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[ Introduction and Motivation ]

‘BH Thermodynamics

stationary ,
BH system < » [hermodynamics

Q. What does happen if non-stationary fluctuations are considered ?

INn the case of the small fluctuations

Thermodynamics » Fluid Dynamics
E: Energy e(z): Energy density
S: Entropy s(x): Local "Entropy”
T: Temperature t(z): Local " Temperature”
?
BH Thermodynamics » BH Fluid Dynamics

A. Such a correspondence was confirmed in black branes.

(Sayantani B., Hubeny, Minwalla, Rangamani 2007)



[ INntroduction and Motivation ] (Sayantani Bhattacharyya. et al. 2007)

-Dynamical black brane in AdS5

(static) black brane

Gpun(u#,T)

Dynamical black brane

Gun(ut(z), T(z))

<

AL

(T : temperature
uM - constant motion along the brane

(T(x) :local temperature
uM(x) : velocity fields

* boundary coordinates

\

This metric satisfies Einstein Equation only if u#, T satisfy VuTH = 0.

THY : energy-momentum tensor for the boundary fluid

» Navier-Stokes equation

Einstein equation

The boundary fluid dynamics controls the bulk gravity.

Q. Why does such a reduction happen?

What is the meaning of the Navier-Stokes equation?

A. We can understand them by considering Radial ADM formalism.
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Boundary Navier-Stokes eqguation ] (Sayantani Bhattacharyya. et al. 2007)

-black brane in AdS5
M, N : bulk(5 dim) indexes

boundary u,v : boundary(4 dim) indexes
(Y

% time-like kiling +* = (1,0,0,0)
®
TNuv ¢ ¢ 4
ptle
t : o 2
/-"

Gun(T)

2 2 ]
ds? =2dvdr — :—2 j"(bfr)d'u2 —+ :—2d:c"2 . Eddington-Finkelstein coordinate
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— o - temperature



Boundary Navier-Stokes eqguation ] (Sayantani Bhattacharyya. et al. 2007)

-black brane in AdS5
M, N : bulk(5 dim) indexes

boundary i, v - boundary(4 dim) indexes
/Iof time-like killing #* = (?i,0,0,0)
Nuv I I l boost (transverse direction)
uufjj w, u-u=gpute’ = -1
uM  constant boost parameter

Gun (T, ut) ]

r
ds? = — 2upudzidr — 2t (br)upundatdz”  : Eddington-Finkelstein coordinate
2
+ ;‘_2('"'”“" + "hw)dmudmv
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{ u! : constant

r=21
— 0 - lemperature



Boundary Navier-Stokes eqguation ]

' Boundary Energy momentum tensor @alasubaramanian and Kraus 1999)

5= 1671-G5 / de>V—G (R - %) / da®v/—hK +

Sct(hp.v)

87rG5 7rG5

12
Let = — —\/ (1 — —R) . counter term

Regularize the energy-momentum tensor
(
hm/ . metric on the boundary

K v  extrinsic curvature

Ruv : Ricci curvature on the boundary

| Guv : Einstein tensor on the boundary

Then, we can calculate the energy-momentum tensor.
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Boundary Navier-Stokes eqguation ]

- Boundary Energy momentum tensor

M, N : bulk(5 dim) indexes

u,v . boundary(4 dim) indexes
boundary

/.ff ‘Metric 2

T .7‘ ds? = — Quydztdr — :—2 F(or)upuydatda’
2
T

20
{,

1
— b - temperature

Gun(T, u")
T 4
THY — 1(761-71'();5 (4utu” + n*)

—> Conformally invariant perfect fluid stress tensor



Boundary Navier-Stokes eqguation

- Dynamical brane and Boundary Energy momentum tensor
M, N : bulk(5 dim) indexes

boundary w,v - boundary(4 dim) indexes
-2
ds?® = — 2uy(z)dzPdr — 7] F(z)r)uu(z)uy (z)dzHdz”
2
v t + T (a2 () + v )datda” + - -
ut () t
]f u(z), T(x) depending terms
1 { 'u,“(a:) . velocity field
. 1

CunWh(@), T(2)) | 7@ @ ‘local temperature

4
_ (rT) (4ufu” + nt") — 2(7TT)3UIfV i

167Gs
shear ~ Vuuy + Vyuy
Note: The metric does not satisfy Einstein equations if u* and b are arbitrary functions.

——> VI =0 O Navier-Stokes equation

(%b(l) — az-jcrij

THY




Boundary Navier-Stokes eqguation

- Dynamical brane and Boundary Energy momentum tensor
M, N : bulk(5 dim) indexes

boundary w,v - boundary(4 dim) indexes
-2
ds?® = — 2uy(z)dzPdr — 7] F(z)r)uu(z)uy (z)dzHdz”
2
v t + T (a2 () + v )datda” + - -
ut () t
]f u(z), T(x) depending terms
{ 'u,“(a:) . velocity field
1

CunWh(@), T(2)) | 7@ ‘local temperature

Einstein equations for the fluctuations around the black brane

|

Boundary Navier-Stokes equation with respect to u#*andb .
V”T”’V p— O
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Radial ADM Formalizum

-Boundary energy-momentum tensor
2 85
~ V/—héhy
3

—_1 (KIW _KhMY _ 2y _ igm')
8nlGs [ 2

THY

-ADM Formalizm

ds® = —N2dt* + v;; (da* + N'dt) (da? + N7dt)
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—> Vz-'zr’:j = 0  constraint equation



Radial ADM Formalizum

-Boundary energy-momentum tensor
2 85
~ V/—héhy

—_1 (KIW _ KhHY _ §hlw _ igm')
8nlGs [ 2

THY

-Radial ADM Formalism

ds® = N?dr? + vy, (dz# + N¥dr) (dz¥ + NVdr)

_ 2 88
V=70V
— ! (K" — KyH) dzH v
87TG5 NEdr
N
— 5 Vur”' =0 : “constraint” eguation

r =constant



Radial ADM Formalizum

- ADM Formalism and Radial ADM Formalism

ADM Formalism Radial ADM Formalism

We can regard that Einstein equations describe an evolution

along radial direction instead of time direction.



Radial ADM Formalizum

- Correspondence between the two energy-momentum tensors.

otV — 1 (KFY — KyH) V,ﬂr’““/ = 0: “constraint” equation
81Gr
T — OO P | T —00
1 3 l
T = ey (K‘" Y — KR — oY — oGF ") V,TH* = 0 : Navier-Stokes equation

We need to confirm that the counter terms do not prevent the constraint equations.

Balasubaramanian and Kraus added the counter terms

such that the equation of the motions are not changed.

Vﬂ,h“y —_ Vp,guy — 0
We can regard the Navier-Stokes equations as the constraint equations

iNn the radial ADM formalism



[ Conclusion ]

We can regard the Navier-Stokes eqguations as the constraint equations

iNn the radial ADM formalism.

[ Discussion ]

« R2 corrections, non-relativistic limit, - - -

 Meaning of the regularity condition

boundary boundary
gluon plasma Y
5<0, <0
§§>0, n>0 fine tuned process?

e Relation to the membrane paradigm

The near horizon membrane also has fluid picture.

A

N\ radial evolution(?)

cf. lgbal and Liu (2008), Brustein and Gorbonos (2009)




