first choose an “trial” YΣ, calculate the
corresponding MΣ from the seesaw relation, and then apply the basis transformation that
makes MΣ diagonal and takes the “trial” YΣ to its final form.
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Figure 3.4: RG evolution of mixing angles and mass squared differences,
starting from bimaximal mixing at µ0 = 1016 GeV, for normal mass ordering
and hierarchical neutrino masses. The left panels represent the scenario where
the Majorana phases vanish at µ0. The right panel shows a representative
case of nonzero Majorana phases (φ1 = 89.0◦, φ2 = 0.4◦) at µ0. The values of
parameters at the high scale have been chosen such that the ∆m2’s and g2 at
the low scale are reproduced.

will remain zero at all energy scales. The left panels of Fig. 3.4 show the

running of mixing angles and mass squared differences for the normal mass

ordering in this scenario. It is observed that θ12 in the intermediate energy

region changes more rapidly than in the extreme regions, however this change

is in the opposite direction to what is required. As a result, bimaximal mixing

at the high scale is not compatible with the low energy data in our model

when the Majorana phases vanish. With nonzero Majorana phases, however,

it is possible to achieve compatibility with the low scale data, as can be seen

from the right panels of the figure.

The lower panels of Fig. 3.4 show the evolution of m0, the lowest mass scale,
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and the two mass squared differences. As can be observed, the running of

masses is quite substantial in Type-III seesaw, as compared to the SM, the

MSSM [35], or the Type-I seesaw [59]. Most of this running occurs in the

intermediate energy range M1 < µ < M3, where threshold effects play a

crucial role in enhancing the running. Note that the values of m0 required

to cause substantial running of mixing angles is quite small: in the case of

vanishing (non vanishing) Majorana phases, we have taken m0 = 0.04(0.01)

eV at µ = µ0. Thus, even at extremely small m0, substantial running of

neutrino parameters can be present in the Type-III seesaw.

The example of the bimaximal mixing discussed above was just for illustration.

However, it brings out certain salient features of the RG running in Type-III

seesaw scenario. The running of neutrino masses can be quite substantial here

in the intermediate energy range. Moreover, threshold effects can enhance the

extent of running of mixing angles, as well as the direction of the evolution,

similar to the Type-I seesaw scenario [59]. Majorana phases are also seen

to play an important role in determining the extent and the direction of RG

running of neutrino mixing parameters.

In Fig. 3.5, we illustrate the RG evolution of parameters when the neutrino

masses are quasi-degenerate. We have taken the parameter values at the high

scale to achieve compatibility with the low scale data, without imposing any

special symmetry. However in order to bring out certain salient features of the

RG evolution that are independent of the threshold effects. we have chosen a

small θ13 value, |φ1−φ2| ≈ π/2, and Y †
ΣYΣ to be almost diagonal in the charged

lepton basis, with hierarchical eigenvalues. These conditions ensure that P21

and P31 are small, and S12 vanishes, so that from Table 3.5, the evolution

of (φ1 − φ2) is extremely small. Thus |φ1 − φ2| is expected to stay close to

π/2 even after evolution, which is verified by the figure. Moreover, combined

with m1 ≈ m2, the choice |φ1 − φ2| ≈ π/2 makes Q+
12 extremely small, thus

restricting the θ12 evolution.

It is observed that the running of θ23 is now large, owing to m2
0/∆m

2
atm ∼

1. This makes it possible to mimic maximal mixing accidentally, even if the

mixing generated at the high scale is arbitrary. The value of θ13 also quadruples

from its high scale value. The Dirac phase, which was chosen to vanish at µ0,

is generated by the RG evolution. The running of Dirac as well as Majorana

phases is substantial between the thresholds.
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Figure 3.5: RG evolution of mixing angles, mass squared differences, and
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phases φi, the regions (0◦ − 180◦) and (180◦ − 360◦) should be identified with
each other.

The right hand bottom panel of Fig. 3.5 shows the energy evolution of mβ ≡√∑
i |Uei|2m2

i , the effective neutrino mass measured in the Tritium beta decay

experiments [17], as well as mee ≡ |
∑

i U
2
eimi|, the effective neutrino Majorana

mass in the neutrinoless double beta decay. Note that since θ13 is small, m1 ≈
m2 ≈ m0, and since |φ1 − φ2| ≈ π/2 in addition, we have mee ≈ m0 cos 2θ12.

Also in the quasi-degenerate case, the sum of neutrino masses that is restricted

by cosmology is
∑
mi ≈ 3m0. The large running of these masses suggests

that, even if the beta decay experiments were to bound mβ to ≤ 0.3 eV, or

the neutrinoless double beta decay experiments were to bound mee to ≤ 0.1

eV, or the cosmological observations were to restrict m0 at the low scale to

≤ 0.3 eV, the value of m0 generated at the high scale can still be substantially

larger.
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Chapter 3

It is thus observed that in Type-III seesaw, the RG evolution of masses, angles

as well as CP violating phases can be significant between the thresholds even

at low m0 values. The reason behind this, as well as the exact dependence

of the evolution on the mass thresholds and Majorana phases, needs to be

studied in further detail for a better understanding of the allowed neutrino

parameter space at high energies.

3.6 Summary

In this chapter we have studied the RG evolution of neutrino masses and

mixing parameters in the context of Type-III seesaw mechanism mediated

by heavy fermions Σ transforming as triplets under SU(2)L. Tree level ex-

change of such particles gives rise to an effective operator κ5lLlLφφ below

their lowest mass threshold. If one or more such triplets are present in the

model, they affect the RG evolution of wavefunctions, masses and couplings.

We compute these extra contributions using dimensional regularization and

minimal subtraction scheme. We calculate the beta functions for the Yukawa

couplings Ye, Yu, Yd and YΣ, the SU(2)L gauge coupling g2, the Higgs self-

coupling λ, the heavy fermion triplet mass matrix MΣ, and finally the light

neutrino mass matrix mν. We do our calculation in the Rξ gauge and show

the gauge invariance explicitly by demonstrating that the terms containing ξ

are not present in the β-functions.

It is found that the presence of the triplets does not give rise to any additional

diagram for the effective vertex κ. However, the presence of these fields is

felt indirectly in the running of κ through their contribution to the evolution

of the other quantities. Since the fermion triplets couple to W bosons, the

evolution of the SU(2)L gauge coupling g2 is significantly affected, with more

than two Σ triplets changing the sign of the β function for g2. This may also

have implications for the unification of gauge couplings. In turn, the masses

of the Σ’s are also affected substantially due to the coupling with g2.

We give the analytic expressions for the RG evolutions of the neutrino masses

and mixing above the highest mass threshold and below the lowest one. How-

ever, we use a basis PJ = {mi, θ12, θ23, θ
2
13, φi, JCP, J

′
CP} instead of the com-

monly used basis Pδ = {mi, θ12, θ23, θ13, φi, δ}. The advantage of PJ is that in

this basis all the evolution equations are explicitly non-singular at all points in
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the parameter space including at θ13 = 0. This specific issue will be discussed

in detail in Chapter 4.

We consider the scenario with three triplets having non-degenerate masses

and include the effect of successive decoupling of the heavy triplets at their

respective mass thresholds by imposing suitable matching conditions at each

mass scale. We present illustrative examples of running of masses and mixings

by numerical diagonalization of the effective neutrino mass matrix. Although

the running of masses and mixing angles is not very large in the SM, in our

model the running can be large due to threshold effects of the heavy triplets.

In particular we find that starting from bi-maximal mixing at high scale it

is possible to generate low scale values of masses and mixing angles for the

normal hierarchical neutrino spectrum. However, this requires non-zero values

of the Majorana phases. Indeed it is observed that the presence of threshold

effects and Majorana phases can influence the evolution of the mixing angles

significantly.

In conclusion, the work in this chapter studies threshold effects in the context

of the Type-III seesaw mechanism. It is crucial for testing the viability of

a high scale theory with low scale data. Indeed it is seen that theories that

are excluded by the data in the absence of RG running can become viable

once these effects are included. In order to determine the allowed neutrino

parameter space at the high scale, a detailed exploration of the dependence of

RG effects on various parameters is necessary. This is all the more important

in view of the onset of the precision era in neutrino physics.
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RG evolution near θ13 = 0

4.1 Introduction

The current experimental ranges for the different neutrino mixing parameters

are given in the Table 1.1 of Chapter 1, which shows that while two of the

mixing angles θ12 and θ23 are large, the third angle θ13 is small and may even

be zero. There is a whole class of models with θ13 ≈ 0 that are consistent with

data [139]. θ23 = π/4 and θ13 = 0 are allowed by the current data and their

origin has been traced to an exact µ − τ exchange symmetry in the neutrino

mass matrix [140, 141, 142, 143, 144]. Such symmetries can be realized by

models based on the discrete non-abelian symmetry groups like A4 [145, 146,

147], D4 [148, 149], S3 [150, 151, 152, 153, 154], S4 [155, 156, 157, 158]. Special

cases of an exact µ− τ symmetric matrix corresponding to a Le symmetry for

normal ordering [159], Le−Lµ−Lτ symmetry for inverted ordering [160, 161,

162, 163, 164, 165] and Lµ − Lτ symmetry for quasidegenerate neutrinos can

give θ13 = 0 [166]. Any deviation from this value would indicate breaking of

these symmetries. Models with discrete abelian symmetries can also make θ13

vanish [167]. Models involving certain texture zeroes in the neutrino Yukawa

matrix or certain scaling relations between Majorana matrix elements can also

predict zero or almost vanishing θ13 [168, 169, 170, 171, 172]. SO(10) models

with certain structures for Dirac mass matrices [173, 174, 175], or those with

a SO(3) symmetry can predict θ13 . 10−4 with a normal mass ordering [176].

Most of the symmetries in these models are obeyed at the high scale, and are

broken at the low scale by, for example, radiative corrections. If the radiative
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corrections are large enough, any trace of the original symmetry may be wiped

out. However in the context of a specific model, the compatibility between

the high scale symmetry and low scale measurements can still be verified.

This needs a careful study of the renormalization group (RG) evolution of

the neutrino mass matrix and the mixing parameters. The basic formalism for

calculating this evolution has been established in [32, 33, 34, 35, 36], as already

discussed in Chapter 3. Specific features of the evolution, like the stability of

mixing angles and masses [177, 178, 179, 180], possible occurrence of fixed

points [181, 182, 183], evolution of nearly degenerate Majorana neutrinos [45,

46, 48, 49, 50, 51, 52, 53, 184], or the generation of large mixing angles from

small angles at the high scale [38, 39, 40, 41, 42, 43, 44], have been explored.

Radiative generation of Ue3 starting from zero value at high scale has been

studied in [54, 55, 56, 185], while its effect on lepton flavor violating decays

are examined in the framework of SUSY-GUTs in [186]. Threshold effects on

masses and mixings, due to the decoupling of heavy particles involved in the

neutrino mass generation, have also been estimated [60, 61, 187, 188]. These

effects can revive [59, 137, 138] the bimaximal mixing scenario [132, 189],

which predicts θ13 = 0.

Analytical expressions for the RG evolution of the neutrino masses and mixing

parameters in the low energy effective theory have been obtained through an

expansion in the small parameter θ13 [34]. For a quantity X ∈ {mi, θij, φi},
the evolution may be written as

Ẋ = AX + O(θ13) , (4.1)

where dot represents the derivative with respect to t ≡ ln(µ/GeV)/(16π2),

with µ the relevant energy scale. Here AX is independent of θ13, but is a

function of mi, θ12, θ23, φi, δ in general. In the context of quark-lepton comple-

mentarity, approximate but transparent analytical expressions were obtained

in [136] where a further expansion in the small parameter ∆τ ∝ y2
τ (1 +

tan2 β) was employed. Here yτ is the Yukawa coupling of the tau lepton and

tan β the ratio of vacuum expectation values of the two Higgses in minimal

supersymmetric standard model (MSSM). Such an expansion was used to

constrain the allowed values of mixing angles in the context of tri-bimaximal

mixing [190, 191] and to distinguish between various symmetry-based relations

at the high scale by comparing the low scale θ13 values [192].
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A subtle but important issue arises in the evolution of the Dirac phase δ at

θ13 = 0. With the parameterization in [34], the evolution formally takes the

form

δ̇ =
Dδ

θ13
+ Aδ + O(θ13) , (4.2)

such that the derivative of δ formally diverges at vanishing θ13, indicating an

apparent singularity. This is an unphysical singularity: all the elements of the

mixing matrix UPMNS evolve continuously, and the peculiar evolution of δ is

related to the fact that δ is undefined at θ13 = 0. This argument is in fact

used in [34] to assert that Dδ identically vanishes when θ13 = 0, which leads

to a specific value of cot δ which is a function of {mi, φi} at θ13 = 0. Ref. [183]

has examined this prescription in various limits in the parameter space.

