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1 Synopsis

1.1 Motivation

Our understanding of the physical world relies greatly on the various pathbreaking experi-
mental discoveries and the deep mathematical structures which have been uncovered in the
quest to understand those observations. In this way, a variety of physical phenomena have
received their common explanation through a minimal set of theoretical tools. It is espe-
cially exhilarating for a theoretical physicist to find apparently unrelated phenomena unified
this way under common insights. A pertinent example in this regard is the way the theory
of quantum fields has been used to explore a wide range of phenomena cutting across the
conventional borders which separate the various fields of physics.

In a similar vein, it has been realised that string theory, a set of ideas that had originally
originated in the experimental studies of gauge theories, also provides a natural framework
to address an entirely different question altogether - that of constructing quantum theories
of gravity. This realisation has over the past few decades led string theorists to a theoretical
structure which seamlessly interweaves some of the central ideas of theoretical physics - from
quantum mechanics to gauge theories, from general relativity to supersymmetry apart from
opening up many new avenues in mathematical physics.

Notable in this regard is the way string theory incorporates and extends the idea of duality
in the space of theories. Since duality will be a crucial theme of the work that is reported in
this synopsis, it is essential that we briefly review the idea of duality at this point. Duality is
a phenomenon in quantum theories whereby two theories which are classically distinct lead
to the same theory after quantisation. The simplest and oft-used example of duality is the
fact that a quantum theory of a many-particle system is identical to a theory of quantum
fields despite the fact that a classical many particle system and a classical field theory are
very different as physical systems.

Over the last century, many such dualities have been discovered and they have served as a
rich source of insights whenever they are applicable. A non-exhaustive list of such field theo-
retical dualities include Kramers-Wannier duality in the Lattice Ising theory, the phenomenon
of bosonisation in various 1+ 1d systems, Seiberg dualities of the N' = 1 superconformal fixed
points, various AN/ = 2 dualities inspired by the pioneering solution of Seiberg and Witten
and the Montonen-Olive duality in N' = 4 supersymmetric Yang-Mills theory. String theory
incorporates and extends various such dualities in its deep structure resulting in a rich web of
string-string dualities connecting various string theories. More surprisingly, about a decade
ago, it was realised that there are dualities which connect certain string theories on one side to
field theories on the other side thus supporting the idea that the study of a particular corner
in the space of all non-gravitational field theories leads one irrevocably into string theory and
quantum gravity.

That one needed an apparently unrelated quest towards a quantum theory of gravity
to lead us to such a statement about ordinary quantum field theories is itself revealing.
More than anything else, it is humbling for a physicist to realise that our understanding of



strongly coupled field theories is so rudimentary that some of the deepest statements about
field theories in the last few decades has been discovered by pursuing an esoteric quest that
according to naive intuition, seems far removed from such questions.

We live in very interesting times - despite the fact that physics has made enormous
progress in understanding the many aspects of reality, there is still an enormous sea of chal-
lenging questions which are yet to be answered. These questions take various forms - what are
the possible behaviours that are possible in a given system ? What is the most efficient way
to understand such a behaviour 7 What mathematical patterns underlie these behaviours ?
It is fair to say that in many physical systems we are far away from answering these questions
comprehensively. Our obstacles are many - there is no foolproof way to isolate the right
degrees of freedom to describe a particular situation in physics except for symmetry consid-
erations and prior experience. The most obvious variables are often the least useful because
the phenomenon we are interested in arises out of strong interactions between the obvious
degrees of freedom. Dualities, when present, give a rare window into these questions. In fact,
it can be argued that almost everything that we analytically know about non-trivial quantum
systems can be attributed to symmetries along with various exact and approximate dualities
exhibited by the system (especially notable in this regard is the role of effective field theories
which are essentially approximate dualities at the low-energy regime).

In this synopsis, we will describe a particular example of such a duality and its useful-
ness in answering questions about certain strongly coupled model field theories. These are
questions regarding the transport phenomena in these systems which at the outset appear
to be theoretically intractable, but we will take recourse to the symmetries and dualities to
make progress. These dualities will lead us into the study of what naively appears to be an
unrelated set of questions about black holes, black branes and their long-time evolution and
at the end of it all, we will discover some very interesting transport phenomena which were
discovered through the methods that are outlined in this synopsis.

1.2 Hydrodynamic description

How does a physicist proceed when confronted with a strongly coupled system ? Our first
instinct is to ask for the basic symmetries that govern the system under study. Often strongly
coupled field theories have spacetime symmetries of translations, rotations and boosts along
with other global symmetries. Although exceptions to this statement (which involve spatially
modulated and/or orientationally ordered phases of matter where these symmetries are spon-
taneously broken) are of great interest!, we wish to focus on phases where these symmetries
serve as good guides to the dynamics of the system?. In a relativistic theory, these symmetries

! After all, some of the most studied models in physics including solids, magnets and liquid crystals fall into
this category.

It would be an interesting exercise to generalise the methods detailed below to cover such ordered
phases.There have been many attempts to apply holographic methods to spatially modulated phases but
a general theory of the kind we describe below is yet to be developed.



guarantee the conservation of the energy-momentum tensor® VT =0 and conservation of
the charge current V,J! = 0.

To begin with, we will look for a sector where the dynamics is essentially captured by
the dynamics of the energy-momentum and charge flow. This in particular means that if
there are other macroscopic degrees of freedom in the system, we are assuming that there is
a sector where their dynamics can be decoupled and hence ignored. We do not know how
generic the presence of such a sector is in strongly coupled systems? , but later on we will
present examples where such a truncation to just the conserved charges can be justified at
strong coupling.

Having said that, we should also add that the statics of many interacting systems have
a thermodynamic limit where the conserved charges (along with entropy given as a function
of these conserved charges) capture the essential physics. So, it is not entirely unnatural to
expect that if we introduce a slow time-dependence with small spatial gradients such that
local patches of the system are in thermodynamic equilibrium (and assuming we are able to
introduce these spatial gradients without exciting the other macroscopic degrees of freedom),
then the dynamics of the conserved quantities continues to be an effective way to describe
the dynamics of the system.

Having convinced ourselves that this should be the case, we however face a conundrum
- the energy momentum tensor T"” in d dimensions is a symmetric rank two tensor with
d(d +1)/2 components and the d equations V,T"” = 0 simply are not enough to determine
the dynamics of all these components® ! Similarly, for the ith charge we have a single equation
V. J! = 0 which is not enough to determine the dynamics of d components of J!. This in
turn implies that either we should give up on treating each and every component of TH” and
J!" as independent or we should add more dynamical equations to the set of conservation
laws.

We will again be guided by our thermodynamic intuition - a static thermodynamic equi-
librium state in a field theory often has a rest frame (specified by a unit time-like vector
ut ) which we can think of as a frame where there is no energy flow - more precisely, u*
can be thought of as the time-like eigenvector of the energy momentum tensor 7}'. Such a
state is characterised by its rest frame energy density € = T*”u,u, and the rest frame charge
density n; = —J!"u, (where we have crucially used our assumption that all other macroscopic
degrees of freedom can be ignored). This fact combined with our physical intuition derived
from various real systems leads us to the basic idea that resolves our problem - if we treat

3In a quantum field theory, a precise way to state the conservation laws is to invoke the Ward identities
satisfied by arbitrary n-point functions of energy-momentum operator T*" and the current operator jf . In our
present discussion, we will focus mainly on the one-point functions 7" and J!* ignoring admittedly interesting
questions about the hydrodynamic fluctuations.

4What we do know is that phases with macroscopic degrees of freedom that are not conserved can exhibit
qualitatively new features.

SUnless d(d + 1)/2 = d whose only non-trivial solution is d = 1. We may try to save ourselves specialising
to conformal field theories where the trace degree of freedom T} is removed, in which case we have enough
equations only when d(d+1)/2—1=dor d=2.



u*, e and n; as our basic variables in terms of which T} and Ji” are specified, then we have
as many variables as there are conservation laws resulting in a consistent dynamical system.
When the macroscopic behaviour of a quatum field theory - strongly coupled or otherwise
reduces to such a system, we say that we have a hydrodynamic description emerging out of
that particular quantum field theory.

Given the argument above, one can ask whether there are actually calculable model
quantum field theories in which such an emergence of hydrodynamic description can actually
be exhibited and the corresponding 77" and J!* be calculated as functions of u*, e and n,.
This question leads us into the field of transport phenomena. in various field theories where for
weakly coupled field theories, there are by now various well-developed perturbative formalisms
in non-equilibrium statistical physics to answer this question. In case of strongly coupled field
theories, there is no general approach except numerical studies and studying transport in
quantum field theories is still a computationally expensive proposition. So, it would appear
that to exhibit the emergence of hydrodynamic behaviour in a strongly coupled system is
for all practical purposes an intractable problem. While this pessimistic assertion may be
justified in general, as we have mentioned before, there are strongly coupled systems which
can be made tractable by using dualities and string theory with its cornucopia of dualities is
an apt place to look for such model systems.

1.3 Gauge-Gravity duality and Supersymmetric Yang-Mills

In this synopsis, we will be focusing on a particular duality called gauge-gravity duality in
string theory and ask what can it tell us about transport in strongly coupled field theories.
For reasons of tractability, we will focus on a strongly coupled but a conformal quantum
field theory which has no dimensionful quantity in its microscopic description ¢. Further, all
the field theories we will consider have a parameter N characterising the number of degrees
of freedom and we will be working in a large N limit. In higher dimensions, most known
examples of strongly interacting conformal field theories happen to be supersymmetric, but
supersymmetry will not play a direct role in our subsequent discussion.

A particularly good example of the kind of models under consideration is the SU(N)
supersymmetric gauge theory in 3+1 dimensions with a four-fold supersymmetry. Since we
will later be discussing the transport properties in this model in some detail, we will briefly
review the main features of this model. It has the following field content

e An SU(N) gauge-field A}, where u = 0,1, 2,3 denotes that it is a spacetime vector field
and the index a = 1, ..., N? — 1 runs over the adjoint representation of the gauge group
SU(N).

5Note however that a conformal field theory at a finite temperature equilibrium state has a macroscopic scale
- the temperature which is a characteristic of that state. Similar statements can be made about hydrodynamic
states with a given energy density € or charge density n.



e Four chiral fermions ¥4 charged under the adjoint representation of SU(N) where
o = 1,2 denotes that it is a chiral fermion field and A = 1,...4 is the flavor index. The
aA)*

complex conjugate of 124 is an anti-chiral spinor denoted as @Z_Jja = (¢

e Six real scalars 48 = (®,4p5)* = —®54 charged under the adjoint representation of
SU(N). It is convenient to define ®4p via the relation

(I)ng = 6ABCD CT)QCD

N =

The theory is defined by the Lagrangian density|[1]

1 - - S
—L = L Fi, B — (Du®ap)a(D ®4P)q + g ol (D)ot

+ g e BRCL foledd Log  + gv2 £ [ oAQ pycP + @ZA‘I)?;‘B%Z?B}

where f%¢ are the structure constant of the gauge group SU(N), g is the gauge-coupling
and D), is the covariant derivative appropriate to the gauge group. This theory is among the
very few interacting conformal field theories known in 3 + 1 dimensions. In particular, the
coupling ¢ in the above lagrangian does not run with scale and the classical scale-invariance
of the above lagrangian is continued to be preserved by the quantum fluctuations.

This theory is manifestly invariant under a SU(4) flavor symmetry (often called the
R-symmetry of this theory) under which the different fields transform as

i — Uyl Vaa — (U) Lban

and
48  UteP (T B Dy — (U) L @cp(UN

where U is a 4 x 4 unitary matrix with (UUT = 1). This classical global symmetry is
continued to be respected by the quantum fluctuations and hence we have quantum global
SU(4) symmetry in our theory with the corresponding Noether currents. For reasons that
will become clearer later, it is especially convenient to focus on the transport of the Noether
charge associated with a U(1) subgroup of SU(4) made up of Us of the form

e? 0 0 0
0?0 0

U= 00 0o € SU(4)
0 0 0 3

One of the main results of the work presented here would be the claim(that we hope to
substantiate by the end of this synopsis) that in an appropriate limit, using gauge-gravity
duality, we can precisely argue for the existence of certain novel phenomena in the transport
of this charge and compute the corresponding transport coefficients.



The study of this conformal field theory can be simplified further by taking the number
of colors N in this theory to be large. Following ‘t Hooft, to get a sensible limit we should
keep the ‘t Hooft coupling A = ¢?N fixed as N is taken to infinity. Such a limit gives us
an interacting theory whose interactions are governed by the parameter A\. This then is a
precise model system, where the questions of the previous subsection can be asked - what
are the transport properties of this model when A is very large 7 Are they even calculable ?
Can one see the emergence of hydrodynamic behaviour in the macroscopic dynamics of this
model 7 The answer to these apparently intractable questions about an interacting theory
is surprisingly in affirmative because of the gauge-gravity duality. A variety of transport
phenomena in this strongly interacting theory using the gauge-gravity duality have been by
now well-studied by various authors. In the course of this synopsis, we will describe only
the studies to which I have contributed and briefly review those parts of other works which
provide the necessary background.

1.4 Weyl Covariance and Hydrodynamics

Before applying gauge-gravity duality to derive the hydrodynamics emerging out of an under-
lying conformal theory, it is worthwhile to understand the structure of such a hydrodynamic
description”. The fact that the microscopic theory is devoid of scales imposes strict constraints
on the kind of transport that can occur in the macroscopic description. We will summarise in
this subsection, a formalism developed in [2] to naturally incorporate these constraints into
the hydrodynamic description.

A conformal field theory living on a d dimensional spacetime M with a metric g, is
by definition a theory which is covariant (upto quantum Weyl anomalies) under the Weyl
transformation which replaces the old metric g,,, with g,, given by

G = e%(ﬂﬁ)gw; g = e—%(ﬂﬁ)guu (1.1)

In some sense, these theories are naturally thought of (again upto Weyl anomalies) as living
on a spacetime M which has a class of metrics C, which are related to our original metric
by a Weyl transformation. We will henceforth refer to the fluid which emerges out of such a
conformal field theory at a finite temperature as a conformal fluid.

The conformal fluid which emerges out of a conformal field theory inherits Weyl-covariance
from its microscopic theory. The question that we wish to answer is how this Weyl-covariance
manifests itself at the level of hydrodynamics and how does one go about constructing Weyl-
covariant quantities in hydrodynamics. Let u* be the unit time-like vector describing the
fluid motion. Using g, utu” = g, u*a” = —1, we get the Weyl transformation of the velocity
ut = e ?u*. Now, we can go ahead and construct various derivatives of this velocity field,

provided we have a way of differentiating fields in a Weyl-covariant way.

"This subsection is based on the work that was done by the author and presented in the form of the paper

[2].



To see how this might be possible, we begin with the Weyl-transformation of the Christof-
fel symbols

T =T’ + 050, + 05000 — G3u§"" Do (1.2)

from which it follows that

v#uﬂ ~
= . 1.
d—1 Uy A, + aV¢ ( 3)

A, = uh'Vyu” —

This transformation means that hydrodynamics provides a natural ‘gauge field’ for Weyl
transformations which can be used to construct a Weyl-covariant derivative. We define a
Weyl covariant derivative D such that, if a tensorial quantity Q% obeys QY = e~ weQl |
then Dy Q4 = e “?Dy\QL where

Dy QU =VaQU: +w A\QY:
+ [graAl — 01 Mg — 64 QY + ... (1.4)
— (gAY = 03 Ay, — S AN QL —

Note that the above covariant derivative is metric compatible (Dyg,, = 0). In mathematical
terms, what we have done is to use the additional mathematical structure provided by a fluid
background (namely a unit time-like vector field with conformal weight w = 1) to define what
is known as a Weyl connection over (M,Cy) where M is the spacetime manifold with the
conformal class of metrics C, .

A torsionless connection V¥ is called a Weyl connection (see for example, [3] and
references therein) if for every metric in the conformal class C, there exists a one form A,
such that V}feylgw\ = 2A,9,» - Having a fluid over the manifold provides us a natural one
form A, (see below), which can in turn be used to define a Weyl connection. The ‘prolonged’
covariant derivative D is related to this Weyl connection via the relation D, = V:feyl +wA, .
In terms of this covariant derivative, the condition for Weyl connection is just the statement
of metric compatibility (Dyg,, = 0) and the one-form A, is uniquely determined by requiring
that the covariant derivative of u* be transverse (u*Dyu* = 0) and traceless (Dyu* = 0).

We can define a curvature associated with the Weyl-covariant derivative by the usual
procedure of evaluating the commutator between two covariant derivatives. For a covariant
vector field V, = e_w¢1~/u , we get

[DW DV]V)\ =w Fuu V\ + ij}\a Vo with

]:,uu = V,unAl/ - VVA,U (15)

o A?
Ruu)\a = R,U,l/)\O’ - 5[Mgu][)\65] <va-’45 + Aa-A,B - 2904,3) + er/g)\a



where we have introduced two new Weyl-invariant tensors F,,, = ]T"W and R, \* = 7%#,, 2 and
By = By — By, indicates antisymmetrisation®. Since these Weyl-covariant counterparts of
curvature tensors will play a useful role in the formulation of conformal hydrodynamics, we
will briefly describe their properties®.

We can write down similar expressions involving Ricci tensor, Ricci scalar and Einstein
tensor.

Ruw = Ryaw®™ = Ry + (d = 2) (Vly + A Ay — A%0,) + g VaA + Fuw = R

R=Ra*=R+2(d— 1)V A  — (d—2)(d — 1)A> = e 2R

R

d—3
Gw=Rw— 9w =Guw+(d—-2) |V, A +AA — <V>\A)‘ -

2 2

A2> QW] + Fu
(1.7)

These curvature tensors obey various Bianchi identities '

Ryun™ + Rxfun)™ = 0
Dy\Fuv + 'D[#]‘—Vp\ =0 (1.8)
,D)\,R/;waﬁ + D[NRI/})\O[B =0
and various reduced Bianchi identities!!
Riw) = Ruva®™ =d Fpu
D[/,LRV])\ + DUR;M/)\J =0 (19)
Dy (9" = F*) =0

The tensor R\, does not have the same symmetry properties as that of the usual Riemann
tensor. For example,

R,uy)\a + R,uz/a/\ =2 fuug)\o
Ruu)\o - R}\O’MV = *5ﬁigu][)\65]faﬁ + ]:;wg)\a - ]:)\Ug,uz/ (110)
RuowpV VP = RyausVeVF: = F, VOV,

The conformal tensors of the underlying spacetime manifold appear in the above formal-
ism as a subset of conformal observeables in hydrodynamics. These conformal tensors are

8 As is evident from the notation above, we use calligraphic alphabets to denote the Weyl-covariant coun-
terparts of the usual curvature tensors. Our notation for the usual Riemann tensor is defined by the relation

[VM7VV]V>\ = R,uu)\gva- (16)

Note that the curvature tensors used in this synopsis are negative of those employed in [2].

9Note that these curvature tensors are essential even if one is in a flat spacetime, since most of these
Weyl-covariant curvatures do not vanish for a general velocity configuration in flat spacetime.

""These identities can be derived from the Jacobi identity for the covariant derivative - [Dy,, [D,}, Da] +
[Dx, [Dn, Du]] =0

HThese identities are obtained from the Bianchi identities by contractions.



the Weyl-covariant tensors that are independent of the background fluid velocity. The Weyl
curvature C, s is a well-known example of a conformal tensor. We have

CMV/\U = Ruu)\o + 5&91/] [)\65}504,3 = C,uvka + ‘F/Wgz\a = €2¢5,MV>\0' (111)

where the Schouten tensor S, is defined as

1 Ry A? F =
SyEi RV_4M7V :SV \Y v v — 5 Yuv B :Sl/ 1.12

From equation (1.11), it is clear that Cune = Cure — Fuvgre is clearly a conformal
tensor. Such an analysis can in principle be repeated for the other known conformal tensors
in arbitrary dimensions.

The Weyl Tensor C),, ), has the same symmetry properties as that of Riemann Tensor

R/u/)\o .

C,uu)\cr = _Cuu)\o = _C,uua)\ = CAa,uzl

(1.13)
and Cpuan* =0

From which it follows that Cwyﬁuauﬁ is a symmetric traceless and transverse tensor - a fact
which will turn out to be important later in our discussion of conformal hydrodynamics.

Now, we turn to the study of how various quantities of relevance to hydrodynamics can
be constructed in this formalism. The Weyl-covariant derivative of the velocity field naturally
breaks up into a symmetric part and an antisymmetric part

P, = g" +utu”

V. ~
Dy’ =V, u” 4+ uy(u.V)u” — JPMV =0,/ +w,” = eiqspﬂﬁy’

d—1
1.14
o = % (PVau” + PP — dv‘“l P = %(D“u” + DVt = =305, —

1 1
WV = 5 (PMAV)\'LLV _ PV)\V)\UM> — 5 (D,uul/ _ rDVu,u) — o 3K

The shear strain rate o, is a symmetric traceless tensor which tells us the rate at which the
fluid element around a point is sheared whereas the vorticity w,, is an antisymmetric tensor
that roughly tells us how fast the fluid is swirled around a point. Other important quantities
in hydrodynamics are the energy density e, pressure p, entropy density s, temperature 7T,
conserved charge density n; and corresponding chemical potentials p;. The scaling properties
of these thermodynamic quantities is directly determined by the naive dimensional analysis

e =e ¢ , p= e’d‘bﬁ , S§= e~ (@193 ,

_ 1.15
T =e ®T (1.15)

;o= U = e

We now turn to the Weyl-transformation of the conserved currents T, and J!. The
scaling of J" is again fixed by naive dimensional analysis J* = e~ J". Tt is easily shown

,10,



that for such a J!, we have D, J!" = V. J! so that statement that it is conserved is consistent
with Weyl-invariance.

We now turn to 7}, - here we face a subtlety due to quantum anomalies in the Weyl
transformation. If we ignore it, and use naive dimensional analysis to fix its scaling as

v _ e—(d+2)¢fwf

classical classical then we get

classical classical

DMTMV = VMTMV + AVTﬁclassical

so we recover the familiar statement that for the conservation of classical energy momentum
to be consistent with the Weyl-covariance, we should also impose that the classical energy
momentum tensor be traceless. Now, we turn to the actual quantum theory - the Weyl
transformation of 7}, in quantum theories is non-trivial because of the presence of Weyl
anomaly - a quantum obstruction to the existence of a tensor which is both conserved and
Weyl-covariant. This in turn means that T\ = W)[g] where W][g] is the trace contribution
due to the Weyl anomaly and it depends only on the microscopic field content and the
ambient spacetime in which the conformal fluid lives and is independent of the state under
consideration.

Often there exists another symmetric traceless tensor TH”

vonf Which is not conserved, but

is Weyl-covariant.
TH =T — T [g] = e @WHoT

conf — anom conf

where Thnom[g] characterises the contribution due to Weyl anomaly which depends only on the
background spacetime and the field content. We will assume from now on that this indeed the
case for the models under consideration. In this case, one can show that the transformation
of the energy-momentum tensor is such that the quantity

DT =V, T + AV (TH, — W]g)) = e~ (@+2D, THv

is Weyl-covariant. This in turn implies that the two statements of the conservation of T},
and freezing the trace of 7}, to the Weyl-anomaly of the microscopic theory together can
be packaged into a Weyl-covariant statement D, T = 0. Since we have shown that the
basic equations of conformal hydrodynamics are Weyl-covariant, the only constraint on the
hydrodynamics coming from the underlying conformal field theory is that 7' . and J! be
Weyl-covariant functionals of the basic hydrodynamic variables. This constraint is easily
implemented by working within the manifestly Weyl-covariant formalism that we have just
outlined. This then completes our programme to formulate hydrodynamics in a manifestly
Weyl-covariant way.

We can now use this Weyl-covariant derivative to enumerate all the Weyl-covariant
scalars, transverse vectors (i.e, vectors that are everywhere orthogonal to the fluid veloc-
ity field u*) and the transverse traceless tensors in the charged hydrodynamics that involve
no more than second order derivatives. We will do this enumeration ‘on-shell’, i.e., we will
enumerate those quantities which remain linearly independent even after the equations of
motion are taken into account.
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The basic fields in the charged hydrodynamics are the fluid velocity u* with weight unity,
the fluid temperature T' with with weight unity and the chemical potentials p; with weight
unity. This implies that an arbitrary function of p;/T is Weyl-invariant and hence one could
always multiply a Weyl-covariant tensor by such a function to get another Weyl-covariant
tensor. Hence, in the following list only linearly independent fields appear. To make contact
with the conventional literature on hydrodynamics we will work with the charge densities n;
(with weight d — 1) rather than the chemical potentials p;. For simplicity, we will confine
ourselves to the case where there is only one charge.

At one derivative level,

e Weyl invariant scalars : None

e Weyl invariant transverse vector : n‘lPﬁ Dyn.
In d=4 , we also have [* = e‘“’)‘auuvyuA .
e Weyl-invariant symmetric traceless transverse tensors : T'o,
At the two derivative level,
e Weyl invariant scalars :

—2 v —2 v —2
T 0,0, T wuw'”, T °R,

1.16
T *n 'P*D,Dyn and T *n 2P*D,nDyn (1.16)
In d=4 ,
T_Qn_ll“DMn
e Weyl-invariant transverse vectors :
T~'P/Dyo,*, T 'P/Dyw,’, 1.17)
T_ln_lo'“)‘D,\n and T_ln_lw“AD,\n .
In d=4 ,
TﬁlaW v
e Weyl-invariant symmetric traceless transverse tensors : “
Cua,jﬁuauﬂ, u)‘Z)>\¢7N,,7
A A A P/W af A P/W af
Wy Oy W ON, O 0N — ﬁ 0apo ", Wy Wy, + ﬁ WapW ", (1'18)
n~' I8 DoDgn, n 2 I3 Dan Dn.
In d=4,
1 EaﬁAu 6700V0a6v0 U\Ug 160[[3)\(#6(0['8z/)cru)\uov D(,uly)v
4 2 (1.19)

n_lﬂﬁfjlaﬂgn, n_leo‘ﬁ’\(uay),\ual?gn.
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where we have introduced the projection tensor H,Oj,é which projects out the transverse trace-
less symmetric part of second rank tensors
2

e e e T i

B _
I, = T

1
2
These invariants can now be used to write down the most general T}, and J! consistent
with Weyl-covariance. The energy-momentum tensor and the charged currents of the fluid

are usually divided into a zero-derivative part and a part involving at least one derivative
T“”f = p(g"™ +d ufu”) + 7

con

(1.20)
J = piut + vt

where we can take the visco-elastic stress 7/ to be transverse (u,7"" = 0) and traceless
(7#, = 0) and the diffusion current v/ to be transverse (u)v) = 0). Hence, 7* and v}’
are linear combination of transverse traceless Weyl-covariant tensors and transverse Weyl-
covariant vectors of appropriate weight.

1.5 Derivative expansion in gauge-gravity duality

In order to obtain the explicit forms of T}, and J! , we have to ‘solve’ for the transport
phenomenon in the strongly coupled field theory. As advertised before, this can be achieved
by using gauge-gravity duality to reformulate this into a tractable problem. In this subsection,
we will very quickly review the basic ideas behind this reformulation.

We begin with the interesting idea that large-IN interacting field theories can often be
rewritten in terms of a ‘Master field’ which is not really a single field in the same spacetime as
the field theory but actually a collection of single-trace degrees of freedom that dominate the
dynamics in the large-N limit. Often it is convenient to think of these degrees of freedom as
living in an abstract space, their dynamics being governed in the Large-N limit by classical
equations in that space. It is in this sense that large-INV limit can be thought of as a classical
limit. In practice however , with most field theories, it is almost impossible to guess the
correct way to reformulate the large-IV degrees of freedom and check whether this idea holds
true for the model under consideration. This is one of the main reasons why large-IN QCD
remains an unsolved problem.

In a now celebrated work[4, 5], Juan Maldacena argued that for many quantum field
theories, string theory gives a way out by providing us with a duality called gauge-gravity
duality using which the large-N degrees of freedom and their dynamics are easily identified
and tackled. In particular, he conjectured that the the 3+1 dimensional SU(N) gauge theory
with fourfold supersymmetry is dual to a particular kind of a 9+ 1 dimensional string theory
called the Type IIB string theory quantised with an AdSsx S® boundary condition.

In this dual description, taking the large-N limit is same as taking the classical limit of
the string theory and the relevant degrees of freedom and their dynamics in this limit are
completely captured by the classical IIB string theory. Further taking the ‘t Hooft coupling
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large is equivalent in the dual description to making the typical mass of a massive string
excitation very large so that only the massless degrees of freedom of the IIB string survive.

The massless degrees of freedom of IIB string theory contains a dynamical metric inter-
acting with the other massless matter fields. Hence, we get the remarkable statement that
under the gauge-gravity duality, large-IN dynamics of the strongly coupled field theory gets
mapped to a classical gravitational theory with an appropriate matter fields.

The fact that we get a metric in the gravity description indicates that the total energy-
momentum survives as a good degree of freedom in the large-N dynamics of the strongly
coupled field theory. In a similar way, the survival of the charge as a degree of freedom in
the gauge theory side is encoded by the presence of a massless vector field on the gravity
side. In particular, according to the gauge-gravity duality, the dynamics of these degrees of
freedom are well-captured by the Einstein and Maxwell equations with the appropriate source
terms. In a similar vein, one can now read off the other relevant degrees of freedom at strong
coupling and their interactions directly from the low-energy lagrangian of the type I1B theory.
Thus, Einstein equations in particular and gravitational dynamics in general emerge out of
the large-N limit of an ordinary gauge theory and they serve as an effective way to encode
the dynamics of the ‘master field’.

Conversely, the classical gravitational dynamics in any gravity theory in d+ 1 dimensions
with matter when studied with AdS;z;1 boundary conditions mimics the dynamics of the
‘master field’ for a large- N conformal field theory in d dimensions. Given this fact, we will in
the rest of the synopsis (except for the last few subsections) work in a general gravity theory
in d+1 dimensions with the understanding that putting d = 34+ 1 = 4 will give us the answers
for the 3 + 1 dimensional SU(N) gauge theory with the fourfold supersymmetry.

It is a fact in classical gravity that any two derivative gravity theory having AdS as a
solution and having no particles with spin> 2 has a consistent truncation to a sector with
just gravity and a negative cosmological constant. Such a sector has an action

S S G a
S = 167G s /d Z\/Ga+1 R+ d(d — 1)]

This implies that at least within the class of strongly coupled field theories whose large- N
description takes the form of a gravitational theory, it is quite generic to have a sector where
we can focus on the dynamics of energy and momentum alone without worrying about exciting
other modes. This statement justifies our assumption at the beginning of the synopsis where
we chose to focus on a sector with only conserved charges excited.

There are no results of similar generality once we try to truncate to a sector keeping only
the metric and a massless vector field in the bulk. Generically, there exists other excitations
which do not decouple, but in special cases, we can achieve a consistent truncation. To be
concrete we will look at the IIB gravity compactified on an S°. In particular, there exists a
consistent truncation consisting of just the metric and a U(1) gauge field - this happens in
the sector which is equally charged under all the three cartans of SO(6). We can write down
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a truncated action of the form

1 1 2
5 / V=gs(R+12) — FA#5F + 2 AANFAF
167G ags 2 3 (1 21)
1 1 K '
= TG / V=05 [R+ 12 — EFABFAB + 6€PQRSTAPFQRFST]

with x = (2v/3)~! for the IIB gravity. The SO(6) massless vector fields in the gravity
theory encode the SU(4) = SO(6) charge current degrees of freedom and working through
the duality in detail, one concludes that there exists a sector in the hydrodynamics of the
gauge theory where we can decouple all excitations except the energy-momentum and a U(1)
charge associated with the subgroup

e 0 0 0
0?0 0

U= 00 0o € SU(4)
0 0 0 3

that we had introduced before. As we will see by the end of this synopsis, this particular
sector exhibits some very interesting transport phenomena.

We will now go on to describe how we can use the duality to study the non-equilibrium
dynamics of the field theory under consideration. We begin with the equilibrium configu-
rations in the field theory at a given temperature and chemical potentials which are dual
to equilibrium black-brane configurations in gravity at the same temperature and chemical
potentials. These black-brane configurations are gravitational configurations with a planar
horizon and by various semiclassical arguments due to Bekenstein and Hawking, they are
known to exhibit thermodynamic properties like entropy and temperature.

For example, when all the chemical potentials are turned off, the black-brane solution at
rest takes the form

ds® = 2dvdr — r2[1 — (br)~Ydv® + r2da?_, (1.22)

in the ingoing Eddington-Finkelstein co-ordinates. No matter fields other than the metric
are excited in these solutions. In general, a uniformly moving black-brane solution with a
constant velocity u* is given by

ds? = —2u,datdr + 2, detdz” + r? (br) Y, detde” (1.23)

The thermodynamic properties of this solution are

o (d—-1) _ 1 o 1 T i
N 167G 4q50% ’ p= 167G 4q5b% ’ B 4G ga5b? ’ ~ Awb’ (1.24)
n; = 0 R i = 0.
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Hence, this solution that we have written down describes thermal state in the corresponding
conformal field theory. In the same vein, one can construct thermal states with chemical
potentials turned on by looking for charged black-brane solutions solving Einstein-Maxwell
equations with the appropriate sources.

Having understood the equilibrium configurations, we can then set up a systematic ex-
pansion where we allow the the thermodynamic quantities to slowly vary and find the cor-
responding time-dependent gravitational configurations. We will just review the setting up
of this expansion in the zero chemical potential case - this method has been generalised to
the finite chemical potential case, which while technically intricate is nevertheless straightfor-
ward. The logic behind - and the method of implementation of - this perturbative procedure
have been described in detail in [6]. Further it was described in [6], how this perturbative
procedure establishes a map between solutions of fluid dynamics and regular long wavelength
solutions of Einstein gravity with a negative cosmological constant.

We start with the ansatz

0 1 2
gMN = g](w)N + 695\4)]\, + 629](\4)1\, + ...

Here gg\%\, is given by (1.23), € is the small parameter of the derivative expansion, and gy;)N

are the corrections to the bulk metric that we will determine with the aid of the bulk Einstein
equation. In implementing our perturbative procedure we adopt a choice of gauge. As in all
the metrics described above, we use the coordinates r, z* for our bulk spaces. We use z* as
coordinates that parameterise the boundary and r is a radial coordinate. In order to give
precise meaning to our coordinates we need to adopt a choice of gauge-we choose the gauge
grr = 0 together with g,, = —uy.

The Bulk Einstein equations decompose into ‘constraints’ on the boundary hydrodynamic
data and ‘dynamical equations’ for the bulk metric along the tubes which are solved order by
order in the derivative expansion. The dynamical equations determine the corrections that
should be added to our initial metric to make it a solution of the Einstein equations. At each
order, we get inhomogeneous linear equations -but, with the same homogeneous parts. These
inhomogeneous linear equations obtained from Einstein equations can be solved order by order
by imposing regularity at the zeroth order future horizon and appropriate asymptotic fall off
at the boundary.These boundary conditions - together with a clear definition of velocity,
which fixes the ambiguity of adding zero modes - give a unique solution for the metric, as a
function of the original boundary velocity and temperature profile inputted into the metric
95\91)]\/ - order by order in the boundary derivative expansion.

Now, we turn to the ‘constraints’. The ‘constraints’ on the boundary data can be shown
to be equivalent to the requirement of the conservation of the boundary stress tensor. Recall
that we have already used the dynamical Einstein equations to determine the full bulk metric
- and hence the boundary stress tensor - as a function of the input velocity and temperature
fields. It follows that the constraint Einstein equations reduce simply to the equations of
fluid dynamics, i.e. the requirement of a conserved stress tensor which, in turn, is a given
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function of temperature and velocity fields. In the next few subsections, we will detail the
results obtained by performing such a boundary derivative expansion.

1.6 Hydrodynamics from gravity in arbitrary dimensions

Before presenting the metric that is dual to a given hydrodynamic state, we will pause to
ask how the Weyl covariance of the hydrodynamic state gets encoded in the metric'?. Let
us begin by performing the boundary Weyl-transformation in the boosted black-brane metric
(1.23)

Uy = e‘z”&u, Nuw = 62¢§W and b= e

where the transformation of b can be fixed by its relation to the thermodynamic quantities.
Further, since for a constant velocity u*, the Weyl connection A, = 0 we also have 0 =
Ay + 0u¢

Under such a transformation, the metric becomes
ds? = =20, da (dF 4+ 7 A, da”) 4+ 72 dat de” + 72 (bF) Y, G, dot dx” (1.25)

where we have defined 7 via = e~®#. We note that written in this form the black-brane
metric is form-invariant under the boundary Weyl-transformations ! This is a particular
example of the general principle that the boundary Weyl-transformations get realised in the
gravity theory as a specific set of diffeomorphisms that redefine the radial slicing. The fact
that different slicings of the same gravity solution may in fact be interpreted as states of
the same theory in distinct though Weyl equivalent background metrics, reflects the Weyl
invariance of the dual field theory.

To make this more precise, any metric that obeys that gauge choice g£d+1)r = 0 and

(d+l)ﬂ

gr = —up can be put in the form

ds? = —2uy,(x)dz" (dr + V, (r,2)dz") + &, (r, v)dz"dx” (1.26)

where &, is transverse, i.e., u#®,, = 0. 13

Consider now a bulk-diffeomorphism of the form r = e~%7 along with a scaling in the
temperature of the form b = e?b where we assume that ¢ = ¢(x) is a function only of the
boundary co-ordinates. The metric components transform as

Vo= et Va7 0u0],  wi=eli, and 8, =8, (1.28)

Recall however that, within our procedure, the quantities &,, and V,, are each functions of
u” and b. Now u* and b each pick up a factor of e? under the same diffeomorphism. We

2Tn this subsection, we summarise the work that was first presented in the paper[7]
13All the Greek indices are raised and lowered using the boundary metric g, defined by

. —2
Guv = Tlggo r [614'/ - u(#VV)} (1.27)
and wu, is the unit time-like velocity field in the boundary, i.e., ¢""u,u, = —1.
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conclude that consistency demands that V, and &, are functions of b and u* that transform
like a connection and remain invariant under boundary Weyl transformation respectively. It
follows immediately that, for instance &, is a linear sum of the Weyl invariant forms listed
before, with coefficients that are arbitrary functions of br. Similarly, V, —7A,, is a linear sum
of Weyl-covariant vectors (both transverse and non-transverse) with weight unity. Symmetry
requirements do not constrain the form of these coefficients, which have to be determined via
direct calculation.

Using a Weyl-covariant form of the procedure outlined in [6], we find that the final metric
for the zero chemical potential case in arbitrary dimensions can be written in a Weyl-covariant
form (with only terms involving no more than two derivatives shown)

ds? = —2u,dat (dr +r Aydz”) + |r2gu, + u(MS,,))\u’\ - wu’\wh,} dztdx”

1 1 1
+ W(rz - iwa/gwaﬁ)u#uydx“dx” + 2(br)2F (br) [baw, + F(br)aﬂ)‘(f)\,,] dxtdx”

o o8 L(br)
—2(br)? | K () 2287 P 4 Ky (b))t P9
(br) [ 1) =g = P + K2 Or) g Sa 50 =) ~ oy

u(uP)Dac® A] datdz”

Uagaaﬁ
d—1

2(br)2 Hy (brr) [u’\DAaW +w o, + wl/\au,\] dztdz” + ...

