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Lorentz Algebra and Fields

» The Lorentz algebra SO(3, 1) has 6 generators:
Ji, Jo, J3 (rotations); K, Ko, K3 (boosts)
with
[J1, o) =iJs, [J1,Ko] =iK3, [Ki,Ks]=—iJs

and cyclic permutations.

» Taking the combinations:

Ji= (i +iKy),  Ti=5(J —iK;),
we find:

[jl?jQ} :ij?): [71772] :i737 [\777] =0



» Thus we have two decoupled SU(2) algebras, but one is the
complex conjugate of the other.

» This is a remarkable situation. It means we can understand
representations of SO(3, 1) entirely in terms of familiar SU(2)
representations (“spin” .J, dimension 2.J + 1).

» But we must always keep in mind that one SU(2) is the
conjugate of the other:

SO(3,1) = SU(2) x SU(2)



» The simplest SO(3,1) representation is the singlet of both
SU(2)'s, described by a scalar field ¢(z).

» Since all other representations of SU(2) are products of the
doublet representation, the first nontrivial representations of
the Lorentz algebra are:

Ea(z), A=1,2:  SU(2) doublet
Ax) = ABep(x) . SU(2) conjugate doublet

» Complex-conjugating these gives us:

ETA(JU) = (M), A=1,2:  SU(2) doublet
fTA(as) €A fB(x) : SU(2) conjugate doublet

where:



» Finally the simplest mixed representation, transforming under
both SU(2) factors, is:

Aup
where A transforms as a doublet of SU(2) and B transforms
as a conjugate doublet of SU(2).

» This is just another description of a vector field.



v

v

v
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Physical interpretation of scalar field: spin = 0 and

o(x) : particle
o'(x):  antiparticle

Physical interpretation of spinor fields: spin = % and

Ealx) : left-handed fermion
§TA(95) = (€a(z))T right-handed antifermion

Ea(z) left-handed antifermion
f f

right-handed fermion
Physical interpretation of vector fields: spin = 1 and

A, p(): particle
(A ) (x):  antiparticle

Note that in our conventions, a { denotes complex
conjugation but a denotes an independent field.



» For a particle to be its own antiparticle, special constraints
need to be imposed.

» For ¢ and A, the constraint is that they are respectively
real and Hermitian. This constraint is preserved by Lorentz
transformations.

» For spinors the constraint is as follows. A general (“Dirac”)
fermion is described by an independent pair of spinors:

£a(z), ETA(I‘)

The desired constraint is then &, = 4. As a result the Dirac
spinor reduces to:

Ealz), €M) =P ely(a)

This is called a “Majorana” fermion when referring to the pair,
or a "Weyl" fermion when referring to just the left-handed
part. Either way, the degrees of freedom are the same.



» To write an action we need to make Lorentz invariants from
these fields.

» On fermions, the Lorentz transformations have a complex
action:

Eaz) — Ey(x) = UL Ep(a)
hi@) — lh(2) = UL €4(2)
where det U = 1.
» Now ABUSUL = (det U) €“P, hence the combinations:
¢ = ¢ha = —e*Peats
ghet = ¢hetd = ABhiet,

are Lorentz invariant.



» Now introduce the matrices:

_ 1 2 3

oty = (o ,0%,07)
FHhAB = (1,—ct, —02,—0%)

which have the property that:

at'ap ¢rB transforms as undotted spinor ® vector

E“ABfg transforms as dotted spinor ® vector

» Finally we define:

O_}LI/AB _ }I(O_MEV o UVEM)AB
HMVAB _ }I‘(E,uo_y o HVO_M)AB



A
» Now the action for a Dirac fermion £4(x),&' (z) is:
LDirac = i &1 710, +i€0"0,E —mEE—me' g

» For a Majorana fermion the identification ¢ = ¢ is made and
an extra factor of % introduced, giving:

EMajorana = %fauaﬂfT — 5+ ¢hehy
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Supersymmetry - free fields

» Consider the free massive action for a complex scalar and a
Majorana fermion of the same mass:

L= 0,00"0" —m*o ol + €00, ¢" — H(se+¢ )

This action is invariant upto a total derivative under the
infinitesimal variations:

op = €&
0§ = —ioct0,¢ e —mole
where € is a (constant) anticommuting spinor.
» This is a (free) supersymmetric theory with the physical fields
¢, & of a chiral multiplet.

» Note that the propagating degrees of freedom are 2 bosonic +
2 fermionic, equality being a precondition for supersymmetry.



» As another example consider the action for a free massless
Weyl fermion and a vector field:

, - 1
AT OUAT — L F P
» This action too is invariant under:
N = id"EF,e
0A, = i(ea" A\ — Aotel)

> This free supersymmetric action has the physical fields A, A,
of a vector multiplet.

» And again, the propagating degrees of freedom are 2 bosonic
+ 2 fermionic.



