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methods
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e Search for it in the experiments
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The 1 # 0 problem : Quark Type

e Mostly staggered quarks used in these simulations. Broken flavour and spin
symmetry on lattice. Moreover, NO flavour singlet U4(1) symmetry or
anomaly. Critical point needs Ny = 2 and anomaly to persist by 7.
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e Domain Wall or Overlap Fermions better, although computationally expensive.

e Introduction of i a la Bloch & Wettig (PRL 2006 & PRD2007).
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The 1 # 0 problem : Quark Type

e Mostly staggered quarks used in these simulations. Broken flavour and spin
symmetry on lattice. Moreover, NO flavour singlet U4 (1) symmetry or
anomaly. Critical point needs Ny = 2 and anomaly to persist by 7.

e Domain Wall or Overlap Fermions better, although computationally expensive.

e Introduction of i a la Bloch & Wettig (PRL 2006 & PRD2007).

e Unfortunately BW-prescription breaks chiral symmetry | (Banerjee, Gavai &
Sharma PRD 2008; PoS (Lattice 2008); PRD 2009 ) Furthermore, anomaly for
it depends on  unlike in continuum QCD (Gavai & Sharma PRD 2010).

e Good News : Action with Continuum-like (flavour & spin) symmetries for
quarks at nonzero y and T proposed. (Gavai & Sharma , arXiv : 1111.5944).
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1 # 0 for Overlap Quarks

e Key Idea : Note that the massless continuum QCD action for nonzero 1 can be
written explicitly as sum over right and left chiral modes of quarks, thus
exhibiting manifest chiral symmetry at nonzero i as well.
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1 #= 0 for Overlap Quarks

e Key Idea : Note that the massless continuum QCD action for nonzero 1 can be
written explicitly as sum over right and left chiral modes of quarks, thus
exhibiting manifest chiral symmetry at nonzero i as well.

e Such chiral projections can be defined for the Overlap quarks. Use them to
construct the action at nonzero u. It does have the exact chiral invariance on
the lattice ! Thus order parameter exists for the entire T-u phase diagram.
(Gavai & Sharma , arXiv : 1111.5944).

e \We also showed why this is physically the right thing to do. Using Domain Wall
formalism, we showed this action counts only the physical (wall) modes.

Theory Seminar (T-2), Los Alamos National Laboratory, USA, May 22, 2012 R. V. Gavai Top 4



The 1 # 0 problem : The Measure

det M is a complex number for any p # 0 : The Phase/sign problem
Lattice Approaches in the past decade —
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The 1 # 0 problem : The Measure

det M is a complex number for any p # 0 : The Phase/sign problem
Lattice Approaches in the past decade —

e Two parameter Re-weighting (z. Fodor & s. Katz, JHEP 0203 (2002) 014 ).

o Imaginary Chemical Potential (Ph. de Forcrand & O. Philipsen, NP B642 (2002) 290; M.-P. Lombardo & M.
D’Elia PR D67 (2003) 014505 ).

e Taylor Expansion (c. Aiiton et al., PR D66 (2002) 074507 & D68 (2003) 014507; R V. Gavai and S. Gupta, PR D68 (2003)
034506 ).

e Canonical Ensemble (k. -F. Liu, 1IMP B16 (2002) 2017, S. Kratochvila and P. de Forcrand, PoS LAT2005 (2006) 167. )

o Com p|eX I_a ngeVin (G. Aarts and |. O. Stamatescu, arXiv:0809.5227 and its references for earlier work )
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Why Taylor series expansion?

e Ease of taking continuum and
thermodynamic limit.

e E.g., exp[AS] factor makes this
exponentially tough for re-weighting.
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Why Taylor series expansion?

e Ease of taking continuum and
thermodynamic limit.

T
e E.g., exp[AS] factor makes this
exponentially tough for re-weighting. -
Vo) e
e Discretization errors propagate in an Qll
unknown manner in re-weighting.
U

e Better control of systematic errors.