—2(br)?Hy (br) |:u>\D)\O'M,, + Ju/\a)\,, - P, + C'W,,Buo‘uﬂ dx*dz”

(1.29)

The various functions appearing in the metric are defined by the integrals
oo ,,d—1
Y —1
F(br) = / ———dy
o Yyt —1)

oo ,,d—2
_ ye—1
Hi(br) = JC; 1)

Ha(br) = / T d = / * Sy 14 (d— DyF(y) + 20°F ()]
o’ [ @—1/f£;:$@
[ T
= [ S
+(20a-ve' — (@~ 2)) /E Cdy yQF’@/)ﬂ
L(br) z/:gdldg/:o dy y:s(yy;_ll)

We have checked using Mathematica upto d = 10 that the above metric solves Einstein
equations with negative cosmological constant provided the velocity u* satisfies the hydrody-

K1 (b?“)

F'(€) —2(d - 1)¢*™
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Value of 7,,/b for various dimensions
d | Value of 7,/b = [ g(d ; 1)dy Tw/b (Numerical)
3] 3 (Logs- ﬁ) 0.247006. . .
4 lLog 2 0.346574. . .
5| 4 (Log5+ %, /1 Z — ZArcCoth v5) | 0.306834...
6|1 (Log 34 3”3) 0.425803. ..

namic equations. The above formula hence gives a map from the solutions of hydrodynamic
equations to the solutions of Einstein equations thus connecting two widely different fields of
classical physics !

The dual stress tensor corresponding to this metric is given by

T = p (g + duyy) = 200,
— 2Ty [u)‘D,\GW + wu)‘a,\l, + cu,,AaM] (1.30)
+ 2nb |:’LL)\D>\O'W/ + Uu’\a/\y - UC?B_UTPW + C’Mwﬂuauﬁ]
with
Y2 _
- 167TG1Adsbd o N= i = 167?G,iisbd—1 and Ty = b/ g7 = 11 Yy (1.31)

This result is a generalisation to the fluid dynamical stress tensor on an arbitrary curved
manifold in general dimension d reported in [2, 6, 8-11] for special values of d and most
recently by [12] for flat space in arbitrary dimensions. The values of 7,, for some of the lower
dimensions is shown'* in the table 5.3.2. The way the various Weyl-covariant terms combine
together in the energy-momentum tensor is intriguing - in fact, it can be shown[14] that
there are universal relations between the second-order transport coeflicients that come out of
gravity.

These perturbative solutions of Einstein equations can be compared against a class of
exact solutions of Einstein’s equations. This class of solutions is the set of rotating black
holes in the global AdS spaces. The dual boundary stress tensor to these solutions varies
on the length scale unity (if we choose our boundary sphere to be of unit radius). On the
other hand the temperature of these black holes may be taken to be arbitrarily large. It

4 More generally, the integral appearing in the expression for 7,, can be evaluated in terms of the derivative of
the Gamma function or more directly in terms of ‘the harmonic number function’ with the fractional argument
(as was noted in [13])

b

Tw = ——

pi iLog I'(z) = —éHarmonic[Z/d —1]

YE +
dz i—2/d d

For large d, 7., has an expansion of the form 7, /b = 1/2 — 72 /(3d?) +
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follows that, in the large temperature limit, these black holes are dual to ‘slowly varying’
field theory configurations that should be well described by fluid dynamics. All of these
remarks, together with nontrivial evidence for this expectation was described in [15]. In fact,
we can go further[7] and complete the programme initiated in [15] for uncharged blackholes
by demonstrating that the full bulk metric of these high temperature rotating black holes
agrees in detail with the 2nd order bulk metric determined by our analysis earlier . This
exercise was already carried out in [11] for the special case d = 4.

Consider the AdS-Kerr BHs in arbitrary dimensions - exact solution for the rotating
blackholes in general AdSg4; in different coordinates is derived in reference [16]. Following
[16], we begin by defining two integers n and € via d = 2n + € with ¢ = d mod 2. We can
then parametrise the d + 1 dimensional AdS Kerr solution by a radial co-ordinate r, a time
co-ordinate ¢ along with d — 1 = 2n + € — 1 spheroidal co-ordinates on S%~!. We will choose
these spheroidal co-ordinates to be n+ ¢ number of direction cosines fi; (obeying » ,;rf [Lz 1
) and n + € azimuthal angles ¢; with ¢,+1 = 0 identically. The angular velocities along the
different ¢;s are denoted by a; (a,+1is taken to be zero identically).

In this ‘altered’ Boyer-Lindquist co-ordinates, AdS Kerr metric assumes the form (See
equation (E.3) of the [16])

2
2 20
ds? = —W (1 + )2 + —Sor__ 2 <Wdt— ) a’“”‘”)

1—2M/V VS’ — 1—a?
! ) (1.32)
n+e 2 1 n+e 2+a
Z d d —_ —— [;dfi;
Z:: a2 [ + 12— Z:l a2 P
where
n+e ﬂ2 4 1 n az 1 n+e 2 2
W= —r= ., V= 1+ — 1+ d = 1.
gl—a? ’ o +r2)i1;[1( +r2) and - § = 1+r22r2+a (1.33)

This expression can be further simplified[7] and the AdS Kerr metric in arbitrary dimen-
sions can be rewritten in the form

ds* = —2u,da* (dr +r A,dz”) + {ng,w +u St — wu)‘w,\y} dztdz”
2 1.34
P Sty dat'dz” .
bddet [r 6 — wh,)]

where the determinant of a tensor M} is defined by
g MEMY ... = det [ } €ap.

We have checked this form explicitly using Mathematica upto d = 8. It is easily checked
that this metric agrees (upto second order in boundary derivative expansion) with the metric
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presented in (5.23) upon inserting the velocity and temperature fields as

wtd, =0 +aidy, , A,=0 , b= (2M) V4

1.35
Gur =W | =dt®> + > (dp? + pide}) (1:3)

The exact energy momentum tensor for the AdS Kerr Black Hole described can be com-
puted

1

T = p(g" + dutu?) with p= —————
p(g"” + dutu”)  with p 167G 12l

conf

(1.36)

which is consistent with (5.26) if we take into account the fact that ¢, = 0 in these configu-
rations.

1.7 Global Charge transport in A’ =4 SYM

In the previous subsection, we presented our calculation of various transport coefficients in the
simplest sector of hydrodynamics where the entire dynamics is that of the energy-momentum
transport. In this subsection, we will turn to a slightly more complicated sector where there
is an interplay between charge transport and energy transport. This in the gravity language
translates to the study of Einstein-Maxwell system with appropriate sources.

As we had emphasised before, given a generic gravitational theory describing the large N
behaviour of a strongly coupled CFT, we are not guaranteed to find a truncation to just the
Einstein-Maxwell system. In the field theory language, it implies that at least in these class
of systems it is very difficult to disentangle the charge dynamics from the dynamics of the
other long wavelength modes. We had already mentioned that there do exist theories where
such a truncation is achievable and we gave an example of a sector in the supersymmetric
gauge theory where this happens- this is IIB gravity compactified on an S® with a consistent
truncation consisting of just the metric and a U(1) gauge field in the sector which is equally
charged under all the three cartans of SO(6).

We can repeat the derivative expansion to solve the Einstein-Maxwell system with a
Chern-Simons term order by order for the metric and the gauge field. This was done in [17]
and the expressions that we finally get for the metric and the gauge field are complicated and
we will refer the reader to [17] for the full expressions. In turn, the energy momentum and
charge transport upto second order in the boundary derivative expansion could be computed
from that metric and gauge field and this gives us many new transport coefficients in the
supersymmetric gauge theory. We again refer the reader to [17] (and [18] which appeared
independently with similar results ) for the detailed expressions . But in this synopsis, we
will try to focus on an interesting result that comes out of these expressions.

To see this very clearly, it is useful to focus our attention on a known exact solution
of the Einstein-Maxwell-Chern-Simons system which describes a charged rotating blackhole.
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We begin with a truncated action of the form

1 1 2K
(1.37)
1 1 AB | K _PQRST
=— [ +/— R+ 12— -FypF — ApFoRrF
167TGAds/ 95[ + 17 AB + 66 PLQRIST

with & = (2v/3)7! for the IIB gravity.
This action has many known blackhole solutions. The general blackhole solutions which
solves the equations coming out of this action was found in [19]. Their solution is given by'®

(T2 + 1) A@dt12 2(m — qwlwg) q2

2
e () I B
(d’l,[)l + dt1w2)2 (7“2 + (.UQ2) cos? O (d¢1 + dt1w1)2 (’1“2 + w12) sin® ©
+ 1 — wy? + 1 —wq?
p2drr?
* q% — 2wiwaq — 2mr? + (12 + 1) (r2 + w1?) (r2 + w9?)
p2d@2 2q 2 . 92
+ Ao + ﬁ (wl(dibl + dtiwy) cos® © + (dé + dtywi)we sin @)
o I: Apdty - wo(dyy + dtjws) cos? © Wi (doy + dtywr) sin® @]
(1 —(,U12) (1 —(AJQQ) 1—0.)22 1—0.)12
A V3¢ [ Agdty B wa(depy + dtiws) cos? © Cwi (d¢py + dtiwy) sin? @}
p? (1 —wi?) (1 —we?) 1 —wy? 1 — w2
(1.38)
where we use the definitions
2 .2 2 2 2 .2
p° =1+ wi®cos® O + wy”sin” © (1.39)

Ao =1—wi?cos’® — wy?sin® O

After some manipulations (which closely follow the methods outlined in [7, 11]) , we find
that the final metric and the gauge field can be written in a manifestly Weyl-covariant form

ds® = —2u,dz" (dr +r A,dx”) + {rQQW + u St — wptwyy | datda”

2m  ¢° q
+ |:(p2 - p4> Uy Uy + 2102U(MZV):| dztdz” (140)
3 1
A= \ﬁ;quud:ﬁ ; p2 =72+ iwagwaﬁ ;o= EWA(,u”wM
with
1 B R?
TMZ/ = p(g;w =+ 4uuuy) + 2I{l(#¢]y) + m R Rauﬁy — Eg’“’
3 (1.41)
J = nuy, where [, = euymu”w’\” i p= m and n= q
87 G ads 87G Ads

5Note that the parameter ¢ here is the negative of the one used in [19].
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We note that when the bulk Chern-Simons coupling « is non-zero, apart from the con-
ventional diffusive transport, there is an additional non-dissipative contribution to the energy
current which is proportional to the vorticity of the fluid. To the extent we know of, this is
a hitherto unknown effect in the hydrodynamics which is exhibited by the conformal fluid
made of N' = 4 SYM matter. This new non-dissipative transport can be traced back to
the Chern-Simons term in the gravity theory which according to the gauge-gravity duality,
encodes the information about the global anomalies in the field theory. This suggests that
this transport is closely related to the U(1)% global anomaly in the field theory.

It would be interesting to find a direct boundary reasoning that would lead to the presence
of such a term - however, as of yet, we do not have such an explanation. However, an
indirect explanation was provided by the authors of [20], where they give a clever entropic
argument which relates this coefficient to the anomaly. This suggests the possibility that such
a transport is universal,i.e., it is present in any field theory which has global anomalies and
it would be useful to explicitly check whether this is the case by calculating this transport
coefficient in a calculable model - say a spin model.

The presence of such an effect was indirectly observed by the authors of [15] where they
noted a discrepancy between the thermodynamics of charged rotating AdS blackholes and
the fluid dynamical prediction with the third term in the charge current absent. We have
verified that this discrepancy is resolved once we take into account the effect of the third term
in the thermodynamics of the rotating N' = 4 SYM fluid. In fact, one could go further and
compare the first order metric obtained in [17, 18] with the rotating blackhole metric written
in an appropriate gauge. We have done this comparison up to first order and we find that
the metrics agree up to that order.

1.8 Conclusion

In this synopsis, we have tried to summarise some of our work on the hydrodynamics that
emerges out of an underlying strongly coupled conformal field theory at a finite temperature
and chemical potentials. The hydrodynamic transport in such theories can be studied using
the methods of gauge-gravity duality which reformulate the questions about transport into
questions in a classical gravity theory interacting with matter. Further, we have seen that
the underlying Weyl covariance of the conformal field theory finds a natural expression both
in hydrodynamics and in gravity.

Our study has thrown up very interesting questions about the hydrodynamic transport -
we have already remarked on the apparent universality of second order transport coefficients
from gravity which is puzzling. We can also enquire as to whether there is a clever way by
which such universal relations can be derived at all orders in derivative expansion.

A more intriguing phenomenon is the novel kind of non-dissipative transport in the
hydrodynamics which seems to be driven by an underlying anomaly. As we had already
remarked‘, it will be worthwhile look for a solvable model where this kind of transport is
present. Given the possibility that it is a universal effect, there is a slim hope that there
might be experimental systems where such a transport can be measured.
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We have in this synopsis derived an expression which provides a metric solution to Ein-
stein equations for a give hydrodynamic state. This immediately raises the possibility that
a transition to turbulence in the hydrodynamics is accompanied by a turbulence like phe-
nomenon in gravity. It would be interesting to see whether we can develop a detailed phe-
nomenology of such a transition in gravity.
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3 Scale Invariance in Hydrodynamics

We now turn to a more detailed description of various topics discussed above. We will begin
by reviewing the Weyl-covariant formalism introduced by the author in [2] which would be
then used throughout the rest of the thesis.

Before applying gauge-gravity duality to derive the hydrodynamics emerging out of an
underlying conformal theory, it is worthwhile to understand the structure of such a hydrody-
namic description'®. The fact that the microscopic theory is devoid of scales imposes strict
constraints on the kind of transport that can occur in the macroscopic description. We will
summarise in this subsection, a formalism developed in [2] to naturally incorporate these
constraints into the hydrodynamic description.

The plan of this chapter is as follows - In §3.1, we introduce a manifestly Weyl-covariant
derivative especially suited to the study of conformal fluids and list the various conformal
observables that occur in fluid mechanics. Since, we are interested in conformal fluids on
arbitrary spacetimes, we describe in some detail the various curvature related observables
that occur in conformal hydrodynamics. This is followed by the section §3.2, where the
equations of fluid mechanics are formulated in a conformally covariant way. We end §3.2 by
writing down the derivative expansion for a conformal fluid exact up to second derivative
terms.

Next, we proceed in section §3.3 to find a derivative expansion of the local entropy current
for a conformal fluid which obeys the second law of thermodynamics. We make a proposal for
the entropy current of a conformal fluid living in arbitrary spacetimes (with d > 3). Next,in
section §3.4, we turn to the specific case of N' =4 SYM and find the corresponding expression
for the entropy flux.

This is followed by the section §3.5 where we compare the method adopted in this chapter
with the existing theories of relativistic hydrodynamics. In the final section, we discuss future
directions and conclude. In appendix (3.6.1) , we prove some very useful identities that were
used in the body of the paper. This is followed by appendix (3.6.2) where we discuss the
various terms that can in principle occur in the energy-momentum tensor of a conformal fluid.

3.1 Conformal Tensors In Hydrodynamics

A conformal field theory living on a d dimensional spacetime M with a metric g,, is by
definition a theory which is covariant (upto quantum Weyl anomalies) under the Weyl trans-
formation which replaces the old metric g,,, with g,, given by

G = e%@)gwj; g = e-%@)gu” (3.1)

In some sense, these theories are naturally thought of (again upto Weyl anomalies) as living
on a spacetime M which has a class of metrics C, which are related to our original metric

16This subsection is based on the work that was done by the author and presented in the form of the paper

2.
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by a Weyl transformation. We will henceforth refer to the fluid which emerges out of such a
conformal field theory at a finite temperature as a conformal fluid.

The conformal fluid which emerges out of a conformal field theory inherits Weyl-covariance
from its microscopic theory. The question that we wish to answer is how this Weyl-covariance
manifests itself at the level of hydrodynamics and how does one go about constructing Weyl-
covariant quantities in hydrodynamics. Let u* be the unit time-like vector describing the
fluid motion. Using g, utu” = g, u"u” = —1, we get the Weyl transformation of the velocity
ut = e %, Now, we can go ahead and construct various derivatives of this velocity field,
provided we have a way of differentiating fields in a Weyl-covariant way.

To see how this might be possible, we begin with the Weyl-transformation of the Christof-
fel symbols

e = Do + 50u6 + 6,000 — G370 (3.2)

from which it follows that

V., ut

A, = uh'V u” — d“— 1 uy, = A, + Oy . (3.3)

This transformation means that hydrodynamics provides a natural ‘gauge field’ for Weyl
transformations which can be used to construct a Weyl-covariant derivative. We define a
Weyl covariant derivative D such that, if a tensorial quantity Q. obeys Qb7 = e‘wd’@ﬁj,’ ,
then Dy Q47 = e "?Dy\QL where

Dy QU =V QU +w A\QY
+ [graA” — A, — EA] QO + .. (3.4)
— (g A = 03 A, — S5 AN QL —

Note that the above covariant derivative is metric compatible (Dyg,, = 0). In mathematical
terms, what we have done is to use the additional mathematical structure provided by a fluid
background (namely a unit time-like vector field with conformal weight w = 1) to define what
is known as a Weyl connection over (M,Cy) where M is the spacetime manifold with the
conformal class of metrics C, .

A torsionless connection V¥ is called a Weyl connection (see for example, [3] and
references therein) if for every metric in the conformal class C, there exists a one form A,
such that V}feylgy)\ = 2A,9,» - Having a fluid over the manifold provides us a natural one
form A, (see below), which can in turn be used to define a Weyl connection. The ‘prolonged’
covariant derivative D is related to this Weyl connection via the relation D, = V}feyl +wA, .
In terms of this covariant derivative, the condition for Weyl connection is just the statement
of metric compatibility (Dyg,, = 0) and the one-form A, is uniquely determined by requiring
that the covariant derivative of u* be transverse (u*Dyu* = 0) and traceless (Dyu* = 0).

We can define a curvature associated with the Weyl-covariant derivative by the usual
procedure of evaluating the commutator between two covariant derivatives. For a covariant
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vector field V, = e_w¢17u , we get

['D#, DV]V)\ =w .7'—#,/ Vi + Ru,,)\a Vo with
Fuw = VA, — VA,

) (3.5)

o A
Ruu)\a = R,uu)\a - 5[ugu][)\55] <va~AB + AaA,B - 2ga6> + ful/g)\a

where we have introduced two new Weyl-invariant tensors F,,,, = fw and R\ = ﬁ/w 2¢ and
B = Buw — By, indicates antisymmetrisation'”. Since these Weyl-covariant counterparts
of curvature tensors will play a useful role in the formulation of conformal hydrodynamics,
we will briefly describe their properties!®.

We can write down similar expressions involving Ricci tensor, Ricci scalar and Einstein
tensor.

Ruw = Ryaw®™ = Ry + (d — 2) (Vo ly + A Ay — A%9,0) + g VaA + Fuw = R

R=Ra*=R+2(d— 1)V A  — (d—2)(d — 1)A? = e 2R

R

d—3
Gw=Rw— 9w =Guw+(d—-2) |V, A +AA — <V>\.A)‘ —

92 2-’42) g,uu:| + f,u,u

(3.7)

These curvature tensors obey various Bianchi identities ™

Ry + Raju® =0
Dy\Fu + ,D[,u}—VP\ =0 (3.8)
DyRywa” + Dy Rupa” =0
and various reduced Bianchi identities2’
Riw) = Ruva™ =d Fu
D[;LRI/})\ + DO'RMV)\U =0 (39)
D, (gﬂ* _ PM) —0

17As is evident from the notation above, we use calligraphic alphabets to denote the Weyl-covariant coun-
terparts of the usual curvature tensors. Our notation for the usual Riemann tensor is defined by the relation

[Vu: VV]VA = Ruukavnw (36)

Note that the curvature tensors used in this synopsis are negative of those employed in [2].

18Note that these curvature tensors are essential even if one is in a flat spacetime, since most of these
Weyl-covariant curvatures do not vanish for a general velocity configuration in flat spacetime.

"These identities can be derived from the Jacobi identity for the covariant derivative - [Dy,, [D,), Da] +
D, [Dy, D] = 0

29These identities are obtained from the Bianchi identities by contractions.
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The tensor R\, does not have the same symmetry properties as that of the usual Riemann
tensor. For example,
R,u,u)\a + R,LLVO’)\ =2 ‘F/u/g)\cr
R/U/)\O' - R/\O';u/ = _6&91/][)\55];&,8 + —F,ul/g)\a - ]:)\Ug,uu (310)
RV VP — RyausVoVF: = F, VOV,

The conformal tensors of the underlying spacetime manifold appear in the above formal-
ism as a subset of conformal observeables in hydrodynamics. These conformal tensors are
the Weyl-covariant tensors that are independent of the background fluid velocity. The Weyl
curvature C, s is a well-known example of a conformal tensor. We have

CMV/\U = Ruu)\o + 5&9@ [)\65}504,3 = CMVXU + ]:,ul/g/\U = €2¢5uu>\a (311)

where the Schouten tensor S, is defined as

_ 1 Rguw \ _ A
S:U/V = m <RMV — 2(d_1)> — S,uy + <VMAV + A;LAV - ?guu +

Often in the study of conformal tensors , it is useful to rewrite other curvature tensors

Fuw

T _ S 12
i—3 Sw (3.12)

in terms of the Schouten and the Weyl curvature tensors-
Rm/)\a = C/J,V)\U - 5[0;,,91/} [)\55}5&6’ R = 2(d - 1)S>\)\
Rul/ = (d - 2)S/LI/ + S)\)\gw/a guu = (d - 2)(Sw/ - S)\)\guu)

From equation (3.11), it is clear that Cyuxs = Cuvre — Fuwgro is clearly a conformal

(3.13)

tensor. Such an analysis can in principle be repeated for the other known conformal tensors
in arbitrary dimensions.
The Weyl Tensor C),, ), has the same symmetry properties as that of Riemann Tensor

R,uu)\o .

C,uz/)\cr = _CV/,L)\U = _C,uuo)\ = C)\a,uy

(3.14)
and Cpuan* =0

From which it follows that C’Ma,,guo‘uﬁ is a symmetric traceless and transverse tensor - a fact
which will turn out to be important later in our discussion of conformal hydrodynamics.

Now, we turn to the study of how various quantities of relevance to hydrodynamics can
be constructed in this formalism. The Weyl-covariant derivative of the velocity field naturally
breaks up into a symmetric part and an antisymmetric part

P, = g" +ut'u”

V. ~
Dyu” =V, u” + uy(u.V)u” — 7 ul Py =0, +w,” =e D",
1 . 1 (3.15)
o =g (P“’\Vw” + P“vw“) - dv “1 P = o (DM + D ul) = e 61,
1 1
W = 5 (Pu)\v/\ul/ . Pl/)\v)\uu> — 5 (DHUV _ rDl/uu) — o3 HY
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The shear strain rate o, is a symmetric traceless tensor which tells us the rate at which the

fluid element around a point is sheared whereas the vorticity w,,, is an antisymmetric tensor

that roughly tells us how fast the fluid is swirled around a point. Other important quantities

in hydrodynamics are the energy density e, pressure p, entropy density s, temperature T,

conserved charge density n; and corresponding chemical potentials p;. The scaling properties

of these thermodynamic quantities is directly determined by the naive dimensional analysis
e =e %z , p= e_d¢]5 , S§= e~ (d-1)og ,

- 3.16
T — 9T - e_(d_1)¢ﬁi . = 6_¢ﬂi ) ( )

3.2 Conformal hydrodynamics

In this section, we reformulate the fundamental equations of fluid mechanics in a Weyl-
covariant form. The basic equations of fluid mechanics are the conservation of energy-
momentum and various other charges -

V" =0 and  V,J"=0 (3.17)

But, these equations are not manifestly Weyl-covariant. To cast them into a manifestly
Weyl-covariant form, we need the transformation of the stress tensor and the currents -
T = =+ 4 and JH = e~ wo JH respectively (where ... denotes the contributions
due to the Weyl anomaly 7%y = W. The Weyl Anomaly W only on the microscopic field
content and the ambient spacetime in which the conformal fluid lives.). Then, we can impose

t21

a manifestly Weyl covariant“* set of equations

DT =V, T" + AY(T", = W) =0

3.18
DyJ" = V" + (w — d)A,J" =0 (3.18)

These equations coincide with (3.17) provided T is a traceless tensor of conformal weight
d + 2 apart from the anomalous contribution and the conformal weight w of the conserved
current is equal to the number of dimensions of the spacetime. The second condition is same
as requiring that the charge associated with the charge currents be a dimensionless scalar.

The entropy current J g of the fluid also has a conformal weight equal to the spacetime
dimensions. This means that we can write the statement of the second law in a manifestly
conformal way as

D,J§ =V, J§ >0 (3.19)

21The Weyl transformation of the stress tensor in quantum theories is non-trivial because of the presence of
Weyl anomaly . The situation is simplified if we assume that there exists a symmetric tensor T, = TH” —

onf =
WHY[g] = ef(d+2)‘7’fc‘g;f where W#¥[g] characterizes the contribution due to Weyl anomaly which depends only
on the background spacetime and the field content. In that case, though T*" does not transform homogeneously
under the Weyl transformations, one can show that D,T"" = ef<d+2>¢5‘ﬂ~“‘“’ with D,T"" defined as above.
This shows that the contributions due to Weyl anomaly can be taken into account with slight modifications.
In what follows, we will ignore such subtleties due to Weyl anomaly - we will just assume that the energy-
momentum tensor is traceless with the presumption that the statements we make can always be suitably

modified once trace anomaly is taken into account.
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Similarly, the first law of thermodynamics Tu?Vys = (d—1)uV\p— p;u*Vp; can be written
in a conformal form
Tu Dys = (d — Du’Dyp — pu’Dap; (3.20)
where (d — 1)p is the energy density of the conformal fluid. 22
The fluid mechanics is completely specified once the expressions of the energy momentum
tensor, the charged currents and the entropy current in terms of the velocity, temperature
and the chemical potentials. The conventional discussion on relativistic hydrodynamics(say
as given by Landau and Lifshitz[21]) can be adopted to the case of conformal fluids with
the additional condition that the energy momentum tensor of a conformal fluid is traceless.
The energy-momentum tensor, the charged currents and the entropy current of the fluid are

usually divided into a non-dissipative part and a dissipative part.
™ = p(g" +d utu”) + ©
JI' = paut + vt (3.21)
Js = st + J§ gies
where we take the visco-elastic stress 7" to be transverse (u, 7" = 0) and traceless (7#, = 0)
and the diffusion current v’ to be transverse (uyv;* = 0). This in turn implies the following

equations
0= —u,D,T" = (d — 1)u*Dyp + ™70, (3.22)
0= D)\Jl)\ = u/\D)\pi + D)\I/i)\ ’
We can now use the first law of thermodynamics (3.20) to conclude
TDuJS = =m0 + Dxvi + TDpJG gy = 0 (3.23)

Now we can write down the most general form of the dissipative currents confining our-
selves to no more than second derivatives in velocity.?? For simplicity, we will consider here
the case when no charges are present - the generalization to the case when there are conserved
charges is straightforward. Hence, a general derivative expansion for the energy-momentum
tensor TH¥ is given by

T = no T4 g™ + dutu)

+m T ot

+ T2 urDro + n3 T 2w ao™ + w”ro ™ (3.24)
prv L

+u T4 2ot \o™ — P aap] +m5 T 2w aw™ + d— 1w°‘5wa5]

d—1
— 76 Td_QC“a”guauB

2Note that the additional terms that appear when one converts V to D in (3.20) cancel out because of
Gibbs-Duhem Relation 7s = (d — 1)p + p — pip; where (d — 1)p is the energy density of the conformal fluid.

23Given the fact that for a conformal fluid p ~ 7% and the equation of motion u*Dyp ~ ™" o, we conclude
that wherever a single derivative of 7 occurs, it can be replaced by a term involving two or more derivatives
of the fluid velocity. Hence, for the sake of counting, one derivative of 7 should be counted as equivalent to
two derivatives of u”.
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where the first line denotes the non-dissipative part(with the conformal equation of state
p =noT?) and the rest denote the visco-elastic stress 7. We show in the appendix (3.6.2)
that no more terms appear at this order in the derivative expansion. This derivative expansion

in terms of conformally covariant terms was first analyzed in [8] and our discussion here closely

parallels theirs.?%.

3.3 Entropy current in Conformal hydrodynamics

Now we can write down the expression for the second law by restricting (3.23) to the case
where there are no charges, and then substituting for 7#" from (3.24)

TDuJE = TDuJY g — T 0" 00 — 1T %0, uDro™”
—n T 200" 0™ — 5 T 20wt \w™ (3.25)
+ 1 Td_Qa””C’W,,ﬁuauﬁ

Now we invoke two identities(see appendix 3.6.1 for the proofs)

whw i D,
4 2(d - 3)

oW, way = Dy [
20" 0 + W wy u#(—g“)‘ + FrNY 3D,
U
1 d—2 2(d —3)
(3.26)

—a“”CW,ﬁuauﬁ =o"o,%00 + Dy {

to write
TDuJs = —mT " o™ 0 — (na +n6) T 20,0,0"x0™ + TDuJE gy
—T972D,y [(2(772 +n6) 0" o + (15 + n6) WWWW) "

4 (3.27)

6 uu(—GH + FHY) (15 + 3776)D )\u:|

+ d—2 2(d—3)

We now want to propose an expression for the dissipative entropy flux such that the total

entropy obeys the second law of thermodynamics. In this chapter, we give a specific proposal

25

for this entropy current which is consistent with the second law.*® Taking the dissipative

entropy flux as

A 2(n2 +n6) T3 oMoy + (05 + 1) T3 w‘”’wwj) A
S,diss — 4
(3.28)

LT (26" + FY) (s + 3ng) T

Dl/ Av
d—2 2(d — 3) “

24Refer §3.4 to see how our notation is related to that of [6] and [].

25Note that, the second law alone does not determine the entropy flux uniquely - for example, an additional
term with positive divergence can always be added to the dissipative entropy flux without violating the second
law. Given this fact, it is important to emphasize that what is being proposed here is just one possible
definition of the entropy current.
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and keeping only terms with three derivatives or less of velocity?®

TDMJg = —T}le_IU‘LwO'w, — (na+m6) Td_20m,0“>\0'>‘y

3.29)
o od=1 | g A6 N+n o (
an g + 27717- 0" \O :| |:O-,U«1/ + 2?717- Op Oav
from which we conclude that

m <0 (3.30)

along with a dissipative current of the form given in equation(3.28) is sufficient to ensure that
the conformal fluid obeys the second law?7

TD,JE = —and_l [UW + WJ“AJ’\”] [JW + WU#QO’QV} >0 (3.31)
Hence for a general energy-momentum tensor of the form
™ = p(g"" + dutu")
—2n [a‘“’ — 7 WDyt + Tw(w“AJ)‘V + w”,\a/\“)}

PHY 3.32
- 1Uaf60aﬁ] + & C'ua,,[guauﬂ ( )

pr
+ fw[w“AwA” + d— 1wa5wa5]

+ ga [UMAU)\V -

where we have defined

p=nT% —2n=mT, 297 = T2

3 _ 3 3 (3.33)
2, =T &G =mT? fo=-nT"? Go=nT"?
the proposed expression for the entropy current is
‘]g\ = SUA + Jg,diss
B 2(éc — 2n7r) oMo + (€0 — &u) W W\
= | s — u
4T
_bou (G T B —&) (3:34)
(d—2)T 2(d—3)T "
with TD,J§ = 2n [0’“’ + 7504_ So U“,\J)‘”] [UW + 7504_ b O'MQO'OW:| >0
1 n

26Gince we are working with the divergence of quantities accurate up to second derivatives of velocity,
consistency demands that we keep terms involving three derivatives or less. Further, as before, we use the
equations of motion to replace a derivative of 7 by a term involving two or more derivatives of the fluid
velocity.

2"This section has greatly benefited from my discussions with Shiraz Minwalla regarding the validity of
second law for the entropy flux proposed above. I would also like to thank Veronica Hubeny, Giuseppe
Policastro, Mukund Rangamani, Dam Thanh Son and Misha Stephanov for commenting on an earlier version
of this section.
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These expressions completely determine the dynamics of a conformal fluid up to second
derivatives in the derivative expansion. We now proceed to apply the above formalism to the
constitutive relations of N' =4 SYM fluid derived recently using AdS/CFT correspondence.

3.4 N =4 SYM fluid : Energy-momentum and Entropy current

A prominent example of a conformal fluid in four dimensions is the fluid made out of the
matter content in N' = 4 supersymmetric Yang-Mills theory. The flat spacetime stress tensor
for the four dimensional conformal fluids with AdS duals (which in particular includes N = 4
SYM fluid in the four dimensional Minkowski spacetime) has been calculated recently via
AdS/CFT upto second derivative terms [6]. Independently, in [8], its authors wrote down
the general derivative expansion for a conformal fluid and determined some of the coefficients
occurring in that expansion. In this section, we relate the work done in above references to
the formalism developed here.
The expression for the energy-momentum tensor derived in [6] is

THY — p(g;w + 4’LL“UV)

oo oy WMAT 2T+ (2 n2) (LT3 + 13 + T3] (3.35)
2nT
where
N? 4 N? 3
p= 87’[’62 (WT) ) n= 87:2 (777-)
Y=V a* = PV \ut l, = eagwuo‘wm;
o _ proprf Vaug + Vgu, B P,uuvaua_
2 3 7
Bty lgo Y 4 By lgo P
T3, = S 5 il (3.36)
pPH
Téug/ _ O.,UOJO.Z _ 3 O.Bozo_aﬂ;
prv
T4 =9t Th = a'a” — ara® 3
v \Y% prv
T = preprB Ay, ( auﬁg 5““) - PPV (Vsu,);
where €p123 = —€1?3 = 1 and we are working in flat co-ordinates of the Minkowski spacetime.

The above expression can be rewritten in terms of manifestly conformal observables as follows.

Av P 0-,3

T8 = —wh o™ — W’ \ oM , Ty = o"Yos” — “0ap 537
1 U '
ST+ T + T4 = PRPYN\oag + =0 = P P""u*Dyoqg = u*Dyot”
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The stress tensor becomes

™ = p(g" + 4utu”)

2 —1n2 In 2
—2 n O"L“/ — (271_711)’&)\2))\0'“” + (271_‘1_)((,0#)\0')\1/ + WV)\O-)\M) (338)
4 prv
+ %[U“)‘(L\V T3 Uaﬁaaﬁ]

This expression matches?® with the expression in (3.32) provided we take

2 2
c Nc

_N 4 . _ 3.
p= et = T .
2—-In2 _ In2 = _4n €, =0 '
Tr = onT Tw—27r7-a o= 0—27_(7-7 w=VY.

where we have also included the value of the curvature coupling £ which was calculated by
the authors of [8].

Now, we proceed to compare the results of [8] to the results derived here. Translated into
notations of this chapter? their expression (See Eqn.(3.11) of [8]) reads

T = — 2o + 2 WDro™ — K[PM PV Ryg + (d — 2) P P"7 Ryggpuu’

- dPiwl (P Ry + (d — 2) P Ryaopu®u))]
+ 4)\1(0—#)\0)\1, B dpiwl aaﬂgaﬁ) + 4)\2((’0#/\0Au 4 w”)\ak”) (3.40)
+ Az (whaw™ + dPi“fl W was)

with

pzé\g(wT)‘l; n:é\g(ﬂfr)g; 7“222_7:7%25 1:%; H:%;

and the parameters A\ 3 were left undetermined in [8]. By inspection, we conclude that the
above expression satisfies® the conditions we laid down in (3.30).The above expression is
completely consistent with the coefficients we derived above in (3.39). Hence, the second-
order hydrodynamics of N’ =4 SYM fluid is completely summarized by (3.39).

2Note that the calculation in [6] was done for flat spacetime and hence the curvature term does not appear
in their derivation.

2Note that the o, of [8] is twice that of ours and their curvature tensors are negative of the curvature
tensors defined in this chapter.

30 We have invoked the identity (which follows by applying projection operators to the the definition of Weyl
tensor in (3.11))

prv

P* P Rys + (d — 2)P** P"° Ryaopu®u” — yp—

(P* Rao + (d — 2) P Ryaopu®u®)

= (d — 2)Cpavpu’u®
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Now, we can use the discussion in our previous section to calculate the entropy current
for N'= 4 SYM fluid. Using the equation of state Ts = p d = 4p = 47T for a conformal
fluid and (3.34) we get

J) = dmn |ut — [(In2)0 0y, + W wp] Ut + 2y, (GH + FHA) + 6D
’ 3(nT)?

with TDMJg =2no"o,, >0
(3.41)

This expression gives the the next to leading order corrections to the holographic result
J} = 4mu? of Kovtun, Son and Starinets[22).

Note that our proposal for the entropy current was motivated in an indirect way - by first
finding the holographic energy-momentum tensor and then guessing the entropy current from
it by demanding second law. It would be interesting to do a direct gravity computation of
the entropy current that checks this proposal. Further, the rate of entropy production takes a
very simple form in the case of N'= 4 SYM fluid - the total entropy production is completely
given by a term quadratic in shear strain rate o,, and there is no contribution at the next
order. This fact can be traced to an interesting fact that £, = £¢ for N =4 SYM.

We would now like to give a heuristic reason for why we might expect the entropy
production to take such a simpler form. Notice that the additional contribution to the entropy
production(over and above the standard shear viscosity part) comes from a viscoelastic stress
of the form 7 ~ o#\o*". The rate of energy transfer by such a stress is O ~ oot N

If this energy transfer was irreversible, this would contribute to an entropy production
—7'_10“”71*“’ which is precisely the term which we arrived at in the last section.

However, the energy transfer by a stress of the form 7w ~ oo is reversible - in particular,
for such a stress, the rate of work done wo reverses sign if we reverse the fluid flow. If we
assume that such a reversible energy transfer cannot contribute to entropy production, then
either such a term can be absorbed into a redefinition of the Jg’ diss OF the coefficient of such a
contribution should vanish. The second possibility immediately yields the condition &, = &¢.
This, however is a very heuristic line of reasoning and it would be interesting to know how far
it is valid. In principle, it should be possible to extend the holographic calculation of £- and
&, to arbitrary dimensional AdS gravity and check whether the relation . = &, continues to
hold.

In the next section, we compare and contrast the formalism used in this chapter with the
conventional theories of relativistic hydrodynamics. In particular, we would be interested in
comparison with the conventional Israel-Stewart formalism.

3.5 Israel-Stewart formalism

In this section, we give an extremely brief and non-exhaustive review of the conventional
theories of relativistic hydrodynamics [23, 24] and discuss how the work presented in this
chapter fits into that framework.
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The first theories of relativistic viscous hydrodynamics are due to Eckart[25], Landau and
Lifshitz [21]. These classical theories which are simple generalizations of their non-relativistic
counterparts, assume a linear constitutive relation between the viscous stress 7 and the
strain rate o#”. This linear approximation (called the Newtonian approximation) is the most
familiar model in dissipative hydrodynamics and the fluids which obey such a relation are
called Newtonian fluids.

Such a linear theory, however, leads to parabolic equations for the dissipative fluxes
and predict very large speeds of propagation in situations with steep gradients, in contradic-
tion with relativity and causality. It was noticed by many authors including Grad, Muller,
Israel[26] and Stewart[27, 28] that one can easily solve this problem by including terms involv-
ing higher derivative corrections to the constitutive relations.> The most simple extension is
to add a non-zero relaxation time in the equation thus converting the problem into a hyper-
bolic system of equations. 32 The resultant theory is called as causal viscous hydrodynamics
or Extended Irreversible Thermodynamics(EIT) or just Israel-Stewart theory.3?

