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Motivation

Computing multi-parton scattering in SM

Higher precision and high multiplicity processes:
LHC and beyond

For the LHC as well as for the linear collider program, the
computation of higher precision and high multiplicity processes
has become a must.
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Motivation

Computing multi-parton scattering in SM

Higher precision and high multiplicity processes:
The NLO target list.

process relevant for

1. pp — V Vijet ttH, new physics

2. pp — H+2jets H production by VBF

3. pp — ttbb ttH

4. pp — tt+ 2jets ttH

5.pp— VVbb VBF— H — VV, ttH, new physics
6. pp— VV+2jets | VBF— H— VWV

7. pp — V + 3jets various new physics signatures

8. pp—VVV SUSY trilepton
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Colour ordered Amplitudes A,

An(1,--,n) = " Te(T% - T%) An(1,--- , n)

perms
1

n 2

@ Order gluons fixed .
. . 3

@ Have nice properties ¢

L]

L]
L] ) 4
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Massless momenta

([t o] o1 fo ][t o
Pwad=\1o 1|71 o|'|i o]0 —1

. ph -
Pac = P70 aa <p1 _|_,'p2 pO_p3

p?> =0 = only one eigenvector
— Pac = Aard

p* in terms of positive and negative chirality spinors.
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Lorentz Invariants. Gluon helicities

@ Massless on-shell: Pac = Aara
@ Dot product: 2piy pj” = (i Hlif]

NN = (D) = o N = [ = Eha

@ Gluon helicities:

@ Laa = Nafla IS arbitrary gauge choice
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Maximal Helicity Violating Amplitudes

Amplitudes with mostly same such helicity have surprisingly
nice properties. (Parke, Taylor '85; Berends, Giele '88)

AT, nt)=0
A(17,2%,-.. .n") =0
..4
At e i e ) = (7 f) MHV

12y23)...(n1)

A1, it gt n°)= [ij]4 MHV
o [12][23] ---[n1]
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules

or achazo vréek itten rules

@ Inspired by an understanding through string theory on
twistor space. (Witten '04)

@ Non-Lagrangian method proceeding by, conjecture,
confirmation, proof.
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules

or achazo vréek itten rules

The colour-ordered amplitudes can be made by joining MHV
amplitudes together as though ‘vertices’ from a ‘field theory’

@ Amplitudes sewn together in all possible ways preserving
cyclic colour order using scalar propagators,
i
E.
@ Off-shell propagator momenta: use arbitrary reference
spinor n: _

Aa X padédﬁﬁl[g
Total colour-ordered amplitudes are n independent.
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MHV methods

MHYV rules

Colour ordered Feynman rules
Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum
Missing amplitudes

1 2"
n’ 3
- +
n-1 .
i+1" it
—1 1P 1
An(— = =+ +) = X1 e 2 P
12)8 1
+3a o><c<> 1>>.~<n1>@<3 2y (i
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules

27 3-
I~ Q 4
+ + - +
n _~
i+1" it
@ Connecting two MHVs — 3 negative helicities NMHV
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules

27 37 .
1~ . Q ) 4
n . 5
i+1" it
@ Connecting two MHVs — 3 negative helicities NMHV

@ Connecting three MHVs — 4 negative helicies ~ N2MHV
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules at one loop
Queen Mary Approach

It works at one loop also for the parts with cuts:

@ Connecting two MHVs — 2 negative helicities
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

MHYV rules at one loop
Queen Mary Approach

It works at one loop also for the parts with cuts:

@ Connecting two MHVs — 2 negative helicities
@ Connecting three MHVs — 3 negative helicities
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Summary

@ Connecting MHVs at tree level and one loop gives the
amplitudes with two or more negative helicities.
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Summary

@ Connecting MHVs at tree level and one loop gives the
amplitudes with two or more negative helicities.
@ Where is the tree level + + — amplitude?

o 2]3
A= R
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Colour ordered Feynman rules
MHV methods Spinor helicity formalism

MHV methods: Classical

MHV methods: Quantum

Missing amplitudes

Summary

@ Connecting MHVs at tree level and one loop gives the
amplitudes with two or more negative helicities.

