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Path Integrals and QM



Recap of Last Class
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Path Integral Formulation of QM y - -
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For a particle moving in a potential: : '
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1/2 The prob. amplitude of a particle
Uz, trizi,ti) = <2m (tr — 1, ) /D Je* S traveling from x; to x¢ through any

path is equal in magnitude and has
a phase proportional to the classical

Slz(t)] = /ttf dt Em:bz(t) - V(:c(t))] = /ttf dtL[z(t),&(t)]  action along the path.

To calculate the amplitude of the particle traveling from x; to xf we must sum over the
amplitude contribution from all paths.

oIf additional information about intermediate states of the system is available (say through
measurements at intermediate times), the routes have fo be restricted accordingly.



Quadratic Lagrangians and classical paths

In general, the matrix element of the time evolution operator is given by

U(xf,tf,xz, tf, /D ’I,S[w t)

ty 2
Sla(t)] = / dt B (1) —V(x(t))] _ / QL (t), i (1)] V(z) =Viz + Vax
t; t;
The Lagrangian then is a quadratic
function of positions as well as velocities

Let us relabel all trajectories by x(t) =zq(t) +y(t)  &(t) = Ta(t) + y(t)

where the classical trajectory follows the Euler Lagrange equations

dt 0% ox

d oL 8£]

Since the endpoints of the trajectory are fixed, i.e. x(ti)=xc(ti) and x(t¢)=xc(tf) the boundaries
for y are given by y(ti)=y(t¢)=0. i.e the boundary cond. for y is independent of the classical
trajectory.

The action is given by:

Sl = /t £ Bm@cl +9)* = Vi(za +y) = Va(za +y)*



Quadratic Lagrangians and classical paths
V(z) = Viz + Vox?

Slz(t)] = /t "t Bm(i‘cl +9)° = Vi(za +y) — Valza + y)2]

ty 1
= / dt lim(a’:gl + 92 4 2247) — Vi(za + 1) — Va(2? 4+ 224y + +y2)]
t;

ty ty 1
— S[wcl (t)] —+ / dt [m:i:clg) — QVQZde] + / dt lgmgﬂ _ Vly - V2y2]
ti ti

ty
iyl — / 0t [mit + 2Vaa] y
— t;

N\

where

| b Euler Lagrange Equation:
| S[accl (t)] = / dt lgmxgl —Viwag — Vziﬁgl]
t;

V

mie +2Voxg + V7 =0

ty
= / dtVly
t;

The action separates into a classical part
and a quantum fluctuation part, which is

independent of the classical trajectory



Quadratic Lagrangians and classical paths

; . Cetp g o
U(wf,tf, xzytz) — ezScl(wi,ti,xf,tf)A(tf’ti)/ D[g(t)]ez fti mez V2y2
y(ti)=y(ty)=0

/

Normalization,
indep. of x; and xr Sum over trajectories starting and ending

at origin, indep. of x; and x¢

— eiscl(xiati;wfatf)A/ (tf, tz)

The propagator for a system with a quadratic Lagrangian is (upto an x-indep normalization factor)
is a pure phase, with the phase given by the classical action of the system.

Example: Vi=0, V2=0
x (t)—x+($f_$i>(t—t) bat) = L2
“ Uty —t) T )
1 (zy %)2
S C t — -
za(t)] = 5m —

im (wf_mi)Q

U(vatﬁxiati) = A/(tf,ti)e 2ttt




Quadratic Lagrangians and classical paths

Example: Vi=0
m m )
L=—i"— —w8x2 Classical EOM: T + w%:z: =0 wo = 2Va
2 2 m
x; = Acoswgt; + B sinwyt;
z.(t) = Acoswot + Bsinwgt  with boundary condition
xy = Acoswoty + Bsinwoty
; SI te —1t ' —t; . T f COS t—t;)| — x; cos tr —t
T () = x; sinfwo ! )] + ¢ sinfwo(t — ;)] Tei(t) = wo £ cosfwo( . ) - [wo(ts —t)]
sinfwo(tf — t;)] sinfwo (ty — ti)]

for te-t # T[/CUo

tr
m m . t m .
Sl (t / dt[z wox 2= —za(t)a ), — = dtxe [T —|—w§xcl]

O by classical EOM

=3 [:Ucz(tf)xcl(tf) et (ti) e ()]

_ Mo (2% + a7) coslwo (ty — t1)] — 2z ]

2 SiH[WQ(tf - tz)]




Quadratic Lagrangians and Quantum Fluctuations

We have shown that for quadratic Lagrangians — U(xzy,ts; x4, 1) = eiSet(wy tyimisti) A (tr,t:)