This approach outlined above differs from the approach adopted here and elsewhere[6, 8]
in the holographic studies of N' =4 SYM. In particular, some of the terms appearing in the
general derivative expansion of conformal fluids are absent in the conventional Israel-Stewart
formalism?3.

One way of formulating Israel-Stewart theory is to consider dissipative fluxes like viscous
stress and heat flow as new thermodynamic variables and treat entropy as a function of these
new variables. In particular, one formulates the dynamics of such fluxes in a way that is
consistent with the second law of thermodynamics. For a conformal fluid with no conserved

charges, the viscoelastic stress in Israel-Stewart theory obeys an equation of the form?>

T 4 T DATHY = =2 1 oM 4 Ty (WHATY 4 WY T (3.42)

31Many authors including Geroch[29] have argued that the large speeds of propagation might not be a
problem if the gradients required to produce them are so steep that they are beyond the domain of validity
of hydrodynamics (We remind the reader that the hydrodynamics ceases to be valid if the ratio of mean free
path to the length scale at consideration (i.e., the Knudsen number) is larger than one). But, this argument
might not apply to all fluids - see [30, 31] for further discussion of this issue.

32If one is interested in rotational flows, one can further add other terms involving vorticity wyy and cross
terms involving other hydrodynamic variables.

33Note that, there are other alternative solutions to the problem of causality in Newtonian hydrodynamics.
One such class of models termed divergence type theories were discussed by Geroch and Lindblom[32] and
under quite general conditions, these class of theories exhibit finite speeds of propagation[33].

34Further, the authors of the reference [8] argue that some of these terms would be absent even in a systematic
derivation of Israel-Stewart formalism from Relativistic Kinetic theory via moment closures.

35Note that often in the literature, 7., is taken to be equal to 7. We refrain from making such an identification
here in order to facilitate easy comparison.

— 38 —



so that one can prove a version of the second law

-
Js’\ = (s — 4777;,%“”71'“,,) u
v (3.43)
DAT = T T
As mT —
There is now a wide literature devoted to the analysis of the equations above and this for-

malism has been recently applied to the phenomenology of heavy-ion collisions.30

We can take the above equations and eliminate 7 in favor of o#*. We get the following
expression which is exact up to second derivatives

™ = -2 [o*“” — T Daot + 7, (wH a0 + UJV/\U/\N)] (3.44)

Comparing the equations so obtained with the equation(3.32) , it is clear that an Israel-
Stewart conformal fluid is a fluid with &,, & and &, set to zero. Using the above expression,
following the method employed in §3.3, we can define an entropy current associated with this
fluid obeying the second law.?7

However, as the previous sections make it clear, the Israel-Stewart conformal fluids form
only a subset of conformal fluids. And more importantly, N' = 4 SYM fluid lies outside
the subset since it has &, = o # 0. N =4 SYM fluid has a shear-shear coupling (and a
coupling to the Weyl curvature) which is absent in the conventional Israel Stewart formalism.
Hence, the approach developed in the study of A =4 SYM fluid should be looked upon as a
generalization of the Israel Stewart formalism and the entropy current in the equation(3.34)
should be treated as a generalization of the Israel-Stewart expression in the equation(3.43).

The main difference between the two formalisms lies in the way the viscoelastic stress is
treated. As far as the contribution of the viscoelastic stress to the entropy current is con-
cerned, Israel-Stewart formalism takes an extended thermodynamic point of view by assuming
that all sources of viscoelastic stress contribute equally to the entropy current, whereas the
entropy current proposed in this chapter treats different sources of visco-elastic stress differ-
ently. Rather than assuming that the entropy density is solely a function of ##¥ | the entropy
current is allowed to be a general function of the fluid velocity and its derivatives. Note
that, despite going out of Israel Stewart formalism, we have succeeded in defining an entropy

current which is consistent with the second law. 8

3.6 Appendices
3.6.1 Some useful identities

In this appendix, we prove some identities that were used in the main body of this chapter.
In particular, we want to sketch the proof of the equations quoted in equation(3.26).

36 A non-exhaustive list of references include [34-40]

3"Note however that the JSA, diss SO obtained is the negative of what would be naively expected from equa-
tion(3.43). This apparent discrepancy can be traced to the ambiguity in the definition of JS/\,diss-

38The author thanks Shiraz Minwalla for pointing out this distinction and for discussions about related
issues.
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First, we use the definition of RW,,)‘ in terms of the commutator to write

uo‘(RW,,)‘u,\ + Fuaty) = —u®[Dy, Do)u,
= —D,(uDauy) + (Dyu®)(Dotty) + u*Da(Dyuy) (3.45)
= 0,%0a + 0, " war — 0, wap + W way + uDy (0 + W)

Next, we multiply the expression above with o#” and w"” respectively, and simplify the
resulting expressions using the curvature identities in §3.1 to get

a‘“’CHal,guauﬁ — oS = 0" 0, 00 + 0w, way + oM uDyoyy,
1 (3.46)

v (0% 14 v, o
f§w” Fup = =20, war ™ + W uDowu

The next step is to derive another identity which directly follows from the reduced Bianchi
identity (See (3.9) )

D, [w(gw + m} _ (D) (G + F
d—2 d—2
_ (Dauy)(GH + §FH — B2
d—2 (3.47)
_ J/\u(gw‘ + %f")‘) _ lw)\ FHA
d—2 2 M

1
= 0" S + Swuw

where we have used the fact that G + %]—" HA s a symmetric tensor.
We will need one more identity to finish the proof.

D,wh” 1
D, | 2| = [D,1, Dy
d—3 2(d — 3) (3.48)
3Fuwwh” + Ry wh” 1 v '
= = —— I/w
2(d — 3) 2

Using the above identities, it is now straightforward to get the equations quoted in (3.26).

wtw D,

5 5 20" 0, W, o u (GM + FrNY 3D,
ot Cuayﬁuauﬂ = gt Uuaaay + D,y [ HV4 4 H — + Q(du_ 3)
(3.49)

3.6.2 Conformal Energy-Momentum tensor

In this appendix, we list all the terms that can appear in the energy-momentum tensor of a
conformal fluid and show that only a few of them are linearly independent.
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In order to write down the most general derivative expansion of the viscoelastic stress ¥,
we list below all the Weyl- covariant second- rank tensors which are symmetric, transverse
and traceless.

o . Dy, [w“)\a)‘”—}-w”)\a)‘“],

P v
[or0™ = o= 0% 0ap] . W™ + S0P wag),

d PH
Cpauﬂuauﬁy [PH)\PVU(R)\U + *-7:)\0) -

p
d—

PR (3.50)

d—1

[PMAPVU(RAOM,BU ’LL ]:)\U) - P R/\aaﬁu uﬁ]

Note that, the different terms appearing above are not all independent .
To show that we take the relation

—u*[Dy, DaJuy, = —uDy Doy, + DDy, = (Dyu®)(Dawy) + u*Do(Dyuy)

and project out out the symmetric traceless transverse part to get

P j7274
[PPPY? (R xqopuu” ]—“AU) - PA Rraosu®ul]
PW prv
= [o# )0 — . 100‘50a5] + [wh ™ + T 1waﬁwa5] + u Dyt

(3.51)

Further, if we denote by the subscript TT the transverse traceless part, then we have
using (3.13)

[R,\g + (d — 2)RAagﬁuauﬁ]TT = [R)\U + (d — Q)R)\ag/guauﬁ]TT = (d — Q)CAagguau’B

Hence, the independent terms that occur in a derivative expansion are

o . Dy [w“,\a)‘” +w”>\a)‘“]

puv p
[Uuko)\y T d= 1o'aﬂ0-aﬂ] W AW Y+ d— 1 Bwaﬁ]v (3.52)
C’,wwﬁuauﬁ

and so we obtain the derivative expansion in (3.24).

3.7 Classification

We can now use this Weyl-covariant derivative to enumerate all the Weyl-covariant scalars,
transverse vectors (i.e, vectors that are everywhere orthogonal to the fluid velocity field u*)
and the transverse traceless tensors in the charged hydrodynamics that involve no more than
second order derivatives. We will do this enumeration ‘on-shell’; i.e., we will enumerate those
quantities which remain linearly independent even after the equations of motion are taken
into account.
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The basic fields in the charged hydrodynamics are the fluid velocity u* with weight unity,
the fluid temperature T' with with weight unity and the chemical potentials p; with weight
unity. This implies that an arbitrary function of p;/T is Weyl-invariant and hence one could
always multiply a Weyl-covariant tensor by such a function to get another Weyl-covariant
tensor. Hence, in the following list only linearly independent fields appear. To make contact
with the conventional literature on hydrodynamics we will work with the charge densities n;
(with weight d — 1) rather than the chemical potentials p;. For simplicity, we will confine
ourselves to the case where there is only one charge.

At one derivative level,

e Weyl invariant scalars : None

e Weyl invariant transverse vector : n‘lPﬁ Dyn.
In d=4 , we also have [* = e‘“’)‘auuvyuA .
e Weyl-invariant symmetric traceless transverse tensors : T'o,
At the two derivative level,
e Weyl invariant scalars :

—2 v —2 v —2
T 0,0, T wuw'”, T °R,

3.53
T2 'P"D,Dyn and T *n 2P"D,nD,n (3:53)
In d=4 ,
T_Qn_ll“DMn
e Weyl-invariant transverse vectors :
T~'P/Dyo,*, T 'P/Dyw,’,
—1,—-1_ X -1, -1, X (3.54)
T 'n 0, "Dyn and T 'n" w, " Dyn
In d=4 ,
TﬁlaW v
e Weyl-invariant symmetric traceless transverse tensors : “
Cua,jﬁuauﬂ, u)‘Z)>\¢7N,,7
A A A Py af A Py aB
Wy Oy W ON, O 0N — ﬁ 0apo ", Wy Wy, + ﬁ WapW ", (3'55)
n~' I8 DoDgn, n 2 I3 Dan Dn.
In d=4,
1 e 67001/0&6 0 UNUg, l60[[3)\( Caﬂu)au)\uov D( ly)v

n_lﬂﬁfjlaﬂgn, n_leo‘ﬁ’\(uay),\ual?gn.
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where we have introduced the projection tensor H,Oj,é which projects out the transverse trace-
less symmetric part of second rank tensors
2

e e e T i

B _
I, = T

1
2
These invariants can now be used to write down the most general T}, and J! consistent
with Weyl-covariance. The energy-momentum tensor and the charged currents of the fluid

are usually divided into a zero-derivative part and a part involving at least one derivative
T“”f = p(g"™ +d ufu”) + 7

con

(3.57)
J = piut + vt

where we can take the visco-elastic stress 7/ to be transverse (u,7"" = 0) and traceless
(7#, = 0) and the diffusion current v/ to be transverse (u)v) = 0). Hence, 7* and v}’
are linear combination of transverse traceless Weyl-covariant tensors and transverse Weyl-

covariant vectors of appropriate weight.
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4 Hydrodynamics and Large Rotating Blackholes in AdS

We will turn to the study of large rotating black holes in global AdSp spaces - which seems
like a distinct subject from the CFTs and their hydrodynamic description. As will see in
this chapter, there are deep relations between hydrodynamics of CFTs and the blackhole
solutions in AdS. We will use the AdS/CFT correspondence to argue that large rotating black
holes in global AdSp spaces are dual to stationary solutions of the relativistic Navier-Stokes
equations on SP~2. Reading off the equation of state of this fluid from the thermodynamics
of non-rotating black holes, we proceed to construct the nonlinear spinning solutions of fluid
mechanics that are dual to rotating black holes. In all known examples, the thermodynamics
and the local stress tensor of our solutions are in precise agreement with the thermodynamics
and boundary stress tensor of the spinning black holes.

Our fluid dynamical description applies to large non-extremal black holes as well as a
class of large non-supersymmetric extremal black holes, but is never valid for supersymmetric
black holes. Our results will yield predictions for the thermodynamics of all large black holes
in all theories of gravity on AdS spaces, for example, string theory on AdSs x S° and M
theory on AdS; x ST and AdS; x S*.

The material for this chapter is drawn from the paper[15] written by the author in
collaboration with Sayantani Bhattacharyya, Subhaneil Lahiri and Shiraz Minwalla.

4.1 Introduction

In this chapter, we predict certain universal features in the thermodynamics and other classical
properties of large rotating black holes in global AdSp spaces for arbitrary D. Our analysis
applies to black holes in any consistent theory of gravity that admits an AdSp background;
for example, IIB theory on AdSs x S° or M theory on AdS; x S* or AdS, x S”.

All theories of gravity on an AdSp background are expected to admit a dual description
as a quantum field theory on SP~2x time [4, 41]. Moreover, it is expected to be generally true
that quantum field theories at sufficiently high energy density admit an effective description
in terms of fluid dynamics. Putting together these facts, we propose that large, rotating
black holes in arbitrary global AdSp spaces admit an accurate dual description as rotating,
stationary configurations of a conformal fluid on SP~2.

Assuming our proposal is indeed true, we are able to derive several properties of large
rotating AdS black holes as follows: We first read off the thermodynamic equation of state of
the dual ‘fluid’ from the properties of large, static, non-rotating AdS black holes. Inputting
these equations of state into the Navier-Stokes equations, we are then able to deduce the
thermodynamics of rotating black holes. In the rest of this introduction, we will describe our
proposal and its consequences, including the tests it successfully passes, in more detail.

Consider a theory of gravity coupled to a gauge field (based on a gauge group of rank ¢) on
AdSp. In an appropriate limit, the boundary theory is effectively described by conformal fluid
dynamics with ¢ simultaneously conserved, mutually commuting U(1) charges R; (i = 1...c).
Conformal invariance and extensivity force the grand canonical partition function of this fluid
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to take the form 1

%
where ( represents the set of the ¢ chemical potentials conjugate to the U(1) charges of the

In Zg. = T4 h(¢/T), (4.1)

fluid, V and T represent the volume and the overall temperature of the fluid respectively and
d = D — 1 is the spacetime dimensions of the boundary. As we have explained above, the as
yet unknown function h(({/T) may be read off from the thermodynamics of large, charged,
static black holes in AdS.

The thermodynamic equation of state described above forms an input into the relativistic
Navier-Stokes equations that govern the effec tive dynamics of the boundary conformal fluid.
The full equations of fluid dynamics require more data than just the equation of state; f or
example we need to input dissipative parameters like viscosity. However, fluid dynamics on
S9=1 admits a distinguished ¢ + n + 1 parameter set of stationary solutions (the parameters
are their energy F, ¢ commuting charges R; and n = rank(SO(d)) = [2] commuting angular
momenta®’ on S9°!). These solutions are simply the configurations into which any fluid
initial state eventually settles down in equilibrium. They have the feature that their form
and properties are independent of the values of dissipative parameters.

Although these solutions are nonlinear (i.e. they cannot be thought of as a small fluc-
tuation about a uniform fluid configuration), it turns out that they are simple enough to be
determined explicitly. These solutions turn out to be universal (i.e. they are independent of
the detailed form of the function h(¢/T')). Their thermodynamics is incredibly simple; it is

summarised by the partition function

(H = GRi —Qla)| _ VaT¥'h(¢/T)
T [l (1—92)°

where H,L, and 2, represent the energy, angular momenta and the angular velocities of the

fluid respectively and V; = Vol(S9!) is the volume of the sphere S%~1.
We now turn to the gravitational dual interpretation of the fluid dynamical solutions we

InZge =InTrexp | — (4.2)

have described above. A theory of a rank ¢ gauge field, interacting with gravity on AdSp,
possesses a ¢ +n + 1 parameter set of black hole solutions, labelled by the conserved charges
described above. We propose that these black holes (when large) are dual to the solutions
of fluid dynamics described in the previous paragraph. Our proposal yields an immediate
prediction about the thermodynamics of large rotating black holes: the grand canonical
partition function of these black holes must take the form of (4.2).

Notice that while the dependence of the partition function (4.2) on (/T is arbitrary, its
dependence on €2, is completely fixed. Thus, while our approach cannot predict thermody-
namic properties of the static black holes, it does allow us to predict the thermodynamics of
large rotating black holes in terms of the thermodynamics of their static counterparts.?? Fur-

39Here, we use the notation [z] to denote the integer part of the real number .

40 The analogue of our procedure in an asymptotically flat space (which we unfortunately do not have)
would be a method to deduce the thermodynamics and other properties of the charged Kerr black hole, given
the solution of static charged black holes.
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ther, our solution of fluid dynamics yields a detailed prediction for the boundary stress tensor
and the local charge distribution of the corresponding black hole solution, which may be
compared with the boundary stress tensor and currents calculated from black hole solutions
(after subtracting the appropriate counterterms [42-49]).

Our proposal is highly reminiscent of the membrane paradigm in black hole physics (see,
for instance, [50, 51]). However, we emphasise that our fluid dynamical description of black
holes is not a guess; our proposal follows directly from the AdS/CFT correspondence in a
precisely understood regime (see [5] for a review of AdS/CFT correspondence).*!

We have tested the thermodynamical predictions described above on every class of black
hole solutions in AdSp spaces that we are aware of. These solutions include the most general
uncharged rotating black holes in arbitrary AdSp space [16, 52, 53], various classes of charged
rotating black holes in AdSs x S% [19, 54-56], in AdS7 x S* and in AdS; x ST [57-59]. In
the strict fluid dynamical limit, the thermodynamics of each of these black holes exactly
reproduces®? (4.2). In all the cases we have checked, the boundary stress tensor and the
charge densities of these black holes (read off from the black hole solutions using the AdS/CFT
dictionary) are also in perfect agreement with our fluid dynamical solutions. The agreement
described in this paragraph occurs only when one would expect it to, as we now explain in
detail.

Recall that the equations of fluid mechanics describe the evolution of local energy den-
sities, charge densities and fluid velocities as functions of spatial position. These equations
are applicable only under certain conditions. First, the fluctuations about mean values (of
variables like the local energy density) must be negligible. In the situations under study in
this chapter, the neglect of fluctuations is well justified by the ‘large N’ limit of the field
theory, dual to the classical limit of the gravitational bulk.

Second, the equations of fluid mechanics assume that the fluid is in local thermodynamic
equilibrium at each point in space, even though the energy and the charge densities of the
fluid may vary in space. Fluid mechanics applies only when the length scales of variation of
thermodynamic variables - and the length scale of curvatures of the manifold on which the
fluid propagates - are large compared to the equilibration length scale of the fluid, a distance
we shall refer to as the mean free path lg,.

The mean free path for any fluid may be estimated as [60] g, ~ % where 7 is the shear
viscosity and p is the energy density of the fluid. For fluids described by a gravitational
dual, n = ;- where s is the entropy density [60]. Consequently, for the fluids under study
in this chapter, lg ~ 4;—,0. As we will see in §§4.3.7, the most stringent bound on l,g,, for
the solutions presented in this chapter, comes from requiring that l,,¢, be small compared to
the radius of the S?~!, which we set to unity. Consequently, fluid dynamics should be an

41 Alternatively, one could regard the agreement between fluid dynamics and gravity described below as a
test of the AdS/CFT correspondence (provided we are ready to assume in addition the applicability of fluid
mechanics to quantum field theories at high density).

42Gee, however, §§4.6.10 for a puzzle regarding the first subleading corrections for a class of black holes in
AdS5
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accurate description for our solutions whenever ﬁ < 1. In every case we have studied, it
turns out that this condition is met whenever the horizon radius, Ry, of the dual black hole
is large compared to the AdS radius , Raqs- Black holes that obey this condition include
all black holes whose temperature is large compared to unity, but also includes large radius
extremal black holes in AdSs x S°, AdS7; x S* and AdS, x S7. It, however, never includes
supersymmetric black holes in the same backgrounds, whose horizon radii always turn out to
be of the same order as the AdS radius.

It follows that we should expect the Navier-Stokes equations to reproduce the thermo-
dynamics of only large black holes. In all the cases we have studied, this is indeed the case.
It is possible to expand the formulae of black hole thermodynamics (and the stress tensor
and charge distribution) in a power series in Raqs/Ry. While the leading order term in this
expansion matches the results of fluid dynamics, we find deviations from the predictions of
Navier-Stokes equations at subleading orders.

Starting with the work of Policastro, Son and Starinets [61], there have been several
fascinating studies over the last few years, that have computed fluid dynamical dissipative
and transport coefficients from gravity (see the review [60] and the references therein). The
work reported in this chapter differs from these analyses in several ways. Firstly, the solutions
of fluid mechanics we study are nonlinear; in general they cannot be thought of as small
fluctuations about the uniform fluid configuration dual to static black holes. Second, all our
solutions are stationary: dissipative parameters play no role in our work.

Indeed our work rather follows the same line of investigation as the one applied to plas-
maballs and plasmarings in [62, 63]. These investigations used the boundary fluid dynamics
to make detailed predictions about the nature and phase structure of the black holes and
black rings in Scherk-Schwarz compactified AdS spaces. The predictions of these papers have
not yet been quantitatively verified as the corresponding black hole and black ring solutions
have not yet been constructed. The perfect agreement between fluid dynamics and gravity in
the simpler and better studied context of this chapter lends significant additional support to
those predictions of [62, 63] that were made using fluid mechanics.

While in this chapter we have used fluid dynamics to make predictions for black hole
physics, the reverse view point may also prove useful. Existing black hole solutions in AdS
spaces provide exact equilibrium solutions to the equations of fluid dynamics to all orders
in Imgp. A study of the higher order corrections of these solutions (away from the lg — 0
limit) might yield useful information about the nature of the fluid dynamical approximation
of quantum field theories.

The plan of this chapter is as follows - In §4.2, we set up the basic fluid mechanical
framework necessary for our work. It is followed by §4.3 in which we consider in detail a
specific example of rigidly rotating fluid - a conformal fluid in % x R. A straightforward
generalisation gives us a succinct way of formulating fluid mechanics in spheres of arbitrary
dimensions in §4.4.

We proceed then to compare the fluid mechanical predictions with various types of black
holes in arbitrary dimensions. First, we consider uncharged rotating black holes in arbitrary
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dimensions in §4.5. Their thermodynamics, stress tensors and charge distributions are com-
puted and are shown to exactly match the fluid mechanical predictions. In §4.6, we turn
to the large class of rotating black hole solutions in AdSs x S°. Many different black holes
with different sets of charges and angular momenta are considered in the large horizon radius
limit and all of them are shown to fit exactly into our proposal in the strict fluid dynamical
limit. However we also find deviations from the predictions of the Navier-Stokes equations
at first subleading order in ly¢, for black holes with all SO(6) Cartan charges nonzero (these
deviations vanish when the angular velocities, or one of the SO(6) charges is set to zero).
This finding is at odds with naive expectations from fluid dynamics, which predict the first
deviations from the Navier-Stokes equations to occur at (’)(lfnfp) and is an as yet unresolved
puzzle.

This is followed by §4.7, dealing with large rotating black holes in AdSy x ST and AdS7 x
S* backgrounds which are dual to field theories on M2 and M5 branes respectively. The
thermodynamics of the rotating black hole solutions in these spaces are derived from their
static counterparts using the duality to fluid mechanics and it is shown how the known
rotating black hole solutions agree with the fluid mechanical predictions in the large horizon
radius limit. In each of these cases, the formulae of black hole thermodynamics deviate
from the predictions of the Navier-Stokes equations only at (’)(lfnfp) in accord with general
expectations. In the final section, we conclude our work and discuss further directions.

In appendix 4.9.1, we discuss the constraints imposed by conformal invariance on the
equations of fluid mechanics. In appendix 4.9.2, we discuss the thermodynamics of free
theories on spheres. In appendix 4.9.3, we present our computations of the boundary stress
tensor for two classes of black holes in AdS spaces.

4.2 The equations of fluid mechanics
4.2.1 The equations

The fundamental variables of fluid dynamics are the local proper energy density p, local charge
densities r; and fluid velocities u* = (1, v). Assuming local thermodynamic equilibrium, the
rest frame entropy density s, the pressure P, the local temperature 7 and the chemical
potentials p; of the fluid can be expressed as functions of p and r; using the equation of state
and the first law of thermodynamics, as in §§4.2.5, §§4.2.6 below. In what follows, we will
often find it convenient to express the above thermodynamic quantities in terms of 7 and y;
rather than as functions of p and 7;.

The equations of fluid dynamics are simply a statement of the conservation of the stress
tensor T"” and the charge currents J!'.

VuIT" = 8, T + T\ T + T/, T =0,
Vil = 0uJ + T Jit = 0.

poi

(4.3)
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4.2.2 Perfect fluid stress tensor

The dynamics of a fluid is completely specified once the stress tensor and charge currents are
given as functions of p,r; and u”. As we have explained in the introduction, fluid mechanics
is an effective description at long distances (i.e, it is valid only when the fluid variables vary
on distance scales that are large compared to the mean free path lng). As a consequence
it is natural to expand the stress tensor and charge current in powers of derivatives. In this
subsection we briefly review the leading (i.e. zeroth) order terms in this expansion.

It is convenient to define a projection tensor

P = gh 4 iy (4.4)

PH projects vectors onto the 3 dimensional submanifold orthogonal to u*. In other words,
PH may be thought of as a projector onto spatial coordinates in the rest frame of the fluid.
In a similar fashion, —u*u” projects vectors onto the time direction in the fluid rest frame.

To zeroth order in the derivative expansion, Lorentz invariance and the correct static
limit uniquely determine the stress tensor, charge and the entropy currents in terms of the
thermodynamic variables. We have

uv _ v v
Tperfect - puuu + PPH )

(Jiu)perfect = riu“, (4.5)

(Jg)perfect = sul,

where p = p(T, u;) is the rest frame energy density, s = s(7, u;) is the rest frame entropy
density of the fluid and p; are the chemical potentials. It is not difficult to verify that
in this zero-derivative (or perfect fluid) approximation, the entropy current is conserved.
Entropy production (associated with dissipation) occurs only at the first subleading order in
the derivative expansion, as we will see in the next subsection.

4.2.3 Dissipation and diffusion

Now, we proceed to examine the first subleading order in the derivative expansion. In the
first subleading order, Lorentz invariance and the physical requirement that entropy be non-
decreasing determine the form of the stress tensor and the current to be (see, for example,
§814.1 of [24])

T(iZsipative = _Cﬁplw - 2770.#1/ + ¢"'u” 4+ utq”,
(Jiﬂ)dissipative = QZH, (4.6)
q" — pigi
(Jg)dissipative = % .
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where

a* = u’'Vyut,

¥ =V, ul,
UW—E@WVUMJvaQ——LwWV
2 g A d—1"" (4.7)

¢ = —kP" (0, T +a,T),

Qf = _Dijpﬂyau (IU%) )

are the acceleration, expansion, shear tensor, heat flux and diffusion current respectively.

These equations define a set of new fluid dynamical parameters in addition to those
of the previous subsection: ( is the bulk viscosity, 7 is the shear viscosity, x is the thermal
conductivity and D;; are the diffusion coefficients. Fourier’s law of heat conduction ¢ = —kVT
has been relativistically modified to

q" = —xP" (0, T +a,T), (4.8)

with an extra term that is related to the inertia of flowing heat. The diffusive contribution
to the charge current is the relativistic generalisation of Fick’s law.

At this order in the derivative expansion, the entropy current is no longer conserved;
however, it may be checked [24] that

" qu
KT

As ¢*, ¢! and o* are all spacelike vectors and tensors, the RHS of (4.9) is positive provided

TV, JE = + T (D Y9ql g, + CO? + 2no 0™ . (4.9)

1,(,xk and D are positive parameters, a condition we further assume. This establishes that
(even locally) entropy can only be produced but never destroyed. In equilibrium, V,J§ must
vanish. It follows that, ¢*, ¢/, 6 and o#” each individually vanish in equilibrium.

From the formulae above, we see that the ratio of T(ﬁ:sipative to Té‘el;fect is of the order
n/(Rp) where 7 is the shear viscosity, p is the rest frame energy density and R is the typical
length scale of the flow under consideration. Consequently, the Navier-Stokes equations may
be thought of as the first term in a series expansion of the microscopic equations in lyg, /R ,
where [, ~ %. In this sense, I;,s, plays a role analogous to the string scale in the derivative
expansion of the effective action in string theory. This length scale may plausibly be identified
with the thermalisation length scale of the fluid.*?

When studying fluids on curved manifolds (as we will proceed to do in this chapter),
one could add generally covariant terms, built out of curvatures, to the stress tensor. For
instance, we could add a term proportional to R*” to the expression for T#”. We will ignore
all such terms in this chapter for a reason we now explain. In all the solutions of fluid
mechanics that we will study, the length scale over which fluid quantities vary is the same

43This may be demonstrated within the kinetic theory, where Imfp is simply the mean free path of colliding
molecules, but is expected to apply to more generally to any fluid with short range interactions.
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as the length scale of curvatures of the manifold. Any expression built out of a curvature
contains at least two spacetime derivatives of the metric; it follows that any contribution to
the stress tensor proportional to a curvature is effectively at least two orders subleading in the
derivative expansion, and so is negligible compared to all the other terms we have retained
in this chapter.

4.2.4 Conformal fluids

We will now specialise our discussion to a conformal fluid — the fluid of the ‘stuff’ of a
conformal field theory in d dimensions. Conformal invariance imposes restrictions on both
the thermodynamics of the fluid and the derivative expansion of the stress tensor discussed
in the previous subsection.

To start with, conformal invariance requires that the stress tensor be traceless.** This re-
quirement relates the pressure of a conformal fluid to its density as P = 725 (this requirement
may also be deduced from conformal thermodynamics, as we will see in the next subsection)
where d is the dimension of the spacetime in which the fluid lives. Further, the tracelessness
of the stress tensor also forces the bulk viscosity, (, to be zero.

It is easy to verify that these constraints are sufficient to guarantee the conformal in-
variance of the fluid dynamical equations listed above. Consider a conformal transformation
G = e2¢gw under which fluid velocity, temperature, rest energy density, pressure, entropy
density and the charge densities transform as

b = e_d)ﬂ“,
T=e°T,
p = e_d¢ﬁa P = e—dqﬁﬁ?
5§ = e_(d_1)¢§,
T, = e_(d_l)(bfi .
It is easy to verify that these transformations induce the following transformations on
the stress tensors and currents listed in the previous subsection®®
THY e—(d+2)¢fw,
Ho_ —do Th
Jl=e g, (4.10)
n_ —do Tr
Jh =e k.
These are precisely the transformation properties that ensure the conformal invariance of the
conservation equations (4.3). See appendix 4.9.1 for more details.

4“More accurately, conformal invariance relates the nonzero trace of the stress tensor to certain curvature
forms; for example, in two dimension T} = {5 R where R is the scalar curvature. However, as we have described
above, curvatures are effectively zero in the one derivative expansion studied in this chapter. All formulae
through the rest of this chapter and in the appendices apply only upon neglecting curvatures. We thank
R. Gopakumar for a discussion of this point.

—(d-1)é 5

45Note that under such a scaling, the viscosity, conductivity etc. scale as xk = e~ (d=2eg ,m=e n,

Wi = €7¢ﬂi and D;; = 67(d72>¢5i]\
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4.2.5 Conformal thermodynamics

In this subsection, we review the thermodynamics of the conformal fluids we discuss below.
The notation set up in this subsection will be used through the rest of this chapter.
Define the thermodynamic potential

=TS — wR;i. (4.11)
for which the first law of thermodynamics reads
d® = -8dT — PdV — R;dp; . (4.12)
Let us define v; = p;/T. Tt follows from conformal invariance and extensivity that
®=-VTh(v), (4.13)

where h(v) is defined by this expression. All remaining thermodynamic expressions are easily
determined in terms of the function h(v;)

p=(d—-1)P=(d-1)Th(v),
ri =T hi(v) (4.14)
S = Td_l(dh - Vlhz) s

where

_oh
N 8I/Z‘

denotes the derivative of h with respect to its i argument.

h;

4.2.6 A thermodynamic identity

We will now derive a thermodynamic identity that will be useful in our analysis below. Define
r=-78+PV—-—uR; =2+PV, (4.15)
the first law of thermodynamics implies that
dI' = =8dT + VAP — R;du; . (4.16)
Consider scaling the system by a factor (1+¢€). Under such a scaling, extensivity implies that
dl' =€l d7 =dP =du; =0,

which when substituted into (4.16) tells us that I' = 0. Then we can divide (4.15) and (4.16)
by V to get

p+P=sT+ wr;,

(4.17)
dP = sdT + rydu,; .
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4.3 Equilibrium configurations of rotating conformal fluids on 53

In this section and in the next, we will determine the equilibrium solutions of fluid dynamics

equations for conformal fluids on spheres of arbitrary dimension. In this section, we work out

the fluid dynamics on S plus a time dimension in detail.*® In the next section, we generalise

the results of this section to spheres of arbitrary dimension.

4.3.1 Coordinates and conserved charges

Consider a unit S® embedded in R* as

z! = sinf cos ¢y

22 = sin O sin ¢y

z3 = cos 6 cos ¢s

z* = cos 0 sin ¢y

with 6 € [0, 3], ¢q € [0,27). The metric of the spacetime S3 x R is
ds? = —dt* 4 d6? + sin® O d¢? + cos® Hdgs .
This gives the following non-zero Christoffel symbols:

F91¢1 = —ngm = —cosfsinf, o

_1P1 _ ¢2 _ ¢
0¢1—F¢19—cot0, ez =192 —tand.

0o $20

(4.18)

(4.19)

(4.20)

For the stationary, axially symmetric configurations under consideration, 0;T*" = 9, T

0. Using (4.20), (4.3) becomes
0=V,T" =9yT% + (cotf — tan )T,
0=V,T" =9T% + (cot§ — tan )T 4 cos O sin § <T¢1¢1 - T¢2¢2) ,

0=V, T = 9T + (cot § — tan 0)T??* + 2 cot § T,
0=V, T = 9472 + (cot § — tan 0)T?? — 2tan  T9%2.

The Killing vectors of interest are 0; (Energy) and dp, (SO(4) Cartan angular momenta).

Using the formula for the related conserved charge, [ d3xy/—gT Ougu,,k” , we get:
E = /d&dd)ldgbg cos fsin 6 T,
Ly = / dfdegidey cos O sin® 0 T,

Ly = / dfdé1dgs cos® O sin 6 T2,

46Tn this case, the dimensions of the spacetime in which the fluid lives is d = 3 4+ 1 = 4. The number
of mutually commuting angular momenta is n = 2. The black hole dual lives in AdS space of dimensions

D=d+1=5.
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Assuming ¢" = ¢!' = 0 (as will be true for stationary solutions we study in this chapter), the
entropy and the R-charges corresponding to the currents in (4.5) are given as

S = /d@dgbldqbg cosfsinf~s,
(4.26)
R;, = /d9d¢1d¢2 cos 0sin® 0 yr; .

4.3.2 Equilibrium solutions

As we have explained in the §§4.2.3, each of the three quantities o, ¢, ¢! must vanish on any
stationary solution of fluid dynamics. The requirement that ¢#¥ = 0 has a unique solution -
the fluid motion should be just a rigid rotation. By an SO(4) rotation we can choose the two
orthogonal two planes of this rotation as the (1-2) and (3-4) planes (see (4.18)). This implies
that u* = v(1,0,w1,ws2) (where we have listed the (¢, 0, ¢1,¢2) components of the velocity)
with v = (1 — U2)71/2 and v? = w?sin? @ + w3 cos? 6, for some constants wy and wy.

Our equilibrium fluid flow enjoys a symmetry under translations of ¢, ¢1 and ¢2; conse-
quently all thermodynamic quantities are functions only of the coordinate 6.

Evaluating the tensors in (4.7), we find

at = (0,—0p1In~,0,0),

41T (4.27)
L | =
q m(O,de [,J,O,O),

The requirement that ¢* and ¢! vanish forces us to set
T=7v, pi=Tuv, (4.28)

for constant 7 and v;. These conditions completely determine all the thermodynamic quan-
tities as a function of the coordinates on the sphere. We will now demonstrate that this
configuration solves the Navier-Stokes equations.

First note that for an arbitrary rigid rotation, the dissipative part of the stress tensor
evaluates to

01 0 0
10 ww | d [T
2 1 w2
(ﬁlsjsipative = —kY 0w, 0 0 diﬁ |:7:| ) (429)
Owe 0 O
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an expression which simply vanishes once we impose (4.28). Consequently, all nonzero con-
tributions to the stress tensor come from the ‘perfect fluid piece’ and are given by

(p+vP) 0 wi(p+P) wa(p +P)
T 2 0 2P 0 0
perfect = 7 wi(p+P) 0 w?p+ (csc?d — w3 cot? §)P wiwa(p + P)
wap+P) O wiwz(p + P) w3p + (sec? O — w? tan? 6)P
(4.30)
The only non-trivial equation of motion, (4.22), can be written as
dP  p+Pdy
— — —— =0. 4.31
de v df ( )
Now using the thermodynamic identity (4.17) we may recast (4.31) as
d [T d i
AT R N L s 4.32
75d9[7]+wd9[7] ’ (432

an equation which is automatically true from (4.28). Consequently, rigidly rotating configu-
rations that obey (4.28) automatically obey the Navier-Stokes equations.

In a similar fashion, it is easy to verify that all nonzero contributions to the charge
currents come from the perfect fluid piece of that current, and that the conservation of these
currents holds for our solutions.

In summary the 3 + ¢ parameter set of stationary solutions to fluid mechanics listed in
this subsection (the parameters are 7,w, and v; where i = 1...c ) constitute the most general
stationary solutions of fluid mechanics.

4.3.3 Stress tensor and currents

Using the equations of state (4.14), we find that

p =3P =37r9"hv),
s =733 [4h(v) — v;hi(V)], (4.33)
ri = 79°hi(v).

The stress tensor is

3+02 0 4wy 4uwo
0 1-—0? 0 0
T = 14440 4.34
T 4w 0 Sw% + csc? 6 — w% cot? 6 4wiwe ( )
4wo 0 4w we 3w§ +sec?f — w% tan2 0
Charge and entropy currents are given by
JF = 3~42Ci(1,0, wy, w2)
o =77 Gl 0w, ) (4.35)

Jg = 7'3743(1, 0,wy,wa),
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where we have defined

A=h(v),
B = 4h(v) — v;hi(v), (4.36)
Ci = hi(v) = 38: -

4.3.4 Charges

The energy, angular momentum, entropy and R-charges may now easily be evaluated by
integration: we find

4 902 2
E_ V;;TA i 2w12 2w22+3]’
l-wi)(l—-wj) |[l-—w; 1—wj
I Vit A [ 2wy }
1= )
(I—wP)(1 —wj) [1—wf
Ly = Vir'A [ 2w } (4.37)
(I—wp)(1-wh) [1-wi]’
g Vi3 B
(I —wP)(1—wi)’
R Var3Gi
- wh(1-wi)
where V; = Vol(S%) = 272 is the volume of S3. These formulae constitute a complete

specification of the thermodynamics of stationary rotating conformal fluids on S3.