» By repeated application of the supersymmetry variations we
find in these simple cases that:

(0102 — 0201)p = —i(ega“eTl — 610’“6£)({)M¢

and similarly on the other fields.

» Thus the commutator of two supersymmetries is a translation
in spacetime.

» We will see that abstractly this takes the form:

{Q4,QT5} = 20", 5 Py

where P, is the 4-momentum.
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Superspace and superfields

» To introduce interactions, we introduce the superfield
formalism where supersymmetry is manifest.

» For this, adjoin to the spacetime coordinates z* the
. . . A
anticommuting coordinates 64,07 .
> A general superfield is a field f(z,0,0") depending on all the
coordinates (commuting and anticommuting) of superspace.

> Anticommutation implies (64)2 = (87")2 = 0. Hence the
superfield can be Taylor-expanded with a finite number of
terms:

f(x,0,0") = ¢(x) + 0¢(x) + 01X (x) + 00M () + 0T0T N (2)
+ 05"0T A, (x) + 00 07T () + 0T0TON(z) + 00 076" D(z)



» We see that a superfield encodes a finite number of ordinary
fields. These will form a supermultiplet.

» In superspace, a supersymmetry transformation acts as:

0 — 6O0+c¢
of — ot 1

=zt ti(eo”dt — fotel)
» On superfields, this action is generated by:

5f(z,0,0") =i(eQ + €'QV) f(x,0,0")

where

— 9 H TB 7. 9 B sH
QA— (89A+w 8) Q W+Z@ (9
satisfying

{QAa QTB} = 2i0i36u



» The supermultiplet f(x,0,0") turns out to be reducible.

» Hence we must impose a covariant constraint (i.e. preserving
Lorentz invariance and supersymmetry).

» One such constraint requires the introduction of operators
that anticommute with the supercharges Q) 4, QTA:

0 " 9 B h
D W—LU 0 81“ DlA——aeﬁ‘FLe BA(?
with
{Da,Qp} ={D',Qp} = {D4,QT5} = {D';,QT5} =0
» We define:
DTA(I)(.T,Q,QT) =0 (chiral), Ds®'(x,6,0") = 0 (anti-chiral)

» A chiral superfield contains the fields ¢(z), £(x) of a chiral
multiplet, along with a complex auxiliary field F(x).



» The other possible covariant constraint is:
V(x,0,0") = VT(x,0,0") — V is a vector superfield

> A vector superfield contains the fields A\(x), A, (x) of a vector
multiplet along with several auxiliary fields.

» A suitable choice of gauge freedom using:
V =V 4i(A - AT)

where A is a chiral superfield, puts it in the Wess-Zumino
gauge in which there is a single real auxiliary field D(z).



The Taylor expansion of a chiral superfield is:

O(y,0) = dly) + V20&(y) + 00F (y)

where y# =zt — ifot 07
If £ represents a conventional fermion (quark/lepton) then ¢
will be a sfermion (squark/slepton).

Similarly the Taylor expansion of a vector superfield in the
Wess-Zumino gauge is:

Vi(z,0,0") = 00"0TA,(x)+ 000"\ (x) 4 6T0TON(2)
+ 1000'0"D(x)

Since A, is a gauge field, \ is called a gaugino.
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Supersymmetric actions

» Now we can write actions for interacting supersymmetric field
theories.

» For this we need the rules for integrating over anticommuting

coordinates:
/d0101 :/d9202 =1

/d@l—/dﬁg—()

and similarly for the dotted coordinates.
» Define d?0 = %dé’ldﬁg. Then:

/d29 00 = / 1do1dos . 20,0, = 1



» Under the supersymmetry transformations we described, the
F-term of a chiral superfield and the D-term of a vector
superfield transform as total derivatives. Therefore their
variations vanish under [ d*z.

» The proof runs as follows:
SV ~ QV(z,0,00) ~ ¢ (a(, +iotat au) (egﬂm Ay
+ 090TAT + 670T0r + L9 06T D)
= - (iea”0")00 0TI N

» Thus the D-term transforms as a total derivative. A similar
proof holds for the F-term.



» Now [ d?6 on a chiral superfield, and | d>0d*0" on a vector
superfield, pick out the “last” terms (F-term and D-term
respectively).

» Combining the above facts, general actions of the form:

/d4x d*# (chiral superfield), /614:1;6129d29T (vector superfield)

are automatically supersymmetric.



» As the canonical dimension of 6 is —%, and that of a chiral
superfield @ is +1, one possible free (quadratic) action is:

Sp = /d4xd26d29T ot (yT,0") ®(y, 0)

where recall that y# = 2 — ilo"6T.

» Another supersymmetric quadratic action for a chiral
superfield is:

Sp = /d4;z;d29 d(y,0)* + cc

> Note that under [ d*z we can first shift y* — 2 in the
integrand and thereby remove the #' dependence. After this,
i d?# picks out the term proportional to A6 as desired.