We study volume dependence at several T' to i) bracket the critical region and
then to ii) track its change as a function of volume.
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How Do We Do This Expansion?

Canonical definitions yield various number densities and susceptibilities :

n; = TOlnZ

_T& Iz
V' O and Xij = V opiop;

These are also useful by themselves both theoretically and for Heavy lon Physics
(Flavour correlations, As...)

Denoting higher order susceptibilities by Xy, n, the pressure P° has the expansion
In L

AP  P(p,T) P(0,T) L /pa\™ 1 /pg\nd
T4 = 1+ T a T > Xnung ~ (T) ( ) (1)

nU7nd
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How Do We Do This Expansion?

Canonical definitions yield various number densities and susceptibilities :

n; = TOolnZ

T &mz
\%4 8,ul- and X"’] o V@/J@@/Jj

These are also useful by themselves both theoretically and for Heavy lon Physics
(Flavour correlations, As...)

Denoting higher order susceptibilities by Xy, n, the pressure P? has the expansion
In L

%fj _ P(;:LT) B P<10ﬂ’4T) B Z X, ni! (Uu>n“ 1 (@)”d (1)

nu>nd
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We (Gavai-Gupta 05, '09) construct the series for baryonic susceptibility from this
expansion. Its radius of convergence gives the nearest critical point.

Successive estimates for the radius of convergence obtained from these using

n(n+1)x(n+1) X(2) L/ C
B or | n!l——=&— . We use both these definitions.
ng+3)T2 XSBMQ)T”

All coefficients of the series must be POSITIVE for the critical point to be at
real p, and thus physical.

We use up to 8" order. Need 20 inversions of (D -+ m) on ~ 500 vectors for a
single measurement.

10th & even 12th order may be possible : ldeas to extend to higher orders are
emerging (Gavai-sharma PRD 2010) Which save up to 60 % computer time.
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We (Gavai-Gupta 05, '09) construct the series for baryonic susceptibility from this
expansion. lts radius of convergence gives the nearest critical point.

Successive estimates for the radius of convergence obtained from these using

n(n—|—1)x(n+1) X(2) L/m Co
(n+3)B or n!ﬁ . We use both these definitions.
xgp T? Xg T™

All coefficients of the series must be POSITIVE for the critical point to be at
real p, and thus physical.

We use up to 8" order. Need 20 inversions of (D +m) on ~ 500 vectors for a
single measurement.

10th & even 12th order may be possible : ldeas to extend to higher orders are
emerging (Gavai-sharma PRD 2010) Which save up to 60 % computer time.
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Lattice QCD Results

e Staggered fermions with Ny = 2 of m/T, = 0.1; R-algorithm used.
e m,/T.=54+0.2 and m,/m, = 0.31 £0.01 (MILC)

o m, = 230 MeV (Gavai-Gupta, PRD 2005, 2009).

e Earlier Lattice : 4 ><N§’, Ns =8, 10, 12, 16, 24 (Gavai-Gupta, PRD 2005)
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Lattice QCD Results

e Staggered fermions with Ny = 2 of m/T, = 0.1; R-algorithm used.
e m,/T.=54%+0.2 and m,/m, = 0.31 £0.01 (MILC)

e m, = 230 MeV (Gavai-Gupta, PRD 2005, 2009).

e Earlier Lattice : 4 ><N§, Ns =8, 10, 12, 16, 24 (Gavai-Gupta, PRD 2005)

e Finer Lattice : 6 x N2, N, = 12, 18, 24 (Gavai-Gupta, PRD 2009). We
determined (.. Our result (8. = 5.425(5)) well bracketed by MILC for
m/T. = 0.075 and 0.15.

e Our Simulations made for 0.89 < T'/T. < 1.92. Typical stat. 50-200 in
autocorrelation units.
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e The same configurations being used for our new proposal of u/N term.

e Even finer Lattice : 8 x32? going on.
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e The same configurations being used for our new proposal of u/N term.

e Even finer Lattice : 8 x32% going on.