Hence it is important to study this issue of apparent singularity at θ13 = 0

carefully. While the above prescription for choosing the value of δ at θ13 → 0

works practically when one needs to start with vanishing θ13, a few conceptual

problems remain. Firstly, when θ13 = 0, the value of δ chosen should not

make a difference to the RG evolution since δ is an unphysical quantity at this

point. Secondly, it is not a priori clear whether the prescription would work

when θ13 = 0 is reached during the process of RG evolution. Indeed, getting

the required value of δ precisely when θ13 = 0 may seem like fine tuning.

The prescription in [34], though practical, does not tell us the origin of this

apparent coincidence. Here we analyze this problem in more detail, and find an

explanation in terms of the evolution of the complex quantity Ue3 = sin θ13e
−iδ

in the parameter plane Re(Ue3)–Im(Ue3).

We also evolve an alternative formalism where the singularity does not arise

at all. This is based on the observation that the set of quantities PJ ≡
{mi, θ12, θ23, θ

2
13, φi, JCP, J

′
CP}, where JCP = 1

2
s12c12s23c23s13c

2
13 sin δ is the Jarl-

skog invariant and J ′
CP = 1

2
s12c12s23c23s13c

2
13 cos δ, have the same information

as the set Pδ ≡ {mi, θ12, θ23, θ13, φi, δ}. We therefore write the evolution equa-

tions in terms of the former set and explicitly show that the complete evolution

may be studied without any reference to diverging quantities. We confirm

numerically that the evolutions with both the parameterizations indeed match

with each other and with the exact numerical one.

With the conceptual issue clarified, we numerically study the extent to which

θ13 may be generated through RG running in the class of models with θ13 = 0
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at the high scale, where the low energy effective theory is the standard model

(SM) or the minimal supersymmetric standard model (MSSM). This evolution

turns out to be extremely sensitive to the mass of the lightest neutrino m0,

the neutrino mass ordering and the Majorana phases. Another experimentally

observable quantity that depends on these parameters is the effective Majorana

mass mee which is explored by the neutrinoless double beta decay experiments.

Correlated constraints can therefore be obtained on θ13, m0 and mee, the

quantities for which only upper bounds are available currently but which may

be measured in the next generation experiments. For the case of MSSM, it

will also depend on the value of tan β.

4.2 Apparent singularity in δ-evolution at θ13 =

0 and RG evolution in the complex Ue3
plane

Analytic studies of the evolution of neutrino parameters till date have been

mostly performed with the parameter set Pδ ≡ {mi, θ12, θ23, θ13, φi, δ}. The

RG evolution equations for the mixing parameters in this Pδ basis are given

in Appendix D. As can be seen, all the evolution equations obtained are

continuous and non-singular, except the equation for the Dirac CP phase δ,

which is given by

δ̇ =
Dδ

θ13
+ Aδ + O(θ13) , (4.3)

where

Dδ =
Cy2

τ

2
sin 2θ12 sin 2θ23

m3

∆m2
31

×
[
m1 sin (2φ1 − δ) − (1 + ζ)m2 sin (2φ2 − δ) + ζm3 sin δ

]
, (4.4)

74



RG evolution near θ13 = 0

Aδ = 2Cy2
τ

[
m1m2

∆m2
⊙

s2
23 sin (2φ1 − 2φ2)

+
m1m3

∆m2
31

(
c212c

2
23 sin (2δ − 2φ1) + s2

12 cos 2θ23 sin 2φ1

)

+
m2m3

∆m2
atm

(
s2
12c

2
23 sin (2δ − 2φ2) + c212 cos 2θ23 sin 2φ2

)
]
. (4.5)

Here ζ = ∆m2
⊙/∆m

2
atm and C is a constant which depends on the underlying

effective theory in the energy regime considered. Eq. (4.3) clearly suggests that

δ̇ diverges for θ13 → 0. This problem is overcome by requiring that Dδ = 0 at

θ13 = 0, which gives the following condition on δ at θ13 = 0 [34]:

cot δ =
m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3

m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2
. (4.6)

The above prescription works for the calculation of evolution when one starts

with vanishing θ13. However on the face of it, it seems to imply that the CP

phase δ, which does not have any physical meaning at the point θ13 = 0, should

attain a particular value depending on the masses and Majorana phases, as

given in Eq. (4.6). Also, the situation when θ13 = 0 is reached during the

course of the RG evolution has not been studied so far, so it is not clear if

the prescription needs to be introduced by hand in such a case, or whether

the RG evolution equations stay valid while passing through θ13 = 0. Getting

the required value of δ precisely when θ13 = 0 would seem to need fine tuning,

unless we are able to figure out the origin of this apparent coincidence, and

show that this value of δ is a natural limit of the RG evolution.

The problem also propagates to the evolution of θ13, since it depends in turn

on δ:

θ̇13 = A13 + O(θ13) , (4.7)

A13 =
Cy2

τ

2
sin 2θ12 sin 2θ23

m3

∆m2
31

×

[m1 cos (2φ1 − δ) − (1 + ζ)m2 cos (2φ2 − δ) − ζm3 cos δ] . (4.8)

The evolution of all the other quantities, viz. θ12, θ23, mi, φi is independent of

δ upto O(θ0
13) [34], so these quantities do not concern us here.

In order to understand the nature of the apparent singularity in δ, we explore

the RG evolution of the complex quantity Ue3 = sin θ13e
−iδ. We start with
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Figure 4.1: The left panel shows the evolution in the Re(Ue3)–Im(Ue3)
parameter plane, whereas The right panel shows the corresponding evolution
in the θ13–δ̃ plane. The values of the parameters chosen at µ0 = 1012 GeV are:
tan β = 50, m0 = 0.0585 eV2, ∆m2

⊙ = 4.22 × 10−5 eV2, ∆m2
atm = 3.91 × 10−3

eV2, θ12 = 32.84◦, θ23 = 43.71◦ and θ13 = 0.014 rad. The Majorana phases
are taken to be φ1 = 58.9◦ and φ2 = 159.15◦. The Dirac CP phase is 124.0◦

for case A (violet, dash-dotted line), 128.447◦ for case B (red, solid line) and
133.0◦ for case C (green, dashed line).

three representative values of δ at the energy scale µ0 = 1012 GeV, with the

other parameters chosen such that θ13 . 10−3 at µ ≈ 109 GeV. The left panel

of Fig. 4.1 shows the evolution in the complex Ue3 plane. The right panel

shows the corresponding evolution in the θ13–δ̃ plane, with δ̃ ≡ 2π − δ. The

following observations may be made from the figures:

(a) Though all the parameter values at the high scale are very close, and

though in all cases θ13 decreases to a very small value before it starts to

increase, θ13 does not vanish during the evolution in all the cases. Indeed,

the value of δ chosen at the high scale, in order to make θ13 vanish during its

evolution, needs to be extremely fine-tuned. This is because

sin2 θ13 = [Re(Ue3)]2 + [Im(Ue3)]2 , (4.9)

so that one needs both the real and imaginary components of Ue3 to vanish

simultaneously, which needs a coincidence. Note that when both the CP

violating phases δ and φi vanish at the high scale, Im(Ue3) = 0 automatically

throughout the evolution. Then starting from a non-zero value at high scale,

θ13 can be made to vanish simply by requiring Re(Ue3) = 0 so that no fine

tuning is needed.

(b) With the definition δ̃ ≡ 2π − δ we have Ue3 ≡ s13e
iδ̃ and thus δ̃ is the
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phase of Ue3 which can be read off easily from the Re(Ue3)–Im(Ue3) plot. The

values of δ chosen at µ0 = 1012 GeV are such that δ̃ is in the third quadrant,

so Re(Ue3) < 0 and Im(Ue3) < 0 at this scale. At the end of the evolution, at

µ = 104 GeV, δ̃ returns to the third quadrant. During its evolution, δ̃ may

change its quadrant zero, one or multiple times. The value of θ13 need not

vanish completely during the RG evolution, as is represented by the scenarios

A and C. Scenario B is the one where Re(Ue3) and Im(Ue3) vanish at the same

point, and therefore θ13 passes through zero during its evolution.

(c) In scenario A, since Re(Ue3) stays negative, δ̃ simply moves from the third

quadrant to the second, and then returns to the third in a continuous manner.

In scenario C on the other hand, δ̃ has to pass through the fourth, first and

second quadrant in sequence to finally return to the third quadrant. However

its evolution is continuous, the apparent jump at the lowest θ13 values in the

right panel of Fig. 4.1 is just the identification of 0◦ and 360◦.

(d) In scenario B, δ̃ starts in the third quadrant and moves continuously to

the fourth quadrant. However it propagates to the second quadrant directly

through the origin, thus bypassing the first quadrant entirely. Its value at the

origin can be well-defined through the limit

cot δ̃0 ≡ lim
Re(Ue3),Im(Ue3)→0

Re(Ue3)
Im(Ue3)

= lim
Re(Ue3),Im(Ue3)→0

d
dt

Re(Ue3)
d
dt

Im(Ue3)
(4.10)

where we have used L’Hospital’s rule to compute the limit since both the

numerator and denominator in this ratio tend to zero at the limiting point.

Since

Re(Ue3) = sin θ13 cos δ , Im(Ue3) = − sin θ13 sin δ , (4.11)

we have

cot δ̃0 = −A13 cos δ −Dδ sin δ

A13 sin δ +Dδ cos δ
, (4.12)

and using Eqs. (4.4) and (4.8), one obtains

cot δ̃0 = −m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3

m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2
. (4.13)

Since δ = 2π − δ̃, this is equivalent to

cot δ0 =
m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3

m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2
, (4.14)
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Figure 4.2: The evolution of θ13, δ, Re(Ue3), Im(Ue3), JCP and J ′
CP as functions

of the energy scale µ, in the scenarios A (violet, dash-dotted line), B (red,
solid line) and C (green, dashed line).

which corresponds exactly to the value of cot δ in Eq. (4.6), which had been

prescribed in [34]. We have thus shown that the prescription follows directly

from the procedure of taking the limit of δ as Re(Ue3) and Im(Ue3) go to zero

simultaneously.

The net evolution of θ13 and δ as functions of the energy scale has been shown

in the top panels of Fig. 4.2. The evolution of δ clearly has a discontinuity at

θ13 = 0 in scenario B, where its value changes by π. Though the origin of this

discontinuity has now been well understood, it is important to have a clear

evolution of parameters that reflect the continuous nature of the evolution of

elements of the neutrino mixing matrix UPMNS. This can clearly be achieved

by using the parameters Re(Ue3) and Im(Ue3). However, we prefer to use the

Jarlskog invariant JCP, as defined in Eq. (3.81) in Chapter 3, which appears in

the probability expressions relevant for the neutrino oscillation experiments,

and is therefore more directly measurable than the real and imaginary parts
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of Ue3. Since JCP has information only about sin δ, we need its partner J ′
CP,

as defined already in Eq. (3.82) in Chapter 3, to keep track of the quadrant

in which δ lies. The evolutions of (JCP, J
′
CP) are very similar to those of

(Re(Ue3), Im(Ue3)), as can be seen from the bottom panels of Fig. 4.2.

4.3 RG evolution equations in terms of the

parameter set PJ

We now calculate the RG evolution of the Jarlskog invariant JCP and its

partner J ′
CP as defined in (3.82), and get to a set of evolution equations that

are nonsingular everywhere, even at θ13 = 0. The RG evolution equation for

JCP and J ′
CP are obtained as

J̇CP = AJ + O(θ13) , (4.15)

J̇ ′
CP = A′

J + O(θ13) , (4.16)

with

AJ = Cy2
τs

2
12c

2
12s

2
23c

2
23

m3

∆m2
31

[
m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2

]
, (4.17)

A′
J = Cy2

τs
2
12c

2
12s

2
23c

2
23

m3

∆m2
31

[
m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3

]
.(4.18)

We also choose to write the RG evolution for θ2
13 instead of θ13, as is tradition-

ally done. This quantity turns out to have a nonsingular behavior at θ13 = 0.

Moreover, since θ13 ≥ 0 by convention, the complete information about θ13 lies

within θ2
13. Also, the possible “sign problem”1 of θ13 is avoided. In terms of

1Usually the convention used in defining the elements of UPMNS is to take the angles θij

to lie in the first quadrant. Ue3 can then take both positive or negative values depending
on the choice of the CP phase δ. In the formulation of Eq. (4.8) the sign of A13 can be such
that θ13 can assume negative values during the course of evolution and in such situations
one will have to talk about the evolution of |θ13|. Our formulation in terms of θ2

13, as shown
in Eq. (4.19), naturally avoids this problem.