» It is straightforward to show that:

/d49 ol (y) d(y) + 5 <m/d20 d(y)? + C.C.) =
OMb 81L¢T + FFt + %ggu 5u§T
+ gm(20F —£€) + ym* (20T FT — ¢t el

where all fields on the RHS depend on z.
» Eliminating the auxiliary field F’ by its equation of motion:

F=—m*¢l

we finally arrive at the familiar free action:

S = /d% {@gzb@“gfff — m’¢ ¢! + L EotD, ¢l — m(ee+ el )}



The payoff is that we can now generalise this to an interacting
supersymmetric action.

For a set of chiral superfields ®,i = 1,2, --- ,n, the most
general action is:

S = / die d*0 K (97, 3T +/d4m(d29 W(®7) +c.c.>

Here K is an arbitrary real function of ot ®T called the
Kahler potential, and W is an arbitrary analytic function of ®*
alone, called the superpotential.

For renormalisability, ' = >, @@’ and W is a cubic
polynomial. But one often talks of supersymmetric effective
actions, for which renormalisability is not a requirement.



» Instead of writing the full interacting action in terms of
ordinary fields, we just note that the Kahler potential and
superpotential have the following effects:

Oud oMol — Gy 3u¢iau(/ﬁj
_‘7n|2¢ (bT - —Gij WJWTJ
—BEE+EET) —» —fW; ¢ +cc)

where G;5(¢, ¢') = K ;5 is the Kahler metric on field space,

and G is its inverse.



» Now consider a single vector superfield V (z,6,0"). We need
an action that is gauge invariant under:

V =V 4i(A - AT)

> This has the effect of transforming the vector field A, in V

as:
A, — A+ 0,8

where (3 is real and %ﬁ is the lowest component of A.

» It is convenient to define the field-strength superfield:
Wy =—1DIDI D4V

which is gauge invariant.



» W4 is a chiral superfield and has the expansion:
Waly, 0) = Aa(y)+04D(y)—(0"0) aF (y) +i00 (09, () 4

» The free super-electrodynamics Lagrangian can now be
written in terms of IW:

1
- <¢T /d29 WAW 4 +c.c.>
167

1

i — 19 -
1 112
G (‘MWF“” + 509, + 4D ) = gz L™
where
9 L A
T=—+4+i—
2 g2

and this 9 is not to be confused with the superspace
coordinates 6.



> Next let us couple vector superfields to (charged) chiral
superfields.

» If g is the U(1) coupling constant and ¢; the U(1) charge of
the chiral superfield ®’ then the superfield undergoes gauge
transformations as:

D(y,0) — e 29LM0) 3y 9)

» Hence:
ot (I)TiefQigtq;(AfAT) P’

and therefore the combination:
@TiFQQt'iVQi

is gauge invariant. (Here we are taking the Kahler potential to
be trivial.)



» Another possible coupling of vector and chiral superfields
occurs via the gauge kinetic function F(®). This function
replaces the coupling constant 7 in the kinetic term of the
vector superfields:

Im <7‘/d29 WW) — Im (/d20 F(®) WW)

» Such a coupling is always non-renormalisable, so we ignore it
— along with the possibility of a nontrivial Kahler potential —
until we discuss supergravity.



» Finally, there is one more possible gauge-invariant and
supersymmetric interaction:

m /dzed%TV(x,e,eT) =1 D(x)

called the Fayet-lliopoulos D-term.

» This harmless-looking term has an important effect when we
eliminate the auxiliary field D after coupling vector and chiral
multiplets.



» The full (Abelian) Lagrangian is then:

/ d20d%0t @fie29tV ¢ 4 Silm <T / d%0 WW)

us
+ 2Re (/ a0 W(qﬂ')> + 2n/d29d2m 1%
> Next we go to component fields and eliminate the auxiliary
fields D, F' via their equations of motion:
Fi=-W;  D=-0n+gtl¢'f)

» Then we get:

ng 7 LH [V ( 2
LR, PP 4 et 9N — L P L (4 gt|¢)?)

+ (O +igtiAp) > + i 0 (9, —igtiA,) €7
— Wil = (3€EWj + cc.) — V2gt; ()\T g’ + c.c.)

» We learn the important fact that there are two sources of
scalar self-couplings and two sources of Yukawa couplings.



» The most general renormalisable superpotential is cubic in
fields:

W(®;) = a+ b;®" + Le ;@' 07 + Ld;j, @' B
» With this, the full scalar potential of the theory is:

L . 2 ,
V($', 1) = |bi + cij¢? + %dijkdﬂqﬁk‘ +3(n+ gtz‘W|2)2



» For a non-Abelian theory based on a group (&, we generalise
the vector superfield to a matrix-valued field:

dim G
Viyr=2g Z VT,
a=1
where T are matrices of the algebra in some representation
R. They satisfy:
[r]:wL7 Tb] _ ifabcTc

» The gauge transformation superfield must be similarly

generalised:
dim G

Ary=2g Y AT,

a=1



Then a gauge transformation acts on V as:

AT i
GV—>€ iA eVezA

To show this has the right action on the gauge fields in V, we
must restrict the gauge parameter superfield A to be of the
Wess-Zumino gauge-preserving form:

A=1B-100"010,8 — L0000’ OB
In this case one finds:

(SA/L — 8#/6 + 7:g[A,u,7 /8]
(5)\/1 - 76][)\/17/6]

Not surprisingly, the gaugino is in the adjoint representation
of the gauge group.



