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Thermodynamics

Symmetries of QCD

o If quarks massless then different chiralities do not mix: flavour
symmetries act on each chirality independently. Quark mass
breaks chiral symmetry explicitly to flavour symmetry. Limit
my; = 0: chiral symmetry.

o If some m > Agcp then that quark is not even approximately
chiral. Recall m; = 0.2m, but myx = 0.7m,. In QCD two
flavours are light (m, 4 < Agcp) and one is medium heavy
(ms ~ AQCD)-

@ Flavour symmetries not exact: difference in masses of
different flavours breaks symmetry. Since m o ~ m_+, flavour
SU(2) is a good approximate symmetry of the hadron world.
Flavour SU(3) is not useful without strong symmetry breaking
terms (Gell-Mann and Nishijima).

@ Phase diagram of QCD close to 2-flavour phase diagram.
Endrodi etal, 0710.0988 (2007)
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Thermodynamics

The two flavour phase diagram

2nd order "
T j chiral phase transition
6 --- T-a
line of cross over
no phase transition
N¢=2QCD

m
Pisarski and Wilczek, PR D 29, 338 (1984)

Phase diagram records positions of singularities of free energy:
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Thermodynamics

The two flavour phase diagram

T

N¢=2 QCD

m
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Phase diagram records positions of singularities of free energy:

F(T,m)=F.(T,m)+ Fs(T,m)
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Thermodynamics

The two flavour phase diagram

T

N¢=2 QCD

m
Pisarski and Wilczek, PR D 29, 338 (1984)

Phase diagram records positions of singularities of free energy:

F(T’m) = [Fr(T7m)+g(T7 m)] +[FS(T’m)_g(T7 m)]
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Thermodynamics

The two flavour phase diagram
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Thermodynamics

Universality

@ Susceptibility closely related to a correlation function:

X = /d3xC(x), C(x) ~ exp(—x/&).

When correlation length, &, finite then , always finite.
Screening mass: m = 1/¢.

@ Critical point: £ — o0; so integral diverges, and xy — oc.

o Universality: FREP(T, m) related to FO (T, H). Generally
T(T,m) and H(T,m). But if FRD — FO(*) = g? Since g
non-singular, go close enough to critical point and its effects
are small.

o Useful definition: if x(Tc + ¢€,0) = Ae™7 then yocp = Yo(a)-
Also if x(T. —€,0) = Be™"', then Yocp = 7’0(4), and
(A/B)qcp = (A/B)oa)- Experimental relevance?
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Thermodynamics

Guidance from large N. QCD

1st order deconfinement transition

line of deconfinement critical points

line of chiral transitions

m

2+¢€

No small parameter for non-perturbative QCD: expand in 1/N.

Datta, SG, 1006.0938
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Thermodynamics
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Thermodynamics

Guidance from large N. QCD
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Thermodynamics

QCD cross over: chiral or deconfinement?

© QCD with realistic quark masses at ¢ = 0 has no finite T
phase transition: only a cross over. Large N, argument
indicates that the topology of the QCD phase diagram is
controlled by chiral symmetry.

© Lattice shows that cross over temperature defined by peaks of
susceptibilities differ:

Tdeconf ~ 175 MeV,  and Tl ~ 155 MeV.

© Which of these influences RHIC/LHC fireball evolution?
Whatever controls hydrodynamics, i.e., c2. Region of rapid
crossover in energy density close to Tdeconf,
Borsanyi et al., 1109.5032

© Both effects important: topology of phase diagram controlled
by chiral cross over, evolution of fireball controlled by
deconfinment cross over!
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Thermodynamics

The QCD phase diagram

line of 2nd order
phase transitions

tri—critical point

line of 1st order
phase transitions

N¢=2QCD (chiral)

Assuming that anomaly effect is weak.
Rajagopal, Stephanov, Shuryak hep-ph/9806219 and hep-ph/9903292
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Thermodynamics
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Thermodynamics

The QCD phase diagram
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Outline

© Lattice simulations
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Strategy of lattice QCD

@ Lagrangian has free parameters: cutoff a, quark masses
my >~ myg < Noep, Ms =~ Noep, -+

o Compute enough quantities from QCD: my(a, myq, ms,---),
mg(a, myg, ms, -+ - ), fx(a, myg, ms, -+ ), fz(a, myg, ms,---),
my(a, myg, ms,---), mp(a, Myg, ms,---), Tc(a, Myg, ms,--+),
Te(a, myg, ms, -+ ), pe(a, Myg, ms, -+ - )

@ Fix the free parameters using some of the predictions. Then
the remaining are scale-free predictions.
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Strategy of lattice QCD

