
Motivation
MHV methods

MHV Lagrangian
Missing amplitudes

Conclusions

Completing MHV rules via Equivalence
Theorem evasion

James H. Ettle1 Jonathan P. Fudger1 Chih-Hao Fu2

Paul R.W. Mansfield2 Tim R. Morris1

1School of Physics and Astronomy,
University of Southampton

2Department of Mathematical Sciences, University of Durham

From Strings to LHC - II, Fireflies Ashram, Bangalore,
11-23/12/07

Ettle, Fu, Fudger, Mansfield & Morris Completing MHV rules via Equivalence Theorem evasion



Motivation
MHV methods

MHV Lagrangian
Missing amplitudes

Conclusions

Computing multi-parton scattering in SM

Higher precision and high multiplicity processes:
LHC and beyond

For the LHC as well as for the linear collider program, the
computation of higher precision and high multiplicity processes
has become a must.
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Computing multi-parton scattering in SM

Higher precision and high multiplicity processes:
Les Houches 2005. The NLO target list.V ∈ {Z ,W , γ}, VBF = vector boson fusion

process relevant for

1. pp → V V jet t t̄H, new physics
2. pp → H + 2 jets H production by VBF
3. pp → t t̄ bb̄ t t̄H
4. pp → t t̄ + 2 jets t t̄H
5. pp → V V bb̄ VBF→ H → VV , t t̄H, new physics
6. pp → V V + 2 jets VBF→ H → VV
7. pp → V + 3 jets various new physics signatures
8. pp → V V V SUSY trilepton
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Colour ordered Amplitudes An

An(1, · · · ,n) =
∑

perms

Tr(T a1 · · ·T an )An(1, · · · ,n)

Order gluons fixed
Have nice properties

n
1

2

3

4
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Massless momenta

σµ αα̇ =

([
1 0
0 1

]
,

[
0 1
1 0

]
,

[
0 −i
i 0

]
,

[
1 0
0 −1

])

pαα̇ = pµ σµ αα̇ =

(
p0 + p3 p1 − ip2

p1 + ip2 p0 − p3

)

p2 = 0 =⇒ only one eigenvector
=⇒ pαα̇ = λαλ̃α̇

pµ in terms of positive and negative chirality spinors.
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Lorentz Invariants. Gluon helicities

Massless on-shell: pαα̇ = λαλ̃α̇

Dot product: 2piµ pµj = 〈i j〉[i j]

〈λi λj〉 ≡ 〈i j〉 = εαβλi αλj β, [λi λj ] ≡ [i j] = εα̇β̇λi α̇λj β̇

Gluon helicities:

ε+
αα̇ =

ηαλ̃α̇
〈η λ〉

and ε−αα̇ =
λαη̃α̇
[λ η]

.

µαα̇ = ηαη̃α̇ is arbitrary gauge choice
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Maximal Helicity Violating Amplitudes

Amplitudes with mostly same such helicity have surprisingly
nice properties. (Parke, Taylor ’85; Berends, Giele ’88)

A(1+, · · · ,n+) = 0
A(1−,2+, · · · ,n+) = 0

A(1+, · · · , i−, · · · , j−, · · · ,n+) =
〈i j〉4

〈1 2〉〈2 3〉 . . . 〈n 1〉
MHV

A(1−, · · · , i+, · · · , j+, · · · ,n−) =
[i j]4

[1 2][2 3] · · · [n 1]
MHV
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MHV rules
or Cachazo Svrček Witten rules

Inspired by an understanding through string theory on
twistor space. (Witten ’04)
Non-Lagrangian method proceeding by, conjecture,
confirmation, proof.
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MHV rules
or Cachazo Svrček Witten rules

The colour-ordered amplitudes can be made by joining MHV
amplitudes together as though ‘vertices’ from a ‘field theory’

Amplitudes sewn together in all possible ways preserving
cyclic colour order using scalar propagators,

i
p2 .

