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Outline

� Nonrelativistic transport

� Covariant transport

� Connection to hydrodynamics, transport coe�cients

� Initial conditions, hadronization

� Heavy-ion collisions - cooling, elliptic 
o w, hydrodynamic limit

� Radiative transport
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Covariant transport

� covariant non-equilibrium description, in terms of phase space densities of
(quasi-)particles

� dynamics driven by covariant local scattering rates, capable of equilibration

� in heavy-ion physics: used for the plasma and the hadron gas stages

initial nuclei parton plasma hadronization hadrongas

< || � 10� 23 sec = 10 yochto(!)-secs || >

"
� 10� 14 m

= 10 fermis
#
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Nonrelativistic kinetic theory
Lagrangian mechanics

~ki �
@L

@_~xi
; _~ki =

@L
@~xi

; L =
X

i

_m~x 2
i

2
� V (f ~xi g) ; (1)

Klimontovich phase space distribution

F (~x; ~k; t) �
X

i

� 3 (~x � ~xi (t)) � 3
�
~k � ~ki (t)

�
; (2)

satis�es the Klimontovich equation (Problem 0)

d
dt

F =
@
@t

F +
~k
m

@
@~x

F � ~K[F; V ]
@

@~k
F = 0 (3)

E.g., for static two-body potentials

V (f ~xi g) =
1
2

X

i 6= j

V (j~xi � ~xj j) ) ~K =
Z

d3x2d3k2r x V (j~x � ~x2j)F (~x2;~k2; t) (4)
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BBGKY hierarchy [Bogoliubov-Born-Green-Kirkwood-Yvon]

De�ne 1-, 2-, ...( n-) particle phasespacedistributions via averaging over an
ensemble of particles

f 1(t) � hF (1; t)i
f 12(t) � hF (1; t)F (2; t)i � � 6(1� 2)f 1(t)

� � � (5)

where 1 � (~x1; ~p1), etc.

Equations of motions for these can be obtained via averaging the
Klimontovich eqn, as needed multiplied by F , F � F , ... terms

For 2-body potentials the eqns are not closed, lowest-order involves f 12 on
the RHS

(@t +
~k
m

~r x 1)f 1(t) = h~K[F ]~r k1F (1; t)i (6)

IGNORING correlations f 12 = f 1f 2 gives the Vlasov eqn
�
@t +

~p
m

~r x �
� Z

d3x2d3p2f (~x2; ~p2; t) ~r x V (j~x � ~x2j)
�

~r p

�
f (~x; ~p; t) = 0 ; (7)

which gives in a self-consistent �eld. E.g., for Coulomb � (:::) = q~Esel f c:
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With the Vlasov eqn, you can study dielectric properties (Problem 0b)

taking a small external �eld � ~Eext (~x; t) ! � f (~x; ~p; t) ! � ~E(~x; t) gives

� L (~k; ! ) =
� Eext (~k; ! )

� Eext (~k; ! )
(8)

E.g., with a static point-charge � q

� L (! = 0;~k) = 1 +
4� q2n
Tk2 = 1 +

� 2
D

k2 ! � (r ) =
� q
r

e� � D r : (9)

There is more to the story if you include higher correlations (quite involved).
Progress can be made only if one assumes (Bogolyub ov) that higher-order
correlations evolve on progressively much faster scalesthen lower-order ones.

Next order (Lenard-Balescu-Landau)gives so-colled collision terms, for Coulomb
interactions these correspond to a screened scattering cross section

vr el
d3� e�

d3k
=

4e4

k4

�
�
~k(~vp � ~vp1)

�

j� L (~k;~k � ~vp)j2
(10)
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Relativistic generalization
NO-GO theorems in relativistic Hamilton dynamics Currie,Jordan, Sudarshan...

- no viable relativistic potential approach

||

Alternatives

� live with Vlasov limit

p�
�

@� + qF��
@

@p�

�
f = 0

@� F �� = J � = q
Z

d3p
E

p� f

� have local (in space-time) interactions/rates

� derive from quantum �eld theory (involved) Heinz,Elze,Gyulassy, Thoma, ...
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Covariant transport

(on-shell) phase-spacedensity

f (x; ~p) �
dN (~x; ~p; t)

d3xd3p
(p� p� = m2)

is a Lorentz scalar (Problem 1)

Free streaming ~x(t) = ~x(t0)+ ~v(t � t0) implies f (~x0; ~p; t+ � t) = f (~x0� ~v� t; ~p; t)

@t f + ~v ~r f = 0 , p� @� f = 0

manifestly covariant.