@ Where is the tree level + + — amplitude?

o 2]3
A= R

@ Where are the one loop + + - - - + amplitudes?

i [12][34]

AL+ = 32 (12 34)

@ Where are the missing rational pieces at one-loop?
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

MHYV rules follow from a Lagrangian
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Coordinates
Variables
Lagrangian
Equivalence

MHYV rules follow from a Lagrangian

MHYV Lagrangian

@ The Lagrangian follows from a canonical change of
variables.
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Light cone coordinates

@ Define light-cone time by x® = 11 - x
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Light cone coordinates

x0= (t x3) x0= ‘—f(t+x3) z:ﬁ(x +ix2)  z=1(x1—ix?)
p p p

p-q=p4+pq—pq-pg

On-shell massless p.g = Ao \g Where

_ o4 [—P/VD < _ ot (—P/V/D
)\2<\[b>andA2<\[b>.

o< S‘
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Light cone coordinates

OfT(t x3) x6:7(t+x3) z:ﬁ(x +ix?) Ezﬁ(x1f/x2)
p p p p

p-q=p4+pq—pq-pg
On-shell massless p.g = Ao \g Where

_ o4 [—P/VD < _ ot (—P/V/D
)\2<\[b>andA2<\[b>.

Makes sense off-shell, where now

2
A\ = p— 2p/1
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Light cone coordinates

OfT(t x3) x6:7(t+x3) z:ﬁ(x +ix?) Ezﬁ(x1f/x2)
p p p p

p-q=p4+pq—pq-pg
On-shell massless p.g = Ao \g Where

_ o4 [—P/VD < _ ot (—P/V/D
)\2<\[b>andA2<\[b>.

Makes sense off-shell, where now

)‘/N\:p 2p/,,u = Aa (X,Oaae 77/'3
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

MHYV rules

or achazo vréek itten rules

The colour-ordered amplitudes can be made by joining MHV
amplitudes together as though ‘vertices’ from a ‘field theory’
@ Amplitudes sewn together in all possible ways preserving
cyclic colour order using scalar propagators,

i
E.
@ Off-shell propagator momenta: use arbitrary reference
spinor n: _
Ao X padfdﬁﬁ{'g

Total colour-ordered amplitudes are n independent.
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Light cone Yang-Mills

Light-cone gauge A = 0. Integrate out A and get
S = dx‘y axOdz dz L
pN
L = L T[A+ LT [Al+ L T[A + L TT[A

LA = —ADA
LYTT[A] ~ ATTTAAA
L HA ~ A TAAA
LA ~ V- TTAAAA
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Light cone Yang-Mills
Light-cone gauge A = 0. Integrate out A and get
S = u dxo/ axOdz dz L
L = £*+[A]z+ LA+ £ A+ £ T A]

Change variables so that
LA+ LT [Al=£""[B] ie. —BOB

LA = —ADA
LYTT[A] ~ ATTTAAA
L HA ~ A TAAA
LA ~ V- TTAAAA
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Self-dual Yang-Mills: £~ + £+~

Classically a free theory:
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Self-dual Yang-Mills: £+ +

Classically a free theory:

/

But at one-loop or with complex momenta or 2, 2 signature or
off shell ...
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Solving £~*[A] + £+ [A] = £~*[B]

Rough sketch...

—AOA+ ATt~ AAA= —BOB
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Solving £~*[A] + £+ [A] = £~*[B]

Rough sketch...

HADA + ADDA + ATt~ AAA = HBIB + BHOB

expanding kinetic terms
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Solving £~*[A] + £+ [A] = £~*[B]

Rough sketch...

