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Recap of Last Class

® Schrodinger and Heisenberg Picture

eTime Evolution operator/ Propagator : Retarded and Advanced Propagator.

® Time Evolution for time dependent Hamiltonians : Time Ordered Exponentials
® Breaking up the Hamiltonian: Interaction Picture

eDriven Harmonic Oscillator and coherent states



Time Dependent Perturbation Theory

~

H(t) _ I;[() - f(t)/i = Ho + Hi(t) We will assume H; to be small c.md expand in it.
Formally, we can add a factor Ain front of H,
&« \

expand in powers of L upto a certain order, and

Control Field Operator to which then set i=1 at the end.

the field couples

Interaction Rep.: 0¢|91(t)) = Hyp (1)1 (t)) [¥r1(t)) = Ur(t)|¥1(0))

Comparing with the case for generic time-dependent Hamiltonian, the time evolution operator in
the interaction representation is given by

~

t t t1 ) A
U[(t) — T[e—ifot dt,H”(t,)] =1- ’L/ dtlHlj(tl) e / dtq / dtngI(tl)HU(tg) -+ ..
0 0 0

Using [01(t)) = eot|ips(t))  and  [1br(0)) = [1hs(0))

i i . t t1 R A =
U(t,O) — 6—?;H0t[1_i/ dtlHll(tl)—/ dtl/ dtngI(tl)Hll(t2)+,,,]e7’H0t
0 0 0



|_| near Response Theory R. Kubo, Journal of Physical Society of Japan,
Vol 6 Page 570 (1957)

In experiments, in order to study the properties of a system, we couple a probe to the system.
e.g. we may turn on an electric or a magnetic field, we may change the pressure etc.

The effect of the probe is modelled as an additional piece in the Hamiltonian of the system, which
is turned on at t=0.

3 A Operator to which

H(t) = Ho :f(t)A\ the field couples

Control Field

Eg: Transport ---- Electric vector potential -- couples to current density
| Susceptibility ----- magnetic field --- couples to spin density

|
l
L

We usually measure some quantity represented by the operator B after turning on the probe.
In case B has finite expectation in absence of probe, we are interested in change of B due fo
the probe, 8B; i.e. we wish to study how the system responds to the probe stimulus.

'Eg: Transport ---- elecfric current
| Susceptibility ----- magnetization

Linear Response Theory: The response <B(1)> or <8B(t)> is calculated to linear order in f(t)

The basic assumption is that the probe disturbs the system gently, so that perturbation theory
can be used to calculate the response.



Linear Response Theory

Work in the interaction representation

B(t) = ($1(t)|Br(t)|%1(t)) = (¢(0)IU] (1) B1(t)Ur(t)]4(0))

t t ty x 2
Using the expansion of Us U] (t) =1-—- Z/ dtlﬁ“(tl) —/ dt1/ dtzHu(tl)H“(tz) -+
0 0 0

and collecting terms linear in H

B(t) — <1/)(0)|6iHOtBC_iHOt|1,/)(0)>+i/0 dtl[ﬁu(tl)B] (t)—BI (t)ﬁ“(tl)]—*'

Using Hi=-f(t) A t
5B(t) = — /Odtlﬂtl)[Az(tl)Bz(t) Br(t)Ar(t1)] +

It is useful to write (53 fdt f XBA(tat/)j

( Xoalt ¥) = 0(t ~ E)GO)BL0), A W(0) ]

Lin. Response Function (also called Kubo formula)



Linear Response Function

(53 = [dt f(¢ XBA(t,w] ( xBalt,?) = 10(t ) ((O)|[Br(1), At >Hu<o>>]

® The response function is a property of the unperturbed state

@ Response is causal, i.e. perturbation at time t' can only affect response after t'. Theta fn.
ensures that.

Time translation invariance of unperturbed system:  XBa(t,t') = xBa(t — ')

Fourier Transform: Convolution — Multiplication

[w(t) — [df F(E)xpalt - V') = 6B(w) = f(w)xBA«u)]

Charac’rerlshc of Lin. Response: The system responds only at the frequency at which it is modulated




Spectral Decomposition

Assume that the system is initially in its ground state , or at least an eigenstate of Ho

XBA(t—t,) — i@(t—t’)(d)(()) e # e ’—iﬁO(t—t/)fie—iﬁot’—eiﬁot’A6+iﬁ0(t—t,)ée—iﬁotW)(O))
/ /
> In)(nl =1 > |n)(nl =1

- 7’@(t o t,) Zn 6_i(wn—wo)(t—t,)*’éln()BOn _ 62.(wn—WO)(t_t,)B'n,()f40'n,

where Ao = (n|A|0) Ho|n) = wp|n)

‘We will use retarded response
|

— xBa(w) = [y dte“ xpal(t)
limit from >

theta fn |~ where
n— 0"

Wno = Wnp — W

and f dtez(‘*’ wno)t — f dteZ(w+zn wno)t — z(w+7;71—wno)

_ AonBno AnoBon ( 2wno|A "|2
&BA (UJ) _ En wW+1iN+wno W21 —Wn0 xaaw ” (w“(’;)z‘o‘“’fuo

We will assume A and B to be Hermitian operators




Real and Imaginary parts

5B(w) - f(w)XBA(w)< Acts like an inverse of impedance

® Real part of y controls the modulation of B in phase with external perturbation.