79



Chapter 4

 1e-05

 1e-04

 0.001

 0.01

 0.1

 3  4  5  6  7  8  9  10  11  12

log10 (µ/GeV)

θ 1
3

Exact
PδPJ

-0.008

-0.007

-0.006

-0.005

-0.004

-0.003

-0.002

-0.001

 0

 0.001

 0.002

 3  4  5  6  7  8  9  10  11  12

log10 (µ/GeV)

J
C

P

PδPJ

Exact

Figure 4.3: Comparison of the RG evolution of θ13 and JCP from the analytic
expressions in Pδ basis (green, dashed line) and PJ basis (blue, dotted line)
with the exact numeric one (red, solid line). The parameters chosen at the
high scale µ0 = 1012 GeV are: tanβ = 50, m0 = 0.05 eV2, ∆m2

⊙ = 0.00008
eV2, ∆m2

atm = 0.0026 eV2, θ12 = 34.5◦, θ23 = 42.5◦ and θ13 = 0.5◦. The phases
are taken to be δ = 40◦, φ1 = 25◦ and φ2 = 105◦.

the new parameters JCP and J ′
CP, the RG evolution equations for θ2

13 becomes

˙θ2
13 = Asq13 + O(θ2

13) , (4.19)

Asq13 = 8Cy2
τ

m3

∆m2
31

{
JCP [m1 sin 2φ1 − (1 + ζ)m2 sin 2φ2]

+J ′
CP [m1 cos 2φ1 − (1 + ζ)m2 cos 2φ2 − ζm3]

}
. (4.20)

Thus the evolution equations in basis PJ are all non-singular and continuous

at every point. In particular, even when δ shows a discontinuity, JCP as well

as J ′
CP change in a continuous manner.

In Fig. 4.3, we show the RG evolution of θ13 (left panel) and JCP (right panel),

as obtained from the analytic expressions in Pδ basis as well as in the PJ basis,

along with the exact numerical solution, for some chosen values of parameters.

It shows that the approximate running equations agree with each other to an

accuracy of O(θ13).

4.4 Bounds on θ13 at low scale

We now consider all the theories that predict θ13 = 0 at the high scale and

try to see the nature of running of the masses and mixing parameters with

the energy scale. For high scale we consider µ0 = 1012 GeV and implement
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the symmetry θ13 = 0 at this scale, which we also take to be the mass of

the lightest heavy particle responsible for the seesaw mechanism. We choose

this value of µ0 since it is consistent with the current neutrino mass squared

differences and seesaw mechanism with Dirac mass of the heaviest neutrino

around 1–100 GeV [193]. This scale is also desirable for successful leptogenesis

[194]. However, our results are only logarithmically sensitive to this choice and

hence our conclusions will be robust against variations of µ0. Also, this would

allow us to compare our bounds with those obtained in [191, 192] for specific

models like tri-bimaximal mixing at the high scale. The values of the other

parameters at high energy are chosen such that their low scale values are

compatible with experiments. For the absolute mass scale of neutrinos, we

take the cosmological bound of m0 . 0.5 eV [16] at the laboratory energy.

We consider the scenarios where the effective theory below µ0 is the SM or

the MSSM. We then estimate the maximum value that θ13 can gain through

radiative corrections. This can be obtained from

θ13 ≡

∫ t

t0

A13dt+ O(θ13)

 (4.21)

≈ |C|∆τ

2
sin 2θ12 sin 2θ23

m3

|∆m2
31|

×

|m1 cos (2φ1 − δ) − (1 + ζ)m2 cos (2φ2 − δ) − ζm3 cos δ|
+O(∆τθ13,∆

2
τ ) , (4.22)

where t0 ≡ ln(µ0/GeV)/(16π2), C = −3/2 for SM and C = 1 for MSSM.

Note that we can use the parameter set Pδ here since apart from the starting

point, where δ is unphysical and hence is irrelevant completely, the evolution

in terms of this set is also continuous everywhere. Moreover it is convenient

to talk about Dirac and Majorana phases while putting bounds on quantities.

In Eq. (4.22), ∆τ is defined as

∆SM
τ ≡ − 1

32π2

(
g2mτ

MW

)2

ln

(
µ0

µ

)
(4.23)

in the SM, where g2 is the SU(2)L gauge coupling, whereas mτ and MW are

the τ lepton and W boson masses respectively. In the MSSM,

∆MSSM
τ ≡ − 1

32π2

(
g2mτ

MW

)2

(1 + tan2 β) ln

(
µ0

µ

)
. (4.24)
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Numerically, one has ∆SM
τ ≈ −1.4×10−5 and ∆MSSM

τ ≈ −1.4×10−5(1+tan2 β),

where tan β can take values upto ∼ 50, and so one can treat these quantities

as small parameters. We explicitly indicate the neglected powers of these

parameters in Eq. (4.22).

In order to get the maximum θ13 value possible, for any value of the lowest

neutrino mass m0, all the coefficients of the masses mi in Eq. (4.22) should

have the same sign (which we choose to be positive) and the maximum possible

magnitude. This can be achieved with the choice

2φ1 − δ0 = 0 , |2φ2 − δ0| = π , (4.25)

which gives us

θmax
13 ≈ |C|∆τ

2
sin 2θ12 sin 2θ23

m3

|∆m2
31|
[
m1 + (1 + ζ)m2 + |ζm3 cos δ0|

]
(4.26)

≤ |C|∆τ

2
sin 2θ12 sin 2θ23

m3

|∆m2
31|
[
m1 + (1 + ζ)m2 + |ζ |m3

]
. (4.27)

The right hand side of Eq. (4.27) corresponds to choosing the phases shown

in Table 4.1 for Eq. (4.22). As seen, these phases depend only on whether

the neutrino mass ordering is normal or inverted, and not on the low energy

effective theory (SM or MSSM). However, the value itself will indeed depend

on the effective theory considered. Note that in this procedure of bounding

θ13, the actual value of δ0 did not need to be used, a considerable simplification

achieved at the expense of a small overestimation.

δ φ1 φ2

Normal ordering π π/2 0
Inverted ordering 0 0 π/2

Table 4.1: Phase choices in SM and MSSM that give the maximum radiative
correction for θ13.

To estimate θmax
13 that can be generated at the low scale, we take the optimal

values of the other quantities in their current 3σ allowed ranges [195]. We are

allowed to do this since the corrections to θ13 due to the evolutions of the other

quantities will formally be O(∆2
τ ) [136]. The quantity that may run quite a

bit is θ12, however the running is extremely small in the SM and θ12 always

increases in the MSSM, so we use the maximum allowed value of sin 2θ12 in
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Eq. (4.27) for our estimation. The values of m1, m2 and m3 depend on ∆m2
⊙,

∆m2
atm, m0 as well as the chosen mass ordering. The running of masses and

the mass squared differences are governed by the Yukawa couplings of up-type

quarks and the U(1)Y and SU(2)L gauge couplings. For SM, these evolutions

depend also on the Higgs boson self coupling, and Yukawa couplings of down-

type quarks and charged leptons. But θ13, as given in Eq. (4.27), will be

independent of these quantities to the leading order in ∆τ and thus considering

∆m2
⊙, ∆m2

atm in the current 3σ range is expected to give the correct estimate

to this order. This assumption can be seen to be valid a posteriori from the

comparison between analytic and numerical results that follow.

4.4.1 θ13 at the low scale in the SM

We first consider the case when the effective low energy theory below µ0 is

the SM. Running of the masses and mixing parameters is considered from

µ0 = 1012 GeV to the current experimental scale (∼ MZ). The scatter points

in Fig. 4.4 are obtained by keeping θ13 = 0 and varying the other two mixing

angles randomly in the range 0 to π/2, whereas the phases are varied between

0 to 2π. The masses at the high scale are varied within 0–1.0 eV, so that the

lightest neutrino mass m0 at the low scale varies between 0 and 0.5 eV. Thus

each point represents a different high energy theory with θ13 = 0 at the high

scale. The upper bound can be analytically estimated through Eq. (4.27),

which depends on the neutrino mass ordering through the phase choices made

in Table 4.1 and the value of ∆SM
τ is given in Eq. (4.23).

From Fig. 4.4 it is seen that the maximum value gained radiatively by θ13 is

rather small, being . 3×10−3 in the range 0 ≤ m0 ≤ 0.5 eV for both the mass

orderings. Hence if future experiments measure θ13 greater than this limit, all

the theories with θ13 = 0 at the high scale and SM as the low energy effective

theory will be ruled out completely 2. If the upper limit for m0 is brought

down by KATRIN [17] to m0 . 0.2 eV, even lower θ13 values will be excluded

for this class of theories. Note that for m0 of this order, the effective electron

neutrino mass measured by KATRIN will essentially be the same as m0.

2Note however that if we consider multi-Higgs doublet SM with additional discrete
symmetries to ensure θ13 = 0 at high scale, then for m0 > 0.2 eV, the value of sin2 θ13 can
be as large as 10−2 [185].
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Figure 4.4: Scatter points show the low energy θ13 as a function of the lightest
neutrino mass m0 at the low scale, for both normal (left panel) and inverted
(right panel) mass ordering. Each point represents a different high energy
theory with θ13 = 0 obtained by varying the other parameters at the high
scale randomly. The solid (black) line gives the maximum attainable θ13 for
a given m0, calculated using the analytic bound in Eq. (4.27), the current 3σ
limits of the masses and mixings at the low scale, and the phase values as
given in Table 4.1.

84

m0-th13-SM-NH.eps
m0-th13-SM-IH.eps


RG evolution near θ13 = 0

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

  10

  20

  30

  50

tan β

m0 (eV)

θ 1
3

Normal

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

  10

  20

  30

  50

tan β

m0 (eV)

θ 1
3

Inverted

Figure 4.5: Maximum θ13 obtained at the low scale as a function of the lightest
neutrino mass m0 at the low scale for tanβ = 10, 20, 30 and 50 in the normal
(left panel) and inverted (right panel) mass ordering. The plots show that
simultaneous measurement of θ13 and m0 will help in ruling out of a class of
high energy theories with θ13 = 0. However there is a strong dependence on
the upper limit of tan β.

4.4.2 θ13 at the low scale from MSSM

When MSSM is the low energy effective theory, the evolution of the neutrino

parameters is proportional to (1 + tan2 β), as is seen from Eq. (4.24), where

tan β may take values up to ∼ 50. Thus, considerably larger running of θ13 may
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be expected at large tanβ. The variation of θ13 as a function of m0 is shown

in Fig. 4.5. From the figure it can be concluded that with the current limit of

m0, the radiative correction to θ13 = 0 at the high scale can be large enough

to reach the present upper bound of θ13 at laboratory energy. However, for a

givenm0 . 0.1 eV, the maximum θ13 these theories can generate is significantly

lower for the whole tan β range. For example, if m0 happens to be 0.08 eV, the

maximum θ13 for tanβ = 50 is θ13 ∼ 0.12, i.e. sin2 2θ13 ∼ 0.056. Such a θ13

regime will be probed by the next generation neutrino oscillation experiments

like Double CHOOZ [115], Daya Bay [116], T2K [196]. Since the tritium beta

decay experiment KATRIN [17] plans to probe m0 ∼ 0.2 eV only, it may not

be enough to rule out theories with larger tanβ.

However, the neutrinoless double beta decay (0νββ) experiments will measure

the effective Majorana mass of the electron neutrino

mee =
∣∣c212c213m1e

2i(φ1−δ) + s2
12c

2
13m2e

2i(φ2−δ) + s2
13m3

∣∣ , (4.28)

The value of mee will allow us to estimate the m0 range, albeit with a large

uncertainty owing to the complete lack of knowledge of the phases δ, φ1 and φ2

currently. The present upper bound on the average neutrino mass is mee < 1.1

eV [80], whereas the proposed next generation experiments like COBRA[197],

CUORE [198], EXO[199], GERDA [200], Super-NEMO[201], MOON [202]

plan to probe mee in the range as low as 0.01 eV ≤ mee ≤ 0.1 eV. Therefore,

combined measurement of θ13 and mee may enable us to put some bound on

the theories with large tan β.

The expression for mee in (4.28) can be expanded in terms of the parameter

δ⊙ ≡ ∆m2
⊙/m

2
0, which is small in the range mee > 0.01 eV, and the small

parameter θ13, to get

mee = m0 cos 2θ12

(
1 − δ⊙

2

s2
12

cos 2θ12
− θ2

13

)
− θ2

13

√
m2

0 + ∆m2
atm

+ O(δ2
⊙, δ⊙θ

2
13, θ

3
13) (4.29)

for normal mass ordering, where the phases are chosen as given in Table 4.1.