Now we must define the field strength superfield, generalising
Wy = —}LDTDTDAV in the Abelian case.

It turns out the right generalisation is:
W,y =-1DIDle VD, eV
Under gauge transformations on V, this transforms as:
W, — e AW, oA

With this definition we find that the component expansion of
W, is:

Wa(y,0) = Aa(y)+D(y)0a—(0"0) aF . (y)+i60 (0" Du X,y (1)

where
F[LV = a;LAV - aI/A[L + /L..(][A;u Az/}



The gauge invariant, supersymmetric action for matter
coupled to non-Abelian gauge fields is then:

4 1
d20a?0T M (V) &7+ — —  Imt /d29WW
/ ()1 + gy e (7

+ 2Re </d29 W(cbf)>

where now the indices I, J on chiral superfields incorporate
not only representation labels but also all other labels such as
flavour.

Note that we can add gauge-invariant D-terms only if there
are U(1) factors in the gauge group. If the gauge group is

G = G(l) & G(g) & - G(n) ® U(l)(l) & U(l)(g) Q- U(l)(m)

where the (; are all simple, then the D-term is:

an / d?0d*6t D

h=1



In ordinary space many of the interactions are what we would
expect, for example gauge-covariant kinetic terms for the
scalars and fermions in ®/ and for the gauge fields and
gauginos in V7.

The Yukawa couplings, as for the Abelian case, are of two
types:

%(ilf'JW,u +cc)— \/ig(éT])\Lgb‘] +c.c.)
Finally, the scalar potential is:
F[FTI + %(DaDa + DhDh)

where a runs over a non-Abelian gauge group and A runs over
Abelian factors.

Here,

Fl=-w! D= _go'T8et D" = —( + gutiot¢7)
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Non-renormalisation theorems

» Having developed the classical formalism of supersymmetry,
we may ask what consequences this has for the quantum
theory.

» Although a detailed discussion is outside the scope of the
present lectures, here we will summarise some relevant results.

» Supersymmetric perturbation theory can be carried out via
“super-Feynman rules” for superfields.

» Examining general Feynman diagrams, it is possible to
demonstrate the following “non-renormalisation” theorem:

“Perturbative corrections to the quantum effective action in a
supersymmetric theory are always given as fd29d29T of a
local function of superfields and their derivatives.”



One consequence of this theorem is that the minimum value
of the effective potential on a classically supersymmetric
configuration is unchanged by (perturbative) quantum
corrections.

A special case of this is that the vacuum energy is not
renormalised in perturbation theory.

Because the supersymmetry algebra in the rest frame is:

{Qa.QT5} =26, E

it follows that:
Qal0), Q'gl0) & E=0

The LHS vanishes if and only if supersymmetry is not
spontaneously broken. Hence we learn that if supersymmetry
is unbroken at tree level, a supersymmetry-breaking F-term
cannot be generated in perturbation theory.



» Another application is to the issue of naturalness.

> In the SM, corrections to the Higgs mass are quadratically

divergent. This is the root of the naturalness problem in
grand unified theories.

With supersymmetry, the non-renormalisation theorem says
that perturbatively, superpotential terms receive no quantum
corrections.

» As an example, fdQH m ®2 is uncorrected.

» This does not mean there is no mass renormalisation in these

theories! Rather, it means that the mass renormalisation is
equal and opposite to the wave-function renormalisation,
which comes from D-terms and is logarithmic.

This explains the absence of quadratic divergences, at least
from F'-terms.

For suitably “soft” explicit supersymmetry breaking, the
dependence of the Higgs mass on heavy particle masses can
be made to remain logarithmic rather than quadratic.
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The MSSM

» We can now introduce the Minimal Supersymmetric Standard
Model (MSSM).

» The motivations for this lie in the quantum properties of
supersymmetric field theories, namely solution or amelioration
of the naturalness problem.

» In the MSSM, all left-handed fermions and left-handed
antifermions of the SM are promoted to chiral superfields:

L, = L\ 5 L\ 5. N
L1:<Ll:),E1,N1; L2:<Ll;j>aE27N2; L'3:<Ll:—>?E%7N3

(o) 775 @=(§) 7P 0= (G) 77

» We will henceforth ignore the existence of left-handed

anti-neutrinos N; since technically they are not part of the
MSSM.