® Imaginary part of y controls the modulation of B out of phase with external perturbation.

XBA(wW + 1) = Xpa(w) +ixpalw)

Using - =P < : ) — im0 (w — wp)

w — wo + 17 W — Wo

(X;A (UJ) =T ZAnOBOné(w — WnO) — AOanO(S(UJ + wnO)J

/7 1/

It is clear from above formula that XBA (w) — —XAB(—LU)

/7 /7

Xaa(w) = —Xxa4(—w) odd function of frequency

Similarly it can be shown that Xaa (W) = Xxaa(—w) even function of frequency



Real and Imaginary parts

Relating X44(w) to energy dissipated in the process

Infinitesimal work done on the system by dW = —f(t)d{A ( ))
external perturbation in changing A to A+ dA — N
Generalization Generalization
of force of displacement

Instantaneous Power

= —f0adw) = o [ O; Aty an(t — ) F(F)

_F(1)0, /_ ;Z—: /_ Aty an (w)e= ) F(11)

0o 4 | 00 o,
— f(t)/_ %(iw)XAA(W)G_Zwt/_ dt/ezwt f(t/)

p | As long as f(t) --> 0
= f(t)/ 2: (iw)xaa(w)e™™" f(w) as t -g-> 00 (o)ne can

choose a T large enough
Replace by delta fn. to do this

’ T/2 ( .)
= dte—i wtw’ )t
T /—T/2 ]

Average Power

L [T aw > dw’ > dw
P: j— _— = / e
T/—T/2 dt 27 (w)[w o (tw)xaa(w)




Real and Imaginary parts
P~ [ " / " () (@) i) xan (@) + o) = / " o f (@) f(—w) (i) yan ()

_ _/OO deo (W) (=) 4.4 () | Since The .real part i§ even in Fr?q,
—o0 Its contribution to the integral vanishes

For real £f) f(—w) = f'@) P~ [ delf@Puxia@)

For harmonic perturbation (which has single frequency component with amplitude fo)

4

P~ —|fo|Pwx 44 (w) For system in eqbm. wx 44(w) >0



Kramers-Kronig Relations

The real and imaginary part of a retarded linear response function are not independent
quantities. They are related to each other by Kramers-Kronig relations.

dw’ XBA ' * dw Xpa(w)
(XBA = P/ T — o (XBA(W)_’P Tr W—w

If either the real or the imaginary part is known (for all frequencies), the other part can
be obtained. This is often used in experiments e.g. absorption of light is related fo
imaginary part of optical conductivity, but can be used to obtain the full response function.

The retarded response function is analytic in the upper half-plane (similar to retrded propagators)

§a:X08%) —o - [" asrmae
L// \\\\ C “—Ww o0
[I/ T? o0 ' ’ ’ Lo ’ 1 . ’
, - \I =/ dw [XBA(W ) +ixgalw )] l’Pw, — — 1mé(w —w)]
l————>——--’ '__>__ - 00
Equating real and Im parts

duw' XBA(W ( dw’ XBA(W
(XBA = P/ W — W Xga(w ’P/ S




Sum Rules

XBA(W) =7 AnoBond(w — wno) — AonBnod(w + wno)

Need to know solution of the full problem

~ [ doxipao = 3= Bonfan = AonBan = (OB, A]0)
Ground State Property

/ dwuwx g 4 (W ano(BOn no + AonBno)
= Zn:wno[W(O)lBlm (n|A[4(0)) + ((0)|A|n)(n|B|¥(0))
= anw(onBH — HBn)(n|A[(0)) + (¥(0)|Aln)(n|HB — BH ¢;(0))
= Z[(w )|[B, H]|n){n|A[1(0)) — (¥(0)|A|n)(n|[B, H]|4(0))

= (¥(0)|[B, H]A - A[B, H[¢(0)) = (%(0)|[[B, H], A]|(0))

Moments of Imaginary part of response function in terms of ground state
properties



Example: Driven Harmonic Oscillator

]

2
Hy = F_ an.w("f;i;"2 =wp(a‘a +1/2) Hq, = —f(t):E = —f(t)(af -1- a)

2m

Suppose we start the system in its ground state and want to measure the average position
t
(x(t)) = / dt' f(t" ) xpe(t — 1) Spectral Decomposition
0 :

( (w) L Z 2w'n(]|A()'n|2
200 1 1 - XAA — Lun (wtin)2—w?

n(

Xa:x(w): 2_w2:w_w0_w_|_w0 =
0 (n|2]0) = (n|at + a|0) = 6,1

Y (t — ') = iO(t — t)[eiwo(t—t) _ g=iwo(t=t)]

<CIJ(t)> — _Z/O dt/[f(t/)(e—iwo(t—t/) _ eiwo(t—t’)) — C(t)eiwot + C*e—z’wot

Compare with the exact solution U(t) = e D¢ (t)e w0t

The drive creates coherent states and avg of x is just the real part of the complex number
denoting the coherent state.



