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Dangerous curves ahead...

@ The questions
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Things that can go wrong, will go wrong.
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The questions

Things that can go wrong, will go wrong.

A singularity in a spacetime can be either a curvature singularity or can be
of more subtle kinds like geodesic incompleteness or “black holes”. The
relationship between the various ways in which things can go bad is not
completely understood and the pursuit of an unifying picture is a major
driving force for research.
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The questions

Things that can go wrong, will go wrong.

It is a still harder question to determine by looking at the initial conditions
whether the final state can have any of these unpleasant features.
Establishing formation of even trapped surfaces had defied all efforts till

some very recent pathbreaking progress.
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The questions

Things that can go wrong, will go wrong.

Tied to all these is the very difficult question of establishing global
hyperbolicity of spacetimes which will allow for usual intuitions of
deterministic physics. The relationship between these various forms of
singularities and the loss of complete determinism is widely open.
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The state of the art

The following are some of the recent breakthroughs in trying to settle
these questions,

@ "“The global nonlinear stability of the Minkowski space” (1993) by
D.Christodoulou and Sergiu Klainerman J
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The state of the art

The following are some of the recent breakthroughs in trying to settle
these questions,

@ "“The global nonlinear stability of the Minkowski space” (1993) by
D.Christodoulou and Sergiu Klainerman

@ “Examples of naked singularity formation in the gravitational collapse
of a scalar field” (Annals of Mathematics, 140(1994), 607 — 653) by

D.Christodoulou
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The state of the art

The following are some of the recent breakthroughs in trying to settle
these questions,

@ "“The global nonlinear stability of the Minkowski space” (1993) by
D.Christodoulou and Sergiu Klainerman

o “Examples of naked singularity formation in the gravitational collapse
of a scalar field" (Annals of Mathematics, 140(1994), 607 — 653) by
D.Christodoulou

@ “The instability of naked singularities in the gravitational collapse of a
scalar field” (Annals of Mathematics, 149(1999), 183 — 217) by
D.Christodoulou )
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The state of the art

The following are some of the recent breakthroughs in trying to settle
these questions,

@ “The global nonlinear stability of the Minkowski space” (1993) by
D.Christodoulou and Sergiu Klainerman

@ "“Examples of naked singularity formation in the gravitational collapse
of a scalar field” (Annals of Mathematics, 140(1994), 607 — 653) by
D.Christodoulou

@ "“The instability of naked singularities in the gravitational collapse of a
scalar field” (Annals of Mathematics, 149(1999), 183 — 217) by
D.Christodoulou

@ “The formation of black holes in General Relativity”
(arXiv : 0805.3880v1, 2008) by D.Christodoulou
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The state of the art

The following are some of the recent breakthroughs in trying to settle
these questions,

@ “The global nonlinear stability of the Minkowski space” (1993) by
D.Christodoulou and Sergiu Klainerman

@ “Examples of naked singularity formation in the gravitational collapse of a
scalar field” (Annals of Mathematics, 140(1994), 607 — 653) by
D.Christodoulou

@ “The instability of naked singularities in the gravitational collapse of a scalar
field” (Annals of Mathematics, 149(1999), 183 — 217) by D.Christodoulou

@ “The formation of black holes in General Relativity” (arXiv : 0805.3880v1,
2008) by D.Christodoulou

@ “On the formation of trapped surfaces” (arXiv : 0912.5097v1, 2009) by
Sergiu Klainerman and Igor Rodnianski

Anirbit (DTP, TIFR) Naked And Uncensored January 21, 2011 10 / 40



The state of the art

The following recent works have tried to give a cleaner presentation of the
famed Christodoulou-Klainerman work,
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@ “The evolution problem in General Relativity” (2002) by
S.Klainerman and F.Nicolo J
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The state of the art

The following recent works have tried to give a cleaner presentation of the
Christodoulou-Klainerman work,

@ "“The evolution problem in General Relativity” (2002) by
S.Klainerman and F.Nicolo

@ “The global stability of the Minkowski space-time in harmonic gauge”,
arXiv : math/0411109v1(2004) by H.Lindblad and I.Rodnianski
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The state of the art

The following recent works have tried to give a cleaner presentation of the
Christodoulou-Klainerman work,

@ "“The evolution problem in General Relativity” (2002) by
S.Klainerman and F.Nicolo

@ "The global stability of the Minkowski space-time in harmonic gauge”,
arXiv : math/0411109v1(2004) by H.Lindblad and I.Rodnianski

