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Outline

Brief introduction: why classical elds?
Leading order classical eld, 1 nucleus

2 colliding nuclel
{ Initial condition
{ Weak eld limit

{ Classical Hamiltonian chromodynamics on the lattice ancamexpanding system
{ Some numerical results
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Heavy ion collision: spacetime picture

1. Initial condition =0 | Smallx nuclear wavefunction
2. Equilibration .0 | Time-dependentnonequilibrium QFT
3. Plasma (?) 0 . . 10fm | Finite-T equilibrium QFT + hydro
4. Hadronisation 10fm | nonperturbative QCD
Light cone coordinates: x = pl—i(t Z)
Proper time coordinates: 1 x*
= —=In—
2 X

What happens on the line =0,t> 07?
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Gluon saturation, Glass and Glasma

Gluon saturation: At large energies (smak)
the hadron/nucleus wavefunction is

characterized by saturation scal@s QCD -

At p Qg strong gluon eldsA 1=g
| Qarge occupation numbers 1=
| classical eld approximation.

CGC: The saturated wavefunction of one
hadron/nucleus

E ective theory description with large

X = source, smalk =radiated classical gluon

eld.
H

Glasma: ™ The coherent, classical eld

con guration of two colliding sheets of CGC.

10

- -5
1072 1073 1074 10

Pocket formula for \oomph":

Q2

A 1:3X 0:3

|  To see high gluon density e ects: go to smadl and large nuclei.

[1] T. Lappi and L. McLerran, Nucl. Phys.A772 (2006) 200 hep-ph/0602189].
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Weizsacker-Williams color eld, MV model

Separation of scales between smalland largex:

classical eld color charge
D F ] = J
J = 7 ) (x )+ @ (X) (x7)
e e

What is the charge density (x) ? A static (glass!) stochastic variable, distribution
e
Wy[ (x)]
e

R
E.g. MV model W [ ()é)] exp 1 dZ)é a()é) a()é):g2 2
Cannot compute Wy[ (x)] from rst principles, but can derive evolution equation for
y =Inl :x{dependenceQIMWLK . Jalilian-Marian, lancu, McLerran, Weigert, Leonidov, keer | More

in next lecture
[2] L. D. McLerran and R. VenugopalanPhys. Rev.D49 (1994) 2233 hep-ph/9309289].
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Field of one nucleus

Current = % (x;x ) (relax -function but still nox" -dependence. EoM has solution
e

1 .
A+(>e(;x ) = — ()é;x ); A =A'=0
T

This is known thecovariant gauge eld; transform to light cone gauge A™ =0 :

(X;x )

AT ) UY(xx )—e——5U(Xix ) i—Uy(x;x )@ U(x;x )=0 (1)
e r T e g e =

A ) LuYx:x Y@U(x:x )=0: stil
g e e

Al ) i—Uy(x;x )AQU (X; X )
9 e e

(1) is solved by goath ordered exponential or Wilson line
11 Z #

X
UY(x:x )= Pexp ig dy (x:y )=r 1°
e e

Note: A' expressed in terms afovariant gauge source
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Fields look very di erent in di erent gauges

LC: A (x ) is
discontinuous, but not singular,

Covariant: A * (x ) and lives above the light cone

is singular and only lives
on the light cone

Large extent inx , smallk™,
small X g; | uncertainty
principle works in LC gauge, this
is how one would quantize.

But eld stregth tensorF is of course the same/|_
(up to a gauge rotation), only nonzero components < N < N
> L

|:c+0\i/. = @Azov. (x ) AN AN
AN

>y o

Both E» (F%)andB, (F?) elds.
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From glass to glasma: initial condition

Following KMW Bl work in Fock-Schwinger/temporal gaugd = x*A +x A = =
o | consistent with LC gauge solutions for both nuclel. Ansatz:
k n
; (1) + nﬂw (2) + { (3) +
Ai = A7 ( x) (x )+ A7 (x7) ( x )+A7 (x7) (x)
A = (x") (x )x A
X M x*

Insert into EoM and match -functions
H

initial condition for region (3):

z

Ai(s)j - Ai(l) I Ai(z) A = pure gauge 1 A = pure @ge 2
. h i
- - 9, 0.,0

[3] A. Kovner, L. D. McLerran and H. WeigertPhys. Rev.D52 (1995) 3809 hep-ph/9505320].
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/—>
>

c A - >

So

P >

-

Glasma eld after the collision

Initial condition is longitudinalE and B

eld, depending on transverse coordinate

with correlation lengthl=Q.