For inverted mass ordering,

mee = cos 2θ12(1 − ǫ)

√
m2

0 + |∆m2
atm| + O(δ2

⊙, δ⊙θ
2
13, θ

3
13) , (4.30)
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Figure 4.6: Scatter points show the value of θ13 generated at the low scale as
a function of mee, for normal (left panel) and inverted (right panel) ordering.
Each point represents a different high energy theory with θ13 = 0. Different
symbols (colors) correspond to different ranges of tanβ, viz. squares (red) for
1.0 ≤ tan β ≤ 20.0, diamonds (blue) for 20.0 ≤ tan β ≤ 30.0 and circles (gray)
for 30.0 ≤ tan β ≤ 50.0. The lines show analytic estimates of θmax

13 : solid (red)
line for tanβ = 20.0, dashed (blue) line for tan β = 30.0 and dot-dashed (gray)
line for tan β = 50.0.

where

ǫ =
δ⊙
2

c212
cos 2θ12(1 + ∆)

+ θ2
13

(
1 − 1

cos 2θ12
√

1 + ∆

)
. (4.31)
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The quantity ∆ ≡ |∆m2
atm|/m2

0 is bounded from below, while for inverted

mass ordering δ⊙ is a small parameter (∼ O(10−1)) in the range mee > 0.02

eV, so that ǫ is small in this range. The analytic expressions in Eqs. (4.29)

and (4.30) are valid for mee > 0.01 eV and mee > 0.02 eV respectively. In this

domain of validity, we invert the relations (4.29) and (4.30) to obtain m0 in

terms of mee, and then use Eq. (4.27) for an analytic estimation of θmax
13 . For

the mee values outside the range of validity, one has to estimate numerically

the minimum allowed mee for a given m0 and then use Eq. (4.27) to determine

θmax
13 . These estimations are shown in Fig. 4.6 for various tanβ values. The

scattered points are the low scale predictions calculated numerically, which

show the correlated constraints in the parameter space of θ13 and mee. It may

be noted that the analytic bounds on θ13 obtained here as a function of mee

are generous overestimations, mainly due to the error in the estimation of m0

for a given mee.

Note that bounds on θ13 at the low scale generated by RG evolution have been

studied earlier in the context of specific neutrino mixing scenarios at the high

scale, like the quark-lepton complementarity or tri-bimaximal mixing [192],

or correlated generation of ∆m2
21 and θ13 [54, 55]. The bounds obtained in

this section, which are applicable not only for all the models with θ13 = 0 at

the high scale, but to all the models with θ13 = 0 anytime during their RG

evolution, subsumes the earlier analyses with specific models.

4.5 Summary

If the neutrino mixing angle θ13 is extremely small, it could point towards

some flavor symmetry in the lepton sector. There is indeed a large class of

theories of neutrino mass that predict extremely small or even vanishing θ13.

However, such predictions are normally valid at the high scale where the masses

of the heavy particle responsible for neutrino mass generation lie. Below this

scale, radiative corrections give rise to RG evolution of the neutrino mixing

parameters, which in principle can wipe out signatures of such symmetries. In

this chapter, we have explored the RG evolution of all such theories collectively.

The RG evolution with the traditional parameter set Pδ = {mi, θij , φi, δ}
involves an apparent singularity in the evolution of the Dirac phase δ when

θ13 = 0. This singularity is unphysical, since all the elements of the neutrino
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mixing matrix UPMNS are continuous at θ13 = 0, and in fact the value of δ there

should be immaterial. A practical solution to this situation has already been

proposed, which involves prescribing a specific value of cot δ when one starts

the RG evolution of a model with θ13 = 0. However, if θ13 vanishes during the

evolution, getting the required value of δ exactly at that point looks like fine

tuning. This issue is relevant to the class of models under consideration, since

θ13 is already very close to zero at the high scale.

We have explored the apparent singularity in δ by analyzing the evolution of

the complex quantity Ue3, which stays continuous throughout the RG evolu-

tion. We have found that a fine tuning is indeed required, but that is to ensure

that θ13 exactly vanishes. In general, if the CP violating Dirac and Majorana

phases take nontrivial values, one does not pass through θ13 = 0 even when

one starts with θ13 very close to zero. One needs rather finely tuned values for

the starting values of the neutrino mixing parameters, unless one introduces a

symmetry like CP conservation, which makes the Dirac and Majorana phases

vanish everywhere. Since the latter assumption is used commonly in literature,

one tends to miss the fact that getting θ13 = 0 during RG evolution is possible

only in a small region of the parameter space.

However, if the parameters happen to be tuned such that θ13 vanishes exactly,

we have shown that the limiting value of δ as θ13 → 0 is indeed the one given

by the prescription mentioned above. Moreover, we have shown that if one is

starting from θ13 = 0, one need not give any specific value to δ, which is an

undefined quantity at that point. An infinitesimally nonzero θ13 automatically

ensures the correct values of δ. We have also proposed an alternate parame-

terization using the parameter set PJ = {mi, θ12, θ23, θ
2
13, φi, JCP, J

′
CP}, where

all the parameters are well-defined everywhere and any seemingly nonsingular

behavior is avoided.

For models with exactly vanishing θ13 at the high scale, we have studied the

generation of nonzero θ13 through radiative corrections. We have considered

two scenarios, one when the low energy effective theory is the SM, and the

other where it is the MSSM. The radiatively generated θ13 values are correlated

with the absolute neutrino mass scale m0. This scale will be probed by the

future experiments on tritium beta decay, and indirectly by the neutrinoless

double beta decay experiments. If the value of m0 is indeed restricted to

the value ∼ 0.2 eV which KATRIN will probe, the maximum value of θ13
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generated can only be . 3 × 10−3 in the SM scenario. With the MSSM, the

running can be much higher for large tanβ, such that the current bound of

θ13 < 0.22 may be reached. In this scenario, we have correlated the bound

on θ13 with the effective neutrino Majorana mass mee to be measured in

the next generation neutrinoless double beta decay experiments. The whole

class of models considered in this chapter can then be ruled out from future

measurements of θ13, mee and tanβ.
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Conclusions

Heavy sterile neutrinos may play an important role in astrophysics and cos-

mology, for example in r-process nucleosynthesis or as dark matter. Neutrino

oscillation experiments, mainly the short baseline (SBL) ones, have already

put severe constraints on the extent of mixing of these sterile neutrinos with

the active ones. Recently it has been pointed out that to satisfy LSND,

MiniBooNE and the SBL appearance data simultaneously, at least two sterile

neutrinos with ∆m2 ∼ O(1) eV2 are in fact needed. At the same time, the

current experimental values of the mass squared differences of the three active

neutrinos, combined with the bound on the sum of the neutrino masses coming

from cosmology and astrophysics, indicate that neutrino masses are orders of

magnitude smaller than the masses of the quarks and the charged leptons.

In the framework of the standard model (SM) of particle physics, neutrinos

are massless at the tree level as well as at loop level. Hence one has to

extend the SM in order to explain the tiny active neutrino masses observed

experimentally. The most favored mechanisms to generate such small neutrino

masses are the seesaw mechanisms, in which small active neutrino masses are

generated at some high energy scale. But since the experimental data are

available at the laboratory energy scales, one needs to include the effects of

renormalization group (RG) evolution. Unlike the quark sector where RG

evolutions are quite small, the effect of RG evolution on the neutrino masses

and the mixing parameters are important.

In this thesis we have explored the neutrino oscillation phenomenology on two

fronts. In the first part we have checked whether the sterile neutrinos obeying
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the constraints form astrophysics, cosmology and neutrino oscillation data

can still give rise to observable signals at future long baseline experiments,

and whether these signals can be cleanly identified in spite of our current lack

of knowledge of the parameters in the mixing of three active neutrinos. We

have also estimated the bounds on the sterile neutrino parameters that can be

obtained at these experiments. In the light of the recent results that show that

LSND, MiniBooNE and the earlier null-result SBL appearance experiments

can be consistent if the number of sterile neutrinos is two or more, we have also

extended our formalism to include any number of sterile neutrinos. We have

given explicit expressions for the sterile mixing combinations to which long

baseline experiments are sensitive, and the neutrino conversion probabilities

in terms of them. The limits obtained on active-sterile mixing parameters

through the 4-ν analysis can easily be translated to the corresponding combi-

nations of these parameters in the general case. It can be seen that the bounds

on the sterile mixing parameters obtained from the measurements described

here would act as stringent tests of the scenarios with multiple sterile neutrinos.

The sterile neutrinos required to fit all the oscillation data, help r-process

nucleosynthesis or act as the warm dark matter are too light to serve as the

seesaw particles giving small active neutrino masses at the high scale. On the

other hand, if we have a heavy right-handed Majorana fermion in the high

energy renormalizable theory to generate the neutrino mass via seesaw (Type-

I or Type-III), the mixing angle with the active species will be . 3.10−5 for a

mass & 10 keV, and hence will not affect the signal at the future long baseline

experiments.

In the second part of the thesis we have considered the Type-III seesaw

scenario when heavy right-handed Majorana fermion triplets have been added

to the SM at the high energy scale, so that they produce the small active

neutrino masses through the Type-III seesaw mechanism. At energies lower

than the mass of the respective heavy fermion, the particle gets decoupled

from the theory, and contributes to the active neutrino masses through the non-

renormalizable effective operator. We have used the dimensional regularization

and the minimal subtraction (MS) scheme to compute the beta functions in the

renormalizable Rξ gauge and studied the RG evolution of the neutrino masses

and mixing parameters in the high energy renormalizable theory as well as the

low energy effective theory. We have pointed out some salient features of the

RG evolution of the neutrino masses and the mixing parameters in this model,
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and also the important role of the threshold effects and Majorana phases in

the evolution of mixing angles through illustrative examples.

Some subtle issues are present when θ13 = 0 is reached, either at the high

scale or during evolution. This is essentially because of the fact that the

Dirac CP phase δ becomes unphysical when θ13 = 0. We have analyzed this

problem for a better understanding and also presented an alternative formalism

which enables one to determine analytically the change in the neutrino masses

and mixing parameters due to RG evolution unambiguously, even when the

evolution involves the θ13 = 0 point. Finally we have considered the models

which predict θ13 = 0 at the high scale and estimated the maximum value

of θ13 that can be generated through RG evolution. We have obtained a

correlated constraint on θ13 and the lightest neutrino mass m0, for both the

mass orderings and with the SM as the low energy effective theory. It has

been seen that for both the mass orderings, θ13 . 3 × 10−3 for 0 ≤ m0 ≤ 0.5

eV, so that future measurements of θ13 and m0 may be able to rule out this

whole class of models considered here. It has also been observed that if the

low energy effective theory is the minimal supersymmetric standard model

(MSSM), the running can be much higher for large tanβ, and the current

bound of θ13 < 0.22 may be reached. In this scenario, we have correlated the

bound on θ13 with the effective neutrino Majorana mass mee to be measured

in the next generation neutrinoless double beta decay experiments. The whole

class of models considered can then be ruled out from future measurements of

θ13, mee and tan β.

In summary, we have studied some aspects of light sterile neutrinos (masses

& 0.1 eV) and fermionic triplets (masses ∼ TeV), in the light of current

experimental bounds on the neutrino masses and mixing parameters. A more

exhaustive numerical study is in progress. Such studies combined with the

precision data from future neutrino experiments and possible collider signa-

tures of new physics will guide the direction of future research and will help

in a better understanding of the fundamental interactions.

93





Appendix A

Calculation of neutrino flavor

survival/conversion probabilities

AS.1 Effective Hamiltonian to second order in

a small parameter λ

In order to calculate the neutrino conversion (survival) probabilities in the

presence of a sterile neutrino, we define an auxiliary small parameter λ ≡ 0.2,

write all the small quantities as aλn where a and n are some constants, and

then perform a formal expansion of the effective Hamiltonian in powers of λ.

This enables us to use the second order perturbation theory to get results

accurate to O(λ2).

We have defined the small quantities in the problem as

θ14 = χ14λ , θ24 = χ24λ , θ34 = χ34λ , (A.1)

θ13 = χ13λ , θ23 − π/4 = χ23λ , ∆m2
⊙/∆m

2
atm = ηλ2 . (A.2)

As argued in Sec. 2.2, we need to diagonalize the effective Hamiltonian Hv,

given in Eq. (2.11). This Hamiltonian matrix may be expanded in powers of

λ as

Hv =
∆m2

32

2E
[h0 + λh1 + λ2h2 + O(λ3)] . (A.3)
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Here, the leading term is

h0 =




an + ae cos2 θ12 ae cos θ12 sin θ12 0 0

ae cos θ12 sin θ12 an + ae sin2 θ12 0 0

0 0 an + 1 0

0 0 0 σ


 , (A.4)

where

ae,n ≡ Ae,n/∆m
2
32 ; σ ≡ ∆m2

42/∆m
2
32 ≈ ±∆m2

st/∆m
2
atm .

We take the neutrinos to be traversing through a constant matter density, so

that ae,n are constants.

