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Symmetries of EFTs and their UV completions

The 4-fermi theory of weak interactions

◮ Has baryon and lepton number conservation, as in the SM.

◮ Has the V-A structure of the SM, so has broken parity.

◮ Does not have the gauge symmetry under SU(2)×U(1) of the
SM.

In simple cases like this, the exact global symmetries of the UV
completion go over to those of the effective theory. But there may
be three kinds complications:

1. accidental low-energy symmetries is the name for symmetry
breaking by irrelevant operators,

2. hard breaking of symmetry is what we call breaking by a
marginal operator, and

3. softly broken symmetries, i.e., symmetry breaking by a
relevant operator, is the most interesting case.
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Accidental symmetries: two examples

In the SM there are no flavour-changing neutral currents, in
agreement with experiments. However, generic UV completions of
the standard model would give rise to 4-fermi operators which
could violate any of the flavour conservations, including baryon
number. Therefore, flavour would be an accidental symmetry of
these UV completions, protected only by the fact that Λ, the scale
of new physics, is very high.

Heavy-quark effective theory exhibits a spin-flavour symmetry
(named Isgur-Wise symmetry) which is reasonably well obeyed in
decays of heavy-light mesons. QCD does not contain this
symmetry. It is an accidental symmetry which is due to the fact
that when the binding energy of the meson is much smaller than
the heavy quark mass, M, then contributions due to virtual
heavy-quark pairs can be neglected.
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Symmetry breaking in UV by a marginal operator

Suppose that a theory is symmetric under the shift of a Higgs field
H → H + v , except for a small breaking by the marginal operator
λH4. At one-loop order this generates a scalar mass term

m2H2 ≃ λΛ2H2.

In general, if the symmetry is broken, then all possible symmetry
breaking operators will be generated by radiative corrections.
Although the symmetry is broken by a marginal operator in the
UV, its effect is large.

Problem 4.1: a custodial symmetry

Suppose the light quark masses were nearly vanishing. Then
electromagnetic couplings of the quarks would generate a
difference between the masses of the different pions. One might
expect this difference to be of the order of ΛQCD . Instead, one find
m2

π+ −m2
π0 ≪ Λ2

QCD . Why?
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Light scalar via UV breaking of conformal symmetry?

If exact conformal symmetry is spontaneously broken in the UV
completion of the EFT, then the EFT contains a Goldstone boson,
χ, called the dilaton. Under exact scaling symmetry

xµ → e
−ωxµ, and χ(x) → e

ωχ(x).

Conformal symmetry allows the term λχ4 in the EFT. Now
suppose there is a marginal operator in the theory with dimension
∆ ≃ 4, O(x) → exp(ω∆)O(x), and coupling constant κ/Λ4−∆.
Then the EFT would have

Lint =
λ

4!
χ4 − κχ∆.

The VEV of χ can be found, and from that the dilaton mass,
m ∝ (4−∆). This means that conformal symmetry breaking by a
marginal operator gives a very light dilaton. 125 GeV scalar?
[Chacko, Mishra; 2012. Goldberger et al; 2008].
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Five-finger exercises

Problem 4.2

1. Why does parity appear as a good symmetry at low energies?

2. The symmetries of a lattice gauge theory are of the
hypercubic Euclidean lattice and gauge invariance. When the
lattice spacing goes to zero how does full rotational symmetry
emerge along with gauge invariance in the continuum theory?

3. An UV completion of the SM may give rise to a term in the
EFT of the form

Lint =
λij
Λ
(ℓiH)(ℓjH

†),

where ℓi is a left-handed lepton doublet in the i-th family, H
is the Higgs field, and Λ > 10 TeV. Which accidental
symmetries of the SM are broken by Lint?

Sourendu Gupta Effective Field Theories 2014: Lecture 4



Outline Symmetries Soft breaking End Goldstone phenomena PGBs χSB

Outline

Outline

Symmetries in EFTs

Softly broken symmetries in EFT
Spontaneous symmetry breaking and Goldstone phenomena
Pseudo-Goldstone Bosons
Chiral Symmetry Breaking

End-matter

Sourendu Gupta Effective Field Theories 2014: Lecture 4



Outline Symmetries Soft breaking End Goldstone phenomena PGBs χSB

Spontaneous symmetry breaking

Let Q be the charge of a continuous symmetry, i.e., [Q,H] = 0,
where H is the Hamiltonian of the theory. Suppose |E 〉 is a state
of the theory with energy E . If |E 〉 is not invariant under the
symmetry then Q |E 〉 = |E 〉′, where |E 〉′ is a different state, but
with the same energy E . We concern ourselves with the interesting
special case when E is the lowest energy state of the theory.

