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The objective of this article is to indicate the arguments that go into understanding the basic
kinds of decompositions of linear transformation. The core ideas have been pointed out with the
expectation that the reader can fill in the detailed proofs but the two decomposition theorems
mentioned next are proven in details.

Starting point is to understand the notion of diagonalizability of matrices of which 3 ver-
sions will be explained through matching of algebraic and geometric dimensions of eigenvalues,
through existence of distinct roots of minimal polynomials and through families of projection
operators.

The final goal is to understand the Primary Decomposition Theorem (Rational Form) and
the Cyclic Decomposition Theorem and how the first alone gives the powerful Jordan-Chevalley
Decomposition and the both together give the miraculous Jordan Decomposition.

En route we will need to understand the concepts of conductors and annihilators of vectors,
cyclic vectors and cyclic vector spaces, minimal polynomials and characteristic polynomials,

Cayley-Hamilton Theorem, Lagrange Polynomials and the idea of companion matrices.

I. MOTIVATION

Given a matrix representation of a linear transforma-
tion on a finite dimensional vector space one can ask the
following natural questions:

e Can it be decided whether the matrix is diagonal-
izable without finding the eigen vectors?

e Can any matrix be block-diagonalized?

e Can any matrix be brought to a form where there
are entries only along the diagonal and super/sub
diagonal?

The answer to the first two questions is affirmative and
over algebraically closed fields like C the answer to the
last question is also affirmative.

The point of this article is to indicate the key ideas
that explain the above.

A. Decomposition of Linear Transformations

For the cause of Representation Theory it is impor-
tant to understand the elementary ideas that go into
the idea of decomposition of a linear transformation into
transformations on smaller dimensional vector-spaces. It
is desirable that a given linear transformation on an n-
dimensional vector-space is writable as a ”direct sum” of
n linear transformations on one-dimensional subspaces
of the original space. This is what is the idea behind
“diagonalization”. But we know that all linear trans-
formations are not diagonalizable and then it becomes

necessary to understand which transformations are diag-
onalizable and when. Further if the matrix of the linear
transformation is not diagonalizable it might still be re-
ducible into a form that is “block-diagonal” and we need
to see what is the simplest block-diagonal form to which
a matrix can be reduced. Here I shall list out in a logical
sequence the theorems which establish the above things
and I shall indicate the basic idea behind them omitting
the detailed proofs.

All vector-spaces in the following section are fi-
nite dimensional. Many of the concepts might not
naturally extend for infinite dimensional vector-
spaces.

3 elementary operations on vector spaces:

e Given two subspaces W7 and W5 of a vector space V'
we denote as W1+ W5 the sum of the two subspaces
defined as the set {w; + we|w; € Wiandwy € Wa}t.
The notion can be naturally extended to arbitrary
number of subspaces.

One notes that dim(W7) + dim(Ws) = dim(W7 N

e Given k subspaces of V| say W7, Ws,...,W}, this set
of subspaces is called independent if for any set
of k vectors one from each subspace (Say w; from
Wi € {1,2,...,k}) the relation wq +wg +wz+...+
wyg = 0 implies each w; = 0

e Given k subspaces of V, say Wi, Wy,.... W}, the
subspace W defined as W = W7 + Wy + ... + Wy
is said to be a direct sum of these k subspaces
(denoted as W =W, @ Wo @ W3 P ... & W if these
k subspaces are independent.



One notes that W could be equal to V' and then one
would say that the k subspaces W;,i € {1,2,...,k}
of V form a direct sum decomposition of V.
One would then denote it as V =W @ Wo @ W5 &
... W}. Then one can see that an ordered basis of
V' is obtained by concatenating together an ordered
basis each from W;.

I shall soon show a natural example of a set of sub-
spaces of V' connected to a given endomorphism on it
which will always be independent but in general will NOT
form a direct sum decomposition of the full space V. Such
an example comes from the following crucial concept.

The following are equivalent ways of defining a Char-
acteristic Value (also known as an “Eigen Value”) for
T an endomorphism of a finite dimensional vector-space
V.

e c is a characteristic value of T
e The operator (T — cI) is singular (not invertible)
o det(T—cI)=0

Just by virtue of the above 3 equivalent definitions
of an eigenvalue the following observations and concepts
follow:

e Linear transformations related by a similarity
transformation have the same characteristic val-
ues. Being similar is an equivalence relation on
the set of all linear transformations and this splits
the space into equivalence classes. And the charac-
teristic value gives a multivalued function on each
equivalence class. Such structures shall be ubiqui-
tous in Representation Theory and are called Class
Functions.

e The polynomial defined as f(x) = det(T — zI)
is called the Characteristic Polynomial and its
roots are precisely the characteristic values.

e If the field of the vector space is not closed the
existence of characteristic values isn’t guaranteed.
0 —1 ,
doesn’t

One can easily see that the matrix [ 1 _0

have any characteristic values in R.