4.3.5 Potentials

In the previous subsection we have evaluated all the thermodynamic charges of our rotating
fluid solutions. It is also useful to evaluate the chemical potentials corresponding to these
solutions. To be specific we define these chemical potentials via the grand canonical partition
function defined in the introduction

1 E-TS—-Q,L,— GR;
Zgo = Trexp <T(—H + QuLg + CiRi)> = exp (— T ¢ > , (4.38)
where the last expression applies in the thermodynamic limit. In other words
OoF oF OF
T:<> , Qa:< ) , Q:( ) | (4.39)
95 Ly,R; ILa S,Ly,R; IOR; S,Lp,R;
It is easy to verify that*”
T=r, Oy = Wa , G =rT1v;. (4.40)

4"We can express dFE — 7dS — wedL, — 7v;dR; in terms of d7, dw,, dv; and check that it vanishes, or we can
check the Legendre transformed statement d(E — 75 — waLa — 7V R;) = —Sd7 — Lodw, — Rid(715).

,56,



Note that T, Q, and (; are distinct from T, w, and p;. While the former quantities
are thermodynamic properties of the whole fluid configuration, the latter quantities are local
thermodynamic properties of the fluid that vary on the S3. In a similar fashion, the energy
E of the solution is, of course, a distinct concept from the local rest frame energy density p
which is a function on the sphere. In particular, E receives contributions from the kinetic
energy of the fluid as well as its internal energy, &.

4.3.6 Grand canonical partition function
The grand canonical partition function (4.38) is easily computed; we find

VT h(¢/T)
1-9)(1-03)°

In Z,. = (4.41)
where Vy = V(5%) = 272 is the volume of S3.

In other words, the grand canonical partition function of the rotating fluid is obtained
merely by multiplying the same object for the non-rotating fluid by a universal angular
velocity dependent factor.

4.3.7 Validity of fluid mechanics

A systematic way to estimate the domain of validity of the Navier-Stokes equations would
be to list all possible higher order corrections to these equations, and to check under what
circumstances the contributions of these correction terms to the stress tensor and currents are
small compared to the terms we have retained. Rather than carrying out such a detailed (and
worthwhile) exercise, we present in this section a heuristic physical estimate of the domain of
validity of fluid dynamics.

Consider a fluid composed of a collection of interacting ‘quasiparticles’, that move at an
average speed v, and whose collisions are separated (on the average) by the distance lng
in the fluid rest frame. Consider a particular quasiparticle that undergoes two successive
collisions: the first at the coordinate location x; and subsequently at xo. In order for the
fluid approximation to hold, it must be that

1. The fractional changes in thermodynamic quantities between the two collision points
(e.g. [T(x1) — T(x2)]/T(x1)) are small. This condition is necessary in order for us to
assume local thermal equilibrium.

2. The distance between the two successive collisions is small compared to the curva-
ture/compactification scales of the manifold on which the fluid propagates. This approx-
imation is necessary, for example, in order to justify the neglect of curvature corrections
to the Navier-Stokes equations.

Let us now see when these two conditions are obeyed on our solutions. Recall that the
local temperatures in our solutions take the form 7 = T where T is the overall temperature
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of the solution. If we treat the free path [, as a function of temperature and chemical
potentials, conformal invariance implies that

1
lrnfp(Ta Vi) = ;lmfp(Ty Vi) .

Hence, the first condition listed above is satisfied when the fractional variation in (say)
the temperature is small over the rest frame mean free path ly,g, (7, ;), i.e. provided

lmfp(Ta Vi) 87 -
— K = ) 4.42
S e (4.42)
which must hold for all points of the sphere.*® The strictest condition one obtains from this
is

1
VI—wf - vT-uf|

It turns out that the second condition listed above is always more stringent, especially

It (T, ) < (4.43)

when applied to fluid quasiparticles whose rest frame motion between two collisions is in the
same direction as the local fluid velocity. It follows from the formulae of Lorentz transforma-
tions that the distance on the sphere between two such collisions is Iy, (7, v3)y(1 + v/vp) =
Imfp (T, v3)(14+v/vp), where vy, is the quasiparticle’s velocity in the rest frame of the fluid and
v the fluid velocity. As the factor (1+v/v,) is bounded between 1 and 2, we conclude that the
successive collisions happen at distances small compared to the radius of the sphere provided

It (T ) < 1. (4.44)

Hence, we conclude that the condition (4.44) (which is always more stringent than (4.43))
is the condition for the applicability of the equations of fluid mechanics.

Of course the model (of interacting quasiparticles) that we have used to obtain (4.44)
need not apply to the situations of our interest. However the arguments that led to (4.44) were
essentially kinematical which leads us to believe that the result will be universal. Nonetheless,
it would be useful to verify this result by performing the detailed analysis alluded to at the
beginning of this subsection.

4.4 Rotating fluids on spheres of arbitrary dimension

We now generalise the discussion of the previous section to the study of conformal fluids on
spheres of arbitrary dimension.

48Recall that all variations in the temperature are perpendicular to fluid velocities, so that the typical scale
of variation in both the rest frame and the lab frame coincide.
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Let us embed S2" in R2n+! ag

a—1

g2l = (H CoS 95) sin 0, cos ¢ ,
b=1
a—1

220 = (H coSs '91;) sin 0, sin ¢ ,

b=1

n
22t = (H cos Hb) ,
b=1

(4.45)

Where 6,, € [0, 7], all other 6, € [0,%] and ¢, € [0,27). Any products with the upper limit

2

smaller than the lower limit should be set to one. Although we appear to have specialised to

even dimensional spheres above, we can obtain all odd dimensional sphere, $?*~!, simply by

setting #,, = 7/2 in all the formulae of this section.
The metric on S?"x time is given by

n a—1 n a—1
ds? = —dt® + Z (H cos? 9b> do? + Z (H cos? 9b> sin? f,d¢? .
a=1 \b=1 a=1 \b=1
We choose a rigidly rotating velocity

ut =~ uw =0 u®e = YWe
n a—1
vy=(1- 1)2)*1/2 v? = Z (H cos? 0b> sin? Hawg
a=1 \b=1
As in §84.3.2, the equations of motion are solved, without dissipation, by setting

T Hi
— = 7 = constant, — = y; = constant,

0 T
which gives the densities
p=(d=1)P = (d—1)rnw),
s = 47 Iy dh(v) — vihs (V)]
i = Td_l’yd_lh”i(y)v

This gives a stress tensor

Tt — TdA(d’yd+2 _ ’}/d) Ttba — T¢at — TdAd7d+2wa

a—1
T0a%a — TdAvd (H sec? 9b>
b=1
a—1

d’yd+2wg + 7d (H sec? 9b> csc? Ga] TPab — TdAd’yd+2wawb
b=1

T%aba — +d g4
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and currents
Jb = 7471 B4 Jg“ =0 Jg" = 741 By,

Ji=710H" Tl =0 Jfba = 7710w, (4.51)
where
A=hiv),
B = dh(v) = vihi(v), (4.52)
Ci = hi(v).

Integrating these gives®’

B V1@ h(v) wg
E_m lzza:l_wgﬂil] ,
g_ Va1 dh(v) — vihi (V)]

[1,(1 =) ’ (4.53)

I — Vatdh(v) [ 2w,

‘o Hb(l—wg) 1—w2]|”’
R — Vd Tdil hl(V)

' [I,(1 - Wg) ’

where a2
2.
Vy = Vol (8971 = .
Differentiating these gives
T=r Qo = wyg G =rT1v;. (4.54)

and the grand partition function
In 250 = L HGT)
IT,(1 =€)
As in the previous subsection, the fluid dynamical approximation is expected to be valid
provided I (T, v;) < 1.
In appendix 4.9.2, we have computed the thermodynamics of a free charged scalar field

(4.55)

on a sphere, and compared with the general results of this section.

4.5 Comparison with uncharged black holes in arbitrary dimensions

In the rest of this chapter, we will compare the predictions from fluid dynamics derived above
with the thermodynamics, stress tensors and charge distributions of various classes of large
rotating black hole solutions in AdS spaces. We start with uncharged rotating black holes on
D dimensional AdS spaces (where D is arbitrary), which are dual to rotating configurations
of uncharged fluids on spheres of dimension (D — 2).

“Tn deriving these formulae we have ‘conjectured’ that fsdfl ~ = It is easy to derive this

Vd
My a-ed)
formula for odd spheres. We have also analytically checked this formula for S? and S*. We are ashamed,
however, to admit that we have not yet found an analytic derivation of this integral for general even spheres.

— 60 —



4.5.1 Thermodynamics and stress tensor from fluid mechanics

In case of uncharged fluids the function h(v) in the above section is a constant h(v) = h.

Therefore h;(v) = 8319;) are all equal to zero. It follows from equations (4.53) and (4.54) that

VyTh 202
E=_—d4" " a1
Lo oy |21 ot ]
g — Vde_lhd
[I,Q-95)° (4.56)

_ VaT%h 20,
L -9 [1-02)°
R, =0.

The partition function is given by

Vg Ti-1p
InZ,.=—==———--. (4.57)
“ L -9
The stress tensor becomes
Ttt — th(d’}/d+2 _ ,yd) Tt¢a — T¢at — thd'}/d+QQa
a—1
T@uea — th,yd (H SeC2 9b>
o (4.58)

TP = hT?

a—1
dy 202 4 47 (H sec? 9b> csc? aa] T% % = hT%dy20, 0y .
b=1

The mean free path in fluid dynamics can be estimated by taking the ratio of shear
viscosity to energy density. As mentioned in the introduction, for fluids with gravity duals we
can equivalently estimate li,g, by taking the ratio of entropy to 47 times the energy (because
of the universal relation s = 47n).

5 } d (4.59)

boto (T )|~ || =
(T 1)l LME oo AxT(d—1)

Consequently the expansion in /,,, translates simply to an expansion in inverse powers of the
temperature of our solutions.
4.5.2 Thermodynamics from black holes

The most general solution for uncharged rotating black holes in AdSp was obtained in [16, 53].
These solutions are labelled by the n + 1 parameters® a; and r, (these are related to the n

50Recall that n denotes the number of commuting angular momenta and is given by the expression n =
rank [SO(D — 1)] on AdSp.
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angular velocities and the horizon radius (or equivalently the mass parameter) of the black
holes). The surface gravity x and the horizon area A of these black holes are given by®!

+(1 - — hen D =2 1
—i—r+ Zr2+a ! when n+1,
K= 1
—7r?
(1 * hen D = 2n + 2
—l—r+ Z 2 a 2, when n+2,
(4.60)
n 2
VdHr++C;Z when D =2n+1,
n”,ll—ai
A=
VdHr;—i_a when D = 2n + 2.
—a?

We will be interested in these formulae in the limit of large 7. In this limit the parameter
m (which appears in the formulae of [16, 53]) and the temperature T' = k/27 are given as
functions of ry by

7= {(D;T”] (1+00/2)),

2m =271 (1+0(1/r})).

(4.61)

From these equations, it follows that the parameter m is related to the temperature T' as

47

2 :TDfl o
" [Dl

D—1
] (14 0(1/T?)). (4.62)

To leading order in r4, the thermodynamic formulae take the form

Qi =a;,
Vp_1TP1 a4 1P 242
E= D1 | = Y S+ D2,
167Gp[[;_1(1 —aj) [D—1] —~1-q
I — VD_lTD_l [ 4 1Pt 2a; (4 63)
' 167Gp [[j-1(1—a3) |D—1] 1—a?]’ '
o Vo TP2(D—1) [ 4rx 1P
~ 167Gp [} (1—a?) [D—1]
R =0,

where Vp_; is the volume of SP~2 and Gp is Newton’s constant in D dimensions. The
corrections to each of these expressions are suppressed by factors of O(1/r%) = O(1/T?)

5n the expression of k for even dimension, the sign inside the second term in equation (4.7) of [53] is
different form the sign given in equation (4.18) of [16]; we believe the latter sign is the correct one.
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relative to the leading order results presented above (i.e. there are no next to leading order
corrections).

These thermodynamic formulae listed in (4.63) are in perfect agreement with the fluid
mechanics expressions in (4.56) upon making the following identifications: the spacetime
dimensions of the boundary theory d = D—1, the black hole angular velocities a; are identified
with €, and the constant h is identified as

! { in ]D_l. (4.64)

h:
167Gp | D —1

In the next subsection, we will see that this agreement goes beyond the global thermodynamic
quantities. Local conserved currents are also in perfect agreement with the black hole physics.

4.5.3 Stress tensor from rotating black holes in AdSp

The uncharged rotating black holes both in odd dimensions (D = 2n+1) and even dimensions
(D = 2n + 2) are presented in detail in [16], equation (E-3) and [53], equation (4.2) . After
performing some coordinate transformations (see appendix 4.9.3) that take the metric of that
paper to the standard form of AdSp at the boundary, we have computed the stress tensor of
this solution.

Our calculation, presented in appendix 4.9.3 uses the standard AdS/CFT dictionary. In
more detail, we foliate the solution in boundary spheres, compute the extrinsic curvature ©%
of these foliations near the boundary, subtract off the appropriate counter terms contributions
[42-49], and finally multiply the answer by the r”~! to obtain the stress tensor on a unit
sphere.

We find that the stress tensor so calculated takes the form (see appendix 4.9.3)

= 163:?}*[) (D = 1)yPF1 =P
et = 163:217 (D = 1)yP e + 977 g ?)
[I'%e = [1%! = 161"51) (D —1)yP*w, (4.65)
[T%a%s — [[9vba — 163:??1) AP+ wawp

om, - a—1
[1%a% — e P-1 (H sec? 9b> .
b=1

Here v 2=1-Y"_ w2u? where y, = (Hg;ll cos 9b> sin 0.

Note that the functional form of these expressions (i.e. dependence of various components
of the stress tensor on the coordinates of the sphere) agrees exactly with the predictions of
fluid dynamics even at finite values of ;. In the large 7 limit (using (4.62) and (4.64)) , we
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further have

Qy = wq,
D-1=d,
2m d

=T%.
167G p

With these identifications, (4.65) coming from gravity agrees precisely with (4.58) from fluid
mechanics.

We proceed now to estimate the limits of validity of our analysis above. From the black
hole side, since we have expanded the formulae of black hole thermodynamics in 1/ to match
them with fluid mechanics, this analysis is valid if r is large. From the fluid mechanics side,
we expect corrections of the order of ly,g,. To estimate Iy, in this case, we substitute (4.61)

into (4.59) to get
1
l ~— 1.
i ri(d—1)
Hence, we see that the condition from fluid mechanics is exactly the same as taking large
horizon radius limit: the expansion of black hole thermodynamics in a power series in %

appears to be exactly dual to the fluid mechanical expansion as a power series in ly,.

4.6 Comparison with black holes in AdS5 x S°

Large N, N' = 4 Yang-Mills, at strong 't Hooft coupling on S x R, is dual to classical gravity
on AdSs x S°. Hence, we can specialise the general fluid dynamical analysis presented above
to the study of equilibrium configurations of the rotating N' = 4 plasma on S* and then
compare the results with the physics of classical black holes in AdSs x S°.

Large black holes in AdSs x S® are expected to appear in a six parameter family, labelled
by three SO(6) Cartan charges (¢ = 3), two SO(4) rotations (n = 2) and the mass. While
the most general black hole in AdS5 x S® has not yet been constructed, several sub-families
of these black holes have been determined.

In this section, we will compare the thermodynamic predictions of fluid mechanics with
all black hole solutions that we are aware of and demonstrate that the two descriptions agree
in the large horizon radius limit. For one class of black holes we will also compare black hole
stress tensor and charge distributions with that of the fluid mechanics and once again find
perfect agreement (in the appropriate limit).

We begin this section with a review of the predictions of fluid mechanics for strongly
coupled N' = 4 Yang-Mills on S3. Note that this is a special case of the conformal fluid
dynamics of previous sections with d =D — 1 = 4.

4.6.1 The strongly coupled N = 4 Yang-Mills Plasma

The gravity solution for SO(6) charged black branes (or, equivalently, large SO(6) charged
but non-rotating black holes in AdS5 x S%) has been used to extract the equation of state
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of N' = 4 Yang-Mills (see [64, §2] for the thermodynamic expressions in the infinite radius
limit).

Rather than listing all the thermodynamic variables, we use the earlier parametrisation
of (4.14) to state our results. The thermodynamics of the N' = 4 Yang-Mills is described by

the following equations®?
(14 k;)3

hw) = L —opzye__LLOHH

T (2"'23"‘%_1_[3'”]’)
oo P 2771_[]‘(1‘{”‘]‘) Vi

T (2 +3 85— 1, Hj) 1+ K (4.66)
T 2r N2 [ (1 + k;)?

hl(l/) = ﬁ = J 3\/K/>i.

(2‘1‘2]' ki — 11, ”j>

where the auxiliary parameters k; have a direct physical interpretation in terms of entropy
and charge densities (see §2 of [64]) -

472 Ri2
R; = .
52

(4.67)

k; are constrained by ; > 0 and by the condition®?

—1
Hj(lJrlij) 1+I€j -

J
It follows from (4.67) that r; is finite for configurations with finite charge and non-zero
entropy. The configurations with x; — oo (for any ) are thermodynamically singular, since
in this limit, the i*" charge density is much larger than the entropy density. Hence, in the
following, we shall demand that k; be finite.

The general analysis presented before now allows us to construct the most general sta-
tionary solution of the N' = 4 fluid rotating on a 3-sphere. The thermodynamic formulae and
currents of these solutions follow from (4.35), (4.34) and (4.37) upon setting

[T+ k)
A=hiy) =20°N° (2+ Zj kj — Hj ki)t
(1 + k)2
B = 4h(v) — vihi(v) = 47’ N> @ +1_Z[]j(ﬂ:— JFL il (4.68)
Hj(l + ”j)z

2
Ci = hilv) = 2N \/’5(2 + 2205 = [ 85)37

52Note that our convention for the gauge field differs from [64, §2] by a factor of v/2.
53Which is obtained by requiring that the temperature 7 > 0 in the expression for 7 in [64, §2].
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which leads to
‘= 2nT I[;(1 + &5) VFi (4.69)
(2+Zjnj—njmj) 1+ ki

and

2 N2V, T3 [T;(1 + k5)?
(1- 01— ) (2+ X5 — 1 5)

where we have used the notation V3 = Vol(S?) = 272 as before.

In Zge = 1 (4.70)

As before, the mean free path in fluid mechanics can be estimated as

S ] B (24‘23"‘5]‘_1_[;'“3‘)

lm ~Y —_— = =
fp [47rE 0o (d—1)47TA 67T [[;(1+ &5)

(4.71)

1 1
= — -1
6rT zj:l+/{j

4.6.2 The extremal limit

The strongly coupled N' = 4 Yang-Mills plasma has an interesting feature; it has interesting
and nontrivial thermodynamics even at zero temperature. In this subsection, we investigate
this feature and point out that it implies the existence of interesting zero temperature solutions
of fluid dynamics which will turn out to be dual to large, extremal black holes.

Thermodynamics In the above section, we presented the thermodynamics of strongly

coupled N/ = 4 Yang-Mills plasma in terms of the parameters x;. These parameters are
1

i 1+k;

allowed range over which the variables k;’s can vary, it is convenient to define a new set of

constrained by the conditions x; > 0 and

> 1 with k; finite. In order to visualise the

variables
1
Xi = y Xl = Xa K Zv
— T ‘
T Xivizot1
The constraints x; > 0 and ), ﬁ > 1 with k; finite translate into the constraints

0< X;<land X +Y + Z >1. Geometrically, this is just the statement that X;’s can lie
anywhere inside the cube shown in fig.1, away from the planes X; = 0 and on or above the
plane X + Y + Z = 1.

The energy density, the entropy density and the charge densities of the Yang-Mills plasma
may be rewritten as a function of X, Y, Z and x as

p =612 N2XY Zx*4, s =42 N2 XY 73,
1-X; (4.73)

r; = 2r N2 XY Z3 X,
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The condition for the validity of fluid mechanics becomes

1
lmfp ~ @ <1 or X > 1. (474)

>

A :

Figure 1. The space of allowed x;’s. The axes correspond to X = ﬁ, Y = 14}@ and Z = ﬁ

The X;’s can lie anywhere in the cube outside the “extremal” plane X +Y 4+ Z = 1.

Consider now the case in which yx is large, but finite and X, Y, Z take values close to the
interior of the triangle ABC' in fig.1. From (4.72) and (4.73), it is evident that this is equivalent
to taking an extremal limit 7" — 0 with appropriate chemical potentials. All thermodynamic
quantities listed above are smooth in this limit and the fluid mechanics continues to be valid.

The N = 4 Yang-Mills plasma with three nonzero R-charges always has a nonsingular
extremal limit. In the case that one of the charges say r3 is zero, then we are constrained to
move on the X3 = 1 plane in the space of X;’s. Hence, we can never approach the ‘extremal
triangle’ X +Y + Z = 1.5% Thus, we have no nonsingular extremal limit if any one of the
three R-charges is zero. By a similar argument, no nonsingular extremal limit exists if two of
the R-charges were zero.

We note that Gubser and Mitra have previously observed that charged black branes near
extremality are sometimes thermodynamically unstable [65]. Although we have not performed
a careful analysis of the thermodynamic stability of the charged fluids we study in this chapter
(see however [64]), we suspect that these fluids all have Gubser-Mitra type thermodynamic
instabilities near extremality. If this is the case, the near extremal fluid solutions we study
in this section and the next — and the black holes that these are dual to — are presumably
unstable to small fluctuations. Whether stable or not, these configurations are valid solutions
of fluid dynamics. We postpone a serious discussion of stability to future work.?”

54Remember that we have already excluded, on physical grounds, the point X; = X» = 0, X3 = 1 which
lies in the intersection of X3 = 1 plane and the extremal plane X +Y 4+ Z = 1.
55We thank Sangmin Lee for discussion of these issues.
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Fluid mechanics The thermodynamic expressions for the charges of a rotating Yang-Mills
plasma take the form

p_ 2ONPXYZV, [ 2w N 2 N T 4
(1—wd)(1l—wd) 1—w1 1—w2 X+Y+Z-1]"
[ 2ONPXYZV) [ 2w 4
e (1-wd)(1l-wd) [1—-w? X+Y+Z—1 ’
4 r 4
Lo = Var A . 2“’22] [ ] , (4.75)
(1 - wf)(1 —w3) 1_Wz X+Y+Z—1
o Am?N2XY ZV, }
(1—w?)(1—w?) _X+Y+Z—1 ’
R NPXYZV, ] T P -X;
w1 -wd) | X+Y +Z -1 X;
and the mean free path
X+Y+2-1
~ 1. 4.
lmfp 61T <K ( 76)

We see that all thermodynamical charges of our rotating fluid configurations are nonsingular,
and that fluid mechanics is a valid approximation for these solutions, in the extremal limit
described in the previous subsection, provided only that y > 1.56

The solution so obtained describes a rotating fluid whose local temperature vanishes
everywhere, but whose rest frame charge density is a function of location on the S (it scales
like v3). As we will see below these extremal configurations of rotating fluid on S® are exactly

dual to large, rotating, extremal black holes in AdSs.

4.6.3 Predictions from fluid mechanics in special cases

As mentioned in the beginning of this section, the most general black hole in AdSs x S° has
not yet been constructed, but several subfamilies of these black holes are known. To facilitate
the comparison between fluid mechanics on S® on one hand and these subfamilies of black
holes on the other, in this subsection, we specialise the general predictions of the previous
subsection to various specific cases.

All SO(6) charges equal: arbitrary angular velocities Consider first the case of a
fluid with equal SO(6) charges (with the rotational parameters arbitrary). That is we set
K1 = Ky = K3 = Kk in the general formulae above. Noting that (2 + 3k — %) = (k +1)%(2 — k)

56In greater generality, in order for fluid mechanics to be a valid approximation for our solutions it is
necessary that either 7' >> 1 (which is by itself sufficient) or that X +Y + Z — 1 — 0 (under which condition
the ratio x of the previous section must be large and (conservatively) none of X, Y or Z be very small).
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we find that the stress tensor and currents are given by (4.34) and (4.35) with

_ 2mN%(1+ k)

A= gt
472 N2
B (4.77)
o= QWNQ\/E
ECEIE

The thermodynamics can be summarised by

21Tk 22 N2V, T3(1 + k)
Gi = v I Zee(T,Q,¢) = : 4.78
2-n) == oo - 7
The formula for mean free path (4.71) reduces to
1 |2—-k
m ~ — . 4.
butp ™ G [1+FJ (4.79)

Let us specialise the extremal thermodynamics of N' = 4 Yang-Mills fluid presented
before to this case. In terms of the variables introduced in §§4.6.2, we have X =Y = Z
which is a straight line in the X; space. The extremal limit is obtained when this line cuts
the extremal plane X +Y + Z =1, i.e, at the point X =Y = Z = 1/3. This corresponds to
the extremal limit xk — 2.

More explicitly, in the extremal limit

T
T 0, (2—/{):;, (4.80)

with y large but finite. The thermodynamic quantities obtained by differentiating the grand
partition function (4.93),

. 2N 72V T? 1

 (2-k)3 (1—a?)(1-b?2)
I AN?m2ViT* (1 + k) a

T 2-Rt (1-a?2(1-8?)
AN 2V T4(1 + &

Lo = (2V4_ ,@)(4 = = aQ)ZZl P (4.81)
R 2 N2V T3 \/k 1

T 2-k)3  (1-a®)(1-1?)
" 22 N2V T4(1 + k) [4 — (1 4+ a?)(1 + b?))

(2= r)t 1—a2)2(1-t2)2 °

are all smooth; and they describe a fluid configuration whose energy, angular momentum,
charge and entropy scale as N2y*, N2x%, N2y? and N2y3 respectively.

— 69 —



Independent SO(6) charges: equal rotations Consider the special case w; = wy =
(the three SO(6)) chemical potentials are left arbitrary). The stress tensor and currents are
given by (4.34) and (4.35) with

A:27T2N2 Hj(l—*—"ﬁj)g
(2‘1‘2]"‘]‘_1_[]'“]')4’
B:47T2N2 Hj(l—i_’%j)z

(2+2j Kj _Hj K“j)37 (4.82)
I1,(1 + 5y)? |
(2+Zj"ﬁj_nj’fj)3’

v=1.

C; = 2r N2 /k;

1
7 - /71 — QQ 9
The thermodynamics can be summarised by
2rTT].(1+ & : 22 N2VAT3 (1 + kj)3
¢ = HJ( J) 1\—/:&7 : In ch _ 4 HJ( J) .
- . Rj
<2+Zj’% Hj’%) ! (1-9Q2)2 <2+ij~ij—]_[jmj)

The expression for mean free path (4.71) reduces to

(4.83)

1 1
~ —1]. 4.84
b ™ G ZJ:H@ (484)

The extremal limit > (1 + ki)~ — 1 with all x; kept finite, is nonsingular, and yields
solutions that are well described by fluid dynamics when [;,¢, is small.

Two equal nonzero SO(6) charges: arbitrary angular velocities Consider now the
case when k1 = ko = Kk, k3 = 0. We find that the stress tensor and currents are given by
(4.34) and (4.35) with

TN (14 k)?

A= T
8
B T2N2(1+ k) 7
2 (4.85)
N2Vk(1
C,1202:7r VE( +/@)’
4
C3=0.
The thermodynamics can be summarised by
T2 N2V, T3 (1 + k)2
G=G=rTvk, IZ(T,Q,¢) = : (4.86)
® 8(1-07)(1 - 93)
The expression for mean free path, from (4.71), is
l 1 (4.87)
me S T+ k) ‘
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It follows from (4.87) that fluid mechanics is a good approximation when 7T is large. Though
this equation would appear to suggest that the fluid dynamical approximation is also valid
(for instance) at fixed T' and large k, we have emphasised before, the limit of large x is
thermodynamically suspect. Conservatively, thus, fluid mechanics applies only at large tem-
peratures.

A single nonzero charge: arbitrary angular velocities We now set k1 = K, kg = K3 =
0 leaving angular velocities arbitrary. The stress tensor and currents are given by (4.34) and
(4.35) with

_ 2mN?(1+ k)3

2+ r)* 7
B 412 N2(1 + k)?
2+k)3 7 (4.88)
C = 27 N2\ /k(1 + k)?
(2+ k)3 ’
Cy=C3=0.

The thermodynamics can be summarised by

22 N2V T3(1 + k)3

27T\/K
- In Z,.(T, ), ¢) = . 4.89
R R N (R [ U RN (459)
The mean free path, from (4.71) is given by
1 |2+k
PO , 4,
bty ~ G2 [1+/J (4.90)

As in the previous subsection, this particular case does not admit thermodynamically
nonsingular zero temperature (or extremal) configurations.

4.6.4 Black holes with all R-charges equal

Having derived the fluid mechanics predictions for various different black holes, we now pro-
ceed to examine the black hole solutions. First, we will focus on the case of black holes with
arbitrary angular momenta in AdSs but equal SO(6) charges. The relevant solution has been
presented in [19].

Thermodynamics The black holes presented in [19] are labelled by two angular velocities
a, b, and three more parameters ¢, m and r;. These five parameters are not all independent;
they are constrained by one equation relating horizon radius to the parameter m (A, =0 in
that paper). We thus have a four parameter set of black holes.®”

5TWe work in conventions in which the AdS radius and hence the parameter g of [19] is set to unity.
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The relatively complicated black hole thermodynamic formulae of [19] simplify if the
parameter 74 (which may be interpreted as the horizon radius) is taken to be large. In
particular, consider the limit

ry > 1 and y=q/rl fixed. (4.91)
In this limit, to leading order,we have

T+ 2
T=_— 2_y )
27T( ) (4.92)
2m =ri(1+y?).

From the positivity of 7" and 7, it follows immediately that 0 < y? < 2.
2N?2
s

R is equal to their Q/+/3, the black hole thermodynamic formulae reduce to (to leading order

3
Multiplying all thermodynamic integrals in [19] by Ré—gs = and noting that our charge

inry)
Ql =a,
Qo =0b,
2myT
G = ? (4.93)
(2-9?)
2m2N2(1 4 y?) VT3

In Z,. =

2-y)*  [A-0DH(1 -9

Once we identify the black hole parameter y? with the fluid parameter &, these formula take
precisely the form of fluid mechanics formulae (4.78) with the equation of state coming from
(4.77).58

We can now compute the fluid mechanical mean free path ¢, as a function of bulk black
hole parameters. From equations (4.92) and (4.79), we find (assuming that r is large)

1

It ~ ——————
N P )

As 14k = 1442 is bounded between 1 and 2, it appears from this equation that the expansion
in powers of 1/r is simply identical to the fluid dynamical expansion in powers of lyg,. This
explains why black hole thermodynamics agrees with the predictions of the Navier-Stokes
equations when (and only when) r4 is large.

58 The functions h(v) and its derivatives have simple expressions as functions of bulk parameters. Comparing
with (4.64) we find

h(y)_2N2 2m | m
T |167T4] T 8wGsT* (4.94)
) .
hi(v) 2N® ¢ _ ¢q

T r 8rT3  8nGsTP
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Stress tensor and charge currents In appendix 4.9.3, we have computed the boundary
stress tensor corresponding to this black hole solution (by foliating the space into S® ’s at
infinity, computing the extrinsic curvature of these sections, and subtracting the appropriate

counterterms). At leading order in -

T+
Htt: 44 271
8ﬂG5v( 7' —1)
1
et — M A (40242
87TG57 va +sin29

1
oY — M A 48242
87TG57 et cos? 0

IF¢::n¢t::8§2gay6 (4.95)
dm
MY — vt — 8777(;5676
%Y = 1¥¢ = 8;1:7635 aby®
% — 87:2:5 A4
In a similar fashion, the charge currents on S% may be computed from Ji = —r4g" Ayl oo

where the indices p, v are tangent to the S%x time foliations and and the bulk gauge field A,
is given in the equation (2) of [19]. We find

Jt — Jt — Jt — q 4
1 2 3 7877(157
B =J=J{=0
q (4.96)
ﬁ:ﬁ:ﬁzgaﬁz
To= g =gt = L %,
1 2 3 877G57

Using (4.94), it is evident that the expressions in (4.96) are in precise agreement with the
predictions (4.51) of fluid dynamics.

4.6.5 Black holes with independent SO(6) charges and two equal rotations

The most general (five parameter) black hole solutions with the two angular velocities set
equal can be found in [54]. The thermodynamics of these black holes was computed in [59].
The black hole solutions depend on the parameters 1, do, d3, a, m, ry that are related by
the equation Y (r) = 0. The thermodynamics of these black holes simplify in the limit
2
T4+ > 1, 2?’)7;92- = HZ —1 fixed.
T+

Then solving the equation Y = 0 in this limit, one can express m as

(H1H2H3)Ti

2m = (1—a?)
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The various thermodynamic quantities in this limit®® (after multiplying integrals by Ads =

2N?

#7~) can be summarised by

V1 —
91292:(1, T = T+ CL

ZH‘ -1 H\ﬁ]

CFMM( )H\/T—Z i _1< HH_1> (4.97)

7rN27“3_ ( Hj \/7] ) — Am N
2V1—a? \Y, H; ' —1 (1—0Q2)2 (HjHj) (Zijl_1>4

These expressions match with (4.83) if k; is identified with H; — 1, demonstrating perfect

In Z,. =

agreement between black hole and fluid dynamical thermodynamics.
Translating the estimate for the mean free path into the black hole variables, we find

1
l ~N <1
" 3 11 VA,

(an equation that is valid only in the large 7 limit). Notice that li,g, is automatically small
in the large r limit, explaining why black hole thermodynamics agrees with the predictions
of the Navier-Stokes equations in this limit.

Notice that the fluid mechanical expansion parameter l,g, appears to differ from the ex-
pansion parameter of black hole thermodynamics used above, 1/r, by a factor of 1//[[, H;.
When the three charges of the black hole are in any fixed ratio a : b : ¢, with none of a,b or
c either zero or infinity, it may easily be verified that this additional factor is bounded be-
tween a nonzero number (which depends on a, b, ¢) and unity. In this case the two expansion
parameters - lyg, and 1/, - are essentially the same.

However when one of the black hole charges (say R;) vanishes Hy and/or Hs can formally
take arbitrarily large values. In this extreme limit /g, appears to differ significantly from
the bulk expansion parameter 1/r;. However large H; implies large x;, a limit that we have
argued above to be thermodynamically singular. Keeping away from the suspicious large k;
limit, it is always true that ¢, is essentially identical 1/r, the parameter in which we have
expanded the formulas of black hole thermodynamics.

Finally we emphasise that the black hole studied in this subsection include a large class
of perfectly nonsingular zero temperature or extremal black holes with finite x; and large
which perfectly reproduce the predictions of extremal fluid mechanics of §§4.6.2.

59We believe that [59] has a typo: (3.10) should read ®; H (sici + 3aS2(cisjsk — sicjc)). Note that
they also use coordinates ¢ = ¢1 + ¢2 and ¢ = ¢1 — ¢2 so that Q@w = %&m + %(%2 so that Q, = %
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In more detail, the thermodynamical quantities of a general solution in this subsection is
given in terms of X, Y, Z (defined as in (4.72)) as

N27r7'?’|r
B N%rd (3 + a?)
AXYZ(1—a?)’
B NQTia
2XYZ(1—a?)’
B N%r 1-X;
o/xvza-ayV X
¢Xxy<&x1—&)
G=r4 XV 7 :
From these expressions, together with the formula for temperature in (4.97) it follows that

the limit X +Y + Z — 1 (with none of X,Y,Z zero) is extremal (the temperature goes
to zero) and non-singular (all thermodynamic quantities are finite and well defined). Note

L (4.98)

that r4 is an arbitrary parameter for these extremal black holes. When r; is large the fluid
dynamical description is valid. The black holes so obtained are exactly dual to the extremal
fluid configurations described in §§4.6.2.

4.6.6 Black holes with two equal large R-charges and third R-charge small

Chong et al. [55] have determined a class of black hole solutions with two SO(6) charges held
equal, while the third charge is varied as a function of these two equal charges. In the large
radius limit, it turns out that this third charge is negligible compared to the first two, so for
our purposes these solutions can be thought of as black holes with two equal SO(6) charges,
with arbitrary rotations and the third SO(6) charge set to zero. The parameters of this black
hole solution are a, b, m,r, s, which are related by the equation X (ry) = 0.

Black hole formulae simplify in the limit

2m.s2

2
"+

in units where the inverse AdS radius g = 1, which leads to

ry>1 and k=

fixed,

2m =1 (1 + k)%,

3
Multiplying all thermodynamic integrals in [55] by Rg—gs = %, in this limit, the ther-
modynamics can be summarised by

Ql—a, QQZ 5 T:ri,
T
1
(=G =rTVk, G3~0 (2> , (4.99)
T+

T2N2VT3(1 + k)?
8(1—a2)(1—b2) °
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Note that (3 and R3 are subleading in r,. These formulae are in perfect agreement with
(4.86) if we identify
k=k.

From the expression for the temperature, it follows that all extremal or zero temperature
black holes have ry = 0. Consequently all extremal black holes (of the class of black holes
described in this subsection) are singular, dual to the fact that the fluid mechanics has no
thermodynamically nonsingular zero temperature solutions.

Translating the estimate for the fluid dynamical mean free path into the black hole
variables we find (assuming 7, > 0)

] o
me S (14 k)

It follows that the fluid dynamical expansion parameter is essentially the same as 1/ry,
provided we stay away from the thermodynamically suspect parameter regime of large & .
4.6.7 Black holes with two R-charges zero

The solution for the most general black hole with two R-charges set to zero relevant solution
has was presented in [56]. The parameters of this black hole are zg,m,d,a,b related by
X (wo) =0.

The thermodynamics of these black holes simplifies in the limit

o> 1, y = +/xod fixed,
in units where g = 1, which leads to

2
X
om = —29
(1—-92)

This gives an upper bound on y: y < 1.
3
Multiplying all thermodynamic integrals in [56] by RGA—SS = %, in this limit, the ther-
modynamic formulae can be summarised by

lea, ngb,
To(2 — 2 2rTy+/1 — 2
7 VT2 —y) ¢ = Jigy = Ty

omy/1— 2 2 —y? (4.100)
232N ATIN2T3(1 — o2)

N I [T R B (e H I IR

2

Upon identifying x = 1317, we find perfect agreement with (4.89). Under this identification,

the expression for temperature becomes

_ V/m(@+r)
Coom/1+k
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As in the subsection above, it follows immediately from this equation that the black hole
temperature vanishes only for the singular black holes with xg = 0. This matches with the
fact that there are no nonsingular extremal fluid dynamical solutions in this case.

The fluid dynamical mean free path may be evaluated as a function of bulk parameters

as 1

lnfp ~ —F——x.
o 3vVxo(1+ k)

Note that [n,¢, is small whenever /zg = 74 is large, an observation that explains the
agreement of black hole thermodynamics in the large r, limit with the Navier-Stokes equa-
tions. In more generality we see that g, is essentially the same as 1/74, provided we keep
away from the thermodynamically suspicious parameter regime of x large.

4.6.8 Extremality and the attractor mechanism

As discussed in the previous subsections, there exists a duality between extremal large rotating
AdS black holes on one hand and the extremal configurations of the fluid dynamics on the
other. This implies that the thermodynamic properties of these large rotating extremal black
holes are completely determined by the corresponding properties of large static extremal
black holes. As an application of this observation, let us recall the suggestion [66—68] that
the attractor mechanism for black holes implies the non-renormalisation of the entropy of all
extremal configurations, as a function of the 't Hooft coupling A. It follows immediately from
the fluid mechanical description at large charges, that were any such non-renormalisation
theorem be proved for static extremal configurations, it would immediately imply a similar
result for rotating extremal configurations.