1.2

I \ I <L> o~
/ SYY > %
1l / Auto-correlation —=— |
0.8}
X
0.6} X ©
/ %
x%
04}
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@G)@@ %

B a5 55 555 55 5565 5'.7B5.'75 58 5.85 50 5.05

Datta-Gavai-Gupta, 2012
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e Check for positivity: N; =6

2 J
15 ]
® HoH S
®
I\ Th
L
N
é 05}t = -
= A —=-
0 O O
n=0 o
05! =23
N=4 O
| N=6 A~
475 1 105 15 175
T/Tc

Window of positivity just below T,
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Results with /NV-idea

& Using our proposed (N term (Gavai-Sharma PRD 2010) tO evaluate (Gavai-Sharma, arxiv 1111.5428,
PrD 2012) the baryon susceptibility at © = 0,

0.8 @
@ 06 | @
>('<C\>| L
S 04
>< i |
02| @ GS,A —6— |
@A GS,B —A |
ol . G —E—
0.9 1.1 1.3 15 1.7 1.9
T/T

Cc
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Results with p/V-idea

& Using our proposed (N term (Gavai-Sharma PRD 2010) tO evaluate (Gavai-Sharma, arxiv 1111.5428,
PrRD 2012) the baryon susceptibility at © = 0,

1.4

08 | ~ @ ' ' ' ' ' " 0.92T,
i _ 12} GG PRDOS
@ 06 | - : i
S _ _ 0.8
2 04 5 %%
< I 1 = 06} % %
02| @ GS A —6— |
HA GSB — A | 0.4 | b 5
GG —H— %
oL——— 02}
0.9 1.1 1.3 15 1.7 1.9
TIT 0 T 2 3 4 5 6 7

Cc

@ ALL NLS Coefficients do have the same sign for the new method.

& The estimates for radius of convergence are comparable as well.

Theory Seminar (T-2), Los Alamos National Laboratory, USA, May 22, 2012 R. V. Gavai Top

12



1.4

T/Tc=0.99
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1-4 T T T T T T T 1-4

12} 1.2
1t 1
()
~ 0.8 ~ 0.8 <L
= + -
e e
3 0.6 @ * = 06 i
u o * - ‘ ¢
0.4 @ [ 0.4
0.2} 0.2
T/Tc=0.99  T/Tc=0.97 T/Tc=0.94
ot > 5 & 5 & 7 P01 56 7

Tc

e Critical point at up/T ~ 1 — 2.

= 0.94 £0.01, and “B = 1.8 = 0.1 for finer lattice: Our earlier coarser
lattice result was ,LLB/TE = 1.3 £ 0.3. Infinite volume result: | to 1.1(1)
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More Details

Measure of the seriousness of sign problem : yq11; Ny = 4 & 6 agree.

0
i T
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-0.02 | Sz = ]
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<
006} Efjf | .
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Cross Check on p*/T*

& Use the series directly to construct xp for nonzero © —> smooth curves with
no signs of criticality.

5
41 -
~ 3t
=
a}
=<
| HWW
m Bt
| m@ﬁﬁiﬁﬁiﬁﬁﬁLg;ﬁﬁﬁLEHHEHHHHHHHH §
. i
0 0 05 1 15 5 . 3
WwT
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Cross Check on p*/T*

& Use the series directly to construct xp for nonzero 1 —> smooth curves with
no signs of criticality.

5 . . . : ; 5 :
i
41 n=4 i 41
1
I:)l
~  3F ~ 3 <
= =
m m
< >< n
1t } HH EHHHHH{_ 1t ll j( %
xﬂﬁgi&ﬁﬁﬁﬁﬁiﬁiﬁﬁﬁﬁﬁEHHHHHHHHH . H
0 : : : : ' 0 : : : f% -
0 0.5 1 15 2 25 3 0 0.5 1 15 25 3
Wt Wt

& Use Padé approximants for the series to estimate the radius of convergence.