The subleading term in (A.3) is

h1 =




0 0 aeχ13 cos θ12e
−iδ13 (ae + an)χ14e

−iδ14 cos θ12 − an√
2

sin θ12(χ24e
−iδ24 − χ34)

0 0 aeχ13 sin θ12e
−iδ13 (ae + an)χ14e

−iδ14 sin θ12 + an√
2

cos θ12(χ24e
−iδ24 − χ34)

. . 0 an√
2
(χ24e

−iδ24 + χ34)

. . . 0




.

(A.5)

The matrix h1 is hermitian, so we do not write its lower triangular elements

for the sake of brevity. Note that all the elements of h1 are O(1).

The expression for the matrix h2 in (A.3) is rather complicated, we just give

its ten independent elements separately here for the sake of completeness. The

diagonal elements are

h11
2 = −∆32η − [aeχ

2
13 + (ae + an)χ

2
14]cos2 θ12

−an
2

(
χ2

24 + χ2
34 − 2χ24χ34 cos δ24

)
sin2 θ12

−
√

2 (ae + an)χ14[χ34 cos δ14 − χ24 cos(−δ14 + δ24)] sin θ12 cos θ12 ,

h22
2 = −[aeχ

2
13 + (ae + an)χ

2
14]sin

2 θ12

−an
2

(χ2
24 + χ2

34 − 2χ24χ34 cos δ24) cos2 θ12

+
√

2 (ae + an)χ14[χ34 cos δ14 − χ24 cos(−δ14 + δ24)] sin θ12 cos θ12 ,

h33
2 = −an

2

(
χ2

24 + χ2
34 + 2χ24χ34 cos δ24

)
+ aeχ13

2 ,

h44
2 = an

(
χ2

24 + χ2
34

)
+ (ae + an)χ14

2 , (A.6)
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while the off-diagonal elements are

h12
2 = −[aeχ

2
13 + (ae + an)χ

2
14] sin θ12 cos θ12

+
an
2

(χ2
24 + χ2

34 − 2χ24χ34 cos δ24) sin θ12 cos θ12

+
(ae + an)√

2
χ14[χ34 cos δ14 − χ24 cos(−δ14 + δ24)] cos 2θ12

+i
(ae + an)

2
χ14[−χ34 sin δ14 − χ24 sin(−δ14 + δ24)] ,

h13
2 = −

(
χ24e

iδ24 + χ34

)

2

[√
2 (ae + an)χ14e

−iδ14 cos θ12

−an
(
χ24e

−iδ24 − χ34

)
sin θ12

]
,

h23
2 = −

(
χ24e

iδ24 + χ34

)

2

[√
2 (ae + an)χ14e

−iδ14 sin θ12

+an
(
χ24e

−iδ24 − χ34

)
cos θ12

]
,

h14
2 =

an√
2

(
χ24e

−iδ24 + χ34

) (
−χ13e

−iδ13 cos θ12 + χ23 sin θ12
)
,

h24
2 = − an√

2

(
χ24e

−iδ24 + χ34

) (
χ13e

−iδ13 sin θ12 + χ23 cos θ12
)
,

h34
2 =

an√
2
χ23

(
χ24e

−iδ24 − χ34

)
+ (ae + an)χ13χ14e

i(δ13−δ14) . (A.7)

Note that all the elements of h2 are O(1) or smaller. The dependence on ∆m2
⊙

appears only at this order, and only in the element h11
2 .

AS.2 Calculation of the flavor survival/conversion

probabilities

Using the above formal expansion of the effective Hamiltonian, one can com-

pute the eigenvalues and eigenvectors of Hv correct up to O(λ2) by using

the techniques of time independent perturbation theory. The complete set

of four normalized eigenvectors gives the unitary matrix Ũ that diagonalizes

Hv through Eq. (2.13). Using Eq. (2.12), we can then compute the unitary

matrix Um that diagonalizes Hf through Eq. (2.9). The matrix Um and the

eigenvalues of Hv (or Hf) allow us to calculate the neutrino flavor conversion
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probabilities from

Pαβ ≡ P (να → νβ) =

∣∣∣∣∣
∑

i

[Um]αi[Um]∗βi exp

[
i
(−m̃2

i )L

2E

]∣∣∣∣∣

2

, (A.8)

as given in Eq. (2.10). The complete expressions, accurate to O(λ2), are given

below.

Pµe = 2λ2χ2
13∆

2
32

sin2(∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (A.9)

Pµµ = cos2 ∆32 + 4λ2χ2
23 sin2 ∆32 − λ2η sin2 θ12∆32 sin 2∆32

+
λ2χ2

13∆32

(−∆e + ∆32)2
×

{−2∆32 cos ∆32 sin ∆e sin(∆e − ∆32) + ∆e(∆e − ∆32) sin 2∆32}
+λ2χ2

24 Q1 + λ2χ2
34 Q2 + λ2χ24χ34 cos δ24 Q3 + O(λ3) , (A.10)

Pµτ = sin2 ∆32 − 4λ2χ2
23 sin2 ∆32 + λ2η sin2 θ12∆32 sin 2∆32

+
λ2χ2

13∆32

(−∆e + ∆32)2
×

{−2∆32 cos ∆e sin ∆32 sin (∆32 − ∆e) + ∆e(−∆e + ∆32) sin 2∆32}
+λ2(χ2

24 + χ2
34) Q4 + λ2χ24χ34(cos δ24 Q5 + sin δ24 Q6) + O(λ3) ,

(A.11)

where we have invoked the shorthand

∆e ≡
AeL

4Eν
, ∆n ≡ AnL

4Eν
, ∆32 ≡

∆m2
32L

4Eν
, ∆42 ≡

∆m2
42L

4Eν
. (A.12)

and defined the quantities Qi {i = 1, 6} as

Q1 ≡ 1

4(∆n + ∆32 − ∆42)2(−∆n + ∆42)2
×

{
− (∆n(∆32 − 2∆42) + 2∆42(−∆32 + ∆42))

2 cos 2∆32

+
(
∆n∆32 − 2(∆n + ∆32)∆42 + 2∆42

2
)2

cos (2∆n − 2∆42)

+2∆2
n∆32(∆n − ∆42)(∆n + ∆32 − ∆42) sin 2∆32

−2
(
∆n∆32 − 2(∆n + ∆32)∆42 + 2∆42

2
)2

sin2(∆n + ∆32 − ∆42)
}
,

(A.13)
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Q2 ≡ ∆2
n∆32

2(∆n + ∆32 − ∆42)2(−∆n + ∆42)2
×

{
(∆n − ∆42)(∆n + ∆32 − ∆42) sin 2∆32

−2∆32 cos ∆32 sin (∆n − ∆42) sin(∆n + ∆32 − ∆42)
}
, (A.14)

Q3 ≡ ∆n (∆n(∆32 − 2∆42) + 2∆42(−∆32 + ∆42)) cos ∆32

(∆n + ∆32 − ∆42)2(−∆n + ∆42)2
×

{
2(∆n − ∆42)(∆n + ∆32 − ∆42) sin ∆32

+∆32 [− cos ∆32 + cos(2∆n + ∆32 − 2∆42)]
}
, (A.15)

Q4 ≡ 1

8(∆n + ∆32 − ∆42)2(−∆n + ∆42)2

{
4∆n(∆32 − 2∆42)(∆32 − ∆42)∆42

−4(∆32 − ∆42)
2∆2

42 − 2∆2
n(∆

2
32 − 2∆32∆42 + 2∆2

42)

+2
[
− 2∆n(∆32 − 2∆42)(∆32 − ∆42)∆42 + 2(∆32 − ∆42)

2∆2
42

+∆2
n(∆

2
32 − 2∆32∆42 + 2∆2

42)
]
cos 2∆32

+∆n∆32 sin ∆32

[
− 8∆n(∆n − ∆42)(∆n + ∆32 − ∆42) cos ∆32

−4 [∆n(∆32 − 2∆42) + 2∆42(−∆32 + ∆42)] sin (∆32 − 2∆42 + 2∆n)
]}

,

(A.16)

Q5 ≡ sin ∆32

2(∆n + ∆32 − ∆42)2(−∆n + ∆42)2
×

{
∆n[∆n(∆32 − 2∆42) + ∆42(−∆32 + ∆42)] ×

[4(∆n − ∆42)(∆n + ∆32 − ∆42) cos ∆32 + 2∆32 sin ∆32]

+2
[
− 2∆n(∆32 − 2∆42)(∆32 − ∆42)∆42 + 2(∆32 − ∆42)

2∆2
42

+∆2
n(∆

2
32 − 2∆32∆42 + 2∆2

42)
]
sin (2∆n + ∆32 − 2∆42)

}
, (A.17)

Q6 ≡ −4(∆32 − ∆42)∆42 sin (∆n − ∆42) sin ∆32 sin (∆n + ∆32 − ∆42)

(∆n + ∆32 − ∆42)(−∆n + ∆42)
.

(A.18)

Here we are interested in heavy sterile neutrinos, we may take |∆m2
32| ≪

|∆m2
42|. Also, since |∆m2

32L/E| ∼ O(1), we have |∆m2
42L/E| ≫ 1 and the

oscillating terms of the form cos(∆m2
42L/E) may be averaged out. In the long

baseline experiments, we are interested in the energy range 1–50 GeV. Even at

the higher end of the energy spectrum, taking the density of the earth mantle to

be ≈ 5 g/cc, we get Ae ≈ 2×10−2 eV2 and An ≈ −1×10−2 eV2 for neutrinos,
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so we also approximate |Ae,n| ≪ |∆m2
42| wherever appropriate. With these

approximations, the neutrino flavor conversion (or survival) probabilities for

an initial νµ may be written as

Pµe ≈ 2θ2
13∆

2
32

sin2(∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (A.19)

Pµµ ≈ cos2 ∆32 + 4θ̃2
23 sin2 ∆32 − ∆21 sin2 θ12 sin 2∆32

+
θ2
13∆32

(∆e − ∆32)2
×

{
−2∆32 cos ∆32 sin ∆e sin(∆e − ∆32) + ∆e(∆e − ∆32) sin 2∆32

}

−2θ2
24 cos2 ∆32 + 2θ24θ34∆n cos δ24 sin 2∆32 + O(λ3) , (A.20)

Pµτ ≈ sin2 ∆32 − 4θ̃2
23 sin2 ∆32 + ∆21 sin2 θ12 sin 2∆32

+
θ2
13∆32

(∆e − ∆32)2
×

{
2∆32 sin ∆32 cos ∆e sin (∆e − ∆32) − ∆e(∆e − ∆32) sin 2∆32

}

−(θ2
24 + θ2

34) sin2 ∆32 − θ24θ34 (2∆n cos δ24 + sin δ24) sin 2∆32 + O(λ3) ,

(A.21)

which are the same as those obtained in Eqs. (2.15)–(2.17) in Chapter 2.

For an incident νe, the probabilities Peα are

Pee = 1 − 4θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
− 4θ2

14∆
2
42

sin2 (∆e + ∆n − ∆42)

(∆e + ∆n − ∆42)2
+ O(λ3) ,

(A.22)

Peµ = 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (A.23)

Peτ = 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (A.24)

which with these approximations can be simplified to

Pee ≈ 1 − 4θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
− 2θ2

14 + O(λ3) , (A.25)

Peµ = Peτ = 2θ2
13∆

2
32

sin2 (∆e − ∆32)

(∆e − ∆32)2
+ O(λ3) , (A.26)
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as given in Eqs. (2.20)–(2.22) in Chapter 2.
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Feynman diagrams in Type-III

seesaw

BS.1 Feynman rules involving the fermion triplet

In this appendix, we list the Feynman rules involving the fermion triplets Σ.

Following [203], we introduce the fermion flow arrow for the leptons, which is

the gray arrow in the diagrams. The black arrows indicate the lepton number

flow. However interactions involving Σ may violet lepton numbers and thus the

Σ line does not carry any lepton flow arrow. For the lepton number conserving

interactions, the two arrows are parallel for particles, and antiparallel for the

charge-conjugate fields. The Feynman rules are also given for the effective

operator in the low energy limit of the theory obtained by integrating out

these heavy fermion triplets.

