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Lorentz force and relativistic 3-momentum

We have seen in the last module (Relativity and
Electrodynamics) that the equation of motion for a particle with
charge e in an electromagnetic field is given by the Lorentz force
law

d~p
dt

= e (~E + ~v× ~B) (1)

This of course looks the same as the non-relativistic version,
however here ~p is the relativistic 3-momentum (the
space-components of the 4-momentum)

~p = m γ ~v , (2)

where γ is the Lorentz boost.
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Kinematic energy

Also, the “kinematic energy” Ekin
(where Ekin/c is the time-component of the 4-momentum)
is Ekin =

√
m2c4 + |~p|2c2.

We use the notation E or the energy to distinguish it from the
notation E for the electric field components, and the suffix “kin”
to distinguish it from
the total energy E of the particle, which will also include its
electromagnetic potential energy.

The kinematic energy relates the velocity and momentum of the
particle:

~v =
~pc2

Ekin
. (3)

Using the Lorentz force, the trajectory of the particle is then

d~v
dt

=
d
dt

(
~pc2

Ekin

)
. (4)
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Trajectory of particle starting out perpendicular to ~E

Formal statement of the problem

The electric field is ~E = Ex x̂, which is a constant.

The initial momentum is ~p(0) = p0ŷ

Determine the trajectory x(t) and y(t).



Equations of motion

The Lorentz force equations give

dpx

dt
= eEx ,

dpy

dt
= 0 , (5)

which lead to
px = eEx t , py = p0 . (6)

The kinematic energy is

Ekin =
√

m2c4 + |~p|2c2 =
√

m2c4 + p2
0c2 + (eEx t)2c2 , (7)

which may be written for convenience as

Ekin =
√
E2

0 + (eExct)2 (8)

where E0 =
√

m2c4 + p2
0c2 is the initial kinematical (and total)

energy of the particle.
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The trajectory

The relation ~v = ~pc2/Ekin gives

dx
dt

=
eEx t c2√
E2

0 + (eExct)2
,

dy
dt

=
p0c2√

E2
0 + (eExct)2

. (9)

The solutions for x(t) and y(t) are then

x(t) =

√
E2

0 + (eExct)2

eEx
+ x0 , y(t) =

p0c
eEx

sinh−1
(

eExct
E0

)
(10)

where we have taken y(0) = 0.

The trajectory may then be described as

x =
E0

eEx
cosh

(
eExy
p0c

)
+ x0 (11)

which is a catenary (the form taken by a uniform chain whose
two end points are fixed at the same height.)
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Comparison with the non-relativistic limit

In the non-relativistic (NR) limit, the velocity (and hence the
momentum) along the y -direction is constant. In the relativistic
case, the y -momentum is conserved, but not the y -velocity.

In the NR case, the motion along x direction corresponds to
uniform acceleration, and hence x(t) is quadratic in t at large t .
In the relativistic case, x(t) is linear in t at large t .

In the NR case, the trajectory is a parabola. As we have seen
here, the relativistic trajectory is a catenary. Of course in the
limit eExy � p0, the catenary becomes a parabola.

Problem
Generalize this analysis to the case where the particle is moving at
an angle θ with the electric field at t = 0.
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Particle starting out at an angle with ~B

Formal statement of the problem

The magnetic field is ~B = Bẑ, which stays constant.

Initial velocity is ~v(0) = (vx0,0, vz0).

Find the trajectory x(t), y(t), z(t).



Equations of motion and conserved quantities

The Lorentz force equations give

dpx

dt
= evy B ,

dpy

dt
= −evxB ,

dpz

dt
= 0 . (12)

Note that (d~p/dt) ·~v = 0, so no work is done on the particle, and
the energy E is a constant. The identification of this conservation
law simplifies our treatment a lot. Also, note that since there is
no scalar potential, Ekin = E .

Using ~v = ~pc2/Ekin, and denoting ω = eBc2/E , we get

dvx

dt
= ωvy ,

dvy

dt
= −ωvx ,

dvz

dt
= 0 . (13)
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The trajectory

The motion along the z direction is straightforward:

z(t) = z0 + vz0t (14)

The motion in the transverse plane is simply a circular motion:

vx = vx0 cos(ωt) , vy = vX0 sin(ωt) , (15)

Thus, the particle follows a helical trajectory, with a uniform
linear motion along the magnetic field (z-direction) and a uniform
circular motion in the transverse plane. The energy of the
particle does not change, neither does the angle between the
motion of the particle and the magnetic field.
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Comparison with the non-relativistic limit

Here the motion is very similar to that in the NR limit: the
trajectory is always uniform circular in the transverse plane and
uniform linear in along the magnetic field.

The only difference is in the frequency of precession, ω. In the
NR limit, ω = eB/m, while in the relativistic case, ω = eBc2/E .

This may be understood simply since the kinematic energy E is a
constant. The equations of motion in the NR and relativistc case
then become

m
d~v
dt

= e ~v× ~B (NR) (16)

E
c2

d~v
dt

= e ~v× ~B (relativistic) , (17)

which differ only by a constant.
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Impact on particle identification
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Parallel and constant ~E and ~B

Problem

Let ~E = Ez ẑ and ~B = Bz ẑ.

Initially, the particle has ~p = (px0,py0,pz0).

Show that the solutions for the coordinates x(t), y(t), z(t) are of
the form

x =
pT

eBz
sinφ , y =

pT

eBz
cosφ , z =

E0

eEz
cosh

(
Ezφ

cB

)
(18)

Determine pT in terms of the initial conditions given above.

Draw the trajectory, and comment on the differences between
the relativistic and non-relativistic case.



Orthogonal and constant ~E and ~B

Problem

Take ~E = Ex x̂ and ~B = Bz ẑ.

Take the initial velocity of the particle to be ~p = (px0,py0,pz0).

Find the trajectory of the particle.

This problem involves some rather complicated algebra and
different initial conditions may give rise to qualitatively different
trajectories. It is advised to solve this problem numerically on a
computer for different sets of initial conditions (even if you get an
analytical answer) and comment on the results.



Take-home message from this lecture

Lorentz force law and the relation ~v = ~pc2/Ekin are the
ingredients needed to solve problems of relativistic motion of
charges.
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