4.6.9 BPS bound and supersymmetric black holes
All solutions of IIB supergravity on AdSs x S°, and all configurations of N' = 4 Yang-Mills
on S3 obey the BPS bound

E>Li+Ly+ Y Ri=L +Ly+3R. (4.101)
7

Within the validity of the fluid dynamical approximation, described in this chapter,

34wy + wy — wiws
; 4.102
(1+w1)(1+w2) ( )

E — Ly — Ly =27°T*A

notice that the RHS of this equation is positive definite. The BPS bound is obeyed provided

3+ w1 + w2 — wiwa

74 (1 +w1) (1 +ws)

> O (4.103)

Plugging in the explicit expressions for A and C; from (4.77), we find this condition is satisfied

provided
- 27T > \/E(1+w1)(1+w2)
+ 2—rk = (14+R)(B+w +w2—wiws)

(4.104)
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The RHS of (4.104) is of order unity. It follows that (4.104) is saturated only when 7 of unit
order. It follows that when 74 > 1 (so that fluid dynamics is a valid approximation) the BPS
bound is always obeyed as a strict inequality. Supersymmetric black holes are never reliably
described within fluid mechanics.° The extremal black holes with large horizon radius, that
are well described by fluid mechanics®! (see the previous subsection) are always far from
supersymmetry.

We have noted above that a large class of extremal configurations in strongly interacting
Yang-Mills — all those that admit a fluid dynamic description — are not BPS. This is in sharp
contrast with the results of computations in free Yang-Mills theory, in which all extremal
configurations are supersymmetric [69]. This difference is related to the fact, noted previously,
the divergent mean free path prevents a fluid mechanical description from applying to free
theories. A practical manifestation of this fact is that the function h(v), which appears in the
analysis of free Yang-Mills in equation (5.2) of [69], and plays the role of r4 in our discussion
here, is always of order unity for all allowed values of the chemical potential, and so can never

become large.

4.6.10 Fluid dynamics versus black hole physics at next to leading order

As we have explained above, the formulae for all thermodynamic charges and potentials of
black holes of temperature T and chemical potentials v;, in AdSs x S®, may be expanded as a
Taylor series in 1/r ~ lyg (T, ;). As we have verified above, for every known family of large
AdS black holes, the leading order results in this expansion perfectly match the predictions
of the Navier-Stokes equations. Higher order terms in this expansion represent corrections to
Navier-Stokes equations. In this subsection we investigate the structure of these corrections.

Let us first investigate the case of black holes with at least one SO(6) charge set equal to
zero (the black holes studied in §§4.6.6 and §§4.6.7). It is not difficult to verify that the first
deviations from the large radius thermodynamics of these black holes occur at O(1/r2) ~
lfnfp. This result is in perfect accord with naive expectations from fluid mechanics. As we
have explained above, the fluid dynamical configurations presented in this chapter are exact
solutions to the equations of fluid mechanics with all one derivative terms, i.e. to the first
order in lyg,. In general we would expect our solutions (and their thermodynamics) to be
modified at O(l?nfp), exactly as we find from the black hole formulae.

However when we turn our attention to black holes with all three SO(6) charges nonzero
we run into a bit of a surprise. It appears that the thermodynamics (and stress tensor and

charge currents) of these black holes receives corrections at order O(1/r.) ~ Iy, This result

60 Although it is possible to make the energy of supersymmetric black holes parametrically larger than their
entropy, this is achieved by scaling either w1 or ws to unity with r kept at unit order. It is easy to verify that
in this limit the local, rest frame mean free path of the fluid is of unit order in regions of the S and so fluid
mechanics may not be used to describe these configurations.

51Note that the ‘physical’ radius (Area)'/®
termines the validity of fluid dynamics. The physical radius can be made arbitrarily large, nevertheless fluid

of the black hole is distinct from the parameter r4 which de-

mechanics is only valid if r4 is large.
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is a surprise because, for the reason we have explained in the previous paragraph, we would
have expected the first corrections to our fluid mechanical configuration to occur at (’)(lfnfp).

We do not have a satisfactory resolution to this puzzle. In this subsection we will simply
present the expressions for the first order corrections to black hole thermodynamics in a
particular case (the case of black holes with all SO(6) charges equal), and leave the explanation
of these formulae to future work.

As we have mentioned above, the thermodynamics of a charged rotating black hole in
AdSs x S° with three equal charges and two different angular momenta can be found in [19].
To calculate next to leading order (NLO) corrections to the thermodynamics of large black
holes, we systematically expand the thermodynamic quantities.

We find it convenient to shift to a new parametrisation in which there are no NLO
corrections to the intensive quantities. This allows us to cast the NLO corrections entirely in
terms of the intensive quantities. The parameters we choose are related to the parameters in

[19] in the following way
VE( —ww,
g )

V(1 — wi)wa
b=wp— (4.105)

ry =0 + VEwewy,
q =Vl + 36LPwawy, .

a=wg —

In terms of these parameters, the intensive quantities can be written as

1
Qa:wa+0|:£2:|,

1
szwarO[},

v (4106)
4.106
2—K 1
T_[ - ]Hou,
2m\/k 1
UV = 2/{+O|:€2:|’

where we have calculated up to NLO and confirmed that the intensive quantities do not get
corrected in this order.
This in turn means that the new parameters can be directly interpreted in terms of the

intensive quantities.

wa = Qo+ O[L25] wy =+ O[],

mfp mfp

2—
where Ing, ~ =77

2 22 1 2 22 — 1
(= [V @{Tz} IZWVVMO[TQ],
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Now, we calculate NLO corrections to the extensive quantities in terms of the new pa-

rameters.
o2m = (14 &)0* + 4/E(1 4 K)wewpl® + O[F?],
T3 [ 4x® 1
S = Ol=11-
Gl —w2) (- [@—rp © [T”
I T [ 2w, [27°(1+R)] 3wy [ 1+ w? Lo 1
TGl -w)(l-wd) [1-w2 | 2-k)! AT |1 — w? T2 ||’
I — i [ 2wy, [27°(1 + k) W, [14 w? Lo 1
PTG —w)(1—wd) [1—wZ | 2—-r) AT |[1—w? T2]|" (4.107)
T3 [ 27 2 1]
= 2 7r\/E_K"‘)awb‘i‘(/)f )
Gs(1—w2)(1—wj) [ (2—k)3 4T T2 |
5 T [27°(1 + k) 2 2 .
CG(1-w)(1-w?) | 22—k [1-w? 1-w?
T3 wawy 2 2 1
T [1—wg * 1—wg} +O[T2” ’
where G5 = TR} ;/(2N?) is the Newton’s constant in AdSs.
In particular, the subleading terms can be isolated and written as
AS =0,
T3 wawy [ 2 2
AE = — + ,
4G5(1 —w2)(1—wd) |1 —w?2 1 —w}
3 1 2
ALa = — 7TC (.Ub(2 ;_wa) 57 s
4G5(1 — w2)?(1 — wy)
7w (1 + wf) (4.108)
AL, = — 5 VR
4G5(1 — w2)(1 — wy)
Wczwawb
AR = — ,
4G5(1 — wi)(1 — wyp)
3
Aln Z,. = ™G Wath

4G5T(1 — w2)(1 —wd)
4.7 Comparison with black holes in AdS; x S and AdS; x S*

In this section we compare solutions of rotating fluids of the M5 or M2 brane conformal
field theory on S? or S® to the classical physics of black holes in M theory on AdSs x S”
and AdS7 x S° respectively. Our results turn out to be qualitatively similar to those of the
previous section with one difference: the puzzle regarding the next to leading order agreement
between fluid dynamics and black hole physics seems to be absent in this case.

4.7.1 Predictions from fluid mechanics

The equations of state of the strongly coupled M2 and M5 brane fluids were computed from
spinning brane solutions in [70]. Our parameters are related to theirs by r; = (2 /1.
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M2 branes We define our R-charges to be half of the angular momenta of [70] to agree
with gauged supergravity conventions. The equation of state is
Am2 (2N P2 (1 + ;)P
(3+ 22]' kj + Zj<lc kjkk — Hj Kj)3
Ar L0t ry) < VHi ) , (4.109)

h(v) = 3

v, =
(3+2Zj“j +Zj<kl-€jlik ijK;j) 1+ K
T(2N )2 T (1 + w;)%
hi(v): J 3 Kq
33+ 223’ Kj + Zj<k KjiKE — Hj ﬁj)

where i, 5,k =1...4.
The stress tensor and currents are given by (4.50) and (4.51) with

Am2(2N)32 (1 + ;)2

A= ,
33+ 22]' Kj + Zj<k; Kjkk — Hj K;)?
Am? (2N T (1 + w7)%2

B = , (4.110)
3(3+2 Zj kj + Zj<k KjKk — Hj Kj)?
T(2N)3/2TT.(1 + k;)3/2
- VIO R)
33+ 223‘ kj + 2j<k Kjkk — Hj k)
The thermodynamics can be summarised by
(= 4rT I[;(1 + K5) ( NG )
(3+22jﬁj+zj<k/{jﬁk—njf€j) 1+ kK
oo ) (4.111)
Wz 1673 (2N)*2T? (1 + #5)%/
nZe. = .
¢ 3(1_92)(3+22j Kj+ 2 ek itk — 11 Kj)?
The mean free path in fluid dynamics is given by
, S B B B <3+22j ki + i iikr — I “J’)
0 4B |y (d—1)4nTA ~ ST L, (1+ k)
(4.112)

1 1
= -1
8T Zl—i—/{j

J
This simplifies when the charges are pairwise equal, k3 = k1 and k4 = k9. In this case,
with i = 1,2:
_ 47rTHj(1+/-£j) VEi
“= B+ 2,/ —II; #5) <1+”i) ’
1673 (2N)*2T? [[,(1 + K5)?
3(1-9%)(3+ Zj Kj — Hj k)3

(4.113)
In Z,. =
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and the mean free path becomes

<3+ij€j —Hj/ij) 1
SrTIL,(1+r;) 8T

lmfp ~

2
3 o 1], (4.114)

i
It is evident that the thermodynamic equations of state listed above allow a set of extremal

fluid configurations very similar to those discussed in §§4.6.2. The analysis of §§4.6.2 can be
easily extended to fluids on S2.

M5 branes We define our R-charges to be twice the angular momenta of [70] to agree with
gauged supergravity conventions. The equation of state is
) 6473 N3 Hj(1+/<aj)4
v) = ,
33+ 2,/ — 11 k)"
i 2r [[;(1 + k5) < Vi >
! (3+2j/€j—Hj/€j) 1+ Ky ’
128w N3 T (1 + 5)°
hi(v) = =
3B+, k5 — 11, K5)

(4.115)

KRi,

where ¢ = 1, 2.
The stress tensor and currents are given by (4.50) and (4.51) with
643 N3 TT;(1 + #5)*
BECED T | A
128m3 N3 TT(1 + k;)3
B= L2+ ) - (4.116)
33+ Zj Kj — Hj k)
128w N3 [, (1 + &5)°
EEECED IR VTN

The thermodynamics can be summarised by

(o AT TT,(1+ ;) ( NG ) |

(3+22jﬁj+zj<kﬂjﬁk—njﬁj) 14k
6 Ar35 4 (4.117)
nz 647 N°T° [[;(1 + £;)
nZe. = .
¢ 3Ha(1_93)(3+2j “j_Hj k)3
The mean free path in fluid dynamics is given by
l S B B _(3+Zj’fj_nj“j>
" 4rE ]y (d-1)4nTA 107 TL(1 + ky)
(4.118)

1 2
= ~1
107T ;H@
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In the case that the three rotation parameters are equal, 1 = 9 = 23 = 2, we have
v =(1-02)""2and

G = ArTI[;(1 + &;) ( VEi )
z_(3"‘2233"?7'4‘2;’<k"5j’%_Hjﬁj) 1+ki)’
g ) (4.119)
64 N°T° [1.(1 + &;)
InZ,. = J

31 =P+ 2k —Ik)*

It is evident that the thermodynamic equations of state listed above allow a set of extremal
fluid configurations very similar to those discussed in §§4.6.2. The analysis of §54.6.2 can be
easily extended to fluids on S°.

4.7.2 Black holes in AdS; with pairwise equal charges

The relevant solution was found in [58]. Its thermodynamics have been computed in [59]. We
Qms?

e k; fixed. In this limit m can be written as

consider the limit of large r, with

3
m = %(1 FkD)2(1 4 ko),

and therefore s; ~ L.

o R3 (2N)3/2
After multiplying integrals by 325 = 53—, the thermodynamic quantities can be
expressed as
reB4+2 ki — 11k
T _ +( Z] ) H] ]) ’ Q —a,
47
14 ko)Vk 14+ k)VEk
(= Gy = dnT (14 k2)vk1 Co = Cy = AnT (14 k1)vVke

B+ 2k — I k) B+, ki — Ik (4120)

1673 (2N)3/2T? ( [1;(1 + k)2 ) 1
3 B+2>2ki —ILk)? ) 1—a?

If one identifies k; = k;, then these formulae match with (4.113). It is not difficult to verify

that the first corrections to the thermodynamical equations above occur at O(1/r2).

InZy. =

It is clear from (4.120) that the black holes of this subsection admit a zero temperature
(extremal) limit with nonsingular thermodynamics at any every value of ;.. These extremal
black holes are dual to extremal solutions of fluid dynamics analogous to those described in
the previous section in the context of N =4 Yang-Mills.

The fluid dynamical mean free path may easily be computed as a function of black hole
parameters. From (4.114) we find

1
2r [1;(1 + ;) .

As in the previous section, the ly,g, ~ 1/r4 away from thermodynamically suspect limits of

lmfp ~

parameters.
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4.7.3 Black holes in AdS; with equal rotation parameters

The relevant solution was found in [57]. Its thermodynamics have been computed in [59].92
We set the parameter ¢ in [59] to be unity and consider the limit

2m.s2
p+>1, and H; =1+ n?’ fixed,
P+

where i=1,2. In this limit, the parameter m is given by

2m = pS H1H,.
5
In this limit, after multiplying integrals by Ré—;‘s = 127%3, the thermodynamics can be

summarised by

Q—a T:pi QEjHj_HjHj
2 Hj‘/Hj
Hoy/H; — 1 HiVH; — 1
G = 27T ——2Y 1 . (p=2nT—— Y2 ,
23 H; — 1, H; 25 H; — I, H;
647 N3T I1; H}
31— \ 22, H; —[1; H;)° |

These formulae agree with (4.119) upon identifying «; = H; — 1. The first corrections to

(4.121)

In Z,. =

these thermodynamical formulae occur at O(1/r%). Using this identification we can rewrite
the expression for the temperature as

T:P+Hj\/1+’€j Z 2
27

1+I{j

J
It follows that the black holes studied in this subsection admit smooth extremal limits at any
value of py. Extremal black holes with large p; (and with no x; arbitrarily large) are dual
to extremal solutions of fluid mechanics.

Expressing the fluid mechanical mean free path (4.118) as a function of black hole pa-
rameters we find

1
Imfp ~ .
" Bpy I1; V145

Once again Iy, ~ 1/r4, away from thermodynamically suspect limits.

52WWe believe that [59] has the following typos: equation (4.7) should read

w2 (r? 4+ )V Y’ 2ms;
S = - T= P, = —— =_ay () — .
453 471'7"(7’2 ¥ a2) /;fl p4: ) [ a; + 6 ( g)}
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4.8 Discussion

As we have explained in this chapter, the classical properties of large black holes in AdS
spaces enjoy a large degree of universality, summarised by (4.2). However the reasoning that
led to (4.2) applies equally to all classical theories of gravity, not just to those theories that
are governed by the two derivative effective action. For instance, A’ = 4 Yang-Mills theory
at finite X is dual to IIB theory on AdSs x S® of finite radius in string units. Even though
thermodynamics of black holes in this background will receive contributions from each of the
infinite sequence of o’ corrections to the Einstein action, we expect (4.2) to be exact in the
large horizon radius limit.%3

We find it particularly interesting that (at least in several particular contexts) our fluid
dynamical picture applies not just to non-extremal black holes but also to large radius ex-
tremal black holes. This fact might allow us to make connections between our approach and
the interesting recent investigations of the properties of extremal black holes. In particular,
Astefanesei, Goldstein, Jena, Sen and Trivedi [68] have recently argued that the attractor
mechanism applies to rotating extremal black holes, and have derived a differential equation
that determines the attractor geometry (and gauge field distribution, etc.) of the near horizon
region of such black holes. It would be very i nteresting to investigate the connection, if any,
between these rotating attractor equations and our equations of rotating fluid dynamics.

In the next chapter, we will explain purely in bulk terms, why our calculations in this
chapter works. Roughly speaking, we will show that the metric of a black hole in global AdS
and in the large radius limit, as a superposition of patches of the metric of black branes of
various different temperatures and moving at various different velocities, where the temper-
atures and velocities are given by the solutions to the fluid dynamical equations presented in
this chapter.

4.9 Appendices

4.9.1 Conformal fluid mechanics

Consider a conformal fluid in d dimensions. We seek the conformal transformations of various
observables of such a fluid. USing the results from the previous chapter, we can derive the
transformation of various hydrodynamic quantities

¥ =V,u' = e ? [19 +(d—-1)a° aﬁb} ;

a’ = uuvuuu _ 672(15 [&V + f)uaaa¢:| 7

1 1 (4.122)
ol — (P#Av/\uu + PV)‘V)\U‘M) _ y 119]3;11/ — o 3¢5V

2 . 9
W = E (P”’\V,\u” — P")‘V,\u“> = e 30HY .

2

53 Away from the supergravity limit, the mean free path lmsp, = v/p is expected to be given by f()\)s/p where
F(X\) is a monotonically decreasing function that interpolates between infinity at A = 0 to unity at infinite
lambda. Thus the condition for the validity of fluid mechanics is modified at finite A; in the uncharged case,
for instance, it is T > f(\).
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Further, the transformation of the temperature and the chemical potential can be written as
T = e T and p = e ?fi. The transformation of spatial gradient of temperature (appearing
in the Fourier law of heat conduction) is

P (0, T + a,T) = e P (0,T +a,T).

The viscosity, conductivity etc. scale as kK = e (@295 n = e*(d*1)¢ﬁ, pi = e %i; and
Dij = ei(d72)¢ﬁij.

For a fluid with ¢ charges, there are 2c + 2 vector quantities involving no more than a
single derivative which transform homogeneously®®. They are

In the kind of solutions we consider in this chapter, all of them vanish except u”.
The transformation of the stress tensor is TH = e~ (+2¢THV from which it follows that

VﬂT}AV _ e—(d+2)¢(€'uj?;w _ g}\af)\aguoaogb) )

So, for the stress tensor to be conserved in both the metrics, it is necessary that TH” is
traceless.

To consider the possible terms that can appear in the stress tensor, we should look at
the traceless symmetric second rank tensors which transform homogeneously. The tensors
formed out of single derivatives which satisfy the above criterion are easily enumerated. For
a fluid with ¢ charges, there are 2c¢ + 4 such tensors and they are

1 g 1
uuuu 4 gg;w7 O_,ul/7 q,uul/ 4 quu,u7 <u080T+ y 17‘) (uuul/ + dgm/> ,
, ” \ (4.123)
3 (u“@’\ui + u)‘(?“w) — 7u”801/i and 4’0,y (u“u” + dg“”) .

Among these possibilities, the stress tensor we employ just contains the tensors in the first
line. It can be shown that the other tensors which appear in the above list can be removed by
a redefinition of the temperature etc. Even if they were to appear in the stress tensor, for the
purposes of this chapter, it suffices to notice that all such tensors except u*u” + é g"¥ vanish
on our solutions. Hence, they would not contribute to any of the thermodynamic integrals
evaluated on our solutions.

4.9.2 Free thermodynamics on spheres

In (4.55) above, we have presented a general expression for the grand canonical partition
function for any conformal fluid on a sphere. In this appendix , we compare this expression
with the conformal thermodynamics of a free complex scalar field on a sphere.

54Tn the following analysis, we will neglect pseudo-tensors which can be formed out of €,,.... Additional
tensors appear if such pseudo-tensors are included in the analysis.
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Strictly speaking, the fluid dynamical description never applies to free theories on a
compact manifold, as the constituents of a free gas have a divergent mean free path (they never
collide). Nonetheless, as we demonstrate in this subsection, free thermodynamics already
displays some of the features of (4.55) - in its dependence on angular velocities, for example
- together with certain pathologies unique to free theories.

Consider a free complex scalar field on S%~!x time. This system has a U(1) symmetry,
under which ¢ has unit charge and ¢* has charge minus one. We define the ‘letter partition
function’ [71] Zjet as Trexp [-8H + vR + Q4 L,] evaluated over all spherical harmonic modes
of the scalar field

_ e 28
_ (aV -\, —B92 l—e
Zlet B (e + ¢ )e ’ (HZ::[(]- - e_ﬁ—ﬂQa)(]_ - e_6+,89a)> (4124)

(this formula, and some of the others in this section, are valid only for even d; the gen-
eralisation to odd d is simple). We will now examine the high temperature limit of the
grand-canonical partition function separately for v = 0 and v # 0.

Zero chemical potential: (v =0) case The second quantised partition function, Z,. for
the scalar field on the sphere is given by

Zge = €Xp (Z Ziet(N B, Nv, Qa)) . (4.125)
N

N

For small 3, we have

4
Dot ~ .
BT ( - 2)
It follows that%® 2e(d
In Zye = ¢(d) (4.126)

AL (- 22)
Upon identifying Vgh|,—o = 4¢(d), we find that (4.125) is in perfect agreement with (4.55).

Nonzero chemical potential: (v # 0) case The high temperature limit of the thermody-
namics of a free, charged, massless field is complicated by the occurrence of Bose condensation.
This phenomenon occurs already when w, = 0; this is the case we first focus on.

It is useful to rewrite the letter partition function as

Ziet = (2coshv) e BT Z m(N)e PN, (4.127)
N

where m(N) ~ 2N%2/(d — 2)! for N >> 1. The logarithm of the grand canonical partition
function may then be written as a sum over Bose factors (one per ‘letter’)

InZge = — Y m(N) [ln(l — o BNHE-2/24v) 4 (g _ efB(N+(d72)/2)—z/)] O (4.128)
N

55This formula has been derived before in many contexts, for example [72] have derived this in d = 4 and
compared it with the thermodynamics of black holes in AdSs.
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The total charge in this ensemble is given by

1 1
= ln Zge = me < BINFA—2/2—v 1  oBN+({d-2)/2)+v _ 1> : (4.129)

In order to compare With fluid dynamics, we should take 8 to zero while simultaneously
scaling to large R as R = 5d ; with ¢ held fixed. As we will see below, in order to make
the total charge R large, we will have to choose the chemical potential to be large. However
it is clear from (4.128) that |v| < B(d — 2)/2. Consequently, the best we can do is to set
v = B((d — 2)/2) — € where € will be taken to be small. We are interested in the limit when
B is also small. We may approximate (4.129) by

qg 1 1 - 1 1

pa-=1 € eBld—2)—e _q + Nz_:l <eBN+e — 1  eB(N+(d-2)—e _ 1) : (4.130)
The only solution to (4.130) is
Bd_l
e=Z—(1+0().
Substituting this solution into the partition function, we find
4¢(d)

InZ, = a1 (1+0(9)). (4.131)

Consequently, to leading order the partition function is independent of the charge ¢ ! What
is going on here is that almost all of the charge of the system resides in a Bose condensate of
the zero mode of the field ¢. This zero mode contributes very little entropy or energy to the
system at leading order in 3.6 At high temperatures, the zero mode is simply a sink that
absorbs the system charge, leaving the other thermodynamic parameters unaffected.

Upon generalising our analysis to include angular velocities, we once again find that the
leading order partition function (in the limit of high temperatures and a charge R = ¢/ ﬁd_l)
is independent of ¢ and in fact is given by (4.126). Consequently, there is a slightly trivial
(or pathological) sense in which the thermodynamics of a free charged scalar field agrees with
the predictions of fluid mechanics - we find agreement upon setting h(v) to a constant.

4.9.3 Stress tensors from black holes

According to the usual AdS/CFT dictionary, the boundary stress tensor on S¢~!, corre-
sponding to any finite energy solution about an AdSp background of gravity may be read off
from the metric near the boundary, using the following procedure [42-49]. First we foliate
the spacetime near the boundary into a one parameter set of d geometries, each of which is
metrically conformal to S%~! x R, to leading order in deviations from the boundary. We will

56In particular, the contribution of the zero mode to the energy is proportional to the charge, which is
suppressed by a factor of 3 relative to the contribution to the energy from nonzero modes.
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find it convenient to use coordinates such that the leading order metric in the neighbourhood
of the boundary takes the form
2 22,2 | 2302 dr?
ds® = —rodt® + r°dQy_, + T (4.132)
(here r = oo is the boundary; this metric has corrections at subleading orders in T%)

In these coordinates, our foliation surfaces are simply given by r = const. We next
compute the extrinsic curvature @Z = —V,n"” on these surfaces, where n” is the unit outward
normal to these surfaces. The boundary stress tensor for the dual field theory on a unit sphere
is given by [42-49] as®”

(0! — §40), (4.133)

where the coordinates i, v go over time and the angles on SP~1.

The stress tensor as defined above will contain some terms which are independent of mass
and charge of the black hole. These are the terms that are nonzero even on the vacuum AdS
background and they diverge in the limit » — oo. These terms are all precisely cancelled,
up to a zero point Casimir energy, by counter terms presented in §2 of [42]. We will simply
ignore all such terms below; consequently, the stress tensors we present in this chapter should
be thought of as the field theory stress tensors with the contribution from the Casimir energy
subtracted out.%®

In order to compute the stress tensor in (4.133), we must retain subleading corrections
to the metric in (4.132). However, only those corrections that are subleading at O(TD%)
(relative to the leading order metric in (4.132)) contribute to (4.133).

In order to compute the stress tensor corresponding to two classes of black hole solutions
below, we adopt the following procedure. First, we find a coordinate change that casts the
metric at infinity in the form (4.132) at leading order. Next we compute all the subleading
corrections to the metric at order O( TD%) Finally, we use these corrections to compute the
extrinsic curvature ©f and then II} using (4.133).

Stress tensor from rotating uncharged black holes in AdSp

D =2n+1 The most general rotating black hole in an odd dimensional AdS space is given
by equation (E.3) of [16] (we specialise to odd dimensions by setting the parameter € in that
equation to zero). The metric presented in [16] uses as coordinates

1. The n Killing azimuthal angles ¢; along which the black hole rotates. These may be
identified with the coordinates ¢; in §4.4 of this chapter.

7We rescale the stress tensor of [42] by a factor of —-—

P in order that the energy of our solutions is given

by [ N4l IIJ with no extra normalisation factor.

%Recall that the full stress tensor of a general d dimensional conformal field theory is not traceless on an
arbitrary manifold; however the trace is given by a function of the manifold curvature independent of the field
theory configuration. It follows that our stress tensor with Casimir contribution subtracted must be traceless,
as indeed it will turn out to be.
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2. n other unspecified variables (called ‘direction cosines’) u; subject to the constraint
> /%2 = 1. These may be thought of as the remaining n — 1 coordinates on 2771,

3. The radial variable r and timelike variable ¢.

In order to cast the metric of [16] into the form (4.132) near the boundary, we perform
the following change of coordinates

n 2 2\,,2

- T+ a )y o

=2 (l_az) PR (L= af) = (r + af)p;. (4.134)
i=1 i

Note that
n n
W E
i=1 i=1

This equation may be solved by writing fi; as functions of the n — 1 variables 6; (which may
then be identified with the coordinates used in §4.4)

In these coordinates, the metric in the neighbourhood of r — oo becomes

ds* = —(1+7)dt* +

+r22 did + ji2de?)

=2
1+7 —
2M o(ny1) 1,2 2m o o
dma; i L 2maga;fif i
. Z l/‘L’L 2(n+1)dtd¢ + Z ’F;ni; 7 ,}/2(n+1)d¢zd¢] ’
i=1,7=1

where we have retained all terms that are subleading up to C’)(T:D%l) compared to the metric
of pure AdS. Here v 2 =1 — 3" a2fi? and Y7, p2da? = S0} <H] 1 cos? 0; >d9i2 as in
(4.46).

Note that this metric separates into two parts; the first piece (on the first line of (4.135))
is the metric of pure AdS space while the terms of the remaining lines represent correction
proportional to the mass m.

The normal vector is given by n; = —— (with all other components zero). As our metric
grr

contains no terms that mix r with other coordinates at leading order, this is the same as

1
~ 1 1\2 m
T:7:~ 1 _ [177 27’L:|
" gr7 7n< +f2) fmﬂ

Since the normal vector has only the ¥ component and since the component is a function of
7 only, to compute the extrinsic curvature tensor ©% one needs only those components of I'
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that are of the form I'{;. The Christoffel symbols (that are relevant for the calculation of the
stress-tensor) as calculated from this metric up to the first subleading term in 7 are given by

¢ T 2nm 2(n+1) 6 2nma; 2(n+1)
tr ) +1 (1 + 72n v " th T F2ntl g "
2nma i’ . 1 2nma;a;fi;

t i 2(n+1 i _ iy L9 2(nt1 .

Lor=— W—i—lzv ey F¢>jf F <5Z] N 72n v S (4.136)
1

0

Lg; ==

The extrinsic curvature ©F in this case is given by

= 1

Ignoring all terms in Oy that are independent of mass (for the reasons explained in the
introduction to this appendix) we find

D+1 D+1
mry _ . omy . _
@i - - FD—1 (D -1- Y 2) @ﬁl = FD-1 ((D - 1)&%#? + 2)
(D —1)mAyP+t . (D-1myP
of — (D — ymyP*t of my(P~1)
t T T D1 a; 0; — ~FD-1 -
D—1

Here the n has been replaced by =5—. It may easily be verified that © is traceless and
therefore the stress tensor is also traceless according to the definition (4.133). Raising one
index in © by asymptotic AdS metric, normalising it appropriately and then taking the large
7 limit one can derive the stress tensor as given in (4.65).

D =2n+42 The computation of the boundary stress tensor for the most general uncharged
rotating black hole in even dimensional AdS spaces is almost identical to the he analysis
presented in the previous subsection. Once again the metric is given in equation (E-3) of
[16], where we must set € to 1 to specialise to even dimensions. The coordinates of the black
hole solution are similar to those described in the previous subsection, except that there are
n + 1 coordinates p; restricted by a single equation ), u% = 1. Repeating the computations
described in the previous subsection, our final result is once again simply (4.137). In summary
(4.137) is correct no matter whether D is odd or even.

Black holes in AdS; with all R-charges equal In this subappendix, we compute the
boundary stress tensor for a class of charged black holes, namely for black holes in AdSs with
all three R-charges equal. Our computation will verify the striking prediction of §4.3 that
the functional form of this stress tensor is independent of the black hole charge in the fluid
dynamical limit.
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The metric for rotating black holes with all R-charges equal is given by (equation (1) of

[19])

4 — Al(1+y?)pPdt + 2qu]dt  2quw  f [ Aedt 2 p2dy?
§T = + v —w| +
Easz2 P2 P4 a2l Ay (4 138)
2462 2 2 B 2 4 32 5 ’
pAé + Y ;aa sin? d¢? + y;b cos? dy?,

where
A, = (v* +a®)(y* +0°) (1 +y*) + ¢° + 2abg
Yy
p? =y% + a®cos? 0 + b sin? 4,
Aj=1-— a®cos® 0 — b sin’ 0,
Y =1-— a2,
Y, =1 — b2,
f=2mp* — ¢* + 2abqp®,
v =bsin? 0d¢ + a cos? 0dy
do¢ sdy

w =asin? éz—a +bcos? 6 5,

3 2m,

(4.139)

This metric takes the form (4.132) near the boundary, once we perform the change of coor-
dinates

o y2(1—a%cos? 0 — b?*sin? 0) + a®sin? 0 + b cos?  — a?b?
e = ,

Eazb
2 2N win2 ]
P2 gin? g {4+ )sin76 (4.140)
Ya
2 | 12 25
2 o2 W T b)cos”0
X
Retaining corrections only to order O(1/r%) relative to the leading order metric (4.132), the
metric in our new coordinates becomes®?
2
2 _ 2142 r 2102 2 2 212 2m o 2(m+abq) . 5
ds” = — (14 r2)de 4 175 +07(d0 + cos” fdu? + sin® 6d6”) + oAzl + =
2(2am + bq) sin” 6 2(2bm + aq) cos? 0 (2ma® + 2bq)sin*6 . ,
— dtdo — ded d
r2A% ¢ r2A% v+ 7’2A§’ ¢
2mb? + 2aq) cos* 6 2(2abm + a2q + b2q) sin? 0 cos? 6
Ay r=Ay
(4.141)

59The leading behaviour at large 7 of the pure AdS metric given in terms of % and rda where « represents
the coordinates 0, ¢, 1, t. In the expression below, we have retained all coefficient terms of these ‘forms’ that

are at most of order %4.
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where Ag =772 =1 —a?sin? 0 — b cos? 0. with ~ as in §§4.3.2.

The unit normal vector to constant r slices is given by n, = \/% (with all other com-
ponents zero). As our metric contains no terms that mix r with other coordinates at leading
1

Vagrr®
The Christoffel symbols (that are relevant for the calculation of the stress-tensor) as

order , this is the same as n” =

calculated from this metric up to the first subleading term (i.e. up to O(-;) terms) in r are
given by

' r < 4(m + abq) > & 2(2am + bq)
r == + . tr — 92
24 r4(1 — a2 sin? 6 — b2 cos? 6)3 r5(1 — a?sin® 0 — b? cos? )3

2(2bm + aq) 2(2am + bq) sin” 0

Iy = I, =—
7 p5 (1 — a2 sin 0 — b2 cos? 0)3 " r5(1 — a?sin? § — b2 cos? 0)3
® 1 L 4(a®*m + abq) sin? 0 o 2(2bm + aq) cos 6
oy r4(1 — a?sin? 6 — b2 cos? 0)3 " r5(1 — a?sin? § — b2 cos? 0)3
w1 4(b*m + abq) cos? 0 0
Y = (1- a ry ==
oy r4(1 — a?sin® 0 — b2 cos? )3
¢ — (2abm + a®q + b*q) cos? 0 v (2abm + aq + b*q) sin? 0
Yr T 5 (1 — a2sin? 6 — b2 cos? 0)3 or r5(1 — a?sin? § — b2 cos? 0)3
(4.142)
The extrinsic curvature, O}, is given by
1\ "2 dabgy®
2
@§:—<1+2) <1+m(3—|—a sin? 6 + b cos? 9)) azfy
,
4abqy® sin® 0
@gz V1+1/r2 (1 ——(3a*sin?* 60 — v? 00529+1)>+(W48m
.
4abgy® cos? 0
@z = —\/1+1/r2 (1 3b2 cos® 6§ — a?sin”®  + 1)) w
T
¢ 2(2am + bq)76 sin? 6 6 2(2am + bg)y° (4.143)
6 = O ==
of — 2(2bm + aq)’y cos? 0 oY — (2bm + aq)
A t A
o 2(2abm + b?q+ a?q)%sin?0 _,  2(2bam + b2 + a?q)~° cos? 0
95 = 1 Oy = i
r r
4
o _ My
69 - T’T ;
where 72 = oo éib2 —3g- Lherefore
©=05=14 !
=05 =4+

It is easily verified that @a is traceless when the r dependent divergent terms are cancelled
by the counter terms at the limit r going to infinity. After cancelling the divergent terms and
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then normalising it according to (4.133) the stress tensor is given by

' = 87:7215 (76(3 + a?sin? 0 + b2 cos® 0) — 4fan76>
= 8:2;5 (74(4’72 —1) - 4;1)(176)
% — 5 m (,}/6 <3a2 sin? 0 - 22 cos? 6 + 1) B 4abqu6>
mGs sin“ 0 m
e — . m (76 (3()2 cos? ) — czﬂ sin? 0 + 1> B 4abqu6>
Gy cos? m
- 877:25 (74 (472(12 * (308129> B 46;:(176)
' =% = <;$5) <a -~ 2mbq> 7’ Y = ¥t = (;’&) (b

4dm 2(a® 4+ b*)q m
9% — [I¥% = h— 6 90 — 4
871G ¢ m K 87TG57

2aq
)
m

(4.144)

As we have explained in §§4.6.4, ¢/m ~ 1/ry, and so all terms proportional to ¢ in the

equation above are subdominant compared to terms proportional to m in the fluid mechanical
limit 4 — oco. Dropping all ¢ dependent terms, we find (4.144) matches perfectly with the
stress tensor as derived in (4.30) and (4.34) upon identifying (¢1, ¢2) = (¢, v), (w1, w2) = (a,b)

and using (4.94).
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5 Fluid Gravity Correspondence in Arbitrary Dimensions

In this chapter, we will do an explicit bulk construction of the metric duals to hydrodynamics,
thus sharpening the results of the previous chapter. The aim of this chapter is to construct a
map from the conformal Navier Stokes equations with holographically determined transport
coefficients, in d spacetime dimensions, to the set of asymptotically locally AdS;z41 long
wavelength solutions of Einstein’s equations with a negative cosmological constant, for all
d> 2.

We will find simple explicit expressions for the stress tensor, the full dual bulk metric and
an entropy current of this strongly coupled conformal fluid, to second order in the derivative
expansion, for arbitrary d > 2. We also rewrite the well known exact solutions for rotating
black holes in AdS;11 space in a manifestly fluid dynamical form, generalizing earlier work
in d = 4. To second order in the derivative expansion, this metric agrees with our general
construction of the metric dual to fluid flows.

The material for this chapter is drawn from the paper [7] written by the author in collab-
oration with Sayantani Bhattacharyya, Ipsita Mandal, Shiraz Minwalla and Ankit Sharma.

5.1 Introduction

The AdS/CFT correspondence establishes a deep connection between quantum field theories
and theories of gravity. At generic values of parameters both sides of this equivalence are
complicated quantum theories. However, every known example of the AdS/CFT duality
admits a large NV limit in which the gravitational theory turns classical, and a simultaneous
strong ‘t Hooft coupling limit that suppresses o’ corrections to gravitational dynamics. In this
limit the AdS/CFT correspondence asserts the equivalence between the effectively classical
large N dynamics of the local single trace operators p, = N~ 'TrO,, of gauge theory and the
classical two derivative equations of Einstein gravity interacting with other fields.

The usual rules of the AdS/CFT correspondence establish a one to one map between the
bulk fields and the single trace field theory operators; for instance, the bulk Einstein frame
graviton maps to the field theory stress tensor. Given a solution of the bulk equations, the
evolution of any given trace operator p,(z*) may be read off from the normalizable fall off
‘at infinity’ of the corresponding bulk field. This dictionary allows us to translate the local
and relatively simple bulk equations into unfamiliar and extremely nonlocal equations for
the boundary trace operators p,(x). The equations for p,(z) are nonlocal in both space and
time; indeed the data for the classical evolution of p, includes an infinite number of time
derivatives of p, on an initial slice. Given the complicated and unfamiliar nature of these
equations, it is difficult to use our knowledge of bulk dynamics to directly gain intuition for
boundary trace dynamics. It would clearly be useful to identify a simplifying limit in order
to train intuition.

