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1 Chapter 1: Unitarity, crossing symmetry and dual-
ity of the S-matrix

1.1 Introduction

It has recently been conjectured that U(N) Chern-Simons theories coupled to a multiplet
of fundamental Wilson-Fisher bosons at level k are dual to U(|k] — N) Chern-Simons
theories coupled to fundamental fermions at level —k. [[| The evidence for this conjecture
is threefold. First the spectrum of ‘single trace’ operators and the three point functions
of these operators have also been computed exactly in the 't Hooft limit, and have been
found to match[2H7]. Second the thermal partition functions of these theories have also
been computed in the 't Hooft large N limit and have been shown to match [2, 13, [6] 8-
11]. Finally the duality described above has been demonstrated to follow from an extreme
deformation of the known Giveon-Kutasov type duality [12] [13] between supersymmetric
theories [14].

Assuming the duality described above does indeed hold, it is interesting to better un-
derstand the map that transforms bosons into fermions. Morally, we would like an explicit
construction of the fundamental fermionic field ,(z) as a function of the fundamental
bosonic fields E]; such a formula cannot, however, be given precise meaning in the current
context as 9,(x) is not gauge invariant and its offshell correlators are ill-defined.

The on shell limit of correlators of the elementary bosonic and fermionic fields, however,
are physical as they compute the S-matrix for the scattering of bosonic or fermionic quanta.
As Chern-Simons theory has no propagating gluonic states, the S-matrix is free of soft gluon
infrared divergences when the fundamental fields (bosons and fermions) are taken to be
massive. An identity relating well-defined bosonic and fermionic S-matrices appears to be
the closest we can come to a precise bosonization map. Motivated by this observation,
in this chapter we present a detailed study of 2 — 2 S-matrices in Chern-Simons theories
with fundamental bosonic and fermionic fields.

Even independent of the Bose-Fermi duality, it is interesting that it is possible to

LOur notation is as follows. k is the coefficient of the Chern-Simons term in the bulk Lagrangian in the
dimensional reduction scheme utilized throughout in this chapter. It is useful to define k = sgn(k)(|k|—N).
|| is the level of the WZW theory dual to the pure Chern-Simons theory. Note that |k| > N. In terms of
k and N the duality map takes the level-rank form N’ = |k|, &’ = —sgn(k)N.

2The template here is the formula 1 = e*® of two dimensional bosonization. In some respects the
already well known map between the gauge invariant higher spin currents on the two sides of the duality is
the 2 + 1 dimensional analogues of the 1 + 1 dimensional relation between global U(1) symmetry currents

9 ~ Y.
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determine exact results for the S-matrix of these theories as a function of the ’t Hooft
coupling constant A = % Exact results for scattering amplitudes as a function of a gauge
coupling constant are rare, and should be studied when available for qualitative lessons.
As we will see below, the explicit formulae for S-matrices presented in this chapter turn
out to possess several unfamiliar and unusual structural features. Some of these unusual
features appear to have a simple physical interpretation; we anticipate that they are general
properties of S-matrices in all matter Chern-Simons theories. E|

As we have mentioned above, it is possible to determine (or conjecture) explicit results
for the 2 — 2 scattering amplitudes for large N fundamental matter Chern-Simons theories.
In this chapter we present explicit formulae for all these scattering amplitudes. In the rest
of this introduction we will describe the most important qualitative features of our results.
We first briefly review some kinematics in order to set terminology.

Consider the 2 — 2 scattering of particles in representations Ry and Ry of U(NV). Let

the tensor product of these two representations decompose as
RixRy=> Ry (1)
m
It follows from U(N) invariance that the S-matrix for the process takes the schematic form

S=Y PuSu, (2)

where P, is the projector onto the m! representation, and S, is the scattering matrix in
the ‘m!*” channel.

In this chapter we study the 2 — 2 scattering matrices of the elementary quanta
of theories with only fundamental matter. In this situation R; and R,, are either both
fundamentals, or one fundamental and one antifundamental. [ In the case of fundamental -
fundamental scattering, R,, is either the ‘symmetric’ representation with two boxes in the
first row (and no boxes in any other row) of the Young Tableaux, or the ‘antisymmetric’
representation with two boxes in the first column and no boxes in any other column. In the
case of fundamental - antifundamental scattering, R, is either the singlet or the adjoint

representation. In this chapter we will present computations or conjectures for the all

3These features include the presence of an non-analytic § function piece in the S-matrix localized on
forward scattering, and modified crossing symmetry relations as we describe below.

4The scattering of two antifundamentals is simply related to the scattering of two fundamentals, and
will not be considered separately in this chapter.
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orders S-matrices in all the four channels mentioned above (symmetric, antisymmetric,
singlet and adjoint) in both the bosonic and the fermionic theories.

The scattering matrices of interest to us in this chapter are already well known in the
non-relativistic limit (i.e. in the limit in which the masses of the scattering particles and
the center of mass energy are both taken to infinity at fixed momentum transfer) as we
now very briefly review. The Chern-Simons equation of motion ensures that each particle
traps magnetic flux. The Aharonov-Bohm effect then ensures that the particle Ry picks

up the phase 27y, as it circles aroundﬂ the particle Ry, where

47TT10‘T20‘ —9 CQ(Rm) — OQ(Rl) - CQ(RQ)

K m 2 ! (3)

2TV, =

(where Tla/2 are the representation matrices for the group generators in representations
Ry and Ry and Cy(A) is the quadratic Casimir in representation A). It follows as a
consequence [15] that the non-relativistic scattering amplitude in the R, exchange channel
is given by the Aharonov-Bohm scattering amplitude of a U(1) particle of unit charge of a
point like magnetic flux of strength 27u,.

It is easily verified that v,, = (’)(%) or smaller in the symmetric, antisymmetric or
adjoint channels. In the singlet channel, however, it turns out that to leading order in
the large N limit v, = % = A. It follows that the rotation by 7 which interchanges
the two scattering particles is accompanied by a phase e™2 in the bosonic theory and
(—1)e™™r = em(=sen(Ar)+Ar) in the fermionic theory. ﬁ Note that these phases are
identical when

Ap = Ap —sgn(Ap). (4)

However is precisely the map between Ap and Ar [6] induced by the level-rank duality
transformation described at the beginning of this introduction. In the singlet channel, in
other words the bosons and conjecturally dual fermions are both effectively anyonic, with
the same anyonic phase. This observation provides a partial physical explanation for the
duality map .

We note in passing that the anyonic phase mAp is precisely twice the phase of the bulk

interaction term in the conjectured Vasiliev duals to these theories [2, [16]. Indeed the first

5Readers familiar with the relationship between Chern-Simons theory and WZW theory may recognize
this formula in another guise. €2 5 the holomorphic scaling dimension of a primary operator in the
integrable representation R, and e?™*m is the monodromy of the four point function < Ry, Rs, Ry, Ry >

in the conformal block corresponding to the OPE R Ry — R, .
+imr _

6 The additional -1 in the fermionic theory comes from Fermi statistics. We have used —1 = e =
e—iﬂ'sgn(kp).
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speculation of the bosonization duality for matter Chern-Simons theories [2] was motivated
by argument very similar to that presented in the previous paragraph but in the context of
Vasiliev theories (deformations of the bosonic and fermionic theory that lead to the same
interaction phase ought to be the same theory). It would certainly be very interesting to
find a logical link between the phase of interactions in Vasiliev theory and the anyonic
phase of the previous paragraph, but we will not peruse this thread in this chapter.
Moving away from the non-relativistic limit, in this chapter we have (following the
lead of [6]) summed all planar graphs to determine the exact relativistic S-matrix for
both the bosonic as well as the fermionic theories in the symmetric, antisymmetric and
adjoint channels. Even though our completely explicit solutions are quite simple, they
possess a rich analytic structure (see section for a detailed listing of results). It is
a simple matter to compare the explicit results for the S-matrices in the bosonic and
fermionic theories that are conjecturally dual to each other. We find that the bosonic and
fermionic S-matrices agree perfectly in the adjoint channel. On the other hand the bosonic
S-matrix in the symmetric/antisymmetric channels matches the fermionic S-matrix in the
antisymmetric/symmetric channels. Our results are all consistent with the following rule:

the bosonic S-matrix in the exchange channel R, is identical with the fermionic S-matrix

T

T where R is the dual representation under level-rank duality.

in the exchange channel R
[

The match of S-matrices upto transposition appears to make perfect sense from several
points of view. Let us focus attention on the particle - particle scattering and consider a
multi-particle asymptotic state. As the Aharonov-Bohm phases v, vanish in the large N
limit considered in this chapter, the multi-particle state in question is effectively a collection
of non interacting bosonic particles, and so must obey Bose statistics. As an example,
consider a multi-particle state that is completely antisymmetric under the interchange of
its momenta. In order to meet the requirement of Bose statistics, this state must also
be completely antisymmetric under the interchange of color indices. The corresponding
dual asymptotic state in the fermionic theory is also completely antisymmetric under the
interchange of momenta. In order to meet the requirement of fermionic statistics, this state
must thus be completely symmetric under the interchange of color indices. In other words

the map between bosonic and fermionic asymptotic states must involve a transposition

"In the large N and large k limit, the dual of a representation with a finite number of boxes plus a finite
number of anti-boxes in the Young Tableaux is given by the following rule: we simply transpose the boxes
and the anti-boxes in the Young Tableaux (i.e. exchange rows and columns independently for boxes and
anti-boxes). According to this rule the fundamental, antifundamental, singlet and adjoint representations
are self-dual, while the symmetric and antisymmetric representations map to each other.

14



of color representations; this transposition is part of the duality map between asymptotic
states of the two theories, and is a reflection of the bose -fermi nature of the duality. ﬁ
See section for further discussion of the map between the multi-particle states of this
theory induced by duality.

The transposition of exchange representations above might also have been anticipated
from another point of view. In the pure gauge sector (i.e. upon decoupling the fundamental
bosonic and fermionic fields by making them very massive), the conjectured duality between
the bosonic and fermionic theories reduces to the level-rank duality between two distinct
pure Chern-Simons theories. It is well known that, under level-rank duality, a Wilson line
in representation R maps to a Wilson line in the representation R?. As a Wilson line in
representation R represents the trajectory of a particle in representation R, it seems very
natural that the exchange channels in a dynamical scattering process also map to each
other only after a transposition.

Before proceeding we pause to address an issue of possible confusion. We have asserted
above that scalar and spinor S-matrices map to each other under duality. The reader
whose intuition is built from the study of four dimensional scattering processes may find
this confusing. Scalar and spinor S-matrices cannot be equated in four or higher dimensions
as they are functions of different variables. Scalar S-matrices are labelled by the momenta
of the participating particles. On the other hand spinor S-matrices are labelled by both
the momentum and the ‘polarization spinor’ of the participating particles. In precisely
three dimensions, however, the Dirac equation uniquely determines the polarization spinor
of particles and antiparticles as a function of of their momenta ﬂ It follows that three
dimensional spinorial and scalar S-matrices are both functions only of the momenta of the
scattering particles, so these S-matrices can be sensibly identified.

For a technical reason we explain below we are unable to directly compute the S-
matrix in the singlet exchange channel by summing graphs; given this technical limitation

we are constrained to simply conjecture a result for this S-matrix. The reader familiar

81t is not difficult to see how the transposition of S-matrices emerges out of the difference between Bose
and Fermi statistics at the diagrammatic level. Scattering processes involving identical particles (both
fundamentals or both antifundamentals) receive contributions both from ‘direct’ scattering processes as
well as ‘exchange’ scattering process. The usual rules tell us that direct and exchange processes must
be added together with a positive sign in the bosonic theory but with a negative sign in the fermionic
theory. The difference in relative signs implies that S-matrix in the symmetric channel (the sum of the
exchange and direct S-matrices) in the bosonic theory is interchanged with the antisymmetric S-matrix
(the difference between exchange and direct processes) the fermionic theory.

9A related fact: the little group for massive particles in 2+1 dimensions is SO(2), which admits non-
trivial one dimensional representations.
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with the usual lore on scattering matrices may think this is an easy task. According to
traditional wisdom, the S-matrices in a relativistic quantum field theory enjoy crossing
symmetry. Particle-antiparticle scattering in both channels should be determined from the
results of particle-particle scattering; given the scattering amplitudes in the symmetric and
antisymmetric exchange channels, we should be able to obtain the results of scattering in
the singlet and adjoint exchange channels by analytic continuation. This principle yields a
conjecture for the S-matrix in the singlet channel which, however, fails every consistency
check: it has the wrong non relativistic limit and does not obey the constraints of unitarity.
For this reason we propose that the usual rules of crossing symmetry are modified in the
study of S-matrices in matter Chern Simons theories.

A hint that crossing symmetry might be complicated in these theories is present already
in the non-relativistic limit as the Aharonov-Bohm scattering amplitude has an unusual
d function contribution localized about forward scattering [I7]. This contribution to the
S-matrix has a simple physical origin: a wave packet of one particle that passes through
another is diluted by the factor cos(mv,,) compared to the usual expectations because
of destructive interference from Aharonov-Bohm phases; as a consequence the S-matrix
includes a term proportional to (cos(mv;,) — 1)1 (I is the identity S matrix; see subsection
for more details). The non-analyticity of this term makes it difficult to imagine it
can be obtained from a procedure involving analytic continuation.

In addition to the singular § function piece, the scattering amplitude has an analytic
part. In this chapter (and in the large N limit studied here) we conjecture that this
analytic piece is given by the naive analytic continuation from the particle-particle sector,

multiplied by the factor

£ = Sin(ﬂ')\).
TA

This conjecture passes several consistency checks; it yields a result consistent with the

expectations of unitarity, and has the right non-relativistic limit, and yields S-channel

S-matrices that transform into each other under Bose-Fermi duality.

The factor f(\) is familiar in the study of pure Chern-Simons theory; N times this
factor is the expectation value of a circular Wilson loop on S® in the large N limit. In
section below we present a tentative explanation for why one should have expected
S-matrices in matter Chern-Simons theories to obey the modified analyticity relation with
precisely the factor f(A). Our tentative explanation has its roots in the fact that the fully
gauge invariant object that obeys crossing symmetry is the ‘S-matrix’ computed in this

chapter dressed with external Wilson lines linking the scattering particles. The presence
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of the Wilson lines leads to an additional contribution (in addition to those considered in
this chapter) that we argue to be channel dependent; in fact we argue that the ratio of
the additional contributions in the two channels is precisely the given by the factor above,
explaining why the ‘bare’ S-matrix computed in this chapter has ‘renormalized’ crossing
symmetry properties. If our tentative explanation of this feature is along the right tracks,
then it should be possible to find a refined argument that predicts the analytic structure
and crossing properties of the S-matrix at finite values of N and k. We leave this exciting
task for the future.

We note also that the factor f(\) appears also in the normalization of two point func-
tions of, for instance, two stress tensors (see [6]). The appearance of this factor in the two
point functions of gauge invariant operators seems tightly tied to the appearance of the
same factor in scattering in the singlet channel, as the diagrams that contribute to these
processes are very similar. It would be interesting to understand this relationship better.

this chapter is organized as follows. In section below we describe the theories we
study in this chapter, review the conjectured level-rank dualities between the bosonic and
fermionic theories, set up the notation and conventions for the scattering process we study,
review the constraints of unitarity on scattering and review the known non-relativistic
limits of the scattering matrices. In section below we briefly summarize the method
we use to compute S-matrices, and provide a detailed listing of the principal results and
conjectures. We then turn to a systematic presentation of our results. In section we
compute the S-matrices of the bosonic theories by solving the relevant Schwinger-Dyson
equations. In section we verify the results of section at one loop by a direct
diagrammatic evaluation of the S-matrix in the covariant Landau gauge. In section
we compute the S-matrix of the fermionic theories by solving a Schwinger-Dyson equation
and verify the equivalence of our bosonic and fermionic results under duality. In section
1.7| we present our conjecture for the S-channel scattering amplitudes (in the bosonic
and fermionic systems) of our theory, and provide a heuristic explanation for the unusual
transformation properties under crossing symmetry obeyed by our conjecture. In section
[I.§ we end with a discussion of our results and of promising future directions of research.

Several appendices contain technical details of the computations presented in this chapter.

1.2 Statement of the problem and review of background material

This section is organized as follows. In subsection we describe the theories we study.
In subsection we review the conjectured duality between the bosonic and fermionic
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theories. In subsection [1.2.3| we review relevant aspects of the kinematics of 2 — 2 scatter-
ing in 3 dimensions, with particular emphasis on the structure of the ‘identity’ scattering
amplitude, which will turn out to be renormalized in matter Chern-Simons theories. In
subsection describe the precise scattering processes we study in this chapter. In sub-
section [1.2.6| we review the known non-relativistic limits of these scattering amplitudes. In
subsection we describe the constraints on these amplitudes from the requirement of

unitarity.

1.2.1 Theories

As we have explained above, in this chapter we study two classes of large N Chern-
Simons theories coupled to matter fields in the fundamental representation. The first
family of theories we study involves a single complex bosonic field, in the fundamental
representation of U(N), minimally coupled to a Chern-Simons coupled gauge field. In the
rest of this chapter we refer to this class of theories as ‘bosonic theories’. The second
family of theories we study involves a single complex fermionic field in the fundamental
representation of U(N), minimally coupled to a Chern-Simons coupled gauge field. In the
rest of this chapter we refer to this class of theories as ‘fermionic theories’.

The bosonic system we study is described by the Euclidean Lagrangian

k 2i _ -
S = / A {ie“”pﬁTr(Au&,Ap - EZA#AZ,Ap) + D, oD ¢ + mLpo +

bi(gp0)?| (5
O O
with A\g = ]zj_f Throughout this chapter we employ the dimensional regularization scheme
and light cone gauge employed in the original study of [2]. The theory has been studied
intensively in the recent literatures [3, BHITL 14], [18]. It has in particular been demonstrated
that in the regulation scheme and gauge employed in this chapter, the bosonic propagator

is given, at all orders in Ag, by the extremely simple form

(2m)%0%0°(—p + q)
P>+ %

(6;(p)'(—q)) = (6)

where the pole mass, cp is a function of mpg, b, and Ag, given by

2 AQB 2 by 2
cp = —chp — —|cg| +my. (7)
4 47

(see e.g. Eqn 1.5 of [14] setting x4 = 0 setting temperature 7' to zero). In all the Feynman
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¢i ( _p) P ¢/ (p)

Figure 1: Propagator of bosonic particles.

diagrams presented in this chapter, we adopt the following convention. The propagator
@ is denoted by a line with an arrow from ¢ to ¢, with moment p in the direction of the
arrow (see Fig. [1)).

The fermionic system we study is described by the Lagrangian
N P 7o 21 - -
S = [ d’x|ie" p4—Tr(AH8VAp — gAMAVAp) + Yy Db + mpyp (8)
s

with A\p = ]:—; This theory has also been studied intensively in the recent literatures [2
o, [7HIT), 14, 18]. In particular it has been demonstrated that the fermionic propagator is
given (in the light cone gauge and dimensional regulation scheme of this chapter), to all
orders in Ap, by [2, [7, O] [14]

_ 6 (2m)353(—
(i) (—0)) = = f; 2t

(9)
where

Yr(p) =iv"Su(p) + X1(p),
Yi(p) =mpr+ Ap 62F + p2,

p
Eu(p) :6+up_; (C%“ - Zi(p)) )

S

r = (Sgn(mnx - )\F)2 ' (10)

Here v* compose the Euclidean Clifford algebra,

{7 =28" [y 0] = 2i€P,.

The fermionic propagator presented above has a pole at p? = ¢%; so the quantity cp is the

pole mass - or true mass - of the fermionic quanta . In all the Feynman diagrams presented

in this chapter, we adopt the following convention. The propagator @ is denoted by a line
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(=) ) 0,(p)

Figure 2: Propagator of fermionic particles.
with an arrow from v to ¢, with momentum p in the direction of the arrow (see Fig. [2)).

1.2.2 Conjectured Bose-Fermi duality

The bosonic theory may be rewritten as

2i _ _ 1 _
S = / d>x {ie“””i—iTr(Au&,Ap — ngMAVAp) + D¢ D" + mEdd + ———by(dp)?

2Np
NB b4 I 2 2
20, (U Ng ol mB) :

We have introduced a new field ¢ in ; upon integrating o out trivially reduces to
(5). Expanding out the last bracket in and ignoring the constant term, we find that
may be rewritten as

(11)

k 2 _ B 2 2
S = / & |ie"? "B Tr(A,0,A, — — A, ALA,) + D dD d+0dd+ NgBo— Ng— | (12)
47 3 by 2by

The so called Wilson-Fisher limit of the bosonic theory is obtained by taking the limit

2
drmy

= m$ = fixed. (13)
by

by — 00, mp — 00,

In this limit the last term in may be omitted; moreover it follows from that in this
limit
cri

lcp| = m3'.

cri

Note, of course, that this equation has no solution for negative m%'. As was explained in
[6], [14] this is plausibly a reflection of the fact that is the saddle point equation for an
uncondensed solution, whereas the scalar in the theory wants to condense when m$! < 0.
The determination of the condensed saddle point is a fascinating but unsolved problem,
and in this chapter we restrict our attention to the case m$ > 0.

As we have mentioned in the introduction, it has been has been conjectured that the
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scalar theory in the Wilson-Fisher limit described above is dual to the theory , H once

we identify parameters according to

kr = —kg,

Np = |kp| — Np, (14)
Ap = Ar —sgn(Ap),

mp = —mgi)\B.

As we have explained above, we will restrict our attention to bosonic theories with m$&! > 0.
It follows from that, for the purpose of studying the bose-fermi duality, E we should

restrict attention to fermionic theories that obey the inequality
Apmp > 0. (15)
It is easily verified that implies that
ler| = |es]. (16)

In other words the bosonic and fermionic fields have equal pole masses under duality. This
observation already makes it seem likely that the duality map should involve some sort of
identification of elementary bosonic and fermionic quanta. E The relationship between
bosonic and fermionic S-matrices, proposed in this chapter, helps to flesh this identification

out.

1.2.3 Scattering kinematics

In this chapter we study 2 — 2 particle scattering; for this purpose we work in Minkowski
space. Let the 3 momenta of the initial particles be denoted by p; and ps and let the

momenta of the final particles be denoted by —p3 and —ps. Momentum conservation

10A preliminary suggestion for this duality may be found in [2] . The conjecture was first clearly stated,
for the massless theories in [9], making heavy use of the results of [, [B]. The conjecture was generalized
to the massive theories in [6] and further generalized in [I4]. Additional evidence for this conjecture is
presented in [7), 10, [11].

1We emphasize that all results obtained directly in the fermionic theory are valid irrespective of whether
or not (|15)) is obeyed. However we do not have a corresponding bosonic results to compare with when this
inequality is not obeyed.

12Note that this is very different from sine-Gordon-Thirring duality, in which elementary fermionic
quanta are identified with solitons in the bosonic theory.
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ensures p; + p2 + p3 + p4 = 0. We use the mostly positive sign convention, and define the

Lorentz invariants s, ¢, u in the usual manner
S = —(p1 —|—p2)2, t= —(p1 +p3)2, u = —(p1 +p4)2, s+t+u= 4023 (17)

where cp is the pole mass of the scattering particles (the scattering particles have equal
mass).
The S matrix for the scattering processes is given by (see below for slight modifications

to deal with bosonic or fermionic statistics)

S(p1, 2, —p3, —pa) =(2E5,)(2m)*6% (01 + 1) (2E,) (2m) 0% (02 + )
+ 7:(271—)353(})1 + b2 + b3 + p4)T(S7 ta u, E(plv b2, p3))7

—— (18)
Eﬁ = C2B +2§27

E(p1,p2,ps) = £ 1 = sgn (€u,PiD5p5) , €010 = —€"2 =1

The fact that 2 — 2 scattering can depend on the Z, valued variable F(p1, pa, p3) rather
than just s,t,u is a kinematical peculiarity of 3-dimenensions. Note that E(pi, ps,ps3)
measures the ‘handedness’ of the triad of vectors pq, ps, p3. The symbol p that appears in
denotes the spatial part of the 3-vector p. It might seem to be strange that p’ makes
any appearance in the formula for a Lorentz covariant S-matrix. Note, however, that the
various 3-vectors we deal with are always on-shell, so the knowledge of p is sufficient to
permit the reconstruction of the full 3-vector p. Using the on-shell condition it is not
difficult to verify that (2E5)(2m)%6*(p + r) is Lorentz invariant, even though this is not
completely manifest.

The manifestly Lorentz invariant rule for the multiplication of two S-matrices is

[SISZ](p17p27 —P3, _p4)
_/ d®ri(2m)0(r))o(r? + %) dPry(27m)0(r9)d(r3 + ¢%)

(2m)3 (2m)3 19)
X S1(P17P2, —Ty, —7”2)82(7“1, T2, —P3, —p4)
d*r d?7,
/2EF1(27T)22E;2(27T)2 1(p1,p2, T, 7’2) 2(7"1,7’2, P3, p4)
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The quantity

I(p1,p2, —p3, —pa) = (2E5,)(21)*6%(h1 + P3) (2B, ) (27)*6° (P2 + P) (20)

that appears in the first line of is clearly the identity matrix for this multiplication
rule.

The identity matrix may be rewritten in a manifestly Lorentz invariant form (see Ap-

pendix [1.9.1])

At

I(p1,p2, —p3, —psa) = 11_{% Am\/s0 ( ru 6) (27T)353(P1 + p2 + p3 + pa). (21)

It is sometimes convenient to study 2 — 2 scattering in the center of mass frame. In

this frame the scattering momenta may be taken to be

p1= (/K + 5, k,0),  py=(y/k? + ch, —k,0)

p3 = (—\/k2+ &, —kcos(), —ksin(0)), ps = (—1/k*+ %, kcos(0), ksin(0)). .
The kinematical invariants are given by
s=4(cy + k%), t=-2k(1—-cos(d)), u=—2k%(1+cos(h)), (23)
and the S-matrix takes the form
S = (2m)5(p1 + p2 + p3 + pa)S(V/s,0), (24)

where 6 is the scattering angle - the angle between —p3 and p;. More precisely, let p;
point along the positive = axis so that py points along the negative = axis. 6 € (—m,7)
is defined as the rotation in the clockwise direction (here clockwise is defined w.r.t. the
orientation of the usual z,y axis system) that is needed to rotate p) into —p5. Note that
parity transformations, that take 6 to —@, are generically not symmetries of our theory. In
the center of mass system E(py, p2, p3) defined in is given by

E(p1,p2, p3) = sgn(6). (25)
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For later use we note the following center of mass reduction formulae

[ su 0
E(p17p27p3) T - \/ECOt (5) )
[ st 0
E<p17p27p3) — = \/gtan <_> ’
U 2
tu  2k?

E(plapZap3> ? — —Sln(@)

NG

The rule induces the following multiplication rule for the functions S(v/s, 6):

do
8m+/s

The identity matrix for this multiplication rule is clearly given by

Sl(\/ga O‘)SQ(\/E’ 0 — a),

5i50(v5.0) = |

S1(V/5,0) = 87/50(0) = lim /5 [5(0 + €) + (6 — )],

in agreement with (21)) recast in center of mass coordinates.

The Hermitian conjugate of an S-matrix functions for St are given by

[ST](plap% —DPs3, _p4) =8 (p37p47 —P1, _p2)7

[ST)(V5,0) = S*(v/5,-0).
The S-matrix must be unitary, i.e. must obey the equation STS = 1. This implies
—i(T —T") =T'T.
Written out as an explicit equation for the T functions this boils down to
— i (T(p1,p2, —p3, —pa) = T*(P3, a, —p1. —p2)) 6 (D1 + P2 + p3 + pa)

il dr
- / (27)3 (27)3 {9(40)9(_7’0)53(]91 +p2+ps+pa) (o1 +pa+1+7)

X (27’(')5(7”2 + C2B)<27T)5(l2 + CZB)T*<_Z717 —D2, la T)T(_p& —D4, lv 71) +..

(26)

(27)

(28)

(29)

(31)

where the ... denotes the contribution of intermediate states with more than two particles.

We will return to this formula below
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1.2.4 Channels of scattering

A theory of a fundamental field has two kinds of elementary quanta: those that transform in
the fundamental of U(N) and those that transform in the antifundamental of that gauge
group. In this chapter we refer to quanta in the fundamental of U(N) as particles; we
refer to quanta in the antifundamental of U(N) as antiparticle. We use the symbol P;(p)
to denote a particle with color index 7 and three momentum p, while A’(p) denotes an
antiparticle with color index ¢ and three momentum p. We employ this notation for both
the bosonic and the fermionic theories described in the previous subsection.

In this chapter we study 2 — 2 scattering. There are essentially two distinct 2 — 2

scattering process; particle-particle scattering and Particle-antiparticle scattering [

Particle - antiparticle scattering The tensor product of a fundamental and an
antifundamental consists of the adjoint and the singlet representations. It follows that
Particle-antiparticle scattering is characterized by two scattering functions. We adopt the
following terminology: we refer to scattering in the singlet channel as scattering in the
S-channel. Scattering in the adjoint channel is referred to as scattering in the T-channel.

It follows from U(N) invariance that the S-matrix for the process
Pi(p1) + A (p2) = Pu(—p3) + A"(—pa) (32)
is given by
S = 67631 (pr, p2, —ps, —pa) + T3, (1, P2, —ps, —pa) (20)°6° (p1 + po + ps +pa). (33)

(see the previous subsection for the definition of I). The S-matrix may be decomposed

into adjoint and singlet scattering matrices

Jsm Jsm
S <5;”57g - &) Sp 4+ 20 g (34)

N N
where

St = I(p1, pa, —p3, —pa) + iTr(p1, P2, —p3, —pa) (27)38° (p1 + pa + p3 + pa) (35)

Ss = I(p1,p2, —p3, —pa) + iTs(p1, p2, —p3, —pa) (27)°6° (p1 + p2 + p3 + pa)

13The case of antiparticle-antiparticle scattering is related to that of particle-particle scattering by CPT,
and so needn’t be considered separately.
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and

|  gigm Jgm
frijnm(pbp% —P3, _p4) - (6:)15% - ZNn > TT(p17p27 —P3, _p4) + ZNn TS(plvPQv —P3, _p4)

(36)

Particle - particle scattering The tensor product of two fundamentals consists of
the representation with two boxes in the first row of the Young Tableaux, and another
representation with two boxes in the first column of the Young Tableaux. We refer to
these two representations as the symmetric U-channel and the antisymmetric U-channel
respectively. It follows that particle- particle scattering is characterized by the scattering
functions in these two channels.

More quantitatively, the S-matrix for the process

Pi(p1) + Pj(p2) = Pn(—ps) + Pu(—pa) (37)
takes the form

S = :ta;na?[(pl,pQ,p3,p4) + 5?5;1[(]91717%1747173)

(38)
+ iﬂ?”(plap2,p3,p4)(27)353(p1 + po + 3 + pa)

where the %+ in the first line is for bosons/fermions. The S-matrix may be decomposed into

the symmetric and antisymmetric channels

R B L e

J
S 5 U, + 5 SUa (39)

where

Sv, = £1(p1, 2, p3,p4) + 1(p1, P2, pa, P3)

+ Ty, (p1, P2, P3, 1) (27)*6 (p1 + P2 + p3 + pa)
Sv, = —(£)I(p1, p2, p3, pa) + 1(p1, P2, Pa; P3)

+ iTy, (1, P2, P3, pa) (27) 6 (p1 + P2 + ps + pa).-

(40)

We will sometimes need to work with the direct and exchange scattering amplitudes (Sy,
and Sy, ) by
S = 6;"07 Sy, + 6;'0;"Sy, (41)
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where

SUd - i](p17p27p37p4) + iTUd (p17p27p37p4)(27r)35(p1 +p2 + P3 +p4) (42)

Sv. = I(p1,p2, P4, p3) + iTu, (D1, P2, 3, pa) (27)*8(p1 + p2 + p3 + pa)

where

Sv, =Sv, +Sv., Sv, =Suv. —Svu,, Tv, =Ty, +1v., Ty

a

=Ty, — Ty,. (43)

And
T (p1, P2, p3; pa) = 0,67 Ty, (p1, P2, p3, Pa) + 605" Ty, (p1, P2, P3, Pa). (44)

We refer to Sy, as the ‘direct S-matrix’ in the U-channel. Sy, , on the other hand is the
‘exchange S-matrix in the U-channel.

In this chapter we study scattering in both the bosonic as well as fermionic theories de-
scribed in the previous subsection. We use the superscript B/ F' to denote the corresponding
functions in the bosonic/fermionic theories. For example SE is the T-channel scattering

matrix for bosons, while SE denotes the S-channel scattering matrix for fermions.

1.2.5 Tree level scattering amplitudes in the bosonic and fermionic theories

The evaluation of full S-matrix of the bosonic and fermionic theories of subsection [L.2.1]
is the main subject of this chapter. The evaluation of the all loop amplitudes will require
summing all planar diagrams in lightcone gauge, together with some educated guesswork.
However the tree level scattering amplitudes in these theories are, of course, easily evaluaed
in a covariante Landau gauge. In this section we simply present the results for these
tree level scattering amplitudes, in all scattering channels, in both the bosonic and the
fermionic theories. In every case we present the results for the full S matrix (rather than
the 7" matrix) to emphasize the relative sign between the identity piece and the scattering
terms. In the scalar theories we work for simplicity at by = 0. Our results in the fermionic

theory are presented upto a physically irrelevant overall phase. The results presented in
this subsection are all derived in Appendix [1.9.2]
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At tree level we find

AT €pPy P3PS

ba (p2 + (27)°0(p1 + p2 + ps + pa)

SBaUd = I(plap2ap37p4> -

AT €40oPV P3PS
Spu. = 1(p1,p2,p4,p3) + kp 69:4_—1];)?’(2#)35(171 + P2+ p3 + pa)
AT €D P3PS
Spr = 1(pr pa,pa,pa) + W(QW)35(p1 +p2 +ps + 1)
_ _ €uwpPL P3PS 3
Sp,s = I(p1, P2, P3,P4) — 4mAp———2(27)"0(p1 + p2 + p3 + pa)
(p2 + pa)
A € pﬂpupﬂ (45)
Sru, = 1(p1,p2,p3,04) + T ((;);—1——1;02)23 - QimF) (27)*6(p1 + p2 + p3 + pa)
Am (euwpPiP5Ps | .
Sru. = 1(p1,p2,p4,p3) — T (é;Jr—lpz); + 2imp | (27)°6(p1 + p2 + ps + pa)

€LwpPi D3 DS
(pa + p3)?
€D P3PS
(p2 + pa)?

47
SFT = [(p1,p2,p3 P4) - T <

P + 22’mF) (27)%6(p1 + p2 + p3 + pa)

Sps = —1(p1,p2, D3, Pa) + 4R < — QimF) (27)%8(p1 + p2 + p3 + pa).

1.2.6 The non-relativistic limit and Aharonov-Bohm scattering

As we have explained above, in this chapter we wish to compute the 2 — 2 scattering matrix
of fundamental matter coupled to Chern-Simons theory. The result of this computation is

already well known in the non-relativistic limit, i.e. the limit in which

2
s —4cp

i — 0. (46)
M In this limit the S-matrix is obtained from the scattering of two non-relativistic particles
interacting with a Chern-Simons gauge field. The quantum description of this system may
be obtained by first eliminating the non dynamical gauge field in a suitable gauge and
then writing down the effective two particle Schrodinger equation see e.g. [15]). Moving to
center of mass and relative coordinates further simplifies the problem to the study of the
quantum mechanics of a single particle interacting with a point like flux tube located at the
origin. The S-matrix may then be read off from the scattering solution of Aharonov-Bohm
[19] with one interesting twist; the effective value of the flux depends on the scattering

channel.

4Tn the limit t/4m? and u/4m? also tend to zero, as is most easily seen in the center of mass frame.
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Let the scattering particles transform in the representations Ry and Ry of U(N). As

we have reviewed in the introduction, if
RixRy=) Ry (47)

then

S = ZSum

m
where P, is the projector onto the representation R,,. It turns out that the scattering
matrix in the m' channel S,, is simply the Aharonov-Bohm scattering amplitude of a unit
charge U(1) particle scattering off a thin flux tube with integrated flux 27y, where

_ Co(Rin) = Cy(Ry) — Co(Ry)
Vm = 2 . (48)

Let F' denote the fundamental representation, A the antifundamental representation, S
the ‘symmetric’ representation (with two boxes in the first row of the Young Tableaux, and
no boxes in any other row), AS the antisymmetric representation (with two boxes in the
first column of the Young Tableaux, and no boxes in any other column), Adj the adjoint
representation and I the and the singlet. The Casimirs of these representations are

2 2 2
N2N17 CQ(S):N —I—]\][V 27 CQ(AS):N ]\][V 2 o)
Cy(Adj) = N, Cy(I)=0.

Co(F) = Cy(A) =

In the symmetric and antisymmetric exchange channels respectively (for particle-particle

scattering)
1 1 1 1 (50)
TR TNE YT TR T NE
In the singlet and adjoint exchange channels respectively (for particle - antiparticle scat-
tering)
AB + ! ! (51)
vy = — — Vagg = —.
1 B Nk ) AdJ Nk

Note that in the large N limit, v; is of order unity, vg and v45 are both of order O(1/N)
and vag is of order O(1/N?).

In the rest of this subsection we specialize to scattering in the scalar theory. As we have
reviewed in great detail in Appendix [[.9.3] the quantum mechanics of a non-relativistic

scalar scattering of a point like flux tube with integrated flux 27rv admits a ‘scattering’
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solution (the Aharonov Bohm solution), whose large radius asymptotics is given by

21

_ ik —i%he ikr
P(r) =e"" +e (f)e T

(52)

where

h(8) = 27 (cos(mv) — 1) 8(8) + sin(rv) (Pv cot (g) - z'sgn(l/)) (53)

where Pv denotes the principal value. In the non-relativistic limit and in the center of

mass frame the scattering amplitude 7T is proportional to h(f); more precisely
T(s,0) = —4ih(0)V/s. (54)

Using and together imply the covariant prediction

. i t .
TNE(py, pa, p3, pa, A, ba) = — 4iv/ssin(mvs, ) (E(pl,pz,pg)\/; — ngn(vm)> 55)
— i(cos(mvm) — 1) (p1, p2, 3, D1)

(see (1), for a definition of I') where TN is the non-relativistic limit of scattering
in the m'* channel, v,, is the corresponding value of v as described above.

(55 applies when the scattering particles are distinguishable (as in the case of particle
- antiparticle scattering in the situation of interest here). When the scattering particles
are identical - as in the case of particle - particle scattering here, Ry = Ry = R and we
have to add the contribution of exchange scattering. is modified to

. . t i
TNE(py1, p2, p3, Pay A, ba) = — 4iv/ssin(7v,,) <E(p1,pz,p3)\/g - ZSgn(Vm)>

—i(cos(mv) — 1)1 (p1, P2, P3, P4)

(56)
+a [—4i\/§sin(7ﬂ/m) <—E<p1,p2,p3)\/§ — isgn(l/m)>
— i(cos(mvm) — 1)1(p2,p1,p3,p4)}
where the sign a = 1 if the R3 is symmetric in the Rs while a = —1 if R3 is antisymmetric

product of 2 Rs (in the case that the scattering particles are fermionic, a has an additional
overall -1). In writing we have used the fact that E(ps, p1,ps) = —E(p1,p2, p3)-
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Non-relativistic limit of S-channel scattering In the S-channel v,, = A\p in the
large N limit so the S-channel S-matrix must reduce, in the limit , to

) ) t
(T5)NE(py, s p3s pas A, ba) =4iv/ssin(7\p) (E(plaPQ’pZS)\/; + ZSgn(/\B)> (57)

—i(cos(mAg) — 1)1 (p1, P2, P3, Pa).

This prediction for the non-relativistic limit of the S-matrix in the S-channel has several

striking features.

e 7% is not an analytic function of kinematic variables. The term proportional to the
0 function in that expression is singular, and is infact proportional to the identity
scattering matrix (see subsection [1.2.3)).

e T% is not an analytic function of Ag at Ag = 0 (because of the term proportional to
sgn(Ap). )

e 75 is universal, in the sense that it is independent of by in this limit.

As we will see below, the last two features are artifacts of the non-relativistic limit. On
the other hand we will now argue that the last the term in x §(0) is an exact feature
of the S-matrix at all energy scales.

The term proportional to §(f) in was infact missed in the original analysis by
Aharonov and Bohm. The presence of this term was discovered much later by Ruijsenaars
[17] (see also the later papers [15], 20-22] for further elaboration) where it was also pointed
out that this contact term is necessary to unitarize Aharonov-Bohm scattering (see the
next subsection for a review of this fact). In the rest of this subsection we will present a
simple physical interpretation for this part of the Aharonov-Bohm S-matrix.

As we have reviewed extensively in , the scattering matrix is postulated the form
S = I 4+ T where the factor I accounts for the unscattered part of the wave packet. In
the context of Aharonov-Bohm scattering, however, half of this unscattered wave packet
passes above the scatterer and so picks up the phase e™™ while the other half passes below
and so picks up the phase e~™m. The symmetry between up and down ensures that the
part of the unscattered part of the S-matrix is modulated by a factor cos(7v,,) as it passes

by the scatterer. In the current context, consequently, we should expect
S = cos(mvy,) + iT"
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where 7" is an analytic function of momentum. If we insist nonetheless on using the usual
split S = I 4+ ¢T then we will find

T = —i(cos(mvy,) — DI+ T

(where 7" is an analytic function of the scattering angle) in perfect agreement with .
As our physical explanation of the last term on the RHS of makes no reference to the
non-relativistic limit, we expect this term to be an exact feature of the S-matrix in every
channel, even away from the non-relativistic limit.

All our comments about the term proportional to [ in the S-matrix hold also for the T
and the U-channels; the last term in is expected to be exact in these channels as well.
As we have noted above, however, in these channels v, < O(5;) so that cos(m1y,) —1 <
O(4)- It follows that the O(+) computations of these scattering matrices presented in
this chapter will be insensitive to these terms.

Non-relativistic limit of scattering in the other channels As we have seen

1
N

in this chapter are done to leading order in the %, and so capture the first term in the Taylor

above, v, is of order < or smaller in the other three scattering channels. All the calculations
expansion in v, of the scattering amplitude. In this subsubsection we merely emphasize
the simple but confusing fact that the non-relativistic limit of this term need not agree
with the first term in the Taylor expansion of the non-relativistic limit (this is an

order of limits issue).
Vm (4m?)

Byl and

Let us consider a simple example for how this might work. Define y =

consider the function

ey 4+ ey’

f=

Taylor expanding this function to first order in v,,, we find
f=2y+0(vy,).

The non-relativistic limit the first term in this expansion diverges like y. On the other
hand if we first take the non-relativistic limit

f = sen(vim).

Conservatively, therefore, we should conclude that the results of this subsection make
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no sharp prediction for the non-relativistic limit of the scattering amplitudes in the U and
T-channels. This is certainly the case for the term independent of 6 in ; as in the toy
example above, this term is non-analytic in v,,, and so cannot be Taylor expanded in v,,,
and so makes no prediction for the non-relativistic limit of the Taylor expansion.

On the other hand the term in proportional to cot (g) and 6(f) are both analytic
in 6, and one might optimistically hope that the Taylor expansion of these terms in v,
will accurately capture the non-relativistic limits of the scattering amplitudes in the U and
the T-channels. Below we will see that this is indeed the case, though it works in a rather

trivial way.

1.2.7 Constraints from unitarity

As we have already remarked above, the S matrix in any quantum theory obeys the
equation STS = 1. In subsection we expanded this equation out in terms of the
T-matrix to obtain (31)).

In a general quantum field theory does not constitute a closed equation for 2 — 2
scattering because of the terms indicated with the ... - the contributions from 2 x n
scattering - in the RHS of . It is easily verified, however, that at leading order in the
large N limit in the theories under consideration the contribution of 2 — n processes to
the RHS of is suppressed, compared to the LHS, by a factor of ﬁ In the large N
limit of interest to this chapter, it follows that we can drop the ... on the RHS of ,
which then turns into a powerful nonlinear closed constraint on 2 — 2 scattering matrix

elements.

Constraints from unitarity in the various channels Let us work out the specific

form of this constraint in the special case of particle - antiparticle scattering. Using ,
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we find

—1 |:(TT<p17p27 —Ps3, _p4) - T;(p37p47p17p2>)
1
x (2m)® (5z‘m5jn - N(;ijémn) (27)°6° (p1 + p2 — ps — pa)

‘ . 1
—i|(Ts(p1,p2, —p3, —p4) — Té(p3, 1, —p1, —p2)) 6°(P1 + P2 — D3 — Pa) ~=0ii0mn
N

:/ d3l3 (;i:;g [<27T)29(lo)9(7’0)5(7“2 +cB)o(1? + k) (58)

X (2”)653(101 +p2—p3 — p4)53(p1 +ps—1—7)

1
X ((51,m5]n - N(Szjémn) TT(p17p27 _lu _T)T’Z*’<p37p47 _l_u T)

=~

+ _Ts<p17p27 _la _T)Ts*(p37p47 _l7 _T>52]6mn)] .

Equating the coefficients of the different index structures on the LHS and RHS we conclude
that

—1 (TT(P17P27 —D3, —p4) - T%(P?nm, —P1, —p2)) 53(191 +p2 —p3— p4)

:/ d3l3 d3r3 {(27ri)29(lo)9(7’0)5(r2 +cB)0(1* + %)

(2m)3 (2m) (59)
X 53(]71 + p2 — 3 —p4)(27)353(p1 +ps—1—1)
X TT(p17p27 _l7 _T)T’Zf(p37p47 _la _T) )

and that
—1 (Ts(p1,p2, —Ds3, —P4) - T;(p?np4, —P1, —p2)) 53(]91 +p2 —p3 — p4)
d’l dPr N2 2 2 2 2
= 3 2 (270)°0(10)0(r0)0 (1= 4+ ¢5)d (1 + c3)
(2m)3 (2m) (60)

X 53(171 +p2 —p3 — p4)(27T)353(p1 +ps—1—7)

X TS(p17p27 _la _T)TS*<p37p47 _la _T) .

Now recall that the scattering matrix Tr is O(%). It follows that the RHS of is
subleading in % compared to the LHS. In the large N limit, consequently, (59) may be
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rewritten as

(Tr(p1,p2, —p3, —p1) — T3 (p3, pa, —p1, —p2)) = 0. (61)

Applying the same reasoning to particle-particle scattering, we reach the identical conclu-
sion for U-channel scattering. It is easily verified that the slightly trivial, linear equations
(61]) (and the analogous equation for U-channel scattering) are infact obeyed by the exact
solutions for T and Ty presented belowIE

On the other hand the S-channel scattering matrix T# is O(1) in the large N limit.
Consequently, the nonlinear equation is a rather nontrivial constraint on S-channel

scattering.

S-channel unitarity constraints in the center of mass frame The constraint
on the S-channel S-matrix is most conveniently worked out in the center of mass frame.

We choose the scattering momenta to take the form

p1= (va + ¢, p, 0) , P2 = (\/p2 + ¢k, =1, 0) ,
p3 = (—\/p2 + %, —pcos(a), —psin(a)> . Py = (—\/p2 + c%,pcos(a),psin(a)) ,

In this frame Ts = Ts(p, ) or T = T (s, ) (recall s = 4(p* + ¢%) ) and the constraint from

(62)

unitarity is simply a constraint on this function of two variables.
In order to work out the precise form of this constraint we first process the delta

functions inside the integrals.

| Gt O + RO + ) )8 4 =1 =)

:/ (;l;l):’) (27m)20(10)0(—lo + (p1)o + (D2)0)0(1* + ¢5)5((p1 + p2)* — 2(p1 +p2) - 1)

1
_ _ 2 2 _ 2
TN /dedzodesé(zo /D% + 26l — p?)

1
_87T\/§ / d0

where E, = \/p* +m? = ‘/75 and (5 = [> + [2. Tt follows that the unitarity constraint is

(63)

15This is related to the fact that these scattering amplitudes have no branch cuts in the physical domain
for T" and U-channel scattering.
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given by
—i(T5(s0) = Ti(s.—0) = ooz [T 0TS0~ =) (61)
(this is essentially identical to the manipulation that produced the product rule (27))).

Unitarity of the non-relativistic limit As an example for how this works, we will
now demonstrate that the non-relativistic limit of the S-channel S-matrix, , obeys the
constraints of unitarity. In the center of mass frame takes the form

Ts(Vs,a) = H(Vs)T(a) + Wi(v/s) — iWa(V/s)d(e), (65)

where
T(«a) = icot (%) :

and

H(v/s) = 4y/ssin(rAp),

Wi (V/s) = —4/ssin(rAp)sgn(Ap), (66)

Wo(v/'s) = 8my/s (cos(mAg) — 1) .
With an eye to application later in the chapter, we will first work out the unitarity con-
straint for arbitrary H(4/s), Wi(y/s) and Wa(4/s), specializing to the specific forms
only at the end.

Using the formula

/dQPV cot (g) Pv cot (aT—G) =21 — 47%6 (), (67)
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(see footnotd™d| for a check of (67))), (64) reduces to

1
H—-H" = WH*—HW*
Wy + W = — 87r\/_ (W2W*+47r2HH*) (70)
Wi — Wy = (WoWy — W5Wh) — (HH" — Wi WY).

87T\/§ 4\/_

It is easily verified that the specific assignments obey the equation . The first
equation in is obeyed because H and Wj, in ([70]), are both real. The third equation
in (70) is obeyed because W is also real and |H|*> = |[W;|?. The second equation in

reduces to the true trigonometric identity
2(1 — cos(mAg)) = (1 — cos(mAp))? + sin?(7Ap).

We conclude that the Aharonov-Bohm scattering amplitude obeys the equations of unitar-
ity, though in a slightly trivial fashion as the coefficient of 6(#) was the only part of the

S-matrix that had an imaginary piece.

Unitarity constraints on general S-matrices of the form As we have seen
in the last subsubsection, the functions Pv cot (g), 1 and §(#) form a closed algebra under
convolution (i.e the convolution of any two linear combinations of these functions is, once

again, a linear combination of the same three functions). This nontrivial fact allowed us

16 We can check the by calculating the Fourier coefficients,

do ;00 0 a—10
/%e /dQPv cot <2> Pvcot <2>
= d—wwfnj{%f’v z+1 Pv P
2mw z z—1 w—2z

(68)
—i $dzPv (Z+1> 2 l=—2r (n>0)
=40 (n=0)
i§dzPv (ZH) =27 (n<0)
where z = € and w = ¢'®. By comparing with Fourier coefficients of delta function,
§(a) = L 3 eine (69)
27 S ’

we can immediately check .
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in the last subsection to find a simple solution of the unitarity equation of the form
(this was simply the Aharonov-Bohm solution).

Given the closure of under convolution, it is tempting to conjecture that the
scattering matrix in the S-channel takes the form even outside the non-relativistic
limit (we will find independent evidence below that this is indeed the case). With this
conjecture in mind, in this subsection we will inquire to what extent the requirement of
unitarity determines S-matrices of the form (65)).

Let us first do some counting. The data in S-matrices of the form is three complex
or six real functions of s and A\p. Unitarity provides 3 real equations. It follows that if we
impose no more than the condition of unitarity, the general S-matrix is given in terms of
three unknown real functions.

In order to make further progress we need more information. In the previous subsection
we have already argued that, on physical grounds, we expect the form of W5 in to
be exact even away from the non-relativistic limit. If we make this assumption, unitarity
gives us 3 real equations for the remaining 4 unknown functions, and so the S-matrix is
determined in terms of one unknown function. Let us see how this works in more detail.
The first equation in forces the function H to be real. The second equation in
then forces H to be given exactly by the expression in . We are left with a single
unknown complex function W subject to a single real equation; the third of .

Let us summarize. If we assume that the S-matrix takes the form and further
assume that the expression for W5 in is exact, then unitarity also forces the expression
for H in to be exact, and constrains W; to obey the third of , which is one real

equation for the unknown complex function Wj.

1.3 Summary: method, results and conjectures

In this section we summarize the method we use to compute S-matrices and list our prin-
cipal results and conjectures.

1.3.1 Method

In this chapter we compute the functions 17, Ty, and Ty, for both the bosonic and the
fermionic theories. We also present a conjecture for the functions Sg. We then study the
transformation of our results under Bose-Fermi duality. The method we employ to compute

the S-matrices is completely straightforward; we sum all the off shell planar graphs with
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Figure 3: This diagram would contain a diagrammatic representation of the exact ampli-
tude V as a sum over ladders, where the ‘rungs’ in the ladder are the triple line propagators.
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Figure 4: A diagrammatic representation of the effective single particle exchange four point
amplitude for bosons. This amplitude is give by the sum of the tree level exchange of a
gluon, dressed tree level exchanges of the gluon and the point interaction controlled by the
parameter by

four external legs, and then obtain the S-matrices by taking the appropriate on shell limits.

Following [2] and several subsequent papers, we work in the lightcone gauge A_ = 0.
E The off shell four point amplitude receives contributions from an infinite number of
Feynman graphs. The graphs that contribute may be enumerated very simply; they are
simply the sum of all ladder graphs Fig [3| where the triple line is the effective exchange
interaction between fundamental particles. In the case of the bosonic theory, for instance,
the triple line is given diagrammatically by Fig. It is easy to convince oneself that the
all orders amplitude depicted in Fig. [3| obeys the integral equation depicted in Fig 5| [2, [6].

According to the labeling of momenta in Fig. 5] ¢* is the three momentum that flows,

from left to right in graphs of Fig. g" is a ‘constant of motion’ in the sense that if a

170Our notation is as follows. x, = and 2% are a set of coordinates on Minkowski space. =¥ and z~
are lightcone coordinates while 23 is a spatial coordinate.
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p+qg k+q p+qg k+qg p+q r+gq k+q

Figure 5: A diagrammatic depiction of the integral equation obeyed by offshell four point
scattering amplitudes. The blob here represents the all orders scattering amplitude while
the triple line represents the effective single particle exchange four point interaction between
quanta. Here, and in every Feynman diagram in this chapter, all momenta flow in the
direction of the arrows of the propagators.

given ladder diagram has a particular value of ¢* then every sub ladder within the original
ladder also has the same value of ¢* (this is not true of the momenta p and k in Fig. |3)).
This implies that different values of ¢* do not ‘mix’ in the integral equation of Fig.
In other words Fig. |5 represents an infinite set of decoupled integral equations; one for
every value of ¢*. Tt was pointed out in [6] that the integral equations in Fig. |5| simplifies
dramatically when ¢* = 0. The authors of [6] infact solved the relevant integral equations
for the bosonic theory in massless limit. In this chapter to find exact formulae for the
sum over planar graphs with four external lines with ¢* = 0 by explicitly solving the
integral equations relevant to that case. In the case of the bosonic theory our results are a
generalization of those of [6] to nonzero masg| The integral equation turns out to be more
complicated to solve in the case of the fermionic theory, but we are able to find the exact
solution in this case as well.

With exact off shell results in hand, we proceed to evaluate the S-matrices for our
problem by taking the appropriate on shell limits. The on shell condition determines the
energy of each of the participating particles (in terms of their momenta) upto a sign. Energy
and momentum conservation require that two of the external lines have positive energy

while the other two have negative energy, leaving a total of six distinct cases. E Recalling

18[6] performed this summation in order to evaluate three point functions of gauge invariant operators
in special kinematical configurations.

19We say an external line has positive energy if py is positive (or p° is negative) going into the graph. An
external line with an ingoing arrow and positive energy represents an initial particle. An external line with
an outgoing arrow and positive energy into the graph (or negative energy in the direction of the arrow)
is an ingoing antiparticle. An external line with an arrow going into the graph and negative energy going
into the graph is an outgoing antiparticle. An external line whose arrow points out of the graph and whose
energy is negative going into the graph (or positive in the direction of the arrow) is an outgoing particle.
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that external lines with positive energy represent initial states while external lines with
negative energy represent final states, it is not difficult to convince oneself that one of these
six cases determines the function T, another determines 77, two others determine Ty,
Ty, respectively, while the last two processes compute the CPT conjugates of scattering
in the U-channel. In other words the four different scattering functions introduced, in the
previous subsection, are all different limits of the single four point amplitudes determined
by the integral equation of Fig. [5]

As we have emphasized above, we have been able to evaluate the off shell four point am-
plitude only in the special case gt = 0. This technical limitation has different implications
for our ability to compute the S matrices in the different channels.

g" turns out to be the center of mass 3 momentum for S-channel scattering. The
condition ¢g& = 0 ensures that the center of mass energy is spacelike; this is impossible for
an onshell scattering process. It follows that the technical limitations which restricted us
to gt = 0 forbid us from directly computing S-channel scattering, a fact that will force us
to resort to conjecture in this channel.

In the T" and U-channels, on the other hand, ¢ represents the 3 momentum transfer
between an initial and final particle. As all participating particles have the same mass,
the 3 momentum transfer is always spacelike (this is most easily seen in the center of mass
frame), there is no barrier to setting ¢© = 0 in these processes. For an arbitrary T or
U-channel process, it is always possible to find an inertial frame in which ¢* = 0. In these
channels, in other words, the restriction to ¢& = 0 is simply a choice of frame. Assuming
that the S-matrix for our process is Lorentz invariant, the on shell limits of our off shell
four point amplitude completely fix the S-matrix in these channels. We are thus able to

report definite results for the scattering matrices in these channels.

1.3.2 Results in the U and T channels

In this subsection we simply present our final results for U and T-channel scattering,

separately for the bosonic and the fermionic theories. We first report our results for the
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bosonic theory. In the T-channel (adjoint exchange) we find

TE (p1, P2, s, Pas ks, A, ba, )

dim Jut
E(pbPQ,P:s) 2 -
B
. i\ 7 . Qi)\B tan_1<2‘cf‘>
4 zw\/— (b4 — Amidg/—1)e™B + (by + dmidgy/ —t)e V=t
- ~ ~ ; —1( 2lepl
ks (s — Amidpy/=B)em™ s + (by + dmidgy/—T)e e () (71)
dim Jut
=E(p1,p2,p3)— ’ —
B
, RYANS
4 z7r\/— (by — Amidpy/—1) + (by + Amidgy/—t)e 2P (o)
L N
ki —(by — Amidgy/—=1) + (bs + Amidgy/—1)e 2P (50)
where we have used .
tan~!(z) +tan" (=) = z, for x>0
T 2
and by = —by + 272 |cp|. Here form of the tan=!(z) is
B
1 14z
Tlr=—1 72
tan "z 21n<1_m> ( )

and the domain and the branch cut structure of the function tan~!(z) are depicted in

Fig. [6]

In the special case by — oo, Tr reduces to

dim Jut
TF> (p1, 2, p3, Pas kg, Mg, C) :E(plapzam)g o
4 im 1 + 6—2i)\B tan_1<2@‘> (73)
- k —t ; —1( V=t
B 1— e—QZAB tan <2|CB|)
In the U-channel we find
T[Z(plapsz:s,pzx,kB,)\B,54,CB)
dim st
.y A i
(p17p27p3) kB U (74)
’ 1/
4 Z7T\/— (b4 — 47TZ)\B\/ ) (b4 -+ 47TZ)\B\/ ) ~2iAp tan 1(2|CB\>
- ; 1=t
ki by — Amidpy/=E) + (b + Amidgy/—F)e e (35)
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In the limit by — oo we have

i [st
TUB;OO(Pl,Pmps,m,kB,)\B,cB) :E(pl,pQ,pg))E —
At (32 75
4 i 1+ 6721)\Btan 1(2@\) ( )
J— ‘/_t - \/jt
kB 1— e—2zABtan*1(2ch|)

Finally, the amplitude T[i is obtained from Tli simply by interchanging the two initial

momenta. The usual symmetry of bosonic amplitudes immediately implies

T5 (p1, p2, D3, Pas kg, A, bas ) = T (2,11, p3: P ks, A, ba, c) (76)

with a similar formula for Sg°(p1, p2, ps, P4, kB, AB, CB).
We now report our results for the fermionic theory. In this case S-matrix in the T-

channel is given by

qu(pl,pz,pg,m, kr, Ar, CF)

dim Jut
=—F —\ —
(p17p2;p3) hop S

. —1(2lep|
4 i — eiﬂ'()\pfsgn(mp)) +621(AF—sgn(mF))tan 1(%) (77)
kF eiﬂ—()‘F*Sgn(mF)) — e2i()\F_Sgn(mF))tan_l(%>
—2i —sgn(m N v
__E(p ) p)4@_7T U_t+4Z7T\/_—t 1+€2()\F sgn(mp)) ta 1(2|cF|)
L2, I3 k‘F S k‘F 1— efQi()\Ffsgn(mp))tanfl(2@‘).
In the U-channel we find
Tg‘;(plap%pfi?péb kFa )\F7 CF)
dim st
= — — F RS B
( (p1, P2, P3) Vi
4 i . eim(Ar—sgn(mp)) _'_€2i(>\F*Sgn(mF))tan—l<%> (78)
+ /=
kF eiﬂ'()\F*Sgn(mF)) . e?i()\p—sgn(mF))tanfl(zlci\/g)

—21 —sgn(m an—1 (/2
B B jim [5t dim o e 2i(Ap—sgn(mr)) tan~ (3
N P1:P2: P kr u kr 1— e—?i(x\p—sgn(mp))tan_l(\/jt)
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Finally, the usual symmetry for fermionic amplitudes immediately implies that

T(i (P1, P2, 03, P4, kpy AR, cp) = —Tzi(pz,pl,ps,m, ke, A\r,cr). (79)

As we have mentioned earlier in this introduction, in the limit b, — oo, the bosonic
theory studied in this chapter has been conjectured to be dual to the fermionic theory,
when the parameters of the two theories are related by . Our results for the scattering
amplitudes reported above are in perfect agreement with this conjecture. In particular it

may be verified that, provided the inequality is obeyed, the bosonic and fermionic

S-matrices (including the identity pieces, see subsections |1.2.3|and [1.2.4)

D1, P2, P3, P4, —kp, Ap — sgn(Ap), crp (p17P27P37P47/€F,>\F7CF)

D1, P2, P3, P4, —kp, Ap — sgn(Ap), crp <p17p27p37p4akF7/\FacF>7

S (p17p27p37p47kF7/\FacF>7 (80)

85‘1( 1,p2,p3,p4,kF,)\F,CF),

S
S b1, P2, D3, P4, k"Fa)\F — sgn )\F y CF
S

2 (Ap), cr)
il (Ar), cr)
(p17p27p37p47 —kp, A\p — sgn(Ar), cr)
S (Ar), cr)
2 ( (Ap), cr)

P1,D2: D3, P1, —kp, Ap — sgn(Ar), cr) = S{.(p1, P2, D3, Pas kry A, CF).

1.3.3 A conjecture for identity exchange and modified crossing symmetry
In the case of the bosonic theory we conjecture that S matrix in the S-channel is given by

sin(mAp)

SE = cos(mAg)I(p1, P2, p3, pa) +i TE™ (81)
7T/\B

where TE! is the S-channel S-matrix obtained from analytic continuation of the T or

U-channel results using the usual rules of ‘naive’ crossing symmetry, and is given by

u
Ttmal (7T>\B> 4 2\/_E(p17p27p3)\/;

[N
+
B

<47T)\B\/§ +g4> + ™8 (—47r)\3\/§ +E4> (

NI

)AB (2)
—f- (71'/\3) 4\/5 .

S | S

S

SN—
>
sy

(NI
+

(47r>\3\/§ +E4> — eim™B (—47r)\3\/§ +E4) (

[NIES
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In the limit by — oo, T&* simplifies to

. l_i_CiB )\B
L4 eme (_f)
trial . u 2 Vs
Tg™ = (mAp) 4 iv/s E(p1>p27p3)\/j+ en : (83)
2T s

NI

\
Sl
~_
>
%

t . (
1 _ 67,71’)\3

In a similar manner we expect that the fermionic S-matrix is given by

sin(mwA
SE = cos(mAr)I(p1, p2, P3, ) +Z—( )
7T)\F

; VAN
] s 1 1+ e—ZZ(AF—sgn(mp))tan 1(2‘6F|)
= sin(mAr) <4E(p1,p2,p3)\/ m +44/s (84)
1

o G*Qi()\F*Sgn(mF))tanfl( NG )

trial
TF

+ cos(mAp)I(p1, P2, P3, Pa)-

It follows from , and the results of the previous subsection the fermionic and
bosonic S-channel S matrices map to each other under duality upto an overall minus sign

(recall that overall phases in an S-matrix are unobservable and so unimportant).

1.4 Scattering in the scalar theory

In this section we compute the four point scattering amplitude in the theory of fundamental
bosons coupled to Chern-Simons theory. Very briefly we integrate out the gauge boson to
obtain an offshell effective four boson term in the quantum effective action for our theory,

given by

2

1 dp &k dq ~j —
| G GV 0k )0+ D (4 PR, (65)

We then take an appropriate on shell limit to evaluate the S-matrix.
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1.4.1 Integral equation for off shell four point amplitude

As explained in the previous section, V(p, k, ¢) obeys the integral equation depicted in Fig

Bl In formulas

dST V( r ) N%(T,k,Q3)
(2m)3 b1 4 (r2 4 & —i€e) ((r + q)> + ¢ —ie)’
d*r NV (r,k,qs)
k _ k o e ) vy
V(p7 Jq) %(p7 7q) 7’/ (27’(’)3Vb(p77ﬂ,q3)(7’2+c23—’L.E)( T+Q)2+C2B—Z.€)7

/ (86)

where the ‘one particle’ amplitude Vj is given by the sum of graphs in Fig. [l Summing
these graphs (see Appendix for details) we find?™]

(k+p)- 7
5 (k—p) " (87)

b4 = 27T/\2BCB — b4.

