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Determining the Neutrino mass matrix
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Determining the Neutrino mass matrix

∆m2
21

and sin2 θ12: Channel needed is Pee
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Determining the Neutrino mass matrix

∆m2
21

and sin2 θ12: Channel needed is Pee

Can be measured in KamLAND or KamLAND-like
SPMIN experiments. Next-generation solar neutrino
experiments can also measure sin2 θ12.
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Determining the Neutrino mass matrix

∆m2
21

and sin2 θ12: Channel needed is Pee

Can be measured in KamLAND or KamLAND-like
SPMIN experiments. Next-generation solar neutrino
experiments can also measure sin2 θ12.

∆m2
31

and sin2 θ23: Channel needed is Pµµ
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Determining the Neutrino mass matrix

∆m2
21

and sin2 θ12: Channel needed is Pee

Can be measured in KamLAND or KamLAND-like
SPMIN experiments. Next-generation solar neutrino
experiments can also measure sin2 θ12.

∆m2
31

and sin2 θ23: Channel needed is Pµµ

Will be mesured very well by νµ disappearance
measurement in accelerator based experiments –
MINOS, ICARUS, OPERA, T2K, NOνA. It can also
be measured very well in atmospheric neutrino
experiments.
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Determining the Neutrino mass matrix

∆m2
21

and sin2 θ12: Channel needed is Pee

Can be measured in KamLAND or KamLAND-like
SPMIN experiments. Next-generation solar neutrino
experiments can also measure sin2 θ12.

∆m2
31

and sin2 θ23: Channel needed is Pµµ

Will be mesured very well by νµ disappearance
measurement in accelerator based experiments –
MINOS, ICARUS, OPERA, T2K, NOνA. It can also
be measured very well in atmospheric neutrino
experiments.

Why disappearance experiments?
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Determining the Neutrino mass matrix

∆m2
21

and sin2 θ12: Channel needed is Pee

Can be measured in KamLAND or KamLAND-like
SPMIN experiments. Next-generation solar neutrino
experiments can also measure sin2 θ12.

∆m2
31

and sin2 θ23: Channel needed is Pµµ

Will be mesured very well by νµ disappearance
measurement in accelerator based experiments –
MINOS, ICARUS, OPERA, T2K, NOνA. It can also
be measured very well in atmospheric neutrino
experiments.

Why disappearance experiments?

Because statistics there are very large

SANDHYA CHOUBEY NEUTRINO OSCILLATION PHENOMENOLOGY - III JIGSAW 2007, 13.02.07 –



νe

ντ

νe

νµ

νµ

νe

ντ

νe

νµ

νµ

νe

ντ

νe

νµ

νµ

Determining the Neutrino mass matrix






νe

νµ

ντ






=







c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13













ν1

ν2

ν2







Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP
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Determining the Neutrino mass matrix
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−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
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iδ −c12s23 − s12c23s13e
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











ν1

ν2

ν2







Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP

There are 2 main channels to measure/limit θ13:
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Determining the Neutrino mass matrix






νe

νµ
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




=







c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13













ν1

ν2

ν2







Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP

There are 2 main channels to measure/limit θ13:

νe → νe or ν̄e → ν̄e: Pee or Pēē; Disappearance Expts
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Determining the Neutrino mass matrix

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−s12c23 − c12s23s13e
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
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


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





Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP

There are 2 main channels to measure/limit θ13:

νe → νe or ν̄e → ν̄e: Pee or Pēē; Disappearance Expts

νµ → νe or νe → νµ: Pµe or Peµ; Appearance Expts
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Determining the Neutrino mass matrix



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


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=






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
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
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
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Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP

There are 2 main channels to measure/limit θ13:

νe → νe or ν̄e → ν̄e: Pee or Pēē; Disappearance Expts

νµ → νe or νe → νµ: Pµe or Peµ; Appearance Expts

There is only one main channel to see δCP
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Determining the Neutrino mass matrix



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
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
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
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
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Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP

There are 2 main channels to measure/limit θ13:

νe → νe or ν̄e → ν̄e: Pee or Pēē; Disappearance Expts

νµ → νe or νe → νµ: Pµe or Peµ; Appearance Expts

There is only one main channel to see δCP

νµ → νe or νe → νµ: Pµe or Peµ; Appearance Expts
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Determining the Neutrino mass matrix



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




=







c12c13 s12c13 s13e
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









ν1

ν2

ν2







Three more parameters can be determined thru osc
sgn(∆m2

31
), θ13 and δ ≡ δCP

There are 2 main channels to measure/limit θ13:

νe → νe or ν̄e → ν̄e: Pee or Pēē; Disappearance Expts

νµ → νe or νe → νµ: Pµe or Peµ; Appearance Expts

There is only one main channel to see δCP

νµ → νe or νe → νµ: Pµe or Peµ; Appearance Expts

sgn(∆m2
31

) can be done using matter effects
(other effects also – “interference terms”)
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The νe → νµ “Golden” Channel

P vac
app ≃ sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

where ∆ ≡ ∆m2

31L
4E , α ≡ ∆m2

21

∆m2

31

and we have expanded the

probability in α and θ13 keeping only lower order terms
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The νe → νµ “Golden” Channel

P vac
app ≃ sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

where ∆ ≡ ∆m2

31L
4E , α ≡ ∆m2

21

∆m2

31

and we have expanded the

probability in α and θ13 keeping only lower order terms

First term gives θ13
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The νe → νµ “Golden” Channel

P vac
app ≃ sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

where ∆ ≡ ∆m2

31L
4E , α ≡ ∆m2

21

∆m2

31

and we have expanded the

probability in α and θ13 keeping only lower order terms

First term gives θ13

Second term gives CP violating part of the prob
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The νe → νµ “Golden” Channel

P vac
app ≃ sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

where ∆ ≡ ∆m2

31L
4E , α ≡ ∆m2

21

∆m2

31

and we have expanded the

probability in α and θ13 keeping only lower order terms

First term gives θ13

Second term gives CP violating part of the prob

Third term gives CP conserving part of the prob
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P vac
app = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)
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P vac
app = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Pν = A cos δCP + B sin δCP + C

Pν̄ = A cos δCP − B sin δCP + C
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P vac
app = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Pν = A cos δCP + B sin δCP + C

Pν̄ = A cos δCP − B sin δCP + C

Pν + Pν̄ − 2C = 2A cos δCP

Pν − Pν̄ = −2B sin δCP
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P vac
app = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Pν = A cos δCP + B sin δCP + C

Pν̄ = A cos δCP − B sin δCP + C

Pν + Pν̄ − 2C = 2A cos δCP

Pν − Pν̄ = −2B sin δCP

(

Pν + Pν̄ − 2C

2A

)2

+

(

Pν − Pν̄

2B

)2

= 1
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P vac
app = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Pν = A cos δCP + B sin δCP + C

Pν̄ = A cos δCP − B sin δCP + C

Pν + Pν̄ − 2C = 2A cos δCP

Pν − Pν̄ = −2B sin δCP

(

Pν + Pν̄ − 2C

2A

)2

+

(

Pν − Pν̄

2B

)2

= 1

This is the eqn of an ellipse in the Pν − Pν̄ plane.
These are called “bi-probability plots”. Major (minor)
axes measure the amplitude of
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The ellipse moves anticlockwise for ∆m2
31

> 0.
You can check that it goes clockwise for ∆m2

31
< 0.
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Smaller θ13 ⇒ δCP measurement more difficult .
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Sgn(∆m2
31

) Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)
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Sgn(∆m2
31

) Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Do the simultaneous transformation

δCP → π − δCP

∆m2
31 → −∆m2

31

SANDHYA CHOUBEY NEUTRINO OSCILLATION PHENOMENOLOGY - III JIGSAW 2007, 13.02.07 –



νe

ντ

νe

νµ

νµ

νe

ντ

νe

νµ

νµ

νe

ντ

νe

νµ

νµ

Sgn(∆m2
31

) Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Do the simultaneous transformation

δCP → π − δCP

∆m2
31 → −∆m2

31

The expression for Pappearance remains invariant
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Sgn(∆m2
31

) Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

Do the simultaneous transformation

δCP → π − δCP

∆m2
31 → −∆m2

31

The expression for Pappearance remains invariant

Since Sgn(∆m2
31

) is unknown, there will always be
an ambiguity in the measured value of δCP
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Sgn(∆m2
31

) Degeneracy
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Octant of θ23 Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)
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Octant of θ23 Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

We only have measurement on sin2 2θ23.
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Octant of θ23 Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

We only have measurement on sin2 2θ23.

For every non-maximal sin2 2θ23, there are 2 possible
sin2 θ23
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Octant of θ23 Degeneracy

Pappearance = sin2 θ23 sin2 2θ13 sin2 ∆

± (α∆) sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin ∆ sin ∆

+ (α∆) sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆ sin ∆

+ cos2 θ23 sin2 2θ12 sin2(α∆)

We only have measurement on sin2 2θ23.