@ "On the uniqueness of smooth, stationary black holes in vacuum”,
arXiv : 0711.0040v1(2007) by A.D.lonescu and S.Klainerman
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Following are the recent expositions from which | am learning these
current developments,
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The questions

The state of the art

Following are the recent expositions from which | am learning these

current developments,

@ “General Relativity and the Einstein Equations” by Yvonne
Choquet-Bruhat

@ “Lectures on black holes and linear waves” (arXiv : 0811.0354v1,
2008) by Mihalis Dafermos and Igor Rodnianski
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The state of the art

Following are the recent expositions from which | am learning these
current developments,

@ “General Relativity and the Einstein Equations” by Yvonne
Choquet-Bruhat

@ “Lectures on black holes and linear waves” (arXiv : 0811.0354v1,
2008) by Mihalis Dafermos and Igor Rodnianski

@ “Cosmic Censorship and other great mathematical challenges of
General Relativity” (http://www.math.princeton.edu/~seri/
homepage/papers/BE2008.pdf) by Sergiu Klainerman
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The state of the art

Following are the recent expositions from which | am learning these
current developments,

@ “General Relativity and the Einstein Equations” by Yvonne
Choquet-Bruhat

@ “Lectures on black holes and linear waves” (arXiv : 0811.0354v1,
2008) by Mihalis Dafermos and Igor Rodnianski

@ “Cosmic Censorship and other great mathematical challenges of
General Relativity” (http://www.math.princeton.edu/~seri/
homepage/papers/BE2008.pdf) by Sergiu Klainerman

The following writing has evolved in the community as almost the
canonical reference for all matters of definition,
@ "“On the global initial value problem and the issue of singularities”
(Classical and Quantum Gravity, 16(1999), A23 — A35) by
D.Christodoulou.
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What can be naked about a singularity?

Speaking crudely a singularity is said to be “naked” if there can exist a
causal curve which starts arbitrarily close to it and runs off to infinity.
Hence faraway observers can be influenced by the singularity.
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The motivations

What can be naked about a singularity?

Speaking crudely a singularity is said to be “naked” if there can exist a
causal curve which starts arbitrarily close to it and runs off to infinity.
Hence faraway observers can be influenced by the singularity. But this is
unsatisfatory since notions of being “arbitrary close” and “faraway” are
hard to make sense of in a diffeomorphism invariant theory.
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The motivations

What can be naked about a singularity?

Speaking crudely a singularity is said to be “naked” if there can exist a
causal curve which starts arbitrarily close to it and runs off to infinity.
Hence faraway observers can be influenced by the singularity. But this is
unsatisfatory since notions of being “arbitrary close” and “faraway” are
hard to make sense of in a diffeomorphism invariant theory. Hence one
needs more sophisticated methods of quantifying this notion.
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What can be naked about a singularity?

Speaking crudely a singularity is said to be “naked” if there can exist a
causal curve which starts arbitrarily close to it and runs off to infinity.
Hence faraway observers can be influenced by the singularity. But this is
unsatisfatory since notions of being “arbitrary close” and “faraway” are
hard to make sense of in a diffeomorphism invariant theory. Hence one
needs more sophisticated methods of quantifying this notion.

Only over the last few years there has evolved some significantly clean
ways of thinking about a “naked singularity” and that needed posibly
unexpected lines of reasoning stemming from a careful fleshing out of the
assumptions that go into thinking of a “black hole”.
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What can be naked about a singularity?

Speaking crudely a singularity is said to be “naked” if there can exist a
causal curve which starts arbitrarily close to it and runs off to infinity.
Hence faraway observers can be influenced by the singularity. But this is
unsatisfatory since notions of being “arbitrary close” and “faraway” are
hard to make sense of in a diffeomorphism invariant theory. Hence one
needs more sophisticated methods of quantifying this notion.

Only over the last few years there has evolved some significantly clean
ways of thinking about a “naked singularity” and that needed posibly
unexpected lines of reasoning stemming from a careful fleshing out of the
assumptions that go into thinking of a “black hole”. But still it is hard to
pin down one all encompassing definition.
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What is so dark about a black hole?
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What is so dark about a black hole?

Naive thinking about black holes as regions from which light cannot
escape can lead to quite harmless things like future of any event getting
called a black hole!
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What is so dark about a black hole?