N%(pa ka q3) = _47Ti)\Bq3

Here
B +ko + kq

V2

E is actually ambiguous as stated. The first term on the RHS of is proportional

to ﬁ: the gauge boson propagator in lightcone gauge. This term is ill defined when

k_ = p_, a point that lies on the integration contour on the RHS of .

The reason that the gauge boson has a codimension two singularity in momentum

&Pr = drdrtdr®, ki (88)

space is that the choice of lightcone gauge, A_ = 0, leaves unfixed the residual gauge
transformations that depend only on 2+ and z3. In this chapter we resolve this ambiguity

of the propagator at p_ = 0 with the ‘Feynman’ prescription

1
. b+

— s —" 89
P— P4D- — € (89)

We adopt this prescription for several reasons.

e 1. It is the only resolution of the singularity of the gauge propagator that permits

20 If we include other multi-trace terms such as N’;‘il (¢¢)P in the action , this effect only reflects a

shift of by by a linear term of c%_z)\p with a suitable coefficient. The rest of calcuation of 2 — 2 scattering
is the same as presented in this chapter.

2INote in that our definition of k_ is the negative of the definition usually adopted in studies of
Minkowskian physics. We adopt this definition because it will prove convenient once we continue to
Euclidean space.
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continuation to Euclidean space. It therefore appears to be the only resolution of
the singularity that can make contact with all the beautiful Euclidean results of
[2H6), [8-11].

e 2. Its use leads to sensible results with no unphysical divergences. H

e 3. In special cases, results obtained by use of this prescription turn out to agree with

results in the covariant Landau gauge (see subsection below).

Of course the pragmatic reasons spelt out above are ultimately unsatisfactory; we
would like eventually to have a justification of this prescription on physical grounds (such a
justification would presumably involve a careful accounting for the unfixed gauge symmetry

of the problem). However we leave this potentially subtle exercise to future work.

1.4.2 Euclidean continuation

In order to solve the integral equation we will find it convenient to use a standard
maneuver to ‘continue this equation to Euclidean space’. Operationally, the procedure is
to define a Euclidean amplitude via VZ(p, k%) = V (ip, ik°). F] Once the amplitude V¥
has been solved for, the amplitude of real physical interest, V', is obtained by the inverse

relation
V(p° k%) = VP (—ip®, —ik?).

Even though the method of Euclidean continuation is standard in the study of scattering
amplitudes, for completeness we recall the justification of this method, in the context of
our problem, in Appendix [1.9.4, We emphasize that this procedure is valid only when the
singularities of all propagators in the Lorentzian problem are resolved by the Feynman ze

prescription. This is one of the main reasons we adopted the ie prescription of above.

22Qther potential resolutions of this singularity appear to lead to pathological results. For instance the
replacement of p% by its principal value leads to unacceptable divergences in propagators.

231n this paragraph we are interested only in the dependence of all quantities on p® and k° so we suppress
the dependence of V' on other components of the momenta.
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The Euclidean continuation of the scattering amplitude obeys the integral equation

d3r NVE(r k,qs3)
V. k) = VE k) + [ VG b
(o) = V) ey A e
NVE(r k, q3)
VEDp,k, VE(p, k, / T 0\ 90
PRO=V RO T | GV e g g @
N‘/()E(pa k; Q3) = _47”)\393 Ekf pg
where P
Pr = drldr'dr®, ke = 42— (91)

V2
Note, in particular, that ki are now complex conjugates of each other. Below we will
sometimes use the notation

k2 =2k k_ = k¥ + k2. (92)

1.4.3 Solution of the Euclidean integral equation

The integral equation may be solved in a completely systematic manner. We have
presented a detailed derivation of our solution of this equation in Appendix [1.9.4. In this
subsection we simply quote our final results.

Our solution takes the form

NV = e—?i)xB (tan*1 (2(‘;7;’€D>—tan71<2(27§u)))> <47TZ>\BQ3§_ i_ ll:;_ + j(q3, >\B)> (93)

where

a(p) = \/2p+p- + ¢} (94)

and

2cp

(47Ti)\BQS +54> e o () + (—47Tz'>\BQ3 +Z4> e iABsEn(ds)

~ . _ 2c
(47”)‘3613 + b4> gZihe tan (%2

j(q3, AB) = 4midpqs

) — (—47T@')\Bq3 +E4> eTiABsgn(gs)
It is not difficult to verify that

J(g3,AB) = j(—a3,A\) = j(q3, =) = j(—a3, =) = j(|as], [ AB]). (96)
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In other words, j is an even function of g3 and Ap separately. It follows in particular that

2cp
lg

(4m’ABIQI + 34) 2t

) -+ (—4m’)\qu| +g4> e™iAB

J(q, AB) = 4miAp|q| (97)

~ . _ 2¢c ~
(47r@')\3|q| + b4> 2iAm tan H(5at) — (—47Ti)\B|q| + b4) emiAB

This formula may be rewritten as follows. Let us define

2cp

H(q):/(d3T 1 = —tan1<'q‘°">+ !

2m)8 (r? + cg) ((r + q)* + cj) Ar|qs| 8gs|

_tan™ () (98)
a 4rlgs]

1 i+
=——In — |-
8milq| —3+3E

iq

Here to get the last line, we have used the formula (72). H(q) is simply the one loop four

boson scattering amplitude in ¢* theory. In terms of this function we have

<47Ti>\3|q\ +?54) + (—4m'AB\q| +?54) 8imApa|H (q)

j(q) = 4midp|q| = —— (99)
(47rz'/\B|q| - b4> - <—47rz'/\B|q| - b4> eSimAslalH ()
Using the last line in (98]) j(¢) may also be rewritten as
~ ~ 1,08 \ B
<47Tiq)\B + b4> + <—47Tz'q)\B + b4> (_2%;33)
i(q) = 4mighp : (100)

~ ~ licp AB
(47riq)\3 + b4> — (—4m'q)\3 + b4> (%)
2 iq

Transformation under parity While parity transformations are not a symmetry
of the bosonic theory, the simultaneous action of a parity transformation and the flip in
the sign of kg (or Ag) is symmetry of this theory. Every physical quantity in this theory
must, therefore, transform in a suitably ‘nice’ way under the combined action of these two
transformations.

The off shell Greens function computed in the previous subsection is not physical as it
is not gauge invariant, and so need not transform ‘nicely’ under parity operations. Indeed

it is easily verified by inspection that the amplitude V' is left invariant by a reflection in the
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3 direction accompanied by a flip in the sign of A\g. However the combined operation of a
flip in the sign of Ag and a reflection in either the 0 or 1 directions is not an invariance of
this amplitude. The reason for this asymmetry is that reflections in the 3 direction are the
only parity transformations that commute with the choice of light cone gauge (for instance
a reflection in the 1 direction changes the gauge A_ =0to A, =0. ).

As we will see below, the physical S matrix indeed enjoys the full parity symmetry
expected of this theory.

1.4.4 Analytic continuation of j(q)

In our study of S-channel scattering later in this chapter we will need to continue the func-
tion j(g) to ¢> = —s. This analytic continuation is achieved by setting ¢ = lim,_,z e~*% /s

or equivalently by setting

q — —i (Vs + ie)

The precise analytic continuation we will use is the following. We will take the function
j(q) to be defined by (99), where H(q) is defined by (98). The function tan™'(z) that
appears in some versions of the definition of H(q) is taken to have the analytic structure
depicted in Fig. @@

The function H(q) (see (98] ) analytically continues to H™ (/s)

d3r 1
HM =—i
W= | g Y (R
1 cB (102)
1 142
2 Vs+ie
= In T . .
87V/s <_5 * \/fﬁ)

For /s < 2cp, the factors of ie make no difference in the formula (102]) and may simply be
dropped. When /s > 2¢p, the factors of ie choose out the branch of logarithmic function

24This analytic structure follows from the formula

1 1+
tan tzx = —1 } 101
an X Qi n(lil‘) ( )

if we define the logarithmic to be the usual log for positive real values, but to have a branch cut along the
negative real axis.
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Figure 6: Branch cut structure of the function tan™! z. « is a real function of x along the
branch cut which vanishes at infinities and becomes oo at |Im(z)| = 1.
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and we have

(103)

1 s+ A
1,8 :
n 2J_r€> —|—z'7r> (v/s > 2¢p)

It follows, in particular, that

i (s - () = 2 (104)

Let 7™ denote the analytic continuation of j(q). It follows that

(47T Apy/'s +54> + (—47r)\B\/§ +E4> BTABVEHY (1/5)

jM(\/g) =(mAp)(4V/s) (47TAB\/§+E4> B (—47?)\3\/5—1-54) STABVEHM (1/5)

I

(4mA5/a+be)+(—dmrpvash) <

!

(AR V) 1%+C§>AB ) (Vs < 2cp)
(4WAB\/§+'54)—(—4MB\/5+’54)< AV )
)

V() =
>’\B )

an S
+

o

3]

>

oo}

B

C

%

SRS R AN
+
)
S [

SH

(47r)\3 V5+by ) 1ei™Ap (—47r)\B ﬁ+54)
(mAB)(4y/s)

(Vs > 2cp)

/N |/

(47r)\B ﬁ+g4> —el™AB (—47r)\3 ﬁ—i—E;)

(105)

1.4.5 Poles of the functions j(q) and j(y/s)

In this subsection we will analyze the conditions under which the functions j(g) and j (/)
have poles for real values of their arguments. The conditions are most conveniently pre-
sented in terms of inequalities on b4 for fixed values of all other parameters.

Substituting 54 = 27)\4cp — by in the formulas and we can see that for
by > —2mAgcp(4 — Ap) neither of the functions above has a pole at real values of its
argument. When —27\geg(4—Ag) > by > —2mcp(4— M%) the function 5 has a pole, but
j has no pole. At the upper end of this interval the pole occurs at /s = 2cg. At the lower
end of this interval the pole value is /s = 0. For by < —2mcg(4—2%), 7 (1/s) has no real
poles, but the function j(q) develops a pole. This pole starts out at ¢ = 0 and migrates to
q =00 as by — —o0.

A pole in the function j(/s) at s = sp signals the presence of a particle - antiparticle

bound state in the singlet channel. As we have seen above, bound states exist only for b4

52



less than a certain minimum value. We will now explain how this result fits with physical
intuition; let us first focus on the special case Ag = 0. In this case poles exist for by < 0. In
the non-relativistic limit a term + [ b4(¢;ijv)2 in the Minkowskian action represents a negative
(attractive) delta function interaction between particles and antiparticles when by > 0. It
seems plausible that such an attractive potential could support a bound state, as appears
to be the case. Clearly the binding energy of this system is proportional to b, and so goes
to zero in the limit by — 0. In other words we should expect the mass of the bound state
to be given precisely by 2cp at by = 0, exactly as we find. As b, decreases we should expect
the binding energy to increase, i.e. for the bound state energy to decrease, exactly as we
find. Above a critical value of cg we find above that the binding energy is so large that
the bound state energy vanishes. At even lower values of b4 the vacuum is unstable as it is
energetically favorable for particle - antiparticle pairs to spontaneously bubble out of the
vacuum. This instability is, presumably, signalled by the appearance of the tachyonic pole
in by. The instability of the vacuum also seems reasonable from the viewpoint of quantum
field theory; a large negative value of by the classical scalar potential is unbounded from
below; plausibly the same is true of the exact potential in the quantum effective action in
this regime.

The pattern is very similar at nonzero Ag; though the precise values of the critical values
for by shift around. Apparently the anyonic interaction in the singlet channel renormalizes
the effective interaction of the theory.

Note that bound states do not exist in the limit by — oo, the limit in which the bosonic
theory is dual to the fermionic theory.

It would be interesting to flesh out the qualitative discussion presented in this subsec-
tion. Near the threshold of bound state formation the interacting particles are approxi-
mately non-relativistic, so it may be possible to reproduce the pole mass in this regime by

solving a Schrodinger equation. We leave this to future work.

1.4.6 Various limits of the function j(q).

The explicit form of the function j(q) (here ¢ = +/|g3|?) is one of the principal compu-
tational results of this section. j(¢q) has the dimensions of mass. It is a function of one
dimensionless variable A\p, and three quantities of mass dimension 1; ¢, cg and by. It

follows that j takes the form j = qh(x,y, Ag) where

=_1 = =, 1
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In this subsection we study the behavior of the function j at extreme values of its three

dimensionless arguments.

Large by limit When |b|4 > Agq (i.e. when Agy < 1) the function j(g) simplifies to

—2iAp tan—1 ( las|

1 4 eBimAslas|H(q) 2cg

. ‘ , I+e
j(Q3a )\B) = 47”)\B|Q3| (1 — eSiﬂ/\B|Q3|H(q)> = —47TZ)\B|Q3|

o —1 |q3>
1—e 2iAp tan (20B

(107)

Small Ag The function 7 may be expanded in a Taylor series in Ag at fixed values of
x and y. We find

- —b4 B 167?'2/\2qu (
1+ b4H(q) 304 (byH(q) +1)2

j —byH(q) — 1) + O(Xp)- (108)
The limits Ag — 0 and by — oo (i.e Ag — 0 and y — 0 at fixed x ) commute, so one may
obtain the small Ap expansion of (107)) by simply setting b, — oo in ((108)).

Note that, in the strict Ag — 0 limit,

—by R
wnt (380) T 1+ H(gz)bs (109)
4|gs|

. 3\ 1 . _
AIB}IEONV(p, k,q’) = Alérgoj(qs) =

1+ b4

(109) is the well known result for the off shell amplitude in large N ¢* theory. It is easily
verified by directly solving the integral equation at A\p = 0.

The limit [Ag| -+ 1 The expression for j(q) simplifies somewhat in the limit A\g — 1.
The simplification is especially dramatic if we also take the limit by — co. In the combined

limit y — 0 and Ap — 1 (the order of limits does not matter) we have

itan_1(2ch ) . 67itan_1 ( 2(;3 )
CB c

q ) —+ e_itan_l(QqB)

—4rig(i) tan (tanl (20—3)) (110)

q

Jj(q) =4miq

2

ei tan—1 (

= — 87TCB.

The ultra-relativistic limit If cg and b4 are held fixed while v/—t is taken to infinity

(this is the case, for instance, in fixed angle high energy scattering in the U and T-channels,
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see below) , we take z and y to infinity at fixed Ap and j simplifies to

A
J(q) :47rq)\Btan7TTB. (111)

The ultra relativistic limit does not commute with the limit b, — oco. If b, is taken to

oo first and ¢ — oo next then we work with y — 0, x — oo at fixed Ag and find

j(q) = —4mApq cot (W;B) . (112)

The ultra relativistic limit also does not commute with the limit Ag — 0. At A\g =0
the function j(q) tends to a constant proportional to by. Physically this is we have a
dimensionless coupling constant at nonzero Ag, but only a dimensionful coupling constant
at any finite Ag; at zero lambda the theory is very weakly coupled at high energies, and

receives contributions only from tree level graphs.

The massless limit If cp is taken to zero at fixed by, A\p and ¢ (i.e. if z is taken to

infinity at fixed y and Ag) then j simplifies to the rational function

) g+ bucos (732 )) »
) q—bisin (%) ) e

The massless limit commutes with the limit by — oo. In this limit (113]) reduces to
[12).

47 Ap sin (

4\ CcoS (

j(q) = 4mApq (

2
TAp
2

The non-relativistic limit in the U and T-channels As we will see below, the
non-relativistic limit in the U and T-channels is obtained by taking cp to infinity at fixed
q. In other words, this limit is obtained by taking x to zero at fixed Ag and y. In this limit
2i\pg tan~? <2;—33) in reduces to miAgp and we have

J(V=t) = by. (114)

In this limit, in other words, the function j receives contributions only from tree level
scattering with the effective four point coupling by in this limit. No genuine loop diagrams

contribute to 7" and U-channel scattering in this limit.
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If we first take by — oo and then take the non-relativistic limit we find

j(q) = —8mep (115)

As and both tend to infinity in the combined non-relativistic and by — o0
limit, the reader may find herself tempted to conclude that the non-relativistic and by — oo
commute. This conclusion is, infact, slightly misplaced. As we have emphasized in section
[1.2.6] the true dynamical information in the non-relativistic limit lies in the function

J
8icp

h=—

which is derived from (54)). The correct interpretation of the results of this subsection are
that the function h vanishes in the non-relativistic limit at fixed by, but reduces to a Ap

independent numerical constant if by is first taken to infinity.

1.4.7 The non-relativistic limit in the S-channel

As we will see below, the function relevant for scattering in the S-channel is the analytically
continued function jM(4/s), see (105)). The non-relativistic limit of S-channel scattering
is obtained in the limit /s — 2cp where the limit is taken from above with all other
parameters held fixed. It is easily seen from that in this limit

7M(Vs) = —(mAp)(4V/5)sgn(As). (116)

Note that j%(y/s) is a non-analytic function of Az as Az — 0 in this limit. The non-
analyticity is precisely of the form expected from the non-relativistic limit; infact, in this
limit )

Wi(vs) = T8 jur ). (117

71')\3

We will suggest an interpretation of this fact in section below.

1.4.8 The onshell limit

In order to compute the physical S-matrix we analytically continue the amplitude V to
Minkowski space. It follows from that the onshell value of this analytically continued
V may directly be identified with the scattering amplitude 7' (see subsection [1.2.3]) once

all momenta are taken onshell.
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As the 3 vectors p and p + ¢ are simultaneously onshell, it follows that p; = —2.

Similarly k3 = —%. As p and k are themselves onshell it follows that E

2 2
2_ B 2o B —alk) = —i B

An infrared ‘ambiguity’ and its resolution The offshell amplitude (241) takes

the form

NV = PT,
4 _+ ko
T = (47”)\3@3;;7 +J(Q3)) ; (118)

p = =l (552 (25)

The expression T' defined above has a perfectly smooth on shell limit that we will study

below. The onshell limit of P is more singular,

p— €—2i/\B(tan*l(—i)—tan’l(—i))’ (119)

recall that tan™!(:) diverges, P thus takes the schematic form

P = ei)\B (00—00)

and is ambiguous.

The ambiguity in the expression for P has its origins in ladder graphs in which the
scalars interact via the exchange of a very soft gauge boson. The integration over very
small gauge boson momenta is divergent; however we encounter two classes of divergences
which could potentially cancel, leading to the ambiguous result for P.

In a theory with physical gluonic states, the IR divergence obtained upon integrating
out soft gluons is a real effect in scattering amplitudes (even though it cancels out in
physical IR safe observables). However Chern-Simons theory has no physical gluons. On
physical grounds, therefore, we do not expect the scattering amplitude to be divergent or
ambiguous in any way. We will now explain that the correct on shell value for P is infact

unity.

25The sign in the last two equations follows from the fact that a(p) is defined with a square root with a
branch cut on the negative real axis coupled with the fact that the rotation from Euclidean to Minkowski
space proceeds in the clockwise direction.
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We first note that the Ag dependence of the ambiguity is extremely simple; it follows
that if we can accurately establish the on shell value of P at one loop, we know its correct
value at all loops. In order to determine P at one loop, in Appendix[1.9.4] we have performed
a careful computation of the one loop amplitude directly in Minkowski space. Offshell our
result agrees perfectly with the analytic continuation of , as we would expect. On being
careful about all factors of 7¢ however, we find that the on shell result is unambiguous, and
we find that the two terms in actually cancel. It follows that the correct on shell
continuation of P above is simply unity. In the next subsection we present a completely
independent verification of this result from a rather different point of view.

In this subsubsection we have already encountered an unusual phenomenon: the an-
alytic continuation of the Euclidean answer is ambiguous or incomplete due to potential
IR on shell singularities, and this ambiguity is resolved by performing a computation di-
rectly in Minkowski space. In the case at hand the ambiguity had a relatively simple and
straightforward resolution. A similar issue will come back to haunt us in a more virulent

form in our study of S-channel scattering below.

Covariantization of the amplitude We now turn to the onshell limit of 7" in (118)).
In this limit the expression for T" may equally well be written in the manifestly covariant

form

T = dridpe,, TP ?pk_)ylg’f 5 D). (120)

@ The manifestly covariant expression (120 also enjoys invariance under the simultaneous
operation of an arbitrary parity flip together with a flip in the sign of Ag. The first term
in ({120]) is odd under parity flips as well as under a flip in the sign of Az. The second term
in is even under both operations.

As we will explain in more detail below, the magnitude of the expression e,wpw

(p—k)?
can be written in terms of the standard kinematical invariants s, ¢, u. However the sign of

this expression is not a function of these invariants. This is a peculiar kinematical feature

of 2-2 scattering in 2 + 1 dimensions. The most general amplitude in this dimension is a

26The equivalence between (120 and (118]) follows from the observation that, in onshell,

q-(p—/f)=0=>ps—ks=0;*’(pf—kf)(m—h)=%(p—k)2

and the observation (see the previous subsection) that j(gs3) = j(—gs3).
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function of s, ¢ and the Z, valued variable

E(Qap —k,p+ k) = sgn (Euupqu(p - k)y(p + k)p) .

The quantity E(a,b, c) measures the ‘handedness’ of the triad of three vectors a, b, c. Note
that it is odd under parity as well as under the interchange of any two vectors.

In order to obtain the onshell amplitude from the offshell one, one can utilize LSZ
formula. By making different choices for the signs of the energies of the four external
particles, the single master expression determines the T-matrix for particle-particle
scattering in both channels, as well as the T-matrix for particle antiparticle scattering
in the adjoint channel; this observation also makes clear that these three T-matrices are
related as usual by crossing symmetry. In the rest of this section we explicitly evaluate the

T-matrix in each of these channels and comment on our results.

1.4.9 The S-matrix in the adjoint channel

In order to determine the scattering function T2 (particle - antiparticle scattering in the

adjoint channel) we study the scattering process

Pi(p1) + A7 (p2) — Pi(ps) + A7 (p4) (121)

for ¢ # j. It follows from the definitions that the scattering amplitude for this process
is precisely the function T'5.

The S-matrix for the scattering process is evaluated by the exact onshell amplitude
, once we make the identifications

pm=p+q, po=—(k+q), ps=-p, ps=k.

It follows that
8:_<p_k)27 t:_q27 U:—(p+q+k?>2

which implies

—5 + 2¢2
ﬁ=£=£=—%z%m=—jri
—t + 2¢2 —u + 2¢2
p1'P3=—2 B, pz-p3=—2 B
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Note also that

|6qu“(p — k) (p+ k)p|2 = 4’€u1/p(p +q)"(k+ q>ypp|2 = 4|6pr/fpgp§|2
=— (p?pipﬁ + 2(p1 - p2)(p2 - p3) (p3 - 1)

122
- pg(pl 'p2)2 - pg(pl 'p3)2 —pf(pg 'pz)z) ( )

=— (16¢% — 8cp(s +t+u) + ch(s+t+u)* — st u)

=stu.

It follows that

tu 1

4o )
TF (p1, P2, P3, 1, \B, bay CB) = k—E(phPQ,Pza) 5 + N‘](V ~t), (123)
B

where the field renormalization factor is trivial in the leading order in 1/N expansion. In
the center of mass frame, this S-matrix is given by

dim s — 4¢3 1 0
T7 (5,0, \g, by, cp) = Ty s sin(6) + N/ (w/s 4¢3, [sin <2> D . (124)

Notice that the scattering amplitude is completely regular at 6 = 0; in particular In the

non-relativistic limit we find that the scattering function h(6) is given by
h2(0) =0 (125)

at finite by. If by is taken to infinity first, on the other hand, in the non-relativistic limit
we find
h2(0) = —in. (126)

Notice that in neither case does h(#) have a term proportional either to cot (£) or to §(6)

) as anticipated in our discussion of the non-relativistic limit in subsection [1.2.6]

1.4.10 The S-matrix for particle- particle scattering

In order to determine the scattering function T[i we study the scattering process

Pi(p1) + Pj(p2) — Pi(ps) + Pj(pa)- (127)

012 _

27Tn our notation €yjg = —€
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It follows from the definitions that the scattering amplitude for this process is precisely
the function T, UB; , provided i # j.

The S-matrix for the scattering process is evaluated by the exact onshell amplitude
, once we make the identifications

pr=p+q, p2=%k, ps=-p, pi=—(k+q).

It follows that
=—(p+q+k)? t=-¢, u=-—-(p—k)’

dim /
T(i(p1>P2,p3,p4,>\Byb4,CB) = k_E P1,D2,P3) N (128)

where E(p1,p2, p3) was defined in . Notice that, upto the issues involving the sign E,
T} is obtained from T by the interchange s ¢ u.
In the bosonic theory under study, 7, UBe is obtained from T{fd by the interchange p; <> ps.

This interchange flips the sign of £ and also interchanges u and ¢, so we find

A us 1
TE (p1, P2, p3, pa, Ay bay ) = —k—E(pl,pz,pz) + i (V=) (129)

If the non-relativistic limit is taken at nonzero b, we have using

hgd(e) = —% tan (g) ,

9 (130)
T
h (0) = %cot (2> :
If by is first taken to infinity, on the other hand, we have
hi (0) = _k‘l tan <z> —m,
B (131)

h (0) = %cot (Z) —m,

in good agreement with the predictions of subsection [1.2.6]
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Figure 7: Gauge loop in gauge field propagator is cancelled by the ghost loop.

1.5 The onshell one loop amplitude in Landau Gauge

In this section we present a consistency check of and , the main results of the
previous section. Our check proceeds by independently evaluating the onshell 4 point
function at one loop in the covariant Landau gauge. As we describe below, the results of
our computation are in perfect agreement with the expansion of and to O(\%).

We believe that the check performed in this subsection has value for several reasons.
First, the lightcone gauge employed in this chapter is nonstandard in several respects. It
is not manifestly covariant. It leads to a gauge boson propagator that is singular when
p_ = 0: as we have emphasized above, in order to make progress in our computation
we were forced to simply postulate an ie prescription that resolves this singularity in an
appealing manner. And finally the offshell result of this computation appears, at first sight,
to be ambiguous when continued onshell.

The computation we describe in this subsection, on the other hand, suffers from none
of these deficiencies. It is manifestly covariant; it is an entirely standard computation,
following rules that have been developed and repeatedly utilized over several decades, and
it will turn out to have no confusing IR ambiguities. @ For this reason, the match between
our results of the previous subsection and those that we report in this subsection may
be regarded as rather nontrivial evidence that we have correctly dealt with all the tricky
aspects of the computation in the lightcone gauge.

We now turn to a brief description of the Landau gauge computation, relegating most
details to Appendix [1.9.5] For simplicity we work with the scalar theory in special case
by = 0. In the Landau Gauge, the gauge boson propagator receives two corrections at
one loop: from a gauge boson loop and from a ghost loop. It is easily verified that these

two diagrams cancel each other (see Fig . It is also easily seen that the ghosts make

280f course the weakness of the Landau gauge is that, unlike in the lightcone gauge, it is very difficult
to perform explicit computations in this gauge beyond low loop order, as the gauge condition does not
remove all gauge boson self interactions.
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Figure 8: The box diagram in Landau Gauge
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Figure 9: H diagrams in the lightcone gauge.

no appearance in any other diagram that contributes to one loop scattering of four gauge
bosons. It follows that, at the one loop level, we may ignore both renormalizations of the
gauge boson propagator as well as the ghosts: These two complications cancel each other
out.

With this understanding it is easily verified that the one loop scattering amplitude
of four scalar bosons receives contributions from six classes of diagrams, (see six figures,
Figs. [§+13). These are the box diagrams of Fig. [§| the h diagrams of Fig. [9 the V
diagrams of Fig. [I0] the Y diagrams of Fig. [I1] the Eye diagram of Fig. [[2] and the
Lollipop diagram of Fig. In order to evaluate the one loop contribution to four scalar

scattering, we need to evaluate the sum of these six classes of diagrams. It is well known,

P+ l+p+qg  k+gq p+q k+q
i s i joo {!7 J
z §2
z\\? i§/1+1)rk U< 42 l+p-k
2 S S
zS S S
i J i é “ J
2 hl k

Figure 10: V diagrams in the Landau Gauge.
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Figure 11: Y diagram in the Landau gauge.
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i J
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i W j
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Figure 12: Eye diagram in the Landau gauge.
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Figure 13: Lollipop diagram in the Landau Gauge.
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however, that in the study of planar diagrams there is a canonical way to sum the integrands
of these diagrams before performing the integral. We choose a uniform definition of the
loop momentum across all the six sets of graphs; the loop momentum [ is the momentum
that flows clockwise between the external line with momentum p and the external line with
momentum p+ ¢ (see Fig. . Adopting this definition, we then evaluate the integrand for
each class of diagrams, and sum the integrands.

It turns out that the process of summing integrands leads to several cancellations
and simplifications. In order to see the cancellations between integrands, it is important
that each integrand be expressed in a canonical form. There is, of course, a standard
way to achieve this. It is a well known result that an arbitrary one loop integrand in d
dimensions may be reduced, under the integral sign@to a linear sum over scalar integrals ﬂ
with at most d propagators. The coefficients in this decomposition are rational functions
of the external momenta. There also exists a rather simple algorithmic procedure for
decomposing an arbitrary integrand into this canonical form. Finally the scalar integrals
are not all independent. The canonical form of the integrand is obtained by decomposing
the integrand into a linear combination of linearly independent scalar integrands.

Implementing this procedure (see Appendix for several details) we find that the
full one loop integrand for 4 scalar boson scattering turns out to be given by the remarkably

simple expression

2 2
Ty = 405 — -
fult =27 B( E+(+p? (+p—hp

(132)

B 8k - q )
B+ U+p?)(cp+@+qg+D?))

In the dimensional regulation scheme that we employ, the integral of the first term in
is 4m2\% X 52. The integral of the second term simply vanishes. The integral of the third
term is 3272(k - ¢)A%H (q) where H(q), the one loop amplitude for four boson scattering,
was defined in . It follows that the full one loop onshell scattering amplitude is given
by

d3l
[ it = Vi g = 2+ 325%(k - 1o (133)

in perfect agreement with (108) at by = 0.

29

i.e. upto terms that integrate to zero.
30A scalar integral, by definition, is the loop integral over a product of propagators in the loop, but with
numerator unity.
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Figure 14: A diagrammatic depiction of the integral equation obeyed by offshell four point
scattering amplitudes in the fermionic theory. The blob here represents the all orders
scattering amplitude.

We end this brief subsection with two further comments. We first note that the one loop
amplitude in the Landau gauge was manifestly infrared safe. While integrands that would
have given rise to infrared divergences (associated with the exchange of arbitrarily soft
gluons in loop) appear at intermediate stages in the computation, they all cancel already
at the level of the integrand (i.e. before performing any integrals). This is the analogue of
the slightly more subtle cancellation of IR divergences in lightcone gauge mentioned above
and described in more detail in Appendix [1.9.4]

The second comment is that the derivation integrand reported in uses a reduction
formula that is valid only at generic values of external momenta. Our derivation of this
formula fails, for instance, when two of the external momenta are collinear. In more familiar
quantum field theories this caveat would be of little consequence; the analyticity of the
amplitude as a function of external momenta would guarantee that the result applied at all
values of the momenta. As we will see below, however, this amplitudes in Chern-Simons
theories sometimes appear to have non analytic singularities, so the caveat spelt out in this

paragraph may turn out to be more than a pedantic technicality.

1.6 Scattering in the fermionic theory

In this section we compute the four point scattering amplitude in the theory of fundamental
fermions coupled to Chern-Simons theory. As in the bosonic theory, we integrate out the
gauge boson to obtain an offshell effective four fermi term in the quantum effective action

for our theory, given by

1/ dp Bk dq
(

2 (27)3 (27)3 (27)3

5 Vs (0. k, Q) ia(p + Q)07 (= (k + @)™ (—p) ;- (k). (134)
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Figure 15: Fermionic tree level diagram
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Figure 16: Fermionic 1 loop diagram
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We then take an appropriate onshell limit to evaluate the S-matrix.

1.6.1 The offshell four point amplitude

As in the case of the bosonic theory, the offshell four point amplitude Vﬁ? (p, k,q) obeys a
closed Schwinger-Dyson equation. As for the bosonic theory, we work with the special case
g™ = 0. As above we first set up this Schwinger-Dyson equation for the Lorentzian theory,
but find it more convenient, technically, to work with the Euclidean rotated amplitude. The
Euclidean rotated amplitude is defined in a manner very similar to the bosonic theory (see

below for a few more details), and may be shown to obey the Schwinger-Dyson equation

(0% 1 (0% 14
Vs (0, k,q) = 5()3Gw(p — k)(v")3

2
BT (135)
’ % / (;ZW3) G+ @5V (r k)G )Y 15Gw (p = 7).

Here G(p)ao is the exact fermionic propagators determined in (9)) (see also [2]), while G,

is the gauge boson propagator defined by
(AL (=p) Ay (@) == (2m)°6°(p — )G (q) (136)

where A, = A*T* and we work with generators normalized so that

> (THTY)f = %5;’5;?. (137)

a

And here v* compose the FEuclidean Clifford algebra,
{72y =20", [t =20y, (€ = = 1),

In the lightcone gauge in which we work the only nonzero components of G/, are

47 4

Gi3(p) = —Gs1(p) = K pt (138)
Now noting the fact that only non zero component is G3(p) = —Gs4(p) and using

. o i 0+ 1

rearrangement with v+ = %,
(5075 — (5 = = (55075 = (7)395) (139)



as well as
THXY =Xt = —2(Xy - X D), (140)

(here X = X;»' + X;I is an arbitrary 2 — 2 matrix), we conclude that in the «, ¢ indices
of R.H.S of the Eq.(135) - and therefore the LHS | and so V' takes the form

Vis (. k. q) = g(p, k,0)0505 + fp, k. @) (V)55 + 91(p, K, )05 (V)3 + falp ko @) (V)5 (7))
(141)

Plugging this form V into (135]) yields a set of four integral equations for the four
component functions in . We have succeeded in finding the exact solution to these
equations. We present the derivation of our solution in Appendix [1.9.6] The final result for
this offshell amplitude is extremely complicated. The result, which takes multiple pages to

write, is given in (300)), (307) and (308)) of the Appendix. We see no benefit in reproducing
this extremely complicated final result in the main text.

1.6.2 The onshell limit

As we have seen above, the offshell four point function defined in ((134)) is quite a compli-
cated object. In this section we will argue that the onshell S-matrix is, however, rather
simple.

In order to study the S-matrix it is first convenient to continue our result for V' in ({134))

to Minkowski space. This is achieved by making the substitution
P’ — —ip®, kY — —ik®, A0 — —iy?,

on the Euclidean result of the previous subsection. This substitution yields the four fermi
term in the effective action in Lorentzian space.

In order to convert this four point vertex to a scattering amplitude, we must now go
onshell. We now pause to carefully explain how this is achieved.

In free field theory (i.e. in the absence of the four point function interaction) the fermion

field operators may be expanded in creation and annihilation modes in the standard fashion
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o) = [ v

:/ (37252 21E (“(@aﬁ@ip'“rv(ﬁ)b;e_w),
7 By P (142)
i) = [ i

- s (o e,

where p° = w = \/m As always we use the mostly positive convention, so e
has negative ‘frequency’ in time, while e~7* has positive frequency in time. As is usual,
the coefficients of negative frequency wave functions are annihilation operators, while the
coefficients of positive frequency wave functions are creation operators. We refer to a and
a' as particle destruction and creation operators, while b and b' are antiparticle destruction
and creation operators. The wave functions u(p)e™* and v(p)e~ % are solutions to the

Dirac equation
(i(pu + EM)VM +3) () =0

and, as usual, 1 = i)1y?, where ¥ is defined in . For later convenience, we introduce

the following notation,

Y1(ps) = f(ps)ps,  Eq = g(ps)Ds-

The Dirac equation uniquely determines u(p) and v(p) upto multiplicative constants.

We fix the normalization ambiguity by demanding

u(p)u(p) = 2f(ps)ps,  0(P)v(P) = —2f(ps)Ds- (143)

PT These requirements leave the phase of the functions u(p) and v(p) undetermined: we
will make an arbitrary choice for this phase below.
We will find it useful to have explicit expressions for v and v. In order to obtain these

expressions, it is useful to fix a particular convention for v matrices. In Euclidean space we

31This normalization convention may be justified by performing a double analytic continuation, so that
20 becomes a spatial direction and x> a temporal direction. Once this is done, the free Lagrangian is of
first order in time, and so may be canonically quantized in the usual manner. The normalization described
above are chosen to ensure that the usual anticommutation relations for the field operators 1 translate to
standard anticommutation relations for the creation and annihilation operators a,a’, b, b.
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0 v2 0 O 1 0
make the choice v = V2 , YT = and 72 = . This choice
0 0 V2 0 0

determines the Lorentzian v matrices to be

(0 8) (07
L W A W A
(144)
A s (01
() e (50)

The quadratic Dirac Lagrangian consequently takes the explicit form

&p - ip2 + f(ps)ps V21 (1+ g(ps))
/ (%)W(_p ( iv/2p- —ips + f(ps)ps ) V). (145)

The equations of motion for v and u are

< ipa+ F(p)p. —i(Bs—p)(1+ () ) () =0
i(Ey+p1) —ipy + f(ps)ps 7 (146)
i ( ips + f(ps)ps —i(Ez—p1)(1 + g(ps)) ) _0
i(Ez+ p1) —ipa + [ (ps)ps ’
while those for v and v are
( ips — f(ps)ps —i(Ez—p1)(1+ g(ps)) ) () = 0
i(EBy+ p1) —ip2 — f(Ps)ps | (147)
o) < ipy — f(ps)ps —i(Es—p1)(1+ g(ps)) ) _o
i(Eg+ p1) —ips — f(ps)ps

Note that, (146]) and (147 admits solution only when, determinant of the matrix appearing

in those equations are zero. This gives onshell condition p? + ¢4 = 0, equivalently

ps+ f(ps)’p} — (EZ—p}) (1 +9(ps)) = 0.

Solving these equations subject to the normalization conventions described above (plus an
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arbitrary choice of phase) we find

() = —— <ip2 - f(ps)ps> |

VE;+p1 \ i(Es+p1) (148)
w9 = e (e m) =il )
and
o(f) = —t ( P2+ S (ps)ps ) |
VEs o1\ i(Ey+pi) (149)
v(p) = ﬁ ( —(Ep+p1)  p2tif(ps)ps ) :

1.6.3 S-matrices

With explicit expressions for u(p) and v(p) in hand, it might seem like an easy task to
take the onshell limit of the ofshell 4 Fermi correlators. Infact that is not the case. As
in the bosonic theory the onshell limit of these correlators is apparently ambiguous, and
must be taken very carefully. The reader will recall that we discussed this issue at great
detail in the bosonic theory, came to the conclusion that the correct final prescription is
simply to first set || to |5] before taking either of these momenta individuallyonshell. We
adopt a similar prescription for the bosonic theories. We first replace the quantities E,
and F} that appear in our solutions for u(p) and v(p) with +p° and +k° respectively. We
then evaluate the offshell amplitude with |k| = || and only then take the momenta to
individually be onshell. This process yields unambiguous answers which we present below.
As in the bosonic case, it should be possible to justify this order of limits with a careful
evaluation of the amplitude directly in Minkoski space keeping careful track of the factors

of ie but we have not persued this thought.
S-matrix for adjoint exchange in particle - antiparticle scattering As we have

explained above, the offshell four fermion scattering amplitude is extremely complicated.

Quite remarkably, however, the onshell limit displays remarkable simplifications. In the

72



T-channel the onshell S-matrix is given by

Tf = Vi (0 k, @uia(p + Q0 (= (k + ¢))3" (p)vj(—k)

. . ZiAFtan’l(LF‘> imsgn(gs)A .
4Z7Tq (g3 — 2i sgn(mp)|cr|) e as ) — e TENBIAF (gg + 21 sgn(mp)|cr|)
—q3

. _1(2|cp|
Kr ™ gimsantaiie (gq -+ 2 sgn(m)lee) + (a5 — 2 sgn(mp)lexl) o C57)
dim |Jut
= E(p17p27p3) fp —
. . 2iAp tan_1<2‘c_p‘> iTAp .
 dim — (v—t— 2 sgn(mp)|cF|) e V=) — e (/= + 2i sgn(mp)|cp))
. _ 2|ep|
kr et (=t + 2i sgn(mp)|cp|) + (V= — 2i sgn(mp)|cr|) e2Ar tan (3)
diw Jut
= E(plaanp?)) kF -

(vV—t—2i sgn(mF)\CFD 2w tan™ (B75) _ imi (vV/—t + 2i sgn(mp)|cp|)
eimhe (/7 + 20 sen(me)erl) + (v — 20 sen(me)ep]) 2 ()

'LTr()\Ffsgn(mF))_‘_e i(Ap—sgn(mp)) tan~ (

_dim
ke

lep

" 3

(2
%)
)

dim Jut t 4 4w = vt
B —E(phpz,pg)g S 22(/\ sgn(mg)) tan— (Q‘CFl
eim(Ar—sgn(mr)) _ F—Sg F Ve

—2i(Ap—sgn(mp)) tan™ (2@\ )

dim Jut 4w 1+e
— ) — =/ .
kp S kp 1— 6721()\1: sgn(mp)) tan™ 1( ﬁ)

= _E(plaanp?:)

2[cp]

(150)

As we have emphasized above, we have obtained this result only after taking the onshell
limit in a particular manner. In particular, in the solution in ((148)),(149) we treated E, as
a free symbol to start with; we set p, = k first and then set Eg = ?2 + 2.
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S-matrix for particle - particle scattering In the U-channel

TS, = Vs (0 k, )tia(p + )@ (k + q)a™ (p)u; (k)

dmi p_ + k_

" e Py —k

o tan—1 ( 21eE] A
2idptan! (B2EL)  irsgn(ga)Ae (g3 + 2i sgn(mp)|cr|)

. _1(2lep|
eimsen(@s)Ar (gg + 20 sgn(mp)|cp|) + (g3 — 2i sgn(mp)|cr|) g2Ar tan 1(75)

43 — 21 sgn(mp)lcrl) e
—|—%q3 (g3 gu(mr)|cr|)
F

diw |st

= <E(p1ap2ap3) kB —

ﬁ

(\/_ 2i sgn(mp)|cr|) e 2ivptan~! () ™ (\/—t + 2i sgn mp) cr
eiTAR (\/_—i- 2i sgn(mp)|cF|) (\/_ — 2 sgn(mp)|cF|) g tan™

2|c
dir [st 4 i in(\p—sgn(mp)) 4 2i(Ar—sen(mp)) tan™ 1(
:_<_E(p17p27p3>_ -5 VT (

4y
_ _,/

\CF

)
)

(151)

3

il

j

N
il

1(2le

kF u

elﬂ'()\p sgn(mpg)) —e 2i(Ap—sgn(mp)) tan™

—2i(Ap—sgn(mp)) tan™! (2@\ ) )

3

dim st 4w 1+e
+ —/—t

k’F 7 kF 1— €—2i(AF—sgn(mF)) tan—l(w\/jto

= —< E(p17p2ap3)

As in the previous subsubsection, we have obtained this resultafter taking the onshell
limit in a particular manner. In particular, in the solution in - - we treated E), as
a free symbol to start with; we set py = k, first and then set E? = ’+ cx.

1.7 Scattering in the identity channel and crossing symmetry
1.7.1 Crossing symmetry

It is sometimes asserted that the S-matrix for particle - antiparticle scattering, in any
quantum field theory, may be obtained from the S-matrix for particle - particle scattering.
This claim goes by the name of crossing symmetry. In the context of the 2 — 2 scattering
studied in this chapter, the formulae asserted with the claim are (we work with the bosonic

theory for definiteness)

Ts(s,t,u) = NTy,(t,u,s), Tr(s,t,u)="Ty,(u,t,s). (152)
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These equations assert that the formulae for particle - antiparticle scattering may be read
off from the analytic continuation of the physical particle - particle scattering amplitude
2.

In the case of an ungauged field theory - or in the case of the scattering of gauge
invariant particles in a gauge theory, there is a rather straightforward intuitive argument
for crossing symmetry of amplitudes. The LSZ formula relates S-matrices to onshell limits
of well-defined offshell correlators. The offshell correlators are expected to be analytic
functions of their insertion positions. The on shell limit of these correlators is the ‘master
function’ referred to in the footnote above which plausibly inherits analytic properties from
those of the underlying correlators.

This intuitive argument does not work for the scattering of non gauge singlet particles
in a gauge theory, as the relevant scattering amplitudes cannot be obtained from the onshell
limit of an offshell correlator (the putative offshell correlators are not gauge invariant and
so are ill defined).

While the argument for crossing symmetry presented in this subsection does not apply
to, for instance, the scattering of gluons in N/ = 4 Yang Mills theory, the final result
(i.e. that scattering amplitudes obey crossing symmetry) is widely expected to hold true
for these amlitudes, at least with a suitable definition of the scattering amplitudes (a
definition is needed to deal with IR ambiguities having to do with soft gluons and other
soft particles). In this context we expect that the failure of the argument outlined in
this subsection is just a technicality; other arguments (perhaps based on diagrammatics)
guarantee the final result.

As in the previous paragraph, we are also interested in the scattering of non singlet
excitations. Unlike the case of gluonic scattering in N' = 4 Yang Mills, however, we
will argue below that the failure of the argument for crossing symmetry is more than a
technicality. The crossing relations are actually modified in our theories. We suspect that
the underlying reason for the modification is that the Chern-Simons action, which controls
the dynamics of our gauge fields, effectively turns our scattering particles into anyons.
Apparently, the usual crossing relations are true for the scattering of bosons and fermions,

but are modified in the scattering of anyons.

32 Analytic continuation is needed because physical scattering processes in the different channels utilize
non overlapping domains of the (allegedly) single analytic ‘master’ scattering formula. Consider, for
instance, the first of . Physical particle- particle scattering process are captured by the function
Ty, (z,y, 2) for y,z < 0 ; given that z + y + 2z = 4m?, this implies > 4m?. On the other hand on the
RHS of the first of we need the same function at x,y < 0 and so z > 4m?2. It is clear that there is
no overlap between these different domains.
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1.7.2 A conjecture for the S-matrix in the singlet channel

As we have explained above, a naive application of crossing symmetry predicts that, the S-
channel scattering amplitude is given by T¢ (s, t,u) = NT/? (¢, u, s). We have performed the
analytic continuations needed to make sense of this formula in subsection [I.4.4] Utilizing

the results of that subsection, the naive prediction of crossing symmetry is

Tiriel — (7T/\B)4Z\fE(p1,p2,P3)\/§+jM(\/§)

(mAm) 4v5 | i B >f L ((amavE ) + (—AmA VS £ Ba) STV
=\TAB s | v £(p1,p2,P3)4/ & -
t (47rABf +b4) (—47TAB¢§ +b4> STABVEHY (1/5)
. ~ l_i_iB AB
(47’[’)\3\[4-134) —|—eZ7T>\B <_47T>\B\/§+b4) (fég)
. u R
= (mAg)4/s zE(pl,p2,p3)\/;+ i
(4725 /5 +B1) = eimo (—dmap /s + 5y ) (f_y;)
2T Vs

(153)

(in the last line we have specialized to the physical domain s > 4023).
The function T g’"ml cannot be the true scattering matrix in the S-channel for three related

reasons.

° Té’”i“l does not include the last term in ; a term delta function localized on forward
scattering with a coefficient proportional to (cos(mAp) — 1). This term is certainly present

in the scattering amplitude at least in the non-relativistic limit.

e Even ignoring the term localized at forward scattering, the non-relativistic limit of T g”al

does not agree with .
° Tg”ml does not obey the unitarity relation .

In the rest of this subsection we will demonstrate that all these problems are simultaneously
cured if we conjecture that the scattering matrix in the S-channel is given by a rescaled T g”“l
plus a contact term added by hand. We conjecture that the bosonic scattering matrix in the

S-channel is given by

sin(mAp)

be? - Tg”i“l —i(cos(mAp) — 1)I(p1, p2, D3, 1) (154)

TARB

(see subsection for a definition of the Identity matrix). In subsection we will present

a tentative justification for the modification of the usual rules of crossing symmetry implicit in
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. In the rest of this subsection we will demonstrate that the conjectured scattering amplitude

T g passes various consistency checks.

In the center of mass frame our conjectured scattering amplitude (154) takes the form
with
H(\/s) = 4/ssin(mAp),
W1 \/E) = 4\/58111(7‘(‘)\3)(;,
Wa(/s) = 8my/s (cos(mAg) — 1),

(471')\3\/54—54) + ei™AB <—47T)\B\/§+Z;4) (

(
(
(155)

c

[
+
S

S

G =

)AB
CB>AB

Let us first demonstrate that our conjectured expressions (155]) have the correct non-relativistic

NI= | N
+
B

(4WAB\/§+E4> — eimAB (—471')\3\/54"64) <

NI
S

limit. The functions H and W5 in are independent of the energy s and already agree perfectly
with the same functions in . Moreover

li G=-— A 156
S sgn(Ap) (156)

it follows that
lim Wi(Vs) = —44/s|sin(mAp)] (157)

Vs—2cp
in agreement with . We conclude that our conjectured scattering amplitude reduces
precisely to the expected Aharonov-Bohm scattering amplitude in the non-relativistic limit.

We next demonstrate that our conjecture for the S-channel S-matrix obeys the constraints of
unitarity, i.e. that obeys the equations . As we have explained in subsection the
fact that H and Wy in agree with the corresponding functions in immediately implies
that the first two equations in are obeyed. We will now demonstrate that the functions in

(155) also obey the third equation in . ﬁ

33 A point here requires explanation. In our study of unitarity in section the function H multiplies
an S-matrix proportional to Pv cot g. Feynmam diagrams produce a scattering amplitude in which the

in 0 6
Sln 5 COS 5 . . . . .
R These two expressions clearly coincide at nonzero 8; interestingly enough
7_

they also coincide at 8 = 0. Indeed it is not difficult to demonstrate that

function H multiplies

0

02 —je’

1
Pv- —
N

The key point here is that the second expression above has two poles; one of these lies above the real 6
axis while the second one lies below it. The residue of each of these two poles is precisely half what it
would have been for the simple pole %, demonstrating that the expression on the RHS is identical to the
principal value.
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The third equation in may be rewritten, in terms of the function G, as
G—G"=(1-cos(mAp))(G — G*) —isin(rAp)(1l — GG")

This equation is holds if

G — G* = —itan(mrAp)(1 — GG"). (158)
Now ‘
G- LEemty
1 —e™By
where B
(—47T/\B\/§+b4> <%+f/§))\8
(471’)\3\/54-54) %_% .

Note in particular that y is real (its detailed form is irrelevant for what follows). It follows that

. diysin(mAp) .
G-G 1= cimny2’ (1-GGY)

—4y cos(mAp)
‘1 _ eiﬂ)\By|2 '

It follows that (158)]) is satisfied so that our proposal defines a unitary S-matrix.
Finally, in the limit Ap — 0, our conjecture reduces to (see the second line of )

TB:_—b"‘
S I+ b HM(/s)

It is easily independently verified that this is the correct formula for the scattering amplitude of
the large N ¢* theory that reduces to in the small Ag limit. In other words our conjectured
scattering amplitude has the correct small Ag limit.

1.7.3 Bose-Fermi duality in the S-channel

We have conjectured above that, in the S-channel, the bosonic S-matrix is given by

kpsin(rAp)

Tg(s, t,u, A\g) = T[Z(t, u, s, Ap) — i (cos(mAg) — 1) I(p1, p2,p3,P4), (159)

This implies that the S-matrix in the S-channel is given by

kpsin(w
SE(S,IS,U, )\B) = ZB;B)T(i(tu’ S, )\B) + COS(’]T)\B)I(plap2>p37p4)7 (160)

where [ is the identity S-matrix, see subsection [1.2.3
In this section we have, so far, presented our conjecture for the S-channel S-matrix in the

bosonic theory. It is natural to conjecture a similar formula in the fermionic theory. In analogy
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with our conjecture for the bosonic theory we conjecture that

kpsin(mAp)

Tg(s, t,u, \p) = T(Z(t, u, 8, A\p) — i (cos(mA\p) — 1) I(p1,p2, P3,P4) (161)

so that

kpsin(mA
SE (5,1, Ap) = i T STAR)

Té; (t,u, s, \p) + cos(mAp)I(p1,p2, D3, P4)- (162)
We will now demonstrate that these two conjectures map to each other under duality.

kpsin(mAp)  kpsin(mAr)

)

™ ™
TE (t,u,5,\5) = —TE (t,u, 5, Ap), (163)
cos(mAp) = — cos(mAR),

(through this subsection we specialize to the limit by — oo in the bosonic theory). it follows that

Sg(s,t, u,A\g) = —Sg(s,t,u, AF), (164)

which implies that

1+e

1— 672i()\pfsgn(mp)) tan—1 (2‘6

st —Qi(AF—sgn(mp))tan*1<2‘\f‘)
SE(s,t,u, \p) =sin(mAp) 4E(p1,p2,p3)\/:_|_ 45

+ cos(mAr)I(p1, 2, P3, P4)-
(165)

Note that, Sg (s,t,u, \p) reduces to correct tree level S-matrix presented in section m The
overall minus sign on the RHS of has no physical significance, as the sign of fermionic
scattering amplitudes is largely a matter of convention. @ demonstrates the unitarity
singlet fermionic S-matrix obtained from the conjecture , as we have already checked the
unitarity of the bosonic S-matrix.

In summary, our conjecture for the S-channel S-matrices is consistent with Bose-Fermi duality.

This observation may be taken as one more piece of evidence in support of our conjecture. @

34 Indeed there does not even exist a particularly natural convention for the sign of a fermionic S-
matrix. A fermionic transition amplitude could be defined either by < a4a3|a£aJ{ > or by the amplitude
< a3a4|a$a1 >; both conventions are equally natural and yield S-matrices that differ by a minus sign. Note
that the sign of all components of the S-matrix, including the identity term is flipped by this maneuver,
just as in .

35The function T4, and its fermionic counterpart clearly map to each other under duality. In order
to account for the nature of anyonic scattering, unitarity and the non-relativistic limit, we were forced to
modify T};,”“l and its fermionic counterpart by multiplicative and additive shifts. It is nontrivial that these
shift functions, which were determined purely by consistency requirements in each theory, also turn out to
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1.7.4 A heuristic explanation for modified crossing symmetry

In this section we have conjectured that the naive crossing symmetry are modified in
fundamental matter Chern-Simons theory; in the large N limit of interest to this chapter, we
have proposed that the second of continues to apply, while the first of is replaced
by . The arguments presented so far for this replacement have been entirely pragmatic; we
guessed the modified crossing relation in order that the S-matrix in the S-channel obey various
consistency conditions.

In this subsection we will attempt to sketch a logical explanation for this modified crossing
relation . Our explanation is heuristic in several respects, but we hope that its defects will
be remedied by more careful studies in the future.

The starting point of our analysis is the argument for crossing symmetry in the bosonic theory
in the limit Ag — 0, briefly alluded to in subsection When Ap is set to zero, the bosonic
theory effectively reduces to a theory of scalars with global U(N) symmetry . In this theory the

offshell correlator

C = ($i(x1) ¢ (22) 6" (23)pm (1)) (166)

is a well-defined meromorphic function of its arguments. By U(N) invariance this correlator is
given by
C@'JVI:L(xh x9,I3, .7}4) = A(xl, T9, X3, $4)55(5ﬁ1 + B(ml, X2, X3, 1‘4)55(5%1 (167)

where the coefficient functions A and B are functions of the insertion points z!...z?.

crossing
symmetry follows from the observation that distinct scattering amplitudes are simply distinct
onshell limits of the same correlators.

This statement is usually made precise in momentum space, but we will find it more convenient
to work in position space. Consider an S? of size R, inscribed around the origin in Euclidean R®
(we will eventually be interested in the limit R — oco). The S-matrices Sy, and Ss may both be
obtained from the correlator A as follows. Consider free incoming particles of momentum p; and
P Starting out at very early times and focussed so that their worldlines will both intersect the
origin of R3. These two world lines intersect the S? described above at easily determined locations
x1 and x4 respectively. Similarly the coordinates x9 and x3 are chosen to be the intercepts of the
world lines of particles with index j and k, starting out from the origin of R? and proceeding to
the future along world lines of momentum ps and ps3 respectively. Having now chosen the insertion
points of all operators as definite functions of momenta, the correlator A(x1,x9, x3,x4) is now a
function only of the relevant particle - particle scattering data; the particle-particle S-matrix may
infact be read off from this correlator in the limit R — oo after we strip off factors pertaining

to free propagation of our particles from the surface of the S? to the origin of R3. Particle-

transform into each other under duality.
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antiparticle scattering may be obtained in an identical manner, by choosing x; and x2 to lie
along the trajectory of incoming particles or antiparticles of momentum p; and po respectively,
while x3 and x4 lie along particle trajectories of outgoing particles and antiparticles of momentum
p3 and py4 respectively. Intuitively we expect that crossing symmetry - the first of - follows
from the analyticity of the correlator A as a function of z1, x5, 23 and x4 on the large S2.

In the large N limit A may be obtained from the correlator ijfl in from the identity

A Cik gigm (168)

1

N2 TimTg

At nonzero Ap the correlator Cgfn no longer makes sense as it is not gauge invariant. In order
to construct an appropriate gauge invariant quantity let W15 denote an open Wilson line, in the
fundamental representation, starting at x, ending at x» and running entirely outside the S? one
which the operators are inserted. In a similar manner let W3 denote an open Wilson starting
at x4 and ending at x3, once again traversing a path that lies entirely outside the S? on which

operators are inserted. Then the quantity
A= CIr (Who) s (Waz)y? (169)

is a rough analogue of A in the gauged theory. The precise relationship is that A’ reduces to A in
the limit Ag — 0 in which gauge dynamics decouples from matter dynamics. A’ is clearly gauge
invariant at all Ag; moreover there seems no reason to doubt that A’ is an analytic function of
T1...T4.

We can now evaluate A’ in the same two onshell limits discussed in the paragraph above; as in
the paragraph above this yields two functions of onshell momenta that are analytic continuations
of each other. In the limit A\g — 0 these two functions are simply the direct channel and singlet
channel S-matrices. We will now address the following question: what is the interpretation of
these two functions, obtained out of A’ at finite Ag?

The path integral that evaluates the quantity A’ may conceptually be split up into three
parts. The path integral inside the S? may be thought of as defining a ket |¢); > of the field
theory that lives on S2. The path integral outside the S? defines a bra of the field theory on 52,
lets call it < v5|. And, finally, the path integral on S? evaluates < 1)o|t) >.

The key observation here is that the inner product occurs in the direct product of the matter
Hilbert space, and the pure gauge Hilbert Space. The pure gauge Hilbert space is the two
dimensional Hilbert Space of conformal blocks of pure Chern-Simons theory on S? with two
fundamental and two antifundamental Wilson line insertions.

The inner product in the gauge sector depends only on the topology of the paths of matter

particles inside the S2. The distinct topological sectors are distinguished by a relative wind-
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(a)

Figure 17: The full effective Wilson lines for S and U, channels

Figure 18: The full effective Wilson lines for T-channel

ing number of the two scattering particles around each other. In the large N limit where the
probability for reconnections in the Skein relations (see Eq. 4.22 of [23]) vanishes, the gauge
theroy inner product in a sector of winding number w difffers from the inner product in a sector
of winding number zero merely by the relevant Aharonov-Bohm phase. This relative weighting
is, of course, a very important part of the scattering amplitude of the theory, producing all the
nontrivial behaviour. However the gauge theory inner product is nontrivial even at w = 0. The
details of this extra factor depend on the apparently unphysical external Wilson lines. This extra
factor is not present in the ‘S-matrix’ computed in this chapter (as we had no external Wilson
lines connecting the various particles). In order to compare with the S-matrices presented in this
chapter, we must remove this overall inner product factor.

The gauge inner product < wQG |1,/11G > corresponding to identity matter scattering (i.e. the
geodesic paths of the matter particles from prduction to annihilations) depends on the scattering

channel. Let us first study scattering in the identity channel. The initial particle created at z;
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connects up to the final particle at x3, while the particle created at x5 connects up with the final
particle at x4. Combining with the external lines, the full effective Wilson line is topologically a
circle, see the second of Fig. On the other hand, in the case of particle-particle scattering,
the dominant dynamical trajectories are from the initial insertion at z; to the final insertion at
x9 and from the initial insertion at x4 to the final insertion at x3. Including the external lines,
the net effective Wilson line has the topology of two circles, see the first of Fig

As the topology of the effective Wilson loops in the first and second of Fig. differs, it
follows that the gauge theory inner product (even at zero winding) is different in the two sectors.
It was demonstrated by Witten in [23] that the ratio of the path integral with two circular Wilson

lines to the path integral with a single circular Wilson line is infact given by

ksin(mAp) Nsin(w)\B)

T TAB

in the large N limit. It follows that we should expect that

ksin(rA
Ty = Smf:rB)TUd (170)

in perfect agreement with (the ¢ function piece in is presumably related to a contact
term in the correlators described in this subsection).
A similar argument relates Ty, to T without any relative factor, as in this case the closed

Wilson lines described above has the topology of two circles in both cases.

1.7.5 Direct evaluation of the S-matrix in the identity channel

The fact that we were able to solve the integral equation that determines four particle scattering
only for ¢t = 0 prevented us from evaluating the S-matrix in the identity channel by direct
computation. For this reason we have been forced, in this section, to resort to guesswork and
indirect arguments to conjecture a result for the S-matrix in the channel with identity exchange.
It would, of course, be very satisfying to be able to verify our conjecture by direct computation.
Unfortunately we have not succeeded in doing this. In this subsection we briefly report two

potentially promising ideas for a direct evaluation.

Double analytic continuation As we have already explained above, the planar graphs
that evaluate 2 — 2 scattering may be summed by an integral equation. As a technical trick to
solve the integral equation, earlier in this chapter we found it convenient to analytically continue
momenta to Euclidean space according to the formula p® = z'pOE. We then proceeded to solve the
integral equation in Euclidean space. In order to evaluate T" and U-channel scattering we then

analytically continued the final result back to Lorentzian space by setting p% = ipl.
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There is, however, a natural, inequivalent analytic continuation of the Euclidean space integral

equation to Lorentzian space: the continuation

p* = —ip}

Under this continuation z3 turns into a time like coordinate, while & are complex coordinates

t ~ 2z, &~ ~ Z that parameterize the spatial R2. This at first strange sounding analytic

x
continuation has been employed with great apparent success in several studies of the thermal
partition function of large N Chern-Simons theories [2H6| [8HI1], a fact that suggests this analytic
continuation should be taken seriously.

Under this analytic continuation a center of mass momentum with ¢& = 0 is timelike; indeed
the condition ¢* = 0 is simply the assertion that the center of mass momentum points entirely
in the time direction, so that in the S-channel we are studying scattering in the center of mass
frame. P9

In summary, it seems plausible that the double analytic continuation of the integral equation
at ¢& = 0 provides a direct computational handle on the S-matrix in the identity channel.

The discussion of this subsection may seem, at first, to directly contradict ; surely the
solution of an analytically continued integral equation is simply the analytic continuation of the
solution of the original equation without any factors or additional singular terms? Infact this is
not the case. It turns out that the integral equation after double analytic continuation has new
singularities in the integral. These singularities - which are absent in the original equation - spoil
naive analytic continuation. We illustrate this complicated set of affairs in Appendix

If the central idea of this subsection is correct, then it should be possible to obtain the
scattering cross section with identity exchange by solving the double analytic continued integral
equation taking the new singular contributions into account. This appears to be a delicate task
that we have not managed to implement.

As a warm up to the exercise suggested in this section it would be useful to rederive the
ordinary non-relativistic Aharonov-Bohm equation by solving the Lippmann Schwinger equation,
order by order in perturbation theory, in momentum space, perhaps at the value of the self
adjoint extension parameter w = 1 (see [22] ) at which point the Aharonov-Bohm amplitude is
an analytic function of v so perturbation theory is well-defined. We suspect that this exercise
will encounter all the subtle singularities discussed in this section, and it would be useful to learn
how to carefully deal with these singularities in a context where the answer is known without

doubt. We postpone further study of these ideas to future work.

36Recall that the 3 momentum ¢* had the interpretation of momentum transfer in the 7" and the U-
channels. As momentum transfer is necessarily spacelike for an onshell process, it follows that the U and
T channel scattering processes are never onshell with this choice of Lorentzian continuation.
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Schrodinger equation in lightfront quantization? It is striking that in the non-
relativistic limit, the exact S-matrix was obtained rather easily by solving a Schrodinger equation
in position space. One might wonder if the full non-relativistic S-matrix may similarly be obtained
by solving an appropriate Schrodinger equation.

An observation that supports this hope is the fact that genuine ‘particle creation’ never occurs
in the large N limit. A Feynman diagram that describes virtual fundamental particles being
created and destroyed during a scattering process has additional index loops and is suppressed
in the large N limit. It thus seems plausible that the scattering matrices of interest to us in this
chapter may be obtained by solving the relevant quantum mechanical problem.

