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Total marks: 100

1. Consider a spin-1 particle in a magnetic field ~B = B0ẑ. For the follow-
ing problems, use the basis |j jz〉 = {|1 + 1〉, |1 0〉, |1 − 1〉}.

(a) Starting from the operations of J±,z on the basis vectors, deter-
mine the operators Jx, Jy, Jz.

[10]

(b) If the system initially consists of half the particles in the jz = +1
state and half the particles in the jx = +1 state, write down its
initial density matrix in the |j, jz〉 basis.

[10]

(c) The interaction Hamiltonian is Hint = a ~J · ~B. Write down the dif-
ferential equations for the evolutions of the elements of the density
matrix ρij, and solve them.

[10]

(d) Hence calculate the ensemble average [Jx] as a function of time.
Interpret the result.

[10]

[You may use J±|j m〉 = h̄
√
j(j + 1)−m(m± 1)|j m± 1〉 .]

2. Consider the Hamiltonian

H =

 A c d
c B f
d f B

 ,

where c, d, f � A,B.

(a) Calculate the eigenstates of this Hamiltonian correct to first order
in perturbation theory. Clearly state the conditions for validity of
the perturbative expansion.

[10]

(b) Calculate the eigenvalues of this Hamiltonian correct to second
order in perturbation theory. Clearly state the conditions for va-
lidity of the perturbative expansion.

[10]
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3. Consider an electron in the n = 2 energy level of a Hydrogen atom.
In the presence of a magnetic field Bẑ, the net Hamiltonian may be
written as

H = H0 + V , V = a ~L · ~S − b (~L+ 2~S) · ~B

where a and b are positive constants, and 〈H0〉 = E0 for all the n = 2
levels of the Hydrogen atom. For this problem, always work in the
basis |` s m` ms〉.

(a) Determine all the nonvanishing matrix elements of the form
〈` s m′` m′s|V |` s m` ms〉 .

[10]

(b) When ~B = 0, determine the energy levels and express the corre-
sponding eigenstates in the basis |` s m` ms〉. (You may name
them |α1〉, |α2〉, etc.) Among which of these pairs of states
|αi〉 ↔ |αj〉 will there be transitions due to the magnetic field ?

[10]

(c) Under what conditions can the effect of the magnetic field be
treated as a perturbation ? Assuming this condition to be sat-
isfied, when the magnetic field is turned on, which of the above
states |αi〉 will have the lowest expectation value of energy ? Cal-
culate this energy.

[10]

[You may use L · S = LzSz + (L+S− + L−S+)/2]

4. An electron in the ground state |0〉 of a one dimensional harmonic
oscillator is placed in a region with uniform electric field. Find the
first order correction to |0〉, and hence, determine the induced electric
dipole moment.

[10]

Possibly useful relations:

a =

√
mω

2h̄

(
x+

ip

mω

)
, a† =

√
mω

2h̄

(
x− ip

mω

)

a|n〉 =
√
n|n− 1〉 , a†|n〉 =

√
n+ 1|n+ 1〉

∞ ∞ ∞
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