If the actual ground state is one of these, for example, |E 〉, then
we say that the symmetry is spontaneously broken.

In one of these states every local operator in the theory has a
non-vanishing value, in general. This means that the field operator
has a non-zero expectation value in the state |E 〉, which is called
vacuum expectation value (VEV) of the field.
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Effective action

Consider the generating functional of the connected correlation
functions of any QFT: W [j ] = logZ [j ]. The VEV of the field

Φ(x) =
∂W [j ]

∂j(x)
,

can be used to give the source j as a functional of the VEV. Then
one can define the effective action as the Legendre transform of
W—

Γ[Φ] = W [j ]−
∫

d4x j [Φ]Φ(x).

Using the path-integral representation of Z [j ], you can find one for
Γ[Φ].

Note that if the action and the path integral measure are invariant
under a symmetry, then so is the effective action.
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Effective potential

In a QFT which has translational symmetry, the effective action is

Γ[Φ] = −ΩV [Φ],

where Ω is the volume of space-time, and V is called the effective
potential.

Problem 4.3

Using the path-integral representation of the effective potential,
check what it becomes at tree level. To all loop orders, what do
the first and second derivatives tell us about the QFT? Check your
intuition using the tree level expression.

Problem 4.4

In a zero dimensional QFT with a field x which can take any real
value, and an action S [x ] = (x − a)2/(2σ2), with a and σ real, find
W [j ], the effective action and the effective potential.
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Spontaneous symmetry breaking

Assume that there is a multicomponent field φ invariant under a
symmetry, whose generator is T . Then we can make a
transformation φ→ φ+ iǫTφ. Since the effective potential is
invariant under this transformation, one has

∂V

∂φi
Tijφj = 0.

Taking another derivative with respect to the field, φk , one has

∂V

∂φi
Tik +

∂2V

∂φiφk
Tijφj = 0, where

∂2V

∂φiφk
= ∆−1

ik (q2 = 0).

The 1st term vanishes if this is taken at the minimum of V , i.e., at
the true VEV. If some Tijφj do not vanish, then these must
correspond to zero modes of the inverse propagator. These
massless field are called Goldstone modes.
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The current and the Goldstone field

If |V 〉 is the vacuum with spontaneous symmetry breaking, and
Jµ(x) is the current for the symmetry being broken, then the
current operator acting on the vacuum produces a single Goldstone
particle state. One finds

〈V | Jµ(x) |p〉 = iF

(2π)3/2
pµ

exp(ip · x)√
2p0

,

where p is the momentum of the particle, and [F ] = 1. Clearly,
pµJ

µ = 0, so the current is conserved.
For the field operator we have

〈V |ψ(x) |p〉 = Z

(2π)3/2
exp(ip · x)√

2p0
,

where one has Z = 1 by convention. These together imply

Jµ(x) = iF∂µψ.
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Some applications

1. The soft breaking of chiral symmetry is at the heart of our
understanding of nuclear physics and flavour physics.

2. If supersymmetry is invoked to solve the naturalness problem
of the Higgs mass, then this raises other problems. SuSy
cannot be exact in nature since experiments do not find any
of the super-partners. At the same time, SuSy breaking
cannot be achieved in the UV, since that would spoil loop
cancellations in the Higgs mass. One solution is that SuSy is
softly broken, giving rise to Goldstone modes [Dimopoulos and
Georgi, 1981].

3. The patterns of masses and mixings of quark and neutrino
generations are quite distinct. If we assume that quarks and
leptons are unified in some high scale theory, then this cannot
remain true in the UV. The differences may arise due to soft
breaking of the symmetry in the SM [Ma and Rajasekharan,
2001].
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The Goldstone “Theorem”

If the global symmetry of a group G in a relativistic QFT is broken
down to a subgroup H, then:

◮ There are dim(G )− dim(H) Goldstone boson fields. Each of
these corresponds to a massless particle.