OADA + ADDA + ATt~ AAA = HBIB + BHOB

Require canonical transformation in quantization surface:

andthus  HAJIA = OBIB
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Coordinates

MHV Lagrangian \L/gl;i’a;bﬂlzzﬂ
qunva\ence
Solving L™ [A] + LT [A] = L™ "[B]
Rough sketch...
5 ) B 9

Require canonical transformation in quantization surface:

andthus  HAJIA = OBIB
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Coordinates

MHV Lagrangian \L/gl;i’a;bﬂlzzﬂ
qunva\ence
Solving L~ "[A] + LT [A] = L~ [B]
Rough sketch...
5773 ~ 6B )

= B; +Z T12 nBs---Bp

Ay = A(X ',p'l)a Bé = B(Xov *p2)
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Coordinates

MHV Lagrangian \L/gl;i’a;bﬂlzzﬂ
qunva\ence
Solving L~ "[A] + LT [A] = L~ [B]
Rough sketch...
88A A++—AA:ﬁ8—?5
5773 0B

=By +Z T12 nBs---Bp

. At oy T 5
123 —2 < - A an 1..n "™~ <p =~ = ~ . TT
% Pibi/bi "L Pibi/Bi
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Coordinates

MHV Lagrangian \L/gl;i’a;bﬂlzzﬂ
qunva\ence
Solving L~ "[A] + LT [A] = L~ [B]
Rough sketch...
88A A++—AA:ﬁ8—?5
5773 0B

=By +Z T12 nBs---Bp

. At oy T 5
123 —2 < - A an 1..n "™~ <p =~ = ~ . TT
% Pibi/bi "L Pibi/Bi

T1..n has the structure of a tree expansion in AT~
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Self-dual Yang-Mills: £~ + £+~

Classically a free theory:
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Coordinates

MHV Lagrangian \L/gl;i’a;bﬂlzzﬂ
qunva\ence
Solving L~ "[A] + LT [A] = L~ [B]
Rough sketch...
88A A++—AA:ﬁ8—?5
5773 0B

=By +Z T12 nBs---Bp

. At oy T 5
123 —2 < - A an 1..n "™~ <p =~ = ~ . TT
% Pibi/bi "L Pibi/Bi

T1..n has the structure of a tree expansion in AT~
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Solving £~*[A] + £+ [A] = £~*[B]

Rough sketch...

00 5 1 pre-pa— 0400 g
R 3B D

=By +Z T12 nBs---Bp

. At oy T 5
123 —2 < - A an 1..n "™~ <p =~ = ~ . TT
% Pibi/bi "L Pibi/Bi

ZP/P//P/ = Z pibi — Pibi)/bi = *%Zpiz/bi
i
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Coordinates

MHV Lagrangian \L/gl;i’a;bﬂlzzﬂ
qunva\ence
Solving L~ "[A] + LT [A] = L~ [B]
Rough sketch...
88A A++—AA:ﬁ8—?5
5773 0B

=By +Z T12 nBs---Bp

T AT d T 3
12983~ —= 5 an 1en™ =75 ~ T
% P2/ RS- )
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Solving £~*[A] + £+ [A] = £~*[B]

Rough sketch...

T AT d T 3
123~ =3 5 & an 1o T
>3 P2/ " Z, L P /B

=123 ~ T3 and =qon~"Ti.n+ ZET
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Coordinates

MHYV Lagrangian Varlable_s
Lagrangian
Equivalence

Solving £~*[A] + £+ [A] = £~*[B]

Summary

;.mBé"‘BE"‘BFn

A+

1
T~|23 O ey S — and T1... ~TT
S5 P?/bi S S/ 2.

=123 ~ T123 and Zten~ Tin+ Z =T
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Coordinates

MHYV Lagrangian Varlable_s
Lagrangian
Equivalence

Solving £~*[A] + £+ [A] = £~*[B]

Summary

A = —ZZ/ 15; By Bs--Br

A+

’
Tisg~ ——— and Tyg~—— ST
> p2/bi "y P;?/Piz

=123 ~ T123 and Zten~ Tin+ Z =T
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Canonical A — B

A1 = Z/ T12 nBz Bn
n=2/ 2N
_ e 3 _
Al = =Y Z/ S =5, Bs---Bs--- By
m=2 s=2 2.m 1

L= A+ LA+ LA+ £ A
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MHYV Lagrangian