The component expansions of these superfields are, for
example:

Le(y,0) = é(y)+vV20e(y)+---
Ei(y,0) = ély)+V20e(y)+---
The scalar components of these superfields are the left
selectron ¢é and the left spositron é.

Being scalars they do not have a handedness. The term left
refers not to their chirality but to that of their superpartners.

» Also, clearly € is not the antiparticle of .

» The antiparticles are found in the anti-chiral superfields:

Litoh = éh+veetetyh +- -
Byt o = &@h+vaetet@h+ -

with ! being the right spositron and &' the right selectron.



» Similarly the quark chiral superfields contain left squarks and
left anti-squarks:

Quy,0) = uly)+vV20u(y) + -
Ui(y,0) = aly)+V20u(y)+ -

» The corresponding anti-chiral superfields contain the right
anti-squarks and the right squarks.



Next we extend the gauge fields of the SM to vector
superfields:

Bu(z) — Vy(z,0,0")
Wi(x) — Vv‘f/(x,ﬁ,m), a=1,2,3
QZ/(CC) — Vq“l(:zr,e,ef), a=1,2,---,8

The SU(2) and SU(3) vector superfields are converted to
matrices V-, V, as described earlier.

The component expansions of these superfields contain
fermion partners called gauginos:
Vi (2,0,0") = 00107 B, (x) + 00 0T\, (x) + 07T OAp(z) + - --
Vi (,0,07) = 000" W, () + 00 0T\l (z) + 0107 Oy (2) + - -
V(2,0,07) = 000" g, () + 00 0TX () + 0107 0Ny (2) + - --

AB; A, Ay are known as binos, winos and gluinos
respectively.



Finally, we need to introduce chiral superfields for the Higgs
boson.

Here we encounter a novel feature of supersymmetry: while in
the SM a single Higgs doublet gives masses to all quarks and
leptons, in the MSSM that is not possible.

The reason is that chiral superfields couple through a complex
analytic superpotential.

Thus out of the SM couplings:

—fq-9)u— (g o) al
~f g oh) d— D" ) d
where ¢ is the first-generation quark doublet and ¢ is the

Higgs doublet, only the first line can be promoted to a
superfield coupling.

The second line, where ¢T couples to left-handed fermions,
cannot be made into a superfield coupling.



For this reason there have to be two Higgs doublets in the
MSSM (of course there could be more than two, but that
would not be the MSSM).

One gives mass to the down quark (and down squark) while
the other gives mass to the up quark (and up squark).

Thus: B

_f(U)(q P U — — JC(U)(Q1 - Hy) U,
where H is a Higgs chiral superfield of hypercharge +1 (like
the SM Higgs). It is also called the “up-type” Higgs.

Next, introduce a Higgs H; of hypercharge —1 and couple it
by replacing:

—fDg-¢Nd — — fDQ:-Hy) D

H is also called the “down-type” Higgs.



The component expansion of the Higgs superfields is:

Hi(y,0) = hi(y) + V20 hr(y) +---, =12

and the fermions /; are called Higgsinos.

The Higgsinos 1 and hs are chiral fermions of hypercharges
—1,+1 respectively.

Being chiral, they contribute to the triangle anomaly for the
hypercharge, but because they carry equal and opposite
hypercharge, the anomalies cancel out:

> YP=0
3

This provides an independent reason for two Higgs doublets,
and puts a constraint on extensions of the MSSM.



Anticipating the Higgs mechanism, the charge assignments of
the two Higgs doublets have to be:

_(H (s
() = (i

Let the scalar components of the superfields Hq, Hy be
hi(x), ho(x). The possible VEV's they can develop, consistent
with charge conservation, are:

=3 (5) o=k ()

It is possible to rotate the fields so that both VEV's are real.

Then we define: »
tan 3 = -2
V1

and this is the important [5-parameter of the MSSM.



We have discussed the results of the Higgs mechanism, but
not yet written down the Higgs potential that achieves this.

Actually, except for a few terms, we haven't yet written down
any interactions of the MSSM!

Partly this is because of supersymmetry breaking. Because
supersymmetry must be broken in nature, we need to consider
interactions that break it spontaneously or explicitly.

Supersymmetry breaking will have some interplay with the
rest of the MSSM and in particular the Higgs mechanism.



» Keeping that in mind, we start by writing down the action of
the supersymmetric part of the MSSM:

Ssusy = Sgauge + Smatter + SHiggs

» Here,
Sgauge = 817r1m/d4$ d29<7'y Wy Wy + mtr w Wiy Wiy
—I-mtr Tg WgWg>

while
Smatter = /d43; 220 d2ot (Lj-ngVYY+VWLi . EzngVYYEi

+QI€9YVYY+VW>+VgQi + UzngVYY+VgUi i EzeQYVYYJrVgEi)



» To conclude the SUSY part of the action we write down:
Shiggs = / d'e 20 20" (H{em Vv VW iy 4 Hen VvV )

+ /d4{L’ d2(9 WMSSM
where
WMSSM = MHl . H2 - fZSE)(LZ . H])E]
@i 1) Dy — £1(Qi - Hy)

=

J
> The last three terms in W)y ss\ are evident from our previous

discussions.