QO Consistent Window with our other estimates.
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Lattice predictions along the freezeout curve

e Hadron yields well described using Thermodynamical Models, leading to a
freezeout curve in the T—/LB p|ane. (Andronic, Braun-Munzinger & Stachel, PLB 2009 ; Oeschler, Cleymans,

Redlich & Wheaton, 2009)

> B T —~
S i B '-8-' \/ENN:ZZCO GeV
© 2
10°F E
g Rl
B0,
B =
10F Q. -
- ) ]
| Data -9,
1= i ——
F STAR
F o
PHENIX
BRAHMS
k3 gop E
0% —— Model, x3/N,,=29.7/11 ]
T=164 MeV, i = 30 MeV/, V=1950 i @

THKKpPAAZT=ZQqedd KA
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Lattice predictions along the freezeout curve

e Hadron yields well described using Thermodynamical Models, leading to a
freezeout curve in the T-ILLB p|ane. (Andronic, Braun-Munzinger & Stachel, PLB 2009 ; Oeschler, Cleymans,

Redlich & Wheaton, 2009)

02 :
> f — - 015 —
S | B \/Sy=200 GeV PR -
2 | st :

10°F E Q 0l E
. Q. 1 - C N
Q. - ]
5.0, . 0051 .
10 s E C ]
: = — HHH HHHH—
L ]
| Data -9, _
1= i —
: STAR _
r -
PHENIX
BRAHMS 7
k3 gou E
0% —— Model, x3/N,,=29.7/11 ] —
T=164 MeV, . = 30 MeV, V=1950 fnit @
b - 0 1 1 | I | I| 1 1 | |
TTKKpPAAZTZQoddKI*A* 1 10 100
Vs, (Gev)
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e Plotting these results in the T-up plane, one has the freezeout curve, which
was shown to correspond the (E)/(IN) =~ 1. (Cleymans and Rediich, PRL 1998)

soo B RHIC i
SPS
= e 5
@ L
=, - AGS
100 -
% SIS
ﬁ«.
&
<Ex/SsMNE==1 GeV
[ : G-.lE i l:'_'l.ld D.:‘Er D.lB

Ly [GeV]

(From Braun-Munzinger, Redlich and Stachel nucl-th/0304013)

e Our Key Proposal : Use this freezeout curve to relate (T, up)to /s and employ
lattice QCD predictions for fluctuations along it. (Gavai-Gupta, TIFR/TH/10-01, arXiv 1001.3796)
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T/Tc

coexistence curve

freezeout curve

Hg/T

X3 (T,up) mMs = X" (T, up)
X2N(Tup) XBN(Toup)
and use the Padée method to construct them.

e Define m; = and mo = M1M3 (Gupta, arXiv : 0909.4630)
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T/Tc

coexistence curve

freezeout curve

Ug/T
: _ X (Tup) _ TXW(Tyup) . .
e Define m; = (T g ms = OISR and mo = M1M3 (Gupta, arXiv : 0909.4630)

and use the Padé method to construct them.

e Near the critical point, xp ~ | — ,LLEP. Thus the ratios, m;, should diverge in
the critical region as well.
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e m; are dimensionless, and are computed as functions of T'/T,.. = expect
small lattice spacing corrections.

e Spatial Volume cancels out in these ratios = Suitable for experiments who
can use their favourite proxy for it.
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m,; are dimensionless, and are computed as functions of T'//T,.. = expect
small lattice spacing corrections.

Spatial Volume cancels out in these ratios = Suitable for experiments who
can use their favourite proxy for it.