e If ¢ is a characteristic polynomial of an endomor-
phism A acting on the vector space V then an ele-
ment v € V is called a Characteristic Vector (or
an “Eigen Vector”) for ¢ if Av = cv.

e An endomorphism of a vector space V is called Di-
agonalizable if there is a basis of V' consisting of
eigen vectors. It is easy to see that in that basis the
matrix representation of the map will be diagonal.

e One can see that for a characteristic value ¢ of an
endomorphism of V', the subset of V' consisting of
characteristic vectors for ¢ forms a vector subspace
of V. The space spanned by all the characteristic

vectors of a given eigen value is called the Char-
acteristic Space or Eigen Space for that char-
acteristic value. This subspace can also be thought
of as the Null Space of the operator T'—cI (where
T is the linear map).

Dimension of the eigen subspace of an eigen value
is called the Geometric Dimension of that eigen
value and its multiplicity in the characteristic poly-
nomial is called its Algebraic Dimension.

1. Diagonalizability when algebraic dimension equals
geometric dimension

We will realize the criteria of diagonalizability in
multiple ways, some of which are conceptually cleaner
and some of which are computationally efficient.

Diagonalizability (Version 1)

Let T be an endomorphism of a finite dimensional
vector space V. and let {ci,ca,c3,...,ck} be the set of
characteristic values of T and W; be the null space of
(T — ¢;I). Then the following are equivalent:

e T is diagonalizable

e The characteristic polynomial of T is of the form
f(x) _ (x _ Cl)dim(Wl)(l_ _ Cg)dim(WQ)...(l‘ _ ck)dim(Wk)

. Orin other words that for each eigen value its Al-
gebraic Dimension=Geometric Dimension.

o dim(V) = dim(Wy) + dim(Ws) + dim(W3) + ... +
dim(Wy,)

The crucial ingredients that go into the above recipe
are:

e Nullity of a diagonal matrix is equal to the number
of 0s along its diagonal.

e One sees that the set of null spaces, one for each
characteristic value of a given endomorphism of a
finite dimensional vector space V' are all linearly in-
dependent and hence if W = W1 +Ws+...4+ W}, then
dim(W) = dim(W1) + dim(W2) + ... + dim(Wy).
But in general dim(W) < dim(V) and hence in
general the null-spaces don’t give a direct sum de-
composition. But when the third criteria above is
true dim(W) = dim(V') then the set of null-spaces
of the distinct eigen values give a direct sum de-
composition of the full space and hence diagonaliz-
ability.



An example to see the geometric dimension and
algebraic dimension conflict
Consider 2 matrices

31 -1 5 —6 —6
A=122 —-1| andB=| -1 4 2
22 0 3 -6 —4

A simple calculation shows that both of them have the
same characteristic polynomial

(z = 1)(z - 2)?

. So both of them have eigenvalues 1 and 2.
Now let us look at these operators

21 -1 (11 =1
A-T=|21-1|,A-2I=]20 -1
292 —1 22 -2
4 —6 —6 ] [ 3 —6 —6
B-I=|-13 2 |,B=2I=|-1 2 2
3 —6 -5 3 —6 —6

In what follows we shall use the following technique
that geometric dimension of an eigen value a of an auto-
morphism 7 is the nullity of the operator T — al which
can be deduced from the Rank — NullityT heorem which
states that Rank + Nullity of an automorphism =
dimension of the vector-space on which it acts.
Further rank is usually easier to see either by just star-
ing at the matrix hard enough or by solving a set of
simultaneous equations.

One can observe the following from the above:

e Rank of A — I = 2. So for A geometric dimen-
sion of the eigen value 1 is 1 (same as its algebraic
dimension).

e Rank of A—2] =2 . So for A geometric dimension
of the eigen value 2 is 1 (whereas algebraic dimen-
sion was2).

e Rank of B — I = 2. So for B geometric dimen-
sion of the eigen value 1 is 1(same as its algebraic
dimension).

e Rank of B — 21 = 2 . So for B geometric dimen-
sion of the eigen value 2 is 2(same as its algebraic
dimension).

Hence A is NOT diagonalizable whereas B is.

3 22
The similarity transformation by | —1 1 0 | diagonal-
3 01

izes B.
From this example we conclude that whether or not
a matrix is diagonalizable is a deeper story than just

the characteristic polynomial. To understand what really
matters we have to look at some more subtle polynomials
that capture this phenomenon.

Annihilating Polynomial for a linear transforma-
tion over a ring is a polynomial p such that p(T) = 0
where T' is a matrix representation of the linear transfor-
mation.