» The bilinear interaction between the Higgs fields is new. This
is the famous p-term.



In principle there could be additional terms of the form:
Li-Ha, (Li-Lj)Ey, (Li-Qj)Dy, U;D;Dy

However they are forbidden by R-parity, a discrete symmetry
under which § — —0.

We can assign an R-parity to a superfield. This is equal to the
R-parity of the bosonic components, and minus the R-parity
of the fermionic components.

In the MSSM it is natural to choose the following R-parity
assignments:

L’L'a Eia Q’L'v UD EL odd
Hl, HQ, Vy, VI/Va Vg: even

This has the pleasant effect that all known particles have

R = +1 while all superpartners have R = —1.

It is easy to check that all the terms on the previous slide are
allowed by R-parity while all the ones at the top of this slide
are forbidden.
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Supersymmetry breaking and soft parameters

» We now briefly discuss supersymmetry breaking.

» It is possible to break supersymmetry spontaneously at tree
level using either F-terms or D-terms.

> Let us give an example of each one. The classic model of
F-term breaking is the O’Raifeartaigh model:

W(®g, @1, P2) = 1 f1(Po) + P2 fo(Po)
» Here, f1, fo are two polynomials chosen such that

J1(®o) =0, f2(Pg) =0,
do not have a common solution for ®.
» The potential for the scalar components of these superfields
is:
2

VN |60 F(60) + o f(d0)]? + | Fu(o) 2+ | faldo)

0o

2

i=0,1,2




For the vacuum energy to vanish, all three terms in this
potential must vanish.
However the last two cannot vanish together since the
relevant polynomials have no common zero.
It follows that the vacuum energy is > 0 and supersymmetry
is spontaneously broken. There is a massless fermion
(“goldstino”) in the spectrum.
Note that the auxiliary fields, by their equations of motion,
are set equal to:

F;, = _dVVjv 1=0,1,2

99,

and therefore term by term, the potential above can be
written:

[Fol? + [F1 [ + | P

Now we have just shown that at least one of Fi, F5 develops a
vev, thereby illustrating the general principle that spontaneous
supersymmetry breaking is signalled by a vev of the auxiliary
field.



Next we consider a model of D-term breaking.

» Consider a theory with an Abelian gauge field and a single

chiral superfield ® of charge t = 1. Because of its charge,
there can be no gauge-invariant superpotential for ®.

Now the scalar potential comes from the D-term, and is:
1+ g0'9)?

If n > 0, the vacuum configuration is ¢ = 0 and the vacuum
energy is positive, so supersymmetry is spontaneously broken.

On the other hand if n < 0, the vacuum configuration is any
¢ satisfying g = [n].
In this case the vacuum energy is zero, and supersymmetry is

unbroken. However, since ¢ gets a vev, the gauge symmetry is
spontaneously broken.

This illustrates an amusing, and generally complex, interplay
between supersymmetry and gauge symmetry.



» Unfortunately, it can be shown that spontaneous
supersymmetry breaking within the MSSM at tree level leads
to sum rules on particle masses that are in conflict with
experiment.

» Therefore the current attitude is to assume supersymmetry
breaking takes place by some other mechanism, usually
involving extensions beyond the MSSM.

» Without knowing the details of this mechanism, we can still
discuss the impact of the breaking on the MSSM, in the form
of soft supersymmetry breaking terms.



» The basic idea is to allow non-supersymmetric interactions of
scaling dimension < 3, moreover restricted so that they do
not induce dimension 4 operators via loop diagrams.

» This ensures that the non-renormalisation theorems of
supersymmetry continue to apply in an approximate, but still
useful, form.

» These are called “soft terms”. The following types of terms
qualify as soft:

Ssoft = / d%( — oM (m?) ¢’
HCr o'~ §B1y 0107 + § AL 0976 +cc)

(M AN + c.c.))

where we have used the generic notation ¢! for all scalars,
and \“ for all gauginos, in the theory.



The following terms have dimension < 3 but are either
equivalent to terms above or do not qualify as soft because
they generically induce non-soft operators via loops:

ol ok, ele’

For the MSSM we note that the linear term C;¢’ is absent
since there is no gauge-invariant scalar in the theory.

» This restriction actually makes the term ¢!/ ¢’ ¢ a soft term.

» And it also makes it possible to absorb the ¢/¢7 by re-defining
the superpotential as well as the scalar soft breaking terms.



» Before writing down the above terms in detail for the MSSM,
let us introduce the spurion formalism.

» This makes it possible to write non-supersymmetric
interactions in terms of superfields at the cost of introducing
a fixed (“spurion”) superfield:

X =00F

where F'is a constant parametrising the supersymmetry
breaking scale.