Although we will not present the details here, we have succeeded in reproducing the effective
scattering amplitude of the ungauged large N ¢* theory by solving a two particle Schrodinger
equation. The Schrodinger equation in question is obtained from a lightcone quantization of the
quantum field theory. It may well prove possible to extend this analysis to the gauged theory,
and thereby extract the S-matrix from an effective Schrodinger equation; however we have not

yet succeeded in implementing this idea. We leave further study of this idea to future work.

1.8 Discussion

In this chapter we have presented computations and conjectures for the formulas for 2 — 2
scattering in large N matter Chern-Simons theories at all orders in the 't Hooft coupling. All the
computations presented in this chapter were performed in the light cone gauge together with an
assumption of involving the precise definition of the gauge propagator in this gauge. It would be
useful to have checks of our results using different methods - perhaps working in a covariant gauge.
It might be possible (and would be very interesting) to generalize the covariant computation of
sectionto two loops. It would also be very interesting to study how (and whether) the unusual
structural features predicted here manifest themselves in a covariant computation.

Obvious extensions of this chapter include the generalization of the computations presented
here to the simplest A/ = 1 and 2 supersymmetric matter Chern-Simons theories, and also to
the large class of single boson-fermion theories studied in [7]. The authors of [24] study the most
general renormalizable N’ =1 U(N) Chern-Simons gauge theory coupled to a single (generically
massive) fundamental matter multiplet. Their S-matrices are in perfect agreement with the self
duality of this class of theories. And excitingly, The consistency of their results with unitarity
requires a modification of the usual rules of crossing symmetry in precisely the manner anticipated
in lending substantial support to our conjecture. They also find that in a certain range of coupling
constants S-matrices have a pole whose mass vanishes on a self dual codimension one surface in
the space of couplings.

In [25] the finite by results of the bosonic computations in this chapter are matched with a
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generalized fermionic computation in which we include a (¢1))? and ()3 terms in the fermionic
Lagrangian.

Perhaps the most interesting formula presented in this chapter is the formula for the scattering
matrix in the S-channel. (see , ) This formula is manifestly unitary: it includes an
unusual rescaling of the identity piece in the S-matrix; it agrees with the formula for Aharonov-
Bohm scattering in the non-relativistic limit, and the formula for large N ¢* scattering in the
small Ap limit. It is also tightly related to scattering in the other channels via rescaled relations
of crossing symmetry. In the case of the scalar theory, this S-matrix also has poles signalling the
existence of a stable singlet bound state of two particles in the singlet channel over a range of
values of by. Unfortunately the formula for S-channel scattering presented in this chapter has
not been derived but has simply been conjectured. A very important problem for the future
is to honestly derive the formula for S-channel scattering, perhaps along the lines sketched in
subsection [.7.5

Another reason to understand scattering after the double analytic continuation described in
subsection [[.7.5 is to better understand the detailed connection between the Lorentzian results
of this chapter and the Euclidean results of earlier computations [2], 3], [6, [BHIT].

The S-matrices derived here have all been obtained for the scattering of massive particles.
There is no barrier to taking the high energy (or equivalently zero mass) limit of our scattering
amplitudes. Interestingly, the scattering amplitudes develop no new infrared singlularities in this
limit. This fact is probably an artifact of the large N limit that supresses the pair creation of
fundamental particles; it seems likely that % corrections to the results presented in this chapter
will have new infrared singularities in the zero mass limit.

As we have explained, the formulas (and conjectures) presented in this chapter imply that the
usual rules of crossing symmetry are modified in matter Chern-Simons theories. In this chapter
we have presented a conjecture for the nature of that modification in the 't Hooft large N limit. It
would be interesting to prove this rule analogue of crossing symmetry (perhaps using a refinement
of the arguments in subsection .

A simplifying feature of the 't Hooft large N is that scattering was truly anyonic (i.e. was
characterized by a nonzero anionic phase) only in the singlet channel of Particle-antiparticle scat-
tering. In particular the anyonic phase vanishes in particle-particle scattering (see subsection
so that we were never forced in this chapter to address issues having to do with the gen-
eralization of Bose or Fermi statistics. At finite N and k this situation will change, presumably
leading to nontrivial phases between particle-particle scattering in the direct and exchange chan-
nels. These considerations suggest that the crossing symmetry structure of scattering amplitudes
will be very rich at finite N and k; it would be fascinating to have even a well motivated con-
jecture for this structure. It is conceivable that the S-matrix presented in this chapter and its

generalization to the finite N and k case may have useful applications in the condensed matter
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problems and also in the area of the topological quantum computation [26]. E

If the unusual structural properties conjectured in this chapter withstand further scrutiny,
then they are likely to be general features of all matter Chern-Simons theories. We should,
in particular, be able to probe these features in the scattering of maximally supersymmetric
Chern-Simons theories (ABJ theories). In this connection it is interesting to note that there is
an unresolved paradox in the study of scattering amplitudes in ABJM and ABJ theory. In this
theory the 2 — 2 scattering amplitude has been argued to vanish at one loop [27-29], but to be
non vanishing at two loops [29H31]. The paradox arises because although the proposed two loop
formula for four particle scattering in ABJM theory has cuts [30], there do not seem to exist any
candidate intermediate processes to saturate these cuts. |§| While scattering amplitudes in ABJ
theory are more confusing than those considered in this chapter because they receive infrared
divergences from intermediate massless scalar and fermion propagation, it is at least conceivable
that the resolution to this apparent unitarity paradox lies along the lines sketched in this chapter.
The results of this chapter should generalize, in the most straightforward fashion, to scattering
in U(M) x U(N) theory when & << 1 (in this limit the ABJ theory begins to closely resemble
a theory with a single gauge group and only fundamental matter, like the theories studied in this
chapter). The analysis of this chapter suggests that the 2 — 2 scattering amplitude does not
completely vanish at one loop: it should at least have a § function localized singular piece. The
contribution of this piece in a one loop sub diagram to two loop graphs could then, additionally,
modify the scattering amplitudes as well as the usual rules of crossing symmetry. It would
be fascinating to verify these expectations via a direct analysis of scattering amplitudes in the
supersymmetric theorieﬁ

A significant check of all the computations and conjectures presented in this chapter is that
they are all consistent with the recently conjectured level-rank duality between bosonic and
fermionic Chern-Simons theories. This works in a rather remarkable way. The bosonic S-matrices
have nontrivial analytic structure (e.g. two particle cuts) at all values of Ap (including A\g = 0
where the cuts come from the four boson contact interaction) provided |Ag| # 1. Precisely at
Ap = 1, however, the bosonic S-matrix collapses into precisely the analytically trivial constant

that one predicts from fermionic tree level scattering. Indeed the agreement between bosonic and

37Perhaps there is a sense in which the finite N and k result is ‘quantum’, and results in the ’t Hooft
limit are obtained from the ‘classical limit’ of the corresponding ‘quantum structure’.

38There appear to be only two candidates for the processes that could produce these cuts. The first is
by sewing together two 2 — 3 tree level amplitudes, but there are no such amplitudes in ABJM theory.
The second is by sewing together a tree level 2 — 2 amplitude with a one loop 2 — 2 amplitude, but as
we have remarked, the latter have been argued to vanish.

39Tt is interesting to note that, in [32] it was argued that in the case of ABJM, three loop amplitude
is non zero. However, again they missed the existance of delta function. It would be interesting to see
whether higher point functions also shows some nontrivial analytical structure. For a discussion of higher
point function in ABJM theory, we refer reader to [33].
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fermionic S-matrices works at all values of Ap, not just at extreme ends.

Indeed the results of this chapter shed some additional light on the working of this duality. The
first point, as we have already emphasized in the introduction, is that our S-matrix is effectively
anyonic in the singlet channel. The effective anyonic phase can be estimated very simply in the
non-relativistic limit, and the duality map from Ag to Ap can simply be deduced by demanding
that the dual theories have equal anyonic phases.

In the U-channel, on the other hand, the anyonic phase is trivial. Bosonic and fermionic S
matrices map to each other only after we transpose the exchange representations. As we have
explained in more detail in the introduction, this suggests that, for scattering purposes, there
exists a map between asymptotic multi bosonic states that transform in representation R of
U(Np) and multi- fermionic states that transform in representation RT of U(Np).

There is an obvious puzzle about the identification suggested above; namely the number of
states on the two sides do not match (this is true even if we restrict to the simplest representation,
namely the fundamental, simply because Ng # Np). It seems possible that the duality between
the bosonic and fermionic theories really works only on compact manifolds (and so, effectively,
only in the singlet sector on R?). If this turns out to be the correct eventual statement of
the duality, then the perfect match under duality of the scattering amplidues in non singlet
sectors may eventually find its explaination in the match of factorized subsectors in higher point
scattering in the singlet channel. For instance one could consider the scattering of two particles,
and simultaneously the scatering of two antiparticles very far away, with colour indices chosen
so that the full four particle initial state is a singlet and so duality invariant. Presumably the
scattering amplitudes factor into the scattering amplitude for particle - particle scattering and
the scatterng amplitude for antiparticle-antiparticle scattering, implying the duality invariance of
these more basic 2 particle scattering amplitudes, even though they do not occur in a gauge singlet
sector, explaining the results obtained in this chapter. It would certainly be nice to understand
this better.

In summary, the results and conjectures presented in this chapter have several unexpected
features, have intriguing implications, and throw up several puzzles. If our results stand up to

further scrutiny they suggest several fascinating new directions of investigation.

1.9 Appendices for Chapter 1
1.9.1 The identity S-matrix as a function of s, ¢, u

As explained in subsection the identity S-matrix has a simple form in the center of mass
frame; it is given by
(27)%6°(p1 + p2 — p3 — pa)8m/50(6)
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As we will see below, the expression §(6) is slightly singular when recast in terms of invariants,

so we will find it convenient to regulate this expression as
(27)°6° (p1 + p2 — ps — pa)dmy/s lim (5(0 — €) + (0 +€)).

Using ([23)), this expression may be recast in invariant form

4t
0 ( t+u 6) (2m)38% (p1 + p2 — p3 — pa) (171)

as we have already noted in .

In this Appendix we present a cumbersome but direct algebraic check that I as defined in
coincides with I defined in . Our strategy is as follows. We start with the expression
, and express the arguments of the delta functions in entirely in terms of the 8 variables
Y.y, 05, s, v, p4, pi, vy (the energies of the ingoing and outgoing particles are solved for using
the on shell condition). We choose to view the resultant expression as follows. We think of
pY.pY,ps, pY as fixed initial data and the remaining quantities p%, p4, p7, pj as variable scattering
data. The four delta functions in thus determine p%, p4, p§, pj as functions of pf,py, p3, ps.
At leading order in e is not difficult to explicitly determine the values for p§, p4, p%, pj obtained

in this manner. We find

P3x =Pl + €43z, Pax = P2,z + €4z, P3.y = Ply =+ €43y, P4y = P2,y + €a4,q- (172)

where the four a variables are obtained by solving four linear equations (the 4+ above corresponds
to the two possibilities # = ¢ or § = —e in the centre- of-mass frame). In what follows below
we will not need the explicit form of the solutions for the a variables, but will only need certain
identities obeyed by these solutions. These identities turn out, in fact, to be three of the four

equations that the a variables obey. The relevant three equations are
A4y = —A35, A4y = —A3y, a3z = Bazy,
pa,y\/ m? +pi, +pi, - pl,y\/ m? +p3, +p3, (173)

Proy/m® + 13, + D3, — poay/m? + 03, + 97,

where B =

Let us now return to our task of rewriting the delta function in ((171)) in terms of delta functions
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linear in p3, p4, p, py. It follows from the usual rules for manipulating delta functions that

0 (\/ tfu - 6) 8°(p1 + p2 — p3 — pa) (174)
= J10%(P3— 1+ €a3)d*(Pa— Pao+eas) + 16X (T3 — 1 —€az)d*(Pa— T2 — eaq)

where J; and Jy are the relevant Jacobians. It remains to compute these Jacobians.
The reader might naively expect that the Jacobians are independent of a3 and a4 in the limit

e — 0, but that is not the case. It is not difficult verify that, in the ¢ — 0 limit the derivatives
a\/tjzu a\/tizu
1 and 7
B are both expressions of unit homogeneity in a3 and a4. The ratio % does not depend on the

(which enter the expression for the Jacobians) are of the form % where A and

overall scale of a3 ;, a3, and a4, a4y, but does depend on their relative magnitudes. It turns out
that the equations ((173|) are sufficient to unambiguously determine the ratio % (which turns out

to be the same for the two solutions corresponding to the + signs so that J; = Jo = J) ; we find

1
7= 175
\/5E1E2 (175)
where E; = \/m2 +p?, +p22y and
5= \/i\/ V2D, 0 MR DR, 1R+ prapse — pLypy. (176)

Collecting factors, it follows that the RHS of (171 coincides with the RHS of in the limit
e — 0.

1.9.2 Tree level S-matrix
The bosonic effective action is

1/ dp &EBk dPq

P72 ) (@n) (2r)® (20)3

5 V(p, k,q)pi(p + Q)¢ (—k — q)d' (—p)$; (k), (177)

where at tree level
q"p"k”

Vip,k,q) = SWiAEquW- (178)
And the fermionic effective action is
1 dBp Pk g ~ _. .
=z (0, k, ) Via IB(—k — @)™ (—p)bj - (k 1
" 2/ @n) 2n) @n)s 8 PR DVialp+ =k = U (=p)ys (R), - (179)
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where at tree level -
(Y)5(v")s (k —p)?

V,é? (p7 k, Q) = 2i7T/\E,ul/p (k‘ — p)2 (180)
The gauge field propagator that we work with in this section is
3¢3 47 P
(Au(p)Av(=q)) = (2m)°6°(p — q)pfgewpp : (181)

Particle-particle scattering According to the momentum assignments in ([37)), The bosonic

S-matrix is given by

SB(p17p27p37p4)
=(out|l + iT|in)

=(0lan(pa)am(ps)a” (p2)a™ (p1)|0)

i [ dp Bk dq (182)
— k
+5 ] G o |V 0
X (0lan(pa)am(ps) (6i(p + Q)& (—k — )6 (—p)p;(k)) "t (p2)a (p1)[0) | .
Using appropriate contractions and commutation relations, we find
SB(p1.p2,p3, 1) = 040% (I(p1,p2, p3,pa) + iV (—ps3, p2,p1 + p3)) (183)
+ 6700, (I(p1,p2, P4, p3) + iV (—pa, p2, —p3 — p2))
The first term is for the U, channel while the other is for the U, channel.
Whereas the fermionic S-matrix is
SF(p17p27p37p4)
=(out|l + iTF|in)
=(0]an(pa)am(ps)a”t (p2)a® (p1)|0)
[ dBp &Pk &P N (184)
+ Z/ L - Vgﬁ(]% k. q)
2 ) (2m)3 (2m)3 (2m)3

X (Olan(pa)an(ps) (i p + )6 (= + @) (=p)is (k) ) 0" (p2)a" (p1)!0>]
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Using appropriate contractions and anticommutation relations,

Sr(p1,p2, 3, p4)

= — 6%,0°1(p1, 2, P3, pa)
— 105,60 Vs (—p3, 2, p1 + p3)a” (—pa)u’ (—p3)ua(p1)us (p2) (185)
+ 0260, 1(p1, 2, pa, p3)

o

+ 0500, Vs (=pas p2, —p3 — p2)u” (—p3)u’ (—pa)ua(p1)uy (p2)

Again, the first term is for the Uy channel while the other is for the U, channel.

Particle-antiparticle scattering According to the momentum assignments in (32)), The

bosonic S-matrix is given by

SB(p17p27p37p4)
=(out|l +iTg|in)
= (00" (pa)am (p3)b} (p2)a® (p1)|0)

z/ dBp Pk dBq
(

2 ] @nP en)? 2n)?

(186)

Vi(p,k,q)

X {016™(pa)am (ps) (¢i(p + @) (—k — @)@ (—p)d; (k) bl (p2)a*T (p1)]0)

Using appropriate contractions and commutation relations, we find

Ot
N

SB(p17p27p37p4) = (627,517)1 - ) (I(p17p27p37p4> + iv(_p37p47p1 +p3))

(187)

n S§a

- me (I(p1,p2, p3, pa) + iV (=pa, p1, p1 + p2))

The first term is for the T-channel while the other is for the S-channel.

Whereas the fermionic S-matrix is

SF(p1,p2, p3,pa) = (out|l +iTrlin) = (0|bn(P4)am(P3)sz,(P2)aaT(Pl)|0>

i 3 3 3
" / <§7£3 (%3 <§w§3 V5 (p,k, @) (0]b" (pa) an (ps)

2 (188)

(%,a(p + a0 (—k — Q)¢i’5(—p)wj,v(k)> by (p2)a®!(p1)[0)
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Using appropriate contractions and anticommutation relations, we find

Sr(p1,p2,p3,Pp4)

o7 6 o ) i
= (507 = %) (o, o) = V5 panpn + )8 ) ) ()
_ 9m%
N

(I(p1,p2,p3,p4) + Vg5 (=p2, 1, p1 + pQ)@ﬁ(pz)ﬂé(—ps)ua(m)vy(—m))
(189)

Again, the first term is for the T-channel while the other is for the S-channel.

Explicit tree level computation Now we substitute for the V's for the respective channels
in bosonic case, and obtain

While the fermionic expressions for S, T', Uy and U, channels are (with respect to the identity)

respectively,
5= lw(pjlim)?%p (@(—ps)y"u(pr)) (9(p2)7*v(=pa)) (P2 + pa)?
m _ _
Ir= _Weuup (0(p2)7*u(p1)) (@(—p3)y*v(—pa)) (p3 + pa)” (190)
Ty, = T (g )2 (@(=pa)y"u(p1)) (@(=p3)y*u(p2)) (p2 + ps)”
Ty, = weuup (@(=p3)y"u(pr)) (u(=pa)r*u(p2)) (p2 + pa)”

These expressions can be manipulated conveniently using the Gordon Identities which are
derived below:

The Dirac equation satisfied by u(p), u(p), v(p), v(p) are given by

(iv"'pp +m)u(p) =0, ua(p) (iv"py +m) =0, (191)
(=iv"pp +m)v(p) =0, o(p) (—iv"'pu +m) = 0.
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The gamma matrices are given by

01
(o) -

They satisfy
P =g = Py, (193)

Now, using Dirac equation (191f), it is easy derive the Gordon identities

~aton) ) = i (a0 P P ) - 0 PP ) )

alp)y () = i (u<p1>(plp?)“v<pg> T eﬂ"ﬂwummv@z))

2m 2m
(194)
—0(p)y*ulp2) =1 (Mm)WU(pz) - 6“”pW5(p1)7pU(pz))
oo otpa) =i (=00m) PP () 4 e P )0 )
Using this, it is easy to show that
)00 = g (1 0 ) )
000 = s (e 0 ) ot
m B (195)
u(p1)v"v(p2) = = (pllm)Q <—i(p1 2752)M + 27,1”2 Ewp(pl)u(l?z)p> u(p1)v(p2)
2m
) = 1 (P P ) 1))

The only thing that is remaining is to compute the quantities, a(p’)u(p), v(p")v(p), a(p’)v(p), v(p )u(p).
For this, we explicitly construct the solution for V' and w starting boosting the rest frame results
which are easily computable to a frame where the momenta is p. In the rest frame, equation

satisfied by the v and v is given by,
(=" + 1) u(0) =0, (in°+1)v(0)=0, (196)
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and for w and v
u(0) (=i +1) =0, ©(0)(ir"+1)=0,

where I denotes, the 2 x 2 identity matrix. The solutions are

w(0) = Vi (1,—i), v(0) = Vim (Li), a(0)=m (L), 8(0)=/m(~Li).

Suppose we are now interested in solution for v and v at momenta p, given by
pu = (—mcosh(a), msinh(a) cos(#), msinh(«) sin(h)) .

The solutions are given by

u(p) = (cosh(%)[ - smh(%) (cos(0)% — sin(0)7") ) u(0)
u(p) = u(0) (COSh( )+ 51nh(%) (cos(8)y” — Sln(ﬁ)yl)
v(p) = (cosh - smh(§) (cos(0)y* — sin(0)7") ) v(0)
v(p) = v(0) (cosh( )+ smh(%) (cos(8)y” — 5111(9)71))
It is now easy to compute u(p")u(p), v(p")v(p), u(p’)v(p), v(p")u(p). Results are given by
u(p1)u(ps) :e“an Cos(B, = QIS)m(Ceoch(eoal)) coth(ag) \/ 2m% — 2 py - pa),
sin(61—0)

itan—1

cos(01—09)—coth(aq) coth(ag) \/ 2m2 -2 p1 p2)

. 1 smh(?l) cosh(T) 5111(01)73111]0(7) cosh(T) sin(09)
7 tan a1 )

E(p]_)u(pQ) —e sinh(T) cosh(T) cos(@l)fsinh(%g) cosh(%L) cos(02)

X \/(—Qm2 — 2 p1-p2),

1 sinh( a22 ) COSh( - ) sin(09)— slnh(Tl) cosh(aTQ) sin(01)
sinh(aTl) cosh( 22 ) cos(01)— smh(TQ) COSh(aTl) cos(03)

x v/ (=2m2 = 2 p; - pa),

v(p1)v(p2) =e

itan™

u(p1)v(p2) =
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As a final ingredient to compute the tree level scattering is

e,uypu(pl) (pz)l_t( ) ( 4)p§

_ (a(p)u(p2)) (a(ps)u(ps))
(+(p14n§322)>< (pznf;))

1 v
% | = ToCun(p1 + o) (ps + 1)}

| (202)
+ A ((p1 -p5)€uypp§p§pi — (p2 'PS)equplngpZ)

s (1 02) G 1+ 92) = ) (- (1 +9) )

+ 477;3 <(p1 -ps) (P2 - (p3 +pa)) — (p2-p5) (p1- (p3 +p4))>} :

where p - p' = pup™. Now just by few interchange of signs, as it follows from (195]), one can
compute tree level with any appropriate combinatios of u’s and v's using (201]). For example,

€uvp0(p1) Y v (p2)u(ps3)y” u(p4)
(0(p1)v(p2)) (u(p3)u(ps))

(1 o) (1 o)

% [4 5 €uvp(P1 + p2)" (D3 + pa)” 5

) (203)
=+ i ((p1 'p5)qupp§p§pZ — (p2 'p5)€w/ppl1tp§pi)
i
+ 5 (=P ps) (3 (p1+p2)) + (B3 - p5) (P2~ (p1 + p2)))
7
+ s (1 -p5) (p2 - (p3 +pa)) = (P2 p5) (p1 - (p3 +pa))) |-
Using formulas presented in (202)), (203) we find
) 81 € pﬂpupp )
S -7 7 _ i 20 e 23_2 2 36
FUq (p1,p2,p3,p1) — € kp ( (p2 + p3)? imp | (27)°0(p1 + p2 + p3 + pa),
81 (¢
Sru. = I(p1,p2,p4,p3) — " — (””pplp?pg + 2sz> (2m)*5(p1 + p2 + p3 + pa),
kr \ (p2 + pa)? (204)
ias 8T €uvpP'PEPS . 3
Srr = —1(p1,p2,p3,pa) + €% — | ———=2 + 2imp | (27)°0(p1 + p2 + p3 + pa),
kr \ (ps+ p3)
(171 eul/pplfpspg . 3
Srs = —I(p1,p2,p3,p1) + €8T AR W —2imp | (27)°6(p1 + p2 + p3 + p4),

where a1 to a4 are some complicated physically irelevant phase factors. They obey interchange

symmetry and for equal momneta (for example, in (201]), p; = p2) phase vanishes. In particular,
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this implies that the phase factor in Uy and U, channel are the same. Although, these phases
has no physical relevance, we present the results in the C.M. frame. Let the incoming momenta
be p1,p2 and out going momenta are —ps, —p4 and the angle between p; and —ps3 is given by 6
then we find oy = as = ag = a4 = —60. Note that, inparticular this has the property that, near
identity, phase factors has no contribution, this is what we expect also from physical ground. So
the answers obey the duality with the Bosonic answers in the respective channels.

For completeness, we also write answers for bosonic case.

8T P PEPS
kg (p2 + p3)?
87 Eprlfpgpg
@ (p2 + 104)2

Mo v P
Sg,r = I(p1,p2,p3,p4) + Z(m(2ﬂ-)35(1)1 + p2 + p3 + pa)
€vpPt P3PS
(p2 + pa)?

Sp.u, = I(p1,p2,p3,pa) — (27)35(p1 + p2 + p3 + pa)

Sp.u. = I(p1,p2,p4,p3) + (27)%6(p1 + p2 + p3 + pa)

(205)

SB,s = I(p1,p2,p3,p4) — 8TAR (2m)?0(p1 + p2 + p3 + pa).

1.9.3 Aharonov-Bohm scattering

In this section we will review the classic computation, first performed by Aharonov and Bohm, of
the scattering of a charged non-relativistic particle off a flux tube; see [15] [17), [19-22] for relevant
references. We assume that the flux tube is oriented in the z direction, and sits at the origin of the
transverse two dimensional space. We focus on states that also preserve translational invariance
along the z direction, so our problem is effectively two (spatial) dimensional. We assume that
the integrated flux of the flux tube equals 27v so that the phase associated with the charge
particle circling the flux tube is 27iv (the particle is assumed to carry unit charge and mass m).

Throughout this appendix we assume |v| < 1.

Derivation of the scattering wave function We will find scattering state solutions at
energy E = % of the Schrodinger equation for this particle; intuitively & is the momentum of
the particle incident on the flux.

The time independent Schrodinger equation that governs our system is

1 oo k?
- 2 - = 2
( 5 (V +27ivG) 2m> =0 (206)
where
€4
Gi = iaj Inr (207)
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In polar coordinates the one form G is given by

a=12

27
Following Aharonov and Bohm we adopt ‘regular’ boundary conditions at the origin of our
space, i.e. we demand that the wave function at the origin remain finite. As we will see below this
requirement forces the wave function to vanish at the origin like r/v| in the s wave channel. The
appearance of |v| in this boundary condition results in a scattering amplitude that is non-analytic

as a function of v and v = 0. ]

The most general solution to the Schrodinger equation consistent with the boundary condi-

tions described above is given by

G(r,0) = ane™ Ty (kr) + > ane ™ Ty + agdy (kr) (208)
n>0 n>0

Recall the asymptotic expansion of Bessel functions at small and large values of the argument

r\o

(, 1 Cx am L m o
Jo(z _ B +.., = (e“"Z‘ZTJre‘“*lZ*’T) 209
) = Fla 1 1) Vit (209)

and the expansion of the plane wave in terms of Bessel functions

et =3 i I (kr)e'™? (210)

n

and the large r expansion of this plane wave (obtained by substituting (208]) into (210J))

/

. 0] . 3
ek’ _ ikr cos(f) _ g anelneJn(kT)

n
. 1 . . imn _ im . iTn | i
inemﬂj kr) ~~ inezne ( ezkr— 2 71+ e—zkr+ > +T> r> 1 211
zn: (k) = —— En: ( (r>1)  (211)
27

— =i ikr i _ikr o
= o (e 1 e"0(0)+ese (0 7['))

E| It is easy to see that the unique solution of the form (208) whose ingoing part - i.e. part

40 Qee [22] for a fascinating one parameter self adjoint relaxation of this boundary condition (which
infact yields analytic S-matrices at w =1) .

41 This formula is very picturesque; it describes an incoming wave from the negative x axis (so at
6 = —m) and an outgoing wave along the positive x axis (so at § = 0). In particular, the outgoing part of
the incident wave is equivalent to a contribution to the scattering amplitude proportional to §(6) .
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proportional to e ™" - is identical to the plane wave (210 is given by

> s TV ; > s TV . - m|v]
Y(r,0) = i Ty (kr)e™ 4> i Ty (kr)e ™ e e gy (kr) (212)
n=1 n=1

The scattering amplitude At large r ¥(r) reduces to

1 o . e
ome'i8(0 — m)e R + H(9)e tiethr 213
T (2o —m) ) ie™) (213)
where -
H(G) — e—iTr|l/| + Z <€—im6m0 + eimxe—in9> ) (214)
n=1

Decomposing H (#) up into its even and odd parts and then further processing we find

H(9) = (Z 2 cos(mv) cos(n@)) +e T 4 (Z 2sin(7v) sin(n9)>

n=1 n=1

= (cos(mr) + Z 2 cos(mv) cos(n9)> — 4| sin(vm)| + (Z 2sin(mv) sin(n@))

n=1 n=1

= 2w cos(nv)d(0) — i| sin(vm)| + (Z 2sin(mv) sin(nH)) (215)

n=1

= 27 cos(m1)3(0) + sin(nv)Pv <cot <Z>> — | sin(xv)|

_7;055“[ ]
= 27 cos(mv)d(0) + sin(nv)Pv % .
Sin (5)
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@ It is conventional to write the wave function as a plane wave plus a scattered piece ; at large r

h(g)e—i% eikr

ikx
r) = ek 4 218
() V2rkr (218)
Plugging into (218) and comparing with (213)) we conclude that
h(6) = H(0) — 270(0) (219)
so that
e 9=g;[l/]
h(0) = 27 (cos(mv) — 1) 6(0) + sin(7v)Pv | ——5+— | - (220)
S (5)

Physical interpretation of the § function at forward scattering It is intuitively clear
that the amplitude for propagation (path integral) for a particle starting out a large distance away
from the origin on the negative real axis, to a position nearer the scattering center has enough
information to compute the scattering S-matrix. @ The amplitude for a particle to propagate
from far to the left of the origin to a point near the origin (lets say at angle § ~ 7 for definiteness)

receives contributions from path whose angular winding around the origin are approximately

42In going from the third to the fourth line above we have used the formula

po (et (5)) =2 2 sin(1mo) (216)

This formula is equivalent to the assertion that

/—Pv cot ( ) e™? = sgn(m) (217)

(the integral on the RHS of (2I7) clearly vanishes when m=0 as Pv(cot (£)) is an odd function). The
integral on the LHS of (217) can be converted into a contour integral about the unit circle on the complex
plane via the substitution z = . The contour integral in question is simply

d m—1 1
7{ dz 02 (z+1)
27 z—1
This integral is easily seen to evaluate to unity for m > 1 when it receives contributions only from the
pole at unity. The substitution z = % allows one to conclude as easily that the integral evaluates to —1

for m < —1, establishing (216)).
43Let us explain how scattering data may be extracted in practice. Recall that the amplitude for a free
particle to propagate from polar coordinates r, 6 to polar coordinates 7/, 6’ in time ¢ is given by

r24(r)2—2rr/ cos(0—0')
1 Z( 2t
27t

Ap(r, 0,70 t) = (221)
oE(r',0) = 2772'\/2?671‘%14}7(7‘, 0,70 t) (222)
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oo — 3, —7,m, 3m.... Of these infinitely many paths those with winding approximately = and —
are special. These sectors consist of paths that go below the origin, and paths that go above
the origin, but do not otherwise wind the origin. It may be shown that these paths are entirely
responsible for the terms in H(€) (see the previous subsection) proportional to 6(0).

For a free plane wave H(0) = 276(6). In a ‘traditional’ scattering problem H(6) = 275(6) +
nonsingular i.e. the incident wave goes through largely untouched, and in addition we have some
scattering. In the problem with Aharonov-Bohm scattering, however, we have seen in the last
subsection that H(0) = 2w cos(mv)d(6). This fact is easily interpreted. The contribution of paths
with winding 7 and — in this problem is identical to the contribution of the same paths in
the free theory except that the paths with winding m are weighted by an additional phase "™
while the paths with winding —7 are weighted by the additional phase e~“™. The two sectors
are flipped by reflection and so otherwise contribute equally. This explains the modulation of the
5(0) part of H(#) by cos(nv), and the consequent appearance of the term 27 (cos(7wv) — 1)d(0) in
h().

1.9.4 Details of the computation of the scalar S-matrix

Computation of the effective one particle exchange interaction In this subsec-
tion we explicitly compute the summation over the effective ‘one particle exchange’ four point
interactions depicted in Fig[dl We perform our computation in Euclidean space and analytically
continue our final result back to Euclidean space. In Figure [I9 we redraw the diagrams of Fig [4]

this time including detailed momentum assignments for all legs.

is the wave function at time ¢ of a particle, initially localized to a delta function located at r,f. In the
limit mr
r—o00, t—00 i k =fixed, 1,0 = fixed (223)

we have )
oF = et (224)

i.e the wave function reduces to a plane wave. In the case of an interacting theory with interactions
localized around the origin, let the amplitude for the particle to propagate from r, € to polar coordinates
r’, 0" in time ¢ be denoted by A(r,0,r,60’,t). It follows that the scattering wave function for our problem
is given by
2
orp(r',0") = 2mi/te 5 A(r, 0,10, t) (225)

in the limit (223)) as this path integral produces a wave function with an incoming piece that is indistin-
guishable from a plane wave near the origin. The scattering amplitude h(f) is read off from the large 7’
expansion of ¢ (r’,6) in the usual manner.
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Figure 19: The one loop diagrams that contribute to the unit represented by the triple line
excluding the tree level diagram. Note that box diagram is not included here as it is one
of the contributions from two units sewn together.

E
The graph in Fig. [19(a)| evaluates to

r —\r k)— 1 d37,
N4 = (=47°X%) / - Er J—rii— Er J—r k;— 2+ cf (2m)

) /_ (1+2gjg <<r ﬁipﬁ (r Ijk))) r2+1c2B (;i;z

Let 6 denote the phase of the complex number r_. Since 72 doesn’t have a 6 dependence,

performing the 6 integration first,

+k)- 1 drgrsdrs
NA—_422/_ 1_2@7 o —1g) — 7, 99
= o) [ (12 0= otk =) g e Y
The graph in Fig. [19(b)| evaluates to
NA; = (—4W2A2)/_(T+P+2Q)— (r+k+2q)- 1 dr
(r—p)- (r—k)- (r+q?+cj(2n)3

44 A1l the graphs below have the common overall factor —472)2, because they each have a single internal
scalar propagator, two internal gauge propagators, and two ¢¢pA 3. The scalar propagators contribute with
no factors. The gauge propagators are each proportional to 2wi\. The triple vertices each contribute a
factor of . And finally we get an overall minus sign from the fact that we are computing the contribution
to the Euclidean effective action which appears in the path integral as e~ 5%
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we can change the integration variabler — r — ¢ and define variables p’ = p+ ¢,k = k + q.

(r+p)-(r+K)- 1
Ny = (i) [ e o

-[- (1 ”(Zfi?__ (v i@_ NG —kk>>> " +1c23 ézs

Again, performing the 6 integration first,

Vs = arta?) [ (1= 2P0 01— ) =008~ 1) ) o T

Fig. [19(c)| evaluates to

(p+k+29)-(r+k)- 1 &
NAz = (—47°)?) / k- k)t 2n)p

— (_4x2)2 ) k- 1 dr
= (-4 [ TEDE <”2<r—k>_>r2+c23<2w>3

B _(p'—l—k’)_ B . 1 drgrsdrs
_(_47@2)/ oo (- 200k =) T2 (o)

Fig. [19(d)| evaluates to

— (—Ag2)2 _(ptk)-(r+k+2q)- 1 d’r
VA= ) [ e g e
k) (r+k)_ d3r
= 471-2)\2)/_8;1_]{3 Eri—kz’i rz—il—c (2m)3
— (_Ag2)2 (pt+k)- kL 1 d*r
= o) [ (1) e e
B k- e 1 drsrgdrs
( 47’(2)\2)/ <p_ k)_ (1 29(k5 3)) r2 +C2B (27T)2
Fig. evaluates to
NA5 ( 471_2)\2)/(17?;)]1'2)2(]) E +]};; i d37)«
:(—471'2)\2)/(5;1_2;) <1+2 f > T
_ r? + c% (2m)3
_ M B _ 1 drgrgdrs
= ( 47r2)\2)/ o (1—20(ps —rs)) PrE (2n)?
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Fig. [19(f)| evaluates to

+k)- (r+p+29)- 1 d®r
NAg = (—4n°)? / (p
e B B = B R ur EEaE A T
+Ek)_(r+p)- 1 d3r
— (—47r2)2 /(p
R B IR AT (231)
+k)- . 1 d3r
= (—472\2 /(p 1+2
R Py S G ey ) BB T
(p + k)— / 1 d?’gT’SdT’S
= (—47T2/\2 / 1 —20(p —7s)
) (p—k)- ( ( )r2 —l—cQB (2m)?2
The total Amplitude is
6
NAw =34, (232)
i=1
Which gives
4232
N Ao = /d?:;::;d;s [(7“2410); )
B (233)

4q_
X <—2 + ﬁ [9(]9/8 - 7’3) - H(kg - 7'3) + H(ks - rs) - e(ps - TS)]>:|
Where we recall that
P=p+tq K=ktq
We are interested in the special case ¢= = 0. In this case the Py = pt and k. = ki, and so
k's = ks and p), = ps. It follows that the 6 functions in (233)) cancel in pairs and
1 drarsdrs
r2+c%  (2m)?

1 d3r
2,2
= by — 234

8T /r2 +C2B (2m)3 (234)

NAyy = (—2)(—47TQA2)/

We use dimensional regularization, which replaces the integral by (fx). So ultimately these
diagrams give
N Ajpop = 21\cp (235)

Euclidean rotation The integral equation may be used to solve for the function V (p, p, k°, k,q3 ).
In this subsection we will be interested only in the dependence of V on p° and k° and so use the
notation V = V(p°, k°).

As is often the case in the study of relativistic scattering amplitudes, in this chapter we will

find it convenient determine V by first computing its ‘Kuclidean continuation’. In this brief
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subsection we pause to define the Euclidean continuation of V', and to determine the integral
equation it obeys.

Given the amplitude V(p®, k°) we define the one parameter set of amplitudes, V,,(p°, k%) for
0 < a < 5 as follows. Let us assume that V(p°, k°) admits an analytic continuation to the
function V(z,w) for 0 < Arg(z) < § and 0 < Arg(w) < 5. We also assume that this function
can be defined to be free of singularities when Arg(z) = Arg(w). In terms of this analytic

function, we define a one parameter extension, V, of V' by
Va(po, kO) _ V(poeia7 koeia)'

It follows in particular that V, is a smooth function of «.

The Euclidean continuation, Vg of V is defined by
Ve(®,q°) = Va (0, k).

Note in particular that
Ve(p°, k) = V(ip°, ik?)

[l

In order to obtain the integral equation obeyed by V4 (p", ¢") one must, of course, make the
replacement p® — e*p?, k0 — €*k0 in . However this replacement must also be accompanied
by a simultaneous change in the contour of integration of the variable r°. If the r® contour is left

unchanged then the pole )

(p—r)s(p—1)- —ie

in the integrand in the first of could cross the contour of integration at a particular value
of a, leading to a non-analyticity in V,, as a function of a. In order to define V, as a smooth
function with no singularities, we adopt the following procedure. For any given p° and « we first
deform the contour of integration over the variable r°. This deformation is performed without
crossing any singularities in the integrand, and so does not change the value of the integral. It
is chosen in a manner that ensures that the rotation p° — pe’® can be performed without the
pole crossing the contour of integration; for any fixed p° and a such a deformation may always
be found. After the rotation on p® is now performed, the integration contour for r¥ is further
modified to suit convenience. It is convenient to choose the final contour for integration over 7°
to be the rotation of the initial contour counterclockwise by the angle «, together with two arcs
of angle o at co. It is easily verified that the arcs at infinity do not contribute to the integral

(because the integrand dies off fast enough at infinity) .

45This equation that is sometimes summarized by the mnemonic p% = —ip%, k% = —ik¥.
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In summary, the integral equation obeyed by the function V,,(p®, k°) is given by making the
replacements p? — e’ p?, k¥ — k0, 10 — 0 in and then continuing to integrate the
0

variable over its real axis. The integral equation for Vg is given by the special case « = T

new r R

Solution of the Euclidean integral equations In this subsection we determine the
solution to the scalar Euclidean integral equation .

Differentiating the first equation in w.r.t. p?> we conclude that 8p3VE = 0. It follows
that V' is independent of k3 and ps3. In a similar manner, from the second equation we conclude
that 9sVF = 0. The identity

/°° dx B 27
o (@2 +a?)((x+y)? +a?)  al(y? +4a?)

may now be used to perform the integral over r3 on the RHS of the first two equations in .
Defining

a(p) = /¢ +P? =1/ + 2p4p-
where the square root on the RHS is positive by definition, we find

d?r N

E E E E
k = k —_— k
Vv (pv 7Q) ‘/O (p7 7Q)+/(27r)2‘/0 (p77“743)a(r)(q§+4a2(r))v (’I", 793)
VE(p, k,q) = Vi (p. k q)+/ s VE(p,r,q3) al Vo' (r, k, g3) (236)
s Ty 0 5 vy (271_)2 s 1y 43 a(r)(q§+4a2(r)) 0 s vy 43
E o (k+p)-  ~
NVy (p, k. q3) = 4W2)\Q37(k o) + by
Now if z = If/;;y then
1 . 2 1 = 2 2
0, = 3 (0p —i0y), V= =20,0s, 85; = 0,0z In(22) = V*Inr = 216°(7).
It follows from ([236]) that
4i)\Q3p_
0, (V—-Vy) = )
e V210 = G000 + 4070) .
4i\qgsk_
O, (V = Vi) = — 1

a(k)(q3 +4a?(k))

The equations ([237) may be regarded as first order ordinary differential equations in the variables

p+ and k4 respectively. These equations are easily solved. Using the identities

/ dp4p— _/ da 1 tan~! <2a>
a(p)(q3 + 4a(p)?) g3 +4a®  2|gs] g3

106




If we agree to choose a definition of tan™' that makes it an odd function we can drop the modulus
signs in this formula. Of course we would also like the tan™! function to be continuous; these

requirements together fix the branch choice
T 1 T
—— <t < =
5 < tan (x) 5
It follows that (237) may be recast as

3p+ <e—2iAtaH1<22§m)V> - <e_2i/\tanl(22;p>)> 6p+%7
akJr <€2i/\tan1(2‘;(3k))v> — <62i)‘tanl(2z(3k)>> 8k+VO.

The equations (238) are now easily solved by integration. It might at first seem that the integral

(238)

of the RHS of these equations is complicated by the fact that the term multiplying 0,, Vy in the
first equation on the RHS of is actually a function of p. Recall, however, that 9,V is
proportional to the ¢ function; using the formula f(x)d(x —a) = f(a)d(x — a) we can replace the
argument of this prefactor by the corresponding function of k;. Similar remarks apply to the
second of . Integrating these two equations it follows that

NV = (4mAq3)@e‘2“(ta“ﬂ(%k))‘m”(%%m))

) —1/( 2a(p)
621/\tan ( a3 )h(k,p—aq3)

p— +k_ 6—21')\ (tan’1 (ﬂgiék))—tan’l (%273(’7)))

) —1(2a(k)\ .
—2iXtan~! (T) h(k-,p,q3)

(239)
= (4mig3)

Comparing these two equations determines the k£, dependence of h and the p; dependence of h,

and we conclude

Coin(tan1 (2@ a1 ( 2a(m) 4k
NV(pJ(;)gg) —=e 2 /\(ta 1( a3 ) ta 1( ‘13p )) <47T’i)\Q3]j_H; +j(k_,p_,Q3)> (240)
p_ —k_

Now the function j(k_,p—) above must be a function of charge zero, and so must be a function

of ]IZ—‘. It must also be singularity free (i.e. its derivative w.r.t both p; and k; must vanish. This

seems impossible unless the function j is a constant, so we conclude

_2i)\(tan—1<2(27?()k))—tan_1 (2(37;’”)) <47’rz)\Q3Z_i_Z_ —+ j(Q3)> (241)

NV =e
In order to evaluate j(g3) we now plug the form (241) back into (236)), explicitly perform
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the integral over ¥ and compare both sides of the integral equation. The integral over ¥ may be
evaluated in polar coordinates by integrating over the modulus r and the angle 8. We will find
it convenient to perform the angular integral by contour methods. Let us define z = €. Then
f o = | Qijz where the contour C' runs counterclockwise over the unit circle on the complex
plane. The first of turns into

2iXtan—! (%/@)
q.
e ’ (Nv<p7k7Q) _N%(p7k7q))

/ 2
2ixtan—! <2 T2+CB>

1 2iXtan—! <2\/T2+7€23>
/d’r&« e " I(r) (242)

:/dr re I(r):f,/\
v/ B+ 125 + 4(c% +r2)) 1AG3

dz N TZzHpo o~ » rz+k_ '
Ir) = | 5oz, | —4miA by ) | —dmidgs————
() /(;(27r)2iz ( TG » + 4) < TIAQ3 Tk +](Q3)>

a3

Where z in I(r) is integrated over the unit circle. We now proceed to evaluate I(r) using Cauchy’s

theorem. We find

orI(r) = (dmidgs + by)(—Amidgs + h)

, o k—+po
— 0(r — p)8milgs (—47T2/\(J3k__p_ + ](QS)) (243)
k_ _ ~
+0(r — k)8miAgs <—4TFMQ3;§J_F§ * b4>

where the first line is the contribution from the pole at z = 0, the second line is the contribution

from the pole at z = pT‘ and the third line is the contribution of the pole at z = kT‘ Let us define

2 2
2i\ tan—1 <22;CB>
F(r)y=e

It follows from (243|) and (242) that

2iXtan—! (2 v k2+CQB>
. q.
(8midgs)e * ) (NV(pk,q) — NVo(p, k,q))

= (4midgs + ba)(—4migs + j(g3)) (F(00) — F(0))

~ Smirgs (—qugi:fjj: n j<q3>) (F(o0) — F(p))

(244)

+ 8miAgs (—4mq3k+p +’54> (F(c0) — F(k))

ko —p
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Substituting in for V' and Vj, the LHS of this equation may be rewritten as

p— +k_

(8midgs) <F (p) (47””13 P

. . B
+](kaP,CI3)> — F(k) <4m/\qza§_k + b4>>

It follows LHS exactly cancels the terms proportional to F(k) and F(p), and (244) may be

rewritten as
(—4miAgs + by) (+4mirgs + j(q3)) F(00) = (4midgs + ba)(—4migs + j(g3))F(0)
This is a linear equation for j(g3) whose solution is given by

(4m’>\q3 —1—54) F(0) + (—47ri)\q3 +Z4) F(00)

j(g3) = 4miAgs = — (245)
(47rz'Aq3 + b4> F(0) — (—4m'q3 + b4> F(0)
Using
. _ 2c
F(OO) _ e7ri)\sgn(q?,)7 F(O) _ 621)\tan 1( qf)
we have
~ . _ 2c — )
(47”.)\613 i b4> 622)\tan 1( qgj,g) + (_47Ti)\Q3 4 b4> eTirsgn(gs)
j(g3) = 4miAgs — (246)
(47’[’i)\6]3 i b4> 622)\ tan I(Tf) — (—47”')\(]3 + b4) emiAsgn(gs)
In the limit b4 — oo we have
emisgn(as) | 2A tan—1 (ff)
j(gs) = —4midgs ——
eﬁi)\sgn(qg,) . eQMtan < 7 )
(247)

1 + efZiAtan_l (%)

= —4miA|gs]

—~2ixtan— (4220)
°B

1—e

In summary, the off shell Euclidean sum of the diagrams depicted in Fig|3|is given by (241) with
j(as) given by (246).

The one loop box diagram computed directly in Minkowski space In this sub-
section, by the direct calculation of the one loop box diagram in the Minkowski space, we will

show the cancellation of IR divergence of gauge propagator and that P in (119) becomes unity
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p+q r+q k+q

-p

PR —

+r-k

p r k
(a)

Figure 20: Box diagram in the light cone gauge.

P = 1. In Minkowski space, the one loop box diagram (see Fig evaluates to

dr (r+p)-(p—1)+ (r+k)-(k—7)+

@7 (p— 1) (p — )= —i€1 (k— 1)1 (k — 1)— — iex
1 1

2rery +ri+ch —ie2(r+q)-(r+q)+ +(r+q3+ck—ie

Ioneloop = (47TAQ3)2/
(248)

Although we are interested in the value of this integral at ¢+ = 0, we have allowed ¢+ # 0 in
the scalar propagators as a regulator; we will take the limit at the end of the computation. This
manoever allows us to evaluate the integral in a particularly simple manner.

Before embarking on the calculation, let us recall the issues involved. The term of O(A\?) in
the expansion of the offshell amplitude (we set by = 0 for simplicity) is

VQ :87TA2qS (tanl <2a(k)> _ tan*l (20,(p)>> p— + k_
q3 qs3 p_ — k—

+ 1672¢2 N H (q3) + 2mepA?. (249)

The last term in this equation is the contribution of the one loop diagrams in Fig. to V.
Offshell, consequently, we expect (248) to evaluate to

2a(k 2 - k_
_ijoneloop :871'/\2(]3 <tan1 <a()> _ tanfl ( a(p))) p— +

q3 q3 p— —k—
+ 16723 N2 H (g3). (250)

Here extra —i factor comes from the analytic continuation as we can check by the relationship
between and . As mentioned at the beginning of this subsection, the reason we are
undertaking this whole exercise is that the first term in (249)) is naively ambiguous onshell, and

we aim to discover its true value via a careful evaluation of (248]).
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In order to evaluate (248]) we first evaluate the integral over r, integral using the methods of
complex analysis. The integral over r, may be regarded as contour integral, where the contour
runs from left to right along the real axis and then closes in a giant semi circle at infinity in the

upper half plane. The integrand has four poles located at

. €1
7’+:P++ZW7
. €1
ey i
T+ =Rt +Z(r— P
, :_1"%4—023 z‘i (251)
* 2r_ 2r_
B (rs+g3)*+c% e
() BT

Scalar poles From the point of view of IR divergences, the main point of interest in this
section is the contribution from the first two poles in ; the poles that have their origin in the
gauge boson propagator. In order to be able to focus on the interesting part, however, it is useful
to first get the ‘boring’ part of the answer out of the way. (Irrelevant part for the subtraction
between tan~! functions.) In this subsection we evaluate the contribution of the last two poles
to the integral. In this subsection we assume for definiteness that the regulator g— < 0 (it is not
difficult to see that the final results do not depend on this assumption).

If r— < 0 then neither of the third or fourth poles in lie in the upper half plane, and so
these poles do not contribute to the r; integral. On the other hand if r_ > —¢g_ > 0, both poles
contribute to the integral, and it is not difficult to verify that the contribution of the two poles

infact cancels. In other words the poles of interest contribute only in the range
O<r_- < —gq_.

When r_ is in this window, we integrate over 4 receives contributions only from the third pole
in (251). Evaluating the residue of this pole redefining r_ = —q_, it is easily seen that

. 1 00
3 _ ! 2 [ dx drs () o +k)- -k

1
X )
13+ %+ ¢3 x+ 2g3r3T — i€ — 2q_q4 (2% — 1‘)]

(252)

In the limit g+ — 0,

. 1 [ee}

1 dx drs 1
B hg? / / , 253
oneloop 2( TA) 0 2T ) oo 2m 134 %+ q3 x + 2q3r3T — i€ (253)
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3
(where Ioneloop

is the contribution of the third and fourth poles to the integral (248)).)
We now evaluate the integral over r3 by closing the contour in the upper half plane. The pole

that contributes is at

r3 = —q3x + i\/c2B + @3z — @32? — e,
note that c% + g2z — ¢2x? > 0). We find
B T 43 3

j Ld 1
5 “(amrgs)? | oo

oneloop 1 2

= 27r)\2\/q>§ (log(Zm + z\/%) — log(2m — z\/%)) (254)

= i(4mAgs3)?H(q),

in precise agreement with the second term in (250]).
As the sum of the third and fourth poles in (251)) yields the second term in (250]), the sum of
the first two poles must give rise to the first term in (250). We will now verify that that is indeed

the case.

Contributions of the gauge boson poles off shell The first two poles in (251]) are
a consequence of our resolution of the singularity of the gauge boson propagator. Offshell, the
contribution of these poles to the integral (248) is very simple: we pause to explain this fact.

Consider the integral

[ ),

Iyl —ie
where f is any sufficiently smooth function. The integrand has a pole at
1€1
Iy = —.
e
If we evaluate the [y integral by closing the contour with a giant semicircle in the upper half
plane, this pole contributes only if [_ > 0. The contribution of this pole to the integral is
Y e i€1 1€1
27m/ a i f( ),
0 - —
Provided f(l+,l_) has no singularities if either of its arguments vanish, then in the limit ¢; — 0
the integral over [_ receives contributions only from I_ ~ €7, i.e. at finite values of the variable

&G

y =1

Changing integration variables to y we find that the contribution of this pole to the
integral is given by

—or /0 = dyf iy, 0). (255)
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Provided all external momenta are offshell the analysis of the paragraph above applies, and
allows us to easily evaluate the contribution of the first two poles to (248). Identifying the function
f, applying the formula and performing the integral over r3 we find that the contribution
of the first pole

(k+p)-
I;neloop = _(47‘-)\(]3)2@
/°° dij 1 1 (256)
X -— T~ . )
0 27 Jop py +ch —ie +ig AP T+ T i) T a5

where

y=2p_y.

In (256]), we took €1 — 0 limit already, and we also take into account that p_ < 0 inside the

lightcone. Evaluating the integral we obtain

(k+p)-
(k—p)-

. T (257)
" — _T +tan~t [ 2 20D+ +2CB — )
2 q% 2 a3

Similarly the contribution of the second term is

I, —(47m2g3)?

oneloop —

(k+p)-
(k—p)-

| — (258)
7 s 1 2k ki +cp —ie
X —— + tan 2 5 .
27 q§ 2 a3

Summing these two contributions we find perfect agreement with the first term in (250)).

All we have seen so far is that the one loop four point function in Minkowski space is, indeed,

I = (4mAg3)?

oneloop —

the continuation of its Euclidean counterpart. Of course we knew this had to be true on general
grounds, so the agreements obtained so far have simply been internal consistency checks. In order
to get new information we will now investigate the contribution of the first two poles in (251)) to
the amplitude (248) when the external particles are all onshell. Recall that the continuation of
the Euclidean answer - and the naive analysis of this subsection - yielded ambiguous answers for
this quantity. Obtaining the correct result for this amplitude requires a more careful calculation

which we now turn to .

The onshell contribution of the gauge boson poles In this subsubsection finally
we will show that P in (119)) is unity P = 1. In the previous two subsubsections, we have seen that
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gauge boson poles contribute to the first term of (250 while the scalar boson poles contributes
to second term of the (250]). Therefore our concerning factor

(tanl (2“(k)> ~ tan~? (2“@» s (san! (=) — tan! (—4)) (259)

a3 q3

in the first term of is given by the contribution of the on-shell gauge boson poles.

When the momenta p and k are onshell, the analysis of Appendix yields an ambiguous
result. This is because the analysis presented above applies only when the function f of the
previous section is sufficiently well behaved. This assumption is valid for generic values of p
and k. When the two external momenta are onshell, however, it turns out that the function
f(_-,l4) of the previous subsection blows up at [_ = 0, invalidating the approximations used
in the previous subsection. We will now present a more careful analysis of this special case. In
this subsection we ignore the overall factor (47\g3)? in ([248); the factor is not important as the
conclusion of this subsection is that the net contribution of the two gauge boson poles for the
onshell 4 point function actually vanishes.

The contribution of the first gauge boson pole to the r; integral in is given as

> o 1 €. 1
d drs|——(1+ 2)=—
/0 y/_oo r:{ 27r( - y)X

(y(k— +p-) + 2p—e1) 2p—(k+ — p4) — iy)
X . : (260)
(y(k— —p-) = 2p—€1)(2p—(ky — p4) — 1y) — i2p_yer
where we have made the variable redefinition
€1
ot op @ (261)
Yy
and where
X = <T§ P20+ ) iy —e+ 261)>
Y (262)

€ .
X ((7"3 +q3)% — p3 —2(p3 + 623)51 +i(ly —e+ 261)> .

We can obtain the second pole contribution by exchanging the momentum & and p.
By noting that
pg = k? ) pg = k?2> )

when p, k, (p + q), (k + q) are on-shell, we can see that the first line of (260)) is symmetric under
the exchange. We can see that O(¢}) term of the second line of (260) is antisymmetric under the
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exchange of p and k because its form is

k_+p_
ko —p_

Hence the sum of the contributions from first and second pole of (248)) should be O(e!). In the
integrand of (260)), the variable r3 appears only in factor X. Therefore the sum of the first and

second pole contribution becomes following form

/yoo dy /_Z drs <el x f(y)X(;yO . (263)

Because of this explicit factor, in order to establish that (263) vanishes in the limit ¢; — 0 it
is sufficient to verify that the integral in (263]) has no compensating singularity as ¢; — 0. To

investigate it, it is important to note that

(y(k— —p-) = 2p—€1)(2p—(ky —p4) —1y) —i2p_yer = 0=y =€ =0. (264)

at the denominator of second line of (260)) if k_ # p_. @ It is also useful to expand

o)~ (k- +p-) 2ip_ 2ik_
2nl(y) (h— —p-)? <2p—(k+ — ) —iy 2k (ps — k) — Zy)

The integral over r3 in factor X is elementary, and may be explicitly performed; however the
resultant expression is a slightly messy function of y and we do not present the explicit form here.
After performing the r3 integral and further changing variables to y; = %, (263) reduces to

an expression of the schematic form
o
1= / dy1I(y1). (266)
0

Naively I(y;) is of order € (it picks up an additional factor of €; from the change of variables
y = e1y1). Infact the singular behavior that results in the ill definition of the naive expression

modifies this estimate for y; of order unity or smaller. Nonetheless it is possible to demonstrate

46 Tn the case of k_ — p_ = 0 on-shell, LHS of (264 is always zero for any y, ¢;. This may intrigue to
the delta function in the S-channel.
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that I(y1) < O(e1) throughout its integration domain. In pariticular E

4 61\/?JT <y1 < 1)

(c3+p2)2
€1 (y1~1)

I(y1) ~ ) 2 (271)
€1 (y1 ~ ﬁ)

5
1 (1)2 P
NG (?71) (1> 2)

We can immediately see that (263]) vanishes in the limit e; — 0 in the first three cases in (271)).

2
Actually also in the case y; > f—i”, we can check that it vanishes if we integrate over y;

5
o0 1 1\2
du —— [ —
‘/P% yl\/ﬂ <y1>
€]

So the net contribution of two gauge boson poles for one loop 4 point function, namely contribution

for the first term of (248]) vanishes. This results that the subtraction of tan~! function vanishes

(o (B e (B
=0= (tan_l (T) —tan~! (222@))

in the on-shell p and k. Then finally we conclude that the P in (119) becomes unity P = 1.

1
~——(e1) ~ e 0. (272)

NG

as

4TFor instance at y < €; namely y; < 1 by performing the contour integral we get

3

1 1 1 miy?
dra— ~ /dr — — ~ L . 267
/ ’X 3r§—2(p§+023)§+ze (r3 +q3)? —2(p3 + c}) s +i€  4V/2(p} + c3)3 (267)
Then (260) behaves as
1 2p_e1(2p_(ky —
/dyl:el/d’l“zg( p—e1(2p— (k4 — py)) )} ~/dy1el VUL _ (268)
y X \—2p_e1(2p— (ks —p4)) (P +c%)2
At y > p3, namely y; > é, the integration over rs gives
1 1 1 —me't
drs— ~ [ dr ~ . 269
/ °X / S iy (r3 +a3)? + iy 2y3 (269)
Then from (265) and dy = €1dy;, we can see that (263)) behaves as
o0 . 1 , 1 1
dy drs | €1 X I(y)Xi ~ | dyef——= ~ [ dypp——- (270)
—o (r3,9) y2e? y?e?
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1.9.5 Details of the one loop Landau gauge computation

In this subsection we provide some details for our evaluation of the one loop scattering amplitude
in the covariant Landau gauge. As we have explained in the main text, the evaluation consists of
determining the integrand for each graph, and then following standard manipulations that allow
one to re-express the integrand in a standard basis. In order to illustrate how this works, we
first present all steps in detail for the most complicated diagram (this is the box graph). For the

remaining diagrams we content ourselves with a brief explanation or simply stating our results.

Simplification of the integrand of the box graph Straightforward use of the Feynman
rules leads to an expression for the integrand of the box graph depicted in Fig.

1 Tpor = (eVlVﬁqvlleﬂem,uﬁl A, (l + p)ukﬂ1)
642227 2((1+p)2+ A +p—k)2((I+p+q)?+ %)

_k-q[2(0-K) (g —1-p)+(k-p){-(1+p) = (- q)( (k+p))]

274
B+ P2+ B +p—FP(+p+ a7+ B) (3r4)
CIRICR) (k-p+cp)+ (k-2 (=k+1+p)+ (k-p)(g-1)°
PI+p)2+c)+p—k)2((I+p+q?+ck)
The denominator of the expression above is the product Fq E>FE3E, where
Ei=ch+(1+p)? Ea=ch+(p+q+1)? E3=1 Ey=(+p—k)> (275)

The terms in the numerator RHS of (274) that involve the loop momentum [ can be re-expressed

as functions of the denominators plus terms independent of [. For example

l-l=FE3, 2p-l=EFE,— Es,
2q-l=FEy—FEy, 2k-l=FE1—FE;—2c45—-2k-p,

where we have used onshell conditions
Pt =0, B2+c5=0, (p+¢*+c5=0, (k+q?+c5=0.

Judiciously using these and similar identities, it is easy to show that the integrand in (274]) may
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be rewritten as

(k-k—k~p)(k:~q)(k-q+2k-k)+k:-q(k:~q—2023)+k‘-q(k:-q—202B)

E\EsFE3Ey 2F1FEyFEsg 2F1FEyFEy
koq(k-ptch) k-a(k-ptch) (k-p)lg-)  (k-p)a-]) (276)
EsFEsEy E\E3E, 2FsFsEy 2F1FE3Ey
q q + q + q 4 q q

2 Fy  AFE\E3 | AE\Es  AFE.FE3 | 4EoE, 2E3E,

The expression in includes a term with four denominators. As we have mentioned in the
main text, under the integral sign it is always possible to reduce any such expression into a linear
combination of expressions with three or fewer denominators (recall we work in 3 spacetime
dimensions). This reduction may be achieved by the systematic procedure spelt out in [34].

Implementing this procedure in the case at hand we find the replacement rule

_(k~k—k-p)k'q(k-q+2k-k:):k-q(QCQB—k:-q) +k:-q(2023—k-q)

F1EsEsEy 2F1 Fo Es 2E o Ey
_k~q(k-p+c23)_k-q(k-p+023) (277)
2E1E3E4 2E2E3E4
Using (277)), the integrand for the box diagram reduces to
1 _kealbptep) kealkptey) (kep)la-)  (k-p)g-D)
64m2\2 " 2E1E3Ey 2E,F3E, 2F2E3Ey 2E1E3Ey (278)
k-q k-q N k-q k-q k-q k-q

" 2E1Ey, | AE\E3 ' 4E\E,  AEyE; ' 4FsE, 2E3Ey

We now turn to a discussion of the relations between distinct scalar (and other) integrands.
Expressing the corresponding integrals in terms of Feynman parameters, it is not difficult to

demonstrate that, under the integral sign

1 1 1 1
E\EsEs E\FE3E,”  E\E3E, EsE3F,
q.l _ q.l (279)
E\E3Ey E>EsE,
1 1 1 1

E\E;  FE\E, FoFs FoF,
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For instance

1 _/1 dx
E\E3 )y (zE3+ (1 —2)Ep)?

! dx
:/0 (12 +2(1 - 2)l - p)® (280)

:/1 dzx '
0 <l~2 +(1— ZL’)QCQB>2

Similarly

1 _/1 dx
E\Ey  Jo (zBEyi+ (1 —2)Ep)?

_/1 dx
0 (l2—|—2l-p—2p-kx—2l-kx—20233:)2 (281)

! dx
= ~ 2 .
0 <l2 + (1 — :c)2023>
Using these relations we may rewrite the integrand for the box diagram as

L _keqlkeptch)  (kp)a D) kg kg kg (282)
Gan2 N2 bor E1E3Eq E\E3E;  2E1By | E\E;  2Es3E;

In order to complete our simplification, we must now re-express the term

(k-p)g-1)
EyF5E,

in terms of scalar integrals. The procedure for doing this is once again standard [35, 36] and we
find
(k-p)g-l) (k-p)k-g) 1  (k-p)k-q) 1
E\E3sEy (% —k-p)EvEy & —k-p B3 By

(k-p)k-q)(k-p+ch) 1
s —k-p E| Es Ey

+

Using this replacement rule the integrand for the box diagram finally reduces to

8k-q 8(c3+k-pk-q 1

Thow = 47r2)\2<

By By & —k-p E3E
16 c4(k-q) 1 16 (b +k-pk-q 1 ' (283)
CQB—k"p E1E4 CQB—k"p E1E3E4
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Simplification of the remaining integrands We are left with the task of evaluating and
simplifying the integrand of the remaining one loop scattering diagrams. These diagrams are
listed in Fig. The simplification of the integrand follows a procedure that similar to but
much simpler than that adopted in the previous subsection. The diagrams of are simpler than
the box diagram considered in the previous subsection because none of them involves more than
3 propagators, so we never have to employ a replacement rule analogous to (277)).