@ Lagrangian has free parameters: cutoff a, quark masses
my >~ mg < Nocp, Ms == Nocp, -« -+
o Compute enough quantities from QCD: my(a, myq, ms,---),

mK(aa mudamsa"')r fK(‘37 mudamsv"')r fﬁ(aa mud>m57"')r
mp(a, mUdJm57"‘)v mp(a7 mud7m57"'): TC(aa mud7m$7"'):

TE(aa myd, Ms, - -+ )v ME(aa Myd, Ms, * - )
@ Fix the free parameters using some of the predictions. Then
the remaining are scale-free predictions.
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Strategy of lattice QCD

@ Lagrangian has free parameters: cutoff a, quark masses
my >~ myg < Noep, Ms =~ Noep, -+

o Compute enough quantities from QCD: my(a, myq, ms,---),
mK(aa Mmyd, Ms, - - )r fK(a> Mmydq, Ms, - - - )r f7T(37 mydq, Ms, - - - ),
mp(a, myg, ms, - -+ ), my(a, myg, ms,---), Tc(a, myg, ms,---),
Te(a, mud, ms,---), pe(a, mug, ms,--+)

@ Fix the free parameters using some of the predictions. Then
the remaining are scale-free predictions.

@ Take the cutoff to infinity. Difficult on the lattice; technical
devlopments on how to get continuum predictions from large
a— add RG irrelevant terms to the action, choose scale
setting appropriately.
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Strategy of lattice QCD

@ Lagrangian has free parameters: cutoff a, quark masses
my >~ myg < Noep, Ms =~ Noep, -+

o Compute enough quantities from QCD: my(a, myq, ms,---),
mK(aa Mmyd, Ms, - - )r fK(a> Mmydq, Ms, - - - )r fﬂ'(a> mydq, Ms, - - - ),
mp(a, myg, ms, - -+ ), my(a, myg, ms,---), Tc(a, myg, ms,---),
Te(a, mud, ms,---), pe(a, mug, ms,--+)

@ Fix the free parameters using some of the predictions. Then
the remaining are scale-free predictions.

@ Take the cutoff to infinity. Difficult on the lattice; technical
devlopments on how to get continuum predictions from large
a— add RG irrelevant terms to the action, choose scale
setting appropriately.

@ Most robust part of the solution: use Moore's law
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Lattice setup

Lattice simulations impossible at finite baryon density: sign
problem. Basic algorithmic problem in all Monte Carlo
simulations: no solution yet.

Bypass the problem; make a Taylor expansion of the pressure:

@ @y
P(T, 1) = P(T) + X EUT) L + (M + -+
Series expansion coefficients evaluated at p = 0.
Implies
2 2) ()T ©) (1
XB(T, 1) =xg (T)+xg"(T )2| + X (T)4! T

Series fails to converge at the critical point.
Gavai, SG, hep-lat/0303013
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Series diverges at critical point

1.4

12}

T/Tc=0.94
T2 3 4 5 6 71

Radius of convergence of the series as a function of order
(a=! = 1200 MeV)
Gavai, SG, 0806.2233 (2008)
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Systematic effects

© Series expansion carried out to 8th order. What happens
when order is increased? Intimately related to finite volume
effects. Finite size scaling tested; works well
Gavai, SG 2004, 2008; Moore, York, 1106.2535

© What happens when strange quark is unquenched (keeping
the same action)? Numerical effects on ratios of susceptibility
marginal when unquenching light quarks
Gavai, SG, hep-lat/0510044; see also RBRC 2009; de Forcrand, Philipsen,
2007, 2009

© What happens when m; is decreased? Estimate of ,ug may
decrease somewhat: first estimates in
Fodor, Katz hep-lat/0106002; Gavai, SG, Ray, nucl-th/0312010

© What happens in the continuum limit? Estimate of ug may
increase somewhat
Gavai, SG 2008; SG 2009

SG Phase diagram of QCD



The critical point of QCD

1.1
1t
" o

O
= 09}
=

0.8}

0.7 + yi

Mg/T

TE ~ )15+04 Nf=2+1,1/a=800 MeV RBRC, unpublished, 2010

comparable m,; normalized to same estimator.
SG Phase diagram of QCD

uE {1.8 +£0.1 Nf=2, 1/a=1200 MeV Gavai, SG, 0806.2233 (2008)
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The critical point of QCD

1.1
1t
° 30 GeV.
= 09} 20 GeV.
=
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Freezeout curve
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Extrapolating physical quantities

04— ! . . —
EJ/T:O,Gi
— N =4
0.3 --N,=6 7
<+
[_<
~ 021 -
% B,/ T=04
0.1 -
B/T=02
‘ 5‘1/T=0.1
%00 30 30 40 50 . 60 70
T [MeV]
@K | @pt (2) 15
Ap = e — 7S _
P=Xe g TXe gt T Xs Ty