Interactions are incorporated via collision term

p� @� f (x; ~p) = C[f ](x; ~p)
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E.g., intro duce two-body scatterings via a rate

dNsc(x)
dt

� � � j p(x) dA � nt (x) dz

j p - projectile current density, nt - target density, � - cross section

Substitute j p � npvp and obtain the rate per unit volume at x

dNsc(x)
dVdt

�
dNsc(x)

d4x
= �

np(x)
Ep

nt (x)
Et

EpEt vp :

LHS is a Lorentz scalar (# of scatterings is frame independent), and n=E is
a scalar. Noticing that in the target rest frame

EpEt vp =
q

(pp � pt )2 � m2
pm2

t � T(p; t)  f lux f actor

we DEFINE sigma to be a scalar via the manifestly covariant

dNsc(x)
d4x

= �
np(x)

Ep

nt (x)
Et

T(p; t) :

[an equivalent alternative form is T(1; 2) = E1E2
p

(~v1 � ~v2)2 � (~v1 � ~v2)2]
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Di�erential 12 ! 34 rate per unit incoming/outgoing momentum cell

dNsc(x; ~p1)
d4x

=

 
4Y

i =1

d3pi

Ei

! �
E3E4

d� (1; 2)
d3p3 d3p4

�
dnp(x; ~p1)

d3p1

dnt (x; ~p2)
d3p2

T(1; 2) :

Combine rate of particles leaving from momentum cell d3p1 - loss term

E1
dN l oss

p (x; ~p1)

d4xd3p1
= � (1 �

1
2

� pt )
Z

d3p2

E2

d3p3

E3

d3p4

E4

�
E3E4

d� p+ t (1; 2)
d3p3 d3p4

�

� f p(x; ~p1) f t (x; ~p2) T(1; 2)

and those entering cell d3p1 - gain term to obtain

E1
df 1

dt
= (1 �

1
2

� pt )
Z

234

(f p
3 f t

4W34! 12 � f p
1 f t

2W12! 34) � C2! 2[f ](x; ~p1)

with shorthands
Z

i

�
Z

d3pi

Ei
; f a

i � f a(x; ~pi ) ; W12! 34 � T(1; 2)E3E4
d� p+ t (1; 2)
d3p3 d3p4
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With detailed balance (if time-reversal and parit y invariance)

W12! 34 = W34! 12 (Wn ! m = Wm ! n )

we obtain the 2 ! 2 transport equation for a one-component system (p = t)

p� @� f 1 =
1
2

Z

234

(f 3f 4 � f 1f 2)W12! 34

Generalization to multicomp onent case is straightfo rward

p� @� f a
1 =

1
2

X

bcd

Z

234

(f c
3 f d

4 � f a
1 f b

2)W ab! cd
12! 34

and arbitra ry n ! m interactions can also be included

p@f = C2! 2[f ] + C3$ 2[f ] + � � �

Connection to perturbation theory:

W12! 34 �
s(s � 4m2)

4�
d�
dt

� 4(p1 + p2 � p3 � p4)

�
1

64� 2 jM 12! 34j2 � 4(12 � 34)
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Covariant transport solutions
Very challenging to solve, integro-di�erential eqn. in 6+1D

� analytic solutions for free streaming (linear problem), or linearized transport
equation

� approximate 0+1D analytic solutions in relaxation time approximation [e.g.,
Zhang& Gyulassy('98)]

� numerical codes (3+1D) - http://k arman.physics.purdue.edu/OSCAR

Cartesian with 2 ! 2: Zhang ZPC

Cartesian with 2 ! 2, 3 $ 2: Molnar MPC

x � y � � � � with 2 ! 2: Cheng, Pratt & Csizmadia GROMIT (private)

x � y � � � t , 2 ! 2, 3 $ 2: Xu & Greiner BAMS (private)

||

Hadronic codes: Bleicher,Basset al UrQMD
Ko & Lin & Subrata AMPT
Nara et al JAM
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mean free path: characterizes local conditions

� (x) �
1

cross section � densit y(x)

�
� = 0 � ideal hydrodynamics
� = 1 � free streaming

transport opacity: time-integrated, spatially averaged [DM & GyulassyNPA 697 ('02)]