The following concepts follow from the above construc-
tion:

e Since the vector-space is finite dimensional say of
dimension n, then the space L(V, V) is of dimension
n? and hence there is an annihilating polynomials

of degree < n?. But stronger is true as follows.

e For a fixed linear transformation, set of its anni-
hilating polynomials forms an ideal in the ring of
polynomials. If in a ring there is Euclid’s algorithm
then one knows that there is a unique generator of
the ideal which is the monic in the ideal of the low-
est degree. This unique monic generator of the ideal
of annihilating polynomials is called the minimal
polynomial

e The characteristic polynomial and the minimal
polynomial have exactly the same roots upto mul-
tiplicities. This immediately shows that if the lin-
ear transformation has all distinct eigen values then
its minimal and characteristic polynomial are the
same.

e The Cayley-Hamilton Theorem (weak form)
states that the minimal polynomial divides the
characteristic polynomial and hence a linear trans-
formation satisfies its own characteristic polyno-
mial.

e If W is an invariant subspace for a linear transfor-
mation 7" and Ty be the restriction of T to W.
Then the characteristic polynomial and the mini-
mal polynomial for Ty, divides the characteristic
and the minimal polynomial for T respectively.



2. Conductors and Triangulability

If W is an invariant subspace for the linear transfor-
mation of T" on the vector space V and v € V, then the
T-conductor of v into W is the set of all polynomials
g in the corresponding field such that g(T)v € W.

As for annihilators, the set of conductors also form an
ideal and it has an unique monic generator. (By abuse of
terminology, henceforth we shall call this unique monic
generator as the, “T-conductor of v into W” by) Since
the minimal polynomial will take everything to 0, one
notes that every T-conductor for a linear transfor-
mation T divides its minimal polynomial. Hence
like above if the factorization of the minimal polynomial
into irreducibles is known then that highly constraints
the form of all the conductors.

The following concepts follow from the above construc-
tion:

e Let T be a linear operator acting on a finite dimen-
sional vector space V with an invariant subspace
W and let the minimal polynomial of T factorize
completely into linear polynomials. Then there ex-
ists a v € V,u ¢ W and a characteristic value ¢ of
T such that (T —cl)v € W.

The above existence theorem is what shall crucially
make the Cyclic Decomposition Theorem produce
the Jordan Form.

e Call a linear transformation Triangulable if there
is a basis in which the matrix is upper/lower trian-
gular. A linear transformation on a finite dimen-
sional vector space is triangulable iff its minimal
polynomial is a product of linear polynomials with
coefficients in the corresponding field. (Hence any
linear transformation over an algebraically closed
field like C is triangulable.)

The first concept is almost a tautology! The central
idea in the first concept is that the one can pick any ar-
bitrary vector, say 8 € V\W and ¢ comes from one of the
common factors between the minimal polynomial and the
characteristic polynomial (which is guaranteed by the lin-
ear decomposition) and then v = Wﬁ does
the job. And by the minimality of the degree of the
minimal polynomial, we have v ¢ W. To get the sec-
ond concept one just needs to iterate the first by start-
ing with a W spanned by an eigen-vector of T'. Let the
eigen vector be vy, then one is guaranteed that there is
ave € VW st (T —cl)vg = mu; for some ¢ and m
and hence Tvy = mwv; + cvy. In the next iteration choose
W as the subspace spanned by v; and ve. Continuing
one generates the required ordered basis. The converse
is trivial.

3. Diagonalizability when minimal polynomial has distinct
T001S

This leads us immediately to the computationally
most efficient test of diagonalizability.

Diagonalizability (Version 2)

An endomorphism of a finite dimensional vector
space is diagonalizable iff its minimal polynomial fac-
torizes into a product of distinct linear factors with
coefficients in the corresponding field.

Stated otherwise it means that if {ci,co,...,ck}
are the distinct eigenvalues of the linear oper-
ator T then T is diagonalizable iff as operators
(T — 1 I)(T —caI)..(T — ¢, 1) = 0.

The central idea in the above proof is to show that if the
characteristic vectors can’t span the whole space then
the minimal polynomial must have repeated roots. If ¢
is an eigen value then there exists a vector a beyond
the span of the characteristic vectors, say W, such that
(T — cl)a € W. Since the minimal polynomial factors
as (x — ¢)q, ¢ being some polynomial then ¢(T)a € W
since ¢(T)a is an eigen vector of T with eigen value c.
Then look at the polynomial g(x) — ¢(c) and one can see
that since ¢ is a root of it, (¢(T) — q(c))a € W (since
W is an invariant subspace of T') and hence ¢(c)a € W.
But since @ ¢ W by definition, we have ¢(c¢) = 0 which
is in contradiction to the assumption that the minimal
polynomial has repeated roots. Hence proved. The
converse is trivial.

4. Diagonalizability through projection operators

Projection operators and direct sum decompo-
sitions are intimately related to each other in the sense
that giving one gives the other. This notion is made pre-
cise in the following way,

IfV=W,eaWy®..B Wy, then there exists k linear
operators B, Es, ..., Ex, on'V such that:

e Each E; is a projection i.e E? = E;
o B, E; =01ifi#j

o I=E+E+..+E;

e The range of E; is W;

Conversely if Fq, Es,...,Ex are linear operators
on V' which satisfy these above mentioned conditions
and if W; is the range of E; then V = W1 ®Wod...aW.