Defining z = pup /T, and denoting by r;; the estimate for radius of convergence
using x;, X;, one has

2z 2 372 372
mi :7{14_ <%— )Z2+ ( o —%+1)Z4+(9(26)} -
T'24 T'46 46768 T46

Similar series expressions for ms and ms. Resum these by Pade ansatz :

1
m1 = 2P} (2%;a,b), ms = —Pi (2% d,b)
z
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10 5
(}) Nt=6 —o~ al Nt=6 —o~ ]
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g 3t (o)
o 0} © &2
° 1 H & @ o—0o
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[©]
100 | .
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& 104 .
tle
1t $
0.1 ) Filled circles: negative values
: 10 100 1000 10000
1[SNN(GeV)
& Gavai & Gupta, arXiv: 1001.3796.
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10 : : . 5

power law
4l
11 HRG
o 3t o)
—l | i N2
& 0.1 £ 2
14 HRG H @ ) o—o
0.01} _ T[
ol % ¢
0.0017% 10 100 1600 00 1T 10 100 1600 1000
‘/SNN (GeV) ‘/SNN (GeV)
1000
100
£ 10
o
1t HRG L 5 ]
bower law,
0.1 ) n Filled circles: negative values
' 10 100 1000 10000
W/SNN (GeV)

& Used T.(u=0) =175 MeV (Gavai & Gupta, arXiv: 1001.3796).
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e Smooth & monotonic behaviour for large +/s.

e Note that even in this smooth region, an experimental comparison is exciting :
Direct Non-Perturbative test of QCD in hot and dense environment.
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e Smooth & monotonic behaviour for large +/s.

e Note that even in this smooth region, an experimental comparison is exciting :
Direct Non-Perturbative test of QCD in hot and dense environment.

e Our estimated critical point suggests non-monotonic behaviour in all m;, which
would be accessible to the low energy scan of RHIC BNL !
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e Smooth & monotonic behaviour for large +/s.

e Note that even in this smooth region, an experimental comparison is exciting :
Direct Non-Perturbative test of QCD in hot and dense environment.

e Our estimated critical point suggests non-monotonic behaviour in all m;, which
would be accessible to the low energy scan of RHIC BNL !

e Proton number fluctuations suffice (Hatta-Stephenov, PRL 2003).

e These are linked directly to the baryonic susceptibility which ought to diverge
at the critical point.

e Since diverging ¢ is linked to 0 mode, which cannot mix with any isospin
modes, expect Yy to be regular.

e Leads to a ratio xo:xr:xB = 1:0:4
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e STAR has recently used this idea and constructed the ratios m; and ms from
net proton distributions : (Aggarwal et al., arXiv : 1004.4959).

u+Au 200 GeV e * 0-5%

o

= A 3

D 105 [ 0-4<P<08(Gevio) ..':.*J! . 30-40%
T L S LR AT T
> * o, i ]
v 104 E_ *. u ** _gl
Y— B *H ° N E
C10°F . o . :
CTJ - x B Lo f
O 12 . X -
E 10 % * . ® [ ] * %
> i . * ’
Z 10F * s " §
5 o IR

1 L |, | |, , |. T

Z

et Proton (AN,)

Aggarwal et al., STAR Collaboration, arXiv : 1004.4959
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8 L L L A PR B rr-. ... 1T @ " 1T+~ rrrorr
M @7 b) -

sl 1 OAu+Au19.6 GeV |
[ . I OAu+Au 62.4 GeV

4l N -1 *Au+Au 200 GeV

O 100 200 300 400 0O 100 200 300 400
Average Number of Participant <Npart>

Aggarwal et al., STAR Collaboration, arXiv : 1004.4959

Theory Seminar (T-2), Los Alamos National Laboratory, USA, May 22, 2012 R. V. Gavai Top 27



- ! ! ! ! | ! ! ! 1 | ! ! ! ! | 1 ! ! ! | ! I _]
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n | O I
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Aggarwal et al., STAR Collaboration, arXiv : 1004.4959

e Reasonable agreement with our lattice results. Where is the critical point ?
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Private communication from STAR Collaboration
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Summary

e Phase diagram in T' — 1 has begun to
emerge: Different methods, ~~ similar
qualitative picture. Critical Point at

