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Generalized coordinates

Consider again the motion of a simple pendulum. Since it is one
dimensional, use arc length as a coordinate. Since radius is fixed,
use the angular displacement, 6, as a generalized coordinate. The
equation of motion involves 6, as it should, although the
coordinate is dimensionless.

Problem 5: Simple pendulum

Choose 6 as the generalized coordinate for a simple pendulum.
What is an appropriate generalized momentum, so that its time
derivative is equal to the force? What is the engineering dimension
of the generalized momentum. Draw phase space trajectories for
the pendulum: periodic motion corresponds to closed trajectories.
What is the dimension of the area enclosed by such a trajectory?
What is the physical interpretation of this area?
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Generalized coordinates

Following the motion of N particles requires keeping track of N
vectors, X1, X2, - -+, Xy. Ihe configuration space has 3N
dimensions; the phase space has 6/ dimensions. We say that there
are 3N degrees of freedom. Phase space volume has engineering
dimension of (energy x time)3V.

The equations of motion are

Xi= 2L 5 = fi({x,p}).

If these are subject to some non-holonomic constraints, then there
is no reduction in the number of degrees of freedom. If there are
M scalar equations expressing holonomic constraints, then the
number of degrees of freedom reduces to D = 3N — M. There is a
consequent change in the dimension of phase space and the
engineering dimension of phase space volume.
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D’Alembert-Lagrange

If there are M constraints of the form f,(x1, %2, xy) = 0 with
1 < a < M, then all the coordinates of the N particles are given in
terms of generalized coordinates q; where 1 < < D =3N — M.
In other words, one has N vector-valued functions

x; = %;(q1, 2. -~ qp, t). If the generalized coordinates are to
provide a complete description of the dynamics then knowledge of
all the gy should be equivalent to specifying all the x;. A counting
of the number of scalar equations shows that this is possible.
Clearly, the velocities are

. axj
Vj =X = § :

As a result one has the important identity
8Vj . 859 . an
0q  Oqx  Oqi
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D’Alembert-Lagrange

The equations of motion are equivalent to the principle that if one
makes an instantaneous virtual displacement of a mechanical
system, then the work done by the forces goes into a change of the
total kinetic energy. In other words

> 0% (F;—p) =0.
j

Now one can use the generalized coordinates to rewrite the work
done by the forces

0x;
oW =) ox;-Fi=) F; 3—J5Qk = Qudau,
j i Tk k
where one has defined the generalized forces
Ox;
Q=S"F X
« ; ! dqx
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D’Alembert-Lagrange

One can write

ijij-dxj = Z&qk ij\lljg—:’i
J k

= Z(qu ij{%<ng—;i)—ng—(‘;’k'}
k
d ov;j ov;j
= ) da
k L

d (9T _9oT
dt \da)  Dax
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D’Alembert-Lagrange

One can write

= o ..6xj
D mixj-0xj = Y oau | > m vy
; K

= Z(qu ij{(i(ngZ)—ng;i}
k
d ov;j ov;j
= ) da
k L

d (9T _9oT
dt \da)  Dax
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D’Alembert-Lagrange

One can write

D omEioxg = Y dax |y m; 'Jg;i
j P

= Yoo | S {{ s (wi) -]}
k
d
= ;(qu o ij Jaqk ijvjaqk
L J J
[d (0T oT
- o[ () -
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D’Alembert-Lagrange

Since the virtual displacements of the generalized coordinates are
all independent, one can set each coefficient independently to zero.

Then we have
d (0T oT
o) -5 = Q.
dt \ 9qx Oqk
If the particles move in a field of conservative forces then

)% ov

Q= — and —_— =
“7 dax 0k

0.

Then the equations of motion can be written in terms of the
Lagrangian function L=T — V,

d oLy _oL _,
dt \0qx) Oq
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D’Alembert-Lagrange

The generalized momenta are defined as

o
Pk= dg0

One recovers the usual definition for systems where the velocities
appear only in the kinetic part of the energy. Similarly, if one
considers the kinds of systems where the coordinates only appear
in the potential, then

4N O g
The Euler-Lagrange equations reduce to the usual form of

Newton's equations of motion in these cases. Interesting
generalizations arise in other cases.
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D’Alembert-Lagrange

The Lorentz force on a particle in an electromagnetic field is

1 10A 1
F:q(E—i——va) :q( qb——a——i——vaxA)
c
where g = charge, ¢ = speed of light, v the velocity, E and B the
electric and magnetic fields, and ¢ and A the scalar and vector
potentials.
The Lagrangian formalism continues to be useful if one can write
down a velocity dependent potential V/(q, ¢) such that
d ov ov
Q= -
8q 0q
Now using the identity

vxVxA=V(v-A)+ 88? dd—?,

one finds that V = (¢ — v - A/c) gives the Lorentz force.



D’Alembert-Lagrange

The problem of dissipative forces lies a little away from the
developments made till now. However, models of frictional forces
show that they are proportional to the velocity. Hence, for the
dissipative forces on a body one may write the relation

oF

Q:—a—q-

This introduces the Rayleigh term, F(§), which is usually chosen
to be quadratic in g. The equations of motion are then written as

d (oLy _oL oFr _
dt \ 0g dqg 0q
In order to describe the motion of a body in a dissipative

environment both the Lagrangian L and the Rayleigh term F need
to be specified.
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