The first part is trivially satisfied by choosing the
E;s as the projection operator to the W;s. To prove the
converse note that the condition I = F1 + Es + ... + E},



ensures that V.= Wy + Wy + ... + W. This splits any
vector « € V as o = a1 + as + ... + a and one can
then see that Fja = a; by using the construction that
for any i, F,a = E;(; for some §; € W, using the
surjectivity of F; on W;. This proves the uniqueness of
the decomposition of alpha and hence the proof.

The above idea coupled with a concept we had
earlier seen, that subspace of eigen-vectors of a given
eigenvalue form an invariant subspace of the linear trans-
formation and these subspaces for different eigen values
are independent, gives us another way to characterize
diagonalizability.

Diagonalizability (Version 3)

Let T be a linear operator on a finite dimensional
vector space V. T is diagonalizable if there exists
k distinct scalars cy,ca,...,c,, and k mnon-zero linear
operators Fi, Fs, ..., E}y, such that

o T'=ciFE1+cFEy+ ...+ cEy,
o [=FE1+FE+..+E;
o BiE; =0,i#j

It would also imply that:

® Cy,Co,...,Cr are the eigenvalues of T
e £E? = E; (E; is a projection)

e The range of E; is the characteristic space for T
associated with eigenvalue c;

Conversely if T is diagonalizable then k non-zero
linear operators FEi, Fs, ..., Eyx are guaranteed to exist
which satisfy all the siz criteria above.

The converse is easy to prove by choosing FE; to
be the projection operator into the characteristic space
of eigenvalue ¢; and by showing that for any v € V|,
Tv = c1Fhv + coEsv + ... 4 ¢ Exv using the idea that
since F; is the projection into an invariant space of T, it
commutes with T i.e [T, E;] = 0Vi.

To prove the diagonalizability condition one notes that
TFE; = ¢;F; and hence the range of E; is the nullspace
of (T — ¢;I). Thus ¢;s are the characteristic values of T
and there is no other (which can be shown by using the
fact that if there is one say cthen T'=cI =) . (¢; —¢)E;
and the consequence follows by the linear independence
of the known eigenspaces).

So we have seen that the range of all the F;s is the
space spanned by all the characteristic vectors of T" and
that is the whole space since I = ), F;. Hence diago-
nalizable.

Further we can see that for any v € V, such that Tv =
c;v then it implies E;v = 0.

So the range of E; = the nullspace of T' — ¢; 1.

One can make the following important observations
about the projection operators:

e If g is any polynomial over the field F' and hence if
T is a diagonalizable linear operator as above with
FE;s being projection operators into its eigenspaces
then

g(T) = g(c1)Er + g(c2) Ea + ... + g(c) B

e Thus if T is a diagonalizable operator then ¢(T) =
0iff all g(¢;) = 0 and hence the minimal polynomial

is [T (z — e).

e Conversely if Hf (x — ¢;) is the minimal polynomial
for T then consider the set of k Lagrange Poly-
nomials defined by these ¢;s as:

X — C;
=11
J Cij — C;

it 7

One then observes that p;(¢;) = d;; and hence if
T is diagonalizable then p;(T) = E; and hence the
projection operators to the characteristic spaces of
a diagonalizable operator are polynomials in the
operator. (given by the Lagrange Polynomials)

Conversely by defining E; = p;(T") one can show
that these Ej’»s satisfy all the criteria’s of the third
diagonalizability test and hence T is diagonalizable.

This gives an independent proof of the fact that a
linear transformation is diagonalizable iff its mini-
mal polynomial factorizes into distinct linear poly-
nomials.



5. Primary Decomposition Theorem
and
Jordan-Chevalley Decomposition

We had earlier seen in the two matrices considered
which had minimal polynomial being (z — 1)(x — 2)? the
algebraic and the geometric dimension of the eigenvalues
didn’t match for the two matrices considered and the
characteristic spaces for 1 and 2 were less than the
full space. But in those examples one can see that the
nullspaces of the operators (7' — 27)? and (T — I) could
give a direct sum decomposition of the full space. This
idea is captured in the following theorem:

Primary Decomposition Theorem Let T be a
linear operator on a finite dimensional vector space V
over the field F' and let p be the minimal polynomial for
T where

p=py'py..pp'"

where the p; are distinct irreducible monic polynomi-
als over F' and r; are positive integers. Let W; be the
nullspace of the operator p;'. Then the following holds:

V=W oW ®..0W,
e Fach W; is invariant under T;

o [f T; is the operator induced on W; by T, then the
minimal polynomial for T; is p;'

The block diagonal form for any linear transformation
that this theorem guarantees is called the Rational
Form

This theorem gives a very powerful consequence
which is crucial in representation theory. If E;s denote
the projection operators to the W;s defined above and
if pi =T — ¢;I then one can show by construction that
I =F,+ FEs+ ...+ E} and we can observe the following:

e The operator D defined as D = c1E1 +coFo + ...+
c Ey, along with the E;s and the ¢;s satisfies all the
criteria of the projection version of diagonalizabil-
ity. Hence D is diagonalizable. In this context D
is said to be semisimple.

e One can show that operator N defined as N =
T — D is nilpotent.

e N and D commute and this decomposition of T is
unique (as can be shown by direct evaluation)

e Since we know that the projections are given by
polynomials in the original linear transformation
(specifically by Lagrange Polynomials), we con-
clude that the diagonalizable and the nilpotent
parts of the operator are also given as polynomi-
als in the operator.