» Then we can write the soft terms as:
Seoft = /d%(— /d%d%ﬁ XX o (m?) ("), 27
+/d29 X (=3B, @'®7 + 1 A1;x@"07 0K +c.c.)

-1 / 420 X tr (M WOWe + c.c.)>



» Let us make the soft terms more explicit in terms of MSSM
fields. The first term becomes:

1 P Py =~ ~
—¢' (m7))e’ — —@ (M2)ij 0 + &l (M2); &
~ ~ =~ =~ :-I— =
+4] (M2)ig ) + @} (M2)i; @ + d; (M2)y; d;
+m? Ay +m3 hbh, )
» The remaining terms become:
—%BUQSI(Z)J —  Buhy-ho +c.c
s ALK OO = (ha - G)(fOA)isE5 + (h - @) (fTAY)5d;

+(qi - ho) (f*A")ijuy
LM +cc. —  L(MiApAp + MaXiy Ny + MzA2 A

» This is a substantial proliferation of parameters from the SM
and even the MSSM!



Lorentz Algebra and Fields

Supersymmetry - free fields

Superspace and superfields

Supersymmetric actions

Non-renormalisation theorems

The MSSM

Supersymmetry breaking and soft parameters

Supergravity

«4O0)>» «Fr «Er» « =)

it
)
0
i)



Supergravity

» So far we have discussed supersymmetric field theory in the
absence of gravity.

» This is reasonable if we want to consider physics at energy
scales much lower than 10' GeV, the Planck scale, as the
effects of gravity are then very weak.

» However, if we want to embed the MSSM in a supersymmetric
unified theory near the Planck scale, then we need to consider
the supersymmetric form of gravity, called supergravity.

» This is also necessary if we want to embed the MSSM in
superstring theory, which for slowly varying fields reduces to a
theory of supergravity.



Supergravity is an extension of ordinary gravity in which the
graviton field e, () is part of a supermultiplet along with a
fermionic field.

Because the metric describes a graviton of spin 2, the fermion
superpartner must have spin %

This has a desirable consequence. In ordinary field theory a
global symmetry can be rendered local by coupling the
conserved Noether current to a gauge field:

O, = 0= / S(J"A,) = / JH Qe / 0 J" €

A similar procedure with supersymmetry would start with the
conserved spin—% fermionic supercurrent S4 , and couple it to

a spin—% fermion W 4 , transforming as 0V 4, ~ J€a:

/5 (SH1 W4 ,) /SA " Opea(w /a St eq(x) =0



Thus we see that a spin—% field is suggestive of local
supersymmetry.

In fact, just as fundamental spin-1 fields must always be
gauge fields to avoid inconsistencies, spin—% fields must always
be gauge fields of local supersymmetry.

» Thus supergravity requires local supersymmetry.

» Now the circle closes, for the supersymmetry algebra:

{Qa, QTB} = QUZBPLL

tells us that local supersymmetry implies local translation
invariance, which amounts to reparametrisation invariance —
the hallmark of gravitation.

Thus it is sometimes said that supergravity is the square-root
of general relativity.



The field variables of supergravity are the vierbein ¢, and the
gravitino W 4 ,.

The metric of spacetime is:
9w (@) = €%, (¥)ear ()

but (as in any gravitational theory involving fermions) the
vierbein is taken to be fundamental.

We also need the inverse vierbein £, defined by:
oy B¢, =

The gravitino W 4, is Majorana, like the gaugino. It also
satisfies a constraint that projects it to a spin—% state.



To write the Lagrangian, we first define the spin connection:

wzb = %[E“”(ayebu—ﬁueby)—&-%E“)‘Ebp(a)\ecp—ape“)ec“ —[a < b

This is the gauge field in terms of which the Riemann
curvature tensor is written:

ab ab ab ac b ac b
R, (w) = Ouwy” — 0wy + wyfw,. — wyw,,

Now we can define the scalar curvature by:

R(ev w) = EaHEbV R,uzxab(w)

The final ingredients in the supergravity action are the special
derivative:

(D)F =0 = Joitlom)F (0§ = apern(a™)f

and the determinant of the vierbein:

e = [|e%l]



To write gravity actions we must introduce a dimensional
parameter, the Planck mass M, defined in terms of other
familiar parameters by:
y 11
M, ==

- SWGN K

The supergravity action is then:

M2 R
Ssugra = - 21 e R(e,w) — %E“VpU\I/#JVDP\I/L N
where the - - - refers to 4-fermion terms that are rarely, if ever,

needed in detail.

The above action is invariant under:
def, = A#p(eaalﬂl — \I/,,,Uaef)
6U, = 2MpDye+---

where this time the - - - refers to WWe terms that, again, we
do not usually need.



» Next we discuss the action for a matter and gauge system
coupled to supergravity. We temporarily choose units where
M, =1.