E ective electric and magnetic charge

densities.

J

Gauss law and Bianchi:
[Di;E'1=0; [D;;B']=0
Separate nonabelian parts:

@E' = ig[A"E']; @B'= ig[A":B']
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Digression: gluon production weak eld limit

(x) "
Introduce: (m)()é): g%—; 6. 0A, = (X ) @i A= (X)) g

cov
rr

Note: covariant gauge eld is dimensionless (dimension & is in (X )); our expansion
parameter.

Initial conditions:

AOix) = 2 WO+ @00 5 @ @) ()
e g e 29 e e
2|— @ (2)(X) 2 (X) (2)
e
A (0;x) = 2— @ q(xX);@ (2(x)
e g e e

Fix 2d Coulomb gauge | Removes leading order \Abelian pure gauge" part and (2) bees

AC (Q: x) = 2'_ j @@2 (X))@ @o(X) + (X):;@ @ (x)
e g rr e € € °
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Weak eld limit 2: Bertsch-Gunion

Linearized equations are now 5 5 o _ B
free wave propagation @+ @ + ie< Ai(; le<) = 0
2
(A A) d @+ k2 A(:k) = 0
with solutions € €
Ai(; k)= Ai(0;k)Jo(Jk] ) A (5 k)= — (0;k)JIa(Jk] ):
e e e e JEJ e e

L L R .
Hamiltonian|  average over sources| identify & = d?q] A o |
ee

e
7 z; 1_)£z_ Zli
N _ 2 RANGNSG DI = (@ )0 ) 20 )
d2q dy 2 )2 g2 9?k? g%k: e e e
e ekl;kz e e

e e

Power counting:g> =4 s in front, g° Qs ' (k) 1=
e
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Weak eld limit 3: diagram

How about the same with diagrams?

Problem: A = 0-gauge Feynman
rules horrible in momentum space.

Solution: Cheat and use dierent LC
propagators for di erent lines.Only
justi ed a posteriori.

In LC gauge
5%
D '(ki)
i (ki;Kk2) A
D "I (kp)

1 (2)

ki =(kj;0;ki) ka=(0;koka) q=(kj;k,;ki+ ko); g°=0
e e e

i
K2
gij (K1

D (k) = 9

i (ki ko2)

2 indep. nal state polarisations

AT (A (q) (cfA )
(" LHHA()
e

ko) + 0i 2Qka+ k1)i+ gi ( 2ki

e
n k + kn

n k

n A=0

K2);j

Only one diagram, because of gauge choice

Vertex and propagator complicated: only funny non-
diagonal part contributes

Multi-Regge kinematics:onlyp in t-channel propaga-
tors becausé, = ki =0 [ k2= K2
e
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Weak eld limit 4: diagrams in covariant gauge

Used for analytical/momentum space computationépvchegov and Rischk@

k4 k2 @ ki ¢
g g g g
k2 ’ ki @ ko @
k2 k2 I k2k2
C(kik2)= g et;e> d ; ko ki gC =0 CC =4egg’
qd 4g° e e q
e
A (q)= I/ (ki)J kLLC SHOF
a) = Jg)(k)Jd ) (K2) K2 K2 (k1;k2);
1 1 k
e’ e 1 _
Many diagrams, but leading high energy magically sim- C (kik)
pli es into e ective Lipatov vertex C q

Propagator simple Kz

Only -component propagating down the-channel
C C kills half of thet-channel propagators

[4] Y. V. Kovchegov and D. H. RischkePhys. Rev.C56 (1997) 1084 hep-ph/9704201].
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Numerical solution of the eom's

Analytically known initial condition at = 0,
numerical solution from there on.