Canonical A — B

Coordinates
Variables
Lagrangian
Equivalence

A = Z/ Ti2..nBs---Bp
n=2”/2-n
- aR L $§ _
A= =) Z/ = Si2.mBs-Bs Ba
m=2 s=2 2.-m 1
L= LB 4L A+ LA

Ettle, Fu, Fudger, Mansfield & Morris
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Canonical A — B

A1 = Z/ T12 nBz Bn
n=2/ 2N
_ © I 8 _
Av = =) Z/ = Sio.mBs Bs- Bp
m=2 s=2 2.-m 1
L= LB +L A+ LA

LA ~ A TAAA
LA ~ V- TtAAAA
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Canonical A - B —

A1 = Z/ T12 nBz Bn
n=2/ 2N
_ © I 8 _
A= =) Z/ = Si2.mBs-Bs Ba
m=2 s=2 2.-m 1

L=LF[B]+ L HB] + LB+ L~ HH[B] + - -

LA ~ A TAAA
LA ~ V- TTAAAA
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

LSZ Reduction — Amputated Amplitude

Source terms: JA+ JA

J couples to A & J couples to A
because propagators removed
by

n
. i 2
I2|m0H Pj
Fi—=Y =4
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Coordinates
Variables
Lagrangian
Equivalence

MHYV Lagrangian

Equivalence Theorem

Source terms: JA+ JA

o0 _ [ ]
A = 3| TianBs B I
n=2”2n
oo m é
A = — / °>=s1 B ... B....B-
[ ]

Equivalence Theorem: only JB+ JB survive amputation.
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Tree level

One loop

One loop LCYM box topology
Regularisation

Missing amplitudes

Ettle, Fu, Fudger, Mansfield & Morris
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Tree level
One loop
One loop LCYM box topology

Missing amplitudes R

Solving £~*[A] + £+ [A] = £~*[B]

Summary

A = Z/ Ti2.nBs---Bp

_ S _ . _
A = —Z Z/ ?:521,,732 --Bs---Bs
m=2 s=2 2:-m
Att- 1
T1o3 ~ - E—— and Tip~ ~TT
S0 P2/Bi " ST PP /b 2

=123 ~ T123 and Zten~ Tin+ Z =T

Ettle, Fu, Fudger, Mansfield & Morris
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Tree level

One loop

One loop LCYM box topology
Regularisation

Missing amplitudes

2 _, P2, 2
A(172737) ~ 715123+§25231+ ~ Ti23
> 2 2
Py, P> P3
123) 7T T3 3
ATT(123)

exact off shell relation
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Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

Self-dual Yang-Mills: £+ +

Classically a free theory:

/

But at one-loop or with complex momenta or 2, 2 signature or
off shell ...

Ettle, Fu, Fudger, Mansfield & Morris
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Tree level
One loop

Missing amplitudes One loop LCYM box topology
Regularisation

++++

Box contributions

O

@]

Ettle, Fu, Fudg field & Morris
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Tree level
One loop

Missing amplitudes One loop LCYM box topology
Regularisation

++++

Triangle contribution

field & Morris Completing MHV rules via Equivalence Theorem evasio



Tree level
One loop

Missing amplitudes One loop LCYM box topology
Regularisation

++++

Bubble contributions

+
O

+

field & Morris Completing MHV rules via Equival

ce Theorem evasiol



Tree level
One loop

Missing amplitudes One loop LCYM box topology
Regularisation

++++

Tadpole contributions

field & Morris Completing MHV rules via Equival

ce Theorem evasiol



Tree level
One loop

X I
Missing amplitudes One loop LCYM box topology
Regularisation

Solving £~*[A] + £+ [A] = £~*[B]

Summary

A = _ZZ/ 155 B§~-B§~.Bﬁ7

++— 1
T1o3 ~ ;47 and

~ Tin ~ -TT
> i P,'Z/Pi " 2171 Pj 2/ bi Z

=123 ~ T123 and Zten~ Tin+ Z =T

T and = have tree expansions - - -

Ettle, Fu, Fudger, Mansfield & Morris
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Tree level
One loop