This unique decomposition of any linear operator over
an algebraically closed field as a sum of a pair of commut-
ing nilpotent and semisimple operators (which are poly-
nomials in the original operator) is called the Jordan-
Chevalley Decomposition.

The way these operators are constructed is as follows.
Consider the polynomials

p
fi=1r

. One can see that all the f;s are relatively prime and
hence their g.c.d is one and hence there exists polynomi-
als g; such that Zi figi = 1. One can then see that if E;
is defined as

E; = fig;

then E; form a set of projection operators. (p|E;E; and
hence E;(T)E;(T)v = 0,Vv € V). Further by definition
if v € { range of E;} then E;v = v and p;(T)"v = 0
by substituting the former into the LHS of the later
equation. Further for ¢ # j, p;*|E; and hence E;juv = 0
if p;*v = 0. Since ), E; = 1 (by construction), we have
E;v = v. So the range of E; is equal to the null space of
P

On an algebraically closed field, as a consequence
of the Jordan Form it shall become obvious that the
dimension of W; (the nullspace of the operator p;*) is
the algebraic dimension of the eigenvalue it corresponds

to. Stated otherwise, the dimension of the nullspace of
(T _ CI)(its minimal polynomial multiplicity) is the multi-

plicity of ¢ in the characteristic polynomial.

Since p;(T)" = 0 on W; we have p;(T;)" = 0. So
the minimal polynomial for 7; divides p;’. Further
if g is any other annihilating polynomial of T; then
g(T) f:(T) = 0 since after the direct sum decomposition
is proven one sees that all the projections of a vector
along W; (j # i) is annihilated by the factor p;j of f;
and the projection along W; will be killed by g. So
trivially p|g(T)f;(T) and so p;’|g. So the minimal poly-
nomial of T; divides p;* and p; divides any annihilating
polynomial of T;. So p;* is the minimal polynomial of
T.




6. Clyclic vectors, Cyclic subspaces
and
Companion Matrices

Let T be a linear operator on the vector space V over
the field F'. In our aim to understand the decomposition
of linear transformation further, the following construc-
tions shall be of interest to us now:

e Given av € V, one shall then be interested in poly-
nomials g € F[z] such that g(T)v = 0. This is an
ideal in the ring of polynomials and it is non-zero
since it contains the minimal polynomial.

e Given a v € V, one shall then be interested in
the smallest T-invariant subspace of V' which con-
tains v. This subspace is also the intersection of all
T-invariant subspaces containing v. This space is
also the space spanned by all vectors of the form
g(T)v,Vg € Flx].

e Given a T-invariant subspace, W of V' one asks the
question as to whether there is another T-invariant
subspace W' such that V =W @ W'.

This leads us to define the following two concepts:

e [fv €V then the T-cyclic subspace generated
by v is the subspace of all vectors of the form
g(T)v,Vg € Flz| denoted as Z(v,T).

o If Z(v,T) =V thenv is called a cyclic vector for
T.

o [fv € V then the T-annihilator of v is the ideal
in the ring of polynomials F|x] generated by g €
F[z] such that g(T)v = 0. This ideal is denoted as
M(v,T). The unique monic generator of this ideal
will also be called the T-annihilator of v (by abuse
of notation!)

o A T-invariant subspace W of V is T-admissible if
for everyv € V and f € F[x] there exists aw € W
such that f(T)v = f(T)w.

One notes the following:
e The T-cyclic subspace generated by 0 is 0.

e Z(v,T) is 1-dimensional iff v is an eigen vector of
T.

e For the identity operator every non-zero vector gen-
erates a cyclic subspace. So for dim(V) > 1, iden-
tity operator has no cyclic vector.

e If a T-invariant subspace has a complementary T-
invariant subspace then it is also T-admissible.

Let p, denote the unique monic generator of M (v,T).
Then one notes the following:

e deg(py) = dim(Z(v,T))

o If deg(py) = k  then the wectors
v,Tv, T?v,...,T*" Y forms a basis for Z(v,T).

e The minimal polynomial for Tz, 1y is Py.