/ 1/2 . mis2_ 2 2
General form for the factor A A (t7,t;) = ( = ) / Dly(t)]e’ St (5 iy
y(t:)=y(ty)=0

2T1€

Let us go back to the picture of time slices

.I.F= .I.i_l_N e 1'i+5 € 1'i+ €

L ||
(1 e 1T 1T 11

ti+(N-1) € t+2 €

2
/ m \ V/2 i€y, = Wiet1 V1) —wly?
A(tf7t’L): (271”&6) /dyl/dy2”\/dyj\/v_16 - . -

The time slicing is like a lattice in along the time axis with spacing ¢ . We will work with this

lattice version of the problem and take the ¢ — O limit (continuum limit) at the end



Quadratic Lagrangians and Quantum Fluctuations

N/2 ie (?Jk+1 vi)? —Wg z
Al(ty, ti) /dyl/dyz /dyN 1€ e y}
27me
te= ti+N € ti+5¢ ti+ €
L1 L1 1 1 1 1
I el 1 1T 1 I,r‘
t+(N-1) ¢ t+2 € !
Lattice 1 _ 1
derivatives: Vin = Z[y”“ —Yn]  Vyn = Z[?Jn — Yn—1]
N N
> (Vur)® = ukVurliZo ZyszVyk:— ZkaVyk
k=0 . R k=1
O by b.c.
N/2 _
Al(tfati) :( = ) / /dy1/dy2../dyN_1ei€Zk %yk[(vv)kkz’+w§5kk’]yk/
2Ti€e

/ m N/2 [ 9mq (N—-1)/2 B
A (ty,ti) = ( : ) (—) (Det [(VV) ki +w§5kk,b—1/2

27T1€ me



Quadratic Lagrangians and Quantum Fluctuations

, m \N/2 [ 2mi\ VD2 _
A (tf7ti) - ( ) (_) (Det [(VV)k;k;/ + w%ékk/])_lﬂ

271€ me

Free Particle: _ 1 1
vvyn — Ev[yn—l—l — yn] — E_Q[yn-l—l — Yn — Yn T yn—l]
To Find the Determinant:
( -2 1 0 .. 0 0 O \ .
1 -2 1 .. 0 0 0 Detn—1[—e"VV] =2
VY= 2 1
N 6_2 . . DetNZQ[—EQ?V] = ‘ 1 9 | =3
0 o o0 .. 1 -2 1
\ O o0 0 .. 0 1 -9 ) Recursion Relation:
Det,[-€*VV] = 2Det,_1[—€*VV] — Det,_s[—€*VV]
B 1\ N1
Detn[—GQVV] —n+1 Detn_1[VV] = (6—2> N

N\ (N—1)/2 1/2 1/2
Al t.):( m )N/2 2m (yw-n2_1_ :( m )/ (™
VERY i€ me N1/2 2mie N 27Ti(tf—ti)




Quadratic Lagrangians and Quantum Fluctuations

N/2 ic (yk+1 i) w22
/dyl/dyz /dyN 1€ 2% o
7TZ€

Since y(ti)=y(tf)=0, it can be expanded in a discrete sine series

—1
2 , 27l
Yn = y(tn) = > 4/ @) sinfwi(tn — )] Y= N, LS LN
[=1

Complete orthonormal basis sets for expansion

Alternative: work in Fourier space  A'(t;,t;)

N-1

2
N sinfw; (t,, — t;)] sinfwy (t, — t;)] = o/ Z sinfw; (t, — ;)] sinfw; (£ — )] = Onne
=1

Jacobian for the transformation is 1
_ m
_Eezynvvyn - _Z ;yn[%ﬂ—l - 2yn + yn—l]

~ae v 2 nylen) D sinler (bn = t))(sinleatn — i+ €)] = 2sinfr(tn — )] + sinfea(tn — 1 = )

g
m 2 : :
= 5w y(wp)y(wy Zsm wy (tn — t;)](2sinfw; (t, — ;)] — sinfw; (t,, — t; + €)] — sinfw;(t,, — t; — €)])
€
v
2

— EN Zy(wl (wy Zsm wir(tn — t;)] sinfw; (t, — 2;)](1 — cos|wie]) = Zy wi)y(wr) (1 — cos|wie])

i



Quadratic Lagrangians and Quantum Fluctuations

, N/2 .
A (tfati) = ( m ) /dy(wl)/dy(wQ).,/dy(wN_l)ezﬂ >0 Y(wi)y(wi)(2—2 cosfwye])

2TE

—1/2
m AN/2 [9rie\ N-D/2 (V=D
= (me) < - ) IT (2 - 2cos[wie])