Missing amplitudes One loop LCYM box topology
Regularisation

St
Self-dual Yang-Mills topologies
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Tree level
One loop

Missing amplitudes One loop LCYM box topology
Regularisation

St
Self-dual Yang-Mills topologies

Summing over all contributions gives exactly all such LCYM
contributions

Ettle, Fu, Fudger, Mansfield & Morris

Completing MHV rules via Equivalence Theorem evasion



Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

4-cut contribution

1 q1 + 2
e 0
q2
qa,
o ot
4 + q3 3
> o
p2p30aps | dPq  &18p858,
183 [ @mP ?q2q2aZ

T(*Q4,1 a1 )T(7q1 72’Q2)T(*QZ737q3)T(*Q3»47q4)}

Ettle, Fu, Fudg field & Morris Completing MHV rules via Equivalence The



Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

4-cut contribution

T(—q4,1,91)T(—n 72102)'7‘(—02,3,(73)T(—03,47Q4)}
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Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

4-cut contribution

+

/N

+

Triangles and lower topologies don’t have any

Ettle, Fu, Fudger, Mansfield & Morris Completing MHV rules via Equival



Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

4-cut contribution

T(—q4,1,91)T(—n 72102)'7‘(—02,3,(73)T(—03,47Q4)}
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Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

Solving £~*[A] + £+ [A] = £~*[B]

Summary

T AT d T ! Sy
123~ =3 5 A an 1o o
2 L P2/ S SIN=7"

=123 ~ T123 and Zten~ Tin+ Z =T

Ettle, Fu, Fudger, Mansfield & Morris

Completing MHV rules via Equivalence Theorem evasion



Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

Let external momenta go on shell first - - -

1 q1 + 2
e Q
q2
a,
o o™
4 + q 3

T(*Q4,1 a1 )T(7q1 72’Q2)T(*QZ737q3)T(*Q3»47q4)}

Ettle, Fu, Fudger, Mansfield & Morris Completing MHV rules via Equivalence The



Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

Let external momenta go on shell first - - -

+

/N

+

All diagrams vanish except - - -

Ettle, Fu, Fudger, Mansfield & Morris Completing MHV rules via Equivalence The



Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

++++

Let external momenta go on shell first - - -
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Tree level
One loop
One loop LCYM box topology

Missing ampli
issing amplitudes Regularisation

Solving £~*[A] + £+ [A] = £~*[B]

Summary

T AT d T ! Sy
123~ —3 5 < an 1. ..
2 L P2/ S SIN=7

Z123~ T3 and =~ Tip+ Z =T
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Missing amplitudes el

Dimensional Regularisation

Loop corrections not well defined: need regularisation
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Tree level
One loop
One loop LCYM box topology

Missing amplitudes el

Dimensional Regularisation

Loop corrections not well defined: need regularisation

p P P Pa

4 — 2¢ dimensional
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Tree level
One loop
One loop LCYM box topology

Missing amplitudes el

Dimensional Regularisation

Loop corrections not well defined: need regularisation

p P P Pa

1 — e dimensional complex
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Tree level
One loop
One loop LCYM box topology

Missing amplitudes el

Light cone Yang-Mills

LA = -AJA,
LTT[A] = 3,07 AL[0As, Agl + 0uA5]Aq, Asl
LAl = 8,07 1AL[0As, As] + aAsAn, Aj]
LAl = [Aa, Asl[Aa, Asl + [Aa, Asl[Aa, As]
—[0A,, A 52 [0As, Ag] — [0A,, Al 02 [0As, Aj]
—2[0An, ALl 072 [0As, As
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Conclusions

Equivalence Theorem

Source terms: JA+ JA
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These extra terms complete the MHV rules
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Conclusions

Conclusions

@ They put back all removed (parts of) amplitudes

@ leading to full equivalence off shell.

@ Regularised theory has similar properties but not as neat.
@ There are no anomalies in the canonical transformation!
@ The completed MHV Lagrangian is renormalisable.

@ The technique will go through for other theories.
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