For every non-maximal sin2 2θ23, there are 2 possible
sin2 θ23

This will give 2 disjoint fitted value for θ13.
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Octant of θ23 Degeneracy

Barger et al, hep-ph/0112119

If sin2 2θ23 = 0.9 then both sin2 2θ13 = 0.01 and 0.0011
would fit the data from a given LBL expt.
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True  sin
2θ
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 = 0.4 True  sin
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 = 0.6 

true solution

wrong hierarchy (∆χ2
 = 5.0)

wrong hierarchy (∆χ2
 = 18.6)

wrong θ
23

 (∆χ2
 = 25.2)

wrong θ
23

 and hierarchy (∆χ2
 = 21.1)

wrong θ
23

 (∆χ2
 = 18.7)

true solution

wrong θ
23

 and hierarchy (∆χ2
 = 35.9)

Huber et al, hep-ph/0501037
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Intrinsic (δCP , θ13) Degeneracy

For a fixed value of E, it might happen that

Papp(θ13, δCP ) = Papp(θ
′

13, δ
′

CP )

P̄app(θ13, δCP ) = P̄app(θ
′

13, δ
′

CP )

(θ13, δCP ) (true solution) & (θ′
13

, δ′CP ) (fake solution)
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Up to Eight-Fold Degeneracy Expected
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The νe → νµ Channel in Matter
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The νe → νµ Channel in Matter

Papp ≃ sin2 θ23 sin2 2θ13

sin2[(1 − Â)∆]

(1 − Â)2

± α sin 2θ13 sin 2θ12 sin 2θ23 sin δCP sin(∆)
sin(Â∆)

Â

sin[(1 − Â)∆]

(1 − Â)

+ α sin 2θ13 sin 2θ12 sin 2θ23 cos δCP cos ∆
sin(Â∆)

Â

sin[(1 − Â)∆]

(1 − Â)

+ α2 cos2 θ23 sin2 2θ12

sin2(Â∆)

Â2

Â = ±A
∆m2

31

A is positive for neutrinos
A is negative for antineutrinos
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The νe → νµ Channel in Matter
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E (GeV)
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P µe

L=1000km, ∆m
2
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, s
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23=0.5, s
2

12=0.31,sin
2θ13=0.1,δ=0

nu
vac
anti−nu
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Resolving the Eight-Fold Degeneracy
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Resolving the Sgn(∆m2
31

) Degeneracy
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P µe

L=1000km, |∆m
2

31|=0.002, ∆m
2

21=8x10
−5

, s
2

23=0.5, s
2

12=0.31,sin
2θ13=0.1

δ=π/4 , NH
δ=3π/4 , IH
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Resolving the Sgn(∆m2
31

) Degeneracy

0 1 2 3 4 5
E (GeV)
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0.02
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0.1
P µe

L=1000km, |∆m
2

31|=0.002, ∆m
2

21=8x10
−5

, s
2

23=0.5, s
2

12=0.31,sin
2θ13=0.1

δ=π/4+ matter, NH
δ=π/4 , NH
δ=3π/4 + matter, IH
δ=3π/4 , IH
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Resolving the Sgn(∆m2
31

) Degeneracy

0 1 2 3 4 5
E (GeV)

0

0.02
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0.1
P µe

L=1000km, |∆m
2

31|=0.002, ∆m
2

21=8x10
−5

, s
2

23=0.5, s
2

12=0.31,sin
2θ13=0.1

δ=π/4+ matter, NH
δ=π/4 , NH
δ=3π/4 + matter, IH
δ=3π/4 , IH

Matter effects break the Sgn(∆m2
31

) Degeneracy
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Resolving the Sgn(∆m2
31

) Degeneracy
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2

31 > 0
CP+matter, ∆m

2

31 < 0
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Matter effects break the Sgn(∆m2
31

) Degeneracy
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Resolving the Intrinsic (δCP , θ13) Degeneracy

0

0.001

0.002
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π

π

3π/23π/2
δ = 0

δ = 0

δ = 0, π

δ = π/2

δ = 3π/2

δ = π/2

δ = 0, π

δ = 3π/2

δ = π/2, 3π/2

δ = 0

δ = π

sin22θ13 = 0.00298

sin22θ13 = 0.01

L = 1290 km,  δm2
31 = 3×10–3 eV2,  δm2

21 = 5×10–5 eV2

(a)  Eν = 2.09 GeV

sin22θ13 = 0.01

sin22θ13 = 0.00298

(b)  Eν = 3.13 GeV

sin22θ13 = 0.01

0.00298

(c)  Eν = 1.565 GeV

P– (ν− µ→
ν− e)

P(νµ→νe)

Barger et al, hep-ph/0112119

Choose ∆ = mπ/2.

The cos δCP term van-
ishes for ∆ = (n − 1

2
)π.

The sin δCP term van-
ishes for ∆ = nπ.