» Since this is a non-renormalisable theory, we are tempted to
re-instate the non-renormalisable couplings within the
matter-gauge system and write:

, 1
/d29d2m Ko o) + o m </d29 ]—"ab(@I)W“‘Wb)

+2Re (/d2ew (@) ) +2 >y /d29d20T Vin

U(1 factors

» However, the requirement of local supersymmetry puts a
constraint on the above terms depending on three
independent functions K, F, V. The action can depend on
only one combination of K, WV:

G o' = K(®, ®7) + logW(®') + log W' (@h)



» Because the superpotential is analytic, the Kahler metric
following from G is the same as that from K:

GIJ = K,Ij = ng

» Now the bosonic part of the matter-gauge-supergravity action
has the following terms:

eilssugra = *%R(eau})

_ J 7

e 'Smatter = Gr7 D' D'¢T" —e9(GG G 7 - 3)
—1Re(Fup) Fif, FOM — AIm(Fp) F FOH

*%RC(]‘—J}) (g’ITFJQSJ) (g’Kbe(LﬁbL)

-1
€ Sgauge =

» We recognise the second term in Spatter as the F'-term and
the last term in Sgayge as the D-term.



For the matter and gauge sectors, the action has supergravity
modifications compared with its globally-supersymmetric
version.

These all involve powers of ), not visible in our conventions
where M, = 1.

It is a straightforward, but illuminating, exercise to re-instate
the correct powers of ), in the above formulae by
dimensional analysis.

One can then check that in the limit M, — oo the effects of
supergravity decouple and the action reduces to the familiar
one for the globally supersymmetric matter-gauge system.



» Note that in supergravity, the scalar potential is no longer
positive-semidefinite as it was for global supersymmetry!

» Moreover, positivity of the vacuum energy is no longer the
condition for supersymmetry breaking. But auxiliary fields
getting a vev is still the right condition.

» As a result it is possible in principle to break supersymmetry
and yet have a vanishing or small cosmological constant. But
that requires a high degree of fine-tuning.



» Let us also mention here a special case of the above system
where we take the Kahler potential and the gauge kinetic
function to be trivial:

K@M, o) = ol Fup=0d4

» This is called “minimal supergravity”, though it should be
distinguished from any specific model which also carries that
name.



Once a matter-gauge system has been coupled to
supergravity, the supersymmetry transformation laws (of pure
supergravity or of pure global supersymmetry) are modified.

In particular, we have (among many others) the following
terms:

66!~ 3G jet -
SA* ~ GITHe e

> Again we recognise the appearance of F- and D-terms.

» Local supersymmetry is broken when the RHS of either of
these variations is non-vanishing:

e3G17G ;40 o GITH¢ #0



Under these conditions we expect the super-Higgs mechanism
to take place. Instead of a massless goldstino appearing in the
spectrum, the gravitino becomes massive.

While the full analysis requires some work, one relevant
observation is that in the fermionic part of the coupled
matter-gauge-supergravity system, there is a term:

g
5 ,0"T,

This is a gravitino mass term for any finite value of the vev
(G) (remember that because of the log term in G, the natural
value for (G) is —o0).

Thus (re-instating ), in an obvious way):

g
my, = ez M,



» In the minimal supergravity case it is quite easy to write down
the full scalar potential:

V(e e') = (G616, -3)
+4 (G T1,27) (9 T ")
= (W ot - 3P
+9 (1T 67) (61K TR o)
» As a very simple example, the Polonyi superpotential:

W(®) = m2(® + )

for a single neutral superfield gives rise to supersymmetry
breaking for some values of 5.

» The scalar potential is:

V(9,6) =m*e?'? (11 + 6'(6+ B) - 30+ 5I*)



» In minimal supergravity, the F-type breaking condition

reduces to:
W4 oW #£0

which in this model is:
14+ ¢'(¢+B) #0

» Now this is true for all ¢ as long as —2 < § < 2.

» One can make the potential vanish at its minimum for
3 =2 — /3, so the cosmological constant vanishes despite
supersymmetry breaking — but this amounts to fine-tuning!



References

v

M. Drees, R. Godbole and P. Roy, “Theory and
phenomenology of sparticles”, World Scientific (2004).

v

H. Baer and X. Tata, “Weak scale supersymmetry”,
Cambridge (2006).

P. Binetruy, “Supersymmetry”, Oxford (2006).

v

v

D. Ghoshal, “N = 1 Supersymmetric gauge theories”, in
“Current perspectives in high-energy physics”’, ed. D.
Ghoshal, Hindustan Press (2005), Rinton Press (USA).

J. Wess and J. Bagger, “Supersymmetry and supergravity”,
Princeton (1992).

v



	Lorentz Algebra and Fields
	Supersymmetry - free fields
	Superspace and superfields
	Supersymmetric actions
	Non-renormalisation theorems
	The MSSM
	Supersymmetry breaking and soft parameters
	Supergravity