BS.1.1 Propagator

Σgj Σfi

=
i(p/+Mf)

p2−M2

f +iǫ
δfgδij
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BS.1.2 Yukawa interactions

Σgi

lfLb

φa
= −iµǫ/2 (YΣ)gf

(
εT σi

)
ab

PL

Σgi

lfLb

φa
= −iµǫ/2

(
Y †

Σ

)

fg

(
σiε
)
ba

PR

Σgi

φa
= −iµǫ/2 (Y ∗

Σ
)gf

(
σiε
)
ab

PR

lfLb

Σgi

lfLb

φa
= −iµǫ/2

(
Y T

Σ

)
fg

(
εT σi

)
ba

PL

BS.1.3 Gauge boson interactions

= −iµ
ǫ
2 g2γ

µ
(
iεjik

)
δgf

Σfk

µ W i

Σgj

BS.1.4 Counterterms

Σgj Σfi

= i
[
p/(δZΣ)fg − (δZMΣ

MΣ)fg

]
δij

lfLb

Σgi

φa
= −iµǫ/2

(
δZ†

YΣ
Y †

Σ

)
fg

(
σiε
)
ba

PR
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lfLb

Σgi

φa
= −iµǫ/2 (δZYΣ

YΣ)gf
(
εTσi

)
ab

PL

lfLb

Σgi

φa
= −iµǫ/2

(
δZT

YΣ
Y T

Σ

)
fg

(
εTσi

)
ba

PL

lfLb

Σgi

φa
= −iµǫ/2

(
δZ∗

YΣ
Y ∗

Σ

)
gf

(
σiε
)
ab

PR

BS.1.5 Effective vertex κ

lfLb φa

κ

φc lgLd

= iµǫ/2κfg
1

2
(εabεcd + εadεbc)PL

lfLb φa

κ

φc lgLd

= iµǫ/2
(
κ†)

fg
1

2
(εabεcd + εadεbc)PR
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BS.1.6 Counterterms for κ

lfLb φa

φc lgLd

= iµǫ/2 (δκ)fg
1

2
(εabεcd + εadεbc)PL

lfLb φa

φc lgLd

= iµǫ/2
(
δκ†)

fg
1

2
(εabεcd + εadεbc)PR

BS.2 Feynman rules for the SM fields

Here we list the Feynman rules involving the SM fields only, also given in [75],

which are needed for our calculations.The directions of the arrows should be

interpreted in the same way as stated at the beginning of Appendix BS.1.

BS.2.1 Propagators

qgLa qfLb

= ip/
p2+iǫ

δfgδab ;
Xg
R Xf

R

= ip/
p2+iǫ

δfg , X ∈ {u, d}

lgLa lfLb

= ip/
p2+iǫ

δfgδab ;
egR efR

= ip/
p2+iǫ

δfg

lgLa lfLb

= −ip/
p2+iǫ

δgfδab ;
egR efR

= −ip/
p2+iǫ

δgf

φa φb

= i
p2−m2

φ
+iǫ

δab

Xµ Xν

=
i(−ηµν+(1−ξ)pµpν/p2)

p2+iǫ
; X ∈ {B,W i}

where ξ = ξ1 for B boson and ξ = ξ2 for W boson.
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BS.2.2 Yukawa interactions

egR

lfLb

φa
= −iµǫ/2 (Ye)gf δabPL

egR

lfLb

φa
= −iµǫ/2

(
Y †

e

)
fg

δabPR

egR

φa
= −iµǫ/2 (Y ∗

e )gf δabPR

lfLb

egR

lfLb

φa
= −iµǫ/2

(
Y T

e

)
fg

δabPL

Similar Feynman rules, as those in the left panel, are there for Yukawa in-

teractions of qL-uR and qL-dR with the Higgs φ having coefficients Yu and Yd

respectively.

BS.2.3 Gauge boson – lepton interactions

= iµ
ǫ

2 g1γ
µδgfPR

efR

µ B
= −iµ

ǫ

2 g1γ
µδfgPL

egR

efR

µ B

egR

= − i
2
µ

ǫ

2 g2γ
µ
(
σi
)
ba

δgfPL

lfLa

µ W i

= i
2
µ

ǫ

2 g2γ
µ
(
σi
)
ba

δfgPR

lgLb

lfla

µ W i

lgLb
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= i
2
µ

ǫ

2 g1γ
µδgf δabPL

lfLa

µ B
= − i

2
µ

ǫ

2 g1γ
µδfgδabPR

lgLb

lfLa

µ B

lgLb

BS.2.4 Gauge boson – Higgs interactions

= − i
2
µ

ǫ

2 g1(pµ + qµ)δab

φa

µ B
= − i

2
µ

ǫ

2 g2(pµ + qµ)
(
σi
)
ba

φb

φa

µ W i

φb

The vertices involving two Higgses and two gauge bosons are not shown since

they do not appear explicitly in our analysis.

BS.2.5 Higgs self-interaction

= −iµǫλ1

2
(δacδbd + δbcδad)

φa

φc

φb

φd

BS.2.6 Counterterms

lfLa lgLb

= ip/ (δZlL)gf PLδba
lfLa lgLb

= −ip/ (δZlL)fg PLδba

efR egR

= ip/ (δZeR
)gf PR

efR egR

= −ip/ (δZeR
)fg PR

φa φb

= i
(
p2δZφ − δm2

φ

)
δba
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Calculation of renormalization

constants

In this appendix we show the Feynman diagrams contributing to the renor-

malization constants of different quantities and evaluate them to determine

the renormalization constants. Note that for particles in the loop, we suppress

the flavor as well as the SU(2)L indices.

We will use the dimensional regularization and the minimal subtraction (MS)

scheme for renormalization. In the MS scheme the counterterms are defined

such that they only cancel the divergent parts. Hence the renormalization

constants are defined as

Zi = 1 +
∑

k≥1

δZi,k
1

ǫ
, (C.1)

where δZi,k are independent of ǫ ≡ 4 − d, d being the space-time dimension.

At the one-loop level the sum reduces to the term proportional to 1/ǫ.

The calculations are done in the general renormalizable Rξ gauge, and then

the very fact that the final beta-functions must be independent of the choice of

gauge is verified. The calculations are done considering the gauge bosons W i

and B to be massless, and strictly speaking the bosonic propagators considered

are correct before electroweak symmetry breaking only. However the results

are assumed to be true at energies below the symmetry breaking also.
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CS.1 Doublet Higgs wavefunction and mass

(Zφ and δm2
φ)

Figure C.1: Feynman diagrams contributing to the one loop correction of the
doublet Higgs self-energy.

Let us evaluate the Feynman diagrams shown in the Fig. C.1 that contributes

to the renomalization of the doublet Higgs wavefunction and its mass.

p p

k

φa φb

φ

A2 :

= (−i2)3
2
µǫλδab

∫
ddk

(2π)d
1

k2 −m2
φ

= −3i

2
µǫλδabI0,1(m

2
φ, ǫ)

=
3i

16π2
λm2

φδab
1

ǫ
+ UV finite . (C.2)

The d-dimensional integral defined here is given explicitly in the Section CS.9.
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p p
k

p + k
φa φb

eR

lL

A3 :

= (−1)i2µǫTr(Y †
e Ye)δab

∫
ddk

(2π)d
Tr

[
PL
i(p/ + k/)

(p+ k)2
PR

ik/

k2

]

= −µǫTr(Y †
e Ye)δab

∫
ddk

(2π)d
2(p+ k).k

k2(p+ k)2

= 2i µǫ Tr(Y †
e Ye) δab

[
I0,1(0, ǫ) + p2

∫ 1

0

dx(1 − x)I0,2(∆(x), ǫ)

]
,

=
i

8π2
Tr(Y †

e Ye) δab p
21

ǫ
+ UV finite . (C.3)

Here ∆(x) = (1 − x)2p2 − (1 − x)p2. The trace is evaluated as given in

Eq. (C.56). Here we have used the Clifford algebra in d-dimension as de-

scribed in Section CS.10 and the Feynman parameterization as shown in the

Section CS.11. The overall negative sign comes because of the fermion loop.

p p
k

p + k
φa φb

lL

Σ

A4 :

= (−1)i2µǫTr(Y †
ΣYΣ)

(
εTσiσiε

)
ab

∫
ddk

(2π)d
Tr

[
PR

i(p/+ k/+MΣ)

[(p+ k)2 −M2
Σ]
PL

ik/

k2

]

= −µǫTr(3Y †
ΣYΣ) δab

∫
ddk

(2π)d
2(p+ k).k

k2[(p+ k)2 −M2
Σ]

= 2i µǫ Tr(3Y †
ΣYΣ) δab

[
I0,1(M2

Σ, ǫ) + p2

∫ 1

0

dx(1 − x)I0,2(∆(x,M2
Σ), ǫ)

]
,

=
i

8π2
Tr(3Y †

ΣYΣ) δab
(
p2 − 2M2

Σ

) 1

ǫ
+ UV finite , (C.4)

where ∆(x,M2
Σ) = (1−x)2p2− (1−x)p2 +M2

Σ. Here σi are the Pauli matrices

and
∑
σiσi = 3. ε is the antisymmetric matrix in SU(2)L and εTε = εεT = 1.

Similarly we can evaluate the diagram A5 to get

φ

uR, dR

qL

φ p pA5 :

=
i

8π2
Tr(3Y †

uYu + 3Y †
d Yd) δab p

2 1

ǫ
+ UV finite . (C.5)
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φ

B

k + p

k

p pφa φb
A6 :

=
i2

4
µǫg2

1δab

∫
ddk

(2π)d
(2pµ + kµ) i

−ηµν + (1 − ξ1)
kµkν

k2

k2
(2pν + kν)

i

(p+ k)2 −m2
φ

=
1

4
µǫg2

1δab

∫
ddk

(2π)d
−(2p + k)2 + (1 − ξ1)

1
k2 [k.(2p+ k)]2

k2[(p+ k)2 −m2
φ]

=
i

32π2
g2
1δab(−3p2 + ξ1p

2 − ξ1m
2
φ)

1

ǫ
+ UV finite . (C.6)

Similarly

φ

W

k + p

k

p pφa φb
A7 :

=
3i

32π2
g2
1δab(−3p2 + ξ2p

2 − ξ2m
2
φ)

1

ǫ
+ UV finite , (C.7)

where the difference of factor 3 is because of the fact that the W bosons form

a triplet in SU(2)L.

Then using the definition of counter term A8 in the minimal subtraction

scheme and demanding that the counter terms will only cancel the divergences,

the renormalization constants are evaluated to be

δZφ = − 1

16π2

(
2T − 3

10
(3 − ξ1)g

2
1 −

3

2
(3 − ξ2)g

2
2

)1

ǫ
, (C.8)

δm2
φ =

1

16π2

(
3λm2

φ −
3

10
ξ1g

2
1m

2
φ −

3

2
ξ2g

2
2m

2
φ − 4 Tr[3Y †

ΣYΣ] M2
Σ

)1

ǫ
.

(C.9)

CS.2 Left-handed lepton wavefunction (ZlL)

Now let us evaluate the Feynman diagrams that contribute to the renormal-

ization constant ZlL at the one loop level, as shown in Fig C.2.
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Figure C.2: Feynman diagrams contributing to the one loop correction to the
self-energy of the lepton doublet lL.

lfLa
φ

Σ

lgLb

p p

k

k − p

B2 :

= i2µǫ
(
Y †

ΣYΣ

)
gf

(
σiεT εσi

)
ba

∫
ddk

(2π)d
PR

i(k/+MΣ)

k2 −M2
Σ

PL
i

(k − p)2 −m2
φ

= 3µǫ
(
Y †

ΣYΣ

)
gf
δab PR

∫
ddk

(2π)d
k/

(k2 −M2
Σ)[(k − p)2 −m2

φ]

= 3iµǫ
(
Y †

ΣYΣ

)

gf
δab p/ PL

∫ 1

0

xdx I0,2(∆(x,MΣ), ǫ)

=
3i

16π2

(
Y †

ΣYΣ

)
gf
δab p/ PL

1

ǫ
+ UV finite . (C.10)

Here ∆(x,MΣ) = x2p2 − xp2 + xm2
φ + (1 − x)M2

Σ.

lfLa
φ

eR

lgLb

p p

k

p − k

B3 :

= i2µǫ
(
Y †
e Ye
)
gf
δba

∫
ddk

(2π)d
PR

ik/

k2
PL

i

(p− k)2 −m2
φ
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= iµǫ
(
Y †
e Ye
)
gf
δba p/ PL

∫ 1

0

xdx I0,2(∆(x), ǫ)

=
i

16π2

(
Y †
e Ye
)
gf
δba p/ PL

1

ǫ
+ UV finite , (C.11)

where ∆(x) = x2p2 − xp2 + xm2
φ.

lfLa lgLb

p p
k

lL
p − k

B

B4 :

=
i2

4
µǫg2

1δgfδab

∫
ddk

(2π)d
γµPL

i(p/− k/)

(p− k)2
γνPLi

−ηµν + (1 − ξ1)
kµkν

k2

k2

=
1

4
µǫg2

1δgfδabPR

∫
ddk

(2π)d
2(p/− k/) + (1 − ξ1)(k/p/k/− k/k2)/k2

k2(p− k)2

=
i

32π2
ξ1g

2
1 δgfδab p/PL

1

ǫ
+ UV finite . (C.12)

lfLa lgLb

p p
k

lL
p − k

W

B5 :

=
3i

32π2
ξ2g

2
1 δgfδab p/PL

1

ǫ
+ UV finite . (C.13)

Finally, using the counter term B6, the wavefunction renormalization can be

calculated in the minimal subtraction scheme to get

δZlL = − 1

16π2

(
Y †
e Ye + 3Y †

ΣYΣ +
3

10
ξ1g

2
1 +

3

2
ξ2g

2
2

)1

ǫ
. (C.14)

CS.3 Wavefunction and mass of fermion triplet

(ZΣ and ZMΣ
)

Now we evaluate the Feynman diagrams shown in the Fig C.3, which contribute

to the self-energy correction of the fermionic triplet Σ at one loop.
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Figure C.3: Feynman diagrams contributing to the one loop correction to the
self-energy of the fermion triplet Σ ≡ ΣR + ΣC

R.