� � hncol l i hsin2 � C M i � # of collisions per parton� mom: transfer e�ciency

q

� =
R

dz � (z) � tr ansp =
R

dz 1
� tr (z)

near equilibrium: related to transport coe�cients (viscosity, di�usion constants)

e.g., shear viscosity � � 4
5

T
� tr
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Transport opacity scaling
to good approximation, results (from same initial condition) mainly depend
on transport opacity DM & Gyulassy, NPA697 ('02)

�nal spectra normalized to the initial one elliptic 
o w v2(pT )
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[ �=T 0 ! 1 : isotropic scattering, �=T 0 ! 0: forward-peaked]
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Exact scalings of solutions
[DM & Gyulassy, PRC62('00)]

� extended subdivision covariance:

f i ! f 0
i � ` � f i ; W n ! m ! W 0n ! m

� W n ! m =` n � 1 ( � ! � 0 � � =` )

- rescaled problem gives same answer, provided �nal f is divided by `

� momentum scaling:

f (x; ~p) ! f 0(x; ~p) � ` p
� 3 f

�
x;

~p

` p

�
; W (f pi g) ! W 0( f pi g) � ` p

2 W
��

pi

` p

��

m ! m 0 = m= ` p

- rescales mometa and W such that particle density is unchanged

� coordinate scaling:

f (x; ~p) ! f 0(x; ~p) � f
�

x
`x

; ~p
�

; W ! W 0 �
W
`x

- rescales space-time and W such that the particle density stays the same
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Suppose you have some initial conditions with timescale � 0, lengthscale R0,
temp erature T0, momentum/mass scale � , cross sections � and rapidit y
density dN0=d� . The scalings imply that

� 0 = l � 1
x l � 1� ; T0

0 = lpT0; R0
0 = lx R0;

dN0

d�

0

= lx l
dN0

d�
� 0 = lp�; � 0

0 = lx � 0:

Therefore, we can scale a solution to others provided that all three ratios

�
T0

;
R0

� 0
; �

dN0

d�
�

� 0

� M F P

remain the same (2 ! 2 transport)
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Macroscopic quantities

charge current: N �
c (x) =

P
i

Rd3p
E p� ci f i (x; ~p)

energy-momentum tensor: T �� (x) =
P

i

Rd3p
E p� p� f i (x; ~p)

EOM + conservation laws in scatterings imply:

@� N �
c = 0 (c1 + c2 = c3 + c4) ; @� T �� = 0 (p1 + p2 = p3 + p4)

for a local equilibrium distribution (see next slide)

f eq(p;x) =
g

(2� 3)
exp

�
� (x) � p� u� (x)

T(x)

�

we recover (Problem 2) the ideal hydrodynamic expressions

T �� = (" + p)u� u� � pg�� ; N �
c = nc u�

D. Molnar @GoaSchool, Sep8-12, 2008 16



Hydro dynamic limit
entropy current (g = 1): S� (x) =

P
i

R d3p
E p� f i (x; ~p)

�
1 � ln[f i (x; ~p)h3]

	

H-theo rem: @� S� � 0 ) entropy production in general

@� S� = �
Z

1

ln(h3f 1)C[f 1]

=
1
2

Z

1234

(f 3f 4 � f 1f 2)W12! 34
ln f 3 + ln f 4 � ln f 1 � ln f 2

4

=
1
8

Z

1234

f 1f 2W12! 34 (z � 1) ln z � 0

where z � f 3f 4=(f 1f 2) � 0 and (z � 1) ln z � 0.

Equality (entrop y maximum) requires f 3f 4 = f 1f 2 for ANY momenta

) f eq(p;x) = ep� A � (x )+ B (x ) =
g

(2� 3)
exp

�
� (x) � p� u� (x)

T(x)

�

i.e., entropy production until local equilibrium is reached
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Transport coe�cients
Hydro dynamic eqns come from expansion in small gradien ts near local equil

f (x; ~p) = f eq(x; ~p)[1 + � (x; ~p)] (j� j � 1 ; jp� @� � j � jp� @� f eqj=f eq)

AND substitution of the N � and T �� moments of the solution into the
conservation laws.
As we saw, the 0-th order � = 0 gives ideal hydrodynamics (N �

0 , T ��
0 ). The

�rst order solution

p� @� f eq(x; ~p) = C[f eq; f eq� ](x; ~p) + C[f eq� ; f eq](x; ~p)

C[f ; g] �
1
2

Z

234

(f 3g4 � f 1g2)W12! 34

leads to the Navier-Stok es equations. Comparison to

T ��
1 = T ��

0 + � s( r � u � + r � u � �
2

3
� �� @� u � ) + � � �� @� u �

N �
1 = N �

0 + � q

�
nT

" + p

� 2

r �
�

�

T

�
(� �� � g�� � u � u � ; � � � � �� @� )

gives the shear (� s) and bulk (� ) viscosities, and heat conductivit y ( � q).
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Computing transport coe�cients can be involved [seeDe Groot et al, Relativistic
kinetic theory, or Arnold, Moore & Ya�e, JHEP 0011,001 ('00) ...]