=1

—1/2 —1/2
1/2 (v 1/2 (N-1) ]
() (W) - (e [5)

=1

(N-1) o 22N 1 ‘ (N-1) . ~-1/2
Use ll;[l (1+2* — 22 cos {N})Z poR] with x —> 1 to get (H (22005[]\[}))
Recover for the free particle: e /2 ep—mi)?
Ulzys,tf;ai,t:) = , e 2 Gt
27T’L(tf — ti)

2l



Quadratic Lagrangians and Quantum Fluctuations

Harmonic Oscillator:

. , , N/2 jess m [ Whti—v)® o o
Work in Fourier space: A (t;,t;) = ( o ) /dylfdyQ../dyN_le > [ < ouk

271€

2TE

: N/2 .
For free particle: A (ty,t;) = ( o ) /dy(w1)/dy(wz)../dy(wN_l)e@% 22 y(wi)y(wi)(2—2 cos[wie])

For SHO:

’ N/2 - -
At t) = (557) /dy(wl)/dy(wz)--/dy(wN_l)ezi S y(@)y(en)(2-2 cosfwrd —*w))

2T1E




Quadratic Lagrangians and Quantum Fluctuations

Harmonic Oscillator:
l(]:Vl_ )(2 — 2cos [?\f] — 62w8)> )

st | (TR

—1/2

sin[x /2] = ewq /2

( l(]:\ll 1)(2—2COS[1\” —e%;%)) _(N—l) B sin? [%} )
el (S e |

N

il

sin? [QN

1 %] SID[QNZL'] Define: = = 6@/2
—n] ~ Nsin[2z] Ww—wy as € — 0

(V=) sin? [E]
Thenas € — 0 1 - ——=
11;[1 ( sin? [ﬁ]

) _ sinfwo(ty — t:)]

wo(ty —t;)

Ayt = Aplin? )(siffoféft;t%)l/z :<2msm$j(if_ti))l/2

Finally, collecting everything together:

1/2 -, .

mw )

U(ajf7tf’aj,l/’t ) 0 » e QSln[wO(tf —t. )[(xf_‘_a: )COSWO(tf —t; ) .’,fo]
2misinfwo(ty — t;)]



Matrix Elements of Operators

In QM, we are interested in evaluating matrix elements of various operators between different
states. How does that work out in path integral language?

(@ tylotolanti) = [ dolto)as,trlalto) to)alto) (alto) tolos, )

m(t )_m m(to):ajo "
/dg;O/ ! f ]eﬁtofﬁ z(t)] . / D[w(t)]eiftio Llz(t)]

(to)=zo (ti)==;

Integral Integral ovér paths going Integral over paths going
over Xo through (x¢tf) and (xo,to) through (xo,to) and (xi,t;)
"I I I O p I g 0 ¢ 1 1 1 1
' O I I I T p 1 g 111 1 1 1
X 11 1 1 1 0 g 1 AN 11 ! 111
. . [ | 1 " | [N N N T |
So, we are integrating P . LN N A 8 A
o 1 1 1 | 1 1 1 1 | ¥ 1
over all paths starting at ; ! : 1 . . : :
(xi,ti) and ending at (xs,t¥) 1 {0 -
11 g g 10 b1 o111
11 g g 10T b1 o111
g 1 g 1 1 1 1 1 I g I g 1 1 1 1 1 1
th te tN-1 To tr



Matrix Elements of Operators

Alternative treatment with source terms

Define a new action in presence of source terms

Sla(t), J ()] = /t " AL — iJ (B (t) 3(#) is for now an arbitrary function

i

Write down a new path-integral in terms of this action

Us(@g,ts;mits) = / Dla(t)]S12®)-7(0)

A aU_](.Z‘ at 7$z7t2)
Then - (eptrlatollen t) = =550

J(t)=0

w(tf)sz ) tf
N / Dla(t)]a(to)e' =)

(ti)==z;



Matrix Elements of Operators . (3,55 (t1)8(t) |3, 1)

If t1 > t2,i.e the operator is time ordered

(T, tr|Z(t1)Z(t2)|zs, ts) =/d$1d$2<$f,tf|$1,t1>$1($1,t1|$2,t2>$2<$2,t2|33z'>ti)