Some simplification of trace dynamics is achieved by focusing on a universal subsector of
gravitational dynamics [6] . We focus on two derivative bulk theories of gravity that admit
AdSg441 x My as a solution (here M is any internal manifold whose character and properties
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will be irrelevant for the rest of this chapter). It is easy to convince oneself that every such
theory admits a consistent truncation to the Einstein equations with a negative cosmological
constant. The only fluctuating field under this truncation is the Einstein frame graviton; all
other bulk fieldsare simply set to their background AdS;i; x M; values. This observation
implies the existence of a sector of decoupled and universal dynamics of the stress tensor in
the corresponding dual field theories. The dynamics is decoupled because all p,,(z) other than
the stress tensor may consistently be set to zero as the stress tensor undergoes its dynamics,
and this dynamics is universal because the evolution of the stress tensor is governed by the
same equations of motion in each of these infinite class of strongly coupled CFTs.

While the universal stress tensor dynamics described above is clearly simpler than a
general evolution of p,(x) in the dual theory, it is still both complicated and nonlocal. It is
useful to take a further limit; to focus on boundary configurations in which the local stress
tensor varies on a length scale that is large, at any point, compared to a local equilibration
length scale (intuitively, ‘mean free path’) which is set by the ‘rest frame’ energy density at the
same point (we will make this more precise below). Local field theory intuition suggests that
boundary configurations that obey this slow variation condition should be locally thermalized,
and consequently well described by the equations of boundary fluid dynamics. Hence, we
expect the complicated nonlocal T}, dynamics to reduce to the familiar boundary Navier
Stokes equations of fluid dynamics in this long wavelength limit.

All the expectations spelt out above have been demonstrated to be true for d = 4,5 from
a direct analysis of the Einstein equations (See [2, 6, 9, 11, 73, 74]). This analysis has also
been generalized to a large extent for general d in a recent paper by Haack and Yarom [12].
In this chapter we continue and complete the analysis of [12] in explicating the connection
between the Einstein equations and fluid equations in arbitrary dimensions .

In particular, we implement the programme initiated in [6] to explicitly compute the
bulk metric dual to an arbitrary fluid flow (accurate to second order in a boundary derivative
expansion). We verify the expressions for the second order stress tensor dual to these flows
which was recently derived in [12], study the causal structure of the solutions we derive,
determine their event horizons at second order in the derivative expansion, and determine an
entropy current for these fluid flows. Further, we compare our results to exact solutions for
rotating black holes in global AdS;,1 and find perfect match to the expected order. In the
rest of this introduction we will more carefully review some of the closely related previous
work on this subject in order to place the new results of this chapter in its proper context™.

The authors of [6] developed a procedure to construct a large class of asymptotically AdSs
long wavelength solutions to Einstein’s equations with a negative cosmological constant. The
solutions in [6] were worked out order by order in a boundary derivative expansion, and were
parameterized by a four velocity field u#(z*) and a temperature field T'(z*). These velocity

"°Our main aim here is to provide the appropriate background for our work rather than to review the
complete expanse of the literature relating hydrodynamics to holography. However, we have included a non-
exhaustive list of references pertaining to hydrodynamics in the context of holography in the References section
at the end of this chapter.
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and temperature fields are further constrained to obey the four dimensional generalized Navier
Stokes equations V,T"” = 0 where the stress tensor T""(z*) is a local functional of the
velocity and the temperature fields. The form of TH(x*) was explicitly determined in [6]
to second order in a boundary derivative expansion (Some terms in the stress tensor were
independently determined by the authors of [8]. Especially notable in this regard are the
pioneering work in [75-77].) . Consequently, the construction of [6] may be thought of as an
explicit map from the space of solutions of a distinguished set of Navier Stokes equations in
d = 4 to the space of long wavelength solutions of asymptotically AdS,y1 gravity.

The spacetimes derived in [6] were subsequently generalized and studied in more detail.
In particular, it was demonstrated in [73] that, subject to mild assumptions, these spacetimes
have regular event horizons. In the same paper, the location of this event horizon in the ‘radial’
direction of AdS5 was explicitly determined to second order in the derivative expansion and
it was found to depend locally on the fluid data at the boundary (via a natural boundary
to horizon map generated by ingoing null geodesics). The authors of [73] also constructed a
local fluid dynamical ‘entropy current’ utilizing the pullback of the area form on the horizon
onto the boundary. The classic area increase theorem of general relativity was then used to
demonstrate the local form of the second law of thermodynamics (i.e., the point wise non
negativity of the divergence of this entropy current). On a related note, in [2], a formalism
was developed for conformal hydrodynamics which describes the long wavelength limit of a
CFT. Using this manifestly Weyl-covariant formalism, many results of [6] and [73] could be
cast into a simpler form and Weyl covariance could be used as a powerful tool in classifying
the possible forms of the metric, energy momentum tensor and the entropy current.

In [11], the construction of [6] was generalized to spacetimes that are only locally asymp-
totically AdSs, i.e. that asymptote to

ds? = ZLQ [sz + dsg)’l] (5.1)
where dsa1 is an arbitrary slowly varying boundary metric, at small z. It is expected that,
under the AdS/CFT correspondence, such solutions are a universal subsector of the solution
space of the relevant CEF'Ts on the Lorentzian base manifold M3 with the metric ds%yl. In
agreement with this expectation [11] demonstrated that long wavelength solutions of gravity
with asymptotics given by (5.1) were parameterized by a velocity and temperature field on the
manifold M3 1, subject to a covariant form of the Navier Stokes equations. As an example of
this construction, the authors of [11] were able to rewrite the exact asymptotically global AdSs
Kerr black hole solutions in a very simply manifestly fluid dynamical form, and demonstrate
that the expansion of this metric to second order in the derivative expansion is in perfect
agreement with the general construction of the metrics dual to fluid dynamics at second
order "t

"'The authors of [11] also considered the coupling of a slowly varying dilaton to the metric. It would be
an interesting exercise to consider generalizing the results of this chapter to a bulk spacetime with dilaton
dynamics. However, in this chapter, we will confine ourselves to the case where the dilaton is set to its
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All of the results described above were originally worked out for the special case d = 4,
but some of these results and constructions have since been further generalized. In an early
paper Van Raamsdonk [9] generalized the construction of the full second order bulk metric to
an arbitrary fluid flow on a flat boundary to d = 3 and also computed the holographic fluid
dynamical stress tensor to second order in boundary derivatives. Some terms in the second
order stress tensor for the uncharged conformal fluid in arbitrary dimensions were calculated
using different methods by [10, 78]. Further, 1/X and 1/N, corrections to some coefficients
have been computed in [74, 79-82].

More recently, Haack and Yarom [12] partially constructed the second order bulk metric
to an arbitrary fluid flow in a flat d dimensional boundary (for arbitrary d) and fully computed
the dual second order fluid dynamical stress tensor for a flat boundary. In this chapter, we
continue the study of Haack and Yarom [12] to generalize all of the work on solutions of pure
gravity duals to arbitrary fluid flows in d = 4 dimensions (reviewed above) to arbitrary d > 2.

This chapter is organized as follows. In section §5.2 below, we begin by briefly explaining
the logic of our construction of long wavelength bulk solutions dual to fluid dynamics in the
Weyl covariant notation. This is followed by section §5.3 below we present explicit solutions
to Einstein equations to second order in the boundary derivative expansion. Our solutions
asymptote at small z to

1

where ds?l_L1 is the arbitrarily specified weakly curved metric on the boundary. Our solutions
are parameterized by a boundary d-velocity field u#(x) and a temperature field T'(z) where
x* are the boundary coordinates. These velocity and temperature fields are constrained to
obey the d dimensional Navier Stokes equations, V,T*" = 0 where T"" is a local functional
of the velocity and temperature fields. We also present explicit expressions for the boundary
stress tensor T*” dual to our solutions. Our answer can be expressed in an especially simple
and manifestly Weyl-covariant form

Ty = p (g + duyuy) — 2004,

— 207, [u)‘D,\UW + w,/\a)\l, + wl,’\aw\} (5.3)

O Teaas
+ 277b |:UAD)\O'MV + O-,u)\o-)\y — %Pyy + Cuauﬁuauﬂ]
with
b= d . _ 1 .
ST P T 16nGagst?
s 1 0 yd—2 -1
" 47 167TGAdsbd_1 A Tw [ y(yd - 1) v

background value. On a related note , we should also mention two recent papers[17, 18] which appeared while
this chapter was nearing completion in which the fluid gravity correspondence was extended to a class of
charged black holes in AdSs with flat boundary.
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where p is the pressure, T is the temperature, s is the entropy density and 7 is the viscosity
of the fluid. 7, denotes a particular second-order transport coefficient of the fluid, o, is
the shear strain rate , w, is the vorticity and C),,g is the Weyl Tensor of the spacetime in
which the fluid lives. Note that our result for the stress tensor agrees with those of Haack
and Yarom[12] when restricted to a flat boundary manifold, but also includes an additional
term proportional to boundary curvature that vanishes in flat space.

In section §5.4 below , we demonstrate that our solutions all have a regular event horizon,
and find an expression for the radial location of that event horizon upto second order in the
derivative expansion. We also construct a boundary entropy current Jg that is forced by the
area increase theorem of general relativity to obey the equation VMJg > 0. This is followed
by section §5.5 where we rewrite the exactly known rotating black hole solutions in global
AdSg4y1 in a manifestly fluid dynamical form. These solutions turn out to be dual to rigid
fluid flows on S4=11 (see [15] for earlier work). These initially complicated looking blackhole
metrics admit a rewriting in a rather simple form in the fluid dynamical gauge and variables
used in this chapter. In appropriate co-ordinates, the general AdS-Kerr metric 7? assumes
the form

ds® = — 2uydat (dr + 1 Aydx”) + TQgW + U(“S,,)Au’\ — wu’\w,\y dz*dz”
(5.4)

2
Tu,u
+ 3 i
bddet [r 6L — wh, ]

where A, is the fluid dynamical Weyl-connection and S, is the Weyl-covariantized

dz"dz”

Schouten tensor introduced in [2]. We demonstrate that the expansion of these solutions
to second order in the derivative expansion agrees with our general construction of metrics
dual to fluid dynamics. We end this chapter with a discussion of our results and possible
generalizations.

5.2 Perturbative Construction of Solutions

In this section, we will briefly review the basic logic that underlies the construction of gravity
solutions dual to arbitrary fluid flows. The methodology employed in this chapter is an almost
direct generalization of the techniques used in [2, 6, 9, 11, 12, 73, 74]. Consequently in this
chapter we will describe the logic of our construction and the details of implementation only
briefly, referring the reader to the references above for more details.

5.2.1 Equations of motion and uniform brane solutions

In this chapter we develop a systematic perturbative expansion to solve Einstein’s equations

with a negative cosmological constant

d(d—1)
2

2Note in particular that for d = 2, o4, = wue = 0 and Su term is absent in which case we get the BTZ
blackhole in AdSs as shown in[12].

Gap — Gap=0, M,N=1...d+1 (5.5)
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where G4p denotes the Einstein tensor of the bulk metric G4p.
One solution of these equations is AdS spacetime of unit radius

2
2_dr

ds® = —
r2

+ 72 (nudatde”), pv=1...d (5.6)

Other well known solutions to these equations include boosted black branes which we write
here in Schwarzschild like coordinates

dr?

ds? = W + 72 (—f(r)uuu,,dm“dznl’ + 'Pu,,d$“dxy)
1 d (5.7)
f(T') =1- W’ g.uVuMuV =-1, Puw=9gw tuyu, b= T

guv in (5.7) is an arbitrary constant boundary metric of signature (d — 1, 1), while u* in the
same equation is any constant unit normalized d velocity. Of course any constant metric of
signature (d—1,1) can be set to 1, by an appropriate linear coordinate transformation z* —
AJzY, and ut can subsequently be set to (1,0...0) by a boundary Lorentz transformation.
Further b in (5.7) may also be set to unity by a coordinate change; a uniform rescaling of
boundary coordinates coupled with a rescaling of r. Thus the d(d + 3)/2 parameter set of
metrics (5.7) are all coordinate equivalent. Nonetheless we will find the general form (5.7)
useful below; indeed we will find it useful to write (5.7) in an even more general coordinate
redundant form. Consider

(dF + 7 A da”)? ST v B v
ds? — ey 72 (— FOOF) i datda + Py datdo ) (5.8)
where
G = e%(x“)gwj, Uy = e‘z’(z“)u“, b= e?@p, (5.9)

¢(x*) is an arbitrary function and g,,,, u*, and b are as defined in the previous equation. This
metric is coordinate equivalent to (5.7) under the variable transformation 7 + e~?r. Con-
sequently, the whole function worth of spacetimes (5.8) (taken together with the restrictions
(5.9)) are all exact solutions to Einstein’s equations and are all coordinate equivalent.

While the metrics (5.8) all describe the same bulk geometry, in this chapter we will give
these spacetimes distinct though Weyl equivalent boundary interpretations by regulating them
inequivalently near the boundary. We will choose to regulate the spacetimes (5.8) on slices
of constant 7 and consequently regard them as states in a conformal field theory on a space
with metric g, (z). With this convention, (the non-anomalous part of) the boundary stress
tensor dual to (5.8) is given by

uv (g,u,y + d@uﬂh/) (510)

T 167G agsh?

which shows that the metric in the Equation(5.8) is dual to a conformal fluid with a pressure
p = 1/(167Gpqsb?) and without any vorticity or shear strain rate. Of course the boundary
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configurations dual to (5.8) with equal g,,,u",b but different values of ¢ are related to each
other by boundary Weyl transformations.
Notice that

THyY = Eu“ K= 77(d —1)
’ 167G ags

p U= 1 (5.11)
In other words the velocity field is the unique time like eigenvector of the stress tensor, and
the inverse temperature field b is simply related to its eigenvalue. We will use this observation

in the next subsection.

5.2.2 Slow variation and bulk tubes and our zero order ansatz

Consider an arbitrary locally asymptotically AdS;y; solution to Einstein’s equations (5.5)
whose dual boundary stress tensor everywhere has a unique timelike eigenvector. Let this
eigenvector (after unit normalization) be denoted by u*(z) and the corresponding eigenvalue
by b%. We define u#(z) to be the d velocity field dual to our solution, and also define b(z) to
be the inverse temperature field dual to our solution.

Let 0x(y) denote smallest length scale of variation of the stress tensor of the corresponding
solution at the point y. We say that the solution is ‘slowly varying’ if everywhere dz(y) > b(y).
(As will be apparent from our final stress tensor below, b(y) may be interpreted as the effective
length scale of equilibration of the field theory at y). Similarly, we say that the boundary
metric is weakly curved if b(y)?R(y) < 1 (where R(y) is the curvature scalar, or more generally
an estimate of the largest curvature scale in the problem).

In the previous section we described uniform brane solutions of Einstein’s equations. In
the appropriate Weyl frame the temperature, velocity, boundary metric and hence the stress
tensor of those configurations was constant in boundary spacetime. These configurations are
exact solutions to Einstein’s equations. We will now search for solutions to Einstein equations
with slowly varying (rather than constant) boundary stress tensors on a boundary manifold
that has a weakly curved (rather than flat) boundary metric. From field theory intuition
we expect all such boundary configurations to be locally patchwise equilibriated (but with
varying values of the boundary temperature and velocity fields). This suggests that the
corresponding bulk solutions should approximately be given by patching together tubes of
the uniform black brane solutions. We expect these tubes to start along local patches on the
boundary and then extend into the bulk following an ingoing ‘radial’ curve. However this
expectation leaves open an important question: what is the precise shape of the radial curves
that our tubes follow?

One guess might be that the tubes follow the lines x#* =constant in the Schwarzschild
coordinates we have employed so far. According to this guess, the bulk metric dual to slowly
varying boundary stress tensors and boundary metric is approximately given by

o (dF +FAdY)? o e s
ds* = 25 0r) +7 < f(oF)a, b, dat dx” + Ppydatda ) (5.12)
where
G = ezd)gm,, Uy = e(j’uu, b = e®, (5.13)
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where g,,,(x) is a weakly curved boundary metric, and w,(z) and b(zx) are slowly varying
boundary functions.

Although this guess seems natural, we believe it is wrong. The technical problem with
this guess is that the metric of (5.12) does not in general have a regular future horizon|[83]
(for particular examples of similar metrics that do not have a regular future horizon see
[81, 84, 85].The last two references show a boost-invariant expansion that develops a singular
future horizon). In this chapter we will be interested only in regular solutions of Einstein
equations; solutions whose (future) singularities are all shielded from the boundary of AdS
by regular event horizons. As any perturbation to (5.12) that turns it into a regular space
must necessarily be large in the appropriate sense, it follows that (5.12) is not a good starting
point for a perturbative expansion of the solutions we wish to find.

There is another more intuitive problem with the proposal that the ansatz (5.12) is dual
to boundary fluid dynamics. It is an obvious fact about fluid dynamical evolution that the
initial conditions of a fluid may be chosen independent of any ‘kick’ (forcing) one may choose
to apply to the fluid at a later time. It seems reasonable to expect the same property of the
bulk solutions dual to fluid dynamics. ™ Now consider kicking a fluid in an arbitrary motion
at the point y#. The future evolution of the fluid is affected only in the ‘fluid causal future’ -
of y*. We call this region C'(y*). Note that C(y*) lies within the future boundary light cone
of y* ™. Now consider the bulk region B(y(u) that consists of the union of all the tubes,
referred to above, that originate in the boundary region C(y*). Clearly B(y*) is the part of
the bulk spacetime that is affected by our kick at y*. Bulk causality implies that B(y*) must
lie entirely within the future bulk light cone of y*.

This requirement is not met if we generate B(y*) with our tubes that run along lines of
constant x* in Schwarzschild coordinates. However it is met in a particularly natural way
(given the massless nature of the graviton) if our tubes are chosen to run along ingoing null
geodesics. 7
With this discussion in mind, let us consider the ansatz

2
ds®> = —2u,dz” (dr +r A,dx”) + r2gw,dac“dac” + (l;'ﬁu“uydm“dx” (5.14)
where once again
g,uu = €2¢g,u1/($)7 a,u = e"ﬁu#(x), b= €¢b(.7)), (5'15)

and g,,, () is a weakly curved boundary metric, and u,(x) and b(x) are slowly varying bound-
ary functions. When g,, u, and b are all constant, (5.14) is once again simply the uniform
brane solution, rewritten in Eddington Finkelstein coordinates; i.e. when g,,,, u, and b are all
constant (5.14) and (5.8) are coordinate equivalent(via large co-ordinate transformations).

"In our set up we can kick our fluid at y* by varying the boundary metric at ¥ (this induces an effective
force on the fluid).

"This is strictly true only if we sum all orders in the fluid expansion. Truncation at any finite order could
lead to apparent violations of causality over length scales of order 1/T.

"For a related discussion on the desirability of using ingoing null geodesic tubes vis a vis causality violating
tubes, see [86, 87].
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Figure 2. Penrose diagram of the uniform black brane illustrating the causal Eddington-Finkelstein
tubes running along ingoing null geodesics . The tubes with zf_, . . =constant are also shown.
Note that we have suppressed the other regions of the penrose diagram not germane to the discussion
in this chapter.

However when g,,, u,, and b are functions of x# (5.14) and (5.12) are inequivalent and in
fact differ qualitatively. As we will demonstrate below, under mild assumptions the metric in
(5.14) has a regular event horizon that shields all the boundary from all future singularities in
this space. Consequently, this space may (unlike the spacetime in (5.8)) legitimately be used
as the first term in the perturbative expansion of a regular solution of Einstein’s equations.
Moreover the space described in (5.14) approximates the uniform brane solution along tubes
of constant z* in (5.14); such tubes approximately follow null ingoing geodesics in this space.

For all these reasons, in the rest of this chapter we will use (5.14) as the first term
in a systematic perturbative expansion of a regular solution to Einstein’s equations. The
perturbative expansion parameter is % (we assume that the curvature scale in the metric is
of the same order as 1/6x). We emphasize that the solutions we find could not be obtained
in a legitimate perturbation expansion, starting from (5.8). Several authors have attempted
to obtain the bulk metric dual to a ‘boost invariant Bjorken fluid flow’ starting with the zero
order solution described by Janik and Peschanski[75], and correcting it in an expansion in
1/6xb (that turns into an expansion in 1/ 73 for those particular solutions). As pointed out in
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[86, 87], however, the zeroth order solution of Janik and Peschanski is precisely (5.8) for the
particular case of boost invariant flow. Consequently, while the approach of the current work
and [6, 9, 11, 12, 74] are similar in spirit to the perturbation procedure initiated by Janik
and Peschanski, we differ at a crucial point. While those authors effectively adopt (5.8) as
the starting point of their perturbation theory (for the single solution they consider), in our
work we adopt the inequivalent and qualitatively different space (5.14) as the starting point
of our perturbative expansion.

5.2.3 Perturbation theory at long wavelengths

The logic behind - and the method of implementation of - this perturbative procedure have
been described in detail in [6] and also in [9, 11, 12, 74]. It has also been described in those
papers how this perturbative procedure establishes a map between solutions of fluid dynam-
ics and regular long wavelength solutions of Einstein gravity with a negative cosmological
constant. The discussion in the cited references applies almost without modification to the
current work, so we describe it only very briefly.

We start with the ansatz gyny = g](\%, + eg](\}[)N + ezg](\?N + .... Here 91(\9[)1\7 is given by

(5.14), € is the small parameter of the derivative expansion, and g](\l;)N are the corrections to
the bulk metric that we will determine with the aid of the bulk Einstein equation.

In implementing our perturbative procedure we adopt a choice of gauge. As in all the
metrics described above, we use the coordinates 7, z* for our bulk spaces. We use x* as
coordinates that parameterize the boundary and r is a radial coordinate. In order to give
precise meaning to our coordinates we need to adopt a choice of gauge. In this chapter we
choose the gauge g, = 0 together with g,, = —u,. The geometrical implication of this gauge
choice was discussed in [11], where it was explained that with this choice lines of constant z#
are ingoing null geodesics along each of which r is an affine parameter. Note that the gauge
choice described in this chapter is different in detail from that employed in [6] and also in
[9, 11, 12, 74].

The Bulk Einstein equations decompose into ‘constraints’ on the boundary hydrodynamic
data and ‘dynamical equations’ for the bulk metric along the tubes which are solved order by
order in the derivative expansion. The dynamical equations determine the corrections that
should be added to our initial metric to make it a solution of the Einstein equations. At each
order, we get inhomogeneous linear equations -but, with the same homogeneous parts. These
inhomogeneous linear equations obtained from Einstein equations can be solved order by order
by imposing regularity at the zeroth order future horizon and appropriate asymptotic fall off
at the boundary.These boundary conditions - together with a clear definition of velocity,
which fixes the ambiguity of adding zero modes - give a unique solution for the metric, as a
function of the original boundary velocity and temperature profile inputted into the metric
91(\91)]\/ - order by order in the boundary derivative expansion.

Now, we turn to the ‘constraints’. The ‘constraints’ on the boundary data can be shown
to be equivalent to the requirement of the conservation of the boundary stress tensor. Recall
that we have already used the dynamical Einstein equations to determine the full bulk metric
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- and hence the boundary stress tensor - as a function of the input velocity and temperature
fields. It follows that the constraint Einstein equations reduce simply to the equations of fluid
dynamics, i.e. the requirement of a conserved stress tensor which, in turn, is a given function
of temperature and velocity fields.

It may be worthwhile to reiterate that, as expected from fluid-gravity correspondence,
metric duals which solve Einstein equations can be constructed only for those fluid config-
urations which solve the hydrodynamic equations. In the next section, we will present the
metric which is obtained by adopting this procedure.

5.2.4 Weyl Covariance

In this subsection we explain that the bulk metrics dual to fluid dynamics must transform
covariantly under boundary ‘Weyl’ transformations. See [11] for a more detailed explanation
of this fact.

To start with we note that our bulk gauge choice (described in the previous subsection)
is Weyl covariant. Any metric that obeys that gauge choice can be put in the form

ds? = —2uy,(x)dz"(dr + V, (r,2)dz") + &, (r, v)dz"dz” (5.16)

where &, is transverse, i.e., u#®,, = 0. 76
For later purposes, we note that the inverse of this bulk metric takes the form

u [(0 — Vudy) @ Oy + 0r ® (9 — V00,

~1 (5.18)
+ (6 )/W(au - V,uar) ® (al/ - Vuafr)

where the symmetric matrix (&~1)* is uniquely defined by the relations u,(&~1)* = 0 and
((’5_1)“)‘(’5,\V =6 + utu, = P,

Consider now a bulk-diffeomorphism of the form r = e~%7 along with a scaling in the
temperature of the form b = b where we assume that ¢ = ¢(x) is a function only of the
boundary co-ordinates. The metric and the inverse metric components transform as

Vo= et V7 0u0] . wy= ety 6 =6, and (&)W = (@)W (5.19)

Recall however that, within our procedure, the quantities &, and V, are each functions of
vt and b. Now u* and b each pick up a factor of e? under the same diffeomorphism (the
transformation of b is determined by examining the action of the diffeomorphism on (5.14)).
We conclude that consistency demands that V), and &, are functions of b and u* that respec-
tively transform like a connection/remain invariant under boundary Weyl transformation. It
follows immediately that, for instance &, is a linear sum of the Weyl invariant forms listed

"6 All the Greek indices are raised and lowered using the boundary metric guv defined by

Juv = 'rli>nolo T_Q [quu - u(’uVu)} (517)
and wu, is the unit time-like velocity field in the boundary, i.e., ¢""uy u, = —1.
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in section 2, with coefficients that are arbitrary functions of br. Similarly, V, —r.A, is a linear
sum of Weyl-covariant vectors(both transverse and non-transverse) with weight unity.

Symmetry requirements do not constrain the form of these coefficients, which have to be
determined via direct calculation. In the next section we simply present the results of such a
calculation.

5.3 The bulk metric and boundary stress tensor to second order
5.3.1 The metric dual to hydrodynamics
Using a Weyl-covariant form of the procedure outlined in [6], we find that the final metric
can be written in the form
ds?® = —2uydat (dr +r Aydx”) + r2gm, + U(#Sl,))\u)‘ — quw,\y} dx*dz”
1 1

1
(r? — ~waw* ) uu,detde? + 2(br)*F(br) [UW + F(br)aﬂ)‘ah,] datdx”

T T2 b

af af

a0l UyUy To30 L(br)

—2(br)2 | Ky (br) 2225 — P, + Ko (br) o 2287 PAD,o%y | dotdz”
(br) [ Vo) =g B IO G i gia 1y~ oy P P detde
Jaﬁaaﬁ
d—1

+ 2(brr)? Hy(br) [u)‘D,\UW + wu)‘aA,, + w,/\au)\] dxtdz”

— 2(br)2H1 (br) |:u/\'D)\O',W + a,/\aAZ, — P, + Cﬂm,guauﬁ} datdx”

(5.20)

We have checked using Mathematica that the above metric solves Einstein equations upto
d = 10.
The various functions appearing in the metric are defined by the integrals

oo ,d—1 _ 1
F(br) E/ yidy
b

- Yyt —1)
oo ,d—2 _ 1
Hi(br) = /br 5(?/‘1 - 1)dy
0 13
Hy(br) = /b g(gjf_l) / y3dy [1+ (d— DyF(y) + 2°F' ()]
B 1 . 2 [e'%) df 13 yd—2 -1
- 2F(b ) /br f(fd - 1) /1 y(yd - 1) 2 (5‘21)
e [,
m(bﬂ:/b o) wrrw
Kalor) = [ 5 [1- €6~ VPO — 200 - gt
. d . > 2 2
# (2= 0t - @1-2) [y

o = [ ettge [Cay YT
(br)= | ¢ 5/5 YRy
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Later in this chapter, we will find it convenient to work with other equivalent forms of

the above metric. Using

1
SM)\’U,/\ d 2’D)\w w T q_ 2D)\U w Uy + ... (5.22)

we can write

ds? = —2u,dat (dr +r Aydz”) + rig,,da"dx”

1 R
A A v
— |:w'u Wiy + d— QD)\CL) (#ul,) — m@)\a (Nul’) + (d_l)(d_z)uuu,,} dx*dx
1 1 1
+ T Wasw " uyuy,dxrdx” + 2(br ) | 0. + )0, O\ | dx”dx
(br)d2 255ud“d” 2(br)2F (b o+ F (b o | datdr”

oh o L(br)
9 2 | g OaB0 Pt K Uyly Tapo™” A Do o
(br) [ 1(b1")7d_ T P 2(br) br92d—1)  (r)? u(, P)\Doo® | datdx

af
— 2(br)2H1 (br) [u’\D)\JW + Ju’\o—)\,, — %PNV + C’Mwﬁuauﬂ dx*dz”

+ 2(brr)2 Hy (br) [u’\D,\JW + wu)‘o')\y — UH’\w,\,,] dztdz”

(5.23)
or alternatively the metric can be written in the form (5.16)
ds* = —2u,dat (dr +V,dz") + &, datdz”  with
L(br
Vw=rA,— Su)\uA or §d )QP;:D)\O'/\V
af
Uy, 2 N af 2 Tapg
_ 1— (b)) — = ()2 Ko (br) 2B
30 [r (1 —(br)%) 5 WasW (br)*Ks(br) 71 ] +
B 1 R 2L(br)
_T’A d B |:D)\w M_D)‘U M+2(d1)u4 ( ) P D)\ v
af
Uy 9 d 1 aB 2 0aB0
1—(br)") — zwa — (br)"Ka(b
2(br) [T( (br)") = guase™ = (br) K (br) =5 ]+
S, = T'QPW — wﬂ)‘ww
1 apo®’
#2002 F(0r) | oy + Flbr)abos] — 20000 752
(5.24)

Oap o8

71 P, + Cﬂal,,guauﬁ]

— 2(br)2H1(br) [UADAUW + au)‘aAl, —

2(br)? Hy (br) |:’LL>\D)\O'/W +w o + w,,)‘a“,\} +...
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Using (5.18), the inverse metric can be calculated . The tensor (&~1)* occurring in the
inverse metric can be calculated as

— v 1 v 1 v
(QS 1)“ = 772]3# + T—4w“)‘w)\
2b* 1 2b? Oapo®?
v 77 o AV = ap nz
> F(br) [bo F(br)o* o ] + 2 Ky (br) 11 P

5.25
oo (5.25)

-1 P 4 C’“O‘”ﬁuazw

2b2 A v Av
+ —5 Hi(br) |u"Dro"” + ot o™ —
r

2b>
- T—QHg(br) [UADAU“V + whyoN + w”)\a“’\} +...

We have checked that results of this subsection agree with the hydrodynamic metric
duals for d = 4 derived by the authors of [6] and the d = 3 metric derived in [9] (in order
to match our results with older work that was performed in different gauges we implemented
the necessary gauge transformations). In the next subsection, we proceed to derive the stress
tensor dual to this metric and compare it against the results available in the literature.

5.3.2 Energy momentum tensor of fluids with metric duals

The dual stress tensor corresponding to the metric in the previous subsection is given by

T = p (g + duyuy) — 2004

A A A
— 217, [u Doy +wy " ox +wy au)\} (5.26)
O Tepas
+ 2nb |:u)\'D)\O',W + O'N)\O')\l, — %PMV + Cyauﬁuauﬁ]
with
b d _ B 1
T T P T 16nGagsh?

) X Sy (5.27)

" 47 167TGAdsbd71 a Tw /1 y(yd_ 1) Y

This result is a generalization to the fluid dynamical stress tensor on an arbitrary curved
manifold in general dimension d reported in [2, 6, 8-11] for special values of d and most
recently by [12] for flat space in arbitrary dimensions. The values of 7,, for some of the lower
dimensions is shown’” in the table 5.3.2.

""More generally, the integral appearing in the expression for 7., can be evaluated in terms of the derivative
of the Gamma function or more directly in terms of ‘the harmonic number function’ with the fractional
argument(as was noted in [13])

T, = b e + iLog I'(2) = —éHarmonic[2/d —1]
d dz z=2/d d

For large d, 7., has an expansion of the form 7,,/b = 1/2 — 7n%/(3d*) + .. ..
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The energy momentum tensor of a general conformal fluid configuration to second order
in derivative expansion should assume the form [2, §]

T = p(g"" + du*u")
—2n |o" — 11 WDy + Tg(w“)\a)‘” + wl’)\a)‘“)

wo_ P (5.28)

+ &[0t a0 T o o8] + € Cwyﬁuo‘uﬁ
+ &ofwh ™ + dpiwl wPwag] 4. ..
where Weyl-covariance demands that
poxb @ b, maoxb, &owoc bl (5.29)
Thus, we get
= =2n(n+m)=2n , =1, and & =0 (5.30)

Note that these relations between &, £, 1 and 7 quoted above are universal in the sense that
they hold true for uncharged fluids in arbitrary dimensions with the gravity duals. It would
be interesting to check whether these relations between the transport coefficients continue to
hold against various possible generalizations including the generalization to fluids with one
or more global conserved charge.”

Now, we proceed to compare our results against the results already available in the
literature. Until now, we have found it convenient to closely follow the parametrisation of
the stress tensor in [2]. An alternative parametrisation of the energy-momentum tensor was
presented in the section 3.1 of [8] - the parameters 7, A1 2,3 and « defined there can be related
to our parameters via the relations

A
n=T, , ™= —ﬁ L & =4\, fo=r(d—2) and &, =3 (5.31)
which in turn gives the value of the transport coefficients as
b 2nb
m=b—1, , Alz% . da=-2m , M3=0 and m:dLQ (5.32)

which agrees with all the previous results in the literature [9, 10, 12].

"®In this context, we would like to note that in the presence of a charge, there are more than one natural
convention for the definition of the velocity - velocity can be defined as the unit time-like eigenvector of the
energy-momentum tensor (as we have done in the chargeless case) or can be defined alternatively to be the
unit time-like vector along the charge current. The former is called the Landau frame velocity and the latter
is termed the velocity in the Eckart frame. The transport coefficients defined above can depend crucially on
which of these definitions are used.

While this work was nearing completion, the authors of [18] and [17] reported independently the transport
coefficients for a particular class of charged black brane configurations with flat boundaries. Interestingly, their
coefficients continue to obey &, = 2n(11 + 72) (or equivalently 4\1 + A2 = 2n71) in the Landau frame. As far
as we know, the charge dependence of ¢ is not known yet. Authors of [18] and [17] report &, # 0 for the
charged case in the Landau frame.
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Value of 7,,/b for various dimensions
d | Value of 7,/b = [° %dy Tw/b (Numerical)
3] 4 (Log3-5%) 0.247006. . .
4| iLog 2 0.346574. ..
5| 4 (Log5+ %, /1 Z — ZArcCoth v5) | 0.306834...
6|1 (Log 34 ﬁ) 0.425803. ..

5.4 Causal structure and the local entropy current
5.4.1 The event horizon of our solutions

Although our assumptions can almost certainly be greatly relaxed, for the purposes of this
section we specialize to boundary metrics that settle down, at late times to either the flat
metric on R or the flat metric on S?~!x time and to fluid flows that settle down at late
times to uniform brane configurations on R?~1! or stationary rotating black holes (studied in
greater detail ahead) on S9~!x time. See [73] for a discussion on how the dissipative nature
of fluid dynamics makes the last assumption less restrictive than it naively seems.

Now the event horizon of our spacetimes is simply the unique null hypersurface that
tends, at late times, to the known event horizons of the late time limit of our solutions.
In this subsection we will explain how this clear characterization may be translated into an
explicit and local mathematical formula for the event horizon within the derivative expansion.

Recall that our bulk metric is written in the gauge g, = 0, g, = —uy, and consequently
takes the form

ds® = —2uy,dz"(dr + V,dz") + &, dztdz” (5.33)

where we remind the reader that &, is transverse and all the Greek indices are raised using
the boundary metric g,,. As we have explained before V, transforms like a connection and
&, is invariant under boundary Weyl transformations.

Let us suppose that the event horizon is given by the equation S = r —r,(x) = 0. The
normal vector £4 to this hypersurface is simply the one-form dS = &4dy? = dr — Ourpdx.
This one-form - and its dual normal vector - can be written in a manifestly Weyl covariant
(if slightly complicated) form as follows

Eady? = dS = (dr + Vrdz?) — K, dat
€404 = GAPOsSOp = 1"(8, — V,u0y) — ul'k 0y (5.34)
=n" [0, + Our, 0r] = n"[0,]

T=T g
where we have introduced two new Weyl-covariant vectors x* = e ®&* and n* = e n#
defined via
K, =0, + V. and
] K H I (535)

nt =yt — ((’5;11)“”/@
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We use the subscript H to denote that the functions are to be evaluated at the event-horizon.
If we adopt the boundary co-ordinates x* as the co-ordinates on the event horizon, the
induced metric on the horizon can be written as

dsy = [Gap(y)dy dy®],_,

—r 4 (

o = H oy (x)dat dx” (5.36)
with

Huw = B — u(uky) (5.37)
and the null-condition on the horizon, [GAp]g&A¢8 = H,wn#n” = 0 translates to

(B DRk, = 2utK, (5.38)

We now follow [11] to compute the event horizon of our solutions in the derivative ex-
pansion. We start from a Weyl-covariant derivative expansion for r, given by

1
r :f—i—b(haa o8 4 how, wo"8+hR)+...
" 17as 2rab ’ (5.39)

0 2
_ 0 4D

Note that, since there is no first order Weyl-covariant scalar,” there are no corrections to Ty
at the first order in the derivative expansion.
We first compute

Ky =Dub™' = Spu — 2Ly Py Do,

1 K d (5.40)
Z af 4 2H af 4“2
+ uy [4wa5w +2(d—1)0a60 ~|—2er}+...
Substituting the above into (5.38), we get
2b 1 K
@ — 20 -t vy _ = af _ _22H af 41
ry 7 [u (Db Suu”) L Wasw 2(d—1)0a50 (5.41)
To bring this to the form (5.39), we use (5.75) and (5.22) to write
B . 2 1 y . Dyt
. Oaso®Pu, + _ Ru +
d—1"*" "o -—1)d-2)
and
© 00 y— 1 1
LH:/ gdldg/ dy ————— = — 5.42
1 ¢ Yui-1) 2 (542

™See [11] for a classification of the possible Weyl-covariant tensors.
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which gives us the position of the event horizon as

1
Ty =t b (hlaaﬁﬂaﬁ + hawagw™ + h3R) +. (5.43)
where
B — 2d* +d—4) Koy
YT Rd-1)(d-2) dd-1)
d+2 1
hg=-——""_  and hg=-——
2d(d — 2) d(d—1)(d —2) (5.44)

S

52
+2 ((d —1)¢? = (d - 2)) /:O dy y2F’(y)2]

with  Kon = [ 55 [L- €6~ DF(©) — 20 - )

5.4.2 Entropy current as the pullback of Area form

Once the event-horizon is obtained, one can compute an area form on the horizon which
when pulled-back to boundary along the ingoing null geodesics gives the entropy current.This
general prescription by [73] translates into the following expression for the boundary entropy
current®’

det(n) H
‘]S — $n“
4G pqs

det" H
=X T [ur— (),

(5.45)

where we will define detgi)ﬂ-[ in the following.

To define det&n_)lH we will split the boundary co-ordinates z# to (v, z') and we continue
to use the same co-ordinates also on the event horizon. Under this split, the components of
the n# also spilt into (n?,n'). We will denote the d — 1 dimensional induced metric on the
constant v submanifolds of the event horizon by bh;;.Then, we define

Jaet() gy = Vdeta1h (5.46)
d=1 nvy/—detg

where g, is the boundary metric and the expression on the right hand side has been assumed
to be pulled back from the horizon to the boundary via the ingoing null-geodesics. Though
we have used a particular split to define detgi)l’H, it can be shown that the answer that
we get in the end is independent of the split(See section 3.3 of [73]). Hence,the expression
in (5.45) constitutes a specific proposal for what the entropy current of the boundary fluid

80 A more detailed justification of this formula can be found in [73]
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should be. This construction has the advantage that the second law in the boundary theory
is automatically guaranteed by the area increase theorem in the bulk.?!