We briefly illustrate how things work in the specially simple case of the h graphs of Fig.
O Since all of the four h diagrams are interrelated by linear momentum redefinitions, we can
evaluate any one of them and multiply the result by 4. We consider first of these diagrams. Apart

from come constant overall factor it gives

/ A3l P (1 +2p + 29)l pGur 7 (p + K)o (k — p)g
(2m)? (k= p)22((L+p+q)* + cp)

. / d3l 6’“’9(17 + q>ylpg,uxexa¢pak¢)

AN

2m)3 (k —p)22((I+p+q)% + ) (284)

Introducing Feynman parameter x and eliminating cross-terms including 1 in the denominator by

usual drill we get

(285)

/ P (p + )il p gy €k d31
(k—p2(2+z(1—xz)(p+q)? +xck)? (2m)3

The integrand is odd in all components of 1, hence the integration vanishes. It follows that
I =0.

In a similar manner we find that the integrand for the sum of the two V' diagrams (see Fig.

is

fo—aae( 2 8¢hp  6(cp+k-p) 8cp(chtk-p)
%4 E1 El E3 E3 E4 E‘1 E3 E4 .

The integrand for the sum of the two Y diagrams (see Fig. is

1 I :8623(k-p+023) (—k:-p—2k:-q+c2B)
Am2pz Y (¢4 —k-p) E1 B3 By
2 2 2 2 (286)
SCB(—k-p—2k~q—|—cB) _4(k:-p—|—cB) (—k:-p—2k:-q—|—cB)
(C%—k'p)E1E4 (C%—k'p)EgEzl '

The integrand for the sum of the eye diagrams (see Fig. is

2 Q(k‘-p—l—cQ)
Igye = 4202 | - = - L B/},
EBye = 51 ( E, Es E,
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Note that, contribution from lollipop diagrams (see Fig. vanishes. Similarly, one can show
that two diagrams in Fig. [7] each other. Summing all these contributions together, we find the

remarkably simple integrand

2 2 8k
Ty = Am2\2 < ————— a > . (287)

It follows that (modulo possible subtleties at special values of external momenta, see the main

text) the full one loop four boson scattering amplitude is given by
Sone loop = 2mmA* + 3272 (k - p)A2H (q). (288)

Note, of course, that this result precisely matches the O(A\?) term in the Taylor expansion of the

function j(q) at by = 0.

Absence of IR divergences Notice that our scattering amplitude is finite without regu-
lation; in particular the amplitude has no IR divergences. This is satisfying. IR divergences
in theories like QED result from the fact that the asymptotic electron states of the theory are
surrounded by a cloud of soft photons. The IR finiteness of our amplitude reflects the fact that
Chern-Simons theories does not have massless gluonic states. Although the absence of IR diver-
gences is physically very reasonable, at the technical level it appears to be a bit of a miracle, given
the appearance of the massless gauge boson propagator at intermediate steps in the computation.

Integrands of the form, for instance

1 1 1
E\E3E,’ E\E, E\FEj3

(289)

that appear at intermediate steps in the computation, give rise to integrals that are IR divergent.
The lack of IR divergences in our final result is a consequence of the cancellation of all these
expressions in the final result for the integrand. For instance, the box diagram integrand Eq[282]
first and second term are IR finite where as third and fourth are IR divergent. However, one can

show log divergence arising from both the third and fourth integrands cancel each otheﬂ Note

48 One simple way to check this is using the following trick (refer to Bern’s paper [37])

[ YRR
213 E1 BBy o (k’ “p+ C%) 213 BBy 2023 213 BBy

2 1 d°p 1
—N|—+— —_—
((p — ]ﬂ)Q + 2CQB) / 27T5 E1E3E4
where in the last line N is some number which is not important for our argument. Note that, third (last)

term in the last line is IR convergent as this is in the higher dimension. The second term in the last line
also IR convergent where first term is not, however, this IR divergence explicitly cancels the IR divergence

(290)
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that, the first line of box integral of Eqf274] has no IR divergence (near [ ~ 0), so final should

also have no IR divergence.

Absence of gauge boson cuts The imaginary part of any Feynman diagram may be de-
termined using Cutkosky’s rules. We pause to briefly review these rules (we follow a presentation
due to 't Hooft and Veltman [38]). Given a graph one divides the vertices of the graph into
two groups; circled and uncircled vertices. Associated with a particular distribution of circles
for vertices , one defines a ‘cut graph’. The expression for the cut graph is obtained from a
sequence of modifications on the expression for the usual (uncut) Feynman graph as we now
describe. The factor of ¢ in each circled vertex is replaced by a factor of —i. Propagators between
two circled vertices are replaced by their complex conjugates. Every factor of ﬁ%_ie
propagator: i.e. a propagator that runs between a circled and uncircled vertex - is replaced by

in a cut

0(p°)5(p? + % — ie) where p¥ is the energy running from the uncircled to the circled vertices.
The sequence of modifications described above gives the expression for the ‘cut graph’ associated
with a given distribution of circles for vertices.

Cutkowski’s rules state that the imaginary part of any Feryman diagram is given by the sum
of the expressions for cut graphs for all possible ways of distributing circles among the vertices
of that graph subject to the restriction that at least one vertex in the graph is circled and at
least one vertex is uncircled. Cutkowski’s rules are the diagrammatic reflection of the unitarity
of scattering amplitudes.

If we were to apply these rule to the one loop diagrams depicted in Fig. it
would, at first appear that the imaginary part of the one loop graph would receive contributions
from graphs in which two scalar propagators are cut and graphs in which two gauge boson
propagators are cut. @ Our extremely simple final answer and does have two scalar
cuts, but has no cut contribution from two intermediate gauge boson lines. From a physical
standpoint this is extremely satisfying; the Chern-Simons theory we study has no propagating
gauge boson states, and so a two gauge boson cut would likely have signalled a contradiction with
unitarity. From the purely technical point of view, however, the absence of two gauge boson cuts
seems striking. Individual graphs in Fig. BOITO[II)[TAL3] certainly have these cuts, which must,
therefore cancel between graphs. In this subsubsection we verify that this is indeed the case.

Two gauge boson cuts naively occur in the T-channel. In this channel the two external scalar

lines at the top of the graphs in Fig. [SOUIO0|11}j12A13| represent initial states (one particle one
antiparticle) while the two external lines at the bottom of the graph are final states. In order

coming from third term of .

49A graph in which a one gauge boson and propagator is cut will contribute zero to the imaginary part.
All cut graphs may be regarded as the square of tree level processes. One of the tree process corresponding
to such a cut would be decay of a single scalar to a scalar and a gauge boson: this is kinematically forbidden
and so does not contribute.
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to focus on this channel we must take pg > 0, ko < 0, (p+ ¢q)o > 0 and (k + ¢)p < 0. We find
it useful to work in the ‘center of mass frame’ in which the two incoming quanta approach each

other along the x axis. Let the final scattering angle be «. It follows that

pP= (p()vpa 0)7 k= (_p07p7 0)7
p+q = (po,pcos(a),psin(e)), k+q= (—po,pcos(a),psin(a)). (291)

All two gauge boson cuts have a universal factor that comes from delta functions that puts

the gauge bosons on shell. This factor is given by

/ (jjig (—270)28(—12 + 2)6((L + p — k)2)0(~10)8(lo + 2po)

1 o 1 )
_/W(—m) aiggj 200 + D3(~4lopo — 4 pR)6(~10)0(00 + 2p0)

1 . 1
_ / (g A0 21?8+ D3+ po)(—1o)o0o + 2p0) (202)

1 ) 1
= / Wpodlodldﬂ—?m)%ipg(s(—po +1)0(lo + po)0(—10)0(lo + 2po)
0

1

=— dlodldis(— 0ol
o | dlodlds(—pn + 1500 + o)

in the last line we have dropped the theta function because delta function clicks with in the theta
function. 7

In addition to the universal factor evaluated in each diagram has its own particular
factors that arise from the vertex factors, from propagators between circles or between crosses,

and from the numerator of the cut gauge boson propagators that we have not yet included in our

50The two delta functions in the final line of have a simple physical interpretation. As the two
gauge fields are on shell, the cut graph proceeds via two intermediate (tree level) scattering processes,
each of which take two scalar photons to two gauge bosons. The usual kinematical restrictions applied to
these intermediate processes implies that the 3 momenta of the two intermediate gauge bosons - which,
according to the labelling of 3 momenta in Fig|8|-is —l and [ +p + k -

(po, £po cos(a), £pg sin(a)).

The § functions in the last line of ¢ enforce this.
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analysis. For the various diagrams with two gauge bosons cuts, these factors are given by

Eye diagram — — 4p(2)5(—p0 =+ 1)5(50 + pO)'

202 2
l?;()) 6(=po +1)8(lo + po)

V diagram =4 <2p3 —1- k-

1 k-q 2k-q(k-p+ck)+(k-p)(l-q)
T6(B0X diagram):|: 9 + 4pr
2k-q(k-p+cp) — (k-p)(l-q)
4l (p+q) (293)

Ckeq(k-pt+ ) 2ch —k-q)
4(l-p) (I-(p+q)

Ydiagram:|:8(_k'p_k'q_czB+l'p+Q'l)

} X 0(1 — po)d(lo + po)

& (k-p+ch—2q-1)

4
+ I p

] x 0(1 = po)d(lo + po).-

We must now sum these factors, multiply with the universal term in § and then integrate the
result over the 3 momentum /. The delta functions in (292)) effectively turn this last integral into

an integral over the angle of the spatial part of [. This angular integral is easily performed using

c ;:Z = 21 (cos(a) — 1) — 2m(cos(a) — 1)%,
/ 1 B 47 (294)
cl-+q) Lp  pom(2¢ + p* — p?cos(a))’
1 2
/1:%, /: L /l~k:—/l-p:—27rpg, /l-q:O
c c l-p m po c c c
where the notation fc is the angle integral or more formally
/ = /dlodld95(—po + 1)é(lp + po)- (295)
We find that the cut due to the various diagrams is given by —ﬁ times
Box cut = — ! X 2(—m + po) sin? (g)
out 167 po 2/
Y ocut = — 167 0 X (pO - m) COS(O{),
(296)
Eye cut = — L
cut 167 py 2
1 3
V ocut = - ﬂ)

- m
167 Po 2
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It follows that
(Box cut) + (Y cut) + (Eye cut) + (V cut) = 0. (297)

Potential subtlety at special values of external momenta We now turn to the
discussion of an important subtlety that we have, so far, glossed over. As we have emphasized
above, our determination of the integrand for the box diagram made crucial use of the replacement
rule . The derivation of this replacement rule works at generic values of the external momenta
but turns out to fail when any two of the three independent external momenta are parallel (in
this case the Gram-determinant vanishes) to each other. As an example, consider the situation
when p* || k# as appearing in |8 In this case, in the centre-of-mass frame, the angle of scattering,
f = 0 in S-channel. Of course if the amplitude was an analytic function of external momenta
then we could simply ignore these exceptional momenta. The scattering amplitude at exceptional
external momenta could be obtained by analytic continuation from the generic case. However
we have seen that, the scattering amplitude is not an analytic function of external momenta (in
the S-channel, in the centre-of-mass frame we have a piece §(6) and this is precisely one of the
points where the reduction that we discussed in breaks down). The amplitude actually has
singularities that are localized on the s,t plane. Moreover these singularities play an important

role in the discussion of unitarity in these theories, as we have already emphasized.

1.9.6 Details of scattering in the fermionic theory

Off shell four point function We now restrict our attention to the special case ¢& = 0.
Plugging (141]) into the Schwinger-Dyson equation (135)), performing the integral over the 3
component of the momentum, and comparing coeflicients of the different index structures on the

two sides of this equation we find

F(p.k,a) = ~5Cslp— F)

- 47rz')\/ (d2p/ (PS @ ks0) (a5 = 200 (0)P)) + 20001 i, ) ((—1 + SH)P'E = 6)) G0 + 1)

2 2
) 2+ B (3 + AW+ )

9(p,k,q) =
— 4mi) / d*p/ P Gys(p' +p)
(2

2
) P2+ ek (3 + 402 + %))

(20" _f' k. q) + g(p', k. q) (g3 + 2151 (p)p'y))

(298)
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fl(p7k7Q) =

\ ,A/ &2y (pifl W', k,q) (a3 — 2051 (0)P) + 201 (0 K, @) (=1 + S2(p)p'% — C%)) Gys(p' +p)
— 471 (271’)2

VPR G (a3 +4E + c3)

A
a(p,k,q) = 5G+3(p — k)

) d?p’ P Gys(p' +p :
- 477@)\/ ® p)2 3@ +2) (202 f1(0 kyq) + 91(0' K, @) (g3 + 2051 (0)p)))
TP+ b (@ AW+ o)

(299)

We have played around with these equations and discovered that they admit a solution of the

following structure

—p_ 1
kg)= P h
g(p7 7q) 2(p — k)_WO(yaxvqsl) + 2W1(y7377QS)
1 _
[k, q) = 5 ——<Ws(y,z,q3) + ]? Wa(y,z,g3)
k+p_ 1
7k7 = B 7':U7 + B 7w7
91(p, k,q) 20— k) 2(y, 7, q3) ) 3(y, 2, q3)
P+ A
k =——"—0B —— B
fi(p k. q) k) o(y,,q3) + =) 1(y, @, q3)

where we use y = q%\/@ and x = q%\/ p? + ¢%. Our ansatz completely specifies the de-

pendence of V' on the argument of the complex variables p™ and k™, leaving undetermined the

dependence of V on the modulus of these variables. Plugging the above ansatz, it is possible to
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perform all angular integrals in Eq. using the formulae

2m do Lo 1 ,
/O 5, (P2) P —p-0(p, — ps)
2m do , 1 /
/0 %p—p_ _p/_ - —Q(ps - ps)
dp 1
| ot =20, - 1)
o 2mpl —p- P2
e 1 2 2 » (301)
+ / + /
— = “LO(ks — pl) — - 0(ps — 1,
/0 2m (p_ —p-)(k—p)-  (k—p)- (kg (ks = p5) ~ (s p))
n do p,—kJr ]ﬁ+
o - Hks—;—ﬁps—pls
/0 2r (p_ —p-)(k—p)-  (k—p)- (0ks —p5) — 6( )
2T do (pL)? 1
o - k_0(—ks + pl) — p-0(—ps + P
/o m o —p)G—p) ~ e—p) - ) ( )
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Equating the coefficients of the different functions of the arguments of k™ and p™ we obtain the

following equations for the coefficient functions Wy ... Wy and By ... By.

Wiy, z,q3) = 2 /oo dx/XWO(y’:El’qs) +2Ws(y, 2’ q3) _ iA /OO dx/le(yjl",%) + 2Wa(y, ', g3)
a3 Jy (1+22) a3 1+ 27?)

Woly, z, g3) = 2/; ng/XWo(y,x',((]f,)_i_—l;i?/g(y,x’,qg)

Ws(y, z,q3) = —Z‘ : d:z’YlWO(y’x,’?f)JrfoZ)‘/Vs(y,x’,Q3) amik

Wa(y, z,q3) = 2/2; da:’YlWl(y’xl’élf)_srxg)wfz(ywl,%)

Bl(y, x,q3)

lep| 2 +1 2 +1

i\ [T YBo(y,7',q3) +Y1Bs(y,2',q3) ,
BO(y7x5q3) - q:),/QCF| :E/2+ 1 dx
a3
iX [ 2B1(y,2',q3) + XBa(y,2',q3) ,,
B == dx
2(%55,%) qs $/2+1

Bg(y,l', q3) =4mi A+

q3 2 2241 22 41

(302)

where

2
—2‘F| XZQ3<1+z<m >>
q3 q3
2 2
ao () () )
q3 T2 q3
2 2
= =\[p2 4k, y= K2+
q3 q3

All of the equations above may be converted into differential equations by differentiating w.r.t.
x. Notice that the first four equations in (302) (equations for the W variables) are decoupled
from the last four variables (equations for the B variables). Furthermore the second and third

of the equations above involve only the functions Wy and W3. These two equations are a set of
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( ) /2

2
A <(—c%+q§y4> /°° 2B1(y. 7', 3) + XBa(y,2',q3) , s / 2Bo(y,2',q3) + X Bs(y,2',q3) )
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linear first order differential equations for Wy and W3. These equations are given by

A1
azWO(ya Z, q3) - 1772 (WO(y7 x, Q3) X(.T,') + 2W3(y7 Z, q3))

@l+zx

1 (304)
0:Ws(y,x,q3) = I — 5 Woly, z,q3) Yi(z) + Y (x) Wa(y,,q3))

@l+zx

It is not difficult to simultaneously solve these equations, using the observation that
Y(x
8:17 <W3(y7 xz, Q3) - (2 ) WO(yv z, Q3)> =0. (305)

With this solution in hand, the first of may then be used to solve for W7 (we merely have
to solve a linear first order differential equation) and the fourth of may be solved for Ws.
A very similar process may be employed to solve for By, By, Bs, and By. Of course the solution
to the differential equations so obtained have four integration ‘constants’ (in the Ws) and four
integration ‘constants’ in the Bs. These integration ‘constants’ are really arbitrary functions of
y. However their y dependence may be determined either from the requirement of symmetry
- or equivalently by setting up the analogue of the ‘from the right’ (this process yields a
solutions to W's and Bs upto unknown functions of x. Implementing these steps we find that our

functions are given by

Ci(y) + Cy (y)e%)‘ tan~1(z)

WO(%QU’(ZB) - p
(C1(w) + Caly)e™ o™ @) (<2im; — idgse + 43)
WB(%%%) = _Cl(y) =+ 2
a3
D +D e2iAtan™! (z)
Wy, g3) — 1(y) + Da(y)
q3
(Dl(y) + D2(y)€2i/\tanil(x)> (=2imy — iAg3z + g3)
WQ(yw%'?q?)) - _Dl(y)+ 5
q3
h ( ) +h ( )e2i)\tan_1(z) (306)
B2(y7$7q3) = 1y 2 33
(—2imy — iAgsz + q3) (hl(y) + hg(y)e%“an’l(w))
Bl(y7x7q3) = _hl(y) + 92
q3
h +h eQi)\tanfl(x)
B3(y7 xz, CI3) = 3(9) 4(;/3
(—2imy —irgzx + g3) (hg(y) + ha(y)e™ tanfl(w))
BO(ya $7CI3) = _h3(y) + 2q3

The & undetermined constants in our solution are an artifact of the fact that we solved a set

of integral equations by converting them into differential equations. In order to determine the
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8 integration constants, we plug our solution back directly into the integral equations (302]).
It turns out that all integrals on the RHS of the equations (302) may be explicitly performed.
The undetermined constants are then easily obtained by comparing the LHS and RHS of (302]).

Implementing this procedure we obtain the final solution

AiT\ (_1 + e2z’>\(tan*1(:c)—tan*1(y))>

WO(?/,%(ZB) = - 73
AiT\ (_1 + ei)\(7r—2tan*1(y))> (€2i)\tan*1(a) (CL)\ + mp + Z) B (CL)\ + mpy — i)€2i)\tan*1($)>
Wiy, x, = ; , —
1(@/ x Q3) s (e””\(a/\ + mpy — Z) — e2iltan 1(a)(a)\ + my + 2))
27\ (_1 + ei)\(ﬂthan_l(y)))
Wa(y,z,q3) =

e (aX +myy — i) — e2iMtan=Ha) (X + myy + 1)

(eMan‘l(a) (@A +myy +0)(mp1 + Az — i) — (@A +mypy — i) (mp + Az + z')eman‘l(x))
Wiy, 7, gs) = 27 <—(mf1 P ) My + Az — z) .
(307)

where

2m
me =
/ q3
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The other components are

BO(ya Z, Q3)
TAgge 2 tan” (W) <€i7r)‘(mf1 + Ay — 1) — (my1 + Ay + i)ezi’\tanfl(y))

e (aX +mypy — i) — e2Atan" @) (X 4+ mypy + )
<(z’a)\ +imyp + 1) (mp + Az + i)e2i)‘tan71(x) - z'e%)‘tanil(a)(a)\ +myp +i)(mp + Ax — z))
Bi(y,z,q3)
2 \gge2iA tan 1 (y) (e”)‘(mfl + Az — 1) — (mg1 + Az + i)e%)‘tan_l(””)>

2 . . _ .
(yi% — C%) (ei™ (aX + mypy — i) — e2MtanHa) (g + myy + 1))
(emta“’l(“) (@ +myp1 + i) (imp +idy + 1) — i(aX +mpy — i) (mp + Ay + z‘)ezi“a“’l(y))

BQ(ya x, (J3) =

A7\ (eiﬁ)\ _ eZiAtan_l(m)) €—2i)\tan_1(y)

(- ) (e (ax + mys — i) — 2N @) (0 + oy +1))
((a)\ +myp —i)(mp + Ay + i)eQi)‘ta“_l(y) — XA tan!(a) (@A +myp +i)(mypr + Ay — z))
B3(ya x, Q3) =
27r>\6—2i>\tan_l(y) e2iA tan~1(a) (CLA L mp 4+13) — (a _ A\ p2iAtan~1(x)
f1 Z) (CL + mig1 z)e
e aX +mypy — i) — e2AtanTHa) (g + myy + 1)
((mfl + )\y + i)e%/\tanfl(y) . eiwk(mfl + )\y _ Z))

(308)

In summary, the offshell four point amplitude, defined in , takes the form (141)), with the
functions in this equation given by (300) with the W and B functions given in (307)) and (308))

respectively.

1.9.7 Preliminary analysis of the double analytic continuation

Analysis of the scalar integral equation after double analytic continuation In
this appendix we initiate a very preliminary discussion of the bosonic integral equation after
double analytic continuation discussed in subsection above. In subsection [I.9.7] below we
evaluate the one loop contribution to four boson scattering after double analytic continuation,
and demonstrate that the computation includes a singular contribution, absent from the naive
analytic continuation of the U and T-channel results to the S-channel. Under certain assumptions

this singular piece precisely reproduces the @(A\?) term in the contact § function part of the S-
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channel scattering amplitudes. In subsection below we take a non-relativistic limit of the
double analytic continued integral equation and demonstrate that it reduces to the non-relativistic

Aharonov-Bohm equation with v = A,

The oneloop box diagram after double analytic continuation  Appendix
was devoted to a detailed study of the one loop diagram Fig. at ¢& = 0 directly in usual
Minkowski space. The conclusions of Appendix may be summarized as follows. In the case
that the momenta p and k both lie offshell, the Minkowskian one loop diagram agrees with the
unambiguous analytic continuation of the Euclidean answer. In the case that the momenta p and
k were both onshell, the continuation from Euclidean space was ambiguous, but the Minkowskian
computation resolved the ambiguity.

In this Appendix we revisit the one loop diagram of Fig. after performing the double
analytic continuation described in subsection [I.7.5] We recompute the diagram, this time in the
double analytically continued Minkowski space - the space in which the 3 direction is taken to be
time. We address the following question: how does the answer of this computation compare with
analytic continuation from usual Minkowski space (and the analytic continuation from Euclidean
space, when this analytic continuation is unambiguous).

Although we will not present the detailed computation here we have indeed verified that
when p and k are both offshell, the computation performed directly after the double analytic
continuation agrees with the appropriate analytic continuations from usual Minkowski space as
well as from Euclidean space.

The situation is more delicate when p and k are both onshell. In this case though the Euclidean
answer is ambiguous, the ‘usual’ Minkowskian answer is not. We outline the computation of the
double analytically continued result in this Appendix. In particular we show that the analytic
continuation of this ‘usual’ answer does not agree with the answer of the computation performed
directly in double analytically continued Euclidean space. The details of the difference between
these answer depends in a very unusual way on the relative smallness of the ie in scalar propagators
and ie in the gauge propagators. In a natural limit (the one in which these two have the same
degree of smallness), the difference between the two results agrees precisely with the difference
between Tgfml and T g (see (154))) lending some support to the conjecture .

Setting up the computation Let T(«) denote the double analytic continuation of the
one loop contribution to the 7" matrix. T'(«) is given by (see ([248]))

iT(a) _ _/ d3r { 2(r+p)_(r—p)+ 2(r +k)_(r — k)4
(47 Ags3)? 2m)3 [2(r—p)—(r—p)y —ie2(r —k)_(r — k)4 — ie
1 1
B gy A g

(309)
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Note that after double analytic continuation v, is a complex number and v_ is its complex
conjugate for all vy (this was true also in Euclidean space). As in Euclidean space, we will find
it convenient to work with the magnitude and phase of these complex numbers. Choosing axes

so that p, is a real number we have

pi - \/57 \/§
As we focus on the case of onshell scattering (and as ¢* = 0) we have
ps = ks, q3=—2p3=—2ks=2\/p2+ch=1/s (311)

Plugging (310]) and (311]) into (309) and using the fact that the scalar propagators are independent
of 6 and «, while the gauge boson propagators are independent of r3 we find

(zf;i))? - /000 %L (rs, @) Ia(rs) (312)

where Zy(rs) is the integral of the product of the scalar propagators over the timelike coordinate

Io(rs) = /Oo ars ! ! (313)
oo 2m 2 =134 ch —der v — (r3 4 q3)? + ¢ —ie

T3

and Z; (rs, «) is the integral of the product of the gauge boson propagators over the angle 6

. ( ) /27r do (Tseie _ ps)(rse_w + ps) (T‘Sew _ pseio‘)(rse_ie +p3€_ia)
rg, ) = — — : : . - : : _ .
1\'s o 27 (rse?® — pg)(rse= — pg) — i€ (rse?? — pgei®)(rse — pse~i) — je

(314)

The integral over r3 in (313)) is easily evaluated by contour methods and we find

—1

\Jri 4 cZB(qg —4r2 — 4623 + dieq) (315)

—i
4412 + A (p2 — 2 +ier)

The integral over € in (314]) may also be evaluated by contour techniques. Let

Iy (Ts) =

z=e% w=e (316)
so that
d z+ )z - B z+wi)(z —wk
Il(T87a) N _jg 2 Z ( Ts pS)( Ps TS)iez ( Ts pS)( Ps n )iezw (317)
e=1 22 (2 — 22)(z — B2) + 7 (2 —w)(z —wi) + 25
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where the integration contour in (317) runs over the unit circle.

The contribution of the pole at zero The integrand in (317) is a meromorphic
function of z with 5 poles. The simplest of these poles is at z = 0. The contribution of this
pole to Zy(rs, ) is simply —1 ; plugging this together with (315]) into (312) we find that the

contribution of the pole at zero to i1 is given by
iT = i(4m\g3)? H(q) (318)

in perfect agreement with the analytic continuation of . As the contribution of the pole at
zero has already reproduced the analytic continuation of the ‘real’ Minkowski scattering ampli-
tude, It follow that the contribution of the remaining 4 poles in is simply the difference
between this analytic continuation, and the result directly computed after double analytic con-

tinuation

The contribution of the remaining four poles Let us retreat from the onshell limit
for a moment, i.e. allow ps and ks to be different. A naive evaluation of the contribution of the

remaining four poles in (317) in the limit of vanishing €; yields and answer proportional to
O(ps —rs) — (ks —1s)

This quantity vanishes when ps = k, suggesting that the contribution of the remaining four poles
to the angle integral should vanish in the onshell limit. E However this reasoning is a bit too
quick for the following reason. Suppose ps — ks = a where a is a very small number and k; is the
onshell value of spatial momentum. Then r; is indeed constrained vary over a very small range.
However this is not sufficient to guarantee that the integral over r; will vanish. The reason for
this is that this small interval is concentrated around precisely the value of 5 at which is
singular, and a singular integrand may well integrate to a finite quantity over a vanishing small
integration domain. Cautioned by these considerations we now turn to a careful and honest
evaluation of the contribution of the remaining 4 poles in to Zy(rs, )
The remaining four poles in are located at z+ and wzy where

1 ,
Zi:(rs—f-ps—’itf:l: (7'84—198—7;6)2—4), w = e (319)
Ds Ts

where the square root function is defined to have a branch cut along the negative real axis. It is

51This is indeed how things worked in our derivation of the Euclidean integral equation for V.
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easily verified that

2
zyz. =1, z++z,zﬁ+&, z+—Z:\/(7ﬂs—ps> _2Z.€<7”s+ps> (320)

s Ts DPs Ts DPs Ts

It may also be verified that |z4| > 1, so |z_| < 1. The two poles enclosed by the unit contour
in (317)) are located at z_ and wz_ (the remaining two poles lie outside the contour and do not
contribute to the integral). The contribution of these two poles to (317)) is given by

Iy(rs, ) = — Ls

22 (w—1)(zy — 2_)

(2 + =) (2= — B) ((z twp)(z- —wi)  (we 4 P (we- — p)> (321)
- —wry Wz — Z4

Using ([320]) several times, (321)) may be simplified to

w4 B = B s B ) s

Il (TS, a) =

z_(wzy — z_)(wz— — z4) Zy — 2
G o LG o) PR (322)
B (wzy — z_)(wz— — 24) Zy — 2

B 2iew(r? + p?)?
r3pd(zy — 22 ) (way — 22 ) (wzs — 24)

Note that (322) € in apparent vindication of the intuition that suggests that these poles contribute
vanishingly to the integral. Let us anyway proceed to complete our careful evaluation: we conclude
that the contribution of these poles to (312)) is given by

iT(«)

_ demXq; / >0 - drgw(ry + p3)* 1 (323)
0 s

3 _ _ A= _ = / .
ps Z+ Z*)(w Z+)(w Z_) T§+C2B(pg_r§+zel)

In the limit ¢ — 0, the RHS in vanishes unless the integral in that equation develops
a singularity. The integrand in does have a singularity that approaches the integration
contour at r; = ps. If w # 1, however, no other singularity in the integrand approaches the
integration contour rs = (0,00). A single singularity approaching an integration contour does not
give rise to a singular contribution to the integral (because the integration contour can always
be deformed to avoid the singularity). Provided w # 1 it follows that the integral on the RHS of
is nonsingular, and so the RHS of vanishes in the limit € — 0.

The situation is different, however, if w tends to unity. In this case the singularities caused
by the factors (w— =), (w—Z*) and (p? —r% +iey) all approach the same contour point, namely
rs = ps as w — 1 and €1, — 0. In this case the integral on the RHS conceivably develops a
pinch singularity, and the RHS of does not necessarily vanish in this case.

In summary we have concluded that i7'(«) vanishes for nonzero «, but not necessarily at
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a = 0. In order to better understand the behaviour of iT(«) near &« = 0 we now evaluate the

integral of this quantity over a.. This integral may be affected by contour techniques and we find

2T
/ do iT (@)
0
_% dw 4em\2q3 /°° drsw(r? + p?)? 1 (324)
- o 3 2 _ _ A= _ Y [, 5
|'LU|:1 w pS 0 7”8 (Z+ Z_)('LU 24 )(w Zj) 7’% + CzB(pg — 7"3 _|_ 261)

The integral runs counterclockwise over the unit circle in the w plane. This contour encloses a

single pole, at w = z—; Evaluating the residue of this pole we find

2 2 )\2 2 0 g s 2 2 1
/ do iT(a) = — >N / rs(rs +p3) (325)
0 0

2 _ 2
P ol 2 ek o - 2 i)

Because of the overall factor of €, it is clear that (325]) receives contributions - if at all - only

from 74 in the neighborhood of p,. It is not too difficult to convince oneself that the dominant

contribution is from rs ~ y/e. In order to see this we make the variable change rs = \/ex. To

leading order in /€ we find

2 16 2)\2 s 2 00 d
[ daira) = ARG [TV (320)
0 —o0 (261 2

; ’p?-i—CQB iy s\ﬁ)(xQ_i)

(to obtain (326]) we have used here that (25 — z_)? = 2¢(2? —4) at leading order in ¢)

Let us now assume that €; < /e (this would in particular have been the case if €1 = ¢). In
this case (326]) simplifies to

27 ) _ 99 o0 dx
/0 do il(a) = 47\ \/5/_00 @) =) (327)

Where b is a positive infinitesimal. The integral on the RHS of (327)) evaluates (by a straightfor-

ward application of contour techniques) to —m. We conclude that

iT = —413X2\/56(a) (328)
This is in perfect agreement with the expectation

T = —8miy/5 (cos(mA) — 1) §() = 4im®A\2/s6(a) + O\
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Solutions of the Dirac equation at ¢© = 0 after double analytic continuation.

In order to compute S matrices in he Fermionic theory after double analytic continuation we need

solutions to the relevant Dirac equations. We present the relevant solutions in this Appendix.

After a double analytic continuation ky = iks and the gamma matrix convention is 7° = —iv3.

The Dirac equation is give by

3

P(=p) (i (po?° +p-7~ + 47T (L4 9(ps))) + f(ps)ps) ¥ (p) = 0. (329)
Where
s = pi +p3. (330)
Our gamma matrix convention is
0 —3 0
— 331
gl ( 0 i ) (331)
0 V2
+ = 332
¥ < 0 o ) (332)
0 O
- 333
¥ < /3 0 ) (333)
So now the Dirac equation is
- po+ f(ps)ps  iV2p4+ (14 g(ps))
Y(—p) ) " Y(p) =0 (334)
iv2p_ —po + f(ps)ps
Now we use the on-shell condition
po = tE5 (335)
Where
Ey=\/pi +p3+C} (336)
Cy is the fermion pole mass.
The solution with pg = —Ejy is particle solution w(p) while the solution with pg = Ej is the
antiparticle solution v(—p).
Now we need to solve
_ —Ez+ f(ps)ps  ivV2p+(1+ g(ps
iv2p_ Eg+ f(ps)ps
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Which on solving on right and on left gives respectively,

- 1 Ez+ f(ps)ps
ulp) = Ez+ f(ps)ps < —iv2p_ ) (338)
0(0) =~ ( Byt fppe ~iv2 (14 9(p1)) ) (330)

Eg+ f(ps)ps

Where normalization is set to be u(p)u(p) = 2f(ps)ps

We also need to solve

_ —Ey — f(ps)ps  iV2p+ (1 + g(ps))
=0 340
o ( iv/2p- Eg— f(ps)ps > o (410

Which on solving on right and on left gives respectively,
1 Ez— f(ps)ps
= 341
o Ey — f(ps)ps ( —iv2p_ ) 1y
_ 1 .

o) = e (B S~ V(4 90) ) (342)

Where normalization is set to be v(p)v(p) = —2f(ps)ps

Aharonov-Bohm in the non-relativistic limit After double analytic continuation, the

four boson four point function satisfies the integral equation

(D)2 Vo (B, D)V (I, k) ks

V(p, k) =V *,l%’+/ : 343
(P k) = Vo (. k) (=3 + 12+ & —ie) (—(lo + qo)? + 12 + % — ie) (343)
where
- k _
Vo(p, k) = 4dmidgo Ek i_pi — 2in\%cp (344)

Since both Vy and V depend only on the spatial components of momenta, we can perform [
integral in (343) to get

Vo(B, )V (I, k) &l

2+ (@ — 412 — 4c% + ie) (2m)?

V (5, k) = Vo(p, k) +z/ (345)
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Let us focus on the special case in which k& and k + ¢ are taken to be onshell, i.e. qg = —2kg =
—24/k2 + CQB while p and p 4 ¢ are generically offshell. Let us define

V (5, k)
44/p% 4 % (k2 — p? + ie)

Where k is onshell. Then (345 can be written as

»(p) = (2m)26% (5 — k) + i (346)

2
i/ + (2 = 22) w0 = [ Vo055 (347)

In the non-relativistic limit

\/pg—l—CQB:CB

qo = —2cp
and so becomes
9 9 B (I+p)- w2 ~ d?l
(k3 —p2) v(p) = / (27T>\(l—p)_ + 2) ¥(l) (272 (348)

takes the form of a non-relativistic Schrodinger equation of a particle propagating in a
potential whose nature we will soon identify. is the assertion that the wave function (r)
that obeys this Schrodinger equation takes the Lippmann Schwinger scattering form, with a
scattering function (roughly h(6)) proportional to V' (k, p) once p is set onshell. Restated, the non
relativistic limit of the integral equation (343)) is simply the Lippmann Schwinger equation for
the scattering matrix of a non-relativistic quantum mechanical problem, whose precise nature we
now investigate.

In order to better understand the Schrodinger equation (348)) we transform it to position

space. Multiplying (348) by % and integrating over p we find
- d%p (I+p)_ w2 ~ d*l o, dPp
k2 2 ip.x — / 2\ l ip.x 4
fu-myvoer gl = [ (i + 1) 0 09

Let us define the position space wave function

3 .

Changing the integration variable on the RHS of (348)) as p — p+[, and recalling 2 = 21 = h\éﬁ
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1

and z=10" = ﬂ, (348]) may be rewritten as

V2
I_ A2 ~ d?l d2p
5 2 ) — _ = AN ip.x il.x
(20,05 + k3) (2, 2) / < 4“]9, += 2m> o) @n2® 2n? (350)
The first term on RHS of is
ez‘p.x d2p - d2l i . -
= iz 2) (352)

While the rest of the RHS of (349) is

(“22 - 2m> / Y(l)el® (;i;z / P (;%’2 - <“§2 - 2m> W(z, 2)6%(2) (353)

It follows that (349) may be recast as

(azaz + k;) W(z,5) = %A (2, 2) + (”f - m) W(z 2)02(2) (354)

Let us now define a gauge covariant derivative as

D,=0,+iA,
A, = —iA (355)
z
D; = 0;
in terms of which (349) reduces to
k2 A2
<DZDZ + 25) P(z,2) = — (7T4 + 7r)\) U(z,2)0%(2) (356)

How is the gauge potential A, in to be interpreted? Firstly, clearly this potential is pure
gauge away from z = 0, as the antiholomorphic derivative of A, vanishes away from z = 0. In
other words A, is the gauge potential of a localized point flux. The magnitude of this flux is given
by the contour integral [ A.dz over the unit circle and so is 272\, In other words is the
Schrodinger equation for the Aharonov-Bohm problem with v = A (plus delta function contact
interaction), in an unusual complex gauge. The contact interaction plausibly makes do difference
to scattering computations if the Schrodinger equation is studied with boundary conditions (like

those adopted by Aharonov and Bohm) that force ¢ (r) to vanish at the origin.
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2 Chapter 2: Poles in the S-Matrix

2.1 Introduction, analysis and conclusions

In the previous chapter based on [39] has initiated the study of the S-matrix in fundamental matter
Chern-Simons theories to all orders in the 't Hooft coupling. In particular it presented a detailed
study of 2 — 2 scattering in the most general renormalizable theory of a single fundamental scalar

interacting with a U(Np) Chern-Simons gauge field

2 _ _ .
S — / &z |ie"? "B Tr(A,0,4, — A, A, A) + DD e+ mbdd + ——by(dp)?|,  (357)
47 3 2Np

Np
0

The theory (357) has elementary quanta that transform in either the fundamental or the

antifundamental representations of U(Np). We refer to quanta in the fundamental representation

to all orders in A\g =

as particles, and quanta in the antifundamental representation as antiparticles. It was possible to
explicitly compute the particle - particle scattering matrix together with the particle - antiparticle
scattering matrix in the channel corresponding to adjoint exchange. They also presented the
following conjectured formula for the particle - antiparticle S-matrix in the channel corresponding

to singlet exchange:

Ts(/5,60) = 8miy/s(1 — cos(wAp))3(6) + 4iv/ssin(mAp)Pv (‘m <g>>

SIS
+
Sk

e

(47T|AB\\/§ +E4) + ezl (—4W|AB!J§+E4> <

T_°B
. 27 s
+ 4+/ssin(m|Ap|) - | - L ep\ Pl
(4W|AB\\/§ + b4) el (—47r\)\3]\/§ n 54) <§_y,§>
ERVE
(358)
where
cp = pole mass of the single scalar excitation,
V/s = centre of mass energy,
(359)

0 = angle of scattering,

54 = 27T/\QBCB — b4.

As explained in chapter 1, the S-matrix (358) does not agree with the simple analytic contin-
uation of the particle - particle S-matrix. Instead, the nonsingular part of (358]) is given by the
analytic continuation of the particle - particle S-matrix rescaled by the factor %. In other

words the correctness of the conjectured S-matrix (358|) requires an intriguing modification of
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the usual text book rules of crossing symmetry in the case of matter Chern-Simons theories. As
with any conjecture that challenges accepted wisdom, the formula should be subjected to
stringent checks. In this note we confront the conjecture of chapter 1 with a nontrivial consistency
check and find that it passes the test, as we now describe.

The S-matrix has a pole for by > ’55[” = 8mcp|Ap| indicating the existence of a particle -
antiparticle bound state in the singlet channel at these values of parameters. 4| As 54 approaches
gjrit from above, the mass of the bound state approaches 2cp. In other words, if we set 54 =
girit + dby, the binding energy Ep is small at small §by (it turns out Ep ~ (5b4)1/|’\3|) and
vanishes when dby = 0.

Motivated by this observation, in this note we focus on the field theory in a sector
containing a singlet particle - antiparticle pair in a particular scaling limit we call the ‘near
threshold limit’. This limit is defined by scaling b4 to zero while simultaneously scaling /s —2cp

to zero like (6bg)'/1*Bl. In this limit the particles are non-relativistic and we may set /s — 2cp =

k2

In our scaling limit
cB

1
i o Ko £ <CB> 5~ fixed. (361)
CB CB CB

Like any non-relativistic limit, our limit focuses attention on a sector of the theory in which
kinetic energies of the particle and antiparticle are small compared to rest masses. In this limit
our system must admit an effective description in terms of the non-relativistic quantum mechanics
of two particles interacting via Chern-Simons gauge boson exchange, plus a contact interaction.
We will now describe this quantum mechanical system in more detail, following Amelino-Camelia
and Bak [22].

It is well known (see, for instance, [15, 21]) that the entire effect of the Chern-Simons in-
teractions between non-relativistic particles is to implement anyonic statistics for the particles.
This happens because the Chern-Simons equation of motion forces each particle to trap a unit of
flux; the other particle picks up a phase when circumnavigating this flux. The magnitude of the

phase depends on the coupling colour factors: when the colour factors of the two particles (which

52 b, is always negative when bound states exist, so it possible that is non perturbatively unstable
in this range of parameters. While the study of the nonperturbative stability of is an interesting
question (one that can presumably be settled by the evaluation of the all orders effective action for ¢), it
is irrelevant for the perturbative considerations of this note, and will not be studied in this chapter.

53More precisely, at lowest nontrivial order in 6by

Es _ (5b4> i (360)

4CB 167T|)\B|CB

5 Note that our definition of the near threshold limit does not constrain /s — 2cp to take a particular
sign. This quantity is negative in the study of bound states, and positive in the study of scattering.
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transform in representations R; and Ry respectively) Clebsch-Gordon couple into representation
Ry, it turns out that the magnitude of the phase is given by [15]
ca(Rm) —co(Ry) — c2(R
b, = 2Fm) — ea(B) — eo(Fa) (362)

K

where c2(R) is the quadratic Casimir of the representation R.

The effect of this phase is most simply described when we change variables to work with
the centre of mass and relative degrees of freedom of the particle - antiparticle system. The
centre of mass motion is free, and is ignored in what follows. In terms of relative coordinates, in
the gauge singlet sector (i.e. ca2(R,,) = 0), the entire effect of the Chern-Simons coupled gauge
field is implemented by inserting a point like solenoid of integrated flux —27Ap at the origin
of the two dimensional plane. The quantum mechanical description of this system is given by
a non-relativistic Schroedinger equation below for a particle of effective mass <2 and of
effective U(1) charge unity, minimally coupled to a U(1) gauge field corresponding to this point
like solenoid In other words, the time independent Schroedinger equation for our system at energy
E:\/E—ZCB:% is given by

_DlDZQzZ) = k2¢7
EZ‘jCCj
Ai = VixQ s

where, in the singlet sector, (as in Chapter 1)
v =—\g. (364)

It turns out that the point like interaction between the particle and the antiparticle imposes
modified boundary conditions for this effective Schroedinger wave function at origin [22, [40](see
the Appendix for an intuitive explanation). As explained in [22] 40] there exists a one
parameter set of consistent and self-adjoint boundary conditions for the wave function at the

origin. These boundary conditions are specified as follows. Let
B =Y e P (r). (365)
m

The functions ¢, (r) for m # 0 are required, as usual to vanish at » = 0. For m = 0, on the other

hand, we require that

Po(r) o (HABl + wRMB') ’ (366)

rlrsl
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where R is a reference length scale and w is the self-adjoint extension parameter as introduced
in [22].

In other words g is not forced to vanish at the origin but has a component that blows up.
We refer to as the Amelino-Camelia-Bak boundary conditions.

The modified boundary conditions are labeled by the single dimensionful parameter
wR sl Tt follows from dimensional analysis that the effect of this parameter on any process
with characteristic momentum scale k (like the scattering of particles with momentum k) is
proportional to w(Rk)?*8l. As w(RE)?*2l — 0 the boundary conditions above effectively reduce
to the ‘usual’ Aharonov-Bohm boundary conditions; the boundary conditions that force g to
vanish at the origin.

In summary, the low energy effective description of the particle - antiparticle system in the near
threshold limit is given by the quantum mechanics of a single non-relativistic particle propagating
in two dimensions. The wave function of this particle obeys the Schroedinger equation and
the boundary conditions . The boundary condition parameter wR2 8! in is an as yet
unknown function of dby.

It follows from the discussion above that the S-matrix (358) must reduce in the near threshold
limit, to the S-matrix computed by solving subject to the Amelino-Camelia- Bak boundary
conditions. This expectation is a nontrivial consistency check of the conjecture , which we
now proceed to verify.

The near threshold limit of the S-matrix is easily determined. As above we set

k2
V5 =2p + o (367)

In the limit (361]), the second line of (358) reduces to

2c 2|/\B|
1+ eimlAs] [‘”’4( ) ]

167 |AB|cB

25 \2PBI
1 — eimsl [‘”’4( )

8cp|sin(mAp)|

167I'|)\B|CB
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so that the S-matrix (358) reduces to
0
Ts(v/s,0) = —16micg(cos(rAg) — 1)8(0) + Sicp sin(mAp)Pv (cot <2>>

1 +€i7r\)x3| AR
. k22 Bl
+ 8cp|sin(mAp)| bl Ax (368)
k22 Bl

AR =

(554 (203)2‘>\B|
167|A\B|cp

On the other hand the S-matrix obtained by solving the Schroedinger equation (363]) subject
to the boundary conditions (366 has already been determined in [22] and we rederive it in the

Appendix E It turns out that
Tnr = —167icp (cos (mAp) — 1) 6(0) + 8icp sin(nApg)Pv (cot 2)

1+€i7r|)\3\ ANR
. Kk2IABl
+ 8cp|sinTAp| [ ombel Ann (371)
Kk2IABl
pn = =L (2)7 D0+ Dl
w \R I'(1—[Ag|)
The S-matrices (368]) and (371]) are identical in structure. They agree in all details provided we
identify
I+ s
—w (cpR)™PE = ZE (167 Al U ) 372

(372]) determines the hitherto unknown dependence of the boundary condition parameter wR2 5l

as a function of dby.
55More precisely in the Appendix we show that the Schroedinger equation described above has a

scattering solution that takes the form

U = e+ (),

e~ T h(h) +o( 1 )
- = 3 )
2|1As| T(1+|A5])

)=
¢ V2mkr r2
imlAp| | =1 (_2_
. 0 L L+e |:w (%) T(I—|A |)}
h(0) = 27 (cos (mAg) — 1) 6(0) — sin(wAp)Pv (cot 2) +i|sin (mAB) | T 2 ] F(H—\)\;) .
1 — sl [? (#%) F(HABD}
(369)
The non-relativistic limit of the usual invariant scattering amplitude is given by
(370)

TNR = —SiCBh(e).
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In summary, in the near threshold limit, the S-matrix (358)) agrees perfectly with the S-matrix
computed from the Schroedinger equation (363) subject to the boundary conditions

B L'(1+[Ag|)
Yo(r) oc | rirel — b <167T|>\B|F(1_|)‘BD>

()™

(373)

As we have emphasized above, however, the effect of the modified boundary conditions on a
process at momentum scale k is measured by w(Rk)2*58!. It follows from (372)) that in the current
situation, the effect of the modified boundary conditions on a process at momentum scale k is

measured by s
cg [k B I'(1+|AB

R ) el
Note that M is held fixed in the near threshold scaling limit . The modified boundary
condition can be ignored when M — 0. M tends to zero in, for instance, the usual non-relativistic
limit (where k is scaled to zero with all other parameters like dby held fixed). Consequently
wR2*Bl is effectively zero in the quantum mechanical description of the usual non-relativistic
limit, explaining why reduces to the w = 0 Aharonov-Bohm-Ruijsenaars [17, [19] S matrix
in this limit, as noted in chapter 1.

The agreement of the S-matrix (358]) (and in particular of its poles) with in the near
threshold limit immediately demonstrates that the spectrum of near threshold bound states of
the singlet particle - antiparticle sector of agrees with the spectrum of bound states of the
Schroedinger equation subject to the boundary conditions .

The scattering matrices Ts and T g are quite involved functions of k and Ap; for this reason
we view the matching of these two functions in the appropriate limit as a rather nontrivial test
of the conjectured S matrix . Note that T would not have matched with Tngr without
the the additional factor % invoked in chapter 1. As a consequence the results of this note
provide indirect support to the modified crossing symmetry properties for the S matrix of matter
Chern-Simons theories conjectured in chapter 1.

In this chapter we have argued that the S matrix may be derived from a Schroedinger
equation in a particular scaling limit. Perhaps it is possible to derive the full relativistic formula
from the solution to an appropriate Schroedinger equation in lightcone slicing; we leave the

further investigations of this issue to future work.
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2.2 Appendix: The quantum mechanics of anyons with point like

interactions

In the main text we have followed [22] 40] to assert that point like interactions between anyons
effectively impose modified local boundary conditions on the Schroedinger equation in the relative
coordinates. This assertion may appear unfamiliar as contact interactions usually lead to delta
function potentials for relative coordinates. In fact these viewpoints are equivalent. In the
subsections 2.2 and 2.2l below we demonstrate that the correct treatment of the two dimensional
delta function at Ap = 0 does, in fact, effectively modify the boundary conditions at the origin
and has no other effect. Moreover the boundary conditions so obtained agree with Ap — 0 limit
of the boundary conditions .

In subsection [2.2) we proceed to rederive the scattering amplitude for the Schroedinger equation
(363]) subject to the boundary conditions ; our results agree with those of [22].

Quantum mechanics with a two dimensional delta function

Renormalization of the coupling constant In this section we review the dynamics

of the quantum mechanical system governed by the two dimensional Schroedinger equation

V2 k?
(@) + V@) = 5 (@), (375)
where V(Z) is taken to be proportional to a suitably renormalized version of the attractive two
dimensional § function. This system has been studied in great detail in several papers (see e.g.
[41]); we review the principal results.

Let

2 T o~ o
wmz/diwww. (376)

The time independent solution of that describes the scattering of an incoming particle with
momentum k off an arbitrary potential V() is given by the solution to the Lippmann-Schwinger
equation

dq V(@) - a)
(2m)% k2 — p2? +ie

D) = (27)262 (5 — F) + 2m / (377)

Let V(x) = —gd2(Z) so that its Fourier transform is given by V (k) = —g. Plugging into (377) we
find

-,

2mgA(k)

{ﬁv(@ = (2%)262(]7— E) - ma (378)
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where

, 1
A(R) = . (379)

The integral in (379)) diverges logarithmically. Evaluating the integral with a cut off A we have

1
A2 )

The function A(k) is proportional to the scattering amplitude of our quantum mechanical

A(k) = (380)

system. In order to define a sensible scattering problem we must regulate and renormalize (380))
by choosing the coupling constant g to scale to zero logarithmically with the cut off A. We choose
g(A) so that

1 1 m . [\
—= = +—1In <> , (381)
g)  gr(p) 27 \p?
where the renormalized coupling gr(u) is held fixed as A is taken to infinity. gr(p) is, of course,
a function of the renormalization scale p. (380) now takes the form @

1
1 — mIr 1, (ui) '
2m —k2

Description in terms of modified boundary conditions We will now find an

A(k) = (384)

alternative effective description of the renormalized two dimensional delta function in terms of
modified boundary conditions at » = 0. For this purpose it will prove convenient to work in
position rather than momentum space. For this reason we regulate the ¢ function potential as

the ‘circular square well’

V(ir)y=——"5 ; r <ro,
™o (385)
=0 ;T >,

Let us now study rotationally invariant solutions of the two dimensional Schroedinger equa-
tion with the potential (385)). |Z| Clearly the most general regular (at » = 0) solution to the

56 As an application notice that the scattering amplitude (384) has a pole at

2w

k* = —ple” mor, (382)

implying that our renormalized ¢ function potential quantum mechanics has a single bound state with

binding energy
2
E— _;Tne_ mon (383)

57Only rotationally invariant solutions are affected by the potential (385) in the limit ro — 0, as the
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Schroedinger equation takes the form

ado(lr) ; r <o,

(386)
cJo(kr) + dYy(kr) ; r > 1o,
where,
12 =2m <92 n E) , k2 =2mE. (387)
7T7"0

The requirement of continuity of the wave function and its first derivative across r = rg determines
d and ¢ in terms of a. In the small rg limit it is easily verified that

d -1
- = ) (388)

T
where, v is Euler-Mascheroni constant.

As in the previous section (388]) does not have a well defined ry — 0 limit. In order that the
LHS of (388) is well defined as g — 0 we must choose g to be a function of ¢ and take g to zero

as 1o is scaled to zero, keeping ggr fixed where

gRl(u) N 9(:“0) - % [ln <%> + 7] : (389)

Note that(389) agrees exactly with (381]) under the replacement % — £,

Implementing this limit we find

d_ ! . (390)

2 2 k
¢+ im(k)

It follows that the Schroedinger problem with a delta function potential with renormalized

strength gr is equivalent to the free Schroedinger equation subject to the r — 0 boundary

condition

Yo(r) {(-2 _ 2y /’j) Jo (kr) + Yo(kr)} . (391)

mgr s

Using the small argument expansions
9 2 kr vy 9
Jo(kr) =1+ O ((kr)*), Yo(kr)==In > 2=+ O ((kr)*In(kr)), (392)
T m

we see that the k dependence cancels from (391]) and the boundary condition on v (r) takes the

wave function at nonzero angular momentum dies rapidly at small r due to the angular momentum barrier.
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local form

Wo(r) o [(—2+2Z> —1 (2 ) +0 lnr)]. (393)

mMyr
In summary, the Schroedinger equation in the presence of a renormalized § function potential
is exactly equivalent to the free Schroedinger equation subject to the local boundary conditions
at the origin.
It is easily verified that the boundary conditions are obtained as a limit of the Amelino-
Camelia-Bak boundary conditions (366|) if we set

2 R
w=—14|Ag| <—m;TR—|—2'y—|—21n (g)) ,

and take the limit |Ag| — 0. In other words the usual (i.e. § function) description of contact
interactions is indeed equivalent to the appropriate |v| — 0 limit of the Schroedinger equation
subject to the boundary conditions . This suggests that the boundary conditions
do indeed capture the effect of contact interactions at general Ap. This has been argued to be
true in [22 [40].

Derivation of the scattering amplitude In this section we will derive the scattering
amplitude for the Schroedinger equation subject to the boundary conditions . We
assume |v| < 1.

We wish to find scattering state solutions at energy F = 5 of the Schroedinger equation for
this particle; i.e. k is the magnitude of the momentum of the particle incident on the solenoid.
The most general solution of the Schroedinger equation that meets the boundary conditions for
Ym (1) at the origin (m # 0) is

() =D ane™ Tuyy (kr) + Y ane™ ™ Ty (kr) + aody (kr) + bo Ty (kr). (394)

n>0 n>0

The scattering solution we wish to find obeys the boundary condition (366]); moreover at large r
its ingoing piece (part proportional to e~**") must reduce to that of the incoming wave e**®. It is
not difficult to see that the unique solution that meets our boundary conditions is given by (see

for the detailed derivation for the special case w = 0)

Y(r) = Zz e i Intv(kr) meﬂ—Zz”e’ 2 Jp_y(kr)e —ind

n=1

T(w] + 1) () g (er) + wR2D(1 = [u]) (5)7 T (k)
)

L (395)
2

14 7"“" v -7|v|

T(jv] + 1) (2)" ™5 4 wRr2T (1 — |v]) (&) =%
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At large r, 1(7) reduces to

1
2wkr

(61%5(0 o Tr)efikr + H(Q)eilzelkr) ’

:

where,

00
0) — Z (efim/einG + eim/efinO)

n=1
Y =i L wRAD(L — )

E(lv] + 1) (
uw+n()” F o wR2Mr(1 - ) (&

(396)

lv| Zﬂ”l

.w\u| :
2

I[N BN )

) (5)
T,

Now we can write

oo
§ : (e—wruezne + ewrl/e—zne

Z2COS 7v) cos(nb) ) + <Z2sin(7r1/) sin(n@))

n=1 n=1

(COS ) + Z 2 cos(mv) cos(n@)) — cos(mv)

+ < 2sin(7v) sin(n@)) (397)
n=1

= 27 cos(mv)d(0) — cos(mv) + (Z 2sin(7v) sin(n9)>

n=1

= 27 cos(mv)d(0) + sin(mv)Pv <cot (g)) — cos(mv).
Substituting in (396])

H(0) = 27 cos(nv)d(0) + sin(nv)Pv (cot <§>>
‘I/‘ + 1 (%)|V| 7im + meV‘P( ‘I/D (
L(v| +1) (%)"’| T wRAMT(1 — |v)) (&

= 2w cos(mv)d(0) + sin(mv)Pv <cot <Z>>

I(lv|+1) (%)M imly| _ R2|V|F(1 — v|) (%)M
T(|v] + 1) (2)" el 4 wRAAT (1 - [y]) (5)"

— cos(mv)

(398)

— isin(m|v|)

In order to compute the scattering amplitude, we must rewrite the wave function as a plane
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wave plus a scattered piece; at large r

ikx N/ T
() = b 4 r (399)
We find
h(6) = H(0) — 275(6), 1o
so that
h(6) = 2 (cos(mv) — 1) 6(6) + sin(mv)Pv (C(’t <z>>
v (401)

— isin(7|v|)

D(|jv] + 1) (2)" el — wRMT(1 - |u]) ()
I'(jy|+1) (%)\VI einlvl + wR2AVID(1 — |v)) (%)M,

This yields (369)).
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3 Chapter 3: A Charged Membrane Paradigm at Large
D

3.1 Introduction

Emparan, Suzuki, Tanabe (EST) and collaborators have recently noted [42H48] that the clas-
sical dynamics of black holes simplifies at large D (D is the dimensionality of space time).
Schwarzschild black holes in a large number of dimensions are characterized by two widely sep-
arated length scales. The first of these is the Schwarzschild radius 7o, while the second is the
distance dr away from Schwarzschild radius after which spacetime ceases to be warped by the
black hole. In other words dr is defined so that spacetime is effectively flat for r > r¢ + dor.
At large D the membrane thickness, dr, is easily estimated; it turns out that or ~ ro/D < r.
Similar observations apply to static charged black holes at large D.

The separation of scales between the membrane thickness and the black hole radius results
in the simplification of black hole dynamics at large D. The first hint of this fact appeared in
the results for the large D spectrum of quasinormal modes of Schwarzschild black holes obtained
by EST and collaborators [45], 47, [48]. It turns out that most of the quasinormal modes are
heavy with frequencies ~ 1/ér. The remaining modes are anomalously light; their frequencies
are of order 1/ry. [ﬂ As we will see below, the spectrum of quasinormal modes about Reissner-
Nordstrom black holes is qualitatively similar.

The pattern of the quasinormal mode frequencies described above may be understood intu-
itively as follows. A quasinormal mode is a linearized solution of Einstein’s equations about the
black hole background, subject to the condition that it is ingoing at the horizon and outgoing in
the asymptotically flat exterior region. As the second boundary condition is effectively imposed
at the outer edge of the membrane region, the quasinormal problem is analogous to the analysis
of the harmonics of the wave equation in a hollow, leaky spherical shell. The radius of this shell is
ro and its thickness is dr. Clearly modes with nonzero ‘harmonic number’ in the radial direction
all have frequencies of order 1/0r; these are EST’s generic heavy modes. Modes of zero radial
harmonic number, if present, have frequencies of order 1/ro; these are EST’s anomalously light
modes.

The imaginary part of all heavy quasinormal mode frequencies are of order 1/dr; it follows
that these modes all decay away after a time scale of order dr. On the other hand the light
quasinormal modes have lifetimes of order ry. Consider a violent dynamical process like a black
hole collision. For a time of order dr after the event, dynamics is complicated and involves all

quasinormal modes. For times ¢t > §r, however, the heavy quasinormal modes have all decayed

58More precisely, all but a finite number of quasinormal modes at every angular momentum are heavy.
A finite number of modes at every angular momentum are light.
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away and the subsequent dynamics is governed by a nonlinear interacting theory of only the light
quasinormal modes, the principal focus of this chapter. @

Light quasinormal modes may roughly be thought of as ‘Goldstone bosons’ for the symmetries
of flat space that are broken by the black hole. Non rotating black holes appear in family of
solutions labeled by a set of parameters o'; the black hole location, radius, boost velocity and
charge. By infinitesimally varying each of these parameters we obtain a set of time independent
linearized solutions of the Einstein-Maxwell equations about any of these black holes. Now
consider configurations that locally resemble these zero modes but with dai = dai(f), i.e. with
the infinitesimal parametric variations chosen to be functions of the black hole angular coordinates
with spherical harmonic numbers of order unity. It follows that in any patch of size of order ir
(i.e. of angular extent of order dr/rg) the da’ are approximately constant. In any such patch the
fluctuation closely approximates a zero mode, and so is static on the time scale r. However the
variation of da’ on length scales of order ry cause such configurations evolve over times of the
same order. It follows that quasinormal modes built out of such configurations have frequencies
of order 1/rp, and may be identified with charged generalizations of the light modes of EST.

The identification of light quasinormal modes with ‘Goldstone bosons’ immediately suggests
the possibility of using the collective coordinate method to derive the nonlinear ‘chiral Lagrangian’
of these light modes. m On general grounds one expects that the effective nonlinear equations
of motion for the light modes will admit a power series expansion in the ratio of the energy scales
of the light and heavy modes, i.e. in a power series in d7/rg ~ 1/D. In other words the collective
coordinate equations for light modes dynamics are a reformulation of black hole dynamics that
is exact at large D.

At leading nontrivial order in 1/D, the equations that govern the collective coordinate dy-
namics of uncharged black holes were derived in the recent paper [1] (see [49H53] for closely related
work) EL In this chapter we build on the work of [I] in two different ways. First we improve
the construction of [I] in several respects. We use collective coordinate variables with a direct
physical significance and present our final equations and spacetimes in an explicitly ‘geometri-
cal’ form. Second - using the same improvements - we generalize the work of [I] to obtain the

nonlinear collective coordinate dynamics of charged black holes in a large number of dimensions.

59 At time scales large compared to 7o the light quasinormal modes also decay away and the black holes
settle down into their equilibrium state. The approach to equilibrium is governed by the linearized theory
of quasinormal modes.

60As the resulting system turns out to be dissipative, however, it is easier to deal with the effective
equations of motion than an effective action.

61The papers [49] and [50] worked out the effective collective coordinate expansions for the special case
of uncharged stationary configurations. When restricted to flat space and lowest order in D the results
of these papers are special cases of [I] and this chapter. The papers [51H53] analyze dynamics at length
and time scales of order 79/+/D (this turns out to be the relevant length scale for the Gregory-Laflamme
phenomenon at large D), as opposed to this chapter where we focus on length scales of order unity.
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In the rest of this introduction we will provide a more detailed description of the collective

coordinate construction presented in this chapter and present our main results.
A more detailed introduction and summary

In the technical heart of this chapter we follow [1I] to simply write down a class of leading order
collective coordinate spacetimes (see below). We then carefully verify that our spacetimes
and gauge fields (written down by physically guided guesswork following [I]) obey the Einstein-
Maxwell equations of motion at leading order in 1/D @ and so constitute a good starting point
for the construction of true solutions to the Einstein-Maxwell equations in an expansion in 1/D.
Our collective coordinate spacetimes are built sewing together patches of Reissner-Nordstrom
black holes with different radii, charges and boost velocities into a single smooth spacetime.
These spacetimes are in one to one correspondence with the configurations of a non gravitational
codimension one membrane propagating in flat D dimensional space. The dynamical degrees of

freedom of the membrane are

e 1. The embedding of its timelike world volume in flat D dimensional spacetime, i.e. the
shape of the membrane. Through this chapter we use the symbols n4 and Kap to denote
the normal and extrinsic curvature of the membrane surface in D dimensional Minkowski

space. We also use the symbol K = B K 45 to denote the trace of the extrinsic curvature.

e 2. A velocity vector field u in the membrane world volume (so that u-n = 0) whose
world volume divergence vanishes (i.e. V-u = 0 where V is the covariant derivative on the

membrane world volume). The velocity field is normalized in the usual manner u-u = —1.

e 3. A scalar charge density field Q |§| that lives on the membrane (this field is absent in the

neutral case).

To reiterate, the starting point of the technical analysis presented in this chapter is a class
of ‘collective coordinate spacetimes’ - that are simply guessed. We have one such spacetime for
every distinct membrane configuration. Our collective coordinate spacetimes turn out to solve
the Einstein-Maxwell equations at leading order in 1/D everywhere outside their event horizons.