Naive thinking about black holes as regions from which light cannot
escape can lead to quite harmless things like future of any event getting
called a black hole! Hence black holes had to be thought of as regions

which cannot communicate to infinity.
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What is so dark about a black hole?

Naive thinking about black holes as regions from which light cannot
escape can lead to quite harmless things like future of any event getting
called a black hole! Hence black holes had to be thought of as regions
which cannot communicate to infinity. But to match against intuitions
about commonly known solutions with curvature singularities one needed
to put in various other assumptions about the spacetime which are not a
priori guaranteed.
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Dangerous curves ahead...
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The naked truths about a black hole
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The naked truths about a black hole

@ To define a black hole it is assumed that the spacetime is
time-orientable and has a Penrose compactification with a “complete”
future null infinity.
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The naked truths about a black hole

@ To define a black hole it is assumed that the spacetime is
time-orientable and has a Penrose compactification with a “complete”
future null infinity.

@ The notion of being “complete” is highly debated. It tries to capture
the intuition that nothing else in the spacetime is going wrong except
where the singularity is and hence one can go as far as one wants
away from the region one wants to call as a black hole. This also
helps define a notion of “asymptotic observers”.
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The naked truths about a black hole

@ To define a black hole it is assumed that the spacetime is
time-orientable and has a Penrose compactification with a “complete”
future null infinity.

@ The notion of being “complete” is highly debated. It tries to capture
the intuition that nothing else in the spacetime is going wrong except
where the singularity is and hence one can go as far as one wants
away from the region one wants to call as a black hole. This also
helps define a notion of “asymptotic observers”.

e The “future null infinity”, ZT, is defined as the future null boundary
of the image in the larger spacetime into which the physical
spacetime has been conformally embedded via the Penrose map.
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The naked truths about a black hole

@ This future null infinity can operationally be called complete if any
future null geodesics along it can be indefinitely extended relative to
an affine parameter.
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The naked truths about a black hole

@ This future null infinity can operationally be called complete if any
future null geodesics along it can be indefinitely extended relative to
an affine parameter.But there are more sophisticated ways of defining
it stemming from various recent seminal works by Klainerman, Nicolo
and Christodoulou and these attempts try to free the definition from
the murky issue of smoothness of the Penrose map.
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The naked truths about a black hole

@ This future null infinity can operationally be called complete if any
future null geodesics along it can be indefinitely extended relative to
an affine parameter.But there are more sophisticated ways of defining
it stemming from various recent seminal works by Klainerman, Nicolo
and Christodoulou and these attempts try to free the definition from
the murky issue of smoothness of the Penrose map.

@ Clearly if there are things going bad outside whatever one wants to
call the “black hole” then it will affect the above property of
completeness.
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The naked truths about a black hole

@ This future null infinity can operationally be called complete if any
future null geodesics along it can be indefinitely extended relative to
an affine parameter.But there are more sophisticated ways of defining
it stemming from various recent seminal works by Klainerman, Nicolo
and Christodoulou and these attempts try to free the definition from
the murky issue of smoothness of the Penrose map.

@ Clearly if there are things going bad outside whatever one wants to
call the “black hole” then it will affect the above property of
completeness. (And hence the motivation of thinking about it!)
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The framework

The naked truths about a black hole

Given the above assumptions about the spacetime, a black hole, B, is
defined as the complement in its conformal embedding, M, (or in the
Penrose diagram) of the past of the future null infinity. Hence

B =M/ J=(Z*) and its event horizon is defined as the boundary of
J=(Z7)
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defined as the complement in its conformal embedding, M, (or in the
Penrose diagram) of the past of the future null infinity. Hence

B =M/ J=(Z*) and its event horizon is defined as the boundary of
J=(Z7)

But there exits different variations of the notion of a black hole.
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The naked truths about a black hole

Given the above assumptions about the spacetime, a black hole, B, is
defined as the complement in its conformal embedding, M, (or in the
Penrose diagram) of the past of the future null infinity. Hence

B =M/ J=(Z*) and its event horizon is defined as the boundary of
J=(Z7)

But there exits different variations of the notion of a black hole.
@ Sometimes a black hole is defined as the complement of the past of

the set covered by the null geodesics which have an infinite future
canonical parameter.
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The framework

The naked truths about a black hole

Given the above assumptions about the spacetime, a black hole, B, is
defined as the complement in its conformal embedding, M, (or in the
Penrose diagram) of the past of the future null infinity. Hence

B =M/ J=(Z*) and its event horizon is defined as the boundary of
J=(Z7)

But there exits different variations of the notion of a black hole.