"I I TR I I D D D D D N R B B | 1 g T D T T IR T |
"I I T I D D D D D D DN DN DR B | 1 g T D D T DR I |
X (I I DN N R R R B " UL L B LI (I D N R R I |
11 1 I I | P L i 1 /i g 0 i 1 1
11 1 I A 1 1 PN/ v A 1 1 1N\1 1
I [N DN DR D R N B RS "I I T | |
[ I D B R R e B g 1 [ |
I [ T e e N I B B [ D [ |
11 | I DR DN DNEEN N DR DU RN DR DT T T N T T B T |
" | [ [ D N DN N DN DU NN DN R T TN TN NN NN N B T |
" | [ I DN DN DR N DR DU RNREN DN DT N T DU U T B T |
g 8 g 0 % ¢ 0 3 @ @ 8 g 0 § @ 0 N o3 50 3 op 1 3§ 1
1'i 1.2 1'1 _ _ 1' 1‘{:
m(tf)=a:f . tf
(@f,trl@(t1)2(t2)]2i, ti) :/ Dlz(t)]a(tr)a(tz)e’ J1s C)
w(tz):wz
O*Uy(zs,ts;24,t;)
Alternatively (Zf,tf|Z(t1)Z(t2)|zs, t:) =
A 0J(t1)07 (t2) | ;010
U

More generally (Tg,tp|2(81)2(2). - 2(tn)|Tis i) =

8 (£1)0J (£2)--07 (tn) | 5170

Note: Operators should be time ordered



Variation wrt Paths (Endpoints fixed)

In CM, path of extremum action gives Euler Lagrange eqn.s What do we get here?

x(t) —> x(t) + 0 x(t), with x(+) and x(t¢) fixed Reparametrization of Pa’rhs
does not change path integral

[ Dlz(t)]efSEO+5=@IR _ [ Dlg(t)]eiSE@I/R = i [ Dlg(t)]eSEOV/rss = o

From CM s - [ a (Z—L) 5(t) + (g_i) 0




Variation wrt Paths (Endpoints fixed)

OL d OL
[x(t)]/ R _ _

Since 0 x(t) is arbitrary, the integrand (with the path integ.) is zero for each t

iSlz(t)]/p ( ¥  HYHEY
/D[:c(t)]e ( > TEY ) =0

Euler Lagrange Equation is satisfied as expectation value Ehrenfest Theorem



Variation wrt paths (End point variation)

Let us do the same exercise, but allow variation of the final point

oU
8a:f

= i [ Dla(t))e SO/ rss

ti 0L d OL

Since we allow variation of end location, 0 x(tf) # 0, and the boundary term contributes

OL OL dOL
7,5 [z(t)]/h S
8xf 6$f /D [(83:) 0T5 W /dt (am dt 8:'6) &B(t)]

U(CEf—I—(S:Uf,tf;ZUZ',ti)—U(:Cf,tf;wi,t) ——0&f

Now 0S8 = (gﬁ) 6x(t)

O by Ehrenfest Theorem

h
zS [z(t)]/R
5 = 7 [ DOl =0t p oV



Variation wrt paths (End point variation)

Let us do the same exercise, but allow variation of the final time

oU
Ulzg,ty+ 0ty xits) — Uy, ty; i ts) = 8—5tf
Ly

fD[:c ]625 [z(t)] /h5S

L 0L d OL

Now  3S = Llz(ty), &(ts)|0ts + (‘3—5) 5 (t)

ou OL OL d OL
O by Ehrenfest Theorem
X

Se(tf) = —i(ts)dt




Variation wrt paths (End point variation)

gtU 5t — /D[w(t)]eismt)]/h [L[w(tf),a':(tf)]atf + (gﬁ) ox(ty) + /dt (g—i - dig—i) 5$(t)}

Ay

O by EhrenFes’r Theorem

' 5(tf) = —i(tf)ots
.|.
5.0t = 1 [ Pl |Lia(ey), atey)] - & (gg)] st
o —[pm _ L] = —

zh— /D[x )] =O/R (¢4) Schrodinger Equation



Generalizations

We have been essentially looking at 1D QM. This can be generalized to higher dimensions
E.g. in 3D you would have (xi,x2,x3) at each time points.

We can extend this formalism to time dependent Hamiltonians: e.g. we can deal with a
Harmonic Oscillator whose natural frequency is changing with fime.

U(t,0) = et U(t,0) = Tle~*Jo Hrr(t)dt

The main reason that time-dependent Hamiltonians are harder to work with is that the Hamiltonian
operator at different times do not commute with each other.

Example: A Harmonic oscillator kicked by a spatially uniform time-dependent external force

~2 A A~ ;
H(t) = 35 04 + f(t)2 [H{(tr), H(ty)] = =D

Once you break up into infinitesimal time slices, the problem occurs in 2nd order in ¢

This is the same order in which Trotter error occurs, > not a problem for path integral

1/2 ty
Ulatymnt) = () [P0 Sie] = [ drga - Ve