,uB/TNl—Q
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Summary

e Phase diagram in T' — p has begun to
emerge: Different methods, ~~ similar

Dlatél ILalmilcel | Ur(liMD

_| 1
qualitative picture. Critical Point at M s 19.6 GeV (a)]
T ~1—2. ol A B e 62.4 GeV _
’uB/ O [ * > S 200 GeV i
) i
1 B —r/r/—‘x—}—‘—q Y
Critical Point leads to struct ' T TN y a :
. . | ’-_h..q- A A ) ) . ]
Fitica oINtT leads to Structures In my; i %&-1‘& 5* B T A‘\‘r* § 1
on the Freeze-Out Curve. on 4+ + A
) 100 200 300 400
. Average Number of Participant <NDan>
e STAR results appear to agree with our
Lattice QCD predictions.
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Summary

e Phase diagram in T' — o has begun to

emerge: Different methods, ~~ similar
Critical Point at

qualitative picture.
uB/T ~1—2.

e Critical Point leads to structures in m;

on the Freeze-Out Curve.

©
€y

o

'Data Lattice UrQMD

®
2 [ A
- %

| P
N_inifiPecTs — .

196 GeV (a)

------------- 62.4 GeV 1
......................... 200 GeV + ]

*+ b @

e STAR results appear to agree with our

Lattice QCD predictions.

|
100 200 300 400
Average Number of Participant <N >

So far no signs of a critical point in the experimental results at CERN.
Will RHIC energy scan deliver it for us ? and/or Will it be FAIR 7
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The critieal endpoint (1)~

method for locating of the CEP:

* determine largest temperature where all p=co+ca(us/T)? + ca(up/T)  + -+
coefficients are positive =» TCEP

_ _ XB = 263 + 12¢4 (p5/T)* + 30cq (up/T)* + -+
* determine the radius of convergence at

this temperature => 1 CEP 1.2 . ; . . :
s | T/TeO palp) ——s |
' P4alxp) —m—
1.1 Fodor, Katz —w— 1
all coefficients 105 | Gavai, Gupta —e&—
positive: 1h_o
singulari -
g Y 095 r
on the real
axis! 09 r
085
0.8
L l
1 > 0.75 '
CEP RW '
T T{;}F!P T Co 0 1
TCEP
8
Pr(p) = \Jen/fCnya
first non-trivial estimate of T by cg p= lim p
: G . : CEP : n
second non-trivial estimate of T by c10 n—oo

(Ch. Schmidt FAIR Lattice QCD Days, Nov 23-24, 2009.)
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Imaginary Chemical Potential

deForcrand-Philpsen JHEP 0811

Real world —— Real world ——

crossover

2 4
For Ny = 3, they find 7<) = 1 — 3.3(3) (; ) — 47(20) (; ) “i.e., m, shrinks

with p.
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Imaginary Chemical Potential

deForcrand-Philpsen JHEP 0811

Real world

Real world

2 4
For Ny = 3, they find 7<) = 1 —3.3(3) (; ) — 47(20) (; ) “ie., m, shrinks

with L.

Problems : i) Positive coefficient for finer lattice (Philipsen, CPOD 2009), ii)
Known examples where shapes are different in real /imaginary p,
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“The Critical line from imaginary to real baryonic chemical potentials in two-color
QCD", P. Cea, L. Cosmai, M. D’Elia, A. Papa, PR D77, 2008

1.6 T i T T T T T T T 1.6 T I\ T T T T T T
i i from the chiral condensate_ i i from the chiral condensate_
1.5~ i - A+B(au)2, o =0 1.5+ i ---- global fit —
O W - Borar —
13- ~ 13- -
P A R R N A R AR N D T R R ol N
-0.2 -0.15 -0.1 005 O 005 0.1 0.15 0.2 -0.2 -0.15 -0.1 005 O 005 0.1 0.15 0.2

(ap)’ (ap)”
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