Problem Set 8 (due May 11, 2014)

Some notation:
Lo ¥ = exp(iS"™ (L)
R = expliS™ (R)s 'y 2) )
A7\ = exp(i(M"™)° zxwuw/2)

a wa/Q)

» ghgk /2 for S
S = —iog*/2  for SO

S(R) = —gkg*k /2 for SU (2)
—io*k /2 for SO
1

(M) 3 = (g5 — g7)

1. Skew symmetric metric

(a) We argued that the antisymmetric subspace of the product of the representations
(2,1) x (2,1) forms a singlet (one dimensional) representation (1, 1). Explicitly
show that,

Lo “Ly %eca = €ap - (3)

That is, you do not get an extra factor on the right hand side.
(b) We expect [0#],;[04].4 to be a scalar (p is contracted). Show that

[0 ilOn)ci = —2€actii (4)

(¢) We expect 2¢eb [0#],i[0"] .4 to be a invariant under Lorentz transformations (all
spinor indices are contracted). Show that

accbilgh] 5[o"] 4 = —2g" 5)
(Hint: Write it as a trace of an anti-commutator)
2. ((2,2) is a Vector representation)

(a) Show explicitly that 05 ;= (1,5) transforms like a Lorentz vector under the
action of L and R. Convince yourself that this implies that the combination

b
g :I;XT ¢ (6)
transforms as a vector if the spinors y and ( are transformed.
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(b) Define [5#]* = cacbdg”  Show that [7#] = (1, —5)

3. Symmetric and antisymmetric combinations of ¢
(a) Show that S* can be written in a Lorentz covariant form
§*(L)a " = 7([0"ael6]" = [0*)ucl5*])

SH(R)Y o = ——([6"]%[0"]pe — [67]%°[0"]c)

Show that the two relations can be combined in Dirac notation by defining the
transformation of the Dirac spinor

U (x) — exp (1S"w,, /2)¥ (A7) (8)

l

s
1

A7 (9)

(Hint: The Dirac spinor is defined as

v=( ) (10)

Vu:<00# "O“> , (11)
)

(b) Now consider the symmetric combination of ¢#, ¢”. Show that

and

([0"ac6"1? + [0V ]ac[6"]?) = —29""64 ° (12)
(16" 10 Joe + [6¥]1%[0"]0e) = 296" ¢
Show that the two relations can be combined in Dirac notation
—2g" = {",7"} (13)

4. Gamma matrix relations

(a) Based on your experience with o#, write down the Lorentz transformation for
the quantity

W)y ¥(y), (14)

where Us are Dirac spinors



(b) Consider the charge conjugation matrix
€ac 0
(5 9 "

CiyHC = — ()T (16)

Show that

5. Spinor Lagrangians Read chapter 36 from Srednicki. In particular, look at the
derivation of Eq. 36.28 and Eq. 36.41, which connect the Weyl notation for the
Lagrangian to the Dirac notation

6. The Clifford algebra The 4, 4 x 4 dimensional matrices, v* generate a Clifford
algebra. For our purposes, it means that any hermitian 4 x 4 tensor can be written
as a linear combination of the following products.

1
AH

D = 2em sy, or equivalently by o = (i/2) 7'

1
= a0 5‘“’”’\%%70 or equivalently by 4*4°

75 = 4'€;wa>\7 7”707/\

Each of the matrices is an antisymmetric product of various distinct v (the symmet-
ric combination gives g"” as in Problem 2, and gives a product of a smaller number
[by 2] of v#s.)

(a) Show that the sixteen matrices defined above are linearly independent (Hint:
Multiply and take the trace)

(b) Show that in the representation of v* that we are using,

5 _12><2 0 >
= 18
gt ( 0 low (18)

(This means that (1++°)/2 [(1 —~°)/2] projects the right handed (left handed)
part of the Dirac spinor.)

(c) Normalize the 16 I'* such that tr[TATB] = 4648 by multiplying by appropriate
powers of 7. Then for Dirac spinors V;

U DAV, 0T B0, = CHBU TOU, U, P, (19)

where C@p = 5tr[[°TATPT#] (This can be used to prove Fierz relations in
Dirac notation.)

7. Fierz relations in Weyl spinor notation Question 36.3 in Srednicki



1 Asides

1. For students with extra time (Not for credit.) The Weyl notation that we learnt
(using L and R spinors) is a convenient formalism to study supersymmetry. For eg.
see Problem 3.5 in Peskin (Hint: In Srednicki’s notation, take x to be a Left handed
Weyl spinor, and io? = ®.)