MILC Collaboration, 1003.5682 (2010)
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Critical divergence: summation bad, resummation good

5
4l n=4
o~ 3
|
m
> ol ]H
il ﬁﬁﬁﬁﬁﬁﬂﬂiiﬂHEHHHHHHHHHHHH
0 05 T 1?;2 2 35
wT

Infinite series diverges, but truncated series finite and smooth: sum
is bad. Resummations needed to reproduce critical divergence.
Padé resummation useful Gavai, SG, 0806.2233 (2008).
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Lattice

Critical divergence: summation bad, resummation good

)(B/T2

15 25
wT

Infinite series diverges, but truncated series finite and smooth: sum
is bad. Resummations needed to reproduce critical divergence.
Padé resummation useful Gavai, SG, 0806.2233 (2008).
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Outline

© Experiments on the phase diagram of QCD
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Locating the critical end point in experiment

Measure the (divergent) width of momentum distributions
Stephanov, Rajagopal, Shuryak, hep-ph/9903292

Better idea, use conserved charges, because at any normal
(non-critical) point in the phase diagram:

2
P(AB) = exp (- 2(671'23) . AB =B —(B).

At any non-critical point the appropriate correlation length (&) is
finite. If the number of independently fluctuating volumes

(N = V/€3) is large enough, then net B has Gaussian distribution:
central limit theorem

Landau and Lifschitz

Bias-free measurement possible

Asakawa, Heinz, Muller, hep-ph/0003169 (2000); Jeon, Koch, hep-ph/0003168.
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Three length scales

Vobs € Vireball: conserved charges can fluctuate.

© The longest correlation length, &, controls the scale of
microscopic physics. When ¢ < v/Vops, CLT works: many
independently fluctuating volumes.

© The Peclet length scale, A = /M, where M is the Mach
number in the fireball controls the freezeout of fluctuations.
At critical point c¢s vanishes, and fluctuations never reach
equilibrium. Bhalerao, SG: 2009

© The typical distance between baryons: ¢ = ¢/ Vips/ By where
B, is the net number of baryons. This controls whether the
sample of events is “typical”. Very non-typical events may
take different times to thermalize or freezeout; very high
cumulant orders, [B®] etc., may not be thermal. May give
information on transport.
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Is the top RHIC energy non-critical?

Check whether CLT holds. Then Vipeball > Vips > €3.
Recall the scalings of extensive quantity such as B and its variance
o2, skewness, S, and Kurtosis, C, given by
B(V)x V, o*(V)xV, S(V)x i, K(V) o E
vV 4
Coefficients depend on T and u. So make sure that the nature of
the physical system does not change while changing the volume.

This is a check that microscopic physics is forgotten (except two
particle correlations).
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STAR measurements

Net-protons Au+Au 200 GeV

e B ) I Perfect CLT scal-
P =[VC oy N .
.l N2 CT N Mo ] o o7 IVE o A_;E{I!-,-i“’{‘ 1 ing: remember
N 2 3 1 ?
L > ] o only VTxs
¥,..-¥' Mean i Standard deviation -| or some other
L I
N I N R ' L 1 | L 1 H
%" 100 200 300 400 ° T00 200 300 400 phyS|cs?
15— T T T T T
Y= Vogm, 1 VO Noan ; K = Kyoaps ! C Ny .
ror ] 2+ 1 Can we recover mi-
0.5;‘# 1 1_';} kuosis | croscopic physics?
line £ T SN RN ¥ e
0.0 - -
ot [ T *wey .y 11y finite size scal
0.5 g5 200300400 bbb a0 Ing
part part

Can we test QCD?
STAR Collaboration: QM 2009, Knoxville
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What to compare with QCD

The cumulants of the distribution are related to Taylor

coefficients—
(n)
n X
[B"] = T3V <T3> :

V is hard to measures, so remove it by taking ratios. Define
number, n = [B], variance 02 = [B?], skew S = [B3]/o3 and
Kurtosis, K = [B*]/a*. Construct the ratios

o _[B7] [8°]
= — = —F — S —_ = -
mo n [B] 3 m o [B2]7
_ k2= 1B _ Ko _[BY
mQ—ICO' —[82], m3 = S —[83].
These are comparable with QCD provided all other fluctuations

removed.
SG, 0909.4630 (2009), (2010)
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How to compare with QCD

Strategy 1

Check whether CLT holds. If yes, then input T and z = /T from
hadron resonance gas model. Extract T, by comparing lattice
predictions and data. Check whether compatible with other results.

Gavai, SG 1001.3796; STAR 1004.4959; GLMRX, Science (2011).

Strategy 2

Check whether CLT holds. If yes, then extract t = T/ T, and
z =/ T by comparing lattice predictions and data. Check
whether t and z compatible with other extractions.

