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@ E and B fields from Lienard-Wiechert potentials



E and B fields from potentials

@ The potentials from a moving charge with coordinates x{, (') are:
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@ Note that the fields are E(X, t) and B(X, t). So we need to
calculate the derivatives V and at constant t, and not constant ¢,.



E and B fields from potentials

@ The potentials from a moving charge with coordinates x{, (') are:
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@ Now we need to calculate the electric and magnetic fields

E(i,t):—vgf)—%, B(X,t) =V xA . 2)

@ Note that the fields are E(X, t) and B(X, t). So we need to
calculate the derivatives V and at constant t, and not constant ¢,.

@ Therefore, we need to write down V(f,) and s(f;) in terms of the
time t of observation.



Charge moving with a constant velocity
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time t. For this, consider r;(t,) = r(t,) — LCV(G)
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@ We want to write s(t,) = r(f;) — w in terms of quantities at

time t. For this, consider r;(t,) = r(t,) — LCV(G)
Then s(t,) = t(t;) - ry(t,).



Charge moving with a constant velocity
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@ We want to write s(t,) = r(f;) — M in terms of quantities at

time t. For this, consider r(t,) = (t) — M
Then s(t,) = t(t,) - Fy(t).

@ For a charge moving with a constant veIocﬂy, V(t) =V(t) = V.
Then we can also write r;(t,) = F(t) = X — Xo(t). Here, Xo(t) is
the position the charge would be at time t.



Determining [s(t;)]?

@ From the figure, it is clear that
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Determining [s(t;)]?

@ From the figure, it is clear that
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@ Also, since r(t,) = r(t) + V(t — t;), we have r(t,) x V = F(t) x V.



Determining [s(t;)]?

@ From the figure, it is clear that
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We have thus written s(t,) in terms of | F(t) = (X, 7,2) |.



Determining [s(t;)]?

@ From the figure, it is clear that

_ L2
s = o - (L) @
@ Also, since r(t;) = F(t) + V(t — t), we have F(f;) x V = F(t) x V.
Then - o
(o = (e~ (1Y) @

We have thus written s(t,) in terms of | F(t) = (X, 7,2) |.

@ Let the motion of the charge be along x-direction, i.e. V = vx.
Explicitly in terms of (X, , Z), we get
2 2 o s VEis o
S = 4P+ E -5 (P +P)
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Potentials in terms of quantities at time ¢

@ Now we have the potentials in terms of all quantities at time t:

. 1.9 1 q
H(X, 1) = 4reg 8 dmeg )?2+i(}“,2+22) (6)
,YZ
~o 1 qvx 1 qvX
Ax. 1) = 4mepc? S T 4mepC® o2 L 1 (o2 32 (7)
X2+ 5 (V2 + 27)

@ Remember that here

(%.5.2) = [x=xX(1),y — yo(t),z — zo(1)]
= [x(1), (1), 2(1)] .

@ Now the electric and magnetic fields can be calculated in a
straightforward manner.



Calculating electric field

@ The Electric field

E(X,t) = —Vo(X, t) — % (8)



Calculating electric field

@ The Electric field
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@ Check:
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Calculating electric field

@ The Electric field
OA(X, 1)

E(X.1) = ~Vo(%.1) - —— (8)
@ Check:
1 _ (_72;(1 _j’/a _2)
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Calculating electric field

@ The Electric field

_ o . OA(X
B, 1) = —vo(x,f) - 200 ®)
@ Check:
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Calculating electric field

@ The Electric field

B 1) = —Vo(x 1) - oo ®
@ Check:
1 o (_72;(:_.;/7_2)
v<s> I ©)
o (1 aF _ (1 L (1
i) - @) -vv(s) o
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Calculating electric field

@ The Electric field

B 1) = —Vo(x 1) - oo ®
@ Check:
1 o (_72;(:_.;/7_2)
v(5) = T ©
0 (1 dar 1 . 1
i) - @) -vv(s) o
in - 9 (X VvEX\_ g X
Exx.f) = 4reg (33 c? 83)_471'607233 an
E&N) = =) | EE&H=- 2 (12)
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Comments on the electric field
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Comments on the electric field
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@ In a compact form,
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@ Thus, E is pointed to the observation point, from the position the
charge would have been at the same time (not the retarded
time).

E(X, t)



Comments on the electric field

Xoltr) ¥ Xp) v

@ In a compact form,

_ 1

E(X, 1) = T (%.7.2) (13)

47e 7283

@ Thus, E is pointed to the observation point, from the position the
charge would have been at the same time (not the retarded
time). Note that this result is true only for a constant velocity of
the charge, and hence does not violate the limit on the
propagation speed of a signal.




Calculating magnetic field

@ Using

B(X,t) =V x A(X.f) = — 2V x (Z) , (14)

 4qepe?



Calculating magnetic field

@ Using
B(X,t) = V x A(X ):MZCQ < ) (14)

we get
B, = 0, (15)
By = —pss (16)

. qv_ ¥
B, = 4rmegc? 288 (17)

Problem
Check the above answer by explicit calculation.




