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0 Linearly accelerated charge: radiation at small velocities



Radiative electric and magnetic fields

@ From the last lecture, we know the radiative components of E
and B fields to be

Erad(iy ) = chzss rx (Fg x a) (1)
— - 1 — =, =
Brad(x7 t) = E[rXE(xv t)] (2)

where the quantities I, r, s, V, a are all calculated at the retarded

time t,.
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and B fields to be

Erad(iy ) = chzss rx (Fg x a) (1)
— - 1 — =, =
Brad(x7 t) = E[rXE(xv t)] (2)

where the quantities I, r, s, V, a are all calculated at the retarded
time t,.

@ Remember that ¢, is to be determined from the solution to the
implicit equation



The low-velocity limit

@ At low velocities (|v| < ¢), we can use s ~ r and r; ~ I to get
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@ Note that in this approximation, ¢, ~ t. Therefore, all the
quanities may be calculated at time t itself. The right hand side

of the above equations can therefore be written in blue.



The low-velocity limit

@ At low velocities (|v| < ¢), we can use s ~ r and r; ~ I to get

Eu(fl) = s Px(Fxd) (4)
S, q .
Brad(x, t) = W (a X F) (5)

@ Note that in this approximation, ¢, ~ t. Therefore, all the
quanities may be calculated at time t itself. The right hand side
of the above equations can therefore be written in blue.

Problem

Show that the expressions for radiation fields are equivalent to an
electric dipole. Find the relation between the electric dipole p and the

acceleration a of the charge.




Poynting vector at small velocities

@ The Poynting vector is

_ 1. 4
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Poynting vector at small velocities

@ The Poynting vector is

N(X,t) = —E(Xt)xB(X1)

whereb=a x F.
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When 0, is the angle between & and F, this quantity becomes
—|a|2r2sin? 6, T.



Poynting vector at small velocities

@ The Poynting vector is

N(X,t) = —E(Xt)xB(X1)
Ho
1/ g\ 1 . = =
_ _M(WO s (FxB) B, (6)
where b = a x .
@ Since b L T, we get
(Fx b) xb=—|b>’F = —|a x F°F. 7)

When 0, is the angle between & and F, this quantity becomes
—|a|2r2sin? 6, T.
@ The Poynting vector is then

oo g \? |2 sin? 6, .
(x.1) = 1o (47reo> c5r2 ' ®

=




Power radiated at small velocities

@ We take the direction of acceleration to be the z-axis. Then
0, = 0, the polar angle of the spherical polar coordinates.
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Note that the angular dependence is sin? 6, where 4 is the angle
between a and f.
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Power radiated at small velocities

@ We take the direction of acceleration to be the z-axis. Then
0, = 0, the polar angle of the spherical polar coordinates.

@ The power radiated in a solid angle d2 is then

Y (N-#)rda =

2|a2
- qlal 5 sin?0 d )

167T2€0C

Note that the angular dependence is sin? 6, where 4 is the angle
between a and r. The radiation is thus peaked in the direction
normal to the acceleration.

@ Integrating over all angles, the total power radiated is
au _ qjap
dt  167m2¢yC3

CHE
6menC

/sin2 0 2rdcosf = (10)

@ Remember that in this small-velocity limit, . ~ t, hence it does
not matter whether a is calculated at t or .



Rate of energy loss of the charge

@ This power radiated can also be looked upon as the rate of
energy loss of the particle. Strictly speaking, the latter quantity is
(dU/dt ). However since s ~ r, here we have 9/0t = 9/0t,.
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Rate of energy loss of the charge

@ This power radiated can also be looked upon as the rate of
energy loss of the particle. Strictly speaking, the latter quantity is
(dU/dt ). However since s ~ r, here we have 9/0t = 9/0t,.