Off-shell propagator momenta: use arbitrary reference
spinor η:

λα ∝ pαα̇εα̇β̇ η̃β̇
Total colour-ordered amplitudes are η independent.
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MHV rules
NMHV amplitudes

+

−

4

i

n−1
++

++

−
P

i+1

n+
1 2

3−
−

An(− − −+ · · · +) =
∑n−1

i=3
〈1 P〉3

〈P i+1〉〈i+1 i+2〉···〈n 1〉
1

P2
〈2 3〉3

〈P 2〉〈3 4〉···〈i P〉

+
∑n

i=4
〈1 2〉3

〈2 Q〉〈Q i+1〉···〈n 1〉
1

Q2
〈Q 3〉3

〈3 4〉···〈i−1 i〉〈i Q〉
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i++

Q
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+ −
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MHV rules
NMHV amplitudes

n+
1−

2−

4+

5+

i++

Q

i+1

3−

+ −

Connecting two MHVs→ 3 negative helicities NMHV
Connecting three MHVs→ 4 negative helicities N2MHV
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NNMHV amplitudes

n+
1−

2−

4+

5+

i++

Q

i+1

3−

+ −

Connecting two MHVs→ 3 negative helicities NMHV
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MHV rules at one loop
Queen Mary Approach

It works at one loop also for the parts with cuts:

+

+

−

−
−

+

+ +

+

−
−

−+

+

−

+

+

−

+

+

Connecting two MHVs→ 2 negative helicities
Connecting three MHVs→ 3 negative helicities
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Summary

Puzzles

Connecting MHVs at tree level and one loop gives the
amplitudes with two or more negative helicities.

Where is the tree level + +− amplitude?

A[+ +−] =
[1 2]3

[2 3][3 1]

Where are the one loop + + · · ·+ amplitudes?

A[+ + ++] = − i
3(4π)2

[1 2][3 4]

〈1 2〉〈3 4〉

Where are the missing rational pieces at one-loop?
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MHV rules follow from a Lagrangian

The Lagrangian follows from a canonical change of
variables.
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The Lagrangian follows from a canonical change of
variables.
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Light cone coordinates

Define light-cone time by x0 = µ · x
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Light cone coordinates µ = ηη̃ ∝ (1,0,0,1)

x0= 1√
2

(t−x3) x 0̄= 1√
2

(t+x3) z= 1√
2

(x1+ix2) z̄= 1√
2

(x1−ix2)

p̌ p̂ p̃ p̄

p · q = p̌q̂ + p̂q̌ − p̃q̄ − p̄q̃

On-shell massless pαα̇ = λαλ̃α̇ where

λ = 21/4

(
−p̃/

√
p̂√

p̂

)
and λ̃ = 21/4

(
−p̄/

√
p̂√

p̂

)
.

Makes sense off-shell, where now

λλ̃ = p − p2

2p·µµ =⇒ λα ∝ pαα̇εα̇β̇ η̃β̇
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MHV rules
or Cachazo Svrček Witten rules

The colour-ordered amplitudes can be made by joining MHV
amplitudes together as though ‘vertices’ from a ‘field theory’

Amplitudes sewn together in all possible ways preserving
cyclic colour order using scalar propagators,

i
p2 .

Off-shell propagator momenta: use arbitrary reference
spinor η:

λα ∝ pαα̇εα̇β̇ η̃β̇
Total colour-ordered amplitudes are η independent.
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Light cone Yang-Mills

Light-cone gauge Â = 0. Integrate out Ǎ and get

S = tr
∫

dx0
∫

Σ
dx 0̄dz dz̄ L

L = L−+[A] + L++−[A] + L−−+[A] + L′−−++[A]

Change variables so that

L−+[A] + L++−[A] = L−+[B] i .e. − B̄�B

L−+[A] = −Ā�A
L++−[A] ∼ A++−ĀAA
L−−+[A] ∼ A−−+AĀĀ
L′−−++[A] ∼ V−−++ĀĀAA
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Self-dual Yang-Mills: L−+ + L++−
Chalmers & Siegel

Classically a free theory:
.

+

+

+

+

−

+

+

+

−

But at one-loop or with complex momenta or 2,2 signature or
off shell . . .
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Solving L−+[A] + L++−[A] = L−+[B]
Rough sketch...

−Ā�A +A++−ĀAA = −B̄�B
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Solving L−+[A] + L++−[A] = L−+[B]
Rough sketch...