Comments on the magnetic field

@ We have, in compact form,
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Comments on the magnetic field

@ We have, in compact form,

e 1 qv
B(x.1) = 4reqc? 288

(07 _25J7) (18)

@ The magnetic field is always perpendicular to the plane formed
by the line of motion of the charge and the position of the
observation point.



9 E and B fields from Lorentz transformations



From a coulomb potential

@ The fields produced by a charge at rest are
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From a coulomb potential

@ The fields produced by a charge at rest are
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@ Here we want to go to a frame moving with a velocity —V, so that
the charge is seen to be moving with a velocity V. In this frame,
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From a coulomb potential

@ The fields produced by a charge at rest are

ar(t)  _ q o
Areolr(t)]?  dmeo(X2 + y2 + 22)3/2 (*%.¥,2),

B(X,t) = 0. (19)

E(X,t) =

@ Here we want to go to a frame moving with a velocity —V, so that
the charge is seen to be moving with a velocity V. In this frame,

o/ v >/

X =x/~v, ¥V=y, Z==z. (20)

@ We already know how E and B transform under these Lorentz
transformations:

E,=E«, E,=~(E +VB;), E.=~(E —VBy),
"4 "4
B, = By, B;,:’y(By—?Ez), Bé:’y(Bz—i—?Ey).



Fields in the primed frame, with primed coordinates

@ Example of an E component:

e _ 4 X
X 47T€0 (5'(2 + 5/2 + 22)3/2
q X' q X

= ~ ~ - = 21
Ameg (2X'2+ §2 +22)3/2  Armeg A2S3 (21)




Fields in the primed frame, with primed coordinates

@ Example of an E component:

e _ 4 X
X 47T€0 (5'(2 + 5/2 + 22)3/2
q X' q X

4reg (VBX'2 + 2 4 22)3/2  4meg 42S° (21)

@ Example of a B component:

g - _Wg _ 4 vz
Y c2 4rey (X2 + 2 4 22)3/2
_ _q vz __q vz (22)
4req (V2X2 + J2 + 22)3/2 4rey 1283

Problem

Explicitly calculate all the components of E and B fields and check
that they match the results from the Lienard-Wiechert route.




e Force between two uniformly moving charges



Force on g. due to the fields produced by gy

@ The force on a charge g at the location (X2, t) is
F(Xo,1) = Go |E(Xa2, t) + Va2 x B(Xa, t) (23)

where E and B are generated due to the motion of the charge
g; with velocity V.



Force on g. due to the fields produced by gy

@ The force on a charge g at the location (X2, t) is
F(Xo,1) = Go |E(Xa2, t) + Va2 x B(Xa, t) (23)
where E and B are generated due to the motion of the charge

g; with velocity V.
@ Using the results obtained earlier in this lecture,

o 1 . vV V. Y2
o028 (1) o9+ B (03]
(2

4reg S

V is with respect to the coordinates Xo.



Charges moving with the same velocities

@ When V; = Vi, we can use the identity
v v V2 . v
— — — - — (v - -
2~ (V . s> v (CZS> ( v)023

o, 1—v2/c?
w3225

to get




Charges moving with the same velocities

@ When V; = Vi, we can use the identity
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to get
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@ This may be written as
F(¥o,t) = —Vi, with o= 4:6‘03223 . 27)

The force can thus be derived from a scalar potential, called the
“convection potential”.



Charges moving with the same velocities

@ When V; = Vi, we can use the identity

;x(VXZ)—V<C‘/2ZS>—(\7~V)C\ZS (25)
to get
i) = 1% {—v (1 v 02)} | (26)
@ This may be written as
F(¥o,t) = —Vi, with o= 4:6‘0‘;223 . 27)

The force can thus be derived from a scalar potential, called the
“convection potential”.

@ It is not surprising, since in the frame that moves along with both
the charges, the two charges are stationary and experience
Coulomb potential of each other.



Charges moving in orthogonal directions

Two charges @i and g» are moving with uniform velocities along the x
and y axis respectively. Their position vectors are given as

(a) Calculate the potentials ¢(x, y, z, t) and A(x, y, z, t) due to the
charge g1.

(b) Hence calculate the fields E(x, y,z,t)and I§(x, y,z,t) due to the
charge g1.

(c) Draw a diagram showing the positions of g; and g at an arbitrary
time t. Qualitatively show the directions of E(Xy, t) and B(X», t). Point
out the important features.

(d) Calculate the force Fi» on the charge g» due to the charge q;.

(e) Calculate, and show in the figure, the force F»; on the charge g
due to the charge go.

Comment on the relative directions of F1» and F»;. Your answers
should be in terms of x, y, z, t, v;, v» and other universal constants,
but no other variables. There is no need to combine terms to simplify. )




Take-home message from this lecture

@ The E field due to a uniformly moving charge seems to point to
where the charge currently is, rather than where it was at the
retarded time.

@ The expressions for fields obtained from Lienard-Wiechert
potentials and from a Lorentz boost of the Coulomb potential
match, as they have to.

@ Even if the charge is not moving uniformly, the results may be
generalized to “where the charge would have been currently, if it
were travelling uniformly”.

@ For two charges moving with equal constant velocities, the
mutual force may be written in terms of a scalar potential, which
is just the Coulomb potential with appropriate Lorentz and
geometric factors.
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