The strategy adopted in the rest of this chapter is to use these spacetimes as the first term in

the perturbative construction of true solutions of the Einstein-Maxwell equations in a power series

62More precisely the equations of motion are obeyed everywhere outside the even horizons of these
configurations. This is sufficient, as regions inside the event horizon are causally disconnected - and
invisible - from those outside, and so may be ignored for the purposes of predicting observations outside
the event horizon.

63More precisely the field @ utilized in this chapter is a variable proportional to the actual conserved
charge density field on the membrane.
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expansion in 1/D. In this chapter we explicitly implement this expansion to first subleading order
in 1/D. In other words we correct the leading order collective coordinate spacetimes described
above to ensure that they obey the Einstein-Maxwell equations not just at the leading order
in 1/D but also at first subleading order in this expansion. We discover that it is possible to
accomplish this task with only nonsingular corrections if and only if the membrane shape, charge

density and velocity fields obey the following local equations of motion

2u
(VIC—(1—Q2)VICIC—|—u~K—(1+Q2)(u-V)u> -P =0,

V2Q u- VI
K K _“’K'“>0’ (402)

where V = the covariant derivative on the membrane world volume,

—u-VQ—Q(

and Pap = nap —nanp +usupg.

il

Corresponding to every solution of the equations we are able to improve . The
improvements are computed to ensure that the corrected configurations (see (#73)),(@74), (475),
, ) solve the Einstein-Maxwell equations at leading and first subleading order in 1/D.

We expect the construction presented in this chapter to constitute the first couple of terms in a

systematic expansion of solutions to the Einstein-Maxwell equations order by order in 1/D.

As we have explained above, membrane spacetimes are parameterized by the shape of the
membrane (one function), the charge density field (one function) and a unit normalized divergence
free velocity field on the membrane (D — 3 functions) and so by D — 1 functions in total. The
membrane equations are also D — 1 in number (the first equation in is a vector
projected orthogonal to n and v and so has D —2 components, while the second is a scalar and so
has one component). It follows that we have as many equations as variables and so define
an initial value problem for membrane motion. are simply the large D collective coordinate
equations of black hole motion.

Following [I], in this chapter we have derived the membrane equations under the as-
sumption that our spacetimes preserve an SO(D — p — 2) isometry subgroup for p held fixed as

D — oc. m Even though have made this assumption in our derivation, the final membrane

64The expression in the first bracket in the first of is a vector in the membrane world volume and
so is orthogonal to n. When acting on such a vector the projector Pap = g%v) + ugup where 91(41/]1;\/) is
the induced metric on the membrane world volume.

65Tn the uncharged limit, the equation are easily demonstrated to reduce to the membrane equation
of motion presented in [I] once we account for the fact that the velocity field of this chapter differs from
the velocity field employed in [I] (see subsection for relevant details.).

66 This requirement guarantees that there are no unaccounted for factors of D in, for instance, derivatives

of the metric and gauge field.
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equations (402)) (and the spacetimes dual to solutions of these membrane equations) make no
explicit reference to the isometry group. Our final equations are entirely covariant; they treat the
isometry directions and other directions democratically. We refer to equations with this property
as geometrical.

Given the geometrical nature of our membrane equations and spacetimes, it is natural to
wonder whether our equations apply more generally than their derivation. Could it be that
captures the dynamics of black hole motions on time scales of order unity, even in the absence
of a large isometry symmetry? While an appropriate version of such a conjecture might well be
true, we would like to emphasize a subtlety. There are several pairs of independent geometrical
expressions that reduce to each other at leading order in the large D limit under the assumption
of an SO(D — p — 2) isometry but differ from each other more generally m For this reason it
turns out that there are different geometrical ways of presenting the equations of motion ,
all of which are identical at leading order in 1/D when evaluated on any membrane configuration
that preserves an SO(D — p — 2) isometry but which differ on more general configurations. As
the results of this chapter are all obtained assuming an SO(D — p — 2) isometry, they cannot
distinguish between these different geometrical presentations of the membrane equations. For
example, the divergence of the first equation in turns out to coincide, at leading order in
large D, with the equation

-an [ - - e (K

where V = the covariant derivative on the membrane world volume,

_U'K'u>:0’ (403)

under the assumption of SO(D — p — 2) symmetry. It follows that the computations presented in
this chapter cannot resolve the question of which of these is the ‘correct’ leading order membrane
equation in the absence of an isometry [59]

The membrane equations are nonlinear and rather complicated. In future work we
will demonstrate that these equations admit simple classes of solutions in which the membrane
velocity field u* is that of rigid rotations and the charge density field is proportional to u® (the
time component of the velocity vector). The membrane shape is constrained to obey a single
nonlinear partial differential equation. Solutions obtained in this manner include the duals to

charged rotating black hole solutions at large D. For the special case of uncharged black holes

67For example, the independent geometrical quantities u- VI /D and V. (u- K)* may be shown to agree
with each other at leading order in 1/D for any membrane configuration that preserves an SO(D —p — 2)
invariance. On the other hand the same two expressions could differ at leading order when evaluated on
configurations that do not enjoy any symmetry.

68Even staying within the class of isometric spacetimes, the iteration of the computations of this chapter
to one higher order could help to resolve this question. We hope to report on the results of a higher order
computation in the not too distant future.
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this nonlinear partial differential equation turns out to exactly match the constraint on the shape
of stationary membranes derived in a different way in [49, [50], establishing that the results of
[49, 50] (at leading order and in flat space) are a special case of the more general results of [I]
and this chapter.

The simplest solution of the sort described in the previous paragraph is obtained upon switch-
ing off all angular velocities; the membrane solution is a static spherical ‘soap bubble’ with a
uniform charge density. In section [3.4.4] below we have verified that the metric and gauge field
dual to this solution agree perfectly with the exactly known static Reissner-Nordstrom black hole
solution expanded to first subleading order in 1/D.

The membrane equations capture all of the complexities of black hole horizon dynamics
at large D, at time scales of order unity m The detailed study of should teach us a great
deal about black hole horizon dynamics. As a first small step in this program, in section we
linearize the membrane equations about the exact spherical solution dual to the Reissner-
Nordstrom black hole, and determine the spectrum of small fluctuations about this background
(see section for details. This spectrum of linearized fluctuations may be regarded as a
prediction for the spectrum of light quasinormal modes about charged black holes at large D.

In the course of obtaining the quasinormal mode spectrum described in the previous para-
graph, we reduce the manifestly geometrical but slightly abstract equations to explicit linear
differential equations for two scalar fields and a divergence free vector field on SP~2 times time
(this reduction is valid for linearized fluctuations about the spherical membrane surface). This
explicit form of the equations helps us verify that the equations do indeed constitute a
well posed initial value problem for the membrane shape, charge density and velocity fields at
least for these linearized configurations, as we had anticipated above on intuitive grounds. Our
explicit results for the quasinormal modes also reveals that the membrane equations are
highly dissipative. As an independent test of the equations it would be useful to verify
our prediction for the large D quasinormal spectrum by direct analysis of the Einstein-Maxwell
equations about the Reissner-Nordstrom black hole background. While we make some remarks

about this, we leave a detailed verification to future work.

69We believe this to be true at least for spacetimes that preserve an SO(D — p — 2) isometry for any p
that is held fixed as D is taken to infinity.
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3.2 The collective coordinate ansatz
3.2.1 Boosted charged black holes in Kerr-Schild coordinates
The Reissner-Nordstrom black hole in the ‘Kerr-Schild’ coordinate system m is given by
D-3 2(D—3)
ds® = —dt® + dr® + r2d0%_, + <(1 +Q%p) (2) = en@? (2) ) (dt + dr)?,
T T
ro\ D—3 ro\ 2(D—3)
= dstq + <(1 +Q%p) (?0) — pQ? (?0) > (dt + dr)?, (404)
D-3
A=2Q (%0) (dt + dr).

(404) describes a black hole at rest, i.e. a black hole moving with velocity u = —dt. The
solution for a black hole moving at an arbitrary constant velocity u may be obtained by boosting

(404)) and is given by

1 1
gMN = NMN + <(1 + QQCD)F - CDQ2IO2(D3)> OumON,

A ~ V2Q0u

M= s (405)
r

O=n—wu, w=const, v-u=-1, p=—,
To

TQ:PMNxMa:N, Pyn =nunN +upmuy, n=redp, note u-n=020.

Note that the function p in (405)) obeys the identity
pV2p = (D —2)dp-dp. (406)

Here and through most of this chapter we view p as a function that lives in flat D dimensional
space. In particular V in is the covariant derivative in flat space rather than in the metric
(1405]).

Through this chapter we will use the term membrane to refer to the surface p = 1 viewed as
a submanifold of flat Minkowski space. Note also that u* may be thought of a vector field that

lives on the membrane. It is obvious that
V-u=0, (407)

where V is the covariant derivative on the membrane.

70See Appendix |3.7.1| for a lightning introduction to this coordinate system and its advantages.
pp g g y g
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3.2.2 Collective coordinate spacetimes from boosted black holes

Consider the spacetime given by

1 2
gMN:nMN+ (1+Q2) pD_3_p2(%_3) OMON7
2Q0
AM:%, (408)
0
O=n—u, u-u=-1, n:L u-n =0,

Vdp.dp’

where p, Q and u are arbitrary smooth functions and vector fields in flat D dimensional Minkowski
spacetime subject only to the requirement that the function p obeys on the membrane
surface and that the velocity field restricted to the membrane obeys .

The codimension one membrane worldvolume will play a special role in this chapter. We
assume that the function p is chosen to ensure that the membrane surface is a smooth timelike
submanifold of flat Minkowski space. @ The membrane separates regions of spacetime where
with p < 1 (inside the membrane) from regions with p > 1 (outside the membrane). The function
p is chosen to ensure that the outside region is a connected spacetime and that includes all of
spacelike infinity as well as ZT and Z—. The membrane worldvolume itself is not necessarily
connected.

The spacetimes have the following properties.

e 1. Upto corrections of order 1/D, the static black holes (405]) are special cases of (408))
with the p, @ and u functions given as in (405)). In these special cases p = 1 is the black

hole event horizon.

e 2. It is easily verified the membrane surface p = 1 is a null submanifold of the metric (408)
for a general spacetime of this form. At least when (408]) settles down to a stationary black
hole at late times (as we will assume throughout this chapter) this submanifold may be

identified with the spacetime event horizon. m

e 3. Consider a point zf; on the membrane (p = 1) of the spacetime (408)). Let ufy, Qo and
Ko denote the velocity, charge density field and trace of membrane extrinsic curvature at

that point. Comparing with (405]), we will see in subsection below that a patch of size

of order % centered about zf) is identical, at leading order in D, to the metric and gauge

"'We will see below that the same surface - p = 1 - is a null when viewed as a submanifold of the metric
(408)).

"2The dissipative nature of the membrane equations of motion we derive below suggests that all solutions
reduce to stationary solutions at late times.
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field of a patch centered about the membrane of a Reissner-Nordstrom black hole of radius
(D —2)/K, Q parameter Qo and boost velocity uf.

e 4. It seems plausible from point (3) above that every patch centered about the membrane
of the configuration obeys the Einstein-Maxwell equations at leading order in 1/D.
In subsection below we demonstrate that this is the case provided the spacetime
enjoys an SO(D — p — 2) isometry for any p that is held fixed as D is taken to infinity.

e 5. The gauge field in (408)) and the deviation of the metric from ds?l o Scales like e~ Dlp=1),
It follows (408]) approaches flat space exponentially rapidly for p — 1> 1/D.

e 6. Combining (4) and (5) above it follows that (408|) also obeys the Einstein-Maxwell

equations at leading order in 1/D (or better) everywhere outside its event horizon.

e 7. The equations of motion are not well solved when 1 — p > 1. However points that lie
inside the event horizon of (408)) are causally disconnected from dynamics on and outside

the membrane and will be ignored in the rest of this chapter.

In summary, the metric is built by stitching together bits of the event horizon of Reissner-
Nordstrom black holes of varying radii, charge densities and boost velocities. The spacetime
obeys the Einstein-Maxwell equations at leading order in large D everywhere outside its horizon
at least provided it preserves an SO(D — p — 2) isometry. It follows that metrics of the form
are useful starting points for a perturbative construction of the solutions of the Einstein-Maxwell

equation in an expansion in %.

3.2.3 Subsidiary constraints on p, u and @)

The spacetimes are parameterized by the functions p and @ and u*. These functions are
defined on all of D dimensional Minkowski space. However we have already noted that
rapidly tends to flat space when p—1 > %. Consequently two spacetimes whose p and @ and u*
functions agree on the surface p = 1 but deviate at larger values of p actually describe spacetimes
that agree at leading order in 1/D on and outside their event horizons. m

In this chapter we use spacetimes of the form as the starting point for a perturbative

expansion of true solutions of the Einstein-Maxwell system in a power series in 1/D. Any two

"In and around subsection we show that for this statement to be true it is also necessary the
gradients Vp of the two p functions coincide on the membrane p = 1 at leading order in the large D limit.
However this is automatic, given the conditions we have imposed on our construction. Upto a position
dependent normalization, Vp is proportional to the normal vector of the surface p = 1. It follows that the
two Vp functions agree with each other upto normalization at p = 1. The condition that both p functions
obey (406) at p = 1 guarantees that the normalizations also agree at leading order in the large D limit
(see (430)).
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configurations of the form that differ from each other only at subleading orders in 1/D
constitute equivalent starting points for perturbation theory. In order to restrict attention only
to inequivalent configurations it is convenient to invent a set of rules that determine the functions
p, u and @ everywhere in spacetime, in terms of the shape of the membrane and the values of
the velocity and charge density fields on the membrane. We refer to these arbitrary rules as
subsidiary constraints on the functions p, () and u.

There is a great deal of freedom in the choice of subsidiary constraints. Two different choices
of these conditions lead to the same solution at any given order in perturbation theory. The dif-
ferences between the starting points in perturbation theory are compensated for by the differences
in the results of the perturbative expansion.

While all choices of subsidiary constraints are on equal footing in principle, in practice some
choices (those that most accurately approximate the true eventual solutions) lead to simpler
results in perturbation theory than others. After experimenting with a few options we have

chosen, in this chapter, to impose the following subsidiary constraints on p, u and Q:

pVip = (D —2)dp - dp,
w-u=-1, n-u=0, PMN[(n -V)uy + (u-V)ny] =0,

n-vV@Q =0, (409)
dp MN _ MN __M,_N , M, N
where n = , P =7 —n'nt furu.
Vdp - dp

and V = the covariant derivative in the embedding flat space.

Let us pause to comment on our choice of subsidiary constraints. Recall that it is an im-
portant element of our construction that is obeyed on the surface p =1 (see ) This
is a physical requirement, independent of arbitrary choices of subsidiary conditions. Our first
subsidiary condition simply asserts that continues hold everywhere; even away from
the membrane. This condition is sufficient to determine the function everywhere in terms of the
shape of the membrane (i.e. solutions to the equation p — 1 = 0).

The third condition in asserts that () is defined off the membrane surface by parallel
transporting it along integral curves of the normal vector n o« dp. The second condition
determines u in terms of its value on the membrane by specifying its evolution under parallel

transport under the same integral curves. @

"4The subsidiary constraints adopted in this chapter are chosen to permit simple comparison with exact
uncharged rotating black hole solutions, see [54] for details. These conditions imposed in this differ from
the rather elegant geometrical subsidiary constraints imposed in [I].
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3.2.4 Fixing coordinate and gauge invariance

In the next section we will describe the perturbative procedure we will employ to correct the
spacetime in order to obtain a spacetime that solves the Einstein-Maxwell equations upto
first subleading order in 1/D. In order to find an unambiguous solution to this problem we need
to fix coordinate redefinition and Maxwell gauge ambiguities. In this subsection we describe our
choice of coordinates and gauge.

Let the spacetime metric in the solutions described by this chapter take the form

guN = NMN + hun, (410)

where hpsn is given, at leading order, by (408)). We fix coordinate redefinition ambiguity by
imposing the condition
OMhyy =0, (411)

where
O=n-—u, (412)

and all indices in (411)) are raised and lowered using the flat metric na;n. Using the fact that
O -0 =0, it is easily verified that the leading order metric (408 does indeed obey (411)).

In a similar manner we fix the Maxwell gauge ambiguity by imposing the condition
OM Ay =0. (413)

Note that is obeyed at leading order (see (408))).

Note that our choice of gauge depends on O, and so on n and w, which, in turn, depend on the
membrane shape and velocity field in the particular solution under study. Our choice of gauge is
somewhat analogous to a background field gauge in the study of gauge theories, or, more closely,
to the gauges adopted in the study of the fluid gravity correspondence (see e.g. [55H60]).

Note also that the coordinate choice adopted in this chapter differs in detail from that of [I].
As is clear from the discussion of this section, the gauge adopted here is completely geometrical.

This is not true of the gauge adopted in [I], which singles out the isometry direction as special.

3.2.5 Perturbation theory

In the next section we will implement a perturbative procedure that can be used to correct (408|)
at first subleading order in 1/D. Roughly speaking we search for a metric and gauge field of the
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form

gMN = NMuN +hun,
2\ iy

hMN = Z Dn ?
n=0

o A(”)
Ay = Z DJ‘fL , (414)

n=0

Py = OuOn [ (1+Q%)pP 7% = Q22—
V2Q

20 _ :
M = ;D=3

and attempt to find the correction fields hg\?N and AE&[) that ensure that the Einstein-Maxwell

equations are satisfied not just at leading order but also at first subleading order in 1/D. In

order to technically implement this idea, it turns out to be very helpful to assume our solutions

preserve a large isometry group, as we describe in detail in the next section

3.3 Perturbation theory assuming SO(D — p — 2) invariance
3.3.1 Careful definition of the large D limit

In the computational part of this chapter we follow [I] to take the limit D — oo while preserving
an SO(D — p — 2) symmetry with p held fixed. We take the large D limit while maintaining a
large isometry subgroup so that we can reliably estimate the scaling with D of all terms in the
equations we encounter.

The requirement that our solutions preserve an isometry group is less restrictive than it first
appears for two reasons. First, several spacetimes of physical interest (e.g. those that describe
classes of black hole collisions) indeed preserve large isometry groups. Secondly, although the
derivation of the membrane equations that we present below assumes an SO(D — p — 2) isometry,
we will see that all our final equations are entirely geometrical on the membrane world volume; the
isometry directions are not special in any way. In particular our final equations are independent
of p.

While none of our final results will depend on p, all intermediate computations are performed

within a framework that explicitly preserves SO(D — p — 2) invariance. In order to perform
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computations we assume that our metric and gauge field take the form

ds?® = gy (x")datdz” + @02
A=A, (x")dz", (415)
d=D—-p—3, pu=1...p+3,
where g,,,, ¢ and A, are all arbitrary functions of the coordinates x* but are independent of the
angular coordinates on the S¢ in (4T5). Under this assumption the D dimensional Einstein-

Maxwell equations effectively reduce to a p + 3 dimensional Einstein-Maxwell system coupled to
the effective scalar field ¢.

3.3.2 The Einstein-Maxwell equations in the SO(D — p — 2) invariant sector

In this chapter we study solutions of the Einstein-Maxwell equations governed by the Lagrangian

P /\/—Nde R P Y (417)
~ 167G 9 1 ’

where

Fy

OMAN — ONAum,

=

= Ricci scalar in full D dimensional spacetime, (418)

g = Determinant of the metric in full D dimensional spacetime.

@ We wish to focus attention on metrics and gauge fields of the form (415)). In this section we

will work out the effective dynamical equations for such configurations.
Substituting (415)) into (417]) we find the effective Lagrangian m

Qg — p+3 do - — d(d— 1)
167TGD/\/ gd’™Pze2 (R+d(d—1)e —1—74 (09)

(09)* = g™ (0u9)(D9).-

"5In the special case of flat space

2 _ Fﬂ”‘)
4 (419)

ds® = nagdwo‘dwﬁ +dS? + 52d02 = nagdw"dwﬁ + dzppdz™, (416)
where zM are the d + 1 Euclidean coordinates built out of angular coordinates on S¢ and the radial
coordinate S.

76Tn the gauge field A, and the metric g, are both taken to be dimensionless while Newton’s
constant Gp has length dimension D — 2.

""Due to the presence of SO(D — p — 2) symmetry all the quantities depend only on w®, S coordinates,
while all the vectors (in particular, A) have components only in dw®, dS directions. Hence when we go to
the p + 3 dimensional space, the M, N indices are replaced by u, v.
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Varying this Lagrangian we obtain the equations of motion

d 1
e -2 2 Zyy2? FHY —
(d=1)e™? = 2(90)* = SV + 0,

1
- F,
(d+p+1) "

d d 1
R;w - Z(au¢)(8u¢) - Qvuvugb - iFupFup + 4

- __F  F* =0
(d—l—p+1) po Guv >

d (420)
V#F”V + 5(8#¢)FW =0,

where d=D —p — 3,

and V = covariant derivative taken w.r.t. the metric g, .

3.3.3 Setting up the perturbative computation

Convenient coordinates for flat space The metric (408]) is completely determined
once we specify the two scalar fields p and @ and the vector field u”. These fields live in flat
space and are constrained to obey the equation (409).

The following coordinates for flat space
dsFiqr = Napdw®dw® +dS? + S2dQ5 .  i={0,1,--+ ,p+1}, d=D—p-3. (421)

are particularly useful for studying SO(D—p—2) invariant configurations. In these coordinates the
requirement of SO(D — p — 2) isometry implies that p, @ and w are functions of ({w®, S} = {z"})

only. Moreover ug, = 0 in every angular direction ¢; on the s,

The perturbative expansion of SO(D — p — 2) invariant solutions Metrics and

gauge fields that preserve an SO(D — p — 2) isometry can be parameterized in the form

ds® = g,UJ/(Sy ’wa)dl'udxu —+ 5266¢(57wa)d93 ’

(422)
AprdX™M = A, (S, w*)dz".

Note that
¢=0"+5p, ¢ =2In(S).

(¢° is simply value of ¢ in flat space).
As explained around (410]), in this chapter we will expand the metric and gauge field in a
power series expansion in 1/D. @ The schematic expansion (410]) takes the precise form

0 1 k . [e’e] 1 k . oo 1 k .
Guv = Z (D) g;(u/)a Ay = Z <D> AEL )a 0¢ = Z <D> 5¢( ), (423)
k=0 k=0 k=1

The central advantage of the assumption of SO(D — p — 2) isometry is that the variables of the
perturbation expansion are independent of D.
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From (408)) we read off the leading values of g,,, and A,

g0t da” = nasdutdu +dS? + [(1+ @)~ P~ — Q2 2P (O,da?,

(424)
A0 = \2Qp- P90,

More detailed parameterization of the first order corrections to the metric

and gauge field After imposing the gauge conditions (411)) and (413)), the metric correction

g,(},) and gauge field correction A,(Ll) can can be parameterized in terms of 6 unknown scalar, three

unknown vector and one unknown tensor functions |7_glas

gl(},j) = S(VV)OMOV + QS(VZ)O(MZZ/) + S(zz)ZuZV + S(Tr)P/w
+2v¥) 0, +2V® ,Z,) + T, (425)
A!(}) = S(AV)O,u + S(Az)Zu + V'LEA),

where

S S

P,, = projector perpendicular to u, n and Z, P*'T),, =0.

O=n-—u, Z:dS_<n-dS>m

The vectors (Vu(v), V;L(Z), VAL(A)) and tensor (7},,,) above are all projected orthogonal to O, n and
Z (the tensor T}, is also assumed to be traceless).

Let us now consider the corrections of the ‘dilaton’ function d¢. We see from and
that x = D(d¢) appears in the equations of motion. Were ¢ to have an O (%) fluctuation o™,
this term would contribute to the equations of motion at leading order, invalidating the fact that
the starting metric solves the Einstein-Maxwell equations at leading order. For the same
reason ¢ at O (%)2, contributes to the Einstein-Maxwell equations at O (%) It follows that
(5¢(2) is an unknown function that contributes to the first order perturbative equations at the
same order as the 6 scalars that appear in , and so will have to be determined together with

these six functions in the computation of the first corrections to (408]).

Auxiliary embedding space The coordinate system ([421]) describes flat R as the

“fibration’ of an S over a p + 3 dimensional base space with metric
ds?clat = Napdw®dw® + dS? =y, dztdz”, o = {w®,S}. (426)

The radius of the fibred S? is given by the coordinate S.

"The terms scalar, vector and tensor refer to the transformation properties of the fields under those
rotations in the tangent space that leave n, u and dS fixed. See below for more details.
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Under the assumption of SO(D — p — 2) symmetry, the membrane world volume can be
thought of as a codimension one (p + 2 dimensional) surface in the base space together with the
d dimensional spheres fibred over each of the base points on this surface. More generally all the
ingredients - the functions p, u* and @) - that go into the construction of the seed metric (408)) can
all be regarded as functions and vector fields on the base space - which then determine SO(d+ 1)
invariant functions and vector fields on all of R” in the obvious manner. This is the viewpoint we
will adopt while doing the computations described in this section. This viewpoint is convenient
because the auxiliary space makes no reference to D. Once we formulate our perturbation
theory in terms of fields propagating on the auxiliary space , all factors of D in the equations
are completely manifest, allowing for a clean formulation of large D perturbation theory.

The end result of the first stage of our computation (e.g. the results presented in )
are all presented in terms of covariant derivatives of the field ¢, u and ) viewed as scalar and
one-form fields that live in the base or auxiliary space .

It is important to note general expressions built out of covariant derivatives of SO(D —p — 2)
invariant fields in the auxiliary space do not agree with the corresponding expressions built
out of covariant derivatives of the same fields in the metric of the embedding space m In
Appendix we have explored the dictionary between covariant expressions in the full flat D
dimensional space and the auxiliary space. Using these translation formulae, we are then able
to rewrite our final results for the first order corrected metric and gauge fields in terms of full
spacetime covariant derivatives of p, u and ). Our final results, presented in the next section,

are given in this language, and turn out to be geometrical, in a sense we describe in detail below.

Constraints and Subsidiary conditions recast in auxiliary space As we have
explained in the previous section our construction works provided the functions p and u obey
the conditions and . The V2 in (406) is a Laplacian in the full flat space , while
the V operator in is the covariant derivative on the membrane, viewed as a submanifold
of the full flat space (421)). In order to use these conditions in our computations below, we need
to rewrite them in terms of covariant derivatives on and on the membrane world volume
viewed as a submanifold of . E

Depending on context, we will use the symbol V to denote the covariant derivative either in
the base space or on the membrane viewed as a submanifold of . As we have explained

80Roughly speaking the difference comes about in terms involving expressions like Fg/[M with M summed
over. This expression receives contributions from M ranging over the angular directions of €24 in the case
of but not in the case of .

8L All computations in the paper [1] were performed in the auxiliary space ([426). The final results of
[1] were presented in this auxiliary space, without being reconverted to the full space. Note also that in
the auxiliary space, because of our choice of coordinates, all Christoffel symbols vanish and the covariant
derivatives are same as partial derivatives.
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in Appendix [3.7.4]
Vu=(D—-p—2)Z -u+V-u, (427)

(in this equation V is the covariant derivative of the membrane viewed as a submanifold of RP
while V is the covariant derivative on the membrane viewed as a submanifold of (426)). Here

Z:ds—<”'ds>n. (428)

S S

Using the fact that (407) is assumed to hold for our ansatz metrics it follows from (428)) that

V-u

Z u=—-——=.
“ D—p—2

(429)
In a similar manner the fact that (406)) is assumed to hold on the membrane of (408)) implies
that

D—p—2"YF 12, — (D —2)dp-dp.
(D-p-2) g TV ( )dp - dp (430)

where V = the covariant derivative on the space (489).

In an entirely analogous manner, the subsidiary condition (409) can be recast in terms of

covariant derivatives in the auxiliary space (426]).

(D—p— 2)%ds Np+ pVip = (D —2)dp-dp,

wut = -1, nyuut =0,
(" + utu” — ntn") [(na@a> uy + <ua@a) nu} =0,
W,Q = 0, (431)
where n, = Y—“p~,
(Vup)(Vp)

and V = the covariant derivative on (426)).

3.3.4 Zooming in on patches

In this subsection we will identify a scaling limit of distance scales that admits an interesting large
D limit. For this purpose we turn back to the Einstein-Maxwell equations specialized to the case
of SO(D — p —2) invariant configurations and note that derivatives of the scalar field ¢ appear in
with additional factors of D as compared to terms with an equal number of derivatives of
guv or A, This observation (see [I]) suggests that we will obtain one class of nontrivial solutions

to these equations if we assume that g,,, and A, vary on length scale 1/D, i.e. the length scale of
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dr (see the introduction) while ¢ varies at the length scale unity (at least upto corrections that
are subleading in 1/D). Under this assumption the solutions we study are characterized by two
widely separated length scales, exactly like the black holes described in the introduction. @

In order to describe the large D limit of solutions characterized by two different length scales
(1/D and unity) we adopt the following procedure. We view our manifold as a union of patches,
each of size 1/D. Each patch is centered around a particular coordinate zfj. In each such patch

we work with the scaled coordinates, metric, connections and gauge fields

L(
p_on, @(¢Y)
X 1’0 + D 5
Gap = D2 X (8aau) (81704”)9#1/’ (432)

Aa = D x (8ac) Ay,

where o/ are any convenient (D independent) functions of the coordinates ¢®. Note that G
differs from g,,, transformed to ¢* coordinates by the scale factor D?. In the same way the gauge
field A, differs from A, transformed to the coordinates ¢* by a scale factor D. The scale factors
are chosen to scale up distances and holonomies on the patch to order unity. We also find it

convenient to define the one-form field
Xa =D 049 = a0,,¢. (433)

Note that x, is of order unity and constant (to leading order in 1/D) in scaled patch coordi-
nates (see [I] for more discussion). The equations of motion may be rewritten in terms of scaled

quantities as

d X2 20d-1) D? 4
= (=) V' + &2 -2 e |2 | FuF =0,
& (D)vx 5 d 2d(D —2)| 0

d\ (Vaxs + ViXa d 1 FoqFe
= -\ 5 - aXb — 5 Facly’ T o — Y
Eab = Rap <D)( 5 1Dz ) XaXo = 5Facky" + gay XD —2) 0 (434)
d

En= V F% + ﬁXaF‘“’ =0,

where V = the covariant derivative w.r.t. metric g, .

All quantities (curvatures, Christoffel symbols, field strengths) in (434) are constructed out of
the scaled metric G, and scaled gauge field A,.

The variables in these equations are all assumed to be of order unity. All factors of D in these

equations are explicit, and so the equations (434) are easily expanded in a power series in 1/D.

82Gee [1] for a more detailed discussion of the rational behind choosing this scaling limit.
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At leading order, in particular, the equations reduce to

2 cd
_ F. F
g¢>|leading = VaXa + X? — 2e ¢ _ |: < 2 :| = 07
\Y% +V 1
gab|leading = Rab - aXb 9 bXa - §FachC =0, (435)

1
5a|leading = vaFab + §XaFab =0.

In this chapter we search for solutions of these equations in each patch of the manifold. We
require that solutions in neighbouring patches agree with each other where they overlap. We will

find solutions of our equations order by order in an expansion in %.

3.3.5 Choice of ‘patch coordinates’

In this chapter we will follow [I] to implement perturbation in 1/D in a patch of size ~ O (%)
centered around an arbitrary point zf; on the membrane (p = 1 surface). We will then sew
together the results from each patch to obtain a global correction to the metric and gauge field
in .

In order to set up the computation in any given patch, we need an explicit choice of local
coordinates in each patch, i.e. an explicit choice of the coordinates ~ {y®} as defined in equation
(1432).

Having imposed SO(D — p — 2) invariance we have three distinguished one-form fields in each
patch. These one-forms are n(zf), u(zf) and Z(zf). Note that from it follows that

Z-n=20, Z-O:—Z-u:(’)(1>,
D
where ‘-’ denotes contraction with respect to flat metric.

Let Y? denote a set of p one-form fields chosen so that
Yi.Z=Y'n=Y"0=0, Y' Y/=¢§V

There is, of course, a great deal of ambiguity in the precise details of the Y fields that will play
no role in what follows.
Let {zf} = {w§, So} represent a point on the membrane in the metric (408). We wish to

focus on the patch of size of order % around xf. We set up a local coordinate system for this
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patch as follows.

R= D(p - 1)7

V =D(zV — a?g)Ou(x()),

z (436)
2 = D@t ) Zulw),

0

y' = D(zH — wg)Ylf(:ro).

3.3.6 The perturbative metric in a patch

In these coordinates and at leading order in the % expansion, the rescaled metric and gauge field

(432) take the form
So - -
e <n%> dR dV — [1— (1+ Q})e™ " + Qg "] av”
+[ ! ]d2+§pdidi+0<1)
T_ (02| % yay =1,
Ly = ! (437)
e? = Sg,

A=+2 Qe BdV + 0 (3{) ,

where Qo = Q(zf), n2 = (n-dS)
describes a configuration that is translationally invariant in the coordinates V z and g
(but not in R). We refer to as the black brane metric. Notice that black brane metrics are
parameterized by Sy, n% and the charge Q = Q. Recall 1o = Sy /nOS is the radius of the static

[
THh=x

black hole whose patch, when blown up about a membrane point with S = Sy, yields the black

brane metric (437)).
It is easily directly verified that the black brane configuration (437)) solves the leading large

D equations of motion (435)).
After appropriate scaling the metric and gauge field fluctuation at first order in (%) (see(|425))
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takes the following form in the ‘patch coordinates’

Siv S o
G)dq"dg" = SyyydV? + 2 [g‘; )] dVdz + [ée )} d2® + Sepnydy'dy’
0
)
+2vVdyidv + 2 | Z— | dyidz + Tydyidy,
So (438)
Sias .
AW dg® = S pindV + [ 5 ’] dz+ VW ay'.
0

3.3.7 The structure of perturbative equations at first order

Let us begin the process of determining the correction to our metric and gauge field in a patch
(centered about an arbitrary point on the membrane). Upon plugging first order corrected metric
and gauge field into the Einstein-Maxwell equations, we find that each of these equations takes
the schematic form

Ho® = s, (439)

The term vM in ([@39) is a schematic for the collection of unknown functions in ([#25). The
‘source’ terms s() have their origin in the fact that a blown up patch of (408) fails to solve the
Einstein-Maxwell equations at first subleading order in 1/D. This failure has its roots in the

following facts:

e 1 A patch of (408) differs from the black brane metric at first subleading order in 1/D.
This difference is visible upon Taylor expanding the fields n, v and @ to first order about
the special point zj and results in source terms proportional to the first derivative of n
and Q.

e 2. The black brane itself fails to solve the Einstein- Maxwell equations at first subleading
order in 1/D. This shows up in the fact that the equations (434)) themselves have corrections

in the 1/D expansion. This gives rise to derivative free source terms.

Note that all source terms are entirely determined by the data (membrane shape, velocity
field, charge field) that go into defining the ansatz metric and gauge field. (408)
All source terms are fast varying functions of the coordinate R but slow varying functions of

all other coordinates. This implies that

z

1% i
m_,apV 2y
vl =vi(R 5 50 )
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where R and the other scaled coordinates are are defined in . As v is already a fluctuation
variable at order 1/D, derivatives of v(!) in all directions other than R contribute to the Einstein-
Maxwell equations only at order 1/D?. Tt follows that the homogeneous operator H is a differential
operator only in the variable R. In other words the equations are linear ordinary differential
equations.

Even though the RHS of has its origin partly in the Taylor expansion of about the
special point z#, the source functions s(!) in the patch about zfy do not explicitly depend on the
expansion coordinates V, z,4'. The reason for this is simple. The locality of the Einstein-Maxwell
equations ensures that s(!) is a % times a local functions of the fields pP*? n*, u*, @ and their
derivatives. Dependence on the coordinates V', z and 4’ dependence could only arise from Taylor
expanding the fields n#, u# and @ about the point zf;. The terms proportional to V; z, y® in this
Taylor expansion are all manifestly of order 1/D? or smaller. |§|

Let us also reiterate that source s(!) contains at most one derivative of n#, u# and Q. This
follows immediately from the observation that p, u and @ are functions of %, 45 and % in the
patch, and every derivative of these functions is weighted by a factor of %.

Let us summarize. is a collection of an infinite number of linear ordinary differential
equations in the variable R; one such equation at each point on the membrane world volume.
At each membrane point the source functions are explicit function of R, with coefficients that
depend on the values and (at most) one derivatives of the p, v and @ fields at that point. In
to find G((l})), Agl) and 5¢(2)We need to solve these linear differential equations at each membrane
point and then sew these solutions together into a global correction to . At the technical
level, the procedure for perturbation theory is strongly reminiscent of the procedure adopted in

studies of the fluid gravity correspondence, see e.g. [55) [68H60)]

3.3.8 Equations in the three symmetry channels

As we have explained above, the variables in GS)), ,31) and d¢(1) consist of 7 scalar functions, 3

vector functions and one tensor function (where ‘scalar’, ‘vector’ and ‘tensor’ refer to the transfor-
mation property of the modes under SO(p) rotations in part of z* tangent space that is orthogonal
to X, n and u). The black brane background ), and so the operator H, preserves SO(p)
symmetry. It follows that the equations do not mix the scalar vector and tensor modes;

the equations in these three sectors decouple from each other.

Tensor Sector:

830n the other hand source functions have nontrivial dependence on R at leading order in 1/D; this is a
consequence of the fact that p?T? evaluates to e at leading order in the large d expansion, and so powers
and derivatives of this function naturally appear in sources.
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In the tensor sector the differential equations (439) reduce to a single ordinary second order
differential equation for a single unknown, 7;;(R); this equation is easily solved for an arbitrary

source function. We present our explicit results below.
Vector Sector:

In the vector sector we have four coupled equations for three unknown functions. The four

equations in question are

Eri=0, &y =0,
5,22' = 07 gz = 07

(440)

(see ([434) for definitions of the equations). The directions i are the Y* directions. They are
assumed to be orthogonal to O, u and dS.
At first order it turns out that the following linear combination of equations vanishes identi-

cally.

5R[ <S§> Evi+ fO(R)SRi:| + { (:E) Evi+ fo(R)ng‘] + [1—(71%)1 Eq =0,

Nng S S()
where fo(R) =1— (1+ Q3)e ' + Qfe 2~ .

(441)

We thus have only three independent vector equations for our three vector unknowns. It turns
out that the the remaining three equations are easily solved for arbitrary source terms that obey
(441), and in particular for the source terms that actually appear in the first order computation

(see below for more details).
Scalar Sector:

In the scalar sector we have 11 equations for 7 variables. The 11 equations are

Err=0, Ery =0, E&r.=0,
gVV - 07 g\/z - 07 gzz = 07
Er=0, & =0, & =0, (442)

p
Y Ei=0, & =0,
=1

(see ([434)) for the definition of these equations). At first order it turns out that the following four
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linear combination of equations automatically vanish.

Combination-1: Jgr€r + Er + % =0,
0
nY ng
Combination-2: Og [va + <SS> fo(R)ERV} + [Evv + <S> fO(R)ERv]
0

So
=) o
I I ST, 1 Uu— Sy )

(7%) fo(R)Er- + 5\/2] + [ <7;%> Jo(R)ER: + sz]

443)
1 Q (
—(nd - — <ns> E.. =0,

0\ 2
Combination-4: Og |:5¢ +2 (ZS> fo(R) ERR — 2[1 — (n%)2] E.. — gu:|
0
2

Combination-3: Og [

nU nO
+2 <SS> [Orfo(R) + 2fo(R)] Err + 4 (SS> Erv
0 0
+4 F—S(”%)Q] Er: — 2V2Qpe FEy = 0.
0

We thus have exactly seven independent equations to solve for the seven unknowns in the scalar
sector. It turns out that the remaining seven equations are easily solved for arbitrary sources
that obey (443), and in particular for the source terms that actually appear in the first order

computation (see below for more details).

3.3.9 Basis for Source Functions

Let us now turn to a description of the sources that appear on the RHS of . In the scalar
sector there are two kinds of sources. The first kind of source has its origin in the fact that the
black brane metric (437)) solves the Einstein-Maxwell equations only at large D and not at first
subleading order in %. This fact gives rise to sources (RHS of (439))) that are simply functions
of R. We also have sources from the first term in the Taylor expansion of the functions n,, u*
and @ expanded about zf. Let 5@ (¢ =1...Ng) denote the set of scalar first derivatives of the
functions n, v and @ . Let so = 1 (this allows us to deal with the first kind of source mentioned

above). On general grounds, the source S, terms in the mth scalar equations Eﬁb takes the form

Ng
Sm=> Sk(R) s (444)
a=0

In a similar manner we let 0(® (a = 1...Ny) denote the set of scalar first derivatives of the
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functions n, u and Q). The source terms V,,; in the mth vector equation E,‘,/n take the form
Ny
Vi = 3 V& (R (445)
a=1

Finally if tg?) (a =1...Np) denote the set of tensor first derivatives of the functions n, u and @,

then the source terms 7;; in the unique tensor equation must take the form
Nr
Ti=> TURILY. (446)
a=1

It turns out at first order (Ng = 6, Ny =5, Np = 2). In table we have listed and
explicit basis for independent scalar vector and tensor data at first order. Here P, is the projector

perpendicular to w,, n, and Z,.

Scalars Vectors Tensors
(6) (5) (2)
v 1 Vv Do 1 « Ka
s = w K, | o) =B K | G0 = Rl [Se— (2)

O = w2V K | o) = w PO, | ) = Pepg |2t (),
v 3 o
5@ = PrK,, | o) = PHZ - d)u,
5O =P, | o) = Pro,Q
5O = w9, Q | o)) = ZVPiK,,
5O =277V K,

Table 1: Data at 1st order in % expansion

3.3.10 Equations of motion from regularity at the horizon

We are interested in solutions to the equations of perturbation theory that are everywhere regular
(away from the black hole singularity that will turn out to be shielded by an event horizon). Even
though all our source functions are regular, this condition is not automatic at R =0 (i.e. p = 1).
This perhaps surprising fact plays a key role in this chapter. This subsection is devoted to a more
detailed exposition of this fact.

Let EMN denote the Einstein equation obtained by varying the Einstein-Maxwell Lagrangian
w.r.t gyn, and let My denote the Maxwell equation obtained by varying the Einstein-Maxwell

Lagrangian w.r.t Ay;. As we have explained above, the perturbative procedure of this chapter
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is geared to determining the p dependence of unknown metric and gauge field components. For
our purposes it is thus natural to view the p direction as a Euclidean ‘time’ direction in which

we wish to understand ‘dynamics’. From this point of view the equations
C%n = EMN(dp)M = EMpa CMa:v = MN(dp)N = Mp, (447)

are, respectively, the Einstein and Maxwell ‘constraint’ equations.
The dot product of the Einstein scalar equation C’%n with n and u (or n and O) appears
to play no role in the discussions of this subsection. For that reason in the rest of this section

we will deal with C’%np,

and O. From the ‘geometrical’ viewpoint (see below for much more discussion) C’%np

equation while Cjyy,, is a scalar equation. However perturbative procedure described so far is not

the constraint Einstein equations that are projected orthogonal to n

1s a vector

geometrical: it treats the isometry directions as special. From our current point of view C%np
may be decomposed into a single SO(p) scalar Cginp - Z and an SO(p) vector (CH Binp Projected
orthogonal to Z).

In the scalar sector it is easily verified that

(CEinp - Z) [<:s> Ev. + fo(R)ng] :
vz (R)

(448)
dR [ fo(R)

x fo(R)? |+ Zasm =o.

CMax X gR

d (449)

X fO(R) (dRS(AZ) (R)) + \/ﬁQoe_RS(VZ) (R) + E(AZ)(R) =0.

Here ¥y, (R) the full source term for the combination of equations [(f—é) Ev. + fo(R)ER.| while
¥(4z)(R) is the source term in Eg. ﬁ

An inspection of reveals that this equation admits nonsingular solutions at R = 0 if
and only if the linear term, in the Taylor expansion of ¥y.y(R) about R = 0, vanishes. Provided
this condition is met the solution to is nonsingular. Once this condition is met it follows

from (448) that

J(R=0)
Turning to the equation (449)), it is easily seen that the solution to this equation is nonsingular
if and only if [\/iQoe_RS(VZ)(R) + X4z (R)] vanishes at R = 0. Using (450)), this condition is

Swz)(R=0) = (450)

84 (Clearly, each of Yvz)(R) and ¥4.)(R) are linear combinations of the previously defined quantities
S(R).
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equivalent to the requirement that [\@Qo%(fo:)m

plicit expressions for the source functions ¥ 4,)(R) and X4,y (R) we find that we have nonsingular

+ B4z (R = 0)} vanish. Plugging in the ex-

solutions if and only if

(X —u) K- (X —u)— [W] [(X—u)-K-u} _ (1_”§>,

(1-Q?% S ng
(Xu)-@Q:Q[(Xu)-K'u}, (451)
WhereX:;ZLi—n:(gg)Z.

In the vector sector, the projection of Cg;pny may be shown to be proportional to

S0 d .
K“) Evi+ fo(R)gRZ} x fo(R)— [P (B)]| + VP (R) = 0. (452)
ng dR
Here Vi(Z) (R) is the combination of source terms in the first line of (452]) - and so an appropriate
linear combination of V¢ .(R) This equation has regular solutions if VZ-(Z)(R) vanishes at R = 0

ie. if

P} [(X —w)-0(u—n); + Q% (X -9In; —u-0u;)] =0,

where X = ﬁ —n = (@) 7. (453)

ng S
It may be verified that and exhaust the constraints of regularity; once these
equations hold the solution for the first order correction to the black brane metric and gauge
field can always be chosen (by choosing appropriate integration constants in the solutions of the
differential equation) to be regular at R = 0 (and everywhere else within the patch).
In summary, the perturbative procedure described in this subsection yields regular solutions
if and only if the equations of motion and are obeyed.

3.3.11 Equivalence to the equations of [1] in the uncharged limit

Note that the same null one-form O,, has been parametrized in a different way in [I].

O = A(dS — uthere) = n — yhere, (454)

there here

where u is the velocity field used in [I] and in this subsection, u will denote the velocity

field we used in this chapter . Recall that u"*"® was chosen to obey u*"¢.dS = 0. Dotting (454)
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with dS we find A = ng = n - dS from which it follows that

uhere -n

uthere — — 4 4s. (455)
ng

This is the reason the equations of motion for the uncharged membrane as reported in equation
1.7 of [1] apparently do not match with the @ — 0 limit of the equations of motion we derived
in and . However, we shall see that once we take into account this difference in the
definition of u, the uncharged limit of our equations of motion exactly matches with that of [I].

The equations of motion for the uncharged membrane were reported in equation 1.7 of [I] as

U -K-Ul+ng(n%—1)/S =0,
(W wyutere) P, =0, (156)
UL=U-(U-n)n, U=dS+ng(ds—u]" dz").

The projector Pt‘ﬁ;r . projects orthogonal to the subspace spanned by uthere n and dS. But umere
is a linear combination of upere and n. Therefore it follows that the projector Pt’;;;r . employed in
(456[) agree with the projector P* in (453)). The covariant derivative ‘V’ is a derivative defined
in the auxiliary space. In our choice of coordinates, this could be replaces by ‘0’.

Using (#55) we could express the vector U, in (456)) in terms of the velocity u/¢"®

Ui =U = 2ngn = dS — ns(u"" + n) = ng(X —u"°),

as ng (457)
=2 _a=(2)z
where X e n ( 5 )
Substituting equation(455) and (457)) in (456[), we find |§|
2
-1
(X—uhere)-K-(Xfuhere)anS =0,

Sns (458)

|:<<X _ uhere) . a) (n _ uhere):| .P=0.
Equations (458)) exactly match with the (@ — 0) limit of equations (451]) and (453]).

3.3.12 Conditions to fix the integration constants

As we have explained above, the first order corrections to (408) are obtained by solving a collec-
tion of linear ordinary differential equations at each point on the membrane. As mentioned above

these equations turn out to be explicitly solvable and yield regular solutions provided the equa-

85note that the projected derivative of % equals ni times the projected derivative of u — n as the
term with ng differentiated vanishes under projection. Where u is the new velocity.
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tions of motion of Subsection [3.3.10] are obeyed. The solutions to these equations are, however,
not yet unique. as they depend on as yet undetermined integration constants at each membrane
point. As we have mentioned in the previous subsection, some of these constants are determined
by the requirement of regularity at R = 0. This condition however leaves several integration
constants undetermined. ﬁ In order to obtain a unique solution to our equations we will impose
additional physically motivated constraints that will uniquely determine these integration con-

stants.

Asymptotic flatness:
An obvious requirement that we impose is that the correction metric and gauge field g,(},,) and AE})
vanish exponentially rapidly as R — oco. This condition ensures that the full spacetime metric
rapidly approaches the metric of flat space upon moving a large distance (in units of %) away

from the membrane. This condition sets the value of several integration constants.
Normalization Conditions:

Even after imposing the condition of asymptotic flatness, it turns out that we still have two
undetermined integration constants in the scalar sector and one in the vector sector. This is
precisely as should be expected on physical grounds. Our starting spacetime was parame-
terized by two scalar functions (the shape of the membrane and its charge density field) plus one
vector function (the velocity field). A redefinition of these fields (e.g. @ — @ + O(1/D) leaves
(408)) unchanged at leading order, but modifies it at first subleading order. Such a redefinition
will modifies the first order correction to the metric by a compensating amount. For this reason
we should expect the first order correction to have a two parameter ambiguity in the scalar sector
and a one parameter ambiguity in the vector sector, precisely as we find. |§|

The ambiguity described above is a result of the fact that we have not yet supplied a precise
all orders definition of the shape, velocity and charge density fields that enter into the leading
order solution . Such a definition may be supplied by specifying an additional constraint on
all higher order corrections to that would fix the field redefinition ambiguity described in
the previous paragraph. In this chapter we choose to do this by requiring that Sgyyy, ;L(V) and

S(ayy all vanish at R = 0. More invariantly we impose the condition that

Hynn™ = Ayn™ =0 when p=1

86 As the integration ‘constants’ can, in general, be unconstrained functions of the membrane world
volume (they are constants only in that they do not depend on R) they are in fact undetermined integration
functions on the membrane world volume.

8TA very similar issue arose in the study of the fluid gravity correspondence, and was dealt with in a
manner similar to that described below. See e.g. [55] 58H60].
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We refer to these additional conditions - that effectively define the shape, velocity and charge
density fields - as ‘normalization’ conditions.

It may be checked that the normalization conditions we have chosen ensure, in particular
that the surface p = 1 is a null surface which we will later identify with the event horizon of the
spacetime.

The conditions of asymptotic flatness together with the normalization conditions are sufficient

to fix all integration constants, and yield unique expressions for the first order correction the the
metric and gauge field (408]).

3.3.13 Results for the first order correction on the patch

In this subsection we present the explicit solution for the metric and the gauge field corrections
at first order in O (%) Our explicit results are presented for (p = 2), but will be generalized to
all p in the next section. As mentioned above, our solution takes the form (438]). In the rest of

this subsection we present our explicit results for the functions that appear in (#38)°"

The functions appearing in the gauge field

2
VA =-vEQ () [0 @+ 1407 (%) o e
2 (459)
+ \@Qg <7i> (UI@ — (%g) 052)> [1 + log(1 — QQe_R)] et
2v/2 S2Q3e 1 ~
Saz)(R) = — [<1 _fn%)(?_ D) [1 + log(1 — Q% R)} 51 o)
460
2v/2 S3Q e~ 5 9 2 loa(1 - O2e-F
F[rst=mB)a- QQ)] (@ =R+ Q'R + Qo=@ e
sunti= e (2) (240, S20) .
461
+2v/2 (1 _QSQQ> e B Ya(R) <:;) (5(1) — :;5(2)> ,

88The solution presented in this subsection depends on three functions @, S and ng. Strictly speaking
they should be written as Qo, So and n%, the values of these functions at z# = zf. But we did not write
it that way firstly because of notational simplicity and secondly because we know that the difference is
always suppressed by terms of order O (%)
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where
R
Ta(R) :/ dz log(1 — Q% 7).
0

The functions appearing in the metric:

7(7) = (22) (1) - ) toul1 - @2,

ns

VO = [ 20N (60 - (%) o) g1 - 02"

ng(l —n%) v S

VR = (L) 1 e gt (1 ot - @ )] (o - (%) o)

R0 () [0 - @l 4 0@ (%) o8]

(Vz) (Vz)
282
S((\l/)z) (R) = [(1 — 73%@)(1 _ Q2):| [Q2 (eiR 672R) - fO(R) log(l - Q2€R>}
253
S0 = o) [ @ - R

253 Re 1
ng(l — n%)

— fo(R) log(1 — Q%—R)] —

ns) 5(1)} [ 254(1+Q*)
(

ol LA
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Swvy(B) = = vV2Q e™"Say(R) + Q* [e72 — "]
Q>R (5(5) — s 4 55(2)> +Yx(R) (5(1) _ 55(2)>] 7 (469)

+ 2¢
Q ng ng

where
fo(R)=1—[(1+Q%e " — Q% 1],
rmM—[w%—wﬂ%u—wf%—u—Q%%u—Q%+Cy“+¢§ram]

1-Q?
(470)
Correction (2nd order in 5) to the scalar field ¢
1) 50
IEDY <D> oo™,
k=1
so) =0, (471)

2

06@ (R) = —28(11)(R) — ( = ) S(e) (R).

The @ — 0 limit If we set Q to zero in equation (459)) to (471]), most of the functions

vanish except Vi(v) and S(y ). In the uncharged limit, the metric takes the following simple form,

3 .(2)

S\ 2 n . S35
W dgde? | unchareed = —2Re_R[ <> o L B8 gty 2 2 galav. e
ab 49°dq” [uncharged - (l < Z)y s —2) (472)

3.3.14 The global first order metric

With the first order corrected patch metric in hand (see the previous subsection), it is straight-
forward to find the global form of the metric and gauge field which, when expanded in any patch
around a membrane point, will reproduce the results of Appendix|[3.3.13] In order to obtain this

global form we simply make the replacements

e —p P R—-Dx(p—1), dV — Opydas™, dR — D x (dp),
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in the results of subsection [3.3.13] The final metric obtained in this manner is already reasonably
compact. There is, however, a physically motivated rewriting of this result in a form that is both
more elegant and also makes manifest the ‘geometrical’ nature of our final result, as we explain

in more detail in the next section.

3.4 Geometrical Form of the first order corrected metric

3.4.1 Redistribution invariance and the Geometrical form

The membrane equations and make make special reference to e?, ng and the one-
form field Z,,. The same is true of our explicit results for the first order correction to ,
presented in subsection [3.3.13] Expressions involving S, ng and Z of course are only well defined
for configurations that preserve an SO(D — p — 2) symmetry. Moreover the definition of, e.g. S
depends on the details of the isometry.

Unconstrained dependence on S and ng is unacceptable for the following reason. A solution
that preserves an SO(D — p — 2) isometry also preserves an SO(D — p’ — 2) isometry for all
p’ > p. It follows that any solution of the equations for a particular choice of p must also be a
solution of the same equation for all larger p. We refer to this requirement as the requirement of
redistribution invariance.

The requirement of redistribution invariance is most simply met if the equation of motion
and the metric and gauge field can both be written in an explicitly geometrical form that makes
no reference to the particular isometry group of the solution. The membrane equation and first
order metric and gauge field obtained in this section do indeed turn out to have this property.

The reader may, at first, wonder how it is possible for expressions with explicit appearances
of S and ng to also be geometrical. This is, infarct, possible in the large D limit, as we now
explain with an example. Consider the manifestly geometrical expression V2p where V refers to
the covariant derivative on the full flat D dimensional embedding spacetime. Let us now evaluate
this expression in the large D limit restricting attention to membrane configurations that preserve
an SO(D — p —2) isometry. The computation is most conveniently performed using the following
coordinates

ds? = napdw®dw’ + dS* + S*d03,

in the embedding flat space. Using these coordinates

1
Vip = @aﬂ (Sdﬁ“p) .
At leading order in the large D limit this expression reduces to Dﬁsdp It follows that &;‘lp = VTQP

at leading order in the large D limit. Consequently any appearance of Ls'dp in any equation may

185



be explicitly geometrized.

Similar manipulations allow us to geometrize several other expressions involving S, ng and
Z. Of course not every expression involving these quantities can be geometrized (expressions
that are not redistribution invariant certainly cannot). However it turns out that all terms in
the equations of motion and and all terms in our explicit expression for the metric
and gauge field in subsection [3.3.13] can be geometrized. The final geometrical expressions for
equations of motion and the the first order corrected metric and gauge field are more compact
than the unprocessed expressions. In the next section we present our final results for the first
order corrections to the metric and gauge field in explicitly geometrical form. In the subsequent

subsection we do the same for the equations of motion.

3.4.2 Metric and Gauge field in Geometric Form

While we expect the first order correction to the metric and gauge field to be geometrizable on
physical grounds, this requirement is nontrivial at the algebraic level. The vector Z, - which is
treated as a special in the computation described above and in subsection [3.3.13} has no intrinsic
geometrical significance @ If the first order correction to the metric and gauge field is completely
geometrical, it should be possible to rewrite it in a manner that makes no reference to Z,. In

fact it should be possible to rewrite the metric and gauge field in the form
har = F(p)OuOn + Hip\ + 200, HY) + HE 030y + HTI Py,
Ay =V2Q p 77 Oy + <A(S)OM + A%‘?) ;
where
Flp) = [(14@2)p~ P9 — @220 |
Pun =nun — Ouny — Onny + OuOn,

V) _ ) _ (1) _ () _
PMNHY = PMN AT =0, PYMNHy, =0, PMNHy =0,

(473)

(473) should reproduce the expressions for g,., A, (see ) as well as the scalar ¢ (recall that
¢ is part of the full D dimensional metric).

The general metric and gauge field presented in are parameterized by three unknown
scalar functions (rather than the seven scalar functions in and in the expansion of the scalar
¢) and by two vector functions (rather than three vector functions in ) It follows that the
explicit results of subsection can be recast into the form only if the seven scalar

functions determined in subsection [3.3.13| obey four constraints, and the three vector functions

890n the other hand the vectors n* and u* are intrinsically geometrical, as they describe the membrane
shape and velocity field in D dimensional spacetime.
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determined in the same Appendix obey a single constraint equation.

We have verified that our explicit results do infarct obey all constraints. We view this fact as
an impressive consistency check of the complicated algebra that went into obtaining the explicit
results of subsection [3.3.13

S = (B[4 u+ O]
Scalars
S = (8) [u- K -u— P~
T = (B) [+ (- V] P
Vectors

V9,00,+Y0,0 .
Tensor | TMN — pM@: (%)[ @ QQ; 909 _ oo (ﬂ)-‘ PQRaN

Table 2: We list the data that enters into our explicit results for the first order correction
to the metric and the gauge field. All data is presented in explicitly geometrical form. p, Q)
and u* should be thought of as two functions and a vector field in flat D dimensional space.
All derivatives that appear in this table are covariant derivatives w.r.t flat D dimensional
space.

As our explicit results obey all consistency conditions, it is possible to rewrite our final results
in the explicitly geometric form (473)). We find that the various free functions in (410) are given
by

AV = (f) Qp~P {D(p — 1)(V) — Q° V) — Q°[1 + log(1 — p‘DQ2)]Q3(z>}

M

Lo (;) (474)

AW = (é) [ﬁ QD(p—1) p P& +2V2 (1 ?;2) PP Y aAlp) 6(2)] +0 (é)Q.

Hip) = (;) log(1— Q%0 ") Tyn + 0O (11)>2,
) = (;) {Q2 [(F(p) —p~ )+ (F(p) — 1) log(1 — QQp_D)} By (475)
= Dlp = DF(p) By~ @ Viylar | + 0 (;)
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H®) = —v2Q p~PA®) + <11)> [p_(D_3) - F(p)]

+ (;) p P [Q* D(p—1) 6y + Tu(p)S)] +0O <117>2’

(476)

3

) _ (L
-o()
where
Fp) = [(1+Q%)p~(P=9) — 2209,
D(p-1) )

Talp) = /O dz log(1 — Q%e™7), 47m)

_ 1+ Q?
Tup) = (07~ Q) lox(1 - @27 — (1 - @on(1 - @)+ @* (1) Talo)|.
The limit () — 0 The results of the previous subsection simplifies drastically in the limit
@ — 0. In this limit the gauge field simply vanishes, and the full first order corrected metric is

given by the remarkably simple expression

dsincharged :dsglat + p_(D_3) (OMd-TM)2

1 >2 | (478)

—2(p— l)p_(D_g) [%(1)]M0NddexN +0 <D

where 2 is defined in table
In Appendix we have shown how this geometric form of the metric and gauge field reduce
to the solution presented in subsection [3.3.13] once we impose the constraint of SO(D — p — 2)

invariance on all geometric data.

3.4.3 Geometrizable form of the membrane equations of motion

The membrane equations of motion (451)) and (453|) may be recast into a simpler looking form.

We have a combined equation capturing both vector equation and one of the scalar equations.

(u—X) VO — Q%(u- V)u+ QX - K)] P (%S) (1-QY)X =0, (479)
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ns

(X—u)-@QJrQ[(:S)(u-?)(S)—(u-K-u)]:0, (480)
where

Py = Projector perpendicular to u, and n,,

X:ds—n:<S>Z, O=n-—u.
ns ng

In this equation V above is the partial derivative on the membrane world volume viewed as a

submanifold of (426)).
The projection of equation (479) perpendicular to Z,, directly reduces to the vector equation

of motion as given in equation . In appendix we have shown that equation is
equal to second equation of . Moreover the dot product with Z, equals the first
equation in (451)) upto correction of O (%)

We re emphasize that the projector employed in (479)) projects orthogonal to n and u but
not to Z,. In other words unifies a SO(p) scalar and SO(p) vector equation into a single
‘geometrical’ vector equation. This fact may lead the reader to suspect that the equations (479
and are geometrizable (i.e. can be written without any explicit reference to the isometry
direction. This is indeed the case. It is not too difficult to demonstrate that the geometric form
of the equations of motion, (see the introduction) reduce immediately to and
upon using the dictionary of translation as presented in appendix

Constraint equations and the membrane equations of motion In the previous
section we explained that the Einstein and Maxwell constraint equations play a special role in our
construction. We obtained the membrane equations of motion from the requirement that these
bulk equations admit nonsingular solutions. Once the membrane equations were imposed, it was
possible to utilize the constraint equations to solve for some unknown bulk scalar and vector fields
in terms of others in a nonsingular manner. We have already mentioned in subsection that
the geometric nature of the membrane equations is a direct consequence of the geometric nature
of Einstein’s constraint equations.

In this subsection we wish to focus on the fact the constraint equations played two roles in

the perturbative program of the previous section.
e 1 They yielded the membrane equations of motion.

e 2 They allowed us to solve for some unknowns bulk fields in terms of others.
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Interestingly enough, the relations that we obtain from item (2) above are all automatic in
the expression . In other words the relations of item (2) above are simply a subset of the
relations between various unknown bulk vectors fields and various unknown bulk scalar scalars
fields that are forced on us once we assume that the first order metric and gauge field correction
take on a geometric form.

Had we used hindsight to set up our perturbative expansion in a manifestly geometric manner
by simply assuming that our first order correction takes the form then the constraint
equations of subsection would simply have reduced to the membrane equations ,
exactly as in the studies of the fluid gravity correspondence (see e.g. [55H60]).

Recall that the Einstein constraint equations assert the conservation of the Brown York Stress
tensor, while the Maxwell constraint equation asserts the conservation of a ‘charge current’ FPM.
These observations suggest that it may be possible to recast our membrane equations as
conservation equations for a manifestly geometric membrane stress tensor and charge current, as
was the case in the study of fluid gravity. We will not pursue this point further in this chapter

but hope to return to it in the near future.

3.4.4 Comparison with the Reissner-Nordstrom solution

As an elementary check of the results reported in Subsection [3.4.2] consider the following mem-
brane configuration. Let uprdz™ = —dt, Q = const and let the membrane surface be given
M ( N

by ™ (nyN + upun)x = 7”8. It is easily verified that this configuration solves the membrane

equations ; clearly this static soap bubble solution is dual to the Reissner-Nordstrom black
hole .

We will now use the formalism developed in this chapter to determine the spacetime metric
and gauge field dual to this membrane solution, to first order in 1/D.

Let us first start with the leading order solution dual to this solution. We need to find
a function p that obeys the first of equation and s.t. p =1 on the membrane surface listed

above. The unique solution to this mathematical problem is given by

2

JaM gy + uprun) N
p g :

Next we must determine the spacetime fields v and @ fields that reduce to —dt and g on the
membrane and obey everywhere in the bulk of D dimensional flat space. The unique
solution to this problem is given by u = —dt and @ in all of flat space. The leading order solution
with this data is given by with these choices for p, @ and u.

Let us now turn to the first order correction. It is easily verified that relevant geometric

data as given in table [2| vanish on this particular profile of p and uys and @. It follows that the
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first order correction to the gauge field vanishes. The first order correction to the metric also
almost vanishes. Of all the quantities listed in (#74)), (@75) and (476]) vanish except for H*® which

evaluates to (%) [p_(D_S) - F(p)] with F(p) listed in (477)).
Plugging these values of p, ups and @ into (408]) and adding the correction terms (473)) , it

follows that the metric and gauge field dual to our simple solution of the membrane equations is

given, to first order in %, by

gMN = NMN + {(1 +Q%)p (P - QQP_Q(D_?’)} OmOnN
481)
@ ( _op-3) _ —(D-3) 1)? (
+5 (v ") OnON +0 (5 )
(481) is easily seen to agree with the exact RN black hole solution (405 expanded to leading

nontrivial order in 1/D. The function p of (405)) agrees exactly with the function p reported
above. The only appearance of D in the solution (405 is in the factor c¢p. Upon plugging the

1 1)\?2
CD:1—+O<) ,

D D
into (405)) we immediately recover (481)).