◮ The remaining fields take on VEVS and also give rise to
massive particles.

◮ Due to this gap in the spectrum it is possible to write an EFT
for the Goldstone modes.
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Spontaneous breaking of an approximate symmetry

Suppose the effective potential is V (φ) = V0(φ) + V1(φ), where
the first term satisfies the Goldstone condition, as before,

∂2V0

∂φiφk
Tijφj = 0.

When V1 is a small correction which explicitly breaks the
symmetry. Its effect is to shift the minimum from φ0 to φ0 + φ1.
We find the minimum of V by expanding in a Taylor series in φ1.
The first order term is

∂V0

∂φi

∣

∣

∣

∣

φ0

= 0.

The next order gives

∂V1

∂φi

∣

∣

∣

∣

φ0

+
∂2V0

∂φiφj

∣

∣

∣

∣

φ0

φ1j = 0.

We put the Goldstone condition back into this to get a new result.
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Vacuum alignment

∂V1

∂φi

∣

∣

∣

∣

φ0

Tijφ
0
j = 0.

This condition says that there are no tadpole corrections to
pseudo-Goldstone bosons, since the PGB components of the field
are Tijφ

0
j , and V generates all 1PI graphs. Conversely, if there

were tadpoles, i.e., the equation were not satisfied, then large
corrections would be generated.

This condition also forces the symmetry broken vacuum to align
with the direction in field space chosen by V1. As a result, this
generates a small mass for the PBG, proportional to the
perturbation giving rise to V1.

The effective potential is a great aid to visualization, and therefore
to intuition.
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Flavour symmetries

Since QCD has multiple flavours, the kinetic term is

L =
i

2

Nf
∑

i=1

[

ψ
i

L
/∂ψi

L + ψ
i

R
/∂ψi

R

]

,

and one can independently perform unitary transformations U(Nf )
on each chirality. So, in the massless limit, QCD has chiral
UL(Nf )×UR(Nf ) symmetry.

The UA(1) symmetry has an anomaly; the measure in the path
integral does not respect this symmetry. So QCD has a symmetry
SUL(Nf )×SUR(Nf )×UV (1). This is spontaneously broken to
SUV (Nf )×UV (1) symmetry. The conserved vector U(1) is called
baryon number, and the remaining SU(Nf ) are the symmetries of
the quark model. Since the axial symmetries are broken
spontaneously, the Goldstone bosons are pseudo-scalars.
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Explicit chiral symmetry breaking

The mass terms in QCD are

Lm = ψMψ =

Nf
∑

i=1

mi

[

ψ
i

Lψ
i
R + ψ

i

Rψ
i
L

]

,

i.e., M is a diagonal mass matrix. The masses break chiral
symmetry explicitly, so that the pseudoscalar mesons become (at
best) pseudo-Goldstone bosons. By taking the mi to be unequal
one explicitly breaks SUV (NF ).

Note A: If M were a dynamical field (a spurion) transforming
inversely as ψ, then the chiral symmetry could be recovered.

Note B: A vector symmetry is one in which the same
transformation is made on the L and R components, and an axial
symmetry has Hermitean conjugate transformations on L and R.
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A contrafactual theory

Problem 4.5

Assume that QCD with massless quarks is a conformal field theory
(CFT). This would mean, of course, that the β-function of QCD
vanishes and therefore the theory is characterized by a constant
gauge coupling g . Since this violates our observations, such a
theory is contrafactual. However, we may still want to examine
other features of such theories.
What other observed features of QCD would be violated by such a
CFT? Could your answer depend on the value of g?
Would it be possible to have spontaneous breaking of chiral
symmetry in such a theory? If yes, then would it be possible to
have an EFT for the Goldstone bosons, and how would it differ
from chiral perturbation theory? If not, what would you expect for
the spectrum of the theory?
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Non-linear fields

We write the pseudoscalar fields as πα. The soft-breaking
“theorem” assures us that there is an intrinsic scale defined by the
axial current: Jµ = iF∂µψ. Since F is also the normalization of
the matrix element of the axial vector current between a one-pion
state and the QCD vacuum (i.e., a state without any hadrons), we
can identify F = 92.4 MeV with the pion decay constant.

Since F has dimensions of mass, we can define the exponential

Σ = exp

(

2i
παTα

F

)

.