@ Sometimes a black hole is defined as the complement of the past of
the set covered by the null geodesics which have an infinite future
canonical parameter.

@ Often asymptotic strong predictability is assumed as a part of the
definition of a black hole. Highly invoked properties of black holes like
the non-decreasing nature of the event horizon's area holds only under
still stronger assumptions like regular asymptotic strong predictability.
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The naked truths about a black hole

Given the above assumptions about the spacetime, a black hole, B, is
defined as the complement in its conformal embedding, M, (or in the

Penrose diagram) of the past of the future null infinity. Hence

B =M/ J=(Z*) and its event horizon is defined as the boundary of
J=(Z7)

But there exits different variations of the notion of a black hole.

@ Sometimes a black hole is defined as the complement of the past of
the set covered by the null geodesics which have an infinite future
canonical parameter.

@ Often asymptotic strong predictability is assumed as a part of the
definition of a black hole. Highly invoked properties of black holes like
the non-decreasing nature of the event horizon's area holds only under
still stronger assumptions like regular asymptotic strong predictability.

@ Global hyperbolicity of the domain of outer communications,
J(ZT)N JH(Z7), is also often assumed.
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Formulating “Naked Singularity”

@ From the above set up it is obvious that the black hole region cannot
communicate to the future null infinity but it is still somewhat
mysterious that its reverse situation could not directly be used as a
definition of naked singularity.
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Formulating “Naked Singularity”

@ From the above set up it is obvious that the black hole region cannot
communicate to the future null infinity but it is still somewhat
mysterious that its reverse situation could not directly be used as a
definition of naked singularity. Instead it turned out fruitful to think
of naked singularity as failure of the future null infinity of a maximal
Cauchy development to be complete.
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@ From the above set up it is obvious that the black hole region cannot
communicate to the future null infinity but it is still somewhat
mysterious that its reverse situation could not directly be used as a
definition of naked singularity. Instead it turned out fruitful to think
of naked singularity as failure of the future null infinity of a maximal
Cauchy development to be complete. Establishing a precise
correspondence between these two different lines of thought is still an
open question.

Anirbit (DTP, TIFR) Naked And Uncensored January 21, 2011 29 / 40



Formulating “Naked Singularity”

@ From the above set up it is obvious that the black hole region cannot
communicate to the future null infinity but it is still somewhat
mysterious that its reverse situation could not directly be used as a
definition of naked singularity. Instead it turned out fruitful to think
of naked singularity as failure of the future null infinity of a maximal
Cauchy development to be complete. Establishing a precise
correspondence between these two different lines of thought is still an
open question.

@ As a motivation one can note that it is possible for maximal analytic
extensions of otherwise “good” solutions to have the somewhat
unpleasant feature of singularity being able to communicate with a
complete future null infinity.
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Formulating “Naked Singularity”

@ From the above set up it is obvious that the black hole region cannot
communicate to the future null infinity but it is still somewhat
mysterious that its reverse situation could not directly be used as a
definition of naked singularity. Instead it turned out fruitful to think
of naked singularity as failure of the future null infinity of a maximal
Cauchy development to be complete. Establishing a precise
correspondence between these two different lines of thought is still an
open question.

@ As a motivation one can note that it is possible for maximal analytic
extensions of otherwise “good” solutions to have the somewhat
unpleasant feature of singularity being able to communicate with a
complete future null infinity. Hence in the definition the emphasis is
on incompleteness of the Cauchy development rather than on the full
spacetimes.
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The framework

Formulating the Weak and Strong Cosmic Censorship
Conjecture
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The framework

Formulating the Weak and Strong Cosmic Censorship
Conjecture

With the above background one can motivate the currently upheld
formulation of the cosmic censorship conjecures,
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The framework

Formulating the Weak and Strong Cosmic Censorship
Conjecture

With the above background one can motivate the currently upheld
formulation of the cosmic censorship conjecures,

Weak Cosmic Censorship Conjecture

states that generic asymptotically flat initial data have maximal future
developments possessing a complete future null infinity.
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The framework

Formulating the Weak and Strong Cosmic Censorship
Conjecture

With the above background one can motivate the currently upheld
formulation of the cosmic censorship conjecures,
Weak Cosmic Censorship Conjecture

states that generic asymptotically flat initial data have maximal future
developments possessing a complete future null infinity.