Σfi Σgj
φ

lL

p p

k

p − k

C2 :

= i2µǫ
(
YΣY

†
Σ

)

gf
Tr(εTσjσiε)

∫
ddk

(2π)d
PL

ik/

k2
PR

i

(p− k)2 −m2
φ

= 2µǫ
(
YΣY

†
Σ

)
gf
δijPL

∫
ddk

(2π)d
PL

k/

k2[(p− k)2 −m2
φ]

= 2iµǫ
(
YΣY

†
Σ

)

gf
δij p/PR

∫ 1

0

xdx I0,2(∆(x), ǫ)

=
i

8π2

(
YΣY

†
Σ

)

gf
δij p/PR

1

ǫ
+ UV finite , (C.15)

where ∆(x) = x2p2 − xp2 + xm2
φ and we have used Tr(σiσj) = 2δij .

Σfi Σgj

W

Σ

p p

p − k

k

C3 :

= −2i4µǫg2
2δijδgf

∫
ddk

(2π)d
γµ
i(p/− k/+MΣ)

(p− k)2 −M2
Σ

γνi
−ηµν + (1 − ξ2)

kµkν

k2

k2

= 2µǫg2
2δijδgf

∫
ddk

(2π)d
2(p/− k/) − (3 + ξ2)MΣ + (1 − ξ2)k/(p/− k/)k//k2

k2[(p− k)2 −M2
Σ]
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= 2iµǫg2
2δijδgf

[(
1

2
p/−MΣ

)
(3 + ξ2)

∫ 1

0

dx I0,2(∆(x,M2
Σ), ǫ)

+ (−3 + ξ2)p/

∫ 1

0

xdx I0,2(∆(x,M2
Σ), ǫ)

]

=
i

4π2
g2
2δijδgf [ξ2p/− (3 + ξ2)MΣ]

1

ǫ
+ UV finite , (C.16)

where we have used εijkεljk = −2δil and ∆(x,M2
Σ) = x2p2 − xp2 + xM2

Σ.

Using the above results, and the definition of the counter term in C4, we get

the renormalization constants in the minimal subtraction scheme to be

δZΣ = − 1

16π2

[(
2YΣY

†
Σ + 4ξ2g

2
2

)
PR +

(
2(YΣY

†
Σ)∗ + 4ξ2g

2
2

)
PL

]
1

ǫ
,

(C.17)

δZMΣ
= − 1

16π2
(12 + 4ξ2) g

2
2

1

ǫ
. (C.18)

The term proportional to PL in δZΣ comes from the Feynman diagram similar

to C2, where the particles in the closed loop flow in the opposite direction.

CS.4 Right-handed charged lepton wavefunc-

tion (ZeR)

Figure C.4: Feynman diagrams contributing to the one loop correction to the
self-energy of the fermion singlet eR.

Let us now evaluate the Feynman diagrams that contribute to δZeR
, as shown

in Fig C.4.

As can be seen, the diagram D2 can be evaluated in a quite similar way to B3

in Section CS.2 to get
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efR
φ

lL

egR

p p

k

p − k

D2 :

=
i

8π2

(
YeY

†
e

)
gf
p/PR

1

ǫ
+ UV finite , (C.19)

while the evaluation of D3 will be similar to that of B5 and produce

efR egR

p p
k

eR

p − k

B

D3 :

=
i

8π2
ξ1g

2
1δgfp/PR

1

ǫ
+ UV finite . (C.20)

Thus finally using the definition of the counter term in D4 the wavefunction

renormalization constant can be obtained as

δZeR
= − 1

16π2

(
2YeY

†
e +

6

5
ξ1g

2
1

)1

ǫ
. (C.21)

CS.5 lLeRφ Yukawa vertex (ZYe)

Fig C.5 shows the Feynman diagrams that contribute to the one loop correction

of the lL−eR−φ vertex in the SM. Let us now evaluate the diagrams explicitly.

φ

lL

lfLb

egR

φa

Σ
k

k − q + p

p

q

q − p
k − q

E2 :

= −i6µ3ǫ/2
(
YeY

†
ΣYΣ

)
gf

(
σiε
)
xa

(
εTσi

)
xb
PL ×

∫
ddk

(2π)d
k/(k/− q/+ p/)

(k2 −M2
Σ)[(k − q)2 −m2

φ](k − q + p)2
(C.22)
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Figure C.5: Feynman diagrams contributing to the one loop correction of the
lLeRφ Yukawa vertex.

= iµ3ǫ/2
(
3YeY

†
ΣYΣ

)

gf
δbaPL

∫ 1

0

dxdyI2,3(∆(x, y,M2
Σ, m

2
φ), ǫ) + UV finite

=
3i

8π2

(
YeY

†
ΣYΣ

)
gf
δbaPL

1

ǫ
+ UV finite , (C.23)

where ∆(x, y,M2
Σ, m

2
φ) ≡ (xq)2+y2(p−q)2−xq2−y(p−q)2+(1−x−y)M2

Σ+xm2
φ

and (σiε)xa
(
εTσi

)
xb

= 3δab.

φa

egR

lfLb

lL

eR

B
k + q

k + p

p

q

q − pk

E3 :

= −i
6

2
µ3ǫ/2g2

1(Ye)gfδbaPL

∫
ddk

(2π)d
(q/+ k/)γν[−ηµν + (1 − ξ1)

kµkν

k2 ]γµ(p/+ k/)

k2(k + p)2(k + q)2

= − i

2
µ3ǫ/2(3 + ξ1)g

2
1(Ye)gfδbaPL

∫ 1

0

dxI0,2(∆(x), ǫ) + UV finite

= − i

16π2
(3 + ξ1)g

2
1(Ye)gfδbaPL

1

ǫ
+ UV finite , (C.24)
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where ∆(x) ≡ [xp + (1 − x)q]2 − xp2 − (1 − x)q2.

lfLb

egR

φ φa

B

lL
q − k

q − k − p

p

q

q − p

k

E4 :

= −g
2
1

4
µ3ǫ/2(Ye)gfδbaPL ×

∫
ddk

(2π)d
(q/− k/)γν[−ηµν + (1 − ξ1)

kµkν

k2 ][2(qµ − pµ) − kµ]

(q − k)2k2[(q − k − p)2 −m2
φ]

= −g
2
1

4
µ3ǫ/2(Ye)gfδbaPL

∫ 1

0

dxdy(−iξ1)I2,3(∆(x, y,m2
φ), ǫ) + UV finite

=
i

32π2
ξ1g

2
1(Ye)gfδbaPL

1

ǫ
+ UV finite . (C.25)

Here ∆(x, y,m2
φ) ≡ [xp+ (x+ y)q]2 + xm2

φ − x(p + q)2 − yq2.

lfLb

eR

B
egR

φ
φa

p + k

q − k − p

p

q

q − p

k

E5 :

=
i6

2
g2
1µ

3ǫ/2(Ye)gfδbaPL ×
∫

ddk

(2π)d
(2qµ − 2pµ − kµ)

[
−ηµν + (1 − ξ1)

kµkν

k2

]
γν(p/+ k/)

k2[(q − p− k)2 −m2
φ](p+ k)2

= − i

2
ξ1g

2
1(Ye)gfδbaPL

∫ 1

0

dxI0,2(∆(x,m2
φ), ǫ) + UV finite

= − i

16π2
ξ1g

2
1(Ye)gfδbaPL

1

ǫ
+ UV finite. (C.26)

Here ∆(x,m2
φ) ≡ (1 − x)2p2 − (1 − x)p2 + x2(p− q)2 − x(p− q)2 + xm2

φ. The

diagram shown in E6 can be evaluated in a similar way as E4 to get
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lfLb

egR

φ φa

W

lL
q − k

q − k − p

p

q

q − p

k

E6 :

= − 3i

32π2
ξ2g

2
2(Ye)gfδbaPL

1

ǫ
+ UV finite . (C.27)

The factor ‘3’ comes because of the fact that W forms a triplet under SU(2)L,

while B is a singlet. The difference in sign is there because of the sign difference

between the coupling of the lepton doublet lL with these two gauge bosons.

Then finally, using the definition of the counter term in E7, the renormalization

constant for the Yukawa interaction vertex lLeRφ will be given by

δZYe = − 1

16π2

(
−6Y †

ΣYΣ +
9

5

(
1 +

1

2
ξ1

)
g2
1 +

3

2
ξ2g

2
2

)1

ǫ
. (C.28)

CS.6 lLΣφ Yukawa vertex (ZYΣ
)

Figure C.6: Feynman diagrams contributing to the one loop correction of the
lLΣφ Yukawa vertex.

Fig C.6 shows the Feynman diagrams that contribute to the one loop correction
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of the lL −Σ− φ vertex in the Type-III seesaw scenario. Let us now evaluate

the diagrams explicitly.

φ

lL

lfLb

Σgj

φa
eR

k

k − q + p

p

q

q − p
q − k

F2 :

= −i6µ3ǫ/2
(
YΣY

†
e Ye
)
gf

(
εTσj

)
ba
PL

∫
ddk

(2π)d
k/(k/− q/+ p/)

k2(k − q + p)2[(q − k)2 −m2
φ]

= µ3ǫ/2
(
YΣY

†
e Ye
)
gf

(
εTσj

)
ba
PLi

∫ 1

0

dxI0,2(∆(x,m2
φ), ǫ) + UV finite

=
i

8π2

(
YΣY

†
e Ye
)
gf

(
εTσj

)
ba
PL

1

ǫ
+ UV finite , (C.29)

with ∆(x,m2
φ) ≡ x2(p− q)2 − x(p− q)2 + (1 − x)2q2 − (1 − x)q2 + (1− x)m2

φ.

lfLb

Σgj

φ φa

B

lL
q − k

p − q + k

p

q

p − q

k

F3 :

=
i6

4
µ3ǫ/2g2

1 (YΣ)gf
(
εTσj

)
ba
PL ×

∫
ddk

(2π)d
(q/− k/)γµ[−ηµν + (1 − ξ1)

kµkν

k2 ](2pν − 2qν + kν)

k2(q − k)2[(p− q + k)2 −m2
φ]

= − i

4
µ3ǫ/2ξ1g

2
1 (YΣ)gf

(
εTσj

)
ba
PL

∫ 1

0

dxI0,2(∆(x,m2
φ), ǫ) + UV finite

= − i

32π2
ξ1g

2
1 (YΣ)gf

(
εTσj

)
ba
PL

1

ǫ
+ UV finite , (C.30)

where ∆(x,m2
φ) ≡ x2(p− q)2 − x(p− q)2 + (1 − x)2q2 − (1 − x)q2 + xm2

φ.

φa

Σjg

lfLb

lL

Σ

W q − k

p − k

p

q

p − qk

F4 :

= −i
6

2
µ3ǫ/2g2

2(YΣ)gf
[(
σiT εTσm

)
ba
iεjim

]
PL×
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∫
ddk

(2π)d
(q/− k/)γν[−ηµν + (1 − ξ2)

kµkν

k2 ]γµ(p/− k/+MΣ)

k2(q − k)2[(p− k)2 −M2
Σ]

= −iµ3ǫ/2(3 + ξ2)g
2
2(YΣ)gf(ε

Tσj)baPL

∫ 1

0

dxI0,2(∆(x,M2
Σ), ǫ) + UV finite

= − i

8π2
(3 + ξ2)g

2
2(YΣ)gf(ε

Tσj)baPL
1

ǫ
+ UV finite , (C.31)

where iεmij
(
σiT εTσm

)
ab

≡ 2
(
εTσj

)
ba

.

lfLb

Σ

W
Σgj

φ
φa

p − k

p − q − k

p

q

p − q

k

F5 :

= −i
6

2
g2
2µ

3ǫ/2(YΣ)gf
(
σiT εTσm

)
ab
PL ×

∫
ddk

(2π)d
(2pµ − 2qµ − kµ)

[
−ηµν + (1 − ξ2)

kµkν

k2

]
γν(p/− k/+MΣ)

k2[(p− q − k)2 −m2
φ][(p− k)2 −M2

Σ]

= −iξ2g2
2µ

3ǫ/2(YΣ)gf
(
εTσj

)
ba
PL

∫ 1

0

dxI0,2(∆(x,m2
φ,M2

Σ), ǫ) + UV finite

= − i

8π2
ξ2g

2
2(YΣ)gf

(
εTσj

)
ba
PL

1

ǫ
+ UV finite. (C.32)

Here ∆(x,m2
φ,M2

Σ) ≡ (1− x)2p2 − (1− x)p2 + (1− x)M2
Σ + x2(p− q)2 − x(p−

q)2 + xm2
φ. The diagram F6 can be evaluated in a similar way as F3 to get

lfLb

Σgj

φ φa

W

lL
q − k

p − q + k

p

q

p − q

k

F6 :

=
i

32π2
ξ1g

2
1 (YΣ)gf

(
εTσj

)
ba
PL

1

ǫ
+ UV finite , (C.33)

where we have used (εTσj)
T

= εTσj ∀j. The extra ‘-’ sign comes because of

the difference in sign between the W and B boson couplings with lL.