The matching performed in this subsection was almost trivial. In an unpublished work we

expansion

use the same method to match the metric dual to a rigidly rotating solution of the membrane
equations to the much more complicated exact solution of an uncharged rotating Myers Perry

black hole [6I]. Once again we find a perfect match between the two expansions.

3.5 Light quasinormal spectrum or the RN black hole

Our membrane equations should describe all SO(D — p — 2) invariant black hole dynamics
(over times scales much larger than 1/D) at large D. As a first application of these equations, in
this section we will use them to obtain a prediction for the spectrum of light quasinormal modes
(those with frequencies of order unity rather than of order D) about charged Reissner-Nordstrom
black holes in the large D limit.

For the purposes of this section we work in polar coordinates in D spacetime dimensions. Our

coordinate system for flat space is given by
ds? = —dt? + dr® 4+ r?dQ3,_, . (482)

The exact solution of (402)) dual to RN black holes was presented in subsection In the
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coordinates (482]) this solution takes the particularly simple form
r=1, @Q=Qy=const, wu=—dt, (483)

where we have chosen units that set the size of the membrane to unity. @
The most general linearized perturbation around (483)) takes the form

r=1+¢€or(t0),
u = —dt + € du,(t,)dx".

We now adopt the following strategy. We simply insert the expansions into , work to
linear order in € and obtain the effective linear equations for the fluctuation fields dr, 6Q and du,,
defined in . These fields live on the membrane world volume. A useful set of coordinates on
this world volume are the angular coordinates % on 2p_o and time. The metric on the membrane
world volume in these coordinates is obtained by inserting the first of into , and is
given in terms of the function ér(¢,6). To linear order in € the metric on the membrane surface
is given by

ds? = —dt* + (1 + 2¢67) dQF_, . (485)

It is useful to have a dictionary to go between forms and vectors that live on the membrane
and those that live in spacetime. Consider a vector field A* that lives on the membrane. This
vector field may be uplifted to spacetime. The spacetime components A%T) of this vector field

are given in terms of the world volume components A by the formulae

Algpy = A% Algr =AY Algp = e (A'0,87 + A0,07) . (486)

In a similar manner, a one-form field in spacetime B(gST) is easily pulled back to a one-form field

99We do not loose generality by making this choice. The classical Einstein Maxwell equations studied
in this chapter enjoy invariance under the following ‘scaling’ symmetry:

~ 2 i
JuN =& gun, Fun=aFyun.

This scale transformation together with the coordinate change " = ax™ transforms a Reissner Nordstrom
black hole with Schwarzschild radius r¢ and charge parameter )y into a Reissner Nordstrom black hole
with Schwarzschild radius arg and charge parameter Q). It follows that the quasinormal mode frequencies
of the black hole parameterized by (ro, Qo) are simply % times those for the black hole parameterized by
(1,Qo). For this reason we will perform all computations in this section with black holes of radius unity,
and simply reinsert factors of r¢ in the final answer.
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B, on the membrane. In formulae

Ba = BYST) 4+ eBSDo,6r, By = BET 4+ eBSD 61 (487)

As a simple consistency check on these formulae, it is easily verified that A*B, = A%T)B](V}QT).

Below we will treat the field u, in (484]) as a one-form field on the membrane. Recall that u, is
constrained by the requirement V - u = 0, i.e. that the velocity field is divergence free. Here V
is the covariant derivative taken in the metric (485]).

In order to evaluate the terms in we need to compute the, normal one-form and extrinsic
curvature of the membrane as well as a few derivatives of the velocity field. The computations

involved are straightforward: to linear order in € we find

n, =1,
n, = —€d,or,
Ky = —63357"»
Ko = —€0:V or,
Kay = =€V Vipor + (1 4 €d7)gap, (488)
oup =0, (u-u=-1)

(’LL . K)t = Ktt == —68?57",
(u- K)q =—€0Va0r + €dug,

v2
/C:KAA:D<1—€<1+D)5T>,

where a, b are angular directions on 2p_o, the symbol u runs over these angular coordinates and
time (i.e 4 = (t,a)) and g is the round metric on SP~2. All indices in (488)) are indices on the

spherical metric world volume, i.e. on a space with metric
ds? = —dt* +dQ%_, , (489)

and all covariant derivatives in (488)) are taken in the background spacetime (489).
Using (488]), the first equation in (402)) may be shown to reduce, at linearized order in €, to

2 2
<1 + VD> Stg + (1 — Q3)Va <1 + VD> o1 — 04V 401 — (1 4+ Q2)9duq = 0. (490)
(All covariant derivatives are once again evaluated on the metric (489))).

As we have noted above, the fluctuation velocity field du, is constrained by the condition

V -u = 0. The divergence in this equation is evaluated in the full membrane metric. Rewriting
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this constraint in terms of fields that are taken to propagate on the fixed metric (489) (to linear

order in € and leading order in D) we find
Vou" = —DOoyor, (491)

with the covariant derivatives now evaluated on the metric (489). From now on until the end of
this section our fluctuation fields will all be taken to propagate on the fixed background
and all covariant derivatives will refer to this metric unless explicitly otherwise declared.
As du® vanishes (this follows upon linearizing the equation u-u = —1), ([491)) may be rewritten
as
V,ou* = —Do,or. (492)

In order to solve this equation it is useful to define

g = V@ + dvg, (493)
where
V-6v=0. (494)
It follows from (492)) that
V20 = —Do;or. (495)

Below we will use this equation to eliminate ® in favour of ér. Note that admits a solution
if and only if its RHS has no overlap with the kernel of the operator V2. As the kernel of V2
consists of functions that are constant on the sphere, it follows that is comnsistent if and
only if the spatially constant (i.e. [ = 0 mode) of ér is time independent. When this condition is

obeyed, ® may be solved for in terms of dr, as we will do below.
Plugging the expansion (493)) into the equation (490|) we find

(1 N 7)2 g+ Q%)@) Svg = — <(1 ~Q3)Va (1 — 7)2) - atva> or o

— 1+V—2—(1+Q2)a Vo ®
D 0/t ax-

3.5.1 The spectrum of shape fluctuations

Taking the divergence of (496)) and using (494)) and (495)) we obtain the following decoupled scalar

equation for the fluctuation field ér

2 2
D(1+ Qg)d7or — 2D <1 + Z) dor + (1 — Q3) (1 + Y)) V25r = 0. (497)
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The most general linearized fluctuation dr can be expanded as

or = Z i Yime it (499)
lm

Here Y}, are spherical harmonics on SP~2, [ labels the spherical harmonic representation, m
is a collective label for all the internal quantum numbers within a given spherical harmonic
representation.

Let us pause to give a more complete description of scalar spherical harmonics in arbitrary

dimensions, and in particular to compute the eigenvalue under V2 acting on the

lth

spherical

harmonic. The I spherical harmonic, Y},,, are composed of the collection of functions on S22
obtained by restricting homogeneous degree | polynomials in RP~! to the unit sphere. The
polynomials in questions are linear combinations of monomials of the form @, 5. T#* 2#2 ... 2

where ay, uopus.. 0, are symmetric and traceless tensors. It is easily shown that
~Vip—2Yim =UD +1— 3)Yjp. (500)

&
Plugging the expansion (499) into (497) and using (500 we find (at leading order in large D)

o —i(l—1) £ /(1= 1)(1 —1Q})
P 1+Qf

Re inserting factors of rg (see the discussion in the introduction to this section) we find (500) we

. (502)

9n order to obtain (#97)) we have used and

ViV26u, = V2V, 0u® + RV ,duy,
= V2V,0u + D ¢*°V 0up,

Vv? Vv?
=D (1 + D) Vaou® = —D? (1 + D) Oyr.

92This may be demonstrated as follows. The condition of tracelessness ensures that the degree I poly-
nomials described above obey the equation V2® = 0, where V? is evaluated in RP~!. But

(498)

1

2
Vip_.®
rD—2 :

0 = V?{Dflé - 7"2

Oy (rP=20,0") + (501)

(the RHS of this equation is V2 of the function in RP~! evaluated in polar coordinates). Here V%D,z is
the Laplacian evaluated on the unit sphere. (500) follows from ([501]).
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find (at leading order in large D)

—i(l = _ — 104
ol = (1 1)j:£{zigg1)(1 1Q5) (503)

B9l

, our final result for the light quasinormal mode frequencies associated with shape fluc-
tuations, is correct as stated for [ > 1, but requires clarification for in special cases [ = 0 and
[ =1 for the reasons we now describe.

Let us first consider [ = 0. In this case predicts the existence of quasinormal modes
with frequencies wrg = 0 and wrg = —245. As noted under , however, modes at [ = 0 are

1+Q5”
physical only if they are time independent. It follows that we have only one mode at [ = 0: this

mode has w = 0. @ This zero mode has a simple physical interpretation; it corresponds to an
infinitesimal uniform rescaling of the black hole radius.

Let us now turn to [ = 1. In this case we have a degeneracy of quasinormal mode frequencies;
both modes have w = 0. The formula was obtained by assuming harmonic dependence in
time and solving for the harmonic frequencies, and it is well known that this procedure requires
modification in the case that the frequencies are degenerate. In order to see how this works, we
note that the specialization of to modes with [ =1 yields the very simple equation

d2or = 0. (504)

It follows that the two solutions to this equation are or = Y{"(am, + bnt) where a,, and by,
are arbitrary constants. These two zero modes also have a simple physical interpretation. The
mode multiplying a,, is an infinitesimal translation of the black hole, while b,, parameterizes an
infinitesimal boost of the black hole. Note that the m labels for [ = 1 scalar spherical harmonics
are precisely the labels for a vector in (D — 1) dimensions, as appropriate for translations and
boosts.

As we have mentioned above, is correct as stated for [ > 2. It is easily verified |§| that all
quasinormal modes with [ > 2 have negative imaginary components (and so represent decaying

fluctuations).

93K. Tanabe has informed us that he is also studying the dynamics of charged black holes at large D
and has independently obtained the result (503).

94Had the mode with wrg = 1_5—&?% been physical, it would have represented an instability, contradicting
the well known stability of Reissner Nordstrom black holes (atleast of sufficiently small charge) in arbitrary
dimensions.

9 Note that a Reissner Nordstrom black hole with Qg = 1 is extremal at large D. All regular black holes
have |Qo| < 1.
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3.5.2 The spectrum of velocity fluctuations

The fact that the shape fluctuation dr obeys the equation of the previous subsection ensures that
the RHS of (496) vanishes. The velocity fluctuations, dv,, are thus effectively constrained to obey
(496)) with its RHS set to zero.

The fluctuation field dv may be expanded in vector spherical harmonics

Svg = by Y me it (505)

Il,m

Let us pause to describe vector spherical harmonics in arbitrary dimension in more detail.
The [*" vector spherical harmonic may be obtained as a restriction of a vector field on RP~!
to the unit sphere. The vector field in question is made up as a linear sum of vector valued
monomials of the form V.. 2"t x#? ... 2" where V4., 4, is traceless, symmetric in all of
its indices except the first one, and it is zero when it’s first index is symmetrized with any of the
others. In particular, tracing the first index of b with any of the others gives zero.

It follows that each of the vector valued monomials listed above obeys the equations
V.V =0 V¥V=0 (506)

where the covariant derivatives are taken in the flat space RP~!. The restriction of each of these
vector valued monomials to the unit sphere yields a vector field tangent to the unit sphere (this
is because the r component of these vector fields - proportional to the monomial with first index
dotted with z* - vanishes). Let this vector field be denoted by V. It is easily verified that V.V = 0
(where the covariant derivative is now taken on the unit sphere). We demonstrate in Appendix
B35 that

VWV =-[(D+1-3) -1V (507)

where, in this equation, V' is viewed as a vector field on the unit sphere and V is the covariant
derivative on the unit sphere.
Plugging the expansion (505)) into (496|) and setting the coefficient of every independent vector
spherical harmonic to zero we obtain, at leading order in large D
—i(l—1
wp =~ D), (508)
1+ Qp
This formula agrees with the formula for the spectrum of vector quasinormal modes presented in

[1] in the limit Q)9 — 0. Reinstating factors of ro we have

—i(l—1)

e (1=1,2,3...) (509)

row; =
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Note that all the velocity quasinormal modes are pure (negative) imaginary, and so represent
a ring down that decays without oscillations. Vector harmonics with [ = 1 are zero modes.
These modes transform in the representation (1,1,0,0,...0) - i.e. the adjoint representation - of
SO(D — 1) and have a simple physical interpretation. These zero modes turn on an infinitesimal
spin on the for the black holes, i.e. begin to take one along the branch of the large D version of

Kerr Newman black holes.

3.5.3 The spectrum of charge fluctuations

The spectrum of charge fluctuations is governed by the second of (402)), which we repeat here for

convenience o2 vic
KQ—U‘VQ:Q<U.K —uKu) (510)
Plugging (484]) into this equation we obtain the linearized equation
v? 9 Vv?
— — = - — +1 : 11
<D 815) (5@ Qo <8t 8t<D + >>5T (5 )
Plugging in the expansion
5Q = 3" qunYim (0)e ™7, (512)
l,m

and focusing on the coefficient of Y}, for a particular value of [, the RHS of (511)) is a source
term which drives Q) at the frequency w; given by (522)). A source of the form

0r ="y Yim(0)e 0! (513)
l,m
induces the response
W I —1—iw] il
0Qr = am lQ“l(_ — l)Ylm(Q)e it (514)
lm !

The most general solution of (511]) is given by a linear sum of the particular solution (514)) and
the most general solution to the homogeneous equation, i.e. to the equation (511)) with the RHS
set to zero. In order to determine the quasinormal frequencies we associated with () oscillations

we solve for the frequencies of these homogeneous modes. This is easily accomplished. Using
(500) we find, at leading order in large D,

—l+iw? =0, (515)
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which gives the QN frequency for the charge perturbations
w? = —il. (516)
Reinstating factors of ry we have
role = —il. (517)

As in the case of velocity fluctuations, the charge fluctuation quasinormal modes are pure negative
imaginary, and so represent diffusive decay without oscillation. w vanishes when [ = 0. The

corresponding zero mode is simply an infinitesimal uniform rescaling of Q).

3.5.4 A consistency check for shape fluctuations

The spectrum of shape fluctuations can be rederived starting from the equation (403), i.e.

(1_Q2)[Véf_“'§'c]:(1+Q2)<“'§’C—u-fc-u>. (518)

The linearized equation is given by

(1-@Q3 (at - 7)2) <1 + 7)2) or = (14 Q3) (af — 0 (1 + f)) or. (519)

Now let’s consider the perturbation in membrane shape function to be a particular mode, namely

F£.0) =" amYim(@)e it . (520)
Im

This turns (519) into an algebraic equation for a given mode

2l —1) 1- Q3

(i) + -
: 1+Q3 1+@Q2

(—1) =0, (521)

which has roots

o = —i(l—1) il\/Jr(lQ—gl)(l —1QP) (522)

They exactly match with .

Recall that we have argued above that the divergence of agrees with for all
configurations that preserve an SO(D — p — 2) isometry. In this subsection we have shown,
however, the spectrum of shape fluctuations computed from the divergence of agrees with
the spectrum computed from even though arbitrary spherical harmonics do not, in general,
preserve a large isometry subgroup. The reason this had to work is as follows. In any spherical

harmonic representation there exist special spherical harmonics that preserve a large isometry
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group. It follows from our general arguments above the two equations considered in this subsection
must give the same spectrum of shape fluctuations for these special modes. However the equations
analyzed in this subsection are geometrical, and in particular respect the full SO(D —1) rotational
symmetry group of the background solution, and so generate the same spectrum of oscillations
for all spherical harmonics in a given representation.

In summary the two equations had to give the same spectrum for some particular elements of
the spherical harmonic representation. Rotational invariance then forces them to give the same

spectrum for all spherical harmonics in the same representation, as we actually find.

3.6 Discussion

In this chapter we have presented a construction of a large class of solutions of the Einstein-
Maxwell equations. Our solutions are in one to one correspondence with the solutions of the
equations of a charged, nongravitational membrane propagating in flat space according to the
dynamical equations .

We have used our membrane equations to generate a prediction for the spectrum of light
quasinormal modes about Reissner-Nordstrom black holes in Einstein-Maxwell gravity. As a check
on our results it would be useful to independently compute these quasinormal mode frequencies,
perhaps using the gauge invariant formulation of [62].

All of the computations presented in this chapter have been performed at first nontrivial order
in the expansion in 1/D. It is of great interest to generalize the computations presented herein
to the next order in this expansion. Apart from determining second order corrections to the
membrane equations presented in this chapter such a computation would allow us to distinguish
between different geometrical presentations of the first order equations (e.g the equation
and the divergence of (402)) (see the introduction for a discussion).

In this chapter we have derived equations of membrane dynamics assuming that our config-
uration preserves an SO(D — p — 2) isometry. As we have explained above, however, our final
results are geometrical (in that they make no reference to the isometry algebra and treat all
dimensions democratically). It is possible that the final geometrical equations are valid in more
general situations, i.e. for configurations that preserve no isometry but perhaps obey some other
weaker conditions @ It would be interesting to investigate this further.

In order to gain intuition for the membrane equations derived in this chapter, it would be
useful to determine and study the properties of a class of simple solutions of these equations. In
future work we will present a detailed study of stationary solutions to the membrane equations

(402). As we have mentioned in the introduction, this allows us to make contact between the

96We thank A. Strominger for a question about this possibility.
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membrane equations presented in this chapter and the membrane analysis of static and stationary
black holes at large D presented in [49] 50].

It would also be interesting to follow the lead of [51H53] and attempt to investigate Gregory-
Laflamme type instabilities using an appropriate extension of the framework presented in this
chapter.

The solutions presented in this chapter rapidly approach empty flat space away from their
event horizons. At every order in the expansion in 1/D the gauge field and metric simply vanishes
far away from the membrane. Non perturbatively in 1/D (most likely at order 1/D?) we expect
our membrane motions to excite a Maxwell and gravitational radiation field. As this radiation
field is the means by which an external observer can actually observe the black hole dynamics
described in this chapter, it is of great interest to find the formula that determines this field. We
hope to return to this question in the near future.

On a related note, any extended object that consistently sources gravity and Maxwell radiation
should possess a conserved charge current and stress tensor. It would be interesting to find
all orders formulae (within the 1/D expansion) for the charge current and stress tensor of the
membrane.

Once all these issues have been settled satisfactorily, it would of course be interesting to
simulate complicated dynamical processes (e.g. black hole collisions) using our membrane equa-
tions, and compare our results with numerical simulations in D = 4. Such a comparison would
throw light on the question of whether the beautiful structures that emerge in black hole dynam-
ics at large D are also a useful starting point for a perturbative expansion for the dynamics of

astrophysical black holes.

3.7 Appendices for Chapter 3

3.7.1 Reissner-Nordstrom solution in Kerr-Schild coordinates

The static Reissner-Nordstrom black hole solution is very familiar. This solution is most usu-
ally presented in Schwarzschild like coordinates. In these coordinates the spacetime manifestly
Minkowskian at infinity. However the coordinates are singular at the black hole horizon. Let ¢

be the Schwarzschild time coordinate. The coordinate change

dr

dt:dv—m,

(523)
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recasts the solution as
ds® = 2dvdr — f(r)dv? + r?dQ% _,,
D-3
A=20Q (CO) v,
r

. . (524)
1) =10+ Q%) ()7 4@ (),

D-3
cCp = 7D — 2

In these so called Eddington-Finkelstein coordinates the advantages and disadvantages of the
Schwarzschild coordinate system are reversed. The black hole metric is now smooth at the future
event horizon. However in the limit  — oo the spacetime metric ds? = 2dvdr — dv? + 7‘2dQQD_2
is not manifestly Minkowskian.

The further coordinate change to the ‘Kerr-Schild’ time coordinate ¢ is specified by
dv = dt + dr. (525)

It is easy to see that the Kerr-Schild time t agrees with the Schwarzschild time coordinate at
large r, but effectively reduces to the Eddington-Finkelstein time coordinate at the first zero of
f(r) (when approached from large ), i.e. at the outer event horizon. For this reason one might
anticipate that the black hole solution in Kerr-Schild coordinates is both manifestly Minkowskian
at large r as well as manifestly smooth at the outer future event horizon. A glance at the explicit
black hole solution, is sufficient to convince oneself that this is indeed the case.

3.7.2 Relating the geometric form of the metric and gauge field with the

answer found in explicit computation

In this appendix we shall present how the different structures and functions appearing in section
are related to the functions and data appearing in subsection (the explicit computation
with SO(d + 1) invariance).

As explained in subsection for explicit computation we assumed the following metric for

the flat space-time.
ds?clat = nMNddexN = N drtdz” + SQQijdeide )

where 7, dz#dx” = dw,dw® + dS? is the metric in the auxiliary space of {z#} (see subsection
3.3.3) and €2;; is the metric of a d dimensional unit sphere ({6} are the angular coordinates along
the isometry directions). Now because of the isometry the geometric forms will have the following

properties.
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1. For any geometric vector 0 , the components along the {#°} directions will be zero (i.e.,
By = 0).

2. Similarly for any geometric tensor Hysn
f)ugi =0 and 57)91'9]' 0.8 Qi]‘ .

3. As explained before, apart from n, and w, there is one more special vector in the auxiliary
space: Zydz™ = Z,dzt = % - (%) nyudr? . Using these Z one-form we can further
decompose any geometric vector and tensor scalar, vector and tensor of the SO(p) isometry

group in the (p + 3) dimensional auxiliary space.

Using these properties we can translate the results in the geometric form to the language of
‘auxiliary space’. For most of the functions, the translation is straightforward and we present the
dictionary in Table[3]and Table[d] In Table[3] we present how the three scalar, two vector and one
tensor function appearing in the geometric form of the metric and gauge field ((473])) decompose
into seven scalar, three vector and one tensor function appearing in equation ((438)). Then in
table 4] we decompose the geometric data in terms of the non-geometric ones (with SO(d + 1)
invariance) used for explicit computation.

However for for d¢, i.e. the fluctuation in the radius of the d dimensional sphere, the transla-
tion rule becomes a bit more subtle to be presented in a table. For convenience we shall explain

it separately in subsection [3.7.2

Using the tables [3] and [ and the argument presented in subsection [3.7.2] we could easily see
that if we specialize the metric and the gauge field as presented in equations ([473), ([#74), (475)
and to SO(d + 1) isometry (where d = D — p — 3) , they indeed reduce to the explicit
solution presented in subsection upto correction of O (%)2.

Relating ¢ to the geometric forms Note that any geometric tensor will have some
nonzero components along the isometry directions and also because of symmetry the components
must be proportional to the metric of the d dimensional unit sphere. We can explicitly compute
this proportionality factor which will be directly related to §¢.

Consider the traceless tensor HJ(\;])V appearing in equation (473 and suppose H, e(zé)j = 529 Q;;
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’ Explicit Computation Geometric Form

(5) Sww) H® +0 (%)j

(5) Sav) A(S()ero(%) .

LY S, Z'H, + O (5

(Dl) (V=) VM(T) (Dz .

(%) Se) 242" Huw' + O (3)

(5) Sz zvAY) + 0 (5)

(5) Sern (%) P HG) + HT + 0 (%)
(L) vV P + 0 (%)
Ly PeZPHY) + 0 (%)

(( ?)V/@n = A(VOfﬁ 2 1( D2)

E) 1z prv + (5)
(b [pepa [ - () Pl 10 (5)

Table 3: Here we relate how the functions appearing in equation (438)) are related to the
geometric form of the metric and the gauge field as in equation (473))

where §) is some scalar function. Then it follows that

T y QU y
0= nMNH](\/H)V =" H,S:,C) + ?Hg(ig)j =nt H,(fg) +dx$

526
0 i) 1220)

=> H=——""—.
9 D—p-—3

Similarly consider the tensor HT™) Py, appearing in (473). Since we know that ng = ug = 0,

the nonzero components of this tensor along the isometry directions are simply given by
HINPyip; = HIM 5205 (527)

From equation (526) and (527) and the definition of d¢ (recall that the fluctuation in the
radius of the d dimensional sphere = S2§¢), it follows that

1

— g g (-
0o +9 D_p_3

)nWH,g . (528)
The second term in the RHS of equation (528)) is of O (%)2 since by construction H g) starts
at O (%) . Now from explicit computation we know that d¢ is of O (%)2 (see equation (4T71])) .
Then it immediately follows that HZ") also must start from terms of O (%)2.

We could explicitly compute the second term in RHS of (528) in terms of the functions
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’ Geometric data \ Data used in computation ‘

S <%> % — s 4 (%) 5
G <%> 5(1) (nss > 52
o S\ o(6) 1 (D) 1-n3 )
ZuB (£) s +s0 - (55)
2 2\ 2
S 1-n
s, | () (i)
77 N e T
| P, M | 50 _ ) |
2 - =
v (5) n (2)
LR <%> v + (°F) v
2 = -
v (5) n (2)
P (%) Op’ — (?S) Oy
av 5 3 n 1
2P | o)~ — ()00 |

Table 4: Decomposition of geometric data in the special case of SO(d + 1) symmetry in
terms of the data in auxiliary space used for explicit computation

appearing in equation (438]). Note that n*¥ could be expanded as

2
" = nFn?’ —utu’ +

1
7Y + PM 4+ O <) .

2
—ng D

Using this expansion of n*” and the translation rules as given in table 3| we find

_ mv fr ﬂ S..+pxS +0 1 ’
D—p—3 n 52 22 T D (Tr) D .

72
In equation (529)) we have used the fact that H (Tr) is of O (%)2 and by construction u*H ,(;5)
n”H,g) = 0. Substituting equation (529) in equation ((528|) we found that

Now from equation (471)) it directly follows that

HT) — © l 3.
D

) _ 1

D2 (529)

1

Tr
HTr) — 2
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3.7.3 Relating equations of motion expressed in different forms

In this section we shall first state a set of algebraic identities that are true upto corrections of

@) (%) Using these identities we could easily show that the equations of motion as derived in

subsection [3.3.10] ((451) and (453))) are equivalent to equations (479) and (480).

1. Identity-1:

Vi -Ku=u-K-V,=[(u-9)n] -V,
= —[(u-)V.]-n Since n.-V, =0

ns ns

= (% [(u.a)u]-n+(u-a)(5)+o<é> Sinceu-dSzO(llj)
:_(”5)(U.K.u)+(u-a)<w)+o<1) Since - n = 0.

S S D
(530)
Here Vi = 7 — (%) u=% - (%) (n+u) = (£) (X ~ )
2. Identity-2:
. - 1 . 1
VL-au-Z——VL-aZ-u—i—(’)(D) smceu-Z—(’)<D>
1 1 (531)
— ni ¥ . . _— 1 . fry _— . =
—(S)VLKU—FO(D) since u - dS O(D)’ u-n=0.
3. Identity-3:
1 ) 1
u-8u~Z:—u-8Z-u+(9<> s1nceu-Z:(9<>
D D
1 1 (532)
—(?)u-K-u—i—(’)(D) sinceu-dS—(’)(D), u-n=0.
4. Identity-4:
<S> Vi-9(u—n) Z
ns
~ S ~ 1 .
= VL-K-u—<n> VL-K-Z+O<D> Using (531 (533)
S

S\ -~ ~ 1 . ~ ng
= —<)VJ_'K'VJ_+O<D> SlnceZ—VJ_—FFu.
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5. Identity-5:

() 7o) 7
;)uxu_(*g)z;mm() Using (532)

ns
S 1
- n)VlKVL—2(ZKu)+2(S>uKu+(’)<D)

= _<n5>VJ‘ K-V, -2V, K- u)+(9<11)>

Using (533)and (534) we could very easily compute the projection of (479) along Z direc-
tion. It turns out to be the following,

Il
/\

(534)

0—[(u—X)-80—@2(u~8)u—Q2(X-K)} Z+(S>(1—Q2)(X Z)

__(1_Q2)[<71>VL'K'VL_Z'Z} +2Q2(VL'K-U)+O<11)>
) (BB vo(3)

ns
(535)

Equation (535)) is simply equal to {—n—( QQ)} times the first equation in (451f). Second
equation of (| - ) follows once we substitute in equation (480).

3.7.4 Notation and translation

Through this chapter we have had occasion to work with functions (like p and @) and one-form
or vector fields (like w and n = I dp|) that live in flat D dimensional space. We also often deal
with functions and one-forms that live on the the membrane world volume. Through the chapter
we use the dummy indices M, N ... to denote coordinates in the embedding flat D dimensional
spacetime, and the indices A, B ... to denote coordinates on the membrane world volume. M, N
indices run over D values, while A, B indices run over D — 1 values.

In the computational part of this chapter we have assumed that our spacetimes and membrane
world volumes both preserve an SO(D — p — 2) isometry group. It follows that the spacetime
metric takes the form

ds? = g datda” + e®dQ3, (536)

where p, v run over p + 3 values and g,,, and ¢ are functions only of z#. We will often use the
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notation
e? = §2.

In a similar manner the metric on the membrane world volume takes the form
ds? = gapda®dab + e?dQ3, (537)

where a, b run over p+ 2 values. As all spacetime vector and scalar fields also preserve SO(d+ 1),
for computational purposes it is sometimes useful to view these fields as living on the reduced
p + 3 dimensional manifold

ds® = Guvdatdz”,

(in the case of bulk fields) and
ds?® = gabdxadzpb,

(in the case of fields that live on the membrane world volume). We use the symbols Vs and V 4

to denote covariant derivatives on all of spacetime (or all of the membrane world volume) and

@u and V, to denote fields on reduced spacetime (or the reduced membrane world volume).
Consider a vector field v™ defined on all of flat space. If we assume that v™ preserves SO(d)

invariance, it is easily verified that

v.VS

Vot =d + V0t (538)

In a similar manner, if v4 is a vector field on the membrane then

VS -
Vavd = g+ Vau'. (539)

If % is a scalar field in spacetime or on the membrane then it is easily verified that

V2 =d + V2, (540)

VS. Vi
S

(where dS is regarded as a one-form in either spacetime or on the membrane depending on the
space on which V2 is evaluated). Note that dS on the membrane world volume is simply dS in
spacetime, projected onto the membrane world volume.

Finally if v is a vector field in either spacetime or the membrane world volume then

VSV - -
V2 =d (V SW —dS v.VS) + V. (541)
To end this section we note that the extrinsic curvature tensor for the membrane world volume
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takes the form

ns

S

where 6 are angles on the unit d sphere and (1;; is a metric on this space.

Kap = (K, —j),

3.7.5 Eigenvalues of the Laplacian for Vector Spherical Harmonics

In this Appendix we evaluate the eigenvalue of the Laplacian acting on the I*" vector spherical
harmonic. This spherical harmonic was defined in terms of the restriction of a collection of vector
valued monomials to the unit sphere in subsection [3.5.2

Our strategy is to evaluate the Laplacian of V - viewed as a vector valued monomial in RP~!
- in spherical polar coordinates, and use the fact that this Laplacian vanishes (see subsection
to evaluate the Laplacian of the same vector field restricted to the unit sphere.

Consider any divergenceless vector field on RP~! with vanishing radial component, i.e. V, = 0.

Using explicit expressions for the Christoffel symbols for flat space in polar coordinates we find

vr‘/;“ = 07
era - a’rVa - %7
(542)
Va
va‘/;“ =
T
VoV = VaVi,

where V denotes the covariant derivative taken on a unit sphere.
We will now use these results to evaluate V2V on RP~1 in spherical polar coordinates. The result
of this computation depends on the free index in this equation. Let us first consider the case with

the free index equal to 7. In this case

1
V2V = Vie(ViV) + 50" Va ViV,
SR A (543)
r r
=0.

In other words the vanishing of the r component of V2V is just a triviality - it follows as an
identity upon assuming V,, = 0 and V.V = 0.
Let us now turn to the more interesting case of the free index being an angular direction on

the unit sphere. In this case
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1
VAV =Vi(ViVe) + 59" Va ViV,

Ve V, 1. -
:ar <87"Vc - > - Fgc <arVa - > + jvavavc
r r T
Ve 1 Ve
+ Fgr <8r‘/c - > + 721_‘207) (544)
T T T

[ 1 c 1o e
o, (0 - %) - 1 (ave- ) 4 e,
r T T

D -2 Ve Ve
+ <87“V;:_r>

r r2

Let us now specialize to V, is the vector field corresponding to the [** vector spherical harmonic.
In this case V, oc 71, Using this fact and V2V, = 0 we get

VWV, =((l+1)=1—1+(D=2)1=1)V.=[(D+1—3)—1]V.. (545)
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4 Chapter 4: Currents and Radiation from the large
D Black Hole Membrane

4.1 Introduction
4.1.1 Review of Black hole - Membrane duality

The classical dynamics of black holes in asymptotically Minkowski spacetimes has recently been
shown to simplify in a large number of dimensions D. Consider a violent dynamical process such
as a collision between two black holes. The dynamics of this situation is complicated when the
black holes first ‘collide’ . After a time of order 1/D after the ‘merger’ however, it turns out
that the spacetime metric settles down into a configuration whose near horizon geometry is a
union of overlapping patches, each of size 1/D. The geometry of each patch closely resembles
that of a Schwarzschild or Reissner Nordstrom black hole. The effective radius, boost velocity
and charge of these patches varies on the event horizon over time and length scales of order unity.
The subsequent evolution of the spacetime is governed by an effective dynamical system whose
variables are the effective shape of the event horizon (one function) together with its local boost
velocity field (D — 2 functions) and charge density field (one function), a total of D functions of
D —1 variables. The dynamical evolution of these variables is governed by a set of local membrane
equations of motion. The underlying Einstein-Maxwell equations that govern the dynamics of
this system uniquely determine the membrane equations in a power series expansion in 1/D. At

leading order in 1/D the membrane equations of motion take the form

V-u=0

v - v 62@61/ - 1 - 2 ?VK + K uaKa,/
pﬂ(u.v>u,,:p“< (1-9°) ( )>, (546)

K(1+@Q?)
wV, (KQ) = V2Q — KQ (u®Kapu®),

(546)7|P® are a set of D equations for as many variables. It follows that (546 defines a well

97 The equations were first obtained in the papers [Il [63] building on the earlier work [42H48)].
See also [49] 0] [64) [65] for the independent derivation of membrane equations in for the special case of
stationary solutions. had been generalized in [66] to include first correction in 1/D for the special
case of uncharged black hole membranes. [51H53] 67, [68] have also independently derived the equations of
membrane dynamics in the so called ‘black brane’ limit. At least for the case of uncharged black holes,
the equations of [FIH53] 67, [68] were demonstrated in [69] to be a special case (a special scaling limit) of
the equation (546)). See [T0H76] for recent related work.

98The notation used in this equation goes as follows. Here we view the membrane as embedded in flat
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posed initial value problem for membrane dynamics.

We have presented the membrane equations at leading order in the expansion in %; as
a consequence all terms in each of the equations are of the same order in D, where orders
of D are counted according to the rules spelt out in chapter 3. According to the rules of that
chapter in particular, all divergences and Laplacians are of order D, while contractions of indices
of the form Ay;BM are of order unity. As an example of an application of this rule, V2u™ and
K = Vn? are both taken to be of order O(D) while (u*Kapu®) is assigned order O(1) This
rule applies irrespective of whether we are dealing with space-time indices or worldvolume indices.
See chapter 3 for an explanation of the rational behind this rule.

Using the rule spelt out in the previous paragraph, it follows that the LHS of the first equation
in is of order D. Every term in the third equation in is also of order D. However
each term in the second equation of is of order unity.

The membrane whose dynamics is described by may be thought of in the following
picturesque terms. The membrane consists of a bunch of ‘particles’ of density u’ = v whose

M 5 the ‘density current’ of these ‘particles’ and the first equation in

velocity is given by 5—; U
is a statement of the conservation of this density current. With this interpretation, the
conservation of this density current is simply the statement that our fictional particles flow from
one point to another but are never created or destroyed @ The second equation in may be
regarded as a statement of Newton’s laws for the constituent particles of the membrane. This
equation asserts that the acceleration of any given membrane particle is governed by ‘forces’ (the
RHS of the second equation in (546[)) which depend on the trajectories of neighbouring particles.
@ The terms on the RHS of the second of are reminiscent of the force terms that act on
a regular fluid. The first term on the RHS of captures the force of shear viscosity while

the second term is analogous to a pressure force, with the role of the pressure played by K the

Minkowski space. Small Greek indices denotes the intrinsic coordinates along the membrane worldvolume.

@# denotes the covariant derivative with respect to the intrinsic metric of the membrane, g,(fl:zd’f ). All

raising and lowering of indices are also done using this intrinsic metric. K, is the extrinsic curvature of
the membrane , K = K/ is the trace of the extrinsic curvature, p,, is the projector orthogonal to the
velocity field

Puv = gfj;d’f) + Uy Uy,

u,, is the velocity.

99As we will see below, the ‘particles’ in question will turn out to be the basic carriers of entropy of
the membrane, and the ‘particle density current’ mentioned here is closely related to the membrane’s
entropy current. The conservation of entropy density holds only at first order; we will show below that the
divergence of the entropy current is generically nonzero (but positive) at second order in the expansion in
1/D. This means that the fictional ‘particles’ mentioned in the text above are created in dynamical flows
at second and higher order in 1/D.

100We have a D — 2 parameter set of particles which execute a D — 2 parameter set of particle flows. The
D — 1 dimensional membrane world volume is simply the congruence of these flow lines. Note that the
extrinsic curvature of the membrane at any given point is completely determined by the shape of particle
flow lines in the neighbourhood of that point.
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trace of the extrinsic curvature of the membrane. This term drives flows that reduces gradients
of K and works to iron out wrinkles in the membrane world volume that might otherwise have
developed over the course of a dynamical flow. In some sense this term is responsible for stitching
the independent particle world lines (or, more visually, world threads) into a smooth membrane
surface.

The last equation in asserts that our particles carry a separate independent ‘charge’ -
with density proportional to K (). This charge is carried along by our particles as they move. In
addition it ‘diffuses’ between particles in the manner specified by the RHS of the third equation
in . This charge density is, of course, closely related to the electromagnetic charge current
of the membrane, a statement we will make precise in this chapter.

Let us re-emphasize the main point. If we wait for a time large compared to 1/D after a
cataclysmal event, the equations that govern black hole dynamics reduce to the equations that
govern the motion of a relativistic membrane that propagates in flat space. At first nontrivial
order, the membrane may usefully be thought of as generated by the flow lines of a collection of
‘particles’ which interact with each other locally as they flow. The membrane equations -
which define a good initial value problem for the membrane shape and velocity field - are simply
a rewriting of Einstein’s equations for black hole dynamics at leading order in 1/D and in the

appropriate regime.

4.1.2 Membrane coupling to radiation: qualitative discussion

In this chapter we refer to all degrees of freedom that vary on time and length scales of order
unity (rather than, say, 1/D) as slow. The collective coordinate membrane motions described
above are one set of slow degrees of freedom in black hole spacetimes. A second simpler set of
slow degrees of freedom are gravitons and photons that live far away from the black hole and
have wavelengths of order unity or larger. It is natural to wonder how these two distinct classes
of slow modes interact with each other. In this chapter we present a detailed analysis of the
coupling of these two classes of slow modes. We demonstrate, in particular, that the coupling

between membrane modes and light gravitons is of order —, and so is nonperturbatively small

D72
in the 1/D expansion.

As we explain in section [£.2] below the smallness of this coupling at large D may be understood
as follows. The slow modes that describe the collective coordinate motions of membranes are
localized to a region very near the the black hole horizon by a large potential barrier. The barrier

D2
)

an effective one dimensional Schrodinger problem. In order to escape as radiation, a membrane

is kinematical in origin and schematically takes the form of a repulsive potential V' (r) = in

mode which lives at the edge of the black hole of radius rg has to to tunnel through this barrier all

the way out to r =~ % before it can start to propagate. The amplitude for this tunneling process
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D
2

. When

row is of order unity, this amplitude is nonperturbatively small in the 1/D expansion. It follows

_D, D
is suppressed by the area under the potential curve, and is of order e 2 RETTIN (2‘“#)

that membrane motions on time scale of order 1/ry do not source radiation at any finite order in
the 1/D expansion.

The discussion of the previous paragraph is reminiscent of Maldacena’s argument for the
decoupling of the near horizon geometry of a D3 brane from the external bulk in the context
of the AdS/CFT correspondence [77]. Indeed at energies of order unity, the limit D — oo
is effectively a decoupling limit for the near horizon region of the Schwarzschild and Reissner
Nordstrom black holes, analogous in many respects to the Maldacena decoupling limit in which
energies are held fixed as o’ is taken to zero.

We would like to emphasize that the decoupling between membrane degrees of freedom and
asymptotic infinity is accurate only for the classical theory of gravity and appears to fail quantum
mechanically, even semiclassically. The reason for this is simply that near horizon modes with
w ~ % do not decouple from infinity. As we will review below, however, the Hawking temperature
of a black hole of radius rq scales like % at large D. It follows that the Hawking radiation emitted
by a black hole at large D does not decouple from infinity. This observation suggests that it is
misguided to hope that there exists a quantum microscopic theory of the large D membrane
described in this chapter. Such a theory - which might have been hoped to stand in the same
relation to the membrane equations as N = 4 Yang Mills theory does to the hydrodynamics
of [55, 58] - appears never to decouple from asymptotic infinity. In other words the analysis of
this chapter should be viewed purely in terms of the classical equations of gravity and not as the

first step in a programme to quantize gravity at large D.

4.1.3 Membrane coupling to radiation: quantitative discussion

Although membrane degrees of freedom couple very weakly to external gravitons and photons
at large D, they do couple to these modes at any finite D no matter how large. In other words
membrane motions source gravitational and electromagnetic radiation. One of the principle
accomplishments of this chapter is the derivation of a formula for the radiation sourced by any
given membrane motion.

In order to obtain this formula we first note that the explicit % expansion of spacetime
solutions dual to membrane motions (see [I, 63, [66]) is valid only at points whose distance from
the event horizon, S, obeys the inequality S < ro ( here r¢ is the local black hole radius). E

When, on the other hand, S > 5 the solution reduces to a small fluctuation about flat space.

101\ ore precisely rg = % where K is the trace of the extrinsic curvature of the membrane surface. We

use the notation of the previous chapter through this chapter. Recall that K is of order D so ¢ is of order
unity.
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In this region the solution is well approximated by a solution of the Einstein Maxwell equations
linearized about flat space. Notice that the domains of validity of these two approximations
overlap: the 1/D expansion of [I}, 63, [66] and linearization are both valid approximations in the
overlap regimd™?|

% < 8 < 1. (547)

In the previous subsection we have explained that the radiation field first begins to propagate
at distances S of order g away from the membrane. These distances lie well outside the regime
of the 1/D expansion of [1, [63] [66]. However the radiation fields are extremely small, and so are
well described by the linearized Einstein Maxwell equations. In order to obtain the radiation field
due to a given membrane motion, all we need to do is to identify the effective linearized solution
that the spacetimes of [Il [63] [66] reduce to in the overlap region and then continue this
linearized solution to infinity.

The implementation of this programme is, however, complicated by an important detail. In
order to explain this point we first pause to provide a qualitative description of space of linearized
solutions to the Einstein Maxwell equations away from the membrane , i.e. at distances S > 7§ to
the exterior of the membrane. The linearized solutions in this region turn out to be a superposition
of two classes of modes; modes whose integrated flux decays towards infinity (we call these the
decaying modes) and modes whose integrated flux grow towards infinity (we call these the growing
modes). These can be understood as the decaying and growing modes of the effective Schrodinger
problem under the potential barrier V(r) = % mentioned in the previous subsection. As we
show in section below, decaying modes of the effective Schrodinger problem start out at order
unity very near the membrane and decay rapidly upon progressing outwards. On the other hand
growing modes start out at order 1/DP near the membrane but grow equally rapidly away from
the membrane. The growing modes catch up in magnitude with the decaying mode at a distances
of order % away from the membrane. This is also precisely the point beyond which both the
modes emerge out from under the effective potential barrier. At larger distances the modes cease
to grow or decay but oscillate, propagating in form of radiation fields. The integrated flux of
both modes stays constant as r is further increased.

As mentioned above, the % expansion of [I} [63, 66] is valid simultaneously with the linearized
approximation only in the region . The decaying solution is sizeable in this region and is
perfectly captured by the % expansion. On the other hand the growing mode is of order D% in
this region. It is thus nonperturbatively small and so is completely invisible to the % expansion
of [I, [63]. In other words the solutions of [II, [63] capture only half of the information of the

linearized solution in the overlap region (547). In order to complete our specification of the

102We explicitly verify below that the metric and gauge field presented in chapter 3 is a solution of the
linearized Einstein Maxwell equations in this regime.
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linearized solution and to extend it into the radiation region we need more information. The
extra data comes from the physical expectation that radiation from the membrane motion is
necessarily outgoing at infinity. The absence of ingoing radiation at infinity provides the second
piece of data needed to continue the linearized solutions to large S.

We now explain how the membrane solutions may actually be continued to infinity in a
practically useful manner. In this chapter we demonstrate that the decaying part of a linearized
solution of the Einstein- Maxwell equations uniquely defines a stress tensor and a charge current
on the membrane at large D. @ The sources thus defined may be thought of as giving rise to
(the decaying part of) the linearized solution we started with. More precisely the convolution of
a Greens function against this source produces a response whose decaying part agrees with the
solution we started out with. @ The absence of ingoing radiation at infinity dictates that we
use the retarded Greens function. This convolution produces the correct solution in and outside
the overlap region . In the overlap region the convolution produces the nonperturbatively
small growing part of the solution in addition to the decaying piece obtained from the solutions
of [I, [63]. In the region r > % the convolution produces the radiation field that we wished to
calculate.

In sections [£.4 and [4.5] below - the technical heart of this chapter - we explain in detail how the
map between decaying solutions of the Einstein-Maxwell system and a stress tensor and charge
current on the membrane is constructed. Though the derivation takes a lot of work the final

prescription is very simple. The charge current Jp is given by
Jg = JE — g,

Here
T = nAFgE, (548)

where F§4 is the field strength of the decaying part of external solution that was given to us,

evaluated on the membrane, and n? is the outward pointing unit normal to the membrane. Note

that n® ngt) = 0. It follows that this current may also be viewed as the current J,(fmt) that lives
(in)
J

on the world volume of the membrane. In a similar manner the current J; "’ turns out to

obey n® Jgn) = 0 and can also be thought of as a current Jl(fn) that lives on the membrane world

volume. It turns out

' 5
(in) _ __ 7
J/L (SA“ SctrAa (549)

103The existence of such a map is plausible from a counting perspective; both sides of the map depend
on a single piece of data on a slice (think the membrane) of spacetime.

104This convolution procedure also produces a growing mode. The detailed magnitude of that growing
mode - which is always of order 1/D¥ - depends on the Greens function we use.

105Gee section (4.3) for the precise relationship between .J g’ut) and J,Sout).
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where, to first order in the expansion in 1/D,

1 F,, F*
SctrA = _Z WW)

where R is the Ricci scalar on the world volume of the membrane and F),, is the field strength

(550)

of the linearized external solution restricted to the membrane. [0

In a similar manner the stress tensor T4p on the membrane is given by

Tap = TR — 1. (551)
Here
8T () = pout) _ yclout)p(out) (552)

is the Brown York stress tensor of the external solution evaluated on the membrane surface. Here
Kffgt) and pffgt) are the extrinsic curvature and the projector on the membrane world volume
viewed as a submanifold of the bulk whose metric is that of Minkowski space perturbed by the

decaying external solution. As above, Tj;g”) and TXE) are both tangential to the membrane world
volume and so can equally well be regarded as stress tensors, T,S‘,Z“” and Tl%") that live on the

membrane world volume. E] It turns out that

— 5
\/WT;SV) = — 5w Sin)s (553)

9(ind)

where

1 . 1 [ RuR™ 1
Sin) = _&r/ \/ —gtind) \/773‘*‘5 | +0 <D> ; (554)

2
R (in)

R, Ry and gff:} D are respectively the intrinsic Ricci scalar , intrinsic Ricci tensor and the intrinsic
metric of the membrane.

The stress tensors and are both evaluated on the membrane world volume using the
prescribed external solution. Recall the external solution is flat space plus the decaying linearized
solution of Einstein’s equations, which we assume is given to us. In the particular case of interest
to this chapter, this decaying linearized solution is given by matching with the metric presented
in [I}, 63].

106 At leading order in the large D expansion the Gauss Codazzi equations may be used to show that
VR =K.

1070nce again see section for the precise relationship between the spacetime and world volume stress
tensors.
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4.1.4 Explicit formula for the Membrane Stress Tensor and Charge Current

It is not difficult to implement the procedure described in the previous subsection on the solutions

of [1I [63] and so obtain a formula for the membrane stress tensor and charge current. We find

1 K 1— Q2 Vo, +V,
e () [(B) 0 v s (158 o (B B

KQ* 2QV?2
_( @, 209° +Q2uauﬁKaﬁ> ity — (1Y + 1 V)

2D K

[(5) o () ()]

+(9(1>, (555)

1
G N
+ Qut + <D) ;
where
. 0 o 20 -~ Q* 1\ [ V.K
Vu: QVMQ+Q (u Koz,u)"‘
2 K
2 9 4 R 1 2 R
(52 e ()
Q V2K 2K (u-V)K [(2V2Q+K(u-V)Q o B
— 4= — K, .
© (2\/27r K2 D K QK + (“ b B)
Here gfjﬁd’f ) denotes the induced metric on the membrane as embedded in flat space and @”

denotes the covariant derivative with respect to gfff @ ). Extrinsic curvature of the membrane is
denoted by K, and K is the trace of the extrinsic curvature.

According to the rules for D counting explained earlier in this introduction, the first term on
the RHS for the expressions for stress tensor and charge currents presented in are each of
order D. All other terms in both expressions are of order unity. We emphasize, in particular, that
the membrane stress tensor and charge current are not parametrically small in the large D limit.
The radiation sourced by these currents is nonetheless nonperturbatively small in the appropriate
regimes, for the kinematical reasons - the heavily damped grey body factor - described earlier in

this introduction.
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Several terms in the stress tensor and charge current above have familiar hydrodynamical
interpretations. In particular, relativistic fluids propagating on fixed background manifolds always
have a contribution to their stress tensor proportional to —no sy where o7 is the symmetrized
derivative of the velocity field projected orthogonal to the velocity and 7 is called the shear
viscosity of the fluid. An inspection of the first line of reveals that our membrane stress
tensor also has such a contribution with effective value of n = ﬁ.
entropy density of the membrane is given, to leading order, by %. It follows that the ratio of

Below we will see that the

shear viscosity to entropy density for our membrane equals ﬁ, in agreement with [78].
Keeping only the leading terms (i.e the terms that scale like D) in (555)) we find the much

simplified expressions
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1
T RENGT: (QKu) .

Note that the leading order stress tensor and charge current is simply that of a collection of

T = (K> (14 Q*)uyuy, 5

pressure free ‘dust’ particles. Note, in particular, that the leading order stress tensor lacks a
surface tension term (a term proportional to II,,). In this respect the stress tensor of the large
D black hole membrane differs significantly from more familiar membranes like soap bubbles or
D2 branes.

4.1.5 Equations of motion from conservation

As the fractional loss of energy to radiation is non perturbative in the large D limit, it follows
that membrane energy, momentum and charge are conserved at each order in the % expansion.
In fact a stronger result must hold; in order for the formula for gravitational and electromagnetic
radiation from the membrane to be gauge invariant, the membrane stress tensor and charge
current must be conserved currents. Indeed the conservation of the membrane stress tensor and
charge current turn out to be an alternate - and conceptually very satisfying - way of restating
the membrane equations of motion (546)). The fact that the membrane equations are
simply statements of conservation of an appropriate membrane stress tensor and charge current
emphasizes that our membrane equations are hydrodynamical in nature.

We have explained above that the expressions for the stress tensor and charge current
each have one term of order D and several terms of order unity. The reader may at first suppose
that only the leading order terms (those of order D) are needed to obtain the leading order
membrane equations of motion via conservation. This is indeed the case for the first equation
(546). The divergence of the leading order stress tensor a term of order D?. This term is

proportional to Ku*V.u. It follows that the term in 0,T* proportional to u* indeed receives
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its leading contribution from the order D part of the stress tensor; the condition that this term
vanish is simply the first equation of

Let us turn our attention, however, to the projection of 9,7"* orthogonal to u,. According
to the rules of large D counting summarized earlier in this introduction, this projected expression
is of order D rather than of order D2. At leading order (order D) this expression receives
contributions both from the order D as well as the order unity contributions to the stress tensor
(recall that the divergence of a tensor or vector of order unity is generically of order D). The
order D piece of TH, , yields the LHS of the second equation in ; the RHS of that
equation is obtained from the divergence of the order unity parts of the stress tensor . A
similar statement is true of the relationship between the conservation of the charge current and
the third equation in .

In summary, in order to obtain the first equation in we needed to know only the leading
order stress tensor . In order to obtain the second and third equations of , however,
we need to know the subleading terms in as well.

4.1.6 Entropy Current

We have, so far, focused our attention on the conserved currents that live on the membrane. A
key fact about black holes, however, is that that they carry entropy in addition to charge and
energy. While charge and energy obey the first law of thermodynamics, and so are conserved,
entropy obeys the second law and so is a non decreasing function of time.

The entropy carried by a black hole is mirrored in the fact that the membrane carries an
entropy current. In this chapter we define this current and demonstrate that it obeys a local

version of the second law of thermodynamics, i.e.
VuJh > 0.

Our construction of the membrane entropy current proceeds in a manner analogous to the con-
struction of [79]. The current is constructed by pulling the area form on the event horizon back
onto the membrane. A local form of the Hawking area increase theorem then ensures that the
divergence of this entropy current is point wise non negative for every membrane motion. At first

leading and subleading order in the 1/D expansion we find the extremely simple result
JM = —_ (558)

(see ([771) for the correction to this equation at second subleading order in the special case of
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uncharged fluids). By explicit use of equation 1.5 of [66] at leading nontrivial order in % we find

1
M AB
omJs = SR TABT (559)
where
_ M pN
oap = (Omun + Onunr) Py Pg . (560)

Note in particular that entropy production vanishes at leading order if and only if the fluid velocity
flow is shear free. As the flow is always also divergence free, it follows that every time independent
(i.e. stationary) velocity vector field is proportional to a killing vector on the membrane world
volume [80]. This observation may be used as the first step in a systematic classification of

stationary solutions of the membrane equations, a topic we hope to return to in the near future.

4.1.7 Radiation from small fluctuations

In the section to this chapter we develop the general theory of radiation for the Maxwell
and Einstein equations coupled to sources after linearization. In that section we work in
a particular Lorentz frame, expand all modes in spherical harmonics and present very explicit
radiation formulae. As an application of these formulae, in the main text we evaluate the radiation
that results from a general linearized fluctuation about a spherical membrane. It follows from
the formulae of that section that energy lost to radiation per unit time is smaller by a factor
of 1/DP when compared to the membrane energy stored in the fluctuation, providing a clear

demonstration of the smallness of radiation.

4.1.8 Organization

This chapter is organized as follows. In section [4.2| we review the properties of retarded Greens
functions in arbitrary dimensions with a special emphasis on the large D limit. In section [4.3
we review the structure of currents and stress tensors localized on a codimension one membrane.
Sections and are the technical heart of this chapter. In these sections we construct a
membrane charge current and stress tensor dual to any decaying linearized solution of the Einstein
Maxwell equations in the exterior neighbourhood of the membrane world volume. In section [£.6]
we apply the general formalism of the previous two sections to the special case of the membrane
spacetimes of chapter 3, and find the stress tensor and charge current that lives on the membrane
dual to large D black holes at leading order in %. In section we define an entropy current on
the membrane and demonstrate that its divergence is point wise non negative. In section we
proceed to review and develop the general theory of linearized radiation from localized sources
for the Einstein Maxwell equations in an arbitrary number of dimensions. We then proceed, in

section to use these formulae to determine the radiation sourced by small fluctuations about
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the spherical membrane solution. Finally in section we present a discussion of our results.
This chapter also includes several appendices in which we present details of algebraically intensive

computations.

4.2 Review of background material: Greens functions in general

dimensions

In this section we review elementary background material on Greens functions in arbitrary di-
mensions, with a focus on the large D limit. In the rest of this chapter we will use the results of
this subsection for qualitative as well as quantitative purposes. The key qualitative results from

this subsection that will be of importance to us below are

e In the large D limit distinct Greens functions (e.g. retarded and Feynman Greens functions)

differ from each other only at order 1/ D? at spatial distances and time frequencies of order
unity (see subsection below).

e The fractional energy loss per unit time into gravitational radiation, from a stress tensor

that varies over distance and time scales of order unity, is of order 1/DP.

At the quantitative level, in section we use the results of this section to derive detailed
formulae for the electromagnetic and linearized gravitational radiation from arbitrary sources in

general dimensions, once again with a focus on the large D limit.

4.2.1 Greens function in frequency space

Consider the retarded Greens function G(z,, z),) defined by the equation
—O0Gx—2)=6"@—2a), (561)

together with the boundary condition that G vanishes if x lies outside the future lightcone of 2.
In the d’Alembertian [1'18] is taken is taken w.r.t the coordinate z. G may be thought of as
the causal response at the point z to a unit normalized delta function source at z’.

Although the equation is Lorentz invariant, our Greens function cannot be thought of
as a function only of 22 (this is a consequence of retarded boundary conditions). In order to
solve for the Greens function (and to understand its properties) we found it most convenient to
sacrifice manifest Lorentz invariance. We choose a particular rest frame and so a particular time

coordinate. In this section we further locate the source point x’ of our Greens function at the

108Throughout this chapter we employ the mostly positive sign convention.
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origin of spatial coordinates and Fourier transform w.r.t. time
G(w,7) = /G(t,meiwtdt. (562)
It follows from that G(w,T) obeys the equation
— (@?+ V) Glo, ) = 62713, (563)

As G(w,T) is spherically symmetric it is convenient to work in polar coordinates, i.e. in coordi-

nates in which the Minkowskian metric is given by
2 2 2 2 702
ds® = —dt* 4 dr* + r*dQ}_,,
(563)) simplifies to

W2G(w,r) + Oy (rP720,G(w,r)) = =62~ 1(#). (564)

rD—2

The boundary conditions on G(r,t) require G(w,r) to be purely outgoing (i.e. oc €™") at infinity.
The unique solution to (564]) subject to these boundary conditions is

D-3

Glw,r) = i (=) 7 HEL () (565)

Here Hr(Ll)(x) is the n" Hankel function of first kind, whose small and large argument asymptotics

are given by

HO@) ~  —i (2>n Lo (1 + 4(;{1) e (a;4/n2)) for 2* <,

o , (566)
HW (z) ~ (1—i)e*igﬂeixi 1—|—z'4n -1 +0 (n*/2%) ) for z>n?
" TT 8z '
Using (566) it follows that our Greens function is given by
1 1 w2r?
G 1+ — + O(w*r?*/D? for r’w? < D
(w,7) (D—3)QD_27°D_3( +2(D—5)+ (w*r®/D*) or r*w” < D,
D—2 ]
N—D (wN\TT e (D —-2)(D—4) 4,2 2 (567)
~ — (2 — — (1 D
Glw,r) ~ — (2i) % (W) - ( i + O(D*/r?w?)
for rw > D?.

Lightcone structure of the retarded Greens function In the previous subsubsection

we presented an exact result for the retarded Greens function as a function of w and r. In
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Appendix we evaluate the Fourier transform of the expressions of the previous subsection
and obtain a formula for the retarded Greens function directly in position space. In this brief
subsection we simply report the final results of Appendix [4.11.5]

When D is even we find

.oty = 75D <1> 55 (Cxpx MY (568)

where

When D is odd, on the other hand we find

Glr.t) = ot (Ond™) s (;%) , (560)

where €2, is the volume of the unit n sphere
Q= ——~. (570)

In either case the Greens function is given by linear sums of finite numbers of derivatives acting
on expressions that vanish outside the future lightcone; it follows that these Greens functions
never propagate signals faster than light. @

Although the expressions and are exact, they are not particularly well suited for
taking the large D and obscure various features of the Greens functions in this limit. In the rest
of this chapter we will revert to working with the non manifestly Lorentz invariant but highly
explicit representation Greens functions . We will now proceed to estimate the expression
in the large D limit; we find that the large D limit is smooth and can be taken without

differentiating between odd and even D.

4.2.2 Large D expansion through WKB

In this section we will use the WKB approximation to determine the large D limit of the retarded

Greens function. The main conclusions of this subsection are

e Upto a scaling (see (571))) the scalar Greens function is given by the solution to the one

dimensional Schrodinger equation listed in (572))

109Note, however, that the number of derivatives that appears in the expression for the Greens functions
increases without bound in the large D limit. This allows naive large D approximations of the Greens
function to mimic apparently acausal behaviour in some situations. When used correctly, however, the
Greens function is causal in every D.
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e In the large D limit the potential in this Schrodinger equation exceeds the energy when
wr < 2D and is less than the energy when wr > 2D. The wave function that yields the
Greens function describes a process of tunneling through a wide potential barrier. The
exponential tunneling suppression ensures that the oscillating solution that emerges when

wr > 2D is very small. This explains the smallness of radiation at large D.

e All Greens functions (e.g. retarded, advanced, Feynman) are all essentially identical for
wr < 2D. In particular when wr is of order unity, the differences between different Greens

functions are of order 1/DP.

In the rest of this subsection we will explain these points in some more detail relegating detailed
derivations to appendices.

The transformation

Gw,r) = —FF5v(w,r), (571)
recasts the equation (564 into

(D—-2)(D —4)
472

— 0% (w,r) + Y(w,r) = wP(w,r), (572)

m i.e. a one dimensional Schrodinger equation with potential V' and energy E given by

D*2
Vi =5 E= w?  where D* = /(D —4)(D-2)~ D -3+ 0(1/D).

This potential divides the r axis into the classically allowed and disallowed regions
2wr > D* : allowed;

2wr < D* : disallowed.

In Appendix [4.11.5] we demonstrate that WKB approximation of the solutions to this equation
are exact in the large D limit away from the turning points. rn_TI

Let us first consider the classically disallowed region. We define

K(r) = (D*Q - w2)é . (573)

4r2

HOFor the purposes of this discussion we stay away from the point 7 = 0 and so ignore the term propor-
tional to the § function.

1 Although we do not go beyond leading order in this chapter, higher order corrections to the WKB
approximation generate a systematic expansion of the Greens function in a power series in 1/D.
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The WKB solution to ¢ (w,r) takes the form

blw,r) = ;m <A (F) el Bew)&) | o

(where e is Euler’s number 2.7182...) for some constants A and B. In (574) we have chosen to

multiply A by the constant factor (%)D_3 for future convenience. Note that this factor is of
order 1/DP.
At small r and with an appropriate choice of integration constants we have

D* 2,2
[ rr = o = T s 0t (07,

so that 5 o
[ w(r)dr o ,.D*/2 1 rw
e T < 2D~ +
2] 1t follows that at small r
ew\ D-3 B
Gw,r)=A (5> T 53 (575)

where we have accounted for the proportionality factor between G(w, r) and ¥ (w, r) (see (571)) FEI
Now the equation

VEG(w,1) = ~3(r);
leaves A undetermined but fixes the constant B to

1
ENCEREr o7

(2, the volume of the unit n sphere, is listed in (570)). The constant A is determined by

matching with the solution in the classically allowed region as we explain below.

In the classically allowed region we have k(r) = {/w? — 5:22 . The usual formulae of the WKB

approximation yield

1 iD7 iDm 1

Plwyr) = = (CeTHN=SE 4 et MO ) v — (Cellor=5) 4 periler=5)).

/R0 ~ e

(577)

H12Note, in particular, that the correction to the leading order small r behaviour in e/ #("dr ~ pD"/2

is negligible provided % < 1, in agreement with the estimate for the validity of the small argument
expansion of the exact formula for the Greens function presented in (567)).
H13Tn fact we choose the integration constants in (574) to ensure that (575)) is valid. The constants The

combination of the equations (574) and (575) give a complete definition of the constants A and B.
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The last expression in holds in the limit 2wr > D*. B

For the special case of the retarded Greens function the wave function must be outgoing at
infinity so that £ = 0. The constants A and C' are both determined by matching across the
turning point; in Appendix we use standard WKB matching formulae to find

D _
(1+1) Dx (D*>2 D* (1+1) _D W 2

C B —_— — e 2 = 2 2 —,

R RS (579

i
Aziz—_
2 2(D-3)Qp_s

.

The parametric dependences of these results may be understood as follows. At the turning
point we expect the two terms in ) to be of comparable magnitude. Using the WKB approx-
imation to evolve the solution 1nwards to small r we obtain the following estlmate The ratio of
the decaying to the growing solution at the point r should approximate e ) & s(r)dr - A large D

and when r < 2 we find
D*

w D*
2/2 k(r)dr = D*In —.

ewr

Comparing with (575) it follows that
A~ B, (579)

in approximate agreement with the more precise formulae (578|). Using similar logic we can use
(577) to estimate the value of ¥ (w, ) when we approach the turning point from the large r limit.