Nevertheless, because the product � � appears, it is clear that � / 1=� and
therefore

� s; � /
T
�

� nT � M F P ; � q /
1
�

� n� M F P

i.e., in the zero mean free path limit the transport coe�cients vanish and
we recover ideal hydrodynamics.
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Heavy-ion applications (early stage)

� perturbative calculations - Debye-screenedperturbative cross sections, e.g.,

d�
dt

gg! gg

=
1

16� s2

�
� �M gg! gg

�
�2

=
9� � 2

s

2
1
t2 !

9� � 2
s

2
1

(t� � 2
D )2 (� D � gT)

in radiative ggg $ gg, account for the LPM e�ect (need � f or m <� � M F P )

jM gg! gggj2 =
�

9g4

2
s2

(q2
T + � 2

D )2

� �
12g2q2

T

k2
T [(kT � qT )2 + � 2

D ]

�
�( kT � M F P � chy)

� studies near the hydro limit - match � to required transport coe�cients,
e.g.,

� s �
4T

5� tr
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TARGET

preequilibrium

QGP

freeze-out
PROJE

CTIL
E

t fo

t 0

t h

hadronization

Time

first impact Position

we need: initial conditions
boundary conditions = expansion to vacuum (\empt y" outside)
and hadronization model
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Hadronization
A poorly understood process - signi�cant theory uncertainties.

� local parton-hadron dualit y (one to one) e.g., Eskola et al

assumes quarks and gluons convert to hadrons (mainly pions), preserving
momenta, especially useful at low pT

� independent fragmentation (one to many) Feymann,Field, ...

relevant for high-pT quarks
and gluons

� coalescence/recombination (few to one) Hwa, Yang, Bir�o, Zim�anyi, L�evai, Csizmadia,Ko,

Lin, Voloshin,DM, Greco,Fries,M•uller, Nonaka, Bass,...

M   B   
relevant in A+A at intermediate 2 <�
pT <� 6 GeV (needs high phasespace
densities)

to lowest order q�q ! M , qqq ! B

D. Molnar @GoaSchool, Sep8-12, 2008 22



Initial conditions
Similarities with hydrodynamics (one needs to specify initial \shap es"),
however, transport also requires momentum distributions as input.

basic density pro�les are similar to hydrodynamic calculations

- wounded nucleon (Glauber)

- binary collisions

- saturation model (e.g., Gribov-Levin-Rishikin approach)

momentum distributions are often based on

- at high pT > p0 � 2 GeV, perturbative QCD jet rates

- at low pT < p0 � 2 GeV, saturation physics or extrapolations (to set a
certain total dN=dy)

typical initialization times are � 0 � 0:1 � 0:2 fm

in studies at midrapidit y, boost invariance can be useful to impose
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Cooling
Expanding systems cool due to pdV work

Gyulassy, Pang & Zhang('97): 1+1D

0.0 2.0 4.0 6.0
t  fm/c

0

100
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dE
T
/d

y 
G
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32 mb

Free Stream

Euler Hydro

Navier-Stokes

Kinetic

DM & Gyulassy('00): 3+1D (dN =d� = 210)
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dissipation in transport slows cooling, especially in 3+1D

� Tef f free streaming ( � = 0)

ideal hydro T � t � 1=3

time [fm/c]

3+1D, 20mb

3+1D, 80mb

1+1D, 20mb
3+1D, hydro

1+1D, hydro
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Elliptic 
o w

spatial anisotropy ! �nal azimuthal momentum anisotropy

" � hx2� y2i
hx2+ y2i ! v2 �

hp2
x � p2

y i
hp2

x + p2
y i

- measures strength of interactions

- self-quenching, develops at early times
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macroscopically: pressure gradients microscopically: transport opacity

� ~F =� V = � ~r p

) larger acceleration in impact
parameter direction

( )

beamaxisviewsmallermomenta
more de
ection

f

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �
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� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