This still allows for predictability to fail within the black hole region and
hence allowing for analytic extensions beyond the Cauchy horizons.(what is

colloquially called “locally visible singularity”) The second version tries to
plug even this.
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The framework

Formulating the Weak and Strong Cosmic Censorship
Conjecture

With the above background one can motivate the currently upheld
formulation of the cosmic censorship conjecures,
Weak Cosmic Censorship Conjecture

states that generic asymptotically flat initial data have maximal future
developments possessing a complete future null infinity.

This still allows for predictability to fail within the black hole region and
hence allowing for analytic extensions beyond the Cauchy horizons.(what is
colloquially called “locally visible singularity”) The second version tries to

plug even this.
Strong Cosmic Censorship Conjecture

states that generic asymptotically flat or compact initial data sets have
maximal future developments which are locally inextendible.
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What is “generic"?
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What is “generic”’?

Strong Cosmic Censorship Conjecture in some sense claims that the
maximal future globally hyperbolic development of generic asymptotically
flat initial data are either complete or terminate in a singular boundary.
(hence claiming that the known cases where there are smooth extensions
beyond the Cauchy horizon are merely accidental)
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maximal future globally hyperbolic development of generic asymptotically
flat initial data are either complete or terminate in a singular boundary.
(hence claiming that the known cases where there are smooth extensions
beyond the Cauchy horizon are merely accidental) It still leaves open the
degree of smoothness of the extension.But there exists more sophisticated
formulations of the conjecture by Christodoulou which have the merit of
being local in nature.
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What is “generic”’?

Strong Cosmic Censorship Conjecture in some sense claims that the
maximal future globally hyperbolic development of generic asymptotically
flat initial data are either complete or terminate in a singular boundary.
(hence claiming that the known cases where there are smooth extensions
beyond the Cauchy horizon are merely accidental) It still leaves open the
degree of smoothness of the extension.But there exists more sophisticated
formulations of the conjecture by Christodoulou which have the merit of
being local in nature.

The qualification “generic” in these statements can be made more precise
by demanding that the initial data that evolves to a naked singularity is of
measure zero in the set of possible initial data in some relevant topology.
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What is “generic”’?

Strong Cosmic Censorship Conjecture in some sense claims that the
maximal future globally hyperbolic development of generic asymptotically
flat initial data are either complete or terminate in a singular boundary.
(hence claiming that the known cases where there are smooth extensions
beyond the Cauchy horizon are merely accidental) It still leaves open the
degree of smoothness of the extension.But there exists more sophisticated
formulations of the conjecture by Christodoulou which have the merit of
being local in nature.

The qualification “generic” in these statements can be made more precise
by demanding that the initial data that evolves to a naked singularity is of
measure zero in the set of possible initial data in some relevant topology.
But given the trend of the various recent results it seems that this precision
may not be necessary since a possible proof is likely to show that this
subset is of positive codimension and hence giving a stronger statement.
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@ Try to see if one can map the final configuration to that of a known
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event horizon.
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@ There have been some stray results in understanding these scenarios with
fluids and charges but nothing convincing is yet known and its best to say
that these scenarios are widely open and seem to have a host of other subtle
and challenging complications apart from the central gravitational questions.
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@ Establishing relationships between the different notions of naked singularities
and horizons is a possible crucial missing link. Like trying to pin down
criteria as to when can the event horizon be the Cauchy horizon for some
data. This might also entail understanding the possible geometries of the
Cauchy surface. (which is likely to be very challenging since it is typically
non-compact)
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@ There have been some stray results in understanding these scenarios with
fluids and charges but nothing convincing is yet known and its best to say
that these scenarios are widely open and seem to have a host of other subtle
and challenging complications apart from the central gravitational questions.

@ Establishing relationships between the different notions of naked singularities
and horizons is a possible crucial missing link. Like trying to pin down
criteria as to when can the event horizon be the Cauchy horizon for some
data. This might also entail understanding the possible geometries of the
Cauchy surface. (which is likely to be very challenging since it is typically
non-compact)

@ Looking at the general trend of the frontiers it seems that the scope of
progress is too limited if one looks at special gravitational collapse cases.
Further progress needs putting in concerted effort to establish massive
education programs to understand and explore further the analysis of
Klainerman, Rodnianski, Christodoulou, Dafermos and their collaborators.
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Summary of the project work

My goal is simple. It is a complete understanding of the universe,
why it is as it is and why it exists at all.

Stephen Hawking
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