Matching this estimate with the value of the wave function when the turning point is approached

2\ 5
C~B(§> , (580)

an estimate that is once again in agreement with the precise result (578]).
The utility of the rough approximations (579)) and (580) is that they are equally valid for

other Greens functions (e.g. the retarded Greens function or the Feynman Greens function). It

from the small 7 limit we find

follows that for all these Greens functions the term in proportional to B dominates over
the term proportional to A when rw < D /2. When rw is of order unity, in particular, the term
proportional to A (which is sensitive to the precise nature of the Greens function) is subdominant
to the term proportional to B (which is universal) at relative order 1/DP. It follows that different

reasonable Greens functions F_-gl differ from each other only at order 1/DP when wr is of order

4The integration constants in the integrals in the first expression in are determined by the re-
quirement that it reduce to the second expression in the same equation at large r.

H15We call a Greens function ‘reasonable’ if the large r boundary condition that defines it ensures that the
ratio of the decaying and growing solutions at the turning point is of order unity. The retarded, advanced
and Feynman Greens functions are all reasonable by this criterion. It is possible to rig up Greens functions
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unity.

The fact that C/B is of order 1/DP"/? captures the smallness of radiation in the large D limit.

Let us end this subsubsection with a brief discussion of a subtle point. In the limit that
r?w? < D the Greens function G(w, r) is effectively independent of w. Upon Fourier transforming,
this observation suggests that the Greens function in this limit is time independent but nonlocal in
space (in fact the spatial dependence of the propagator is exactly that of the Euclidean propagator
for V2 in D — 1 Euclidean dimensions). This suggests that the retarded propagator mediates
instantaneous action at a distance and so is acausal. Of course the exact formulae of subsubsection
[4.2.1) make it clear that this conclusion is erroneous. While we have not carefully tracked down
the fallacy in the naive argument, we believe it has its roots in the following fact. In order to
really argue for acausality one should turn on a source that is sharply localized in time and detect
a response outside the lightcone of this source. Such a source is necessarily non analytic and so
always has significant support at arbitrarily high w. It follows that the approximations of the
previous paragraph, which work for w of order unity cannot really be consistently used to argue
for acausality. It would be interesting to understand this point better but we leave it for future

work.

4.3 Review of Background Material: the stress tensor and con-

served currents on codimension one membranes

In this section we study conserved currents and stress tensors localized on codimension one
surfaces in space time.

RD-11

Consider the flat space . Consider a function p defined on this spacetime, and consider

a membrane whose world volume is given by the solutions to the equation p—1 = 0. The normal

to the membrane world volume is given by the equation

s = 29 (o) = oy pdip (581)

M — 5
|0p|

and is assumed to be everywhere spacelike.

4.3.1 Scalar sources localized on a membrane

As a warm up consider the minimally coupled scalar equation

~0¢ = S. (582)

whose boundary conditions are finely tuned (in a D dependent way) so as to violate the conclusions of
this paragraph. Such Greens functions are unphysical for our purposes, and will be ignored through the
rest of this chapter.
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Consider a situation in which the source S of that equation is given by the distributional valued

field Sg7 localized on the membrane
Ssr = |0pld(p — 1)S, (583)

where S is a smooth function on the membrane. Integrating (583)) over a pillbox whose faces are

just above and just below the membrane we conclude that
- 0oyt — 1+ Opip, = =S, (584)

where 77 is the outward pointing unit normal to the membrane (i.e. from ‘in’ to ‘out’), ¢yt is the
scalar field just outside the membrane and ¢;, is the scalar field just inside the membrane.

The source S can also be given the following interpretation. Let ¢g be the value of the field ¢
on the membrane world volume. Let Sy,¢[do] represent the action of the outer part of the solution
as a functional of ¢g, the value of the field ¢ on the membrane E Using

Sout — _% /(6¢)27

it follows that
5Sout = /5¢outa2¢0ut - /aM (5¢outaM¢out) = /5¢out<n‘ 8)Qﬁout‘- (585)

The first two integrals on the RHS of (585 are taken over the bulk spacetime to the exterior of
the membrane. The last integral is taken over the membrane world volume. In the final step in

(585]) we have used the scalar equation of motion and Stokes theorem.

It follows from ([585)) that

- o 6Sout
(7 9)Pout = S0 (586)

(this is simply the Hamilton Jacobi equation: the LHS is evaluated on the membrane approached

from the outside). In a similar manner, making similar definitions we have

B 5Sm
d¢o
The difference in sign between (587)) and (586)) stems from the fact that the normal n is outward

pointing from the point of view of the inside, but inward pointing from the point of view of the

(587)

H6Tf the external region of spacetime has an additional boundary, the action would also depend on the
value of the field ¢ on this additional boundary. This dependence plays no role in what follows and is
suppressed in the notation. Similar remarks hold for the internal solution.
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outside. It follows that (584 can be rewritten as

(5szn 5Sout

i P P

(588)

It is not difficult to present explicit expressions for the actions Sy, and S;, in terms of
integrals over the membrane of ¢ and the normal derivatives of ¢ on the outer and inner solutions

respectively on the membrane.

Sulonl =~ [(007 = (=5 [our (00M0) + 5 [60%6) =3 [ontu-0)oun. (550

The integral in the last expression in (589)) is taken over the membrane world volume; all other
integrals are taken over the region of bulk spacetime that lies to the interior of the membrane; in
obtaining the last equality we have used the bulk equation of motion and Stokes theorem. In a

similar manner

Soutl60] = / S0(n - B)dou. (590)

4.3.2 Membrane Charge current

Let us now study the Maxwell equation. Consider the action for the bulk gauge field Ap; coupled

to a current JM

F FMN
Action = —/ (MN4 + jMAM) ; (591)
where
Fyn = 6MAN — ONAM. (592)

The equation of motion that follows from this action
IMFEyn =TV, (593)
Let the charge current that is tangent to and localized on the membrane .
= |0pla(p — 1)JM, (594)

where JM is a smooth vector field tangent to the membrane (i.e. J™ny; = 0). Integrating (798))

over a pillbox that encloses the membrane we conclude that

nMF( nMF%V = JV, (595)

out)

where n is the outward pointing normal to the membrane.
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As in the previous subsection, ((595) may be rewritten as

N _ 9Sout[(Ao)N] n 6Sin[(Ao) N]

/ d(Ao)N 0(Ao)N

(596)

Sout[(Ao)n] is the action of the outer part of the solution as a functional of the gauge field
restricted to the membrane.

As in the previous subsection it is not difficult to present explicit expressions for the actions
Sout and Sj;, in terms of integrals over the membrane of (Ag)ys and the normal derivatives of the

gauge field in the outer and inner solutions respectively.

1
SinlAo) = 3 / (Ao)nnar FALY,
1 (597)
Sout[AO] = 5 /(AO)NnMF(JZLJt\;

We will now demonstrate that the divergence of j%, viewed as a distributional current in
spacetime, vanishes provided JM is a conserved current on the membrane.

In order to see this we note that

8(p = D)10p| [onr (1n (VOrp0Mp) ) JM + 00y JM
8(p—1)|0p| [TV (n - d)nn + OarJM] (598)
5(p — 1)|0p| [TIN;0NTM] .

o TM

Here Iy n = nayny —nayny. In the first line of have used (9prp)JM = 0. In order to obtain
the second line of the equation we have used 0pOnp = OnOnrp and nyJM = 0. In order to
obtain the third line we have used ny;J™ = 0 to conclude that nNnMdy JN = —JN(n -d)ny.
As H%@NJ M is simply the divergence of JV viewed as a vector field on the membrane, it follows
from that the JM is conserved in spacetime if and only if the J M is conserved on the

membrane world volume.

4.3.3 Membrane localized stress tensor

Let us now turn to a study of the Einstein equation . the action for the bulk gauge field gnsn

coupled to a current 7TMN

Action = 1/\/—9}2— <1> /hMNTMN. (599)
167 2
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Consider a membrane localized stress tensor given by
TMN — |9p|6(p — 1)TMN (600)

The equation of motion that follows from this action

R
RyunN — <2> gun = 87TuN, (601)
where Thyy [81]is a symmetric tensor that is tangent to and smooth on the membrane. By

integrating Einstein’s equations over a pill box that surrounds the membrane one can show that
(KA = K (an)ar ) = (Kirk = K (an)arw ) = ~82Tarw (602)

where (go)an is the space-time metric restricted to the membrane. ICE\'/)[%) and Kg\i[ng[ are the
extrinsic curvature computed from ‘outside’ and ‘inside’ the membrane respectively.

In other words the discontinuity of the Brown- York stress tensor across the membrane is pro-
portional to TN

As in the previous subsection, (602)) may be rewritten as

pun _ _ [ 98outl(go)yn] | 0Sinl(g0) ]
5((go) ) 6((g0)mn)

(603)

Sout[(90)an] is the action of the outer part of the solution as a functional (go)asn, the space-time
metric, restricted to the membrane.

As in the previous subsection it is not difficult to present explicit expressions for the actions
Sout and Sjy, in terms of integrals over the membrane of (go)asn and the normal derivatives of the
metric in the outer and inner solutions respectively. The action is given entirely by the Gibbons
Hawking term and takes the form

S = Sout + Sin (604)

where

1
Sin = _g \ _g(znd) ICi’na
1
Sout = 877'(' / V T Y(ind) ’C0uta

(605)

where the integral is taken over the world volume of the membrane, viewed as a boundary of the
internal and external solutions respectively. The difference in signs in the two equations above is
because K is defined as the trace of the extrinsic curvature of the normal vector n which always

runs from in to out.
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We emphasize that 7MY is assumed tangent to the membrane, i.e. TMNny = 0. We will
now demonstrate that 7M¥ is conserved in spacetime if and only if

o TMN g a conserved stress tensor on the membrane world volume

o TMN[C v =0, where KCpsn is the extrinsic curvature on the membrane.

Unlike the equation for charge conservation, the equation for the conservation of the spacetime
stress tensor has a free index. We get the first condition above when the free index in this
equation is in the membrane world volume, and the second condition when the free index is
chosen proportional to the membrane normal.

Let us first consider the equation for stress tensor conservation projected tangent to the

membrane world volume:

PRV TMN = 5(p — 1)|0plph [VM (1n (\/8MpaMp)) TMN 4 ¥ TMN
(p — DIOplpRy [(n - V)na TN + ¥y TN (606)

p—
5(p — DI0p] [pkpG VoTY™] .

The manipulations in are essentially identical to those in (598). Note that
pﬁp%VQTM N is the membrane world volume divergence of the membrane stress tensor
On the other hand

TMN

ny VTN = — (Vayny) TMY = —Kyun TN = —6(p — 1)|0p| KT, (607)

(in going from the first to the second expression in (607) we have used T™¥ny = 0). It follows
that the normal component of the stress tensor conservation equation is satisfied if and only if
K MNTMN =0.

4.3.4 The stress tensor for a Nambu-Goto membrane

In order to gain some intuition for membrane stress tensors is useful to consider a simple example.
Consider a relativistic membrane whose only degree of freedom is its shape and whose dynamics

is governed by the relativistic Nambu-Goto action

S =0 [ =g, (608)
where g(;nq) is the determinant of the metric gf}f 9 induced on the world volume of the membrane
and o is the tension of the membrane. It is easily verified that the equation of motion that follows
from this action is simply

K =0, (609)



where K is the trace of the extrinsic curvature of the membrane world volume. The spacetime
stress tensor for this system may be obtained by varying the action w.r.t the spacetime metric.
The stress tensor is easily verified to take the form with

TMN — g pMN, (610)

TMN _ viewed as

Note that 7MY is proportional to the world volume metric; it follows that
membrane world volume stress tensor - is trivially conserved. On the other hand the requirement
that Ty nKMN = ¢/C = 0 is nontrivial and yields the membrane equation of motion.

In the simple example reviewed above the conservation of the membrane stress tensor was
trivial in the world volume directions as a consequence of diffeomorphism invariance in these
directions. On the other hand the conservation of the stress tensor in the normal direction was
nontrivial and yields the equations of motion - a relativistic version of Newton’s laws in the normal
direction. Below we will see that the large D gravitational membranes of interest to this chapter
behave in an orthogonal fashion. In that case the equation of stress tensor conservation in the
normal direction is obeyed in a relatively trivial manner, while the equation for world volume

conservation of the stress tensor yields the membrane equations of motion.

4.4 Membrane Currents from Linearized solutions: Description
of the Map

In this section and the next we study the minimally coupled scalar, Maxwell and linearized
Finstein equation in the vicinity of the world volume of a codimension one membrane. We
assume that our membrane is embedded in a flat D dimensional spacetime and work in the large
D limit.

Let us suppose we are given a solution to the exterior of the membrane world volume that
decays rapidly towards infinity. E] We then search for a corresponding regular solution in
the interior region of the membrane subject to the requirement that the scalar field, tangential
components of field strengths and curvatures are continuous across the membrane while allowing
for first derivatives of these quantities to be discontinuous across the membrane. Our continuity
requirement effectively imposes a Dirichlet type boundary condition for the (as yet unknown)
solution in the interior of the membrane. This boundary condition, together with the requirement

of regularity, turns out to be sufficient to uniquely - and practically - determine the interior

117 As we will see later, the true exterior solution also has small constant modes with coefficient of order
5 (see for an example). At distances of order unity from the membrane - where we work in this
section - the constant modes (the mode proportional to A in ) are nonperturbatively smaller than
the decaying piece, and so are invisible to the large D analysis of this section. However the details of this
constant piece shape the nature of the radiation far away; see e.g. the discussion under .
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solution order by order in the 1/D expansion. E

Though the interior and exterior solutions are continuous across the membrane they are not
analytic continuations of each other. In particular normal derivatives of fields are generically
discontinuous across the membrane. The discontinuities in these normal derivatives determine
an effective source for the wave equations that is localized on the membrane (see ,
and ). As explained in those equations, this source is the difference between an ‘exterior’
current (the exterior normal derivative) and ‘interior’ current (the interior normal derivative).
[

To recap, the procedure described in this section and the next allows us to constructively
establish a one to one map between decaying linearized solutions to the exterior of a membrane
and an auxiliary solution (which has no physical reality). The auxiliary solution agrees with
the decaying solution - upto corrections of order 1/DP - to the exterior of the membrane. It
is constructed to ensure that it is regular everywhere in the interior of the membrane. The
auxiliary solution solves the free uncharged equations everywhere to the exterior and interior of
the membrane. The auxiliary solution also solves the bulk equations precisely on the membrane
provided the membrane is assumed to carry a charge; in this section and the next we find precise
formulae for this charge as a functional of the prescribed external solution. The discussion of this
section and the next is precise (even conceptually) only in the % expansion.

The starting point of the discussion of this section was a decaying external solution which was
assumed to be known in the neighbourhood of the membrane surface. This original solution is - in
general - not known far away from the membrane. However the analysis of this section - together
with one additional piece of information - allows us to determine this asymptotic behaviour as
we now explain.

Recall that the auxiliary solution obeys the linearized bulk equation, with a known charge,
all over spacetime. It follows that the auxiliary solution is given all over spacetieme by the
convolution of the membrane current with a Greens function. This statement does not, as yet,

completely determine the auxiliary solution as all of the linearized equations of motion we study

H8The fact that these boundary and regularity conditions uniquely determine our solution is true only
in the 1/D expansion and is certainly untrue at finite D. As an example consider the minimally coupled
scalar equation [J¢ = 0 with the membrane manifold taken to be SP~2 x time and the Dirichlet boundary
condition that ¢ vanish on the membrane. One solution with these boundary conditions is ¢ = 0, but

this solution is clearly r};og unique. In the [ = 0 sector, for instance, we also have solutions of the form
¢ =3, ape it (Ln) 2 Jp_s (wnr) where w, run over the set of zeroes of Jp_s(wn). Note however
that at large D the first zero of this Bessel function occurs at a value of order D/2. It follows that the
frequencies w,, are all of order D or higher at large D. In the large D limit we disallow solutions with such
high frequencies. In this extremely simple toy example it follows that the unique allowed interior solution
is simply ¢ = 0.

19 Ag explained in the introduction, the interior current is neatly encoded in the action of the interior
solution as a function of the metric, gauge field or scalar field on the membrane.
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admit an infinite number of inequivalent Greens functions (e.g. advanced, retarded, Feynman
etc). We now add an additional condition on the auxiliary solution; we demand that it is (e.g.)
purely outgoing at infinity. This condition uniquely singles out one particular Green’s function
(e.g. the retarded Green’s function) and yields a well defined - and practically useful - formula
for the auxiliary solution all over spacetime. @

Recall, however, that the original external solution agrees with the auxiliary solution in an
exterior neighbourhood of the membrane. If physical considerations inform us that the external
solution obeys (e.g.) outgoing boundary conditions at infinity, it then follows that the external
solution agrees with the auxiliary solution - to non perturbative accuracy - everywhere outside the
membrane. It follows that the external solution is also given everywhere outside the membrane
by the integral formula described in the previous paragraph.

In summary let us suppose we are given a linearized external solution in the neighbourhood
of the membrane world volume that is known to be purely outgoing at infinity. The following two
step procedure can be used to continue this solution to large r. In the first step we determine the
‘membrane current’ corresponding to our external solution. This determination is the topic of
this section and the next. In the second step we convolute this current against a Greens function
- this is the topic of section [4.8] The resultant expression is the continuation of the external
solution to large r. In the external neighbourhood of the membrane this expression is guaranteed
to agree with the configuration we started out with, upto nonperturbative corrections. The large
r behaviour of this solutions yeilds the radiation field that our external solution continues to at

infinity.

4.4.1 Minimally coupled scalar

We start with the case of a minimally coupled scalar equation
¢ = =8, (611)

with the source § assumed to be delta function localized on the membrane.

Given the decaying part of the solution to in the exterior, we wish to construct the
matching interior solution. Our tactic for achieving this is very straightforward. We first construct
the most general decaying solution to in the vicinity of the exterior of the membrane. We

then construct the most general regular solution to the same equation in the vicinity of the interior

120 The fact that the auxiliary solution is given by the convolution of a membrane current with the
Green’s function depends crucially on the fact that the auxiliary solution was defined to be regular in the
interior of the membrane. Had we defined the auxiliary solution differently- perhaps by allowing prescribed
singularities in the interior of the membrane - we would have obtained an integral formula for this solution
given by the convolution of the Greens function with all sources - those located at singularities together
with those on the membrane.
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of the membrane. By matching solutions in the exterior with those in the interior we produce the
most general solution to that is continuous across the membrane. Our construction - which
uniquely pairs any external solution with an internal solution - turns out to depend on one free
function on the membrane. This function can be thought of as the value of ¢ on the membrane

or equally as the source ‘current’ S. The construction thus gives us
e 1. An explicit classification and construction of all consistent decaying external solutions.
e 2. A one to one map between such solutions and corresponding interior solutions.

e 3. Consequently a one to one map between decaying external solutions and a source function

S localized on the membrane.

Our construction of the exterior and interior solutions takes the form of a power series expansion
in the distance s away from the membrane. The radius of convergence of this expansion is of
order D/K and so this expansion is useful, from a practical point of view, only when s < D/K.
The coefficients in this power series expansion are each individually determined in a power series
expansion in %.

Given that is a second order equation, the reader may wonder how it is possible that ex-
terior and interior solutions to this equation are parametrized by one rather than two functions on
the membrane. The key point here is the restriction that the exterior solution rapidly decay away
from the membrane and that the interior solution be regular (in particular not grow arbitrarily
large as D is taken to infinity at any point reliably captured by our approximations). These two
conditions cut down the set of exterior and interior solutions each to solutions parametrized by
a single function on the membrane; upon imposing continuity across the membrane we find a set
of sewn solutions parametrized by a single function on the membrane.

As this point is very important, we now explain it again in a more precise and much more
detailed manner.

The full set of solutions to the equation ¢ = 0 - either to the exterior or in the interior of
the membrane - is indeed parametrized by two functions on the membrane world volume. Let us
denote these two functions by a and . It follows from linearity that the most general solution

of the equation (¢ = 0 away from the membrane is given by
¢ = Fifa(z)] + F2[B(x)], (612)

where F1 9 are linear maps from the space of functions on the membrane to functions in the flat
spacetime in which the membrane is embedded. Later in this section we will explicitly construct

the two functionals 7 and F; (in a Taylor series expansion in distance away from the membrane)
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|TE| with the following two properties.

e First, on the membrane Fi[a] = o and F5[5] = . In other words a and /3 are the values of
¢ restricted to the membrane. F}[a] and Fy[3] are two different continuations of the scalar
field on the membrane into the bulk.

e Second F; decays rapidly (over a distance scale 1/D) to the exterior of the membrane,
and grows rapidly over the same distance scale on the interior of the membrane, while F5
neither grows nor decays as we move distances of order 1/D away from the membrane.
Instead the variation of F5, as we move away from the membrane, occurs over length scales
of order unity. [%]

We will now use the two functionals F} and Fj to construct solutions ¢(x) of (611 that are of

the form described in the previous subsection, or, more specifically have the following properties
e ¢(x) reduces to an arbitrarily prescribed function ¢g(z) on the membrane world volume.
e ¢(x) is continuous across the membrane but its normal derivative is across this surface

e ¢(x) decays to the exterior of the membrane, and stays regular (does not blow up) in the

interior.

A moment’s thought will convince the reader that the required solution is given by

=
&
I

Fi[¢o] outside,

613
o(x) = Fa[¢p] inside. (613)

As mentioned above, in the next section we will explicitly determine the functionals F} and Fb
in a power series expansion in 1/D.

Note that the solutions are parameterized by a single membrane’s function worth of
data - which can be thought of either as ¢g(x) or the source function S on the membrane. This

fact can also be understood in the following terms. Suppose we are given a source S localized on

121We determine the coefficients of this expansion order by order in 1/D.

122The functionals Fy and F, are effectively local functions of o and /3 in the following sense: it is possible
to foliate spacetime around the membrane into tubes each of which cuts the membrane and is labeled by
the point ¢ at which it does so. To any given order in 1/D, Fy and Fy at any zy depend only on the
distance from the membrane (which is assumed small in units of the local radius of extrinsic curvature of
the membrane), the extrinsic geometry of the membrane at z¢ and a finite number of derivatives of a(xg)
or B(xp). The reason for this locality is simply that the boundary conditions of decay in the exterior and
lack of blow up in the interior can each effectively be imposed at distances of order 1/D away from the
membrane. The thinness of the region enclosed by our boundary conditions is the underlying reason for
the locality of our expansion.
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the world volume of the membrane. Clearly the most general solution to (611)) in the presence of

this source takes the form

b(x) = / dyG(z — 1)S (), (614)

where G is a Greens function for the operator [J and the integral over y is taken over the
membrane world volume. At finite D does not define a unique solution to the problem,
because the Greens function, GG, is not unique. As we have explained in subsection however,
all reasonable Greens functions are identical (upto differences of order 1/D®) at distances of order
unity around the source. It follows that the formula does unambiguously define a unique
solution to in the neighbourhood of the membrane an expansion in 1/D. is this
unique solution; i.e. can be identified with in the neighbourhood of the membrane
for every reasonable choice of the Greens function D, even though the expressions begin to
depend sensitively on the choice of Greens function at large r (i.e. distances of order D). As we
have explained in detail above, the ‘correct’ choice of Greens functions is determined by physical
considerations for the problem at hand; the relevant Greens function for this chapter will always

prove to be the retarded Greens function.

4.4.2 Maxwell Equation

Although it is possible to solve the Maxwell equations in a gauge invariant manner, we will find
it convenient to proceed by fixing a gauge. We first define a foliation of spacetime into surfaces of

constant p, chosen so that the surface p = 1 is the membrane. We choose the function p to obey

the equation O (/)D%S> = 0 (see subsection 4.5.1| below). We then choose to work in a gauge in

which A” vanishes, i.e. the gauge dp.A = 0.
With this choice of foliation, the Maxwell equations can be divided up into the constraint
equations (Maxwell equations dotted with dp) and the dynamical equations. More precisely, by

a slight misuse of terminology, we will refer to the equations
A0 FBY =0, (615)
as dynamical equations where

IIca = nca — nanc,
Oap (616)

oppdPp

ng =
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On the other hand we refer to

M =0,
(617)
M

= ncdgFBY,

as the constraint Maxwell equation

We proceed by first solving the dynamical equations defined above and then turn later to
the constraint equation. The dynamical equations are very similar in character to the minimally
coupled scalar equation discussed in the previous subsubsection. As in the previous subsubsection

we find in general that the solutions to the dynamical Maxwell equations take the form
A= F[Cu(2)] + F2[By(2)); (618)

where A is the oneform gauge field in spacetime and C), and B, are worldvolume gauge fields
on the membrane. Fjo are now linear maps from gauge fields on the membrane to oneform
gauge fields in flat spacetime. These functional share the following properties with their scalar
counterparts. First, on the membrane F1[C,] = C, and F3[B,| = B, (it makes sense to equate
a spacetime gauge field with a world volume gauge field precisely because dp.A vanishes). As for
scalars Fy decays rapidly (over a distance scale 1/D) to the exterior of the membrane, and grows
rapidly over the same distance scale on the interior of the membrane, while F neither grows nor
decays as we move distances of order 1/D away from the membrane. Instead the variation of Fb,
as we move away from the membrane, occurs over length scales of order unity.

As in the case of scalars above, the boundary condition that our spacetime gauge field decays
in the exterior, is regular and bounded in the interior and that the field strength restricted to the
membrane is continuous on the membrane, and that it takes the value (Ap), on the membrane

leaves us with the solutions

A(z) = F1[(Ao)u) outside,

619
F5[(Ap),] inside. (619)

=
&
I

We have completed our programme of solving the dynamical equations. What remains is
to solve the Maxwell constraint equations. It is a well known property of Maxwell’s equations
that if the dynamical equations are obeyed everywhere and the constraint equation is obeyed on
a single slice then the constraint equation is obeyed everywhere. Our definition of dynamical
and constraint equations are different from the usual ones (which are adapted to a foliation of

spacetime into coordinate systems including p as a special coordinate) and it is instructive to
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work our our version of this standard statement. This is easily done. Note that
04 (MB0cFOP) = 0005 F“P — 04 (n*npdcFP) = —n.0 (npdcF°P) — K (npdcFCP), (620)

(where we have used the antisymmetry of F4? in the last step). It follows that
(n.OM = —~KM — 94 (T30 FP) (621)

(see (617) for a definition of M). Now the last term on the RHS of (622]) is the divergence of
the dynamical equations and so vanishes once those equations are solved. On solutions of the

dynamical equations it thus follows that
(n.O)M = —KM. (622)
Integrating along flow lines of the vector field n it follows that
M(p) = Moe™ T Kds, (623)

where My is the value of M at p =1 (i.e. on the membrane) and ds is the proper distance from
the membrane along the integral curves of the vector field n.

Note that K, the extrinsic curvature of slices of constant p is positive and of order D (see
subsection below).

Let us assume that My is nonzero. It follows that M(p) decays rapidly to zero (over a length
scale of order 1/D) as we move away from the membrane towards the exterior. But it also follows
that M(p) blows up rapidly - over a length scale of order 1/D - as we move away from the
membrane towards the interior.

Let us now apply these results to the two special solutions Fi[(Ag),| and F3[(Ap),] defined
above. The solution Fi[(Ag),] is defined so that it decays rapidly to the exterior of the membrane
and blows up rapidly in the interior of the membrane. The fact that M also has the same
behaviour comes as no surprise for this solution. On the other hand the solution F»[(Ay),] is
defined so that it does not blow up in the interior of the membrane. It is thus impossible for M
to blow up in the interior - in the manner determined by . It follows that My must in fact
vanish on the solution F»[(Ag),].

In summary we have demonstrated that the solution F»[(Ay),] is very special; it is the solution
on which the constraint equation is automatically satisfied - without the need to impose any
further constraint on (Ap),. On the other hand the configuration F»[(Ap),] is a solution of
the full Maxwell equations not for all (Ap), but only for those that are constrained to obey a

further condition (which we will interpret below as the condition of conservation of the membrane
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current).

Matching the solutions F; and F5 as in yields a class of solutions of Maxwell’s equations
parametrized by (Ap), subject to the single constraint just described above. The solution
is a solution to Maxwell’s equations with a current of the form with the function JM given
in . This current may be rewritten as

Ty = J g glent) — pNplout) o glin) N plin) (624)

Note that the conservation of this current follows immediately from the constraint equations
applied to the external and internal solutions respectively. As we have explained above this
conservation is automatic for the internal solution, but imposes a constraint on the data (Ag),
in the case of the external solution.

The interior current J ](\2”) is most compactly presented by evaluating the action of the interior

solution S;j,[Ao]. The current J ](\ﬁ[") is then given by varying this action w.r.t Ag using

5Sim[Ag] = / 5(Ag)ag M. (625)

(see ((596)). As the interior solution F[A,(z)] is well defined for every value of the boundary
gauge field (Ag)u(z), Sin[Ao], is a gauge invariant functional of this boundary gauge field that
also turns out to be local in the large D limit. [[*]

On the other hand the external contribution to the current is simply evaluated from the
definition , where the quantity on the RHS of that equation is evaluated on the external
solution which is assumed to be known.

Let us summarize. Solutions of Maxwell’s equations that obey our boundary conditions are
parametrized by the membrane gauge field subject to a single constraint (the conservation of the
exterior contribution to the membrane current). The full membrane current is given by adding
the exterior contribution to the interior contribution which, in turn, is obtained from the variation
of a gauge invariant ‘counterterm’ boundary action. In order to compute the current associated
with a given external solution the only remaining nontrivial step is the determination of the

counterterm action associated with the interior solution.

4.4.3 Linearized Einstein Equation

Let the metric be given by nysn + Hyrn- As in the previous subsection we work with a particular
gauge choice; we impose the gauge n™ Hyyr = 0.

In parallel with the previous subsection it is convenient to decompose Einstein’s equations

125Recall that (Ap),, is also the gauge field on the membrane viewed from the outside and so is known.
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into dynamical and constraint equations. Let us define

R
EMN:RMN*EQMN*&TTMN- (626)

The Einstein equations take the form
Eun =0. (627)

The dynamical equations are defined to be
i ey NIy = 0. (628)
The constraint Einstein equations are

_ A
CM:TL 61,4]\47

(629)
ck=o.

As in the previous subsection we first solve the dynamical Einstein equations to find a structure

very similar to that for the minimally coupled scalar. The most general solution is given by

H = Filhu (2)] + Falgu (2)], (630)

where the G = n + H is the spacetime metric and b, (x) and g,,(z) are induced metrics on the
membrane. Fj 2 are now maps from the induced metric on the membrane to linearized metric
fluctuations in flat spacetime. Note that the induced metric is nontrivial even in the absence
of the fluctuation Hysn. The maps Fy and Fb linearly map changes in this induced metric to
linearized fluctuations of the bulk.

As in the previous section F) decays rapidly (over a distance scale 1/D) to the exterior of
the membrane, and grows rapidly over the same distance scale in the interior of the membrane,
while Fy neither grows nor decays as we move distances of order 1/D away from the membrane.

Following the previous subsection we proceed to solve the dynamical equations subject to

the boundary conditions that gpsn reduces to gffyn 9 — gffyn d.J) + h,(ﬁ,) on the membrane where

g;(f,fl 41) is the induced metric on the membrane viewed as a submanifold of the spacetime with

(0)

metric nyry and hyy is arbitrary but small. Through this section we work to linearized order in

Ko

Imposing the boundary conditions of fall off to the exterior and regularity in the interior and

the continuity of the induced metric on the membrane as we pass from outside to inside, we find
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that the unique solutions to our equations are

H=F" [gLi;‘d)] outside,

H = Fy[g{m)]  inside,

(631)

where H is a spacetime symmetric two tensor (we have omitted its indices for brevity).
As with the study of the Maxwell equation the main qualitative difference between the solu-
tions of the linearized Einstein equations and the minimally coupled scalar equation lies in the

constraint equations. However the Einstein constraint equations are of two varieties. Let
Xy =chui.
We refer to the equation Xy = 0 as the momentum constraint equations. Moreover let
Y =ckn™.

We refer to the equation Y = 0 as the Hamiltonian constraint equation.

In Appendix we use the identity
Var (EMY) =0,

to demonstrate that the momentum and Hamiltonian Einstein constraint equations obey the

equations

%(n- V)X = -K Xp— X Kap—Y(n-Vng,

(632)
n-VY=-KY -V -X+X%n V)nc.

As in the previous subsection, these equations determine the p dependence of the constraint
equations in terms of their value at p = 1. Let us first consider the momentum constraint
equations. The first term on the RHS of the first line of is of order D while the last two
terms on the RHS of this equation are of order unity and can be ignored. It follows that, as
in the previous subsection, the constraint equations X grow exponentially as we move away
from the membrane in the interior region, but decay exponentially in the exterior. As in the
previous subsection this means that the constraint equations X¢o must simply vanish for the
interior solution, Fb in . Once this result has been established for X, the second equation
in ensures that the same is true of the constraint equation Y. As in the previous subsection
there is no particular reason for the constraint equations to vanish for the exterior solutions - F}
in , and we will see by explicit computation below that they do not.

It follows that the interior solution F5 is labeled by a boundary metric on the membrane.

244



On the other hand the external solution F} is labeled by the same boundary data modulo one
constraint. We will later interpret this condition as the requirement that the membrane stress
tensor be conserved. It follows also that the solution is also labeled by membrane boundary
metric subject to a single constraint.

We now turn the ‘Hamiltonian’ constraint equation
CMTL M = 0.

Recall that in section we demonstrated that a stress tensor of the form is conserved in

spacetime provided that

o TMN viewed as a tensor on the membrane world volume is conserved.

o Ty nKMN =,

We have just argued that the ‘momentum’ constraint equations guarantee that the first condition
is satisfied. We will now use the ‘Hamiltonian’ constraint equations to show that the second
condition is also satisfied.

It is well known that the Hamiltonian constraint equation can be rewritten in terms of the

membrane extrinsic curvature and intrinsic membrane curvatures as follows (see e.g. eqn 10.2.30.

page 259, of [82])|TE|

0=n*n"Eap = 5 (-R+K* = Kapk*?), (633)

| =

where E4p = is the Einstein Tensor, R is the intrinsic Ricci scalar on (p = const) slices and
KA is the extrinsic curvature of the same slices. All indices in (633) are raised or lowered using
the induced metric on p = const slices, embedded in full space-time. As Einstein’s equations are

obeyed both just outside and just inside the membrane, it follows in particular that

1 out
3 <_R(out) + Kty — Kih )’Céﬁe)) =0,

1 (o) (634)
2 ] AB

9 <_R(in) + ’C(m) - ’CX% ’C(m)) =0,

where all quantities with the subscript ‘out’ are evaluated on the special slice p = 1 (we refer to

this slice as the membrane) as approached from the outside, while all quantities with the subscript

‘in’ are evaluated on the membrane when approached from the interior.

12410 [82], the eqn 10.2.30 is derived for a spacelike hypersurface where the normal is timelike. But in
our case the normal is spacelike and this is why the sign in the first term of our equation (633]) is different
from what it is there in [82]. See appendix (4.11.15) for a derivation.
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Recall that the membrane world volume - viewed as a submanifold of flat space - has a
nontrivial Ricci curvature tensor R, and a nontrivial extrinsic curvature tensor Ksn; the trace
of Kyrn is K. Now R,(ﬁ,ut), ICE\Z%) and Ko, refer to the same quantities - but evaluated with the

membrane regarded as a submanifold of |gyny = nyun + hg\oﬂf,)]. Similar remarks apply to the

inside. It follows that - for instance ICS\Z%) differs from Ky at first order in the fluctuation field

hyn. Let us now subtract the two equations in (634) above. Using the fact that Rgu) = Rin)
(this follows because R is a function only of the induced metric on the membrane and not its

normal derivative) we find

0 = n NP Eaplow — n*nPEaB|in
=K (Kout - ’Cm) - KAB (’CoAuttg - K:léLB)
= — Kap [(KAE — KiAP) — (Kout — Kin) TAP]

= 87K ogTAE.

(635)

In the second line of this equation we have worked to linear order in h4p. The third line is an
algebraic rearrangement of the second line and in the fourth line we have used the definition of
the membrane stress tensor given in (602))

Notice that, as in the previous subsection it is useful to define

(out) _ (+~AB AB
Ty = (’C(out) — Kouty p(out)) )
(in) _ (4-AB AB
Tap = (’C(m) — Kin) P(m)) :

(636)
where
péﬁt /iny = Projector on the membrane, embedded in outside (inside) metric.
This implies
T — 1 plout) _ m(in)
AB =\ g ) [fap —1ap |- (637)

In parallel with the previous subsection, the ‘momentum’ Einstein equations ensure that T4p is
conserved. [2]

As in the previous subsection, the fact that the interior solution is well defined for every value

of the induced metric g,(f,? 9 Without restriction allows us determine T Xg) by first evaluating the

125More precisely each of Tﬁfgt) and ng) are separately conserved when viewed as tensor fields on the

membrane with metric induced from 7y + hpsn. Note that Tf&f;t) and TXg) each have a term that is
zeroth order in fluctuations. However this zero order piece is common between 7%t and T and so
cancels in their difference. As a consequence T4p is of first order in fluctuations. It follows that Thp
is conserved, to first order, even when viewed as a tensor field living on the membrane with undeformed

induced metric g\ Y.
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action S;, using (605)) and obtaining the current using (603[). Note that S;, is a gauge invariant

(iynd)

function of g, ~ which will also turn out to be local in the large D limit.

Counterterm Action for TXE) at first order As we have seen above, the interior solution
F» that appears in (631]) is labeled by a metric on the boundary of the membrane. As we have
explained in the previous section, the interior contribution to this stress tensor may be obtained

as follows. We first compute the boundary action

1 i wmn
S(m) - - (87‘() / \V _g(md) ,C( )7 (638)

of this solution. This action should be viewed as a functional of the membrane metric that
parameterizes solutions of the functional F5. Varying the action w.r.t this boundary metric
then yields the contribution of the interior stress solution to the membrane stress tensor (see
(1603))).

It turns out that, upto first order in the expansion in %, the action is easily evaluated as
a functional of the metric on the membrane using the Gauss Codacci formalism For any Ricci-flat

space, the intrinsic quantities could be related to extrinsic quantities in the following way [82]

(see Appendix (4.11.15)) for derivation).

0=RM — KKH + KHKCY, + eie%RACBC/ nene,

(639)
0=TR— K>+ K, K",

where R* and R is the intrinsic Ricci tensor and Ricci scalar of the membrane, RACBC is the
Riemann tensor of the full space-time and and n¢ is the unit normal to the membrane. eff‘ is
the matrix that relates coordinates along the membrane ({z#}) to the full space-time coordinate
({X4}) as
M A
ot =ely X

The following scalings with D apply to the various quantities that in equation (639 when eval-

uated on the interior solution Fy

R~ O(D?), Ru ~O(D),

K ~0(D), K9P ~0(1), (640)
eie%RACBC/ nener ~ O(1),

(the derivation of these scalings use the fact that in the interior solution F» the metric varies in
the p direction on length scale unity - rather than length scale 1/D (as is the case for the exterior

solution F7y).
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The nature of these scalings allow us determine K in terms of intrinsic Riemann curvature

tensor by solving equation (639)) order by order in (%) expansion.

4 , 1 | RuRH 1
K0 = /RGn) 4 3 =1 +0 () :
RZ
(in) (641)

;. R 1
(in) _ Mpv -

Note that the last term in the first equation of (639 has not contributed to this order. In order

to evaluate this complicated term we would need the full details of the solution Fy developed in

the next section. As this term does not contribute, however, the computation we have presented
is identical to the computation of the counter term on a curved membrane surface embedded in
flat-Minkowski space [[9]

Substituting the first equation of in equation we get the form of the counter term

action in terms of membrane’s intrinsic curvature:

. 1 (R RHM 1
Scounter = _8775(1'11) = / \/W |:\/772+ 5 <H’R/g) + O <D>:| . (642)

In Appendix [4.11.8| we have demonstrated that the stress tensor

dScounter (ind)
s (ind) v
9ap

87 g(md)T,giun) — glgigd)

obtained from this action is given by

(—8m)T i = — <2R\;%> + (gf%d)> [\/TH; (7%‘;73?@6)] +0 (ll)) . (643)

4.5 Membrane currents from Linearized Solutions: Detailed Con-

struction

In this detailed technical section we present an explicit construction of the functionals F; and Fj

defined in the previous section, separately for the scalar, vector and linearized gravity theories

((612), (618]), (630)). As explained behind we construct these functionals in a power series

expansion in p — 1. Each Taylor series coefficient in this expansion is computed in an expansion

126Note that if we are considering the outside solution, the equation (639) is still applicable, but the

scaling rules described in equation (640) are not valid. In that case, IC,(LT ) also scales like order O(D?) and
therefore the solution that we have presented in equation (641]) is not valid for the space-time outside the
membrane.
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in 1/D.

The results of this section will be used in the next section to read off the current and stress
tensor carried by the large D gravitational membrane. The only aspect of the internal solution
that will be needed for this purpose is its action; as explained in the previous section the action
is given by a surface integral of the solution and its first normal derivative at the membrane. For
the purposes of computing this action we are thus specially interested in the first Taylor series
expansion coefficient of our solution.

As explained above we present our solutions in terms of a Taylor series in p — 1. Before
proceeding to the explicit constructions we thus need to pause to give a precise definition of the

function p and to briefly explore its properties.

4.5.1 A membrane adapted foliation of spacetime

Consider a function p defined in flat Minkowski space by the following conditions.
o p takes the value unity on the membrane world volume.

e p obeys the equation
1
p
everywhere outside the membrane.
° pD—l,?, decays at infinity and is purely outgoing there.

The conditions above uniquely define the function p to the exterior of the membrane at any D.
7] Once we have the solution for p to the exterior of the membrane, we define it in the interior
of the membrane by an analytic continuation. The interior solution p defined in this manner
continues to obey the equation in the interior except at positions of potential singularities
of pD%S' We will see below that such singularities - which are always present - do not occur at
distances < % away from the membrane and will play no role in our analysis below.

While the requirements above uniquely determine the function p in principle, an explicit
determination of p as a functional of the membrane world volume is a difficult job at finite
D. The situation in this regard is much better at large D. In this subsection we explicitly
determine the function p in a Taylor series expansion in distance away from the membrane @

The coefficients of this expansion are determined in a Taylor series expansion in %. The key

127This may be understood as follows. Any solution of the second order differential equation is
uniquely specified by two boundary conditions. In the present context the two boundary conditions are the
requirement that p = 1 on the membrane world volume and the requirement that the solution is outgoing
at infinity.

128This expansion is good at distances < £ away from the membrane
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simplification at large D is that, in this limit, the function p turns out to be locally determined
by the shape of the membrane world volume (see later in this subsection for the precise version
of this statement). @

Consider a point in flat spacetime with coordinates ™. To every such point we can associate

a point #* on the membrane by the requirement that the straight line between 2™ and #* is

collinear with the normal at ##. Let s(2™) denote the distance between 2™ and ##(2*) measured

along this straight line. In Appendix we demonstrate that

p(z) =1+ 5(2) <DK—2 +% <2;(W (DIi 2) + 2(DK—2 22+ KM%KW> o <l;2>>

1 - K K? K, K" 1
m2 [ L o2 pv L 3
+ s(zt) <2KV <D—2>+2(D—2)2+ e +(’)<D>> O (s),

where all intrinsic membrane quantities (like K, K, etc) are evaluated at the membrane point

(645)

Z(x). The quantity \Y represents the covariant derivative along the world volume of the membrane.
[
Later in this subsection will need to take derivatives of the function p. As we have expressed p

as a function of s, it is useful to first compute relevant derivatives of the function s. It is possible

129 A related fact is that we do not need to use the boundary condition that p is outgoing at infinity in
order to determine p in the large D limit. If, in other words we were to define a new function p by the
conditions listed in this subsection, with the one replacement that p is required to be ingoing rather than
outgoing at infinity, then in the % expansion p would have the same Taylor series expansion around the
horizon as p. It turns out that the two functions p and p differ only at order D—lD at distances of order
unity away from the black hole. The two functions begin to differ substantially from each other only at
distances of order D away from the membrane. All these remarks are, of course, tightly connected to the
properties of Greens functions at large D discussed in section

130The structure of the equations we encounter in evaluating the function p(z™) in the large D expansion
is as follows. At leading order in perturbation theory we are able to obtain the O(1) part of the coefficient
of s. At next leading order we find the O(1/D) piece in the coefficient of s together with the O(1) part
of the coefficient of s2. At third order we would find the O(1/D)? contribution to the coefficient of s, the
O(1/D) contribution to the coefficient of s? and the O(1) part of the coefficient of s3, and so on. In other
words if we specialize to the case that s(x*) is of order 1/D then our perturbative expansion evaluates p
in an expansion in +. In have reported the result of our expansion upto second order. In the special
case that s ~ O(1/D) we have

p(z") —1= s(x”)[D((iﬂ2)+
(28?‘) ’ SWP) (22@2 (D[i 2) i 2(DK—2 e KMN;{MN> (646)

o ()

where we have arranged terms so that the first and second lines in this (646)) are respectively of order 1/D
and 1/D?
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to verify that

oyms = nyy,
Os = K + sKynKMVN, (647)
+O(1/D) + s x O(1) + s°O(D),

where n s is the vector dpsp rescaled to have unit norm. |TE| Using these results it may be verified
that

2
N?% = |0p|? = Oy pd™p = K
D -2

4 2/(1 op( K K? KynKMN (648)
+D—2(1+KS)<K<2KV (D—2>+2(D—2)2+ K

+O(1/D* + s x O(1/D) + s* x O(1).

4.5.2 Membrane solutions of the minimally coupled scalar

In this subsection we will construct the solution (see the previous section) both for p > 1
and p < 1. We obtain our solution in a Taylor series expansion in p — 1. The coefficients in this
expansion are obtained in a power series expansion in %. @

Recall that the solution is labeled by the value ¢(Z) of the scalar field on the membrane.
In the special case that ¢o(Z) is a constant «, it follows immediately that the solution of interest
is given by ¢, = p,j%?, (for p > 1) and ¢ = « (for p < 1). Note that in the exterior region ¢
varies on the length scale 1/D in the direction normal to the membrane. If ¢¢(Z) is a function
that varies on length scale unity, the relative slowness of this variation suggests the following.

Let a(x) in (649) be any smooth extension of the membrane function ¢¢(Z) into the bulk. Then

53 (P=1),
$a(z) = a(z) (p<1),

131The second equation in may be understood as follows. As 8,5 = n,,, it follows that Os equals
K of the constant p slice at that point. To the appropriate order in 1/D, K (z*) can be re-expressed in
terms of curvature invariants at the corresponding Z point, yielding the second equation of

132 Ag in the previous subsection, at leading order in our expansion we find the coefficient of the constant
term in the Taylor series expansion at order unity in the expansion in %. At next order we find the O(1/D)
correction to this constant together with the order unity (i.e leading) contribution to the coefficient of
(p —1). We stop our expansion at this point. Had we gone to one higher order in the perturbative
expansion we would have obtained the O(1/D?) correction to the constant, the O(1/D) correction to the
coefficient of p— 1 and the order unity correction to the coefficient of (p—1)2. In other words our expansion

1

reduces to an honest expansion in (%) provided (p — 1) is of order (5) .

(649)
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@ also solves the minimally coupled scalar equations; not exactly (as was the case when o was
constant), but at leading order in the expansion in %. We will check below that this expectation
is indeed correct.

In order to proceed with our computation we need to make a particular choice for the extension
of the membrane valued function ¢g(z) to the bulk function a(x). In the rest of this section we
choose, arbitrarily, to extend the function ¢¢(Z) into the bulk in such a way that it obeys the
‘subsidiary condition’

dp - da = 0. (650)

This requirement together with the condition that a(x) agrees with ¢o(Z) on the membrane. @
completely determines the bulk field in terms of the membrane valued field a(x).
¢a(z) in is a function of order unity which varies on length scale (%) We would thus
expect that the action of [J on a configuration of this sort should yield an expression of order
O(D?). Using ([644)), however, it is easily verified that
Coula) = 55 (92 1) 51
Oa(@) = Oa(z) (p<1).

Recall from the introduction that even though the function a varies over length scale unity, O« is
generically of order O(D). It follows that the ansatz (649)) satisfies the minimally coupled scalar

equation at order D? - the order at which we might at first expect this equation to be violated,

Systematic procedure to correct the ansatz ¢, In order to proceed, we search for a
systematic correction of . The corrections should have the property that they are subleading
compared to ¢, () presented above when (p—1) is of order O (), and also that they are capable
of canceling the RHS of . An ansatz that obviously satisfies the first criterion and turns out
to satisfy the second is

¢m=2%ﬁf?‘wlwzm

dx) = Bulx)(p—1)" (p<1), (652)
n=0

ag(r) = fo(z) = a(z),

133The subscript a in ¢, stands for ‘ansatz’; a is not a spacetime vector index.

134The subsidiary condition is simply one convenient way of extending . away from the membrane
surface in a smooth, D independent way. The auxiliary condition is convenient but essentially
arbitrary. We could, for example, also have used the condition a(z#) = a(Z#(x*)). This condition would
also have served our purposes in principle but proves less convenient for actually solving the problem in
practice.

252



with
n-O0ay, =n-06, =0. (653)
Assuming the expansion ((652]) and focusing on the region p > 1, a straightforward algebraic

exercise demonstrates that

o0

6(z) = ZAn(’Jp;_l??",
n=1

A, = <Dan+ ((n+1)(D —2) —2(0—3))W (654)
(04 2)(0+ Do+ dp) ansa ).
9]
When p — 1 < 1, on the other hand, we find
Oé(x) = Ba(p—1)",
n=1 (656)
B, = (Dan +((n+1)(D-2)) dp‘d'j)%“ + (n+2)(n+1)(dp- .dp)an+2> .

The coefficients A,, and B,, in the expansion above can themselves be expanded in a power

series in (p — 1). Let
A= S A1

(657)
B, = ZBZ‘L(p - 1)m’

where
n.VA" =n.VB]" = 0. (658)

The equations (657) and (658)) define the expansion functions A" and B)"'. The expressions for

135We have used the fact that
(D —2)0,p0"p = pLp, (655)

(this is an expansion of the equation DPD%S = 0) to simplify the RHS of (654).
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¢ can be rewritten in terms of these expansion coefficients as

A =3 an (659)

n—m>
m=0
n

B, = g B ...
m=0

n-0A,=n-0B, =0.

The condition that ¢ is harmonic then simply reduces to the condition A, = B, = 0. We will

now demonstrate that these equations are very easily solved in a power series expansion in 1/D.

Explicit solution at low orders for p > 1 In this subsection we construct the functional

F defined in (612)).

Let us consider the special case n = 0. Ag = 0 implies that Ag = 0 i.e. that

dp-dp

Oag — (D —4) a1+ 2(dp - dp) az = 0.
This equation is practically solvable in the large D limit because the term proportional to ag is
subleading at large D compared to the other terms in this equation. Ignoring this term in the

equation we obtain the equation

pUag
(D —4)(dp - dp)

a1 = (660)
More precisely «y is given by on the membrane and determined elsewhere by subsidiary
conditions n - dag = 0. [29]

At any event we are most interested in a; evaluated on membrane surface. The solution we

have presented for oy on the membrane is given in terms of the spacetime d’Alembertian of «.

136 To see why this is so recall that was obtained by equating the coefficient of (p — 1)° in
to zero. Clearly (660) is not the unique solution to this condition; if we add (p — 1)G to the solution for
o presented in the coefficient of (p — 1)? in continues to vanish. In other words is too
strong; the correct statement is

pUag
(D —4)(dp - dp)

The ambiguity of extending «; off the membrane is then resolved by the condition n.Va; = 0.

+0(p—1). (661)

a1 =
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This result may be reworded in terms of the membrane d’Alembertian acting on the membrane

valued function ¢y using

Da:iﬂ%)—VK%Y@W+O<é), (662)

(here O in is the full spacetime d’Alembertian operator, [J is the d’Alembertian on the
membrane world volume and is derived using the subsidiary condition n - dae = 0). The
dot product in the last term on the RHS of is taken in the membrane world volume metric
Myny = nuny — nyny. Note that the second term on the RHS of is of order unity in
the 1/D expansion, and so is subleading compared to the first term in that equation. On the

membrane (i.e. on the surface p = 1 and at leading order
Oa = Ogy.

Using (648]) it then follows that on the membrane surface p = 1

n-0¢ = [DK—Q] [—(D —3)a+ <£2> Dao(Sﬂ“)]

~_ Kag (1—11)>+D°‘%M+0<11)> (663)

:—Kh<1—;>+ﬁgw+0<é>.

Recall from the introduction that Oag and K are both of order D. The RHS of (663) has terms

of order D and order unity.

The procedure outlined here can be generalized to all orders. The equation Ay = 0 will now
allow us to determine o to leading order. Plugging this result into the equation Ay = 0 then
allows us to determine the first subleading correction to oy in the 1/D expansion. In a similar
manner the equation Ay = 0 allows us to determine as to leading order; which in turn permits

the determination of s to first subleading and «; to second subleading order in 1/D, and so on.

Explicit solution at low orders when p < 1 In thissubsection we construct the functional
F5 defined in (612) at lowest nontrivial order. In order to do this we focus on the special case
n=0. Bp=0 implies that By = 0 i.e. that

DBO+(D—2)W+

(n+2)(n+1)(dp-dp) B2 =0.
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Once again the term proportional to §s is subleading at large D compared to the other terms in

this equation. It follows that
pUag

(D —2)(dp-dp)
Once again is reliable only on the membrane; ;1 is extended off the membrane using the
condition n - 98 = 0.

We are particularly interested in this coefficient evaluated on the membrane surface. Using
it follows that on the membrane

n-a¢\p1——DO‘fKW+o<ll)>

(1 VK -V
-5 VA& - Voo

K
e (52)o(3)

According to (583)), the contribution of the internal solution to the current on the membrane

B =-

(664)

O(¢o) —

+0 <11)> (665)

is given by the spacetime source
s = (Vip-dp) s(p — 1)(n - 96in)
I
=— ( dp'd,o) dp—1)V, (K) .

(666)

This current can be derived from the variation of the action for the internal solution w.r.t. ¢g
using the equation (587)) once we identify

1 [ (Veo)?
Sin = 2/ i (667)

can also be obtained from (589)) using (665|).

Current Using the results of the previous two subsubsections it is easily verified that

1+ 0lout — - 0lin = —Kao(a") (1 B 11>> " <12<> Clao ().

In other words our field ¢ obeys the equation (583|) (which we repeat here for convenience)

O — [(\/dp . dp> 5(p— 1)} 7, (668)

256



2 VK Vo %°> . (669)

J = ~Kdo (1— é) + = (iwo) R

4.5.3 Membrane solutions of the Maxwell Equations

We will now imitate the analysis of the previous subsection to demonstrate that the most general
solution of the Maxwell equations is parametrized by a conserved current living on the membrane,

and explicitly construct the solution generated by any particular current.

p > 1 In this subsubsection we find the solution F;[Ay] (see (618)). We will find it convenient
to slightly change notation as compared to the previous section; in particular the data for our

solution - referred to as (Ap), in the previous section will be taken to be GS\(/)[) below. As we

explain in detail below, Gg\(}) is a bulk spacetime gauge field whose restriction onto the membrane
equals (Ap), of the previous section.
Following previous subsections we assume that the gauge field A4 can be expanded outside

the membrane as

Ag = p~P3Gqy,

> (670)
Ga=>(p— 16},
k=0

where each of fo) admits further expansion in (%)

As in the previous subsection, the leading term Gg) in this expansion will turn out to be the
data of our solution (which we will later be able to trade for a conserved current). Below we will
outline the procedure that determines all the remaining coefficient functions in terms of Gf).

In order to set up the problem we work in the gauge A n? = 0. Of course this is simply a
convenient device; the gauge invariant content in our expansion lies in the field strengths. This
particular gauge is convenient as our problem has a special oneform - 0p - at each point in
spacetime. By using this oneform to fix gauge we obtain a parametrization that keeps all the
symmetries of the physical problem manifest.

Our gauge condition implies

ntGy =0, (671)

nAG(:) =0, forevery k (672)

where n 4 is the unit normal to the p = constant surfaces, defined by

Oap =N na, N =/(94p)(04p),
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(recall that N was evaluated in (648]) and equals % to leading order). As in the previous
subsection, we impose a subsidiary condition on the coefficient functions G 4 to give our expansion

meaning. The condition we impose is

Hé(n.@)Gi}f) =0, forevery k (673)

where

Hap =naB — nang.
From (671)) it follows that
A _ A
n*(n.0)Ga = =G4 [(n.0)n"]. (674)
Similarly from (672)) it follows that
nA(n.0)GY = —GP [(n.o)n"], (675)

(the last two equations are consistent because of (672)) )E
Our discussion above has been presented in a particular gauge. However the functions G 4

actually have a simple gauge invariant significance as we now explain. Note that

Fap = 0alp~P70Gp) —0p(p~ PG4
= (Oap PGB — (0p~ P )G A+ p P (04Gp — OG).

Now using

—nadpG* = —0p(naG™*)+ (9pna)G*
= 1(dcna)G*
= (Hg + nCnB) (dcna)GA
= KpaGt+ nBGA(n.a)nA
= KjG4—npn?(n.0)Ga, (676)

where the projector llsp = nap — nang.

13"Here all lowering, raising and contraction of indices have been done using the flat metric nap.
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It follows that

~N(D-3)Gg 1

nAFAB = ) + 53 [(n.(‘))GB — nAaBGA]
(D—-3)N CIJO 1 ’ (677)
(D — B "
D=2 pP=3 B
Here in the last line we have used the subsidiary condition (673]).
Moreover
/ / ]_ / !
T4 FapllB = (pD_g)) 4 (04Gp — OpGa) TS . (678)

Equations (676 (and in particular (677)) and (678)) are presentations of the gauge invariant

significance of the functions G4.

We now proceed to use the Maxwell equations to determine G¥ (for & > 1) in terms of G(X).
Our analysis proceeds in analogy with that of the previous subsection (scalar field) with one
crucial difference. While there are (D — 1) unknown functions G4 we have D Maxwell equations.
In order to solve for G4 we will use only the (D — 1) dynamical Maxwell equations . @ In
Appendix we have presented all the algebraic details of our computation of G 4. Here we
simply present our results.

Let us define

FI = 0,60 — 0560, (679)

At first subleading order in % we find

0
o g 04F ), o ( 1 )

" 2(D-3)N2 - NK D

(680)
(1G4 F, LofL
NK D)

Here, in the second line, we have used the fact that K = DN + O(1).

Note that Hg 8AF£‘OC), could be re-expressed completely in terms of quantities and covariant

138 As we have explained in detail in the previous section, the remaining constraint equation (617) con-

strains the data Gi?) (which we referred to as (Ag), in the previous section) that parametrizes general
solutions of the Maxwell equation.
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derivatives that are defined only along the membrane.
G OAF = 1507 [nan® FiL — nen® FY, + A QL IE |

= K nAFQNG + G0t [0 FOL0E | + o 1)
, ) (681)
= K n* (061G + NG04 [Hg‘ FO. ¢ } +O(1)

= K KAGY + G0 [nd FL g | + o).

In (681) all free indices are projected on the membrane and also all contracted indices and
derivatives run along the membrane directions only. Similarly, because of our gauge condition,

fo) for every value of k could also be considered as a vector field (GELk)) defined only along the

membrane. Therefore It follows that GE}) - the first Taylor coefficient in the expansion of the
gauge field off the membrane but viewed as a vector field along the membrane - can be rewritten

entirely in terms of intrinsic quantities on the membrane as

1 VVYE, 1
G = <N> (K;c;(f) g “) +0 <D> , (682)

where F, wv is the field strength along the surface and v u is the covariant derivative on the
membrane surface, with respect to the intrinsic metric of the membrane. Also all raising lowering
and contraction of indices have been done using the intrinsic metric of the membrane as embedded
in flat space.

Restricting attention to the surface p = 1 we have in particular
naFAgl,m = J0" = —(D - 3)NGW + NG + KAGY. (683)

Using the same argument as given above and substituting equations (682)) in equation (683 we
get the outside current as vector field along the membrane (upto first subleading order)
VVE; 1
0 0
JE) = —(D - 3)NG) + et 2K/GY + 0 <D> : (684)
where F wv 1s the field strength along the surface
As explained in the previous section, the constraint Maxwell equation asserts that

v, JE

(out) =0,

(where ﬁu is the covariant derivative on the membrane surface) yielding an effective constraint
on the data GELO) of the solution.
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p < 1 In this subsection we proceed to construct the functional F5 defined in . As in the
previous subsection, the data for this solution will be taken to be the spacetime gauge field éf)
whose restriction onto the membrane defines Ag of the previous section.

In order to proceed with our computation we proceed assuming that the solution in the region

p < 1 can be expanded as

[e.e]

Ga=>(p— DY, (685)
k=0

In order that the gauge field is continuous across the membrane we will require that the

restriction of Gg) to the surface p = 1 agree with the restriction of Gg) on the same surface. As

in the previous subsection we will use Maxwell’s equations to determine the higher order terms
in the expansion of the gauge field in terms of G%. As in the previous subsection we adopt the

gauge n G4 = 0 which implies that .
AAk)
nG,’ =0, for every k. (686)
As in the previous subsubsection we also demand that
5n 04G% = o.
Again as in the previous subsubsection it follows that
(n.@)éf) =-—ny ég) [(n-0)n”].
The quantities C;’(:) have the following gauge invariant significance:

Fap = 94Gp — 095G 4,

~ o0 - . 0 . - (687)
Fap =3 k(p = 07N [naG) sG]+ 30— 1) [2465 ~ 956].
k=0 =

k=0

Solving the equation (94 FA8 = 0) at first subleading order we find (see Appendix [4.11.11)

- ng oAF() 1
Gy = PR e +0 <D>
(688)

ngo4 [HA’F(O) HC'}
1 0 B At acrttco 1
__ <N> KacY + - +O<>,

261



where
F(m):a G(m)_a é«(m) K an — Extrinsi ; K — pABE
AB AV B BG4 7, AB xtrinsic curvature, n AB-

In the last line we have used equation (681J).
As in previous subsection we could also express G(!) as a vector field defined intrinsically on

the membrane

~ VVE K”G’,(,O) 1
1 — L 1 — 689
G” NK N © (D) ’ (689)

where FW is the field strength along the surface and @# is the covariant derivative on the
membrane surface, with respect to the intrinsic metric of the membrane. Also all raising lowering
and contraction of indices have been done using the intrinsic metric of the membrane as embedded
in flat space.

(689)) is our result for the first Taylor coefficient of the internal solution expressed entirely in

terms of the gauge field fo) restricted to the membrane (which we denote here as G,(LO)).

According to (595 and (624)) we have
T — pAFuplmr = NGW + KAGY. (690)

Substituting equation (688]) in equation to first subleading order we find

Ts" = K D

o(3)

It follows from (691)) and (594) that the contribution of the internal solution to the current on

the membrane is given by the spacetime source

T == (VVp-Vp)dlp—1)JF

/ (0) /
71_1%'814 [Hﬁ FA/C'Hg} o <1>
) ) (691)
I, Fiop 11

= —11G 14" 9, e

" HA’ F(O) HC” 1 (692)
_ , _ C A" A art oo 1
- <\/V,0 vp> 5(p—1) [HBH 8A< A +O<D>].
As before we could also view the current as a vector defined only along the membrane.
: VYF, 1
J(zn) — ool = ). 693
; 2 10() (693)
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This current is consistent with (596)) if we define

1 [ F,FW
ot = —— A 694
Sint = 1 (694)

where the integration is now taken only over the membrane world volume. It may be verified
using (597)) and (688]) that (694) is indeed the action of the interior solution. As explained in the

previous section, the fact that the interior current is identically conserved follows immediately
from the gauge invariance of the action (694]).

Membrane Current Let us summarize. We have constructed the most general decaying

solution to the linearized Maxwell equations in the exterior neighbourhood of a membrane sur-

face. This solution is parametrized by one vector field Gg) on the membrane world volume, or

equivalently a conserved current on the membrane world volume. The conserved current is given

in terms of Gg) by the formula

B _ 1B B
T = Jlouny = Jiim)

out)

— |-(D-3)NGY + NGy + KAGY | - [NGY + KAGY|

= —(D-3)NGY + N [Gg> . @gq (695)
2 11§ 1 1
= (D-3)NGY + (KB) o [aAGg?) — acaff)} +0 <D> +0 <D> .
Expressed as current as a vector intrinsic to the membrane, we find
Ju = Ju(out)y = Ju(in)
= [~ =3)NGD + NGD + KAGY | - [NGD + KGO
(696)

0 1 ~(1
:—(D—3)NG,§>+N[G,§>—GL>}

= —(D-3)NGY + NV o <1> .

K D
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4.5.4 Membrane solutions of the linearized Einstein Equations

In this subsection we will find the most general solution of the Einstein equation linearized around

flat space-time

9gAB = NAB + hag,
! ’ ) i 2 (697)
Rap =3 (0c0ahG + 0cOBhS — Ohap — 040BhE) + O(R?) = 0.

