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Euler equations

The simplest description of a rotating body is found in the body
frame with axial directions chosen along the principal axes of the
body. Clearly, for any vector

dv

dv| v
dt|.
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where the subscript i refers to the change in the inertial system
and r to the change in a system rotating with angular velocity w.
Using this we get Euler’s equations for rigid bodies in the body
frame

P+wxP=F, L+wxL=M.

Euler’'s equations are most useful in a body frame oriented along
the principal axes of the rigid body. In this frame the inertia
ellipsoid is diagonal. Although L and w point in different
directions, L; = [;w;.
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Euler equations

Applications of Euler's equations

Problem 60: Sky dive

On October 14, 2012, Felix Baumgartner made a sky dive from a
height of 39 Km. Neglecting wind forces during the dive, use
Euler's equations to find what his apparent trajectory would be
with respect to an observer fixed on earth directly below his initial
position.

Problem 61: Movement of ICBMs

An ICBM moves ballistically after its initial boost phase. A generic
path of an ICBM starts and ends at points on the earth separated
in both latitude and longitude. Neglecting the boost phase and
wind effects, in an inertial frame the path would be approximately
a parabola. Use Euler's equations to find what the path is when
observed from the earth. How would the path of a plane (which
flies under constant thrust) differ from this?
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Euler equations

Component-wise the second of Euler’s equations can be written as
lw; + eijkijklk = M,;.

It is worth displaying the component equations
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The second term on the left is nonzero only when all the /; are
non-zero.
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Euler equations

Problem 62: Free motion of a spherical top

For a spherical top, we have I = I, = I3 = . When this is in free
motion then all the Euler equations reduce to w; = 0. What is the
path of a point on the surface of the top, as seen from body and
space frames?

| A\

Problem 63: Spherical top

When a spherical top has a couple acting on it, choose axes so
that My = M> = 0. Then the equations of motion are w; > =0
and w3 = M/I. Solve the equations of motion. What is the path
of a point on the surface of the top, as seen from body and space
frames?
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Euler equations

We set M = 0. For the symmetric top we take 1 = /». Then
Euler's equations gives w3 = 0. Since w3 is a constant, we
introduce a new constant frequency w = |l3 — li|ws/li. Then the
remaining Euler’'s equations become

w1 = Fwwsy, and W = Fwwi.

When /5 > I; then the first equation has a plus sign, and minus
otherwise. In either case, they give w1 = —w2w172.

So each of these two components of w change harmonically with
time. This describes the precession of the vector L around the
3-direction in the body frame. In the space frame since L is fixed,
this describes the precession of the body around the direction of L,

exactly as seen before.
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Euler equations

Problem 64: Symmetric top with couple

Assume that /; = b # I3 and a couple acts on this symmetric top
with My = M, = 0. Then, for w3 we find w3 = M3/ 13, exactly as
for the spherical top. Introducing the notation v = M3//3, we can
write the solution as

w3(t) = wd + vt,

where the constant of integration, w§ = w3(0). With the notation
r=(hk—h)/h and w = |r|wY, the remaining equations are

w1 = Fwws + rut, and Wy = Fwwy — rut.

Solve these equations and find what nutation looks like in the body
frame.
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Poinsot’s construction

The Lagrangian for the free motion of a rigid body is

1 .2 1
T—EI\/IR +§w-l-w.

In an inertial frame co-moving with the CM, the conserved
quantities are the angular momenta L = /w and the energy. With
six dimensions of phase space and four constraints, the motion can
be reduced to two dimensions of phase space.

We can write the conservation relations as

L5 13

h o h R
2 = 13+13+ 15

2E =

We take l; < lh < 5. Then these equations describe the
intersection of a sphere of radius L with an ellipsoid with semi-axes

given by the /. Intersections are .
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Poinsot’s construction

The conservation equations are
2F = hw? + hw? 4 hw3, 1% = I7w? + 1303 + 1203,

They allow us to eliminate two of the variables by writing

1
2 2 2
w = —— 2E - L — b(k — b)w y
1
2 2 2
3 /3(/3 Il) [ 1 2( 2 1) ]

The equation for wy is of the form

— blwg)(az — bgwg).

1
Wy = ——F—= al
hvhh \/(

This can be integrated using elliptic functions.



Poinsot’s construction

L2 ~ 2Fl;, L% ~ 2Fl;, and L% ~ 2Eb.
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Rolling

If a rigid body moves over another such that the point of contact
is instantaneously at rest, then it is said to roll without slipping.
This gives a constraint on the velocities: c,;g; = 0 (where

1 < a < C labels the constraint equation.

Sphere rolling on a plane

For example, for a ball rolling on a horizontal table, one has

v = Rw X Z where v is the velocity of the CM and R is the radius
of the sphere. Although v = x, where x are the coordinates of the
CM, w are not the total time derivatives of a vector of coordinates.
So the constraint on velocities cannot be integrated into a
constraint on coordinates.

Since, the constraint equations cannot be used to elimiate some
coordinates, these are non-holonomic constraints. We have
to understand the Lagrangian formalism more deeply to deal with
this.
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Rolling

Use the coordinates counted without the constraint of rolling
without slipping to write the kinetic and pontetial energies for the
D degrees of freedom. Neglecting the constraints, the variation of
the action is the usual expression

7= foesina - ()]

However, the constraints modlfy this expression. One utilizes the
method of Lagrange multipliers which allows us to treat all the
coordinates as independent. This modifies the equations to give

oL
a_q,' ((9(7,) Z)\ Cai, and an,q,—O

(0%
The total number of equations is D + C which is equal to the total

number of unknowns (the D different g; and the C different \,).
AaCqj are forces of reaction.
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Euler's equations, roll without slipping, non-holonomic constraints,
Lagrange multipliers, forces of reaction.

.
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