By following the procedure just outlined, the dual entropy current of the conformal fluid
can be calculated. We get

4GAd5bd_1Jg =ul + b2uH [Al O’aﬁaaﬁ + As wa[gwo‘ﬂ + As R]

(5.47)
+b2{B1D)\Ju/\+B2D)\wM)\ + ...
with
2 Kigd+ K. 1 1
Alzﬁ(d"’_m_%, Azz—ﬁ, BQZm
P 9 (5.48)
L S T )
where K1gd + Ko is given by the integral
_ > d& / d—1
Kygd+ Ko = e 1= -1F (&) —2(d—-1)¢
! (5.49)

+2 ((d — )¢t + 1) /:O dy yQF’(y)Q}

5.4.3 Second law and the Rate of entropy production

In the absence of a clear field theoretic microscopic definition, it may be pragmatic to re-
gard the entropy current of fluid dynamics as any local functional of the fluid dynamical
variables whose divergence is non negative on every solution to the equations of motion of
fluid dynamics, and which integrates to the thermodynamic notion of entropy in equilibrium.
According to this characterization the entropy current is any local Boltzmann H function,
whose monotonic increase characterizes the dissipative irreversibility of fluid flows.

In the previous subsection we have used the dual bulk description to give a ‘natural’ bulk
definition of the entropy current that satisfies all these properties. However, at least at the
two derivative level, the construction of the previous subsection is not the unique construction
that satisfies the requirements spelt out in the paragraph above.

In this subsection we will take a purely algebraic approach to determine the most general
Weyl covariant two derivative entropy current that has a non negative divergence, given the
equations of motion derived above. The entropy current of the previous section will turn out
to be one of a 4-parameter class of solutions to this constraint.

81The Area increase theorem states that under appropriate assumptions the area of a blackhole can never
decrease. This statement was proved by Hawking for the case of asymptotically flat spacetimes and is by now
standard text book material (see e.g. [88, 89]). This theorem has since been extended to black holes in more
general spacetimes (see e.g. [90-92]), including asymptotically AdS spaces (see [93] and references therein for
a clear statement to this effect).
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82

The most general entropy current consistent with Weyl covariance®* can be written as

4GAdsbd71Jg =ut + b2ut |:A10'a50aﬁ + Agwagwa’g + A3'R}
(5.50)
+ 07 |BiDAo™ + ByDywt| + ...

Since we want to constrain the entropy current upto second order we will need to calculate
the divergence of this current. In order to perform the calculation in a Weyl covariant fashion
we note that the ordinary divergence V,,J; ’5 can be replaced by the Weyl-covariant divergence
D, Jf with

D,JE =V, JE + (w—d)AL TS (5.51)

as the conformal weight of any entropy current must be d.
Let us now take the divergence of (5.50). We find

4GAdde_1DuJu =(d-1)b U#Dub_l + bzu“Du [Alaagaaﬁ + Agwagwaﬁ + AR

(5.52)
+ 12D, [Bﬂ)wfM + BQDWW] ¥ ..
which can in turn be evaluated using the following identities:®3
THY
d—1) buDybt = 2=
( ) u Iz pd
u"D,, [aaﬁao‘ﬂ} = QJWU’\DAG“”
utD,, [wa[gwo‘ﬁ} = 40w wy\Y + Wy FH
WD,R = —20"R 1y + W F* + 2D, D,yo™ — 2(d — 2)D,, [, F* (5.53)

= —-2(d - 2)c" [o,/\(ny —+ ww\w)‘,, + u)‘D,\aW + C’,ml,guo‘uﬁ}

+ W F* 4 2D, D, 0" — 2(d — 2)D,, [u, F*]

d—3
DuDyw’“’:—( 5 )ww}"’w

Substituting for the energy-momentum tensor from (5.26) and keeping only those terms

82 We assume that there are no pseudo-vector contributions to the entropy current which can possibly appear
only in the case of d = 4. See [11] for an analysis in d = 4 including pseudovectors.

83The first of these identities is just the re-statement of energy conservation u,D,T"” = 0. The rest of
them can be obtained by exploiting the properties of various Weyl-covariant quantities which are detailed in
[2]. Note however that the curvature tensors used here are the negative of those appearing in [2].
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which contain no more than three derivatives, we get®!

2b 2A
4GAdde71DuJM = EO'NV |:0"uy — bd(d — 2) (Ag — Cl—22> wﬂ)\w)\u

1 A A o B
—bd(d —2) <A3 + d(d—2)) (Uu O + U Dropy + Chanpuu ) (5.54)
+ (Albd—FTw)u)"D)\Jw,}

+b*(B1 + 243)D, Do + ...

We rewrite the above expression in a more useful form by isolating the terms that are
manifestly non-negative (keeping terms containing no more than three derivatives):

2b bd(d — 2 24
4GAdsbd71Dng = — [Uuu — ¥ (Ag - _2 ) w”)\w’\l,

d 2
bd(d — 2)

1
-2 A3+ > 0,0\ + uDrouy + Cuanguu®
2 ( d(d - 2) ( g w T ans ) (5.55)

1 2
—1-5 (A1bd + 7,) u’\D,\aW}

+0%(By + 243)D, D, o™ + ...

The second law requires that the right hand side of the above equation be positive semi-
definite at every point on the boundary. This gives us the single constraint :

B1+2A3=0 (5.56)

Equation (5.56) is the main result of this subsection. Any Weyl covariant entropy current
that obeys the constraint spelt out in (5.56) has a manifestly non negative divergence of the
entropy current, keeping only terms to the order of interest.

A particular example of such a current was constructed in [2]. The entropy current
proposed in [2] is equivalent to the following proposal for the coefficients

A1:—% : 2:—%, QZﬁ , Bl__2A3_d(d2_ 2) (5.57)
which yields a simple manifestly non-negative formula for the rate of entropy production
TD,JE =21 00t + ...

Another example of an entropy current whose divergence is non-negative is the entropy
current derived from gravity in the previous section using the coefficients appearing in the
equation (5.48). Since the values of A3 and Bj appearing in (5.48) satisfy the constraint
(5.56), we conclude that the entropy current constructed in the previous subsection satisfies
the second law. More explicitly, by substituting the values of A and B coefficients from (5.47),
we get the rate of entropy production as

2

2 1
2o+ 5 (Arbd + ) WDy | + ... (5.58)

,Duejg - ?

84Note, in particular, that F,. is zero on-shell upto second order in the derivative expansion(See (5.77)).
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where A; and 7, have been defined in equations (5.47) and (5.27) respectively.

5.5 Black Holes in AdS
5.5.1 AdS Kerr metrics as fluid duals

In the previous sections, we have found the bulk dual to arbitrary fluid dynamical evolutions
on the boundary, to second order in the derivative expansion. In this section, we now proceed
to test our results against a class of exact solutions of Einstein’s equations.

This class of solutions is the set of rotating black holes in the global AdS spaces. The dual
boundary stress tensor to these solutions varies on the length scale unity (if we choose our
boundary sphere to be of unit radius). On the other hand the temperature of these black holes
may be taken to be arbitrarily large. It follows that, in the large temperature limit, these black
holes are dual to ‘slowly varying’ field theory configurations that should be well described by
fluid dynamics. All of these remarks, together with nontrivial evidence for this expectation
was described in [15]. In this subsection, we will complete the programme initiated in [15] for
uncharged blackholes by demonstrating that the full bulk metric of these high temperature
rotating black holes agrees in detail with the 2nd order bulk metric determined by our analysis
earlier in this chapter. This exercise was already carried out in [11] for the special case d = 4.

Consider the AdS-Kerr BHs in arbitrary dimensions - exact solution for the rotating
blackholes in general AdSg4; in different coordinates is derived in reference [16]. Following
[16], we begin by defining two integers n and € via d = 2n + € with ¢ = d mod 2. We can
then parametrise the d + 1 dimensional AdS Kerr solution by a radial co-ordinate r, a time
co-ordinate £ along with d — 1 = 2n + € — 1 spheroidal co-ordinates on S%~!. We will choose
these spheroidal co-ordinates to be n+ € number of direction cosines fi; (obeying ZZJT [Li =1
) and n + € azimuthal angles ¢; with ¢,+1 = 0 identically. The angular velocities along the
different ¢;s are denoted by a; (a,1is taken to be zero identically).

In this ‘altered’ Boyer-Lindquist co-ordinates, AdS Kerr metric assumes the form (See
equation (E.3) of the [16])

2
~ dr? 2M a;fi2dp;
d 2 _ _ 1 2 dt2 S dt 7 [y [
S =Wt o s (Y 21—%2

5 (5.59)
T2 4 g2 1 =2 4 a2
a; i .
Z - [di; + fi7d@] — Wi+ r2) Z T fridfii
= =1 @;
where
n+e ﬂZ 4 1 n CL2 1 n+e 2 2
W= —r= ., V= 1+ — 1+ d = 5.60
Yt vereepIloeh ma w23 G e
We first perform a co-ordinate transformation of the form
. dr N a;dr
dt = dt — ;o dpi =dp; — : (5.61)

(1+72)(1—-2M/V) (r?+a2) (1—2M/V)
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followed by another transformation of the form

W= o (ﬂ? > ith We—— =W > i (5.62)
i = Trr W - 5 - - .
WAl-df 1= a}u =119 1+%
to get
ds® = —2uyda”(dr + rAyda’) + [rPgu + Sy ] datdz” + V%’bl;ld atdz” (5.63)
where
wo, =0 +ai0,, , A,=0 , b= (2M)~1/d
G =W |—dt* + Z (dui + p d%)]
L ' (5.64)
2
E/W =W 7dt2 + Z d:uz + dcpz (Z agﬂldﬂl)
This expression can be further simplified using the following identities
Y = u, Syt — wytwyy
u (BCV)A p WA (5.65)

r2VE = det [r 0¥ — wh))]
where the determinant of a tensor M} is defined by
v MEMp ... = det [M;‘} €af...

Hence, we conclude that the AdS Kerr metric in arbitrary dimensions can be rewritten
in the form

ds® = —2uydx” (dr +r Aydx”) + [T‘ng, + U(HSV))\’LLA — wu’\w,\y dx*dz”
2 5.66
Uty dz*dxz” ( )
T Ydet [r 6 — wh,]

We have checked this form explicitly using Mathematica till d = 8.
This metric can also be written in the form

ds? = —2u,dat (dr +r A,dx”) + g, da*dr”
v
(d—1)(d—2)

1
— wu)‘cuAl, T 2D>\w (uUy) + Ruyuy, | detdz” (5.67)
r2u,u,

W,V
T Ydet [r 6 — wh ]dx d
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or alternatively

ds?* = —2u,dz"(dr + V,dz") + &, dat dz” with
r2u,, (5.68)

— _ A
Vi = 1y = Suxu 2vddet [r 8 — wh,)]

2 A
S =1 P —wy wyy

It is easily checked that this metric agrees(upto second order in boundary derivative
expansion) with the metric presented in (5.23) in section 4 of this chapter, upon inserting the
velocity and temperature fields listed in (5.64).

5.5.2 The Energy momentum tensor and the Entropy Current for the AdS Kerr
Black Hole

The exact energy momentum tensor for the AdS Kerr Black Hole described can be computed
using the standard counterterm methods. The non-anomalous part of the energy momentum
tensor is given by

1

167TGAd5bd (5.69)

Ty = p(guw + duyu,) with p=
which is consistent with (5.27) if we take into account the fact that ¢, = 0 in these configu-

rations.
The equation for the event horizon of the AdS Kerr Black Hole is given by V = 2M or

"
sl d (5.70)

1 b? 5
T'H:g 11— — 1"‘2@@ + ( )
i 5.71
1 d+2 bR
— o0 g, -
b 2dd—2)"Y T gd—2d-1)

which agrees with the expression for the event horizon in (5.43) upon inserting the velocity
and temperature field configurations (5.64).
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The entropy current for the AdS Kerr blackhole can be directly obtained from (5.45).
We have the following exact results :

n 2
(n) d—1 7 r
det, \H=r H(l + 2 ) bd(r2H+ 0
1— a
nto, = 0 + Z 2 al al = w9 + Z r2 T a2 ;0 (5.72)
Ty 2

JE, =

1—aj
w0+ Y ——5a;0,,
4G pash?(r? +1) # ; r2 a2 Y

These exact results can alternatively be expanded in a derivative expansion. Keeping
terms only upto second order in the derivative expansion, we get

n 1 d—1 b2
\det™ 1 = L DL A

(5.73)
n*9, = utd, + b Z(l —a?)a;i0p, + ...
which gives
b2 V2R b2
4G Aqgb? VT = ut |1 — —wPwas — Dywh? 5.74
AdS “ [ 2d” WP T qa—2)| Ta—2 (5:74)

We have checked this form explicitly using Mathematica till d = 8.
Comparing the above with (5.47) and remembering that o®? = 0 for the AdS Kerr black
hole, we find that our results in the previous sections are consistent with these exact solutions.

5.6 Discussion

In this chapter we have constructed an explicit map from solutions of the (generalized) Navier
Stokes equations on a d — 1,1 dimensional boundary with an arbitrary weakly curved metric
9w to the space of regular solutions to the Einstein equations with a negative cosmological
constant that asymptote, at small z, to ds? = 272 [sz + g dxtdz” ] We have demonstrated
that our solution space is exhaustive locally in solution space. In other words consider a
particular bulk solution B that is dual, under the map constructed in this chapter, to a
fluid flow F'. Then every regular slowly varying bulk solution to Einstein’s equations that is
infinitesimally separated from B is dual to a fluid flow infinitesimally separated from F.

We have also demonstrated that - subject to certain restrictions on the long time behavior
- all the metrics constructed in this chapter have regular event horizons, and have constructed
the event horizon manifold of our solutions in this chapter. It would be interesting to relax the
restrictions on long time behavior under which this result follows, and simultaneously examine
under what conditions these restrictions are dynamically automatic from the equations of fluid
dynamics. In particular, as the long time limit of a fluid flow on a static metric is necessarily
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non dissipative, it would be interesting to fully classify all nondissipative flows on static
background geometries. %

We have been able to put our construction of the event horizons described above to
practical use: by pulling the area form on the event horizon back to the boundary, we have
been able to define an entropy current for the dual fluid flow. The divergence of this current
is guaranteed to be non negative by the classic area increase theorem of black hole physics.
The entropy current we have constructed is a sort of local ‘Boltzmann H function’ which can,
locally, only be created and never destroyed. The local entropy increase theorem establishes
the irreversible nature of dual fluid flows. It may be interesting to study the structure of
gradient flows generated by this ‘entropy function’.

In the next chapter, we will use the insights gathered in this chapter to work out the
slightly more complicated case of charged fluids and their gravity duals. For simplicity, we
will confine ourselves to the case of CFTy : as we will see there are novel transport properties

which could be derived by looking at the gravity duals.

5.7 Appendices
5.7.1 d=2

Through the text of this paper we have worked with conformal fluids in d > 2 dimensions.
In this section we explain that conformal fluid dynamics in d = 2 is special and essentially
trivial.

To start with note that a traceless stress tensor in d dimensions has sq4 = dzzﬁ indepen-
dent components. The assumption of local thermalization in the fluid dynamical limit allows
us to work instead with the d variables of fluid dynamics; the velocities and temperature.
Now d < sy for d > 2; it is precisely for this reason that fluid dynamics contains physical
information beyond the conservation of the stress tensor. However sy = 2; consequently two
dimensional conformal fluid dynamics is simply the assertion of conservation of the two di-
mensional stress tensor. One may as well work directly with the components of the stress
tensor. The general solution to the conservation of the stress tensor in d = 2 is of course well
known. In a frame in which the boundary metric locally takes the form ds? = e*?datdz—
(and ignoring anomaly effects in this discussion) the most general conserved and traceless
stress tensor is given by T+ = f(z 1) and T__ = g(x™) for arbitrary functions f and g. This
constitutes the most general solution to ‘conformal fluid dynamics’ in two dimensions. Note
that according to this solution, left and right moving waves do not interact with each other.
Consequently two dimensional conformal ‘fluid’ dynamics is both trivial and a misnomer;
conformal fluids in two dimensions do not locally equilibrate.

The triviality of conformal fluid dynamics in two dimensions has a simple gravitational
counterpart: every solution of Einstein’s equations in two dimensions is locally AdSs;. All

85Tt is natural to guess that this set is exhausted by uniform motion (in the case of the boundary Rdil’l)
and rigid rotations (in the case of the boundary S¢~!), but we are unaware of proofs if any of this intuition.
We thank G.Gibbons for discussions on this issue.
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generally coordinate inequivalent regular solutions of these equations are the BTZ black holes.
(Note that the point mass solutions, studied extensively for instance in [94], have a naked
singularity atleast from the purely gravitational point of view). Conformally inequivalent
slicings of the same geometry (a la Brown and Hanneaux) generate the left and right moving
waves described in the previous subsection. From the bulk point of view these solutions are
trivial because they are all (large) diffeomorphism equivalent to static black holes.

There is yet another way to express the triviality of conformal fluid dynamics in two
dimensions. It turns out that there are no non-zero Weyl-covariant quantities which can be
formed out of velocity /temperature derivatives and hence, as noted by [12, 95], the first order
fluid dynamical metric becomes an exact solution of the bulk Einstein equations (see section
4 of [12] for more details). For all the reasons spelt out above, in the rest of our paper we
will focus on d > 2.

5.7.2 Pointwise solution to dynamics at second order in derivatives

As explained in [6], in order to construct the map from solutions of fluid dynamics to solutions
of gravity at second order, we need to ‘solve’ the equations of fluid dynamics, at a point x*
to second order in derivatives. While it is of course very difficult to find the general global
solutions to fluid dynamics, the corresponding equations are very easily solved at a point. In
this Appendix we review the solution of these equations in explicitly Weyl covariant terms.
The results of this appendix were utilized in our construction of the bulk metric in section 4.

For solving the bulk constraint equations upto second order, we need (D,T*" = 0)
evaluated upto second order

Zmb:2#4””[mw0m3 -D”#“]+.”

s | d—1 " d

where we have introduced the entropy density s of the conformal fluid related to its pressure

(5.75)

by s = pd/T = 4mwpb. This can be used to solve for the partial derivatives of b completely in

terms of velocity derivatives
47 Uagaaﬂ Dot
8,u,b = A#b -+ QbQT |:d_1uu — Tﬂ +
auayb == b(aluAy + .AMAV) + ...

Since the left hand side of the last equation is symmetric in ¢ and v, we get an integrability

(5.76)

condition
O Ay, =0 A, + ... (5.77)
Hence, we conclude that to this order we have a valid fluid configuration in a patch
around a point Py provided we assume
2b247r7] Uagaaﬁu B D,\o)‘u
0 d—1 " d |,

b 5.78
+ 6250 [0 AL + A A 2 + .. (5.78)

b = by + ebg Aox” + 2¢

F/WE@[M.AV]:O—I—...
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For the metric given in the text to be a solution of the Einstein equations, it is necessary that
the velocity /temperature fields obey the above equations of motion with n/s = 1/(4x).
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6 Charged Hydrodynamics in AdS;/CFT,

In this chapter, we will study the metric duals of charged fluids in d = 4 spacetime dimen-
sions. We extend the methods decribed in the previous chapter to charged black-branes by
determining the metric duals to arbitrary charged fluid configuration up to second order in the
boundary derivative expansion. We also derive the energy-momentum tensor and the charge
current for these configurations up to second order in the boundary derivative expansion.

We find a new term in the charge current when there is a bulk Chern-Simons interaction
thus resolving an earlier discrepancy between thermodynamics of charged rotating black holes
and boundary hydrodynamics. We have also confirmed that all our expressions are covariant
under boundary Weyl-transformations as expected.

The material for this chapter is drawn from the paper[17] written by the author in
collaboration with Nabamita Banerjee, Jyotirmoy Bhattacharya, Sayantani Bhattacharyya,
Suvankar Dutta and P. Suréwka. Many of the results in that paper were simultaneously and
independently derived by Erdmenger et.al.[18].

6.1 Introduction

The connection between the equations of gravity and fluid dynamics, described in the previous
chapter, was demonstrated essentially by use of the method of collective coordinates. The
authors of [6, 9, 11, 12, 74] noted that there exists a d parameter set of exact, asymptotically
AdSg441 black brane solutions of the gravity equations parameterized by temperature and
velocity. They then used the ‘Goldstone’ philosophy to promote temperatures and velocities to
fields. The Navier Stokes equations turn out to be the effective ‘chiral Lagrangian equations’
of the temperature and velocity collective fields.®C.

Now consider a conformal field theory that has a conserved charge @) in addition to
energy and momentum. This is especially an interesting extension of the hydrodynamics of
the uncharged fluids since the hydrodynamics of many real fluids has a global conserved charge
which is often just the number of particles that make up the fluid. The long distance dynamics
of such a system is expected to be determined by the augmented Navier Stokes equations;
V., T* = 0 together with VNJg = 0, where the stress tensor and charge current are now given
as functions of the temperature, velocity and charge density, expanded to a given order in
the derivative expansion. The bulk dual description of a field theory with a conserved charge
always includes a propagating Maxwell field. Consequently the AdS/CFT correspondence
suggests asymptotically AdS long wavelength solutions of appropriate modifications of the the
Einstein Maxwell equation are in one to one correspondence with solutions of the augmented
Navier Stokes equations described above.

This expectation of the previous paragraph also fits well with the collective coordinate
intuition described above. Recall that the Einstein Maxwell equations have a well known d+1
dimensional set of charged black brane solutions, parameterized by the brane temperature,

86There exists a large literature in deriving linearise hydrodynamics from AdS/CFT. See([61] - [8]). There
have been some recent work on hydrodynamics with higher derivative corrections [80, 81].
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charge density and velocity. It seems plausible that the effective Goldstone equations, that
arise from the promotion of these d + 1 dimensional parameters to fields, are simply the
augmented Navier Stokes equations. In this chapter we verify the expectations via a direct
analysis of the relevant bulk equations. More concretely, we generalize the work out in
[6] to set up a perturbative scheme to generate long wavelength solutions of the Einstein
Maxwell equations plus a Chern Simons term (see below for more details) order by order in
the derivative expansion. We also implement this expansion to second order, and thereby
find explicit expressions for the stress tensor and charge current of our dual fluid to second
order in the derivative expansion.

In this chapter we work with the Einstein Maxwell equations augmented by a Chern
Simon’s term. This is because the equations of IIB SUGRA on AdS5xS® (which is conjectured
to be dual to N' = 4 Yang Mills) with the restriction of equal charges for the three natural
Cartans, admit a consistent truncation to this system. Under this truncation, we get the
following action

1 4k
S — /\/—75 R+ 12— FypFAB _ “0(LABCD g P o Fopy (6.1)
167G5 3

In the above action the size of the S5 has been set to 1. The value of the parameter
for N/ = 4 Yang Mills is given by & = 1/(2v/3) - however, with a view to other potential
applications we leave k as a free parameter in all the calculations below. Note in particular
that our bulk Lagrangian reduces to the true Einstein Maxwell system at x = 0.

Our expressions for the charge current and the stress tensor of the fluid are complicated,
and are listed in detail in subsequent sections. We would however like to point out an
important qualitative feature of our result. Already at first order, and at nonzero k, the
charge current includes a term proportional to [¢ = " )‘O‘u“Vl,u »- The presence of this term
in the current resolves an apparent mismatch between the predictions of fluid dynamics and
the explicit form of charged rotating black holes in IIB supergravity reported in [15]. Note
that due to the presence of the e symbol, this term is parity odd. However, when accompanied
by a flip in the R-charge of the brane, its sign remains unchanged. Consequently, this term
is CP symmetric in agreement with the expectations of CP symmetry of N' = 4 Yang Mills
theory.

As we have explained above, the reduction of boundary field theory dynamics is expected
to reduce to field theory dynamics only at long wavelength compared to an effective mean
free path or equilibration length scale. All the gravitational constructions of this chapter also
work only in the same limit. It is consequently of interest to know the functional form of the
equilibration length scale of our conformal fluid as a function of intensive fluid parameters.

In the case of N' = 4 Yang Mills, it follows from ‘t Hooft scaling and dimensional analysis
that, at large A, the effective equilibration length scale is given by l,¢, = f(v)/T where v
is the dimensionless chemical potential conjugate to the conserved charge of the theory and
T being the associated temperature. Explicit computation within gravity demonstrates that
f(v) is of unit order for generic values of v away from extremality. Consequently, at generic
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values of v, all the considerations of this chapter apply only when all fields vary at distances
and times that are large compared to the local effective temperature.

6.2 Zeroeth Order Black Brane solution

In this section. we will establish the basic conventions and notations that we will use in the

rest of the paper. We start with the five-dimensional action®”
1 4k
S = 167G /\/—g5 |:R + 12 — FABFAB — ?ELABCDALFABFCD (6.2)

which is a consistent truncation of IIB SUGRA Lagrangian on AdSsxS® background with
a cosmological constant A = —6 and the Chern-Simons parameter x = 1/(2v/3) (See for
example, [96-107]). However, for the sake of generality (and to keep track of the effects of the
Chern-Simons term), we will work with an arbitrary value of x in the following. In particular,
k = 0 corresponds to a pure Maxwell theory with no Chern-Simons type interactions.

The field equations corresponding to the above action are

1
Gap —6gap +2 |FacFCp + ZQABFCDFCD =0 (6.3)

VpFP 4 ke PP e Fpp =0

where gap is the five-dimensional metric, G o is the five dimensional Einstein tensor. These
equations admit an AdS-Reisner-Nordstrom black-brane solution

ds* = —2u,datdr — r*V (r,m, q) uyu,da*dz” + r* Py, dat dz”
(6.4)
A= @u#dﬁ‘,
2r2

where
dzt = —d V( )_——1——m—}——q2
U, dr v; r,m :
123 ) ) 7q 7'4 1"6,

P = + uuuy,

with 7, = diag(— + +4) being the Minkowski-metric. Following the procedure elucidated
in [6], we shall take this flat black-brane metric as our zeroth order metric/gauge field ansatz
and promote the parameters u,, m and ¢ to slowly varying fields 88,

8TWe use Latin letters A, B € {r,v,z,y,2} to denote the bulk indices and pu,v € {v,z,v, 2} to denote the
boundary indices.

88Note that the charge we consider here refers to the Maxwell charge fas FABrAtB in the bulk (where rA
and t# are respectively the unit radial normal and future pointing time-like normal to the spatial bounday 85 ).
In the presence of a Chern-Simons term in the bulk lagrangian (or alternatively, when the boundary global
charge is anomalous), there are other notions of charge (like Page charge - see, for example [108] ) which are
employed in the literature. The Page charge in the bulk would be fas (FAB + 2K €euxp CDEACFDE) r4¢8 in
our notation . These other notions of charge in the bulk mirrors the various possible notions of a global charge
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In the course of our calculations, we will often find it convenient to use the following
‘rescaled’ variables

q

m
Mzﬁ; Eﬁ;

Q*=M -1 (6.6)

r
p E;
where R is the radius of the outer horizon,i.e., the largest positive root of the equation V' = 0.
The Hawking temperature, chemical potential and the charge density of this black-brane are
given by®

R

_ 2

2v/3¢q
2

V3q
’ (6.7)

=2V3QR and n e

In terms of the rescaled variables, the outer and the inner horizon are given by

pr=1 and p_E[(Q2+1/4)1/2—1/2}1/2

and the extremality condition p, = p_ corresponds to (Q? = 2, M = 3). We shall assume
the black-branes and the corresponding fluids to be non-extremal unless otherwise specified -
this corresponds to the regime 0 < @? < 2 or 0 < M < 3 which we will assume henceforth.

Using the flat black-brane solutions with slowly varying velocity, temperature and charge
fields, our intention is to systematically determine the corrections to the metric and the gauge
field in a derivative expansion. More precisely, we expand the metric and the gauge field in
terms of derivatives of velocity, temperature and charge fields of the fluid as

0 1 2
9A329541)9+gf4)9+gf4)9+...

(6.8)
Ay = AQ A0 + A0 1

where gX% and Ag\’fl) contain the k-th derivatives of the velocity, temperature and the charge

fields with

gﬁ%d:vAde = —2u,(z)dztdr — r*V (r,m(z), q(2)) uu(z)u, (z)detdz” + 2P, (z)dat dz”

Ag\(}) dzM = \/Z)qu)uu(x)dm“.
r

(6.9)

when it is anomalous in the boundary theory. However, in the rest of the paper, we shall not concern ourselves
with these subtleties for the following reason - for the solutions in this chapter, F and hence A A F' vanishes
when restricted to boundary of AdS. In such a case, the boundary anomaly is turned off and the definition
of conserved charge in the boundary is unambiguous (Maxwell charge and Page charge become equal for this
subset of solutions). In fact, for a specific value of  , this conserved charge refers to the unique R-charge of
the boundary super conformal field theory.

89In much of the literature the chemical potential p is taken to be the potential difference between the
boundary and the horizon. However we have chosen a different normalization for y (and hence the charge
density n). we shall elaborate on this point in subsection 6.3.5.
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In order to solve the Einstein-Maxwell-Chern-Simons system of equations, it is necessary
to work in a particular gauge for the metric and the gauge fields. Following [6], we choose
our gauge to be

Grr =05 grpoxu,; Ap=0; Tr[(g(o))*lg(k)] =0. (6.10)

Further, in order to relate the bulk dynamics to boundary hydrodynamics, it is useful to
parameterise the fluid dynamics in the boundary in terms of a ‘fluid velocity’ u,. In case of
relativistic fluids with conserved charges, there are two widely used conventions of how the
fluid velocity should be defined. In this paper, we will work with the Landau frame velocity
where the fluid velocity is defined with reference to the energy transport. In a more practical
sense working in the Landau frame amounts to taking the unit time-like eigenvector of the
energy-momentum tensor at a point to be the fluid velocity at that point.

Alternatively, one could work in the ‘Eckart frame’ where the fluid velocity is defined with
reference to the charge transport where the unit time-like vector along the charged current to
be the definition of fluid velocity. Though the later is often the more natural convention in the
context of charged fluids, we choose to use the Landau’s convention for the ease of comparison
with the other literature. We will leave the conversion to the more natural Eckart frame to
future work.

In the next two sections, we will report in some detail the calculations leading to the
determination of the metric and the gauge field up to second order in the derivative expansion.
This will enable us to determine the boundary stress tensor and charge current up to the
second order.

6.3 First Order Hydrodynamics

In this section, we present the computation of the metric and the gauge field up to first order
in derivative expansion, the derivative being taken with respect to the boundary coordinates.
We choose the boundary coordinates such that u* = (1,0,0,0) at z*. Since our procedure is
ultra local therefore we intend to solve for the metric and the gauge field at first order about
this special point z#. We shall then write the result thus obtained in a covariant form which
will be valid for arbitrary choice of boundary coordinates.

In order to implement this procedure we require the zeroth order metric and gauge field
expanded up to first order. For this we recall that the parameters m, ¢ and the velocities (5;)
are functions of the boundary coordinates and therefore admit an expansion in terms of the
boundary derivatives. These parameters expanded up to first order is given by

m =mgy + x”@um(o) + ...
q=q0 +2"9.q"" + ... (6.11)
ﬂi :x“@uﬂi(o) + ...

Here m®, ¢, B refers to the i-th order correction to mass, charge and velocities respec-
tively.
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The zeroth order metric expanded about x* up to first order in boundary coordinates is
given by
ds®? = 2dv dr — r2v(©) (r) dv? + r? da; da'
— 2zt auﬁi(“) dx’ dr — 2 x“aﬂﬁfo) r2(1 = VO (1)) da’ dv

(6.12)

r2 rd

where mg and qq are related to the mass and charge of the background blackbrane respectively

and

2
V(O):l—@—i—%
r

4
r
Similarly the zeroth order gauge fields expanded about x* up to first order is given by

W 0) )
A (qo + "0 ) dv — L3219, 4 dﬂ] (6.13)

2 r2

Since the background black brane metric preserves an SO(3) symmetry %, the Einstein-
Maxwell equations separate into equations in scalar, transverse vector and the symmetric
traceless transverse tensor sectors. This in turn allows us to solve separately for SO(3)
scalar, vector and symmetric traceless tensor components of the metric and the gauge field.

6.3.1 Scalars Of SO(3) at first order

The scalar components of first order metric and gauge field perturbations (g(l) and AM

respectively) are parameterized by the functions h1(r), k1(r) and wy(r) as follows !
>0 (1) =3 (),

) = 2
. (6.14)

o) = )
V3w (r)

AD () = —

v ( ) 27,2

Note that gg) (r) and gz(,,lﬂ) (r) are related to each other by the gauge choice Tr[(g(?)~1¢(M] = 0.

Constraint equations

We begin by finding the constraint equations that constrain various derivatives velocity,temperature
and charge that appear in the first order scalar sector.The constraint equations are obtained

99Here we are referring to the SO(3) rotational symmetry in the boundary spatial coordinates.
9There ¢ runs over the boundary spatial coordinates, v is the boundary time coordinate and r is the radial
coordinate in the bulk

— 128 —



by taking a dot of the Einstein and Maxwell equations with the vector dual to the one form
dr. If we denote the Einstein and the Maxwell equations by E4p = 0 and Map = 0, then
there are three constraint relations.

Two of them come from Einstein equations. They are given by
9 " Ey+9"Ey, =0, (6.15)

and
gTTE'r'r + ngvr - 0 Y (616)

and the third constraint relation comes from Maxwell equations and is given by
g "M, +g" "M, =0. (6.17)

Equation (6.15) reduces to
dym(©® = —%moai@-(o) : (6.18)

which is same as the conservation of energy in the boundary at the first order in the derivative
expansion, i.e., the above equation is identical to the constraint (scalar component of the
constraint in this case)

0Tl = 0. (6.19)

on the allowed boundary data.

The second constraint equation (6.16) in scalar sector implies a relation between hy(r)
and kq(r).

2&-61-(0)7"5 + 12r%hy (1) + 4gow () — mor3hy () 4 3rTh () — 3K} (r) — 2qorw) (r) = 0. (6.20)
The constraint relation coming from Maxwell equation (See Eq. (6.17)) gives
9, 49 = —q0 ;8 . (6.21)

This equation can be interpreted as the conservation of boundary current density at the first
order in the derivative expansion.
no_
8,“](0) =0. (6.22)
We now proceed to find the scalar part of the metric dual to a fluid configuration which

obeys the above constraints.

Dynamical equations and their solutions

Among the Einstein equations four are SO(3) scalars (namely the vv, rv, rr components and
the trace over the boundary spatial part). Further the r and v-components of the Maxwell
equations constitute two other equations in this sector. Two specific linear combination of
the rr and vv components of the Einstein equations constitute the two constraint equations
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in (6.18). Further, a linear combination of the r and v-components of the Maxwell equations
appear as a constraint equation in (6.21). Now among the six equations in the scalar sector
we can use any three to solve for the unknown functions hi(r), k1(r) and wq(r) and we
must make sure that the solution satisfies the rest. The simplest two equations among these
dynamical equations are

5k’ (r) +rhf(r) = 0. (6.23)

which comes from the rr-component of the Einstein equation and
6qoh’ (1) + wi(r) — rw{(r) = 0. (6.24)

which comes from the r-components of the Maxwell equation. We intend to use these dy-
namical equations (6.23), (6.24) along with one of the constraint equations in (6.18) to solve
for the unknown functions hq(r), ki(r) and wy ().

Solving (6.23) we get
1

C
h(r) = —3 +Cf,. (6.25)

where C’,ll1 and C’,Ql1 are constants to be determined. We can set C,%l to zero as it will lead to
a non-normalizable mode of the metric. We then substitute the solution for hy(r) from (6.25)
into (6.24) and solve the resultant equation for wi(r). The solution that we obtain is given
by

1

C
w(r) = C’i)ITQ + 03;1 —qo ha (6.26)

ré

Here again C. , C2_ are constants to be determined. Again Cj, corresponds to a non-

w1
normalizable mode of the gauge field and therefore can be set to zero.
Finally plugging in these solutions for i1 (7) and w1 (r) into one of the constraint equations

in (6.18) and then solving the subsequent equation we obtain

2 240 240>
ki(r) = 20080 + Oy — S50+ (qo - m”) Ch, (6.27)

r2 76 rd

Now the constants Cy, and C2, may be absorbed into redefinitions of mass (mg) and charge
(qo) respectively and hence may be set to zero. Further we can gauge away the constant C’,ll1
by the following redefinition of the r coordinate

(%)
r—r|il+—],
r

Thus we conclude that all the arbitrary constants in this sector can be set to zero and

C being a suitably chosen constant.

therefore our solutions may be summarized as

h(r) =0, wi(r) =0, ki(r)= §r3aiﬁ§°> . (6.28)
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In terms of the first order metric and gauge field this result reduces to

g =0,

2
98 (r) = 5rai”, (6.29)
gl (r) =0,
Agl)(r) =0.

Now, we proceed to solving the equations in the vector sector.

6.3.2 Vectors Of SO(3) at first order

The vector components of metric and gauge field ¢V and A are parameterized by the
1) 1)

) . (r) as follows

2
g (r) = <0 - 0) i)

r2 rd

6.30
A = - (ﬁq> i)+ 0 ) "

272 v

functions j; ' (r) and g

Now we intend to solve for the functions jl-(l)(r) and gl(l)(r).

Constraint equations

The constraint equations in the vector sector comes only from the Einstein equation. So there
is only one constraint equation in this sector. It is given by

gTTEm' + gm}Evi =0 (631)
which implies
aim©® = —4m0,8°. (6.32)

These equations also follow from the conservation of boundary stress tensor at first order. We
shall use this constraint equation to simplify the dynamical equations in the vector sector.

Dynamical equations and their solutions

In the vector sector we have two equations from Einstein equations (the ri and vi-components)
and one from Maxwell equations (the ith-component) 2.
The dynamical equation obtained from the wvi-component of the Einstein equations is

given by

257 (r)
dr?