∂̂Ā∂̌A + Ā∂̃∂̄A +A++−ĀAA = ∂̂B̄∂̌B + B̄∂̃∂̄B

expanding kinetic terms
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Solving L−+[A] + L++−[A] = L−+[B]
Rough sketch...

∂̂Ā∂̌A + Ā∂̃∂̄A +A++−ĀAA = ∂̂B̄∂̌B + B̄∂̃∂̄B

Require canonical transformation in quantization surface:

∂̂B̄ = ∂̂Ā
δA
δB

and thus ∂̂Ā∂̌A = ∂̂B̄∂̌B
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∂̂
A +

1
∂̂
A++−AA =

δA
δB

∂̃∂̄

∂̂
B

Require canonical transformation in quantization surface:
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δA
δB
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Solving L−+[A] + L++−[A] = L−+[B]
Rough sketch...

∂̃∂̄

∂̂
A +

1
∂̂
A++−AA =

δA
δB

∂̃∂̄

∂̂
B

A1 = B1 +
∞∑

n=3

∫
2···n

Υ12···n B2̄ · · ·Bn̄

A1 ≡ A(x0,p1), B2̄ ≡ B(x0,−p2)
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∂̂
A +

1
∂̂
A++−AA =
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∂̂
B

A1 = B1 +
∞∑

n=3

∫
2···n

Υ12···n B2̄ · · ·Bn̄

Υ123 ∼
A++−∑3

i=1 p̃i p̄i/p̂i
and Υ1···n ∼

1∑n
i=1 p̃i p̄i/p̂i

∑
· · ·ΥΥ

Υ1···n has the structure of a tree expansion in A++−
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∑
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∑
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2

∑
i

p2
i /p̂i
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Ettle, Fu, Fudger, Mansfield & Morris Completing MHV rules via Equivalence Theorem evasion



Motivation
MHV methods

MHV Lagrangian
Missing amplitudes

Conclusions

Coordinates
Variables
Lagrangian
Equivalence

LSZ Reduction→ Amputated Amplitude

Source terms: JĀ + J̄A

J

_
+

+

J

J

J
_

J
_

n

1

2

3

4

_

_

_

+

+

+

_

J couples to A & J̄ couples to Ā
because propagators removed
by

lim
p2

j →0

n∏
j=1

−ip2
j
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Source terms: JĀ + J̄A

A1 =
∞∑

n=2

∫
2···n

Υ12···n B2̄ · · ·Bn̄

Ā1 = −
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s=2
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2···m
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1̂

Ξs−1
12···m B2̄ · · · B̄s̄ · · ·Bm̄

.

_

J

J

Equivalence Theorem: only JB̄ + J̄B survive amputation.
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exact off shell relation
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Self-dual Yang-Mills: L−+ + L++−
Chalmers & Siegel

Classically a free theory:
.

+

+

+

+

−

+

+

+

−

But at one-loop or with complex momenta or 2,2 signature or
off shell . . .
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Summary
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Υ and Ξ have tree expansions · · ·
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Ā1 = −
∞∑

m=2

m∑
s=2

∫
2···m

ŝ
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Dimensional Regularisation

Loop corrections not well defined: need regularisation

p̌ p̂ pα p̄α
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Light cone Yang-Mills

L−+[A] = −Āα�Aα
L++−[A] = ∂̄α∂̂

−1Aα [∂̂Āβ, Aβ] + ∂̄αĀβ[Aα, Aβ]

L−−+[A] = ∂α∂̂
−1Āα [∂̂Aβ, Āβ] + ∂αAβ[Āα, Āβ]

L′−−++[A] = [Aα, Aβ][Āα, Āβ] + [Aα, Āβ][Āα, Aβ]

−[∂̂Aα, Āα] ∂̂−2 [∂̂Aβ, Āβ]− [∂̂Āα, Aα] ∂̂−2 [∂̂Āβ, Aβ]

−2[∂̂Aα, Āα] ∂̂−2 [∂̂Āβ, Aβ]
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Source terms: JĀ + J̄A
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.

_

J

J

These extra terms complete the MHV rules
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They put back all removed (parts of) amplitudes
leading to full equivalence off shell.
Regularised theory has similar properties but not as neat.
There are no anomalies in the canonical transformation!
The completed MHV Lagrangian is renormalisable.
The technique will go through for other theories.
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