The above is seen by noting that the remainder ob-
tained by dividing any polynomial by p, has to be of de-
gree less then deg(p,) and hence has to be a linear sum of
v, Tv, T?v, ..., T¥~1v which are linearly independent since
any non-trivial relation between them will contradict the
definition of p, as the minimal polynomial.

The last assertion is established by noting that for any
g e F[:L‘], pv(T|Z(v,T))g(T)U = 0 and hence pv(T|Z(v,T))
has Z(v,T) as its kernel. And by definition there cannot
be any polynomial of lower degree annihilating Z(v,T)
since that will contradict the definition of p,.

From the above assertions one can see that if there
is a cyclic vector then the minimal polynomial and the
characteristic polynomial are the same.

Let us for now look at a linear operator L on a vector
space W of dimension k which has w € W as its cyclic
vector. Then the set {w, Lw, L*w, ..., L* 1w} forms a
basis for W. Consider the vectors defined as w; = L* 1w
then in the basis {wy,ws,...,wg} L looks like

000 ..0 —co
100 ..0 —c
010..0 —C2

000 ..1 —cp_q
where the monic polynomial p,, is ¢g + c1z + ... +
c—12""1. And this matrix is called the Companion

Matrix for this monic polynomial.
One notes the following about the Companion Matrix

o IfT is a linear operator on a vector space V' then T
has a cyclic vector iff there is a basis of V in which
T looks like the companion matrix of its minimal
polynomial.

e Minimal and the characteristic polynomial of a
companion matriz is the same monic polynomial
from which it came.

These companion matrices in the cyclic subspaces shall
be the building blocks from which we shall try to build
the full linear transformations.



7. The idea behind cyclic decomposition (Part 1)

The argument for Cyclic Decomposition Theorem
needs synthesis of many concepts from linear algebra and
hence we shall give the constituent ideas in instalments
in an effort to make it more palatable.

Basically, if T is a linear operator on a finite dimen-
sional vector space V then we can show that there are
vectors {v1,va, ..., v, } such that

V=ZnT) &Zv,T)®..® Z(v.,T)

Say one has found vectors {vq,vs,...,v;} inductively
and the subspace

Wj = Z(’Ul,T) @Z(UQ,T) @ @Z(’Uj,T)

is proper. One now needs to see that all this ensures
that there is another vector v;;1 € V such that W; N
Z(vj+1,T) = {0}

Take a vector v € V,v ¢ W;. Then the Let f € F[z] be
the T-conductor of v into W; and IF W} is T-admissible
then there is a w € W; st f(T)v = f(Tw. Let z =
v—w. Then since v —2 € W}, and by definition W is T-
invariant, g(T)v € W; iff g(T)w € W for some g € F|z],
i.e if the the T-conductor into W; of both = and v match
i.e if f is the T-conductor of x into Wj.

But f(T)x = 0, f being the T-conductor of z into
W by the above argument and if g(T)v € W; for any
g € Flz], then by definition f|g and hence g(T")v € W;
iff g(T)v = 0.

Since by definition Z(v,T) is the space of all g(T)v for
arbitrary g € F|x], we see that

W; N Z(vj1,T) = {0}

So the thing to ensure for the induction to continue is
that W; is T-admissible.

8. Cyclic Decomposition Theorem
and
Jordan Form

The idea in the above section of decomposition of a
vector space into direct sum of cyclic subspaces is made
precise in the following sense:

Cyclic Decomposition Theorem

Let T be a linear operator on a finite-dimensional vec-
tor space V' and let Wy be a proper T-admissible subspace
of V.. Then there exists a set of vectors {vi,va,...,v.} in
V' with respective T -annihilators p1, po, ..., pr such that

o V=WodZ(v1,T)BZ(v2, T)BZ(v3,T)...0Z (v, T)
® prlpe—1, k € {2,3,...,r}

The integer r and the annihilators pi,pa,...,p- are
uniquely determined by the above 2 conditions and the
fact that vy, # 0,Vk.

(Note that one can always choose Wy as the null
space since it is trivially always an admissible space
further recall that earlier it had been shown that
deg(p;) = dim(Z(v;, T)))

Some of the consequences of existence of the above cyclic
decomposition are:

e Given a linear operator T on a vector space V,
every T-admissible subspace of it has a comple-
mentary T-invariant subspace.

The direct sum of the cyclic spaces given by the
above decomposition gives the required comple-
mentary space

e A linear transformation has a cyclic vector iff
its minimal polynomial and the characteristic
polynomial match.

One was was shown earlier by the companion
matrix. The other way is obvious since if minimal
and characteristic polynomial match then the size
of the first cyclic space will exhaust the dimension

e A priori, it may be the case that the minimal poly-
nomial for the whole vector space is some polyno-
mial but each specific vector has a smaller mini-
mal polynomial (and the lem of these smaller min-
imal polynomials is the minimal polynomial over
the whole space).