Ellipse collapses to a
line.

Ambiguity resolved.

Better to work with ∆ =
(n − 1

2
)π.

That is where we will di-
rectly see CPV.

Thats where we get the
oscillation maxima.
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Resolving the Octant of θ23 Degeneracy
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Resolving the Octant of θ23 Degeneracy

Using atmospheric neutrino data in
√

Megaton water detectors:
⋆ ∆m2

21
driven osc effects in sub-GeV electrons

⋆ θ13 driven matter effects in multi-GeV electrons
√

Large magnetized iron detectors:
⋆ θ13 driven matter effects in multi-GeV muons
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Resolving the Octant of θ23 Degeneracy

Using atmospheric neutrino data in
√

Megaton water detectors:
⋆ ∆m2

21
driven osc effects in sub-GeV electrons

⋆ θ13 driven matter effects in multi-GeV electrons
√

Large magnetized iron detectors:
⋆ θ13 driven matter effects in multi-GeV muons

Other ways using LBL expts have been suggested.
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Suppose you measure a quantity z experimentally.

SANDHYA CHOUBEY NEUTRINO OSCILLATION PHENOMENOLOGY - III JIGSAW 2007, 13.02.07 –



νe

ντ

νe

νµ

νµ

νe

ντ

νe

νµ

νµ

νe

ντ

νe

νµ

νµ

Correlations

Suppose you measure a quantity z experimentally.

And suppose z is parametrized in terms of 2
parameters x and y such that z = x + y.
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Suppose you measure a quantity z experimentally.

And suppose z is parametrized in terms of 2
parameters x and y such that z = x + y.

This means that measurement of z only gives
information on a particular combination of x and y
and not x and y themselves.
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Suppose you measure a quantity z experimentally.

And suppose z is parametrized in terms of 2
parameters x and y such that z = x + y.

This means that measurement of z only gives
information on a particular combination of x and y
and not x and y themselves.

We say that the 2 params x and y are “correlated”.
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Suppose you measure a quantity z experimentally.

And suppose z is parametrized in terms of 2
parameters x and y such that z = x + y.

This means that measurement of z only gives
information on a particular combination of x and y
and not x and y themselves.

We say that the 2 params x and y are “correlated”.

Oscillation probabilities come in such forms:

Pee = 1 − sin2 2θ sin2 ∆m2L

4E
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Suppose you measure a quantity z experimentally.

And suppose z is parametrized in terms of 2
parameters x and y such that z = x + y.

This means that measurement of z only gives
information on a particular combination of x and y
and not x and y themselves.

We say that the 2 params x and y are “correlated”.

Oscillation probabilities come in such forms:

Pee = 1 − sin2 2θ sin2 ∆m2L

4E
This correlation between parameters leads to
increase in the error in the measured value of the
individual parameters.
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Huber et al, hep-ph/0204352

Note how correlations are increasing the spread.
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Note how correlations are increasing the spread.
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Input from an external measurement helps.
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Differentiating Correlations and Degeneracies

Correlations, as I showed in the previous case,
come from continuous uncertainty in the measured
value of the parameters which appear together in
the expression for the probability.
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Differentiating Correlations and Degeneracies

Correlations, as I showed in the previous case,
come from continuous uncertainty in the measured
value of the parameters which appear together in
the expression for the probability.

Degeneracies are usually disjoint and appear
because the same probability can be given by two
very different sets of parameter values
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Differentiating Correlations and Degeneracies

Correlations, as I showed in the previous case,
come from continuous uncertainty in the measured
value of the parameters which appear together in
the expression for the probability.

Degeneracies are usually disjoint and appear
because the same probability can be given by two
very different sets of parameter values

Both result in loss of sensitivity of the experiment
and we have to finds ways to overcome/reduce
them.
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Differentiating Correlations and Degeneracies

Correlations, as I showed in the previous case,
come from continuous uncertainty in the measured
value of the parameters which appear together in
the expression for the probability.

Degeneracies are usually disjoint and appear
because the same probability can be given by two
very different sets of parameter values

Both result in loss of sensitivity of the experiment
and we have to finds ways to overcome/reduce
them.

We discussed some ways to tackle degeneracies.
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Differentiating Correlations and Degeneracies

Correlations, as I showed in the previous case,
come from continuous uncertainty in the measured
value of the parameters which appear together in
the expression for the probability.

Degeneracies are usually disjoint and appear
because the same probability can be given by two
very different sets of parameter values

Both result in loss of sensitivity of the experiment
and we have to finds ways to overcome/reduce
them.

We discussed some ways to tackle degeneracies.

The only way to reduce impact of correlations is to
combine experiments with different characteristics.
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