First numerical study byrasnitz, Nara & Venu-

gopalan,®)

(2)

= pure gauge 2

z

R

A = pure gauge 1

Hamiltonian formalism
Dimensionally reduced to 2+1dl p, 1=

Calculate energy (easy in Hamiltonian formalism) and nmligity (by decomposing the eld
in Fourier modes)

[5] A. Krasnitz and R. VenugopalanNucl. Phys.B557 (1999) 237 hep-ph/9809433].
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Lattice Hamiltonian formulation

Krasnhitz and Venugopalall! Fields independent of | 2 + 1 {dimensional theory with

Hamiltonian (energy per unit rapidity) on a transverse liat:

X g° i—i, 2N
H = =—TrEE + 1 —Re Tr U,
a’g’ c
X
e
) 1 X 2)
+—1Tr “+ — Tr 7
a2 .
|
X+ e X+e +e
@ < @
UY(x + e)
Ti(x) Ui(x) (x + e)U)(x):
€ € e € €
A Ui:eigaAi Ei: A - = vUY(X) AU(x+e)
U, (X) Uyy (X)
U (x)= ux<é)uy(§$ ex>uxy(§ e+ &) Uj(x+ e) l g l
X U (x) X+ e

[5] A. Krasnitz and R. VenugopalanNucl. Phys.B557 (1999) 237 hep-ph/9809433].
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Dof count:

One has a 2+1-dimensional gauge eld theory with an adjoict$ar eld

of freedom are:

Fields dofs| Momenta  dofs
A? 16 | E? 16
Gauge condition {8 Gausslaw {8
a 8 a 8
Total 16 16
Parameters:

couplingg

source density 2

R A

The numerics essentially depends on a single dimensiopkrsgneter

g*R, =

2 2,
R2 2

S

. The physical degrees
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Multiplicity: technicalities

One possibility: de ne particle number using only the ekcteld & energy equipartition

X g2 . .
H 2 =T E'(X)E'(x)++ =Tr (x) (x)
« e e a e e
e
X g2 . .
= Tr EY(K)E'( k)++ — It (k) ( k)
e e a e e

2
T N2
M=

€ #
g2
n(k) = - EXK)EM k)+ = *(k) ?( k
(K)= Jzg 2 ETKIENC K+ 5 (k) *C k)
Not gauge invariant, x Coulomb gauge.
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Dispersion relation

For the energy and multiplicity one can safely assume
a free lattice dispersion relatidh

q
1 (k)= R=2 sin®ky=2+sin ?k,=2
e

wik)

20 30
k/m(m=0.5 GeV)

One can verify this assumption by looking at the
correlators

Dispersion relations
15 T T T

- l: : ke)i I;\.,.WMw.l,.J.M‘J.' |
7 E® B
e € P

20 0
k/m(m=0.5 GeV)

[6] T. Lappi, Phys. Rev.C67 (2003) 054903 fiep-ph/0303076].
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Mass gap
However the free dispersion relation does not persist dowwery lowk: For smallk there is a
\plasmon mass" gap” e e
m?2 g2 _
0.5 ﬂz
432
0.4 - 22 .
oal 298

a2z
9 0.3 3 §222 -
2 2 %2
0523285 -
00. . Ol.l 0|.2 k,) 0|.3 0|.4 0.5

[7] A. Krasnitz and R. VenugopalanPhys. Rev. Lett.86 (2001) 1717 hep-ph/0007108].
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Results for multiplicity, energy

Dimensionless ratios f tE=0 f V=6
| | | = =
" T g*3R2 "7 g22R2

For strong enough eldgg? R o & 50 these are constant and depend only weakly on lattice
spacing (UV nite):

0.7 = . | %\%—\Q
i fE i @/%\@

0.6 5 « N ] 03 &, 22 | [mw03GeVf| |
Z 057 — =z B —u m=05 GeV, E 4
N , " +.me0.8 GeV, {

0.4 . = 0.25 ooMF0.3 GeV, f| |
L : - T | E—E"FO.S GeV, L i
0.3 o ’ ] ~amF0.8 GeV,
0.27 | | | “ t‘ | = | - | 02* | | | | | | | | | | | ‘ | | | N
0 50 100 150 200 0 0.5 1 15 2
4 2 2\% 2
(g mpR,) gma
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. . . Numerical results

