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Hamiltionians

The change in the Lagrangian due to a virtual change of
coordinates is
dL = Zf’deIk + pkd k-
k
Using this, one can define a function, called the Hamiltonian,
H(pk, qk), by eliminating gk to write

dH =d [Z PkQk — L] = Z qrdpk — pkdqx.
K K

Since px and gy are independent variables, one has Hamilton's

equations
OH . oH

Gk=5— and  p=-—o—.
Opk gk
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Hamiltionians

For a single particle moving in a potential, one can write

_oL_
- ==

1
L= §m|>'<|2 ~V(x), and p mx.

Hamilton's equations are

1
X=—p, and p=-VV(x).
m

These are exactly the usual equations of motion.

Sourendu Gupta Classical Mechanics 2012: Lecture 4



Poisson Brackets

Take any two functions on phase space, f(qk, px) and g(q«, pk)-
Then we define the Poisson bracket of these two functions as

B Jof Og B og Of
IF.e] = zk: [3% opx  O0qx 8Pk] '

Clearly, interchanging f and g in the expression on the right
changes the sign. So [f,g] = —[g, f]. Also, because of this
antisymmetry, [f,f] = 0.
Clearly, the time derivative of f is given by the expression
df of . of .
P Zk: [—Qk + —kPk]
B Z [ of OH  0f OH

AN R R Y]
—~ 10k Opx 8Pk8qk] [F. H]

We have used the EoM to get the second line from the first.



Poisson Brackets

More generally, for any time-dependent function on phase space
(g, Pk, t), one has

df  of
a9 ot + [f, H].
It follows trivially that, for the Hamiltonian itself we have the
identity
dH OH
dt — ot’

so that if the Hamiltonian is time independent, then it is conserved.
Other identities for the Poisson bracket include the Jacobi identity

([, ], hl + [lg; hl, f] + [[h, f], ] = 0.

Problem 11
Prove the Jacobi identity.
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Poisson Brackets

Since all the g, and py are independent variables, their derivatives
with respect to each other vanish. So we have [g;, x| = 0 and
[pj, pk] = 0. Also,

o dqi 9pj  Op; 0qi| _ e
lai- ] = ; [&Jk opk  Oqk Opk] Zé'kéjk = %3

The EoM can be written in the form ¢; = [g;, H] and p; = [p;, H].
Using the definition of the Poisson bracket, one sees that these
reproduce the canonical equations. If some momenta are
conserved, then one clearly has 9H/0q; = 0. The Hamiltonian
does not depend on the corresponding coordinates, i.e., we have a
symmetry.
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Angular Momentum Algebra

We write the components of the angular momentum L =x x p
using the Levi-Civita tensor as L; = €jixx;pk. In order to evaluate
the Poisson bracket [L;, x;] we note that for any three functions on
phase space, f, g, h,

[fg, h] = flg, h] + glf, h].

Using this we find
[Li,x]] = €iaplxaps,Xj]
= €jap {Xa[P,B,Xj] +p5[X@’X_/]}
= —Eiagxa55j = €ijkXk-
This is the definition of a vector function on phase space.

Problem 12
Prove that the momentum p is a vector function on phase space.
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Angular Momentum Algebra

The Poisson bracket of two components can be easily worked out
[Li, Lj] = €iap€jrolxaps, xypo]-
Using the identity for Poisson brackets of products, we can write
[Li, L] = €iapejrs {XalPs, Xy Ps] + pslXa, %y pPs]} -

Using the identity a second time we can write

[Li,Lj] = €iapejrs {Xaxy[Ps. Ps] + xaPslPs, %]
+psXy [Xom P6] + PBPJ[XOH X’y]}
= €iap€jrs {—XaPsOpy + PpXy0as}
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Angular Momentum Algebra

We have the tensor identity
€iap€jrB = 00y = Oirdja

where we have used the summation convention— repeated indices
are summed. Using this we reduce the Poisson bracket

[Li,L]] = €iapejrs {—%aPsOpy + PsXy0as}
= €iaBEjyB {XaPy — XyPa} renaming dummy indices
= {00y = Oindja} {XaPy = XyPa}

= Xipj — Xipi = €jjkLk.

This completes the demonstration that the angular momentum
itself is a vector.
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