� � � � � � � � �

b

larger
momenta
less
de
ection

variation in pathlength
) momentum anisotropy v2
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v2 builds up early

Zhang,Gyulassy& Ko ('99): anisotropy builds up during �rst � 2 fm=c

0 1 2 3 4 5 6 7
t (fm/c)

�0.05

0

0.05

0.1

0.15

0.2

v 2

s = 10 mb

3 mb

1 mb

free streaming

sharp cylinderR = 5 fm, � 0 = 0:2 fm=c, b = 7:5 fm, dN cent =dy = 300
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Strong interactions at RHIC
Au+Au @130 GeV,b = 8 fm

DM & Gyulassy, NPA 697 ('02): v2(pT ; � )
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Signi�cant randomization
correlation between initial and �nal momenta

a) de
ection angle~pi 6 ~pf b) rapidity shift yf � yi
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Not an ideal 
uid

dissipation reduces v2 by 30� 50% even for � gg! gg � 50 mb

DM & Huovinen,PRL94('05): �nal v2(pT ) v2(� ; pT )
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Hydro dynamic limit and v2
2+1D calculation (2D space, 2D momenta, no longitudinal expansion)

Ollitrault & Gombeaud('07):

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0  0.5  1  1.5  2  2.5

v 2

K

D=0.05

D=0.1

D=0.5

D=1

vinteg r ated
2 �

~v2

� 0=� + 1

(� shear � 1=� � K K nudsen )

also works for 3+1D transport - v2(pT ; � ) = vmax
2 tanh(pT =p0) �ts to MPC

results for Au+Au at RHIC, b = 8 fm

vmax
2 (� ) �

0:404
0:554mb=� + 1

; p0(� ) �
2:92GeV

0:187mb=� + 1
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Radiative transport
higher-order processesalso contribute to thermalization

+ ...

1+1D cooling (p dV work)
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� Tef f DM & Gyulassy, NPA 661, 236 ('99)

�xed transport cross section
but vary degree of inelasticit y

100% elastic, 100% inelastic, 50-50%
2 ! 2 3 $ 2 mixed

isotropic scattering(!)

) inelastic 3 $ 2 roughly same as elastic with same transport cross section

more enhanced for pQCD cross sections because 3 ! 2 allows large angles
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Greiner& Xu '04: �nd thermalization time-scale � � 2 � 3 fm/c

2 ! 2, 2 ! 3 transport cross sections spectra vs. time

 initial

inelastic roughly doubles � tr rapid cooling via 2 ! 3, but may be
because low-momentum region is empty
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Xu & Greiner,NPA785, 132 ('07)

this other extreme also indicates short timescales � 2 fm
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elliptic 
o w with ggg $ gg (minijet initconds, p0 = 1:4 GeV)

close to the experimental values at RHIC
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Other interesting areas
� heavy quarks - useful cross-check of dynamics/equilib ration

can also be done in the Fokker-Planck (small-angle) approximation, or in a
Langevin approach (many random scatterings - Brownian motion)

Moore & Teaney... Gossiaux...

� coupling to classical color �elds
Mrowczynski...Arnold, Moore, Ya�e... Dumitru, Strickland...

Wong equation: color Vlasov-Boltzmann Wong, Heinz

p� �
@� + gtaF a

�� @p� + gf abcAb
� tc@t a

�
f = C[f ]

[D � ; F ��
a ] = J �

a = g
Z

p� ta
�
f q � �f q + f g

�
dPdQ

thermal plasma at T � Tc would appear neutral - fast color rotations

� � 1
col or � g2 ln(1=g)T � � � 1

mom � g4 ln(1=g)T Selikhov'91
Gyulassy'92

However, anistropic particle distributions are rapidly isotropised (� two-
stream instabilit y)
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Covariant transport - summary

� covariant transport is a nonequilibrium framework to study a system of
on-shell (quasi-)particles

� also useful to test formulations of hydrodynamics (transp ort is always
causal and stable)

� elliptic 
o w data in Au+Au at RHIC reproduced suprisingly well with 15�
enhanced perturbative 2 ! 2 rates - not enough for ideal 
uid behavior

� radiative 3 $ 2 is very important for thermalization, results challenge the
strongly-coupled plasma paradigm (should be veri�ed independently)

� limited equation of state (no phase transition)

� hadronization challenging

� thermalization bene�ts from new ingredients such as classical �elds
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