As explained in the previous section we proceed by first solving the dynamical Einstein equa-
tions (628) to determine the functionals F; and F, defined in (630)). We construct these two
functionals - to lowest nontrivial order - in the next two subsubsections. As in the previous

subsection, in this subsubsection we find it convenient to use the bulk metrics nayn + hg\g)N and

NMN + ﬁg\%\, (see below) as the data in terms of which we write our solutions. The restrictions

of these metrics to the membrane defines the intrinsic metric gﬁf d) used as the data for the

functionals F} and F5 used in .

As explained in the previous section, once we have solved the dynamical equations, the con-
straint equation is automatic for the inner solution. For the outer solution it is simply the
requirement that the Brown York stress tensor is conserved on the membrane approached from
the outside. Below we will find explicit expressions for the Brown York Stress tensor on the

membrane approached from both the outside and the inside in our solutions.

p > 1t Let us first study the external region p > 1. In analogy with previous subsections the

solution in this region takes the form
o
hap = |p P~ Z(p - l)mhfzg) . (698)
m=0

As in the previous subsection we adopt a gauge condition adapted to the foliation of spacetime
in slices of constant p
nAn = 0. (699)

As in the previous subsection we impose the subsidiary conditions
g g (n.o)hle), =o. (700)

on the expansion coefficients of (698). These conditions together with the gauge conditions ((671])
make (698)) a well defined expansion of the metric function.
As in the previous subsection the functions hff])g may be thought of as the basic data of the

solutions. The dynamical Einstein equations determine the higher order coefficients in (698) in
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terms of hffj)g. We present the details for how this works in Appendix [4.11.12] To first order in
the expansion in (p — 1) and at leading order in (1/D) we find

0 __erge | 90 hipe + 00 9M b — Dhigly + (D = 3)NK® Keer + 0cdeh®
AB T BT 2(D—3)N?2 — NK
1
+0(3)
_ g 260" e +000M e — Dhéy, + (D = )NWO Koo + 3030'71(0)] (701)
NK

o(3).

where A = B hg)j)g.

As explained in the previous section, (see around (636))), the Einstein constraint equation is

simply the condition that the Brown York stress tensor
T = K — KD p s, (702)

is conserved on the membrane, w.r.t the induced metric on the membrane. Here Kp is the
extrinsic curvature of the p = 1 slice, K is its trace, pap is the projector on the p = 1 slice.

At leading nontrivial order the stress tensor evaluated at p = 1 turns out to be
TAB _ (KAB _ KTIAB) 4 N (hAB _ h(l)HAB>
(out) = o \"()

N (703)
AB 0)71AB

-5 (D-3 (h(o) — pO11 )

Here K48 and I4E denote the extrinsic curvature and the projector respectively on the mem-

brane embedded in the metric [77 AB + hff])g} and K is the trace of K45,

[AB — pAB _ pApB _ h(%l)a’

. 1
RAP = 4B 2 [KACh(%? + th(%ﬂ , (704)

K =TapRKA = [Map + W] K47 = K + 0(02),

where K4p and Il4p are respectively the extrinsic curvature and projectors on the p = 1 slice as
embedded in flat Minkowski space-time, K = 8K 5.

As explained in the previous section, this ‘internal’ stress tensor can be rewritten more ele-
gantly in terms of purely intrinsic geometrical quantities on the membrane (see ) The less

elegant expression ([711]) will, however, prove practically more useful to us in the next subsection,
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as the cancellations with the outer stress tensor (703) are more manifest in this form.

Plugging ([701)) into (703|) yields an expression for the Brown York stress tensor purely in

terms of héf)?. The requirement that this stress tensor is conserved on the membrane yields an

effective constraint on h(o) . m

p < 1: As above, in the interior of the membrane we expand the metric as

Bulk metric =gap = nap + iLAB7

- > - 706
han = |30y i

m=0

As above we use the gauge condition
nAR™ = (707)
AB — Y

As above we require the coefficients of the expansion (706|) to obey the additional subsidiary
constraints
g s (n.o)h, =o. (708)

As above h104 p may be regarded as data of the solutions. The dynamical Einstein equations

determine all other terms in the expansion in terms of data. At leading order we find (see

Appendix [4.11.12] for details)

0:0M 0, + 0 oM h), — OrY), — 8pdeh©®
NK

o
B = g

+o<é). (709)

As explained in the previous section, the momentum constraint equations in the interior of

139 Note that the stress tensor is non vanishing even when hap = 0, i.e. when the spacetime metric
is flat. The conservation of this zero order stress tensor w.r.t. the zero order metric (i.e. the induced
metric on the surface p = 1 viewed as a submanifold of the flat bulk spacetime with metric n4p5.) on
the membrane is a trivial identity. The conservation of , when expanded to first order in hyp is
nontrivial. If we expand the stress tensor as Tap = TSy + Thp and the world volume metric on
the membrane as Pap = Py + Pl (where superscripts denote the order of expansion in hap) then the
conservation equation, expanded to first order takes the schematic form

(VOM TRy + (V)M Ty =0 (705)

(here we have expanded the covariant derivative as V = V? + V!; as above superscripts keep track of the
order of hap and have used the fact that (V)M T, vanishes identically.) Note that the equation ([705))
asserts that T, is not quite a conserved stress tensor on the membrane. The lack of perfect conservation
of Th;y is a direct consequence of the nonvanishing of T9; ..
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the membrane assert the conservation of the stress tensor
AB AB AB

where ICéf) and péf) are the extrinsic curvature and the projector on the membrane embedded

in the metric [77,43 + BAB} . K(in) is the trace of ICéf). Using the expansion equation ([706) we
find

T = (R - R 4 5 (75 - Am). (711)

As described before, here K48 and T4 denote the extrinsic curvature and the projector re-

spectively on the membrane embedded in the metric [77 AB + h%)a] and K is the trace of K45,

[TAB — yAB _ pApB _ hf})’i
_ 1
RAB = g4 — [KACh%)B + th(coﬂ : (712)

K = TapK*? = [T + )| K4P = K +0(h?),

The conserved membrane stress tensor The full membrane stress tensor is given by

AB _ AB AB
87T = - <T(out) o T@”)) (713)
_ g(D 3 (h(%;ja B h(O)HAB> B g [hé’? — hAB — () - B(l))HAB] .

Now from equation (701)) and (709)) it follows that
W =—n) - <K> KOK 5+ 0 (D> .
Substituting we find

N K
AB _ B AB 1 (0)[7ABY _ AB 3 (1)17AB
8T = (D ~3) (h(o) ROTT ) D[h(l) AT }

0 (714)
+ <h20) Kap+0O (é) )
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In the next section we shall see that for our particular solution h(® ~ © (%) In that case the

expression for the final stress tensor simplifies further and we find.

§aTAB = %(D —3) (h(}ﬁ _ h<0>HAB) _ <K> [h(‘f _ h(l)HAB}

D
1
e <D> .
4.6 The Charge Current and Stress Tensor for the large D black

hole membrane

(715)

4.6.1 Review of the nonlinear large D charged black hole membrane solutions

As reviewed in some detail in the introduction, the authors of [Il [63], 66] found a class of asymp-
totically flat solutions to the Einstein Maxwell equations. The solutions obtained in [1 63, 66]
are in one to one correspondence with the configuration (shape, velocity and charge density) of a
membrane in flat space, and describe the dynamics of black holes in a large number of dimensions
at time and distance scales of order unity.
The spacetime metric Gy and gauge field ayy of [II [63] 66] take the schematic form
o0
Ghun(p—1)
GMN =1MN + OMN, OMN = Z %,
. =t (716)
AR (p—1)
ay =3 Ao =1

pn(D—S)

n=1

The functions G, 5 (p—1) and A% (p—1) each admit a power series expansion in p—1. Schemat-

ically
Gun(p—1)=> Gty (p— D, AR(p—1)=>_ AW (p— 1" (717)
k=0 k=0

The coefficients G%N and Aﬁ/’fN are all finite in the limit D — oo and each themselves admit a
power series expansion in %, whose coefficients are various derivatives of the shape, velocity and
charge density fields of the membrane.

The authors of [I] 63 [66] have developed a systematic perturbative procedure to determine
the coefficients G%N and AT]\Lf. The m!" iteration of the perturbative procedure of [T, 63, [66]
simultaneously determines the coefficients GF\ A% upto order ﬁ (simultaneously for all n).

It follows that the m!” iteration allows systematic determination of the metric and gauge field
to order Dim for those values of p for which p — 1 is of order %. This was, in fact, the method

adopted in [IL [63] 66]. The authors of those papers work with a scaled coordinate R = D(p — 1)
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and then, in the m! order of perturbation theory, systematically determine the gauge field
and metric to order 1/D™. The fact that the authors of [II, 63}, [66] found solutions of the full
nonlinear Einstein Maxwell equations is reflected in the fact that the perturbative procedure
works uniformly at every value of n in the expansion .

Note that reduces to the expansions and when is truncated to the term
with n = 1. This observation makes perfect sense; the terms in with n > 2 are all highly
subdominant compared to the leading term when p—1 > %. As explained in the introduction this
is precisely the matching region in which we expect the general nonlinear solution of [I} [63] [66]
to reduce to a particular linearized solution of the Einstein Maxwell equations. In fact the
attentive reader will have noticed that the structure of the perturbative expansion described in
the previous paragraph is precisely the structure employed to obtain the general solution to the
linearized Einstein Maxwell solutions in section In other words the solution of [T} [63], [66] is
guaranteed to reduce to a special case of the construction of section when we truncate
ton = 1.

In this section we will see how this works in detail in a particular example. Our starting point
is the first order solution of the perturbative procedure of [1} [63] [66] presented in [63]. @ In the
rest of this section we massage the explicit solution of the chapter 3 to put it in the form
and . We then drop all terms with n > 2 in this expansion, identify the effective solution
of section that we are left with and thereby read off the membrane charge current and stress
tensor of the solution.

In the rest of this subsection we simply recall the final result for the membrane metric and
gauge field determined in chapter 3 in some detail. This solution is parametrized by the shape of
a metric in flat space, a velocity field uy; on the membrane and a charge density field () on the
membrane As in earlier sections in this chapter, the symbols nj; denotes the normal of the flat
space membrane while K s is its extrinsic curvature and K is the trace of K,y in flat space.

Like in chapter 3 we define

OM = Np — UM

In terms of all these quantities the metric and gauge field, presented in the previous chapter

140The results presented in have since been generalized to one higher order in [66] for the special
case of uncharged membranes. As this generalization has not yet been performed for the case of charged
membranes, in this chapter we restrict our attention to metrics and gauge fields at first order in the
derivative expansion, leaving the extension to second order results to future work.
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is given by

GMN = MN + OMN
gun = F(p)OuOn + gipy + ZO(MQ%) + ¢90y0xn + g7 Py,
V16m an = v2Q p~ 7Y Onr + (a(S)OM + a%‘?) ;

where

(718)

Pyn =nun — Ounn — Onny + OnOn,

PMNg() — pMNG() — o, pMNGT) — 0, MV — o,

The factor of /167 in the third line of (718]) is a consequence of the differences in the conventions
used for the gauge field in chapter 3 and this chapter (see around (879)). The various free functions

appearing in equations ([718) are given by

afl) = — (ﬂ> Q" [D(p =DV = Q[1 +log(1 - pDQZ)]Vﬁ)]

D
Lo <11)>2 7 (719)
al¥) = (é) {\@ Q D(p—1) pPsM 422 <£;2> p~P Y4(p) s<2>] +0 (;)2.

V) _

2
T 2 _
gg\ﬁv = <D> log(1 — Q%0 ") TN + O <D> :
[3Yi <

(721)

(Tr) 1Y’

The different functions and the derivative structures that appear in equations (719)), (720))

270



and ([721)) are defined as{zrl

Scalars
S@) = (L) [UAUBK (u?{)ﬂ
Vi = (B) [T + uKow] PY
Vectors

Vi = (2) [ — (- 9] P

D—-2

90,00, +9g,0 .
Tensor | Ty = Pﬁl (%) [—Ql QQQ et ~ NQ1Q2 (8_O)w P]%

Table 5: A listing of the ‘first order’ quantities that appear in the formula for the metric
and gauge field, taken from chapter 3.

Flp) = [(1+@)p P = @229

D(p—1)
Yalp)= [ do log(1- @),
(722)

2
Tilp) = | (07 = @oe(1 = @2 2) — (1= Q) log(1 - @)+ @ (15 ) Talo)].

V2Q = T304 [MP€00Q), Vua = MaxTIB0p [TIOCTAY (cru AN)} .

4.6.2 The Membrane Charge Current

From equation (719)) it is not difficult to read off the corresponding value of Azlw (see ([716])).
Recall that A}M is guaranteed to be a solution for the linearized Maxwell equations around flat

space. We find

o

VIenAl = Mp = (p— 1M, (723)
k=0

41 Here our basis for the independent boundary data ( the derivatives of velocity and the shape of the
membrane) is little different from what has been used in the previous chapter. The basis we have used
turns out to be more convenient for our analysis later in this chapter.
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with

) =va0 05+ ()& () (% - w-oma) i vo ()

D K K D
D\ (V? D\ [V !
1 O [ e OO R

where Ogp = ng —up, Pap =nNap —nanpg +usup =llap + uasup,

V2Q = 11304 [1P90cQ], Vus = 4411205 [HCC/HA’A”(aC,u A,,)} ,

(for notational convenience we have renamed A}f of as MXC); we have dropped the super-
script unity as we will only concern ourselves with the linearized part of the solution from now
on).

As we have emphasized above, the configuration is guaranteed to be a linearized solution
of the form presented in subsection[£.5.3] As we have explained around that subsection, every such
solution may is associated with a membrane current. This current is given by Jy; = J](\f,m) — J](\f[n)
where J ](\f[ut) is simply n’V Fyar where Fpy is the field strength evaluated on the solution
) is given by where the field strength in that expression is once again evaluated
on the configuration using the solution . The algebra required to evaluate these two

components of the current is straightforward; in Appendix [4.11.13| we demonstrate that

out V2K 2K V2Q + Qu-0)K
VlﬁFJBt—ﬂ{Q<K+ K2 —D>+(u-a)Q—< % )

+ Q(ucuC,KCC/)} up —v2Q K%) + (u- 8)u,4] P4 +0 (é) ,

above and J](\i,n

(725)

while

in V2 : V2 1
\/167ri(B ) = ﬁ[( KQ +Q uCu’ KCC/) up + @ Pg( KI,LA> -Q Kguc} + 0O (D) .

(726)

Here we have used the following short-hand notation for derivatives projected along the mem-

brane.

V2K = 11489, [Hg’aB,K} . V20 =T14Ba, [Hg’aB,Q] ,
= / ! — ’ ’ (727)
VAﬂB = Hﬁ Hg 8AIUB/, V2UA = HCB(?C [Hﬁ Hg 8B/u,4/] s

(725]) and ([726)) are our final results for the internal and external contributions to the membrane
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current. Putting them together we find
Jg = JE — g,
Subtracting equation (|725) from equation (726]) we find

VI6rJp = ﬂ[@ <K+ VK —2;){> T (u-0)Q - <2V2Q+§(“'6)K>} up

-V2Q K&é@) +(u-Vua + <?j§“‘> - Kffuc] Py +0 (é) .

(728)

Note that by construction Jp is a vector tangent to the membrane and also all the derivatives
that appears in the expression of Jp are all along the membrane. All these derivatives could re
expressed as covariant derivatives with respect to the intrinsic metric of the membrane. In terms

of the coordinates intrinsic to the membrane we write the current as

Vi6rJt = V2 [Q <K+ VIZ{ - 21[;) +(u-V)Q — <2v2Q+§(”'V)K> b
@VQ ~ @QUV a v 1
—\/§Q ( Q >+(U'V)UV+< I >_Kuua p”—i—O(D), (729)

where py,, = gff,fld’f) + Uy Uy, ﬁu = Covariant derivative w.r.t ggfd’f),
gl(f,fld’f ) = Induced metric on membrane, embedded in flat space-time

() denotes contraction w. r. t gff,fld’f),

4.6.3 A consistency check

In the previous subsection we obtained the results for the membrane charge current assuming that
the configuration is indeed a particular case of a solution of the general solution presented
in subsection While this must be the case on logical grounds, it is, of course, reassuring
to have a direct algebraic check of this claim. We have performed such a direct check; in this
subsection we present a brief explanation of the check we have here relegating most details to
Appendix

In subsection[£.5.3| we argued that the most general linearized solution to the Maxwell equation

f), the gauge field on the membrane. The Taylor series

coefficients of this gauge field off the membrane are completely determined in terms of GES). In
particular, to first order, ij) is given in terms of fo) by (680). We will now verify that (724) is
consistent with (680)).

Roughly speaking, G(f) is simply M Jg) ) while GS) is M ](31) (see (724)). However this is not

is parametrized by the single function G

completely accurate for two reasons
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e The analysis of the previous section was performed with the choice of gauge n®.Gg = 0.
Unfortunately the solution is presented in a different gauge. In order to compute
Gg\(}) and G(l) , consequently, we must either compute gauge invariants or perform a gauge
transformation that puts the solution into the gauge n®?.Gp = 0. We found it more

convenient to actually perform the gauge transformation.

e The statement that Gf) is given by evaluated at p = 1 is unambiguous. However
the statement that Ggé[) is the part of proportional to (p — 1) is meaningful only once
we have agreed on a set of subsidiary conditions on the coefficients of the expansion in
(p — 1). In the analysis of the previous section we assumed that all coefficient functions
obeyed the subsidiary conditions . The coefficient functions in (724]) turn out not to
obey these subsidiary conditions (the coefficients in obey the subsidiary conditions
employed in chapter 3, which are slightly different from ) Consequently they have to
be re-expanded in terms of quantities that do obey before we can read off GS).

In Appendix [4.11.13] we have carefully dealt with both these issues, and verified that the solution
(724)) does indeed take the general form presented in subsection with

V167G = —v2Q up + V207 <D) (M — (u- 5)UA) Py

D \K K
04Q QIuK 1\?
+f2HA[A— }+(9<) ,

Bl'K K2 D (730)

Vi6rGYy = i1y + cf)|
() () 3e(R) () (1)

4.6.4 Membrane equation of motion from conservation of the charge current

In section [4.5|we have argued that any membrane constructed out of the general linearized solution
of the Maxwell equations presented in that section must be automatically conserved. Earlier in
this section we have used the formalism of section to explicitly determine a charge current
for the membrane spacetimes of [II, 63, [66]. Our final result, presented in is given in terms
of the curvatures, charge and velocity derivatives of the large D black hole membrane. If the
analysis presented in this chapter is self consistent it must turn out that the charge current
- which can simply be algebraically determined in terms of membrane curvatures, velocity and
charge derivatives - must automatically vanish using only constraints between these derivatives

that were already determined in [I},[63] [66]. In this subsection we explain how this works in detail.
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At leading order in the large D limit, the current ([728)) takes the form
V16rJ* = V2QKut (731)

and is of order D Fl?l The divergence of a current of order O(D) is generically of order O(D?). In
the current context the naively order O(D?) term in the divergence of the leading order current

is given by
VI6rV " = VIQK (V) + O(D). (732)

This expression is naively of order O(D?) because K is of order O(D) and (Vgu®) would also
be of order O(D) if u were an unrestricted arbitrary velocity field. The fact that the divergence
of the charge current must vanish tells us that u cannot be an unrestricted velocity field; it must,

in fact, be chosen to ensure that

(Wuu) — o). (733)

The requirement is the first of and was, in fact, the starting point of the membrane
construction of [Il, 63, [66].

In this chapter we have systematically determined the large D membrane charge current
upto O(1). @ As the operation of taking the divergence generically increases the order of D
of a current by one power, our knowledge of the charge current is sufficient to determine
the divergence of this current only to order O(D). We have already explained that the condition
ensures that the divergence of the charge current vanishes at order O(D?). We will now
explore the requirement that this divergence also vanishes at order O(D).

Apart from the expression listed in , every term in is of O(1) rather than order
O(D). While a generic term in a current of order unity has a divergence of order D, it follows
from that any term of order unity proportional to v has a divergences of order unity. It
follows that such terms do not contribute to the divergence of the charge current at order O(D).

Dropping all such terms we find the simplified current

(%) + (u- V)uy, + (ﬁj{u“) —KZuV] pé} +0 <11)> ;

(734)

V16mJ(me) = ﬁ@{ma —

142This scaling is because K is of order D as explained in chapter 3 - see the introduction.
143The determination of the charge current to order O(1/D) requires knowledge of the gauge field in the
solutions of [II, [63] [66] at order O(1/D) which has not yet been worked out.
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whose divergence is given by
vV 16#@,“] "

(simp)
__ %{

2
VoQ+ Qu- V)u, +Q <v “) - QKﬁ“ua] p”“}

K
+KQ(V-u)+ K(u-V)Q+Qu-V)K +0(1) (735)
(/N y V2
:K{Q(vu)ﬂuv)w@ ( ;)K _ VKQ _Q(uuu"f(w)}+0(1).

In computing equation (735) we have used the identities (1101]) and (1106]). Fij‘-l
In the analysis of [1], [63), [66] it turns out that V-« = O(1/D). Moreover the ‘charge’ equation

of motion of the previous chapter asserts that

V2Q
K

(- V)Q+Q |

—Q (W'u'K,,) = O(1/D). (736)

It follows that the last line of ([735) - and so the divergence of the charge current (728) - does
indeed vanish at order D.
In summary, the charge current computed in ([728]) is indeed divergence free; the fact that

this is the case is, in fact, a restatement of the ‘charge’ equation of motion of chapter 3.

4.6.5 The Membrane Stress Tensor and its conservation

In the rest of this section we imitate the analysis already presented for the membrane charge
current in order to obtain and analyse the large D black hole membrane stress tensor. As the
logic of our construction proceeds in close analogy with the case of the charge current we keep
our explanations brief.

Expanding the metric presented in , and ) in the form , it is not difficult
to show that the function G}\/[ N in (which, for notational convenience, we refer to below as
Myp) is given by

Ghiv = Map = (p—1)" My, (737)

n

144We emphasize that it is permissible to replace the full charge current Juby J ffmp only for the purposes
of computing its divergence and not for the purposes of computing radiation.
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where

M) = (1+ Q20405 +2Q* (0aV + 05V(Y) = Q20405 — 2Q*rap

1 2
‘o <> ,
1 N 1 1 (738)
M) = 202500405 ~ (14 Q%) [V{) 05 + 04V |

with]
W= () [T+ en] 22
v = <Ilz> [(%]f( — (u O)UC] Py,
§(1) _ ( % > 20, (739)
ot (B0 (3)]
where

?QQ = HgaA [HBcacQ] , v2u,4 = HAA/Hgag [HCC,HA/AN(ﬁc/uA//) .

The metric is a particular example of the general linearized solution to the Einstein
equations presented in subsection . As in the previous subsection we have also verified in
detail that the solution and after appropriate transformation agrees with the general
structure listed in subsection provided we identify

hffj)g = (1+Q?) uaup
1
+ (D> [— 2@4 (UAng) + uBV/(XQ)) — QQuAuB — 2@2 TAB

+ 105 [0cCer + dcrCcl Hg/} +0 <D

D y . _ 1
W= (1) [207°Q waua -+ 1+ @) 15 (ua¥uc +ucwus) | + 0 (1),

where

=@ () (% - ua). (41)

145Tn equation (737) and (738)) we simply renamed G5 as ME@ to avoid confusion.
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We have, in particular, verified that the results quoted in are consistent with .

From the first equation of it follows that the trace of hffl);(: 4B hg))B) is of order O (3),
which justifies our expression of stress tensor as given in equation of previous section.

According to the general analysis of that subsection, any such solution is associated with a
stress tensor, which is given by the difference between the Brown York stress tensor evaluated on
the metric and the expression evaluated on the same solution. Also in equation ,
we have an expression for the final stress tensor explicitly in terms of hfa?z)a and hfjj)g. Substituting
equation in equation we find the explicit expression for the stress tensor for metric
(1738).

At this stage to simplify our calculation of stress tensor we shall use a trick. We shall define

T XET) as

Nty N 0 K 1
1 = S0 - (5 ) %%

Then from equation ((715)) we could clearly see that Typ — TXET) x ITop. We write the propor-

tionality factor as A. With this notation the stress tensor could be written as
87Tap = 87 |Thy ) + A Tag| . (742)

Now we shall determine A using the condition that K pT4® = 0 (see equation (607)).

Now collecting all these pieces together we finally get the explicit expression for the stress

tensor

K 1—Q? \Y% \Y
87TTXET) = (2> (1+ Q*uqup + ( 2Q ) Kap — ( AUB; BUA)

KQ> 20V’Q | 5 ¢ o 1
_<2D + 7 + Qu"u” Keoor | ugup — (uaVp + upVa) + O D)

(743)

2 K

2 4 2
_ (Q—;QQ> (u?)uA + (1 _;{Q ) ?QUA

i 2 =
Va=Q VaQ + Q*(u“Kca) + <2Q 9 1> (VAK>

and

A=— [ (1 +2Q2> (uuPKap) + <1 _2Q2> <Il§) +0 (;) ] (744)
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As in the previous subsection, V 4 defines the projected derivative along the membrane as embed-
ded in flat Minkowski space. See equation ([727)) for a more precise definition.Also in our algebra
we used the fact that to leading order in %,

2

K
KABK, 5 = - +0().

In equations ([742)), (743|) and (744]) all derivatives and all free and contracted indices are along the

membrane. Therefore we can as well re-express the stress tensor as a tensor defined completely

on the membrane, where all projected derivatives are replaced by covariant derivatives, defined

with respect to the membrane’s intrinsic metric.

K 1-Q? Vutn + VY,
se = () 0 @t f)Kw<u“2W>

KQ* 2QV?2
— ( « + A + QQUO‘UBKQB> uptty — (uVy + uyVy,)

2D K

(459 () (57) (5)
+0(p)-

R 4 N2 v

- (QQ hi 2Q4> (u-V)u, + <1 }Q2> V2u,

(745)

where

(746)

2

Conservation of the stress tensor In this subsection we shall compute the divergence of
the stress tensor (742)) and demonstrate that it vanishes at order O(D?) and at order O(D) once
we impose the membrane equations of motion.

As in the case of the charge current, the stress tensor has a leading order piece

87T, = (f) (14 Q*)uyuy, (747)

which is of order O(D). All other terms in ([742)) are of order O(1). As in our analysis of the charge
current the divergence of (747) is naively of order O(D?); the requirement that the divergence
vanish at this order reimposes the condition ([733]). As in the case of the charge current we must

now impose the condition that the divergence of the stress tensor vanishes also at order O(D).

279



The order O(D) part of this divergence receives contributions only from those O(1) terms in ((742)
whose divergences is of order O(D). This criterion excludes all order O(1) terms proportional to

g,(fyn 45 in 742]). In order to compute the divergence of the stress tensor at order D, it follows

that we can replace the stress tensor in (742)) by the simpler effective stress tensor T,Sif 2

N2
Tp(j;ff): (12() (1+Q2)u“uy+<1 @ )KW

2
B (@Hu,, + @l,uu

(749)

2 ) - (u/,LVV + UVVM) [}

where V), is defined in equation ([746)).
The divergence of T,Sif D) has a free index and so can be decomposed into the part orthogonal
to u* and the part in the direction of u*. We will find it convenient to give these two different

pieces names. Let
B = pl VaTghy

and let
E = uV@aT(ch;f).

We will first demonstrate that the requirement that E* vanish at order O(D) is simply a re-
statement of the motion. On the other hand the requirement that F vanish at order D tells us
(V-u) is of order O (4) or smaller (this is a strengthening of the condition (733)). As both these
conditions were independently met in chapter 3, it follows that the stress tensor dual to the large

D membrane is indeed conserved.

16Ty order to see this recall that V,, gg':l 4.5y = 0 identically. Therefore

v [A gfjﬁd’f)} =V, A =0(1). (748)
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We now turn to a demonstration of the first of these assertions.

Bt = — <§) 1+ QY (u-V)u" — (1 _QQQ) PUVLKS

AR (750)
uV (0% l/u
—p“”( % T )}—H’)(l)

=2
_plW (V;V + Kl/aua> :| + 0(1)

In the last step we have used identities (1103)) and (1107)) and also (733)).

We now turn to the quantity E. After a little bit of algebra (see appendix (4.11.14]) we are
able to show that

E = u,VaT(yy)

= (5) (1+Q*)(V-u)—(1+2Q*)(u-V)K + g(uuuuKW) (1 + 302 +2Q4)

2
2 (BEY ave 20y o
_ (1+22Q2) —2(u V)K + K(1+Q*) (' Kpw) + (1= Q%) (V;KH N

I <I2(> (14 Q*)(V -u)+ O(1)

- (f) (1-Q)(V ) - (1 +2Q2> (VuB") +O(1).

2 K
We have already argued above that all the E,, are of order unity or smaller. It follows that V,E¥
is of order D or smaller and so (751]) implies that

(5)a+en@-w-ow

:(vu):oc)), (752)

as we claimed above.
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4.6.6 Stress Tensor and current conservation imply the membrane equations

of motion

We have already demonstrated above that the membrane equations of motion are sufficient to
ensure that the charge current and stress tensors dual to the solutions constructed in chapter 3 are
automatically conserved. In this brief subsection we point out that the relationship between the
membrane equations of motion and current conservation can be reversed. Just as the equations
of motion imply current and stress tensor conservation, the conservation equations in turn imply
the membrane equations of motion.

The argument is immediate. The first membrane equation is simply , which we have
already derived as a consequence of conservation. Plugging in equation then yields

the second membrane equation. In other words the conservation equations directly imply

1+ Q) (u-V)u'+(1—QH(p""V,K)— P (v;“” + Kmu“> = 0(1),

K (753)
K

(u-V)Q+Q =

&2
- [V Q] - Q (W' Ky) = 0(1),

the two membrane equations of motion listed in the introduction of chapter 3.

4.6.7 Qualitative discussion of the uncharged membrane stress tensor and

resulting equation of motion

In this subsection we focus our attention to the relatively simple case of an uncharged membrane.
In this special case we re-discuss the structure of the membrane stress tensor and resulting
equation of motion emphasizing qualitative features. The purpose of this subsection is to help
the reader develop some intuition for the structure of the large D membrane.

Let us first note that the expression for the membrane stress tensor, , simplifies consid-

erably when we specialize to the study of uncharged membranes. We find

C(IN[(K 1 (Vs + Vo
e (1) [ () s (3 - (%)

. (uHVyKJruyVMK) - <u“u5Kag LS ) g(mdj)] (754)

2 2D )7
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At leading order in the large D limit (754)) simplifies to

K
TNV — 1677[_’[1,”11/”. (755)
This term is of order O(D) because K is of order O(D); all other terms in (754 are of order
O(1). Note, in particular, that the leading order stress tensor lacks a ‘surface tension’ term
proportional to gf}f d.f), (755)) appears to assert that the large D black hole membrane is made
up of a collection of pressure free dust particles with density proportional to K. This slogan is

misleading, as we now explain.

The divergence of (755)) is given by

V-ouk (u- V) (Ku")
16r " 167 '

1, — ¢ (756)
The first term in is or order D? while the second term is of order O(D) (recall that (V - u)
is of order D). Setting the divergence of the stress tensor to zero at order O(D?) immediately
yields the condition that (@ -u) = 0. We emphasize that even though is the stress tensor of
a collection of pressure free dust particles of (variable) density %, one of the equations of motion
that follows from the conservation of asserts that the velocity flow u* is incompressible The
reason for this apparent dissonance is that terms involving a derivative of the dust density are
subleading in (%) compared to the term involving the divergence of the velocity.

It might naively seem from that the remaining equations of motion that follow from the

requirement that the stress tensor is conserved is the equation
- (u@) (Ku") :K<u@> ut =0, (757)

where p,,, represents the world volume projector orthogonal to the velocity u#. The equation
, if correct, would have been the statement that the ‘proper acceleration’ of u* vanishes on
the membrane world volume in the directions orthogonal to u*. This statement would have been
consistent with the interpretation of u* as the velocity field of a pressure free gas of dust.

The equation is in fact incorrect. This is because the expression in , which is of
order O(D), is of the same order as (parts of) the divergence of the O(1) terms in the stress
tensor that were omitted in the leading order expression ([755)). The corrected version of
takes these additional terms into account, yielding the membrane equation (546)) which can

be rewritten for the special case of an uncharged membrane as
K p(u-V)u” = pt (@QU” +u*K} — @”K) = 0. (758)
The equation (758 can be thought of as an expression of Newton’s force applied to the particles
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that make up the membrane. The LHS represents ‘mass density’ (K) times acceleration (u - V)u
while the RHS of describes the forces that these particles are subject to. The first two
term on the RHS of are an expression of the of the force of shear viscosity and have their
origin in the last term - the shear viscosity term - in the first line of . FETI The final term
in the RHS of has its origin in the second term - the bending or curvature energy term -
the on the RHS of the first line of (see ) Roughly speaking this term reflects the
fact membrane has a restoring force that tries to smooth out gradients of the membrane extrinsic

curvature.

4.7 Membrane Entropy current

In the previous section we have found explicit formulae for the stress tensor and a charge current
on the world volume of the membrane. In this section we will use a pullback of the area form
on the event horizon of our the spacetimes dual to large D black hole membranes to define and
determine an entropy current on the membrane. The Hawking area increase theorem guarantees
that the entropy current that we define in this section has a divergence that is point wise non
negative [79].

As in the case of the charge current and stress tensor, in this section we first explain the
general strategy that we use to construct a membrane entropy current at every order in the %
expansion. We then proceed to implement our construction at low orders in this expansion, using
explicit results for the spacetimes dual to large D membranes.

In previous sections we obtained results for the charge current and stress tensor on the mem-
brane using the explicit results of chapter 3 for the spacetime solutions dual to membrane motions
accurate to first order in %. The knowledge of the stress tensor and charge current to this order
proved sufficient to test one of the most important structural features of these currents; namely
that the requirement that these currents be conserved is a restatement of the membrane equations
of motion. In a similar manner it is possible to obtain an entropy current to first order in the
derivative expansion at first order in % using the results of chapter 3. However the divergence of
the current obtained in this manner turns out to vanish identically. In other words at this order
we are blind to one of the most important general properties of the entropy current, namely that
it is not conserved, but it’s divergence is instead point wise positive definite.

In order to capture this basic qualitative feature of the membrane entropy current, in this

1

section we work with second order (in ;) metrics of [66] dual to second order membrane motions.

147The first term on the RHS of (758) is the classic expression of a viscous force, familiar from the Navier
Stokes equations. The second term in ([758]) is less familiar because it vanishes when the membrane world
volume is flat. This term arises because V,V, u# differs, in general, from V,V ,u* by terms proportional

to the curvature of the membrane (see (1107)).
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@ The disadvantage of our reliance on the results of [66] is that these results apply only to
uncharged black holes. Second order spacetimes and gauge fields dual to charged large D black
holes have not yet been obtained. For this reason all the explicit results presented in this section
apply only to the case of uncharged membranes. The extension of this analysis to charged
membranes should be a straightforward exercise once the charged version of [66] are available.
After obtaining our formula for the entropy current we turn our attention to the simplest so-
lution of the membrane equations of motion - namely the solution for a static spherical membrane
- and compute energy, charge and entropy of this solution. We demonstrate that the charges of
our solution agree with those of exact large D black holes to leading order in the large D limit,
demonstrating in particular, the consistency of our results for membrane currents with the first

law of thermodynamics.

4.7.1 Determination of the entropy current

Consider the spacetime dual to a membrane configuration. Let the bulk spacetime metric at the
event horizon be denoted by Gap. @ The precise definition of the membrane shape function
and membrane velocity were chosen in [66] to ensure that the spacetime metric Gy takes the

following simple form at any point on the event horizon

P
Grin = + (n = whar(n = w)y + Hy e+ H' 525 (759)

Here n s is the normal oneform on the event horizon normalized so that

MN
n T nyny =1,

ups is the ‘velocity’ field chosen to be orthogonal to nps (i.e. nMNuMnN = 0) and also to be unit
normalized (i.e. n™Nuyuy = —1). Moreover
Pyn = nuN +upun —nyny (760)

and the ‘tensor’ field H](\;])V is orthogonal to both u™ and n™ and is also traceless i.e.

H{DonM = HD WM = 7D PMN = 0,

(where all indices are raised using the inverse metric n™ ).

1481n fact the use of the results of [66] (rather than those of chapter 3) proves convenient for another
unrelated reason. In their construction the authors of [66] have employed a natural all orders definition of
the membrane shape and velocity that turn out to significantly simplify their metric in the neighbourhood
of its event horizon in a manner that proves convenient for the analysis we present below.

149 We emphasize that G 4p is the full spacetime metric, not the metric restricted to the event horizon.
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is a formula for the full D dimensional spacetime metric at any point on the event
horizon. The metric carries information about the inner product between any two vectors
in the D dimensional tangent space to the full manifold at any point on the metric. In this section
we will be primarily interested only in the metric restricted to the event horizon itself - i.e. the
inner product between any two vectors, both of which lie in the D — 1 dimensional tangent space
of the event horizon. The tangent space of the event horizon is a codimension one subspace of the
tangent space of the full space, consisting of those vectors whose dot product with ny; vanishes.
It is easily verified that a basis for such vectors is given by the tangent vector u™ = nMNqyy
together with any basis for the D — 2 dimensional space of vectors orthogonal to both u;; and
na-

If we are concerned only with the tangent space of the event horizon then the metric is

easily verified to be equivalent to

oh (T) HTT‘
Gun =Hyy+(1+ 35— ) Pun, (761)

in the sense that
FMEN Gy = M EN G

where j4 and kP are arbitrary vectors in the tangent space of the event horizon. Note that
G%}NnM = GﬁNuM = 0. It follows that the metric has rank D — 2, even though the
event horizon is a D — 1 dimensional manifold, reflecting the fact that the event horizon is a null
manifold.

We will now define D — 2 dimensional ‘area form’ on the event horizon. Consider any point
on the event horizon and consider a ‘patch’ of a D — 2 dimensional sub manifold enclosed by
the generalized parallelogram formed out of the D — 2 infinitesimal vectors dt{ ... (5t‘£‘)72. Let
the D — 2 volume of this patch - computed using the metric induced on this patch by (or
equivalently ) -be given by 0Vp_s. The D — 2 area form Ap, g, , on the event horizon is
defined by equation

SVp_o = Ap, By ,0ti .. 6507, (762)

(this equation is required to hold for every choice of the infinitesimal vectors 5t;4).

If one of the boundary vectors, t‘f‘ is chosen to be u® then it is clear by inspection that the
metric induced by on the D — 2 dimensional patch is of rank D — 3, and so §Vp_o vanishes.
It follows from that Ap,..B,, , must vanish when contracted with u. Now the area form is
only well defined in its action on tangent vectors of the event horizon. However we could choose
instead to generalize this area form to any D — 2 form that can be contracted with tangent vectors
on the full manifold, so long as this form has the correct action when acting on tangent vectors of

the event horizon. Of course this ‘uplift’ of the volume form on the event horizon is not unique;
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we choose a unique ‘uplift’ by arbitrarily imposing the additional requirement that the D — 2

M

form vanishes when contracted with n™*. With this choice the uplifted area form on the event

horizon necessarily takes the form

Ay ap oy =Ceay Ap_yBiBul nP2, (763)

where €4,..4, ,B, B, is the standard volume form in flat D dimensional space with metric 7N
and ( is yet to be determined.

We will now determine ¢ in . Consider a D — 2 dimensional parallelepiped constructed
out of D — 2 basis vectors (5t‘14 . (515‘372 where these basis vectors are all chosen to be orthogonal
to both u4 and n4. As above we will denote the volume of this parallelepiped - constructed in
the spacetime — by 6Vp_s.

Let us now consider a different problem. Consider a fictional space time with metric G'y 5
given by

wp = Giin +nanp — uaug. (764)
Using ([761]) and (760]) we find

T)

P,
Ghn = mun + Hi A + HTT MY

M (765)

Working with the metric Gy, we now consider the D dimensional parallelepiped bounded the
vectors §t4!. .. 6t5_, together with the additional two vectors da n and §b u™. Let 6V denote
the volume of this D dimensional parallelepiped. A little thought will convince the reader that

(upto a sign we will not keep track of)
OVp = da 6b §Vp_s. (766)

However dVp is easily independently determined. Using the fact that the volume form of the non

degenerate D dimensional metric G'; 5 is simply given by /—G’e4,..4,, we conclude that
oVp = v —=G" daddb eAl_,.AD723132uBlnB2 (767)

Comparing ([767)), (766) and (763) we conclude that (upto a sign)

¢ =V=@&, (768)

so that
Apyap y =V—Geay. . Ap_ B Bu" 02, (769)
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(769)) is our final result for the area form on the world volume of the membrane.

At least for the case of uncharged black holes, it was demonstrated in [66] that H 1(\2\/ and HT"
both vanish at leading and first subleading order in % and are nonzero only at order O(1/D?).

As H](\;Z)V is traceless, it follows that the contribution of this term to the determinant G’ starts at

order ﬁ. On the other hand the trace of 7;1‘{ 5 is unity. It follows that upto order %

Tr —
va—1+ =0 O o0y,
) 2 2 (770)
= ﬁ(u K — u.Vu)2,

where we have used the explicit result for H1"(¢) = 1) at order ﬁ (see Equation 4.16 of [66]) to
obtain the explicit value for C'. Note that C is of order ﬁ. @

The entropy current on the membrane is obtained by dualizing the area D — 2 form and
dividing by 4 [79]. We obtain

1 C 1
Jh = \/—G'”Z ~ (1 —5+0 (1/D3)> UZ‘ (771)
Note in particular that at leading order in 1/D
o
Jh = UZ‘ (772)

The first correction to this leading order result occurs at order 1/D?.
The divergence of this entropy current (771)) is easily computed;
- @Hu“ u“@MC

Vb = R +0(1/D%), (773)

V au? was evaluated in [66] with the result

PPV gV ug)

Vit = oK

+0(1/D?). (774)

Note in particular that V 4u? is of order %. As C is of order ﬁ, if follows from (773) that

PPV () Vi ug)
SK

VuJh = +O(1/D?). (775)

Note that the RHS of (775]) is positive definite. As we have explained earlier in this section

150We emphasize again that the explicit result for C' reported in the second line of (770]) is accurate only
for uncharged black holes; the computations required to determine C have not yet been performed for
charged black holes. We leave the determination of C' with nonzero charge as a task for the future.
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this positivity could have been anticipated on general grounds using the Hawking area increase
theorem [79].

4.7.2 Thermodynamics of spherical membranes

The simplest solution of the membrane equations of motion is a static spherical bubble of
radius rg with u = —dt and @ = Q¢ = const. In this brief subsection we compute the charges of
this solution and match these with the thermodynamic charges of black holes.

At leading order in the large D limit it follows from that Tyo for this solution is given
by
(D-2)(1+Q})

Too =
00 167T7“0

It follows that the mass m of this solution is given by

~ Qp_o(D —2)rP=3(1 4 Q2
m = Qp_orP 2Ty = D2 1)67r (1+Qp) (776)

Note that m in (776]) agrees with the mass of the black hole (885) at large D (recall that cp =1

in (886) the large D limit).
The static membrane solution described above has a gravitational tail at infinity. It follows

from ([1001)) and (998) that the curvature of this tail is given by

8 m
ROz’Oj - —mvivj (7@7_3) > (777)

in agreement with (882), supporting our identification of [ Ty with the mass of the membrane.
It may be verified that (777) agrees with the curvature of the black hole solution (885 at
large r and large D.

In a similar manner the charge density of our solution is given by

JO _ QO(D - 2)
2\/%7"0 '

It follows that the charge of our membrane configuration is given by

Qp—2(D — 2)QorP—3
227 '

Once again the ¢ in (778)) agrees with the charge of the black hole (885)) at large D (see (886)).

At large r our charged static membrane solution sources an electric field given by

q=Qp_ory 2J" = (778)

i F’LO — _ ;
b T () (779)
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in agreement with (883]).
It follows from this analysis of metric and field strength tails at infinity that the spherical

membranes studied in this section are dual to static black holes (885]) of mass m and charge Q.
Finally it follows from (772) that the entropy S of our static solution is given by the area of

the membrane divided by 4, i.e.
D—2

_ Qparg
-4
in agreement with the entropy of a black hole with the same mass and charge.
In the study of black hole physics we define the black hole temperature and chemical potential
via the formulae and . These definitions ensure that black holes obey the first law
of thermodynamics . As the spherical membranes of this subsection are dual to the corre-

sponding black holes, it is natural to assign them the same temperature and chemical potentials

S (780)

ro 1-Q)K

4
Q

H= NG
With these definitions the equation (890 can be viewed as the assertion that the spherical mem-
branes of this subsection obey the first law of thermodynamics.
In the spirit of the equations of hydrodynamics, the identification (781]) can be made locally

for any membrane configuration, allowing us to discuss the evolution of the local black hole

(781)

temperature and chemical potential in the course of a dynamical evolution.

4.8 Radiation in general dimensions

Earlier in this chapter we have determined the explicit form of the stress tensor and charge current
carried by a large D black hole membrane. As the membrane undergoes a dynamical motion
these currents source electromagnetic and gravitational radiation. The resultant radiation field
is determined by plugging these currents into radiation formulae: the formulae that determine
radiation fields in terms of currents. In this section we review radiation formulae in arbitrary
dimensions.

For completeness - and clarity of presentation - we begin this section with a discussion of the
formulae for the radiation response of a massless minimally coupled field to a scalar source, even
though this theory is not needed in order to analyse the black hole membrane. We then turn to
the analysis of the cases of real interest; the radiation response of a Maxwell field to an arbitrary
conserved current and the analysis of the radiation response of the linearized gravitational field

to an arbitrary conserved stress tensor. In the next section we will apply the formulae developed
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in this section to a particular situation, namely to the study of small fluctuations about a static
membrane.
In a certain abstract sense the radiation formulae are extremely simple; they take the schematic

form

R(x) = /dD:E/G($ —a)J ('), (782)

where J is the source, R the radiation response and G a retarded Greens function. From this point
of view the theory of radiation ends with the computation of the appropriate Greens function, a
topic we have already discussed in section

Let us now, however, specialize to situations in which the ‘centre of mass’ of the sources
is at rest and localized in a shell of radius R about a particular spatial point z’. If we are
interested in the radiation response at points x whose distance from z’ is much larger than R,
the resultant radiation formulae will clearly be most transparent when expressed in spherical
polar coordinates with 2’ as origin. In this coordinate system the sources and radiation fields are
both naturally expanded in a basis of scalar, vector and tensor spherical harmonics. then
turns into an integral transform that expresses radiation fields a particular symmetry property
(say, e.g. radiation fields in the I vector spherical harmonic) as an integral over sources in the
same representation. The resultant final expressions are much more explicit - and so much more
transparent - than ([782)).

The starting point for the derivation of the formulae presented in this section is the expansion
of the retarded scalar Greens function of section in spherical coordinates. In the Greens
function was already presented in polar coordinates in the special case of the source at the origin.
In Appendix we demonstrate that when the source is displaced away from the origin, the
generalization of is given by (we assume |7 > |7])

Gw, |7 —7|) = g Z D)W (wr)J p=sen (wr')Pu(6, ), (783)
:0

where P;(6,6’) is the projector onto the space of functions whose angular dependence is a linear
combinations of I*" scalar spherical harmonics; see around in the Appendix for more details)
and 0 and @' are the angular locations of ¥ and 7 respectively. |TE|

As mentioned above, all the results of this section are presented in terms of scalar, vector and

tensor spherical harmonics. We define and study spherical harmonics in arbitrary dimensions in
Appendix

151 While the formulae developed in this section are standard extensions of textbook treatments of
radiation to arbitrary dimensions, we were unable to locate a reference with all formulae presented in a
clear and systematic manner and so chose to undertake the exercise ourselves. All the formulae developed
in this section are derived for arbitrary values of D ; however we also emphasize special simplifications
that occur at large D.
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4.8.1 Scalar Radiation

Consider a minimally coupled scalar ¢ which is zero at early times. The scalar is subsequently

kicked out of its ‘vacuum’ state by coupling to a source according to the equation
—Oo =S8. (784)

where S is an arbitrary function of space and time. [TE] We further assume that the sourcce S(x)
is spatially localized about a particular point in space at all times in a particular Lorentz frame.
We choose to work in this Lorentz frame, and choose the this point as the origin of our spatial
coordinates. At large enough distance from the origin the equation of motion for ¢ simplifies to
—g¢ = 0.

Spherical Expansion of outgoing radiation The most general solution to the minimally

coupled scalar equation that is outgoing radiation at infinity takes the form (see (966)))

HD+2l—3 (wr)
2

d(w,7) = w0 —5—5—. (786)
! o2

The functions aq(w, §) are angular functions in the [t spherical harmonic sector for scalars, i.e.
they obey the equation
Pray = 5“/04[.

3

Radiation in terms of sources The response of the field ¢ to the source function S is given
by the formula
H(w,T) = / dP17G(w, |7 — 7))S(w, ). (788)

152This equation of motion follows from the action

S = / dPav/-G (—;(w))2 + 5¢> : (785)

153This is an abbreviated form of the equation

/dQID_QPl(Q, 0’)0@,7[/(6/) = 5171/04%5(6). (787)
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Here G(w, |# — 2]) is the retarded Greens function determined in (565)) and
S(w,7) = / S (2 dt. (789)

In other words S(w, ') is the source function Fourier transformed in time.

It is useful to decompose the source into its distinct angular momentum components
Sw,?) =3 Siw,r.0), (790)
!

where

PSSy = 5171/55. (791)

In other words Sj(w,7’,8') is the part of S(w,a’) that transforms in the I** spherical harmonic
representation. Inserting the expansion ([783)) for the Greens function in (788)) and specializing
that formula to large r, it is easily verified that (788]) reduces to (786) with

ay(w,0) = % /dT/JD—g+21 (wr’) r/%Sl(w,r',H), (792)

(792)) is our final formula for scalar radiation. In the rest of this subsection we will study limits
and properties of the formula (792)).

The static limit Recall that

In(x) = (z% < n). (793)

I'(n+1)’

This observation may be used to simplify in two different physical situations. The first is
the static limit w — 0 taken at finite D. The second - of particular interest to this chapter - is
the limit in which wR is held fixed as D is taken to infinity (here R is an estimate of the spatial
size of the support for the scalar source S which is assumed to be of finite extent). In either limit

we obtain the simplified formula

a(w,0) = dle% /dr’(r’)HD_QSl(w, . 0), (794)
with

_ T 1
T (i B

aj

(795)

In this subsubsection we study the static limit, postponing our stdy of the large D limit to
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the next subsubsection.
In the static limitthere is a further simplification. As w is taken to zero the Hankel function
in (786) may be approximated by its small argument expansion (566[) and we find

6(0,7,0) = 5= SZ< >2l+D3/dr’r’D 2<T/> S,(0,7',0), (796)

is simply the multipole expansion of the solution to the Euclidean equation V2?¢ = —S
in D — 1 Euclidean dimensions, and may directly be obtained by inserting into .
Note that the static field falls off much faster at large r than the radiation field does; this is
the generalization of the familiar fact that the Coulomb field in D = 4 falls off like %2 while a

radiation field decays more slowly, like %

Large D limit Let us now turn to the large D limit at finite w. The Sterling approximation

allows us to simplify the expression ¢&;; we find

D-3
; “ﬁ (*#2) . (797)
2 D Dl-1

We would now like to estimate how fast our system loses ‘charge’ via radiation at large D. In
order to make this question precise, let us slightly generalize the discussion of this subsection to
the case of a complex scalar field ¢ and source S. All the formulae derived above continue to apply.
The advantage is that our scalar field now carries a current given by Jy; = i(Ond*p — ¢*Opr o).
Let us assume that the source function is nonzero only in a shell of radius of order R and vanishes
outside the shell. In the external region the current Jj; is conserved. We will now estimate first
the integrated density of this charge contained in the field ¢ to the exterior of the shell of S and
second the rate of loss of charge to infinity by radiation. The ratio of these two quantities will
give us an estimate of the rate of loss of charge due to radiation per unit time.

lth

Using ([786|) we see that the charge carried by our configuration in the mode is of order

RDP 5
(OJR)QHD;;/SD_Q |y (0)7],

where the source is assumed to be of size R we have retained only leading order terms in the limit

of large D. On the other hand the rate of energy lost due to radiation is of order

L, @

214+D—4
It follows that the fractional loss of charge by radiation per unit time is of order (G0

oo and
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so is extremely small at large D.

4.8.2 Electromagnetic Radiation

In this section we will find the solution to the Maxwell equation
VMEyn = Jn, (798)
sourced by an arbitrary localized charge current Jys. It follows from that
OFun = —(VNIum — VuIn). (799)
In particular the electric field defined by
E; = Fy;, (800)
obeys the equation

OF = —J.ss,

. . . (801)
Tepf =VIo— 0J.

In order to determine the radiation response to a current it is sufficient to determine the
electric field at large distances; all other components of the field strength may be obtained rather
simply from the electric field using the Bianchi identity. To see how this works recall that the

Bianchi identity with free indices 0,4, j takes the form

OoFij = ViE; —V;E;, e
' ¥ 7 2
Fyj(w, ) = WYViliw, ) = V;Ei(w, 2)) (802)

w

It follows that the F;; is completely determined in terms of E at every nonzero w.

Free outgoing solutions of Maxwell’s equations At large distances where the source
JM vanishes, (801)) reduces to
OE = 0. (803)

Now E is a vector field in spacetime. As we have explained in Appendix [4.11.4] any such field can
be written in terms of two scalar fields and one divergenceless, purely tangential (to the sphere)
vector field. This tangential divergenceless vector field can be expanded in vector spherical

harmonics while the two scalars are expanded in scalar spherical harmonics. A useful basis for
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this decomposition is listed in in the Appendix. In this basis the action of V? is diagonal
and is listed in .

It follows immediately from that the most general solution to (803)) is given by a vector
of the form where the radial dependence of the coefficients ¢y, 4; and (5; respectively is the
same as that of the (I — 1), I and (I + 1) angular momentum component of the modes in
. In other words the most general harmonic solution for E is given by

_ © (Hpioas(wr) Hpyoa(wr)
E(w,?) = Z (2D_3.A_[Sl_(w,9)] + QD_SAJF[Sf(w,G)])
1=0 T o2 T o2
© (Hpyaus(wr) (804)
+ 55— Vi
=1 roz

where SljE are arbitrary r independent scalar functions in the [** scalar spherical harmonic sector

I*" vector spherical harmonic sector, normalized so

and 171 is an arbitrary vector function in the
that each of the Cartesian components of V, is a function only of the angles and is independent
of . Here A~ [S; (w, ) and At [S;"(w, 0)] are the maps from scalar to vector functions in RP~!
defined in .

The equation
V-E=0, (805)

(which also holds in the absence of sources) further constrains radiation fields. Using and
appropriate recursion relations for Hankel functions we demonstrate in subsection below
that

1S, =(1+D-3)S}, (806)

(804) with the constraint (806)) is the most general solution to the source free Maxwell equations.
At very large distances, wr > D?, (804) simplifies to

- . 2 v X i /oo -
Blo® =gy et (ATISF (0] - A (57 (.0)])
T

=0

9 eftw X —
+i 7%26%‘6
Tt o
R (807)
9 elirw —i( )x =4
== Y (ST~ 0+ D=3)SF) =V (S; + 51))

W
T2 =9

2 v X ipiar -
+1 Db 3 E (& 4 W
7Tw7a PRt

Where we have used (917)) in the last step. Note, in particular, that the radiation electric field is
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orthogonal to 7 - and so is finally well approximated by a local plane wave - at these distances.

Radiation in terms of sources In order to determine the radiation field sourced by an

arbitrary current we expand the effective source j; ¢f in the form (915)). In particular let
Teff = <«‘f_ [a] -+ A [o] + ?) , (808)

where a, b and ¢ respectively play the role of a, 8 and 4 in (915)). In Appendix |4.11.6[ we have
determined the action of the retarded Greens function on an arbitrary vector field expanded in

the basis employed in (808). Using (977), (978) and (979) of the Appendix we find that the
electric field at large r takes the form (804)) with

S = % dr'Jo_siaa-n (wr') 777 ay(w, ', 0),
2
S = il dr’ J% (wr') /%bl(W,TI;GL (809)

‘_/} = /dT Jp= 3+2l OJT) T‘I%E’l(warlae)'

The conservation of the electromagnetic current J can be used to show that the effective current

obeys the following equation
V-7 =005, (810)

This relation can be used to verify that the coefficients (809) obey (806 . |TE|

Special limits As in the previous subsection ((793]) may be used to simplify (809) in both the

static and the the large D limits. In either limit we obtain the simplified formula

S, (w,0) = S l+/dr NHD=36(w, ', 0),
S (w,0) = Sf'w”Tf /dr'(r/)Hle(w,T/,O), (812)

Vi(w,0); = ffle% /dr’(r')HD_Qc(w, . 0),

154 At the formal level it is obvious that this had to work.
V. E=-0. (811)

This is simply the Gauss law, and ensures that the Electric field is divergence free in the absence of a
source. The fact that the actual formulae (809) obey (806) may be regarded as a check on our algebra.
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with

& am 1

T

S i 1

T o BT (14 DL’ (813)

T 1
F 7 T+ B

vV, =
As in the previous subsection in the large D limit at fixed w we use the Sterling approximation

g v (dE
l 2D% Dl-2 ’

~ . H_E
S~ T (e : ) (814)

to further simplify &;; we find

Top% \ D
Vl ~ ’L'\/i (eH_ZD213> .
oD7 \ D'~

As in the previous subsection (814) does not apply in the static limit at fixed D. In this
limit, however, the small argument expansion of the Hankel function leads to simplifications. In
Appendix[4.11.7|we demonstrate that in the limit w — 0 the radiation formulae (809) yield results

consistent with the familiar formulae of electrostatics

E=-Vdg,
Vibp = Jo(r'),
E o(r") (815)
Fij = 0;A; — 0; Ay,
VZA=7J

4.8.3 Gravitational Radiation

In this section we will find the unique purely outgoing solution to the linearized Einstein equation;
i.e. the linearized version of
RMN = 87FTMN, (816)

as a functional of an arbitrarily specified conserved Tasn.
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It follows from (816]) that, to linear order in an expansion around flat space

DRMNPQ =8m (aMapTNQ — 8M8QTNP — 8N8PTMQ + 8N8QTMP)

8m (817)
) (M PONOQT — NugONOPT — NNpPOMOQT + NNgOMOPT) .

In particular

ORoioj = —(Tesf)ijs
9 . T 5 T (818)
(Tef)ij = 8m | wTij — iw(0;To; + 05T0i) — 0505 | Too + ———= | — mijw D3/

D -2

As in the previous subsection it is sufficient to consider Ro;o; as all other curvature components
are easily obtained from this one by use of the Bianchi identity. @ One way to understand this
statement is to work in the hgps = 0. In this gauge and in Fourier space

—2
hij = FROZ'OJ'. (820)

As all gauge invariants can be built out of h;j, it follows that all gauge invariant information is

also contained in Ry;p; except in the special limit w — 0.

Parametrization of vacuum solutions When all source currents vanish (818]) reduces to
ORoigj = 0. (821)

As in the previous subsection the most general tensor field Rp;o; can be decomposed into four
scalars, two divergence free tangential vector fields and one divergence free, traceless tangential
tensor field - the later can be decomposed in tensor spherical harmonics. The form of this expan-
sion is given in . Away from all sources the equation determines the radial dependence
of all the coefficient functions in . It follows from that the radial dependence of ky,
~; and Xéj (in the decomposition applied to Roo;) is precisely that of the coefficient of the
mode o in the equation . On the other hand the radial dependence of «y, d_;l, 1/71 and [ is
that of the modes with angular momentum [ — 2, [ — 1, [ + 1 and [ + 2 respectively in . It

155 The Bianchi identity yields

—1
Ryiji = — (0 Roioj — 0 Roiok)s
“ (819)

Riqu = (aqROpij - 8pR0qij)-

—14
w
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thus follow that away from all sources

. © sHpya7 (OJ?") B B Hpioain (WT) N N
fmwm=z<%SWMﬁMW+%SWMWWM
=0 ro2 ro2
HD+2l—3 (wr) B B T
+%3WUM&WﬁH+%&TM®U

ro2

o Hpios (WT) HD+2Z—1 (WT) (822)
+ (2/:)3(8_)1']' Vi (w,0)] + —25=—(B7)i [V, (w, 9)])

1=1 T 2 r o2

o (HD+2I—3 (wr) )
+ 2D—3 (Xl)l] )

=2 T2

where Sli, Slo and SlTT are arbitrary r independent scalar functions in the {** scalar spherical
harmonic sector, ‘Zi is an arbitrary vector function in the I*" vector spherical harmonic sector,
normalized so that each of the Cartesian components of X_/}i are functions only of the angles and
are independent of r, and X is an arbitrary symmetric, divergencelsess, traceless tensor function
in the I*" vector spherical harmonic sector, normalized so that each of the Cartesian components
of X; are functions only of the angles and are independent of r, and all functionals (e.g. (C)i;)
were defined in ((925)).

is the most general solution to the linearized dynamical Einstein equations; however the
general solution does not automatically solve the Einstein constraint equations. Using

vz(,]:sz)lj = 8rd <iw76j + 6j <7E)0 + 1)7-_2>) , (823)

we find the linearized gravity analogue of the electromagnetic Gauss law of the previous subsection

ViROin = —8m (iw%j + aj (760 + 197-_2>) . (824)

In particular, in the absence of sources we have
V' Roio; = 0. (825)

Using ([825]), (923)) and appropriate recursion relations for Hankel functions we find

l —3)89
u—nﬂ‘:é&£2;?£(@L+D—3y_D{1),
0 —_—
+0-95) = g (@40 -9 - T527), o

-1V, =(1+D-2)V"
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Moreover it is easily verified that

- T
(Teps)i =870 (Too + 5 ). (s27)

so that T
Roig = <760 t5 3 2) (828)

The equation (828]) implies that R, is traceless in the absence of sources; this sets
SIm =o0. (829)

(822) with the constraint (826 and (829) is the most general source free solution of the linearized
Einstein equations. Notice that the general radiation field is parametrized by a single scalar
function, a single divergence free vector function and a single traceless divergence free tensor

function on the unit sphere.
In the large distance limit wr > D? (822) simplifies to

2 6 i 72(D+2l)7r o -
Rooy(.7) = 1| = S 3 (CHISP(w, )] = CISi (w.0)] = €5 [ST (w.6)])
MW p =3

1=0

2 Y N Ciianx o L
+\/;7f’2226 ! <sz[Vl (w,0)] — B;; [V, (w,@)])

2 6 —i(D+2D)m

7rOJTD 21 e 1 (X))

2 6 > —z(D+21)Tr

(&
D

(M <l(l+D 3)<D—1>Sl —(+D-=-3)(I+D-2)S"—1(1-1)S;

v (2= (830)
+rﬂ-Vj< 3S?+(Z+D—2)S - (-1, >+{“_>j}

— 7‘2@1‘]' (Slo + Sl+ + Sl_)

— 10 <2W;Dl3)sl (1+D-3)S; —zs,—>>

+ \/Z:DQ 2 i Bt (r (€= D)7 = @+ D-200)7)
— ¥ (05 + (W)j) i o j})

o0
\/> —z(D+21)7r
E €
D—-2 Z]
W r-z

=1
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Where we have expanded the expressions of Cs and Bs as given in (925]) using (927) in the last
step. Note that the radiation field is polarized orthogonal to the line of sight from the observation

to the source point in this limit.

Radiation in terms of sources These scalar, vector and tensor functions on the unit sphere
that characterize radiation may be determined in terms of the (7cs¢)i; as follows. The tensor
field (7erf)ij may be decomposed along the lines of (924)) as

(Tess)is = (Cilal + Cl6] + Chle] + 8,30

+ (B (5] + B 6]) + 345, (50

where C;;[a], C;[b} and Cj[c] are the maps from scalars to tensors in RP~1 defined in (925) in

the Appendix.

lth

In what follows we use obvious notation to denote the spherical harmonic components of

the scalar, tensor and vector functions on the unit sphere that appear in (831]). For instance g

[t scalar spherical harmonic sector, while

denotes the projection of the scalar function a to the
(31)i; denotes the projection of the tensor field 3;; to the I tensor harmonic sector. As in the

previous subsection, the action of the retarded Greens function on an arbitrary tensor field (831))

takes the for, (981) and (982)) and we obtain

S, = % dT'/JD—3+22(l—2) (wr”) T a(w, 7', 0),
S, :%T dr'Jp- 320042) (wr') r et by (w, 7', 0),
SP = %T dT'J%m (wr”) o q(w,r’,0),
1_/;_ = Z;T dr'Jp- 3420-1) (wr”) T i (w, 7, 0), (832)
17l+ = Z;T dr' Jp_ 32041) (wr’) r’%ﬁl(w,r',ﬁ),
(X0 =2 [ dr Togsa(wr') 57 ()i, 6),
SiT = l; dr'Jp- 3+21(w7“) =N Dl(w r,6) = 0.

Although it may not be apparent from a casual glance, the solution obeys the constraints
and . is obeyed after a partial integration simply because