92Note that a linear combination of the i and vi-components of the Einstein equation appear as the con-

(1
(@ — 3mg?) B0 |y 5,201 0)

— - = -3r'9,8". (6.33)

+ (m0r2 — qg) r

straint equation in (6.32).
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Also the dynamical equation from the ith-component of the Maxwell equation is given by

d?g" dgt (r)
r |2 (" = mor® + g) dr? r? 4 (6r7 + 2mor® — 6g5r) “ar
d2 (1) d(l) (6.34)
— \/gqor (r6 — m0r2 + q%) ]c%r?(T) + \/§QO (?”6 — 3mor2 + 5618) jzdr(r)
= V30008 + 01 )r® — 24g3krl?,
where [; is defined as
l; = €;j10; Bk (6.35)

Now in order to solve this coupled set of differential equations (6.33) and (6.34) we shall

substitute ggl)(r) obtained from (6.33) into (6.34) and solve the resultant equation for jz-(l)(r).
)

For any function j;(r), using (6.33) ggl)(r) may be expressed as

a4 (r)
1 1 0 (1 (mor® — ag) “z
g () = (Cy)i + Vi —0,83 + 4moi M (r) — - d : (6.36)

Here (Cy); is an arbitrary constant. It corresponds to non normalizable mode of the gauge

field and hence may be set to zero.
(1)

Substituting this expression for g,

equation for jl.(l) (r)

(r) into (6.34) we obtain the following differential

& (r)
dr
a2 (r)

dr? (6.37)

(35q§ + 5r? (r4 — 6my) g2 + 3mor? (3r4 +mo))

r (—11q§ — (57”6 — 14m0r2) qg — mor? (7“4 + Smo))
@M (r)
dr3

(6\/§q08¢q(0)r4 + 3\/581,61.(0) (5% —mor® + q3) r* — 144 7 lgo)qgm)

6 — mor? + qg)

+ 72 (qg - mor2) (r
_1
V3

The solution to this equation is given by,

iy 9,8
]1)(7«):(0;)14_ J >+ i
mo __ 9% mo __ 9%
r2 rd r? i (6 38)
o VB an 6@ + 30080 v omo
mg(%—;{é)“l R7<%_%§> B

where again (le)Z and (CJQ)Z are arbitrary constants. (CJQ)Z corresponds to a non-normalizable
mode of the metric and so is set to zero. (C']l)Z can be absorbed into a redefinition of the
velocities and hence is also set to zero.
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Here the function Fi(%,3¢) is given by”

where Q? = M — 1.
Substituting this result for ji(l) (r) into (6.36) we obtain the following expression for gfl) (r)

W, V3r*/R*(mg— RY) © 3R%k(mg — R*)
90 = S ol — R+ B+ 1) )Y 5 ng (2 — B2 1 )
Vart (v (mo (o2 = 12) 4 1) (" (5, 30) + (6R7 — 6moft) F (5. 3

2R8 (mg (r2 — R?) + RY)

~
S,

)> (9:4" + 3¢00,8)
(6.40)

where we use the notation f(»7)(a, 8) to denote the partial derivative &7 f/0a’937 of the
function f.

Plugging back ji(l)(r) and g§1)(r) back into (6.30) we conclude that the first order metric
and gauge field in the vector sector is given by

l K 612
\f C_Io +

r my

90 (1) = 10,8 + L3054 00010 + 30008 i, )
\/§T5F(1’0) z, o 3RkvVmgy — R*\/R? (mg — R*
A ) = - 12R8(R R4)(8¢q(°)+3q08v6i(0))+ - 2m\0/r2 (mo = 1),

(6.41)

6.3.3 Tensors Of SO(3) at first order

The tensor components of the first order metric is parameterized by the function ozl(-;) (r) such
that

o) =rall. (6.42)

The gauge field does not have any tensor components therefore in this sector there is only
one unknown function to be determined.

There are no constraint equations in this sector and the only dynamical equation is
obtained from the ij-component of the Einstein equation. This equation is given by

d%a(r) dovi () 0
r (7“6 — mor? + qS) 4d7“]2 - = (—5r6 + mor? + qg) 7d]r = —6(71(]-)?”4 (6.43)
where o;; is given by
1
o — ( 08 + 0,8 ) = 085 (6.44)

93 Although the expression for Fi(g,%%) is very complicated but it satisfies some identities. One can use

those identities to perform practical calculations with this function.
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The solution to equation (6.43) obtained by demanding regularity at the future event
horizon and appropriate normalizability at infinity. The solution is given by

1 2 r my
al(j) = EaijF2<Ea ﬁ), (6.45)
where the function Fs(p, M) is given by
> p(p*+p+1)
F(p, M) = d, 6.46
with M = m/R* as before.
Thus the tensor part of the first order metric is determined to be
1 272 T mg
z(]) = R O'ZJF2(E7 R4) (647)

6.3.4 The global metric and the gauge field at first order

In this subsection, we gather the results of our previous sections to write down the entire

metric and the gauge field accurate up to first order in the derivative expansion.
We obtain the metric as

ds® = gABdazAda:B

= —2u,dxtdr — v uyu, datdx” + 'rQPm,dx“dx”

o A
— 2u,dzt r [u)ﬁ)\u,, — wuy]

B Qu#d:v“ [\/§Hq3 6(]7ﬂ2

v 2T‘2 v
dz¥ + fFQ(p, M)o,,dat dx

A
mrd L, + R7 PVD)\qFl(paM)

(6.48)
dr” + ...

3 3kq? 3rd
A \funr k> V3r

A (1,0)
gr2 U T gate — s TuPaaky (p,M)] dat + ...

where D) is the weyl covarient derivative defined in appendix 6.6.1. We also have defined
m ¢ VAo A A A
V=1- ' + 6 " = "M u,O\ug; PDq = P 0xq + 3(u"0\uy)g;

,
PEE
v o o DUV 1 v . _m, _q 2
o' = PrPPOug) — s P 0aues M= Q=45 Q=M1
(6.49)
and
1 M Q? o0 1 1 3 1
FilpM)==(1-=+ =~ d — -2 (14+=
1A 3( p4+p6>/p p<1 M+Q2>2<p 4p7<+M>>
ptne (6.50)
2
o ppc+p+1
R ) = [ ( )
p, P+
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6.3.5 The Stress Tensor and Charge Current at first order

In this section, we obtain the stress tensor and the charge current from the metric and the
gauge field. The stress tensor can be obtained from the extrinsic curvature after subtraction
of the appropriate counterterms [43, 109]. We get the first order stress tensor as

Ty = p(Muw + dupuy) — 200, + ... (6.51)

where the fluid pressure p and the viscosity n are given by the expressions

MR* R3 s
p= : n= = — (6.52)
167G5 167Gy 4r
where s is the entropy density of the fluid obtained from the Bekenstein formula.
To obtain the charge current, we use
o= lim DAk _ D P'D l (6.53)
po= e 5—nuu— W Dun+ &1+ ... .

where the charge density n, the diffusion constant ® and an additional transport coefficient
¢ for the fluid under consideration are given by

3kq>

NEY - 1+ M
167rG5m

. D= ; (6.54)
167G5 AMR

&=

n

We note that when the bulk Chern-Simons coupling k is non-zero, apart from the con-
ventional diffusive transport, there is an additional non-dissipative contribution to the charge
current which is proportional to the vorticity of the fluid. To the extent we know of, this is
a hitherto unknown effect in the hydrodynamics which is exhibited by the conformal fluid
made of N' = 4 SYM matter. It would be interesting to find a direct boundary reasoning
that would lead to the presence of such a term - however, as of yet, we do not have such an
explanation and we hope to return to this issue in future.

The presence of such an effect was indirectly observed by the authors of [15] where they
noted a discrepancy between the thermodynamics of charged rotating AdS black holes and
the fluid dynamical prediction with the third term in the charge current absent. We have
verified that this discrepancy is resolved once we take into account the effect of the third term
in the thermodynamics of the rotating A" = 4 SYM fluid. In fact, one could go further and
compare the first order metric that we have obtained with rotating black hole metrics written
in an appropriate gauge. We have done this comparison up to first order and we find that
the metrics agree up to that order.

9Here we have taken the chemical potential = 2v/3QR which determines the normalization factor of the
charge density n (because thermodynamics tells us ny = 4p — T's) which in turn determines the normalization
of J,. Note that due to the difference in p with [18], our normalization of J,, is different from that in [18].
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6.4 Second Order Hydrodynamics

In this section we will find out the metric, stress tensor and charge current at second order
in derivative expansion. We will follow the same procedure as in [6] but in presence charge
parameter q.

The metric and gauge field perturbations at second order that we consider are

gfﬁ) dz®da? = —3ho(r)dvdr +12hy(r)dz'd; + ki(;) dv® + 12r2ji(2)dvd3:i +r2a§]2-)dxid:vj (6.55)

and

V3
AP = T5,2W2 (r)

3 .
AZ@) = \gr5g§2) (r)dz" . (6.56)
Here we have used a little different parameterizations (from first order) for metric and gauge
field perturbations in the vector sector. We found that this aids in writting the corresponding
52)(7") and g-(Q)

;/(r) in a more tractable form (as we will see later).

dynamical equations for j

Like neutral black brane case, here also we will list all the source terms (second order in
derivative expansion) which will appear on the right hand side of the constraint dynamical
equations in scalar, vector and tensor sectors. These source terms are built out of second
derivatives of m, g and (8 or square of first derivatives of these three fields. We can group these
source terms according to their transformation properties under SO(3) group. A complete

list has been provided in table 6.4. In the table the quantities [; and o0;; are defined to be

1 1
l; = €105 Bk , Oij = 5(6153' + 0;Bk) — g%’akﬁk : (6.57)

In table 6.4 we have already employed the first order conservation relations i.e. equation
6.19 and 6.20. Using these two relations we have eliminated the first derivatives of m and q.
However at second order in derivative expansion we also have the relations

00Tl =0, (6.58)

and

D20l =0 (6.59)

(0)

The equations (6.58) and (6.59) imply some relations between the second order source
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1 of SO(3) 3 of SO(3) 5 of SO(3)

S1 = 92m V1; = 80,m Tl = 8;05m — § $3 8y

S2 = 9,0;5; V2; = 025; T2ij = 9l

S3 = 82m V3i = 8yl T35 = Ovoij

ST1 = 0,; 9u5i V4, = 20,05 — 9°B; TT1;; = 0uB; 0,3 — & ST1 §;;

ST2 = 1; 8, V5; = 025 TT2i; = l; 0u8j) — 5 ST2

ST3 = (8;8:)° VT1 = $(0uB:)(9;87) | TT3ij = 2ep; 0uB" 9;)8' + % ST2 6

ST4 =I;I° VT2; = —eiji, 1 0y 8" TT4i; = 9" 03

ST5 = oy; 09 VT3; = 0y 0,3 TT5:;; = lil; — 5 ST4 &

QS1 = 92¢ VT4, = 1;9;5 TT6;; = oir o} — 5 ST5 &y

QS2 = 0i0iq VT5; = 0451 TTTi; = 2 emni I 03

QS3 = 1;0;q QV1; = 0,0,q QT1,; = 0;0;9 — % QS2 0y

Q54 = (9:q)° QV2; = BiqdyB* QT2 = dqly) — 3 QS3 &y

QS5 = (9:9)(DuBi) | QV3; = €0l QT3 = 91900 — 5 QS4 di;
QV4; = 045054 QT4;; = 0uq0uBy) — 5 QS5 by
QV5; = €;x000;0kq QT5; = €(ikmOkq Tmj)

Table 1. An exhaustive list of two derivative terms in made up from the mass, charge and velocity
fields. In order to present the results economically, we have dropped the superscript on the velocities
B; charge ¢ and the mass m, leaving it implicit that these expressions are only valid at second order
in the derivative expansion.
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terms which are listed in table 6.4. These relations are

$3 8 16
S1 = ? _ L”sn + TmST?) - —ST4 n —ST5

52 — f%s:a 1 4ST1 + 5ST4 —ST5
QS1 = ¢(—ST1 — S2 + ST3) — QS5

40 4 56 4 8
1, =m | ——V4; — —V5; + =VT1; + =VT2; + -VT3;
Y% m< g V4i = gVBi+ S VTl + 5V +3V3>
10

1 2 1 5
V2; = —V4; + =V5; — ZVT1; + =VT2; — VT3,
9 ' H Ty 3 G 3

1
V3, = —§VT4Z' + VT5;
10 1 1
QVli = —q <3V4i + *(VTQZ' +2VT1,; + 2VT3Z') =+ 3V5i>

—-QV2, — - <2QV4 +QV3, + QV2>

Tlij = —4m (TSU + 4

1 1
*TT5,‘j - 4TT17;]‘ + gTT4ij + TT61]> (660)

With these relation between the source terms we will now solve the Einstein equations and
Maxwell equations to find out the constraint and dynamical equations at second order in
derivative expansion. As in the first order calculations we shall perform this seperately in
various sectors denoting different representation of the boundary rotation group SO(3).

6.4.1 Scalars of SO(3) at second order

We parametrise the metric and the gauge field as follows

Y 4P (r) = 3r2ha(r),

ka(r)

@)
Guw (1) = =57 (6.61)

o (r) = ~Shatt)
V3wa(r)

A(2)(T) == 22
T

Now we intend to solve for the functions ha(r), ka(r) and wa(r).

Constraint Equations

As we have already explained, there are three constraint equations. First two come from
Einstein equations (Eq. 6.15 and 6.15) and the third one comes from Maxwell equations (Eq.
6.17). The first constrain from Einstein equations gives

dym) = %R?’ ST5 (6.62)
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Second constraint implies relation between ko(r) and ha(r). This constraint equation is given
by

Agows(r) — 2qow(r)

— mohb(r) + 3rhy(r) 4+ 12r3ha(r) — Kb(r) + = > = Se, (6.63)
where the source term S¢ is given in appendix 6.6.2.
The constraint relation coming from Maxwell equations is given by
3q0 (R* R 2
g — S0 Ut mo) gy (Rt mo) gy V3wngy,
16m02R dmoR mo
—11R* 2
_ (mo )QS5 _ \fq(m
4m0R
9(]0 (3R4 + mo)
T1 .64
TR S (6.64)

Dynamical Equations and their solutions

The Dynamical Equations in the scalar sector (coming from the Einstein equation E,, = 0)
is given by
rhi(r) + 5hi(r) = Sy . (6.65)

The source term S}, is explicitly given in appendix 6.6.2.
The second dynamical scalar equation, which comes form the Maxwell equations (M (r) =
0), is given by

—6qohh (1) + rwsy (r) — wy(r) = Sy (r). (6.66)

The explicit form of the source term Sys(r) is again given in appendix 6.6.2.

The source terms have the same large r behavior as uncharged case (see [6]) because
the charge dependent terms (leading) are more suppressed than that of charge independent
terms. So one can follow the same procedure to obtain the solution for ho(r) and ka(r). Here
we present the result schematically. Firstly, we solve equation (6.65) for the function ho(r);

hatr) = [ <:5 (/ (r5(r) dr+c,§1>>> dr +C?, (6.67)

where C’,(Zl) and C,(lz) are the constants of integration. We then plug in this solution for ha(r)

we obtain

in to (6.66). Solving the resultant equation for the wy we obtain,

wa(r) = / (r < / <:25w(r)> dr+ Cfvl)>) dr+C, (6.68)

where again cY and CF) are integration constants, and the function S, (r) is

Sw(r) = Sar(r) + 6gohh(r).
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Finally, we substitute the functions ha(r) and wa(r) solved above, in to (6.63) to obtain the
following equation for ko ()

4 2
KL (r) = (3% — mo) R (r) + 12/ ha () + ng(r) - %wé(r} ~Se=Su(r).  (6.69)
This equation can be easily integrated to obtain
ta(r) = [ Selryir + . (6.70)

C). being the integration constant. All the integration constants in the above solutions are
obtained by imposing regularity at the horizon and normalizability of the functions, just as
in the first order computation.

6.4.2 Vectors of SO(3) at second order

As given in (6.55) and (6.56), in this sector we parametrize’> the metric, and the gauge field
respectively in the following way

(6.71)

Constraint Equations

In this sector, the constraint equation comes only from the Einstein equations (6.31). This
constraint relation is give by

1 3 1 3 1 3 3
oV = Wy 0 G 1O Gy, 2B G,
9 9 3 6
6qoR 21R" — 43mo R?
LZLQVALZ-—( mo Jvrs, (6.72)
mo — 3R 3 (mo — 3R*)

Dynamical Equations and their solutions

There are two vector dynamical equations. The first equation comes from Einstein equation
and is given by

2 / 2 (2 " (2 !/
aorg;” (r) + 5409, () + vi? (1) + 547 (r) = (SE)i(r), (6.73)
where (S}7¢);(r) is the source terms given in the appendix 6.6.3. The second dynamical
equation comes from Maxwell equation and is given by
" " " /
\/§< — m0r4g§2) (r) + q87"2gi(2) (r) + rggi@) (r) + 952) (r) (=9mor® + Tg3r + 13r7)
@ @) (6.74)
+ 59 (1) (=3mor? + g + r°) +1200j 7 (1) ) = (S35)ir)

95 Note that the parametrization of the gauge field at this order is different from the one used for the scalar
sector.
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where (S77)i(r) is the other source term the explicit form of which is also given in the
appendix 6.6.3. The sources (S)7°)i(r) and (Sy°)i(r) are expressed in terms of the weyl
invariant quantities (W, )" which are defined in appendix 6.6.1. We can now solve equation
(6.73) for the function gl@ (r) to obtain

Sy = B ) OVl (T2 ( ! ) [ <(S§c>i(r)_<Wv>;+<wv>3>d$7

qo0 6qor3 qor® 3.3
(6.75)

where the integrating constant has been chosen by the normalizability condition. Plugging

in this solution in to (6.74) we obtain the following effective equation for ji(2) (r)

T e TS ) PR
where
5= (1) («é (r (mo (R? — 1) + 1% — B) (5000 -

+(SE)i(r) (mo (R2 - 3r2) +7r® — R6)) — v/ R?(mg — R4)(SX5’[C),-(T)>.

Finally, the solution to the equation (6.76) is given by

ji(z)(r) =-vO() /TOO V(O </ / S (2 dzdy) dx

W?)R?(«WU); F ) a

o0 1
_ V(O)(T)/T T (V(O)(x))2

o R® (W)l + 3(W)) & — %mo (W)t + (Wy)3) 2 + §R4 (Wo)i + (W)3) x4>] dr,

o) _

2
(6.78)
where again for convenience we have defined
R? (mo((Wo)i + 3(Wa)i) — 3R (W) + (Wo)y)) 4
reg _ v/ v/ v/ v/ Q. = 1 2
S79(2) = e Si(2) = 52(Wo)} + (W),
(6.79)

The constant CZ-(j ) is determined by the regularity at horizon and is given by

oY) = 1

© T T 12mg (mo — 3RY) <R4 (m%(9(Wv)% + 4(Wy)2 + 15(W,)3)

— 6mo R (6(W,)! +3(W)? + 4(W,)1) + ORMBW,)L + 2(,) + (W)

— 9R? (m§ — 4moR* + 3R®) </ SY(x) dx) + 6mg (mo — 3R*) / y2S; (y) dy),
R R

(6.80)
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We now have to plug in the source terms (given in Appendix 6.6.3) and perform the inte-
grals to write the solutions explicitly. Since such explicit solution would be very complicated,
we do not provide it here. Nevertheless, from the above solution we extract the boundary
charge current as we explicate in the following section.

6.4.3 Boundary Charge Current at second order

The charge current at second order in derivative expansion is given by

(6.81)

The gauge field perturbation at this order is parametrised by the function gz(z) (r). Thus to
obtain the charge current density we have to consider the asymptotic limit (i.e. the r — oo
limit) of the function g§2) (r). This function is given by (6.75). The function ji(Q) (r) in that
equation is in turn given by (6.78).

If we carefully extract the coefficient of the 1/72 term in the » — oo limit of the gauge
field (using the equation referred to in the last paragraph) we find that the charge current is
given by

J(z) N mo(Wy)? — 602-(j)
’ 4v/3/R? (mg — RY)’

the constant C’Z-(j ) being given by the equation (6.80). Plugging in the sources in to equation

(6.82)

(6.80) and performing the integrations we find

5
©) 1 !
JV = — Ci(Wy);, 6.83
= (e L (6.53)
where the coefficients of the Weyl invariant terms (W,,)! are given by %

_ 3V3RVM — 1

Cl SM )
o — V3R(M —1)3/2
2 = 4M2 )
~ 3Rr(M —1) 6.84
Gi=—""om (659

Cy= %\@R\/M — 1log(2) + O(M — 1),

_VBRVM —1 (M? - 48(M —1)x* +3)

Cs = 16 M2

We have expressed the above results in terms of the parameters M and R with M = mg/R*.

96 All these coefficients perfectly match with the corresponding coefficients in version 4 of [18]
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6.4.4 Tensors Of SO(3) at second order

We now consider the tensor modes at second order. Following the first order calculations
we pametrize the traceless symmetric tensor components of the second order metric by the
function az(?) (r) such that

91'(]2) = 7'2041(]2-) (r). (6.85)

In this sector there are no constraint equations. However, there is a dynamical equation which
we solve in the following subsection.

Dynamical equations and their solutions

The ij-component of the Einstein equation gives the dynamical equation for ozg) (r) which
is similar to (6.43). However the source term of the differential equation is modified in the
second order. Thus, at second order this equation is given by

1d /1

d
_ (2 2, .6 2) — T..
2r dr <7“ (qo mor- T ) dr i (r)) i (), (6.86)

where we write the source in terms of weyl-covariant quantities as follows
l
Ty(r) =Y n(r) WI. (6.87)
=1

We define the weyl-covariant terms WTZ(JI) in appendix 6.6.1. The coefficients 7;(r) of these
weyl-covariant terms are given in appendix 6.6.4.
The solution to (6.86) which is regular at the outer horizon and normalizable at infinity

SHOEY ((W) / “(2¢ Tij<<>)d<) d. (6.85)

We need to plug in the source from appendix 6.6.4 in to the above equation and perform

is given by

the integrals to obtain an explicit answer. However, as in the second order vector sector this
turns out to be very complicated in general and therefore we do not produce it here. The
transport coefficients, however, of the boundary stress tensor at second order in derivative
(

expansion may be obtained only by knowing the function a;) (r) asymptotically (near the
boundary). In the next subsection, we compute this boundary stress tensor.

6.4.5 Boundary Stress Tensor at second order

As mentioned earlier in subsection 6.3.5, the AdS/CFT prescription for obtaining the bound-
ary stress tensor from the bulk metric is given by

1
o : 4 ”w L
T = ~3 fea Thm (r (KY —51,)), (6.89)

where K} is the extrinsic curvature normal to the constant r surface. Now, as is apparent
from the formula, we need to know the asymptotic expansion of the metric perturbation
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(2)

o’ (p) in order to obtain the stress tensor. The asymptotic expansion of the solution (6.88)

ij
for oz(?) (p) is given by

1 1
ot (p) = = (WT() §WT¢§2) —WT ) Z <r5> (6.90)

=1

The leading term of this asymptotic expansion gives divergent contributions to the stress
tensor which are canceled by divergence arising from the expansion of ¢(©) + ¢™) up to second
order.

On plugging in this asymptotic solution for the metric in to the formula (6.89) we obtain

T = (167TG5> ZM W) (6.91)

with N being the transport coefficients at second order in derivative expansion. These trans-
port coefficients are given by

M 3 AN =3
M= 7 (rsos (3 +2) )
! 7 —3 2\3% i =3

MR? 3—VAM -3
Ny = — log
2v4AM -3 VAM — 3+ 3

N3 =2R?,

RZ
Ni=—(M—-1)(12(M — 1)x* — M),

M (6.92)
Ao (M= 1)R? '

5 — M )

1
No = 5(M — 1)R2(log(8) - 1) +O((M=1)?),
No— V3(M —1)3?R%k

7= M )
Ng =0
Ng = 0.
6.5 Charged Blackhole Solution
We will now turn to the black hole solutions of the five-dimensional action in (6.2) :
4
= /\/—g5 R+12— FupFAB — "R LABOD g by oy (6.93)
167G5 3

which is a consistent truncation of IIB SUGRA Lagrangian on AdSsxS® background with a
cosmological constant A = —6 and the Chern-Simons parameter £ = 1/(2v/3). The general

—144 -



blackhole solutions which solves the equations coming out of this action with this special
value of x was found in [19]. Their solution is given by””

(7“2 + 1) A@dt12 Q(m — qwuﬂg) q2

ds? = — L
R R Y R e) o
N (dapy + dtiws)? (?”2 + w22) cos? © N (do1 + dt1wr)? ('r2 + w12) sin2©®
1-— w22 1-— w12
N ,02dr27”2
q% — 2wiwaq — 2mr? + (r2 + 1) (1?2 + w1?) (1?2 + w9?)
p*de* 2 > .
+ A@ + ﬁ (w1 (dl/)l + dtlwg) cos” O + (d¢1 + dtlwl)wg sin @)
" Agdty B wa(depy + dtiws) cos? © _wi (d¢y1 + dtyw;)sin? ©
(1 —W12) (1 —W22) 1—(.«)22 1—(.;)12
A V3q Agdty B wa(depy + dtiws) cos® © L wi (d¢y + dtiwy) sin® ©
p? (1 —wi?) (1 —we?) 1 — wo? 1—w?
(6.94)
where we use the definitions
2_ 2 ) 2 .2
=7r° 4+ wy1”cos® O + wy“sin” O
P ) 2 (6.95)

NAg=1—w cos? O — wy?sin® O

After some manipulations (which closely follow the methods outlined in [7, 11]) , we find
that the final metric and the gauge field can be written in a manifestly Weyl-covariant form

ds® = —2uydxt (dr +r Aydx”) + [rzgw + u(#Sl,))\u)‘ - quw,\V dx*dz”

2m  ¢° q
-+ |:<P2 — P4> Uy Uy + sz U(ul,,):| dztdz” (6.96)
3 1
A= ﬁ;qu“d:n“ ; p2 =72+ iwaﬁwo‘ﬁ ;o= eWAau”w’\U
with
1 B R?
T/“/ = p(gﬂl’ + 4’1,L“’UJZ,) + 2K:l(HJV) + m R Ra,uﬁ,/ - Eglﬂj
/3 (6.97)
Ju = nuy where [, = ewmu’jw’\” ;i p= mn and n= e
87G Ads 87G Ads

We note that when the bulk Chern-Simons coupling « is non-zero, apart from the con-
ventional diffusive transport, there is an additional non-dissipative contribution to the energy
current which is proportional to the vorticity of the fluid. To the extent we know of, this is
a hitherto unknown effect in the hydrodynamics which is exhibited by the conformal fluid

9"Note that the parameter ¢ here is the negative of the one used in [19].
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made of N' = 4 SYM matter. This new non-dissipative transport can be traced back to
the Chern-Simons term in the gravity theory which according to the gauge-gravity duality,
encodes the information about the global anomalies in the field theory. This suggests that
this transport is closely related to the U(1)? global anomaly in the field theory.

It would be interesting to find a direct boundary reasoning that would lead to the presence
of such a term - however, as of yet, we do not have such an explanation. However, an
indirect explanation was provided by the authors of [20], where they give a clever entropic
argument which relates this coefficient to the anomaly. This suggests the possibility that such
a transport is universalji.e., it is present in any field theory which has global anomalies and
it would be useful to explicitly check whether this is the case by calculating this transport
coefficient in a calculable model - say a spin model.

The presence of such an effect was indirectly observed by the authors of [15] where they
noted a discrepancy between the thermodynamics of charged rotating AdS blackholes and
the fluid dynamical prediction with the third term in the charge current absent. We have
verified that this discrepancy is resolved once we take into account the effect of the third term
in the thermodynamics of the rotating N' = 4 SYM fluid. In fact, one could go further and
compare the first order metric obtained in [17, 18] with the rotating blackhole metric written
in an appropriate gauge. We have done this comparison up to first order and we find that
the metrics agree up to that order.

6.6 Appendices
6.6.1 Charged conformal fluids and Weyl covariance

Consider the hydrodynamic limit of a 341 dimensional CFT with one global conserved charge.
The Weyl covariance of the CF'T translates into the Weyl covariance of its hydrodynamics. In
turn, this implies that the metric dual to fluid configurations of the CFT under consideration
should also be invariant under boundary Weyl-transformations [2, 11, 73].

In this section, we use the manifestly Weyl-covariant formalism introduced in [2] to
examine the constraints that Weyl-covariance imposes on the conformal hydrodynamics and
its metric dual. We begin by introducing a Weyl-covariant derivative acting on a general
tensor field Q. with weight w (by which we mean that the tensor field transforms as Q). =
e*wﬁbQ’lﬁ'_’j under a Weyl transformation of the boundary metric g,, = eQd’gW)

D)y =V QU +w AQYT
+ [gAaA“ — 0N Aq — (55AA] Qy+... (6.98)
=g A™ = 03A, = 67 AN QG — -
where the Weyl-connection A, is related to the fluid velocity u* via the relation

Vil

A, = u Vyu, — Uy (6.99)

We can now use this Weyl-covariant derivative to enumerate all the Weyl-covariant
scalars, transverse vectors (i.e, vectors that are everywhere orthogonal to the fluid veloc-
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ity field u#) and the transverse traceless tensors in the charged hydrodynamics that involve
no more than second order derivatives. We will do this enumeration ‘on-shell’, i.e., we will
enumerate those quantities which remain linearly independent even after the equations of
motion are taken into account. Our discussion here will closely parallel the discussion in
section 4.1 of [11] where a similar question was answered in the context of uncharged hydro-
dynamics coupled to a scalar with weight zero. However, we will use a slightly different basis
of Weyl-covariant tensors which is more suited for purposes of this chapter.

The basic fields in the charged hydrodynamics are the fluid velocity u* with weight unity,
the fluid temperature T with with weight unity and the chemical potential p with weight unity.
This implies that an arbitrary function of /7 is Weyl-invariant and hence one could always
multiply a Weyl-covariant tensor by such a function to get another Weyl-covariant tensor.
Hence, in the following list only linearly independent fields appear. To make contact with
the conventional literature on hydrodynamics we will work with the charge density n (with
weight 3) rather than the chemical potential p.

At one derivative level, there are no Weyl invariant scalars or pseudo-scalars. The only
Weyl invariant transverse vector is nflPﬁ Dyn. Finally, the only Weyl-invariant transverse
pseudo-vector [, and only one Weyl-invariant symmetric traceless transverse tensor T'o .

At the two derivative level, there are five independent Weyl-invariant scalars”®

T*20W0’“’, szw,ww“”, TR, T*anlP’“’DuDyn and szn*QP‘“’D,mDVn
(6.101)

one Weyl-invariant pseudo-scalar T*anll“Dlm and four independent Weyl-invariant trans-

verse vectors
T~'P/Dyo,”, T7'P!Dyw,”, T 'n'o,Dyn and T 'n"lw, Dyn (6.102)

and one Weyl-invariant transverse pseudo-vector T *10#1, v,
There are eight Weyl-invariant symmetric traceless transverse tensors -

P P
u)‘DAaW, wHAU)\V + wl,’\am, au’\a,\y — % aaﬁao‘ﬂ, wu’\w,\y + % wagwo‘ﬂ,
1
n~t Hgf D.Dgn, n=? Hﬁf Dan Dgn, Cuayﬁuauﬁ and 1 604[”\“ 6700,/004579 U\Ug -
(6.103)

98We shall follow the notations of [2] in the rest of this section(except for the curvature tensors which differ
by a sign from the curvature tensors in [2]. In particular, we recall the following definitions

R=R+ GV,\AA — GAAA)\ 5 Duuu = Ouv + Wpv

(6.100)
Dao** = Vao* —3A50" ;  Daw" = Vaw* — Aywt

Note that in a flat space-time, R is zero but R is not.
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where we have introduced the projection tensor H,Oj,é which projects out the transverse trace-
less symmetric part of second rank tensors
mef = L [pops 4 pops _ 2psp
uy = 5 uwtv + 1, wo § 124

and C,,qp is the boundary Weyl curvature tensor. Further, there are four Weyl-invariant
symmetric traceless transverse pseudo-tensors

_ _ 1
Dilyy, n IHZ‘EZQD/Bn, n leaBA(uay)Aual?gn and §ea5A(MCa'By)UUAuU. (6.104)

We will now restrict ourselves to the case where the boundary metric is flat. In this
case the last two tensors appearing in (6.103) and the last tensor appearing in (6.104) are
identically zero whereas, contrary to what one might naively expect, the Weyl-covariantised
Ricci scalar R would still be non-zero.

We will now relate the rest of the Weyl-covariant scalars, transverse vectors and sym-
metric, traceless transverse tensors listed above to the quantities appearing in the table 6.4.

There are six scalar/pseudo-scalar Weyl covariant combinations given by

W) =o,,0" =9ST5

1
W2 =w,w = §ST4
3 2 S3
We=R=14 ST1—|—§ST3—ST4—|—QST5—E
1 34 (6.105)
Wi=n"'P"D,Dyn = p QS2 — %83 +18qST1 + 5QS5
1
W2 =n"2P"D,n Dyn = o [QS4 + 6qQS5 + 9q°ST1]
W8 =1"D,q = QS3 + 3qST2.
and five vector/pseudo-vector Weyl covariant combinations given by
5V4  5V5  5VT1  5VT2 11VT3
1 — pv A
v = P D v - - -
(Wo)u = FDro o "o T3 12 6
5V4 V5 VT2 VT3
2 _ pv A
) =P Dw," =————-VI1l— — 4 ——
(Wo)u = Py Do 5 "3V 12
(Wo)3 = 1oyun = VT5 (6.106)
1
(W), =n" "o, Dan = p [QV4 4 3qVT3]
1
(Wo)s, =n"'w, MDyn = % [QV3 4 3qVT2|
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In the tensor sector, there are nine Weyl-covariant combinations

W) = u*Dyoy, = TT1 + %TTAL +T3.
WTE) = =2 (who™ +w\oe™) = TTT.
WTE) = o\ — éP“l’oaﬁoag = TT6.
WT =4 <w“ N ;P’””wo‘ﬁwag) = TT5.
W) =n D Dgn

1 3¢ (6.107)
=~ |QT1+8QT4 +15¢TT1 + qTT4 + 3¢T3 + 3¢TT6 + —~TT5
q

1

W) = n N DanDgn = 3 [QT3 + 6gQT4 + 94*TT1]
7

WT) =Dyl + Dyl, = ATT2 + 272 — TT3.

B 1
WTE) = n 1581, Dgn = ,QT2+3 47T,

(9) _ . —1_aBA 1 3 3
W) =n" e oypuaDon = QTS — 5 ¢ TT2+ 5 ¢ TT3| .
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6.6.2 Source Terms in Scalar Sector: Second Order

There are three source terms in scalar sector at second order Si(r), Si(r) and Sys(r). They
are quite complicated functions. Here we provide the explicit form of these source terms in
terms of weyl covariant quantities.

The source term Sy, is given by

So =" s Wi (6.108)
i=1
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(k)

The Weyl covariant terms W/ are given in §6.6.1. The functions s; s are given by,

© T (4 (mo — 3r*) (r* + rR+ R?) F5 (%, %) + R (mo(r + R) — 2R3 (r* + TR+ R?)))

1T 3R(r + R) (—mo + r* + r2R? + RY)
s = 737711%7 (= mf (" + 2 R2 4 36R"%?) + 2m3 (187 R'k® + 1 R° + 36 R*x)
0
~36moR®x? (2" + R*) + 361 B2 )
© _r
S3 = 3
o 27 (mo—RY) (rEMY (5.58) + 6RE (£.5%))
sy = G
<@ _ _ 1 2 _ pd 4 romo 3 (02 4
sy ) = SR (o — 3RY) (r (mo R ) (24R F (R, R4) (r (mo dmoR
8\ m(2:0) (T 10 2 4 8\ (1,0) (T Mo
+ 3% FPY (550 ) + 110K (mf — 4moR* + 3R°) 1M (£ 22
+ 6moR" —4R™) + 7 (r*R* (m§ (25r* — 13R?) + my (—25r% — 750> R* + 52R%)
6pd 10y p(10) (T M0 (2,0) (T Mo 9 _ pd
+ T5rOR = 30R') FMO (<, R4) +rF0 (5, 57) (4R (mo — RY)
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2,00 (T Mo
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Sg = m R7 .
0
(6.109)
The source term S}, is given by
6 .
Sp=3 sWi, (6.110)
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(h);

where the functions s; ’’s are given by

(h) 1
s pr
! 3R(r + R)2 (—mgo +r* +1r2R2 + R4)2

—3R% (1 + rR + R?) ) (; gg>+r2R(r +rR+ R?) ))

4,2 4
(h)_2<r4_36R’{ (mo R) >’

(2r (2 (mo (4r® + 8r°R + 6rR* + 3R?)

%2 T g7 m2
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7 (pA
i _ (BT —mo) (o 00) (7 o (20) (T M0\\?
) == ORR (5 5) R (7 31))
() _ 43K (BT —mo) (., 0) (7 o (20) (T ™o
% = moRT <5RF1 (R R4>+ i (R’R4>>'
(6.111)
Finally the source term Sj(r) is given by
6 .
Su(r) =Y sMwi (6.112)
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with the functions SEM) being given by
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(6.113)
6.6.3 Source Terms in Vector Sector: Second Order
The source term in the vector sector at second order S} °(r) in (6.73) is given by
SyY(r) =3 P (W) (6.114)

=1
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(E)

where the Weyl covariant quantities W’s are given in Appendix 6.6.1 and the functions s;
are given by

PB) r?2 4+ 7R+ R?
3(r + R) (—mo +r* +1r2R? + RY)’
1
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(6.115)

The other source term in the vector sector at second order Sy;°(r) in (6.74) is given by

Syee) Z rM )l (6.116)
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(M)

where the coefficient functions r;”"’ are given by
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(6.117)

6.6.4 Source Terms in Tensor Sector: Second Order

In this appendix we provide the source of the dynamical equation (6.86). We report the result
in terms of the parameters M and R and the variable p defined in (6.6). The source T;(p)
in (6.86) is given by

9
=> 7(r) U ), (6.118)
=1
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where the weyl-covariant terms WTZ(JZ) are defined in Appendix 6.6.1 in equation (6.107). The
coefficient of the weyl-covariant terms in the above source is given by
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(6.119)

6.6.5 Comparison with Erdmenger et. al.

Firstly we shall present a dictionary of relations between the quantities defined in [18] and
those in this chapter. To avoid confusion we shall use a subscript ‘E’ to denote the quantities
n [18].
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The charge and mass of the black brane in the two papers are related by

(QE=—q
o] (6.120)
Bk =
Also the gauge field in [18] is twice the gauge field in this chapter
(Au)E =24, (6.121)
We list the relation between several other quantities in the two papers
(ri)e=R
1\? 1
Je=R 2+ —=
T
_ V3a _
KE = “R2 —2p
. ﬂ(g,M) B 5(27622) (6.122)
E= on 27
N2 — T
E7 oG,
(Ouw)E =20
(u)E = —ly.

Finally the various functions that go into the first order metric and the gauge field are
related by

(F(r)5 = —Fy(p, M)

R
. \/g 2 _ 2\3
(" (r))e = %R(QQi 3Q2Q+)Q4)F1(p, M) (6.123)
(@) = ——LCZ@V a0, )

CAT(2+3Q%+ QY
These statements are true only up to zeroth order in the expansion of R in terms of the
boundary derivatives. Further for the tensor sector matching we have to use the following

relations
P () = e
27v/3(2 + 3Q% + Q* 2mv3Q(1 + Q*)(60 + 40Q* + Q*
2 (1) = g P O Dt
(6.124)
where,
N \/§q' _ R 2
:u'_ﬁv T—EQ—Q),

are respectively the chemical potential and the temperature in our notation.
Using this dictionary our stress tensor and charge current matches perfectly with [18].
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7 Conclusion

As a part of this thesis, we have elaborated on the rich interplay between gravity in AdS
spacetimes on one hand and on the other hand, the hydrodynamics that arises out of scale in-
variant field theories. We have noted through a variety of examples, how this correspondence
works in detail, how physical mathematical structures natural to one side of this correspon-
dence make their appearence on the other side. This detailed dictionary is a part of the
broader AdS/CFT dictionary which seeks to establish a complete dictionary between various
questions in quantum gravity to questions in quatum field theory.

The fluid-gravity correspondence that we have described in this thesis is among the
few methods which allow us to go beyond supersymmetric and time-independent states in
AdS/CFT dictionary. Such questions are just beginning to be explored. Their importance for
a broader understanding of how field theory and gravity are related can hardly be overstated.
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