Under the chiral symmetry of QCD this transforms as L†ΣR .
Invariance under chiral symmetry requires that the only
non-derivative terms which can arise are Tr (ΣΣ†)n, which are
trivial since ΣΣ† = 1. As a result only derivatives appear, and all
interactions vanish at low momenta.
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The Goldstone EFT

The leading term in the Goldstone EFT is

L =
F 2

4
Tr ∂µΣ∂µΣ =

1

2
∂µπ

α∂µπ
α +

1

2F 2
(πα∂µπ

α)2 + · · ·

Note that the coefficients of all the terms are fixed by the
normalization of the kinetic term. Higher order terms are organized
by powers of the derivatives, since these are the only dimensional
terms. QED can be included as usual.

So the EFT is organized as a derivative expansion

L = F 2

[

L2 +
1

Λ2
L4 +

1

Λ4
L6 + · · ·

]

,

where Ln contains all terms with n derivatives.
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The scale of QCD and an effective theory

The scale anomaly ensures that there are massive particles in QCD
even in the chiral symmetric limit, i.e., when M = 0. Since there is
a finite temperature phase transition in QCD in this limit, one can
use the transition temperature, T0, as an intrinsic scale. For the
mass of a hadron H, one can generally write MH = GHT0 +O(M).
However, as we saw before, the mass of the PGB vanishes in the
chiral limit, so that M2

PGB ∝ M.

In order to write an EFT of hadrons, one has to find whether there
is a significant gap in the spectrum. If there is, then one might be
able to include only the light hadrons. The clearest such gap
occurs between the pions and other hadrons, so one might try to
write an EFT for pions.

Since Mπ ≃ 140 MeV, and the next lowest non-strange particle is
Mρ ≃ 770 MeV, one will have the EFT cutoff in this range. Since
kaons are tricky, with MK ≃ 550 MeV, we might use Nf = 2 or 3.
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Quark masses

The way M enters into the action is fixed by treating it as a
spurion and then requiring terms to be invariant under chiral
symmetry. Then one can add the mass term

Lm = ΛF 2 a

2
Tr (MΣ† + hc) =

1

2
m2

απ
απα + · · ·

This shows that the pion mass vanishes as the square root of the
quark masses. Every power of M then counts as dimension 2. A
mass term is a perturbation about the chiral limit, so the analysis
of such terms are called chiral perturbation theory (χPT).

Problem 4.6

Using a tree level analysis of Lm, and the known values of the
pion, kaon and η masses, show that

mu

md

= 0.55,
ms

md

= 20.1.
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The quark condensate

Qα are the generators of the broken symmetry SUA(3). We will
evaluate the VEV of its commutator with the pseudoscalar density
ψγ5λ

αψ, in the chiral limit, where λα are the Gell-Mann matrices.
In the symmetry broken vacuum

〈0| [Qα, ψγ5λ
βψ] |0〉 = −2

3
δαβ 〈0| qq |0〉 .

Since the symmetry is spontaneously broken, the quark condensate
〈0| qq |0〉 does not vanish. This is an order parameter for χSB.

Problem 4.7

How would you compute the numerical value of the quark
condensate from low-energy data on hadron physics? Implement
your computation. What value do you get? Why is there a
mismatch?
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Important irrelevant terms

Low-energy hadronic phenomenology cannot be understood to the
known accuracy in terms of just L2 in the chiral EFT. The analysis
of L4 was initiated by Leutwyler and Smilga. The notation used by
them is a standard

L4 = L1[Tr (∂µΣ
†∂µΣ)]2 + L2Tr (∂µΣ

†∂νΣ)Tr (∂
µΣ†∂νΣ)

+L3Tr (∂µΣ
†∂νΣ ∂

µΣ†∂νΣ) + L4Tr (∂µΣ
†∂µΣ)Tr (χΣ† + hc)

+L5Tr [∂µΣ
†∂µΣ (χΣ† + hc)] + L6Tr [(χΣ

† + hc)]2

+L7Tr [(χΣ
† − hc)]2 + L8Tr (χΣχΣ+ hc)

where χ = aΛM, a combination which we had seen already in L2.
Low energy experiments are sufficiently accurate that one also sees
the need for L6. Since this has about a 100 terms, it has not been
analyzed systematically.
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Copyright statement
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free to paraphrase or extract material for legitimate classroom or
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