Then finally using the relation shown in Fig C.6 and using the minimal sub-

traction scheme to define the counter term F7, we find the renormalization
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constant to be

δZYΣ
= − 1

16π2

(
2Y †

e Ye −
3

10
ξ1g

2
1 −

1

2
(12 + 7ξ2) g

2
2

)1

ǫ
. (C.34)

CS.7 The extra diagram contributing to the

renormalization of Higgs self-coupling λ

φdφc

φa φb

Σ ΣlL
G1 : lL

p1 p2

q1 q2

k − q2 + q1 k

k − q2

k − p2

= −(−iµǫ/2)4
Tr
[
Y †

ΣYΣY
†
ΣYΣ

] (
εTσiσjε

)
ab

(
εTσjσiε

)
dc
×

∫
ddk

(2π)d
Tr

[
PRk/(k/− q/2)(k/− q/2 + q/1)(k/− p/2)

(k2 −M2
Σ)(k − q2)2(k − p2)2[(k − q2 + q1)2 −M2

Σ]

]

= − i

4π2
Tr
[
Y †

Σ YΣY
†

Σ YΣ

]
(δabδcd + 4δacδbd)

1

ǫ
+ UV finite . (C.35)

It is clear from the Feynman diagram that a ↔ d or b ↔ c interchange will

produce diagrams which will contribute similarly to the amplitude and finally

one gets the amplitude to be

= − 5i

4π2
Tr
[
Y †

Σ YΣY
†

Σ YΣ

]
(δabδcd + δacδbd)

1

ǫ
+ UV finite .

CS.8 Renormalization constant of the effec-

tive vertex κ

Fig C.7 shows the Feynman diagrams that contribute to the renormalization

of the effective low energy vertex κ at the one loop level. As we have already

mentioned in Chapter 3, in the intermediate energy scales the fermion triplets
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Figure C.7: Feynman diagrams contributing to the one loop correction of the
effective vertex κ.

still coupled to the theory do not contribute. Thus the renormalization con-

stant Zκ remains the same at all energies and also in different seesaw models

and is given by

δκ = − 1

16π2

[
2κ
(
Y †
e Ye
)

+ 2
(
Y †
e Ye
)T
κ− λκ

−
(

3

2
− ξ1

)
g2
1κ−

(
3

2
− 3ξ2

)
g2
2κ
]1
ǫ
. (C.36)
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CS.9 Evaluation of d-dimensional momentum

integrals

In this section, we write down the d-dimensional integrals explicitly, which

have been used in evaluating the diagrams in Sections CS.1 – CS.8.

Im,n(∆, ǫ) =

∫
ddlE
(2π)d

lmE
(l2E + ∆)

n

=
1

(4π)d/2
Γ
(
n− d+m

2

)
Γ
(
d+m

2

)

Γ
(
d
2

)
Γ (n)

(
1

∆

)n− d+m
2

, (C.37)

where lE is the momentum of the particle in the loop in Euclidean space and

is given as l0E ≡ −il0 and ~lE ≡ ~l and ∆ is some function independent of the

momentum lE. The quantity ǫ is defined as ǫ ≡ 4 − d. The explicit form of

Im,n(∆, ǫ) for some specific m,n values are given below, which have been used

in the calculation of the diagrams in Section CS.1 - CS.5.

I0,1(∆, ǫ) =
∆

16π2

(
−2

ǫ
+ γ − 1 + O(ǫ)

)
, (C.38)

I0,2(∆, ǫ) =
1

16π2

(
2

ǫ
− γ + O(ǫ)

)
, (C.39)

I2,3(∆, ǫ) =
1

16π2

(
2

ǫ
− γ + O(ǫ)

)
, (C.40)

where γ ≡ 0.577216 is the Euler-Mascheroni constant.

CS.10 Clifford algebra in d dimensions

In this section, we write down the Clifford algebra in general d-dimension,

which have been used in evaluating the diagrams in Sections CS.1 – CS.8.

Let ηµν be the Minkowski metric tensor in d-dimension. Then

ηµν = ηνµ , (C.41)

ηµρηµρ = ηµν , (C.42)

ηµνη
µν = d , (C.43)
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and the definition of the Clifford algebra is

{γµ, γν} = 2ηµν . (C.44)

Using the above relations, one can get

γµγ
µ = d , (C.45)

γνa/γ
ν = (2 − d)a/ , (C.46)

γνa/b/γ
ν = 4a.b− (4 − d)a/b/ , (C.47)

γνa/b/c/γ
ν = −2c/b/a/ + (4 − d)a/b/c/ . (C.48)

The traces involving gamma matrices are given below.

Tr(1) = 4 , (C.49)

Tr(a/b/) = 4a.b , (C.50)

Tr(odd number of γ′s) = 0 , (C.51)

Tr(a/b/c/d/) = 4 [(a.b)(c.d) − (a.c)(b.d) + (a.d)(b.c)] .(C.52)

Thus the traces of γ matrices not involving γ5 remains the same as those in

4-dimension.

The issue of γ5 in dimensional regularization is somewhat delicate, since the

4-dimensional definition leads to inconsistencies. However, it is consistent to

use “naive dimensional regularization” [204], where γ5 anticommutes with all

other Dirac matrices to give

{γ5, γ
µ} = 0 , (C.53)

and also satisfies

Tr(γ5) = 0 , (C.54)

Tr(γ5a/b/) = 0 . (C.55)

Defining γ5 in this way, one faces the problem that the quantity Tr(γ5a/b/c/d/)

is not defined in a consistent way. However as long as this quantity does not

appear in the calculations explicitly, the above “naive” definition of γ5 works
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fine. Hence we will stick to this definition. With this definition one gets

Tr(PRa/b/) = Tr(PLa/b/) = 2a.b . (C.56)

There is another approach where γ5 is defined as γ5 ≡ iγ0γ1γ2γ3, and thus

is an intrinsically 4-dimensional object. In that case Eq. (C.53) is replaced

by mixed commutation and anticommutation relations since now γ5 now com-

mutes with γµ for µ = 0, 1, 2, 3 and anticommutes with the other γµ. This

is the dimensional regularization method suggested by ’t Hooft and Veltman

[205] and this method is free from any inconsistencies stated above.

CS.11 Feynman parameterization

Feynman parameterization has been used in Sections CS.1 – CS.8 in order to

evaluate the d-dimensional integrals. We describe this parameterization below.

1

AB
=

∫ 1

0

dx
1

[xA + (1 − x)B]2
, (C.57)

1

ABn
=

∫ 1

0

dxdyδ(x+ y − 1)
nyn−1

[xA + yB]n+1
, (C.58)

1

A1A2 · · ·An
=

∫ 1

0

dx1dx2 · · · dxnδ
(∑

xi − 1
) (n− 1)!

[
∑
xiAi]

n , (C.59)

1

Am1
1 Am2

2 · · ·Amn
n

=

∫ 1

0

dx1dx2 · · · dxnδ
(∑

xi − 1
) ∏

xmi−1
i

[
∑
xiAi]

P

mi

Γ(
∑
mi)∏

Γ(mi)
.

(C.60)

After one uses the suitable Feynman parameterization to the d-dimensional

momentum integral, the standard form as given in Section CS.9 by change of

variables. The integrals over the auxiliary Feynman parameters may not be

solved analytically always.
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RG evolution equations of

masses and mixing parameters

The renormalization group (RG) evolution for some variable X ∈ {mi, θij , φi}
can be written in the most general form as

Ẋ = AP
X +

DP
X

θ13
+ θ13B

P
X + O(θ2

13) , (D.1)

where P denotes the basis in which the quantities are written. We have DP
X ≡

0 ∀ X and for P = PJ ,Pδ except for X = δ when P = Pδ. The coefficients in

P = Pδ are given below.

APδ

12 = −Cy
2
τ

2
sin 2θ12s

2
23

[
m2

1 +m2
2 + 2m1m2 cos (2φ1 − 2φ2)

∆m2
⊙

]
, (D.2)

APδ

23 = −Cy
2
τ

2

[
c212|m2 +m3e

2iφ2 |2
∆m2

atm

+
s2
12|m1 +m3e

2iφ1

∆m2
31

]
, (D.3)

APδ

13 =
Cy2

τ

2
sin 2θ12 sin 2θ23

m3

∆m2
31

×

[m1 cos (δ − 2φ1) −m2(1 + ζ) cos (δ − 2φ2) − ζm3 cos δ] , (D.4)
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where ζ ≡ ∆m2
⊙/∆m

2
atm.

APδ

φ1
= 2Cy2

τ

{
cos 2θ23

m3

∆m2
31

[
m1s

2
12 sin 2φ1 +m2(1 + ζ)c212 sin 2φ2

]

+c212s
2
23

m1m2

∆m2
⊙

sin (2φ1 − 2φ2)

}
, (D.5)

APδ

φ2
= 2Cy2

τ

{
cos 2θ23

m3

∆m2
31

[
m1s

2
12 sin 2φ1 +m2(1 + ζ)c212 sin 2φ2

]

+s2
12s

2
23

m1m2

∆m2
⊙

sin (2φ1 − 2φ2)

}
. (D.6)

From the expressions given above, it can be seen that APδ

X , ∀X ∈ {θij , φi}, are

independent of δ and hence we have APJ

X ≡ APδ

X .

The coefficients involved in δ̇, APδ

δ and DPδ

δ are given by

APδ

δ = 2Cy2
τ

{m1m2

∆m2
⊙

s2
23 sin (2φ1 − 2φ2)

+
m3

∆m2
31

[
c223
(
m1c

2
12 sin (2δ − 2φ1) +m2(1 + ζ)s2

12 sin (2δ − 2φ2)
)

+ cos 2θ23
(
m1s

2
12 sin 2φ1 +m2(1 + ζ)c212 sin 2φ2

)]}
, (D.7)

DPδ

δ = Cy2
τs12c12s23c23

{(
ζm2

3

∆m2
31

+
m2

2

∆m2
atm

− m2
1

∆m2
31

)
sin δ

−2m1m3

∆m2
31

sin (δ − 2φ1) +
2m2m3

∆m2
atm

sin (δ − 2φ2)

}
(D.8)

The other AP
X appearing in the basis PJ are APJ

J , A′
J
PJ and are given as

APJ

J = Cy2
τs

2
12c

2
12s

2
23c

2
23

m3

∆m2
31

[m1 sin 2φ1 −m2(1 + ζ) sin 2φ2] , (D.9)

A′
J
PJ = Cy2

τs
2
12c

2
12s

2
23c

2
23

m3

∆m2
31

[m1 cos 2φ1 −m2(1 + ζ) cos 2φ2 − ζm3] .

(D.10)

Thus the evolution equations in the PJ basis are all continuous and well-

behaved at all points in the parameter space, including θ13 = 0.
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The running of the neutrino masses are given as

ṁ1 =
[
α + Cy2

τ

(
2 sin2 θ12 sin2 θ23 +GP

1

)]
m1 , (D.11)

ṁ2 =
[
α + Cy2

τ

(
2 cos2 θ12 sin2 θ23 +GP

2

)]
m2 , (D.12)

ṁ3 =
[
α + 2Cy2

τ cos2 θ13 cos2 θ23
]
m1 . (D.13)

As can be seen from Eqs. (D.11)-(D.13), the quantities GP
i depends on the

choice of basis. In the Pδ basis they can be given as

GPδ

1 = − sin θ13 sin 2θ12 sin 2θ23 cos δ + 2 sin2 θ13 cos2 θ12 cos2 θ23 ,(D.14)

GPδ

2 = sin θ13 sin 2θ12 sin 2θ23 cos δ + 2 sin2 θ13 sin2 θ12 cos2 θ23 , (D.15)

while in the PJ basis they become

GPJ

1 = − 8J ′
CP

cos2 θ13
+ 2 sin2 θ13 cos2 θ12 cos2 θ23 , (D.16)

GPJ

2 =
8J ′

CP

cos2 θ13
+ 2 sin2 θ13 sin2 θ12 cos2 θ23 . (D.17)

Here we define a ≡ sin θ12 cos θ12 sin θ23 cos θ23.
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