The energy is distributed between the di er- 52310 © KNV
ent eld components and almost constant % [
after a very short time 3. | This A
means that" L s
10 ;—
Energy in diff(;:rent field components ;
60 ‘ ‘ gm:‘ZGeV 10 ?
500 1 10°
S 400 | of
8% | I N R R S
= 300t - i s
& “g A
& 200f, _:‘O 1
100 ] The di erential multiplicity has a perturba-
% 05 e 15 = 2 tive tail k% but is infrared nite .
m .
The specteum is not thermal (at these
timescales).
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How good is_kr

-factorization?
d?k

dyd2p  <p2 (2 )2 ‘e
e e

N 11
R 2. .
Use "W (k) - szRe'g T Tr UY(
e T, .
in stead of (k) k? erTe'é T

Add cuto jkf< jpf
e e

(k) (p
e

rT:2)U (rT:2)
Tr UY( rr=2)U(rr=2)

K)
e

dN/d(k/Q)

&% \ -
q-o jo",.\ ° CYM -
T \e ™ ‘« No cutoff ;
i O - —- With cutoff
[ R, +— WW no cutoff
S| .~ \NW with cutoff
—AF == o~
E ,,m
I SR>
(QV //
8 o / """'«u.v,,
C / ¢," . X
C / '\' 7]
L / 'o,"%
| L | | | L | i
0 1 2 3 4 5 6
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Phenomenology, what is Qs at RHIC

RHIC @ 130/200 Ge\k

dN tot

Er

1000 600GeV

Relating initial state (calculated) to nal state (measud, di erent scenarios:

|deal hydro, entropy conservation
N init N nal

g° 1:9GeV
H
Lot of energy down the beampipe mdV
work.

First scenario agrees to within 10% with detailed companiso HERA ts+nuclear geometry

Free streaming, energy conservation

E_il['lit E_Il_qal
H

g° 1:4GeV
H

Multiplicity grows, 1 gluon! 2 pions.

[8,9]

1Tota|, including neutral particles. At this level of appriomation, N -1, %Ntot

[8] H. Kowalski, T. Lappi and R. VenugopalarPhys. Rev. Lett.100 (2008) 022303 (705.3047].

[9] T.Lappi, Eur. Phys. J.C55 (2008) 285 P711.3039].
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LHC multiplicity
The prediction for LHC depends (almost eﬁnirely) on energpdndence of) s.
LO:QZ x = e " NLO:Q2 e° M DIS ts vary between
. . dN _0: —o:
Qg 02 y 03 | - Qg R i P 502 P 503
|| ' L ' ' T ]
2000 — |Psat
— bCGC /
---1=0.3 g
E1500F --- 1= 0.2 -
E ....... In S -- flt //
2 PHOBOS T
ZQ ///
S 1000~ -
5007~

100 RHIC 1000 LHC
Cs [GeV]
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Giving up boost invariance: plasma instabilities

Romatschke & VenugopalafY

0.00 — T T TR
~ PR a
0.000 R = 325 va‘ﬂ

D\

L]
SRS N

%
N fnh,v,»‘
o o
, ML

Wiy
oM 0k

y i\
'

3

maxt P, (t,n)/g mL,

| > 64x64,0=10'"3 2

4

Allow for -dependence of modes:
plasma instability.

Growth rateprelated to the \plasmon
mass" g2 =

A4 32x64,D=10""g

@@ 16x256D=10""3, "

o0 128x128D=10"g, "

v—v 32x64,0=10°g, "

== 16x256D=10"3, "

16x256P=10"a,

— + 3e-05

| 1 | 1 | 1 | 1 | 1

500 1000 1500 2000 2500 3000
g'mt

Frarcois' lecture 1V

[10] P. Romatschke and R. Venugopala®hys. Rev. Lett.96 (2006) 062302 iep-ph/0510121].
[11] P. Romatschke and R. Venugopala®hys. Rev.D74 (2006) 045011 ep-ph/0605045].
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Conclusions

Leading order classical eld, 1 nucleus
2 colliding nuclei

{ Initial condition
{ Weak eld limit

{ Some numerical results: RHIC numbers work out well so far

Next lecture: going beyong LO.
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