But one sees that there is a vector whose mini-
mal polynomial is the minimal polynomial over the
whole space. From the next part of the explanation
of this theorem it shall be clear that if one chooses
Wy as the null space then this vector is v;



e Cayley-Hamilton Theorem (strong form)is a
consequence of this theorem which states that if a
linear operator T on a vector space V' has minimal
polynomial p and characteristic polynomial f then,

- plf

— p and f have the same prime factors except
for multiplicities.

— if the prime factorization of p is p = Hlf fqu
then [ = Hlf f& where d; is the nullity of
fi(T)* divided by deg(f;).

The central idea is that p; is the minimal polyno-
mial for T'| 7(,, 1) and since Z(v;, T') is a cyclic space
p; is also the characteristic polynomial for this re-
stricted operator and hence by the block diagonal
form given by the cyclic decomposition f = []] p;
and if Wy is chosen as the null space then p; = p
and hence the first part is shown and by the fact
that p;|pi—1 we get the next part. From the Pri-
mary Decomposition we know that if T; is the null
space of f;(T)%: then fiki is the minimal polynomial
for T;. So by the fact just now proved that prime
factors arising in the factorization of minimal and
the characteristic polynomials are the same we see
that the characteristic polynomial for T; would be
ffi withs some d; > r;. Since the degree of a char-

acteristic polynomial is the dimensionality of the
dim(V;)

deg(fi) "
And further by the direct sum structure it follows

that f =[]} f%

e The Jordan Formis obtainable over an alge-
braically closed field by doing the Cyclic Decomposi-
tion of the induced operator in every subspace given
by the Primary Decomposition.

vector space we automatically have d; =

Before understanding how the proof of the above big
result works let us try to understand how the above leads
to the Jordan Form.

Suppose the characteristic polynomial f of a linear oper-
ator T on a vector space V over an algebraically closed
field F factors as:

k

f=1l@—e)®

1

and hence the ¢;s are its distinct eigenvalues and d; >
1Vi and hence its minimal polynomial p has to be of the
form

k
p= H(a: —¢)
1

with 1 <r; <d;. If W; is the nullspace of (T — ¢;I)™
then the Primary Decomposition theorem tells us that
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V = @]f W; and the operator T; induced on W; has as

its minimal polynomial (x — ¢;)"™.

Hence the operator N; on W; defined as N; = T; — ¢; 1 is
nilpotent. So now we want to do a Cyclic Decomposition
of W; with respect to the nilpotent operator T; —¢; I on it.

Hence we need to see how Cyclic Decompo-
sition works for any nilpotent operator say N on
some finite dimensional vector space V.

Cyclic Decomposition Theorem tells guarantees us
the existence of r non-zero vectors {vy,va,...,v,} with
N-annihilators {pi,p2, ..., pr} such that

V:éZ(’UZ,N)

and p;41|p;. Since N is nilpotent its minimal polynomial
is 2% for some k¥ < n and hence each p; = z* where
kl =k and ]CT Z 1 and ki+1 S kz

Now the idea of Companion Matrix guarantees that
there exists a basis in the subspace Z(v;, N) in which the
induced operator is represented by a k; x k; matrix A; of
the form:

00..00
10..00
A;=101..00
00..10

So the Cyclic decomposition theorem says that a nilpo-
tent operator on the space V has an ordered basis in
which

A, 0 .. 0

0 Ay ... 0
N:

0 0 .. A,

where A; is a k; X k; companion matrix of the type
explained above.

Hence going back to T;, since IN; can be written as
above, we see that T; can be written as a direct sum of
matrices of the type:

¢ 0 ... 00
1 ¢ ... 00
01..00

C; 0

The above kind of matrices are called Elementary
Jordan Block of eigen value ¢;.



By abuse of notation calling 7' the matrix representa-
tion of the operator T and similarly for7; in the basis
just generated we see that the final form looks like:

T, 0 ... 0
0 7T ... 0
T:
0o 0 .. T
where
Jil 0 .. O
0 Jip ... O
0 0 .. Jin,

where J;,, is the m!" elementary Jordan block for
the eigen value ¢; (corresponding to the block for T;)
and n; being the number of cyclic spaces into which the
nullspace of (z — ¢;I)™ splits.

The above is called the Jordan Form for the linear
operator.

From the Jordan form three crucial observations im-
mediately follow:

e One can see that the dimension of the null space of
(T — ;)" is d; i.e dim(W;) = d; (where d; is the
algebraic multiplicity of the eigenvalue ¢; and r; is
its geometric multiplicity). Hence dim(T;) = d;.

e n; is the geometric multiplicity for the eigenvalue
¢; since in the Cyclic Decomposition of N; each
cyclic subspace Z (v, N;) gives one vector i.e Nikm
which is non-zero and is in the null space of the op-
erator N; = T; —c;I. Where ky, = dim(Z (v, N;)).

