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1. Consider a time-independent Hamiltonian Hy which has a spectrum of discrete eigen-
states |,) = [11), 1), - - - with energy eigenvalues FE,, = Ej, Es,--- as well as a spec-
trum of continuum eigenstates |¢)g 3) with energies E, where § labels the degeneracy
(for example it can correspond to the direction of the momentum p' for free particles).
Assume also that the discrete energies F, are all > 0 and the continuous energies F
range over all values from 0 to co. Thus, transitions can take place from a discrete

state to a continuum state of the same energy.

Now introduce a time-independent perturbation AW satisfying:

(Un|Wthm) = (Ve s|W e ) =0
Hence the only non-vanishing matrix elements are (¢ 5|W|t),,) which can induce a
transition from a discrete to a continuous state.

(i) Show that in lowest-order perturbation theory, the probability for the state |iy) to

go to the continuum in a time ¢ is:

= s (R

where

K(E,K) =2 [ 48 (B, B) {brs W )

and p(E, ) is the density of continuum states with energy E and other quantum

numbers [.
(ii) In the limit of large times, show that this tends to:
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How large should the time be such that the above expression is valid? Express this in

terms of some property of K(E, k).



(iii) Defining the “decay constant”:
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show that lowest-order perturbation theory makes sense only if ¢ < %

(iv) Now consider a general wave function for Hy + AW expanded over the stationary
states of Hy:

6(0) = X balt) e F ) + [ dEB p(B, B) bis(t) e F i)

n

(the first term is very familiar while the second term is the analogous contribution

from the continuous spectrum). Using the properties of W, show that:
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(v) Imposing the boundary condition that the system starts out in the state |¢),
namely:
b(t=0)=1, bgpt=0)=0

show that an approximate solution of the above equation is:

I't WEt

bp(t) =e 2e &

(hint: approximate by (t") by bx(t) on the RHS of Eq.(x) and think of a reason why
this is a good approximation). Hence find Py (t), the probability that the system has
remained in its original state after time ¢, and thereby Py cont(t), the decay probability.
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Closing remarks: You always “knew” that unstable states decay like e * where T is

1
T

situation. Observe that the system does not oscillate between 1y and Vg g unlike in

the decay constant, or T = % is the lifetime. Here we have derived it in a very general

the examples studied in class! The difference is crucially due to the fact that the latter

state lies in the continuum rather than being a discrete state.
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