@ The rate of energy loss (at small velocities) is then
au  q*laP
dt, ~ 16m2¢yc3

q’lal?
67epC3

/sin2927rdcosé): (11)

@ When the velocity of the charge is not small, we have to be
careful about the distinction.



e Bremsstrahlung radiation: large velocities



Accelerating charge in a linear motion

@ For alinear motion, V || @, and therefore r, xa =r x a. As a
result,

= q 2 (23 3 q 5
E_4F€chss[r><(r><a)], B = r@axr (12)



Accelerating charge in a linear motion

@ For alinear motion, V || @, and therefore r, xa =r x a. As a
result,

= q 2 (23 = q 5
E_47600233[r><(r><a)], B r@axr (12)

@ A straightforward calculation gives the time-averaged Poynting
vector

Lo q° . Lo



Accelerating charge in a linear motion

@ For alinear motion, V || @, and therefore r, xa =r x a. As a
result,

E- 9 [Fx(fxa), B

12
4megce s’ (12)

I
-
—
Q|

X
-

@ A straightforward calculation gives the time-averaged Poynting
vector ,
N[ q 2124 ain2 &
N =
(X, 1) 1672co 350 |a]“r*sin“6 (13)
@ Usings=r— "V =r(1 - Lcos0), we get the angular
dependence of the power radiated as

au q°

— 212 ain?
dt — 16m2eoc3(1 — ¥ cos 6)6‘a| sin” 0 (14)




Accelerating charge in a linear motion

@ For alinear motion, V || @, and therefore r, xa =r x a. As a
result,

_ a9 = e = _ q
E=—"—-—]r rxa B —
47'('600283[ x(Fxa), 4mepcds®

I
-
—
Q|

X
-

(12)

@ A straightforward calculation gives the time-averaged Poynting
vector ,
TR q 22,4 205
N(X,t) = mh\ r'sin“or (13)
@ Usings=r— "V =r(1 - Lcos0), we get the angular
dependence of the power radiated as
au q° 312 ain2
— = 0dQ 14
dt  1672¢oc3(1 — £ cos )b 4l sin” 6d (14)

The peak of the radiation thus moves more and more in the
forward direction (but not at ¢ = 0) as the velocity increases,
since the factor (1 — ¥ cos#)® in the denominator decreases

sharply. See Mathemfatica file




Power radiated and rate of energy loss

@ The total power radiated is

21212 2
v _ _qlal / SN0 5 dcosd . (15)
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Power radiated and rate of energy loss

@ The total power radiated is

2132 in2
v _ _qlal / SN0 5 dcosd . (15)

dt 1672603 ) (1 — Lcosh)s

@ This needs to be contrasted with the rate of loss of energy of the
charge, which is

21312 in®
du _sdU _ _g¢ial /( S0 ordcoss  (16)

dt, — rdt  1672¢c® /] (1 — Lcos6)s

Note that the power of the factor (1 — £ cos ¢) is different in the
two expressions.



Power radiated and rate of energy loss

@ The total power radiated is

au _ qfa® [ sin®¢
at 0. 1
dt  1672¢C® / (1— Ycosh)e 2rdcos (15)

@ This needs to be contrasted with the rate of loss of energy of the
charge, which is

dU sdU  q?a)? sin 6
— == 2wdcosd 16
at.  r dt 16m2¢yc3 / (1 - %cosh)s g (16)
Note that the power of the factor (1 — £ cos ¢) is different in the
two expressions.

@ This radiation would therefore make the charge lose energy and
decrease its speed. Hence it is called “breaking radiation” or
bremsstrahlung.



Radiated energy for constant acceleration

Problem
Accelerating charge:

(i) By an explicit calculation, show that the magnetic field B from an
accerating charge reduces to the form B = r x E/(rc) where
r=x(t) — xX'(t).

(i) Calculate the total energy radiated in Bremsstrahlung when the
speed of a charge g decreases at a constant rate a, from v to 0.




Particle losing energy at a constant rate

Problem

A relativistic particle is losing energy at a constant rate R = dE/dt’
while moving through a material in a straight line. In the process, the
speed of the particle decreases from v = 0.9c to v = 0.

(i) Plot the power radiated as a function of cos ¢ (the angle between v
and 1), when the speed of the particle is v = 0.9¢, v = 0.5¢ and

v = 0.1c (on the same plot, showing the relative magnitudes, in
appropriate units).

(i) Calculate the total energy radiated by the particle in the form of
Bremsstrahlung radiation. You may need to integrate numerically.




Take-home message from this lecture

@ The radiation from an accelerating charge is peaked in the
direction transverse to its acceleration. The peak becomes
sharper with increasing velocity of the particle.

@ The power radiated by the accelerating charge and the rate of
loss of energy of the accelareting charge are different quantities,
the distinction being more significant at higher velocities of the
charge.

@ An accelerating particle undergoing a linear motion does not
radiate exactly along its direction of motion. However at large
speeds, the energy radiated in the forward direction
predominates.
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