Gavai, SG 1001.3796, Karsch unpublished 2011

Near CP system drops out of equilibrium: finite lifetime and finite
size. Lack of agreement with CLT and QCD is signal of CP!
Berdnikov, Rajagopal hep-ph/9912274, Stephanov 0809.3450
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Strategy 1: Matching data and prediction

T (MeV)
79 140 160 165 166
H, (Mev)
) 720 420 : 0 54 : 20 10
2F M ® Exp.Data < Lattice QCD J
R HRG i -
15 4 & 2
o F 1 =<8
wn L N 1 e :
05 F .# 41 -8
E B 2
0k ] X
® f ‘ °
2FM E E
N 8
o e & """""" % """ E ’§< v
o} )
x OFfF Ele
F N
1F E L

456 10 20 30 100 200

S (GEV)
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Strategy 1: Extracting T,

(A) \\H\‘ T T \\\\H‘ (B)J ‘ LI ‘ LI ‘ L ‘ \7
Lattice QCD @ Exp. Data
10 FO7.2165 Mev 1 sl Te =175 (MeV) ? 2
AT=170 MeV | FE =
¢ T,=175 MeV ? 3 1=
& T,=180 MeV | F i1 3
AT=190Mev T [ 1<
o 20| fo s
= 5F 1o | ] =™
[$) & > ! @
< ’ o
o I 1.9
or $ 14
Of--------- - —
Ll ol b1
5 10 20 100 200 160 170 180 190
T, (MeV)

S (GeV)
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Strategy 2: The fluctuation freezeout curve

The Taylor expansion of the pressure can be written as

’D(tvz) P(t,O) Xz(t) 22 4 24 2.6 26

_i_...,

where t = T /T, and z =/ T. This gives the expressions

1 z

mo(t,z)  143(z/z*)2 + O(Z%)’
1 z

m3(t, z) T o1y 10(z/z*)? + O(z%)’

where z* is the radius of convergence. Using the lattice estimates
of z* one can estimate the freezeout point t and z by comparing
the lattice predictions with data either for mg or for ms.
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Strategy 2: The fluctuation freezeout curve

The Taylor expansion of the pressure can be written as

’D(tvz) P(t,O) X2(t) 22 4 24 2.6 26
T T e o g TX O T TG

_i_...,

where t = T /T, and z =/ T. This gives the expressions

1 z

mo(t,z)  143(z/z*)2 + O(Z%)’
1 z

m3(t, z) T o1y 10(z/z*)? + O(z%)’

where z* is the radius of convergence. Using the lattice estimates
of z* one can estimate the freezeout point t and z by comparing
the lattice predictions with data either for mg or for ms.
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Strategy 2: The freezeout point for fluctuations

0.4
[} (]
=] o
© ©
o o
9 9 9 9
031 9 z z 9 z z
5 - T o
5 0.2 .« b ® +
N
0.1+t
From mo From m3
0 s s

Matching lattice predictions and data at top RHIC energy
(including statistical and systematic errors) assuming knowledge of
the critical point. Beyond LO assumed that t = 0.94 (HRG).
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Strategy 3: Determining the critical point

Assuming that t = 0.94, and using the resummed NLO expressions
one can fit mg and ms simultaneously. Since t£ = 0.94T,, this can
give simultaneous estimates of the critical end point and the
freezeout point.

To NLO with current systematic error estimates, one finds only a
lower limit for the critical point, because

7 . 1
zZ=——, ' =2z | ———,
2ms3 + 5mo 1-z/mg

and at the limits of the systematic errors the value of z extends

past the singular point. So
E
7

This is compatible with current lattice estimates.
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Three ways to recognize the critical point

At the critical point £ — oo.

Scaling [B"] ~ V fails: fluctuations remains out of thermal
equilibrium. Signals of out-of-equilibrium physics in other signals.

2: Non-monotonic variation

At least some of the cumulant ratios mg, my, my and m3 will not
vary monotonically with v/S. If no critical point then mp3 o< 1/z
and my x z.

3: Lack of agreement with QCD

Away from the critical point agreement with QCD observed. In the
critical region no agreement.
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Summary

Main results

@ Chiral cross over determines the shape of the phase diagram;
deconfinement cross over determines the evolution of the
fireball.

o Lattice determines series expansion of pressure; indicates a
critical point in QCD: uf/TE ~ 1.5-2.5. Physical quantities
can be found be resumming the series expansion (e.g., Padé
approximants).

@ Extrapolation of lattice results to the experimentally known
freezeout curve possible. First comparison of predictions and
data in good agreement. Both can be improved.

@ Opens many new exciting paths: direct comparison of finite
temperature data with lattice predictions. T, compatible with
other determinations. Freezeout of fluctuations vs of yields?
Self consistent determination of critical point from every
energy”?
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