Example: Time Dependent Anharmonic Perturbation

2
Hy = 4 t ;m.wg;v? :wo(a.fa. +1/2) H1 - —f(t).’L‘4 = —f(t) [aT + a]4

2m

Suppose we start the system in its ground state and want to measure the average position

t
(z(t)) = / dt' F () xpps (t — t') Spectral Decomposition
0

S AOanO A'n,OBO'n,
(XBA(W) o Zn w+in+wno W11 —Wn0 j

X x4 ((.U) =0 The full time dependent H is inversion symmetric

How about measuring < x> ?

nO = \/_5n o + 0y, 0 nO = 266, 4+ 6\/—(5n 2+ 30n.0 Check from explicit expansion

xxzx4(w)=12( b S )

w+1in+ 2wy w110 — 2w




Transition Probability
Consider the old problem of absorption of light which falls on an atom.
System Hamiltonian Ho—> the energy levels of the atom.

We assume that the atom is initially in one of the eigenstates, i, where the time dependent
perturbation Hi(t) (in this case the light-matter interaction term) is switched on.

We want to know the probability of finding it in other states, i.e. we want fo know what is the
probability that a particular transition will occur.

B(t) =) [m{n|U@)]i) =) calt)n)

n

Transition Probability: Py (t) = |en(t)|* = [(n|U(t)]i)]?

cn(t) = | (nle™ " UL (t)e' 0 i) = e (n| U1 (t)]d)

t t t1 & n
Uj (t) =1-— Z/ dtlffl] (tl) -—/ dtl/ dtzHlj(tl)H“(tg) -+ ... Pert. Expn. for U(t)
0 U 0 Dyson Series

C%O) (t) = On;
(1) =i / at' F(t') (n) Ay (1))

) (t) = - /0 dt f (1) /0 dtaf (t2)(n Az (1) A (t2) )

en(t) = ) (t) + ) (t) + 2 (1)



Transition Probability

Since we are interested in transition probabilities, we are thinking of n # i

Then, upto second order in perturbation theory, P,;(t) = |c\1)(¢)[?
t A
D) =i [t FE) il A @)
0

W — Wni)t/2]

o0 t ' ) o0 d . .
Cq(’z,l) (t) = Z/ d_wf(w) / dt/eZ(wni—w)t An@ — 2’1,147% / —wf(W)eZ(wni_w)t/2 Sln[(
— 00 2T 0 e 27_‘_

sin[(w — wn;)t/2] sin[(w’ — wp;)t/2]

Paitt) = 4An? [ = / T ) ) coslf — w2

Harmonic Perturbation: f(t) = 2cos(Qt) = f(w) = 27[d0(w — Q) + d(w + Q)]

sinf (€2 — wp;i)t/2] sin|(Q + wp;)t/2]

2 2
W Wi

2 Sin[(Q — wy; )t /2] N Sin?[(Q + wp; )t /2]

(t) | (Q - wni)2 (Q + wni)Q

+ cos|€]




Fermis Golden Rule

2 Sin?[(Q — wy)t/2] N Sin®[(Q 4 wp;)t/2] + cos]] sin[(2 — wp;)t/2] sin[(Q + wpq)t/2]

(*) | (2 — wp;)? (Q + wpi)? w? — w2,

Usually we are interested in the transition probabilities when ) ~ w; or )~ —wy;

Then, considering a long timescale t >> Q!, either the first term or the 2nd term survives.

Using Lime oS0 _ sy Pra(t) = 27 A [2t5(Q = ws)

ax?

Define Transition rate Thi = Poi(t)/t = 21| A |26(Q £ why)

Matrix Elements —> Symmetry Considerations

n

y,
NN {2 NN

\/
i i

Stimulated Emission due to perturbation

Absorption of energy from perfurbation (15005 when initial state is excited state)



Radiation Coupling to Matter

The inferaction of charged particles with E-M fields can be incorporated through the term

(P — eA)?

2m

H = +V(r) A is the vector potential

Assuming weak fields, so that A% terms can be neglected, we get

Use

Ho L 4ve)- @ 5+5 D=L tve)-Sd5 V-A=0

AT S | SR . ) - —_— — —_—— . ——

2m 2m Pl 2m m

e
For E-M waves, A(7,t) = 2Aq cos(k - 7 — wt)
€ kT —wt A~

So the perturbation term Hy(t) = ——Ao(e"’C * + h.c)é-p



Dipole Approximation

The size of the atom is typically much smaller than the wavelength of light

So, e T ~1 This is called the dipole approximation

Not a good approximation for Rydberg atoms/ electrons in very high radial quantum no. states

€ . -
Hi(t) = ——Ag(e ™t + h.c)é - p
1(8) = - Ao )25
p*
For a Hamiltonian Hy = o + Vir)
m
[Ho, 7] = — p = im[Hy, 7]

(4

Since we are interested in the absorption of the light, we will be interested in matrix element
of the perturbation operator

(Dnlé - Pldo) = imé(on| - [Ho,T]|¢o) = im(Eyn — Eo){dn|é - T|do)

Dipole Matrix Element