This again shows the diagonalizability criteria
that a linear transformation is diagonalizable
iff n; = d;,Vi where n; and d; have been just
now arqued to be the geometric and the algebraic
multiplicities respectively of the eigenvalue c;

e Dimension of the Elementary Jordan Block J;; for
all i is the multiplicity of the eigenvalue c; in the
mintmal polynomial.
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9. The idea behind cyclic decomposition (Part 2)

Starting with the T-admissible space Wy one looks for
a vector wy such that if p; = s(wy, Wy) (the conductor
of wy into Wy) then p; = mazyecyvdegs(w, Wy) and the
corresponding w is taken as w;.

One continues this induction so that after k steps
one has W, = Wy + Z}f Z(w;, T) and polynomials
P1,D2, -, Pk such that wy € V,w, ¢ Wi_1 and among
all T-conductors into Wj_; it has the maximal degree
conductor py.

So we see that if w € W and f € s(w,Wj_1) then
fw = wo+>"1,c,_ giw; where g; are some polynomials
and w; € W;. One can then show that f|g; and wy = fzo
for some zg € Wy. (call this the “Divisibility Claim”)

After k steps of the induction call the w of above as
wg and f as p and we have for some set of polynomials
say h; and with zy as above, the relation

PrWE = Pr2o + E Prhiw;
1<i<k—1
and define
Up = Wk — 20 — E hijw;
1<i<k—1

Since wr — vy € Wi—1 we have s(vg, Wi—1) =
s(wg, Wi—1) = px and since prvr, = 0 we have

Wi_1 N Z (v, T) = {0}

And we have the construction that
Wi =Wy @ Z(’U1,T) (&%) Z(’UQ,T) b...e Z(Uk,T)
and we have the trivial relation

Prvx = 0+ p1v1 + pava + ... + Pr_1Vk—1

on which applying the Divisibility Claim we have that

Pz‘|p¢—1

After getting Wj_1 one searches for the vector wy in
the rest of the space which has a conductor into Wj_1
of maximal degree to construct Wy, = Wi_1 + Z(vg, T).
And dim(Wy) > dim(Wj_1) and hence this induction
will end after atmost dim (V') steps.



10. The idea behind cyclic decomposition (Part 3)

Let us now try to understand the basic idea behind how
the divisibility claim works, now that we have a hang of
how the cyclic decomposition works as to how to induc-
tively search for the cyclic vectors which will exhaust the
full space by their cyclic subspaces.

The argument is initially almost the same as above.

Let g; = fh; +r; and r; = 0 or deg(r;) < deg(f) and
define z = w — Zlf_l hjw;. Since z — w € Wj_1 we have
fz=wy+ Zlf_l r;w; and let j be the largest ¢ for which
r; 7 0. Since W;_1 C Wj_1 we have that there exists a
polynomial g such that p = gf where p = s(z, W;_1) and
f=8(z, Wi_1). Then we have

pz=gfz=grjw; +gwo+ > griw

1<i<(j-1)

Since pz € W;_, it implies that grjw; € W;_;.

Now we remember that the degree of the monic gen-
erator of an ideal is the polynomial of the least degree
in that ideal and also that the p;s were chosen to be the
maximum degree polynomials among all the conductors
into the respective W;s and hence combining these two
we have the inequality
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and hence it shows that at every step of the induc-
tion each W; is a T-admissible space!
This completes the proof of the Cyclic Decomposition
Theorem.
11.  The larger picture

One notes that for the Cyclic Decomposition to work
we crucially needed two things

e That the ideals of conductors are principal coupled
with the non-existence of 0-divisors.

e The uniqueness coming from the existence of a no-
tion of unique prime factorization.

The first property was coming from the fact that we
were working in the polynomial ring where the Euclid’s
division algorithm gives the monic generators of the ide-
als. But in general we can carry over all that for any
Principal Integral Domain (PID) (not necessarily a Eu-
clidean Domain) which also are Unique Factorization Do-
mains and since we never needed any specific property of
vector spaces for this we can do the same Cyclic Decom-
position on any module over a PID.

This gives us the “Structure theorem for modules over
PID” and since any abelian group is a Z—module where Z
is a PID we can have the “Structure Theorem for Abelian

deg(gr;) > deg(s(w;, W;_1)) = p; > degs(z, W;_1) = deg(p) Groups” which is conventionally stated as

and

deg(p) = deg(fg)

Hence we have deg(r;) > deg(f) which is absurd by
the definition of j and hence we have that all the r; = 0.
This also shows that if

gi = [h;
and
k—1
z = Z hiwi
1
then

wo = [z

but since Wy is by definition an admissible space we
have some zy such that wg = fzg and hence we have for
any w € V and f = s(w, Wi_1),

k-1
F(T)w = f(T)(z0 + Y hawi)
1

Every finitely generated abelian group is a direct sum
of cyclic groups of prime power order and of a free
abelian group.
or

If G is a finitely generated group then V =L & Cq, &
Ca, ® ... ® Cq, where C; is a cyclic group of order i and
d; > 1 and dy|ds]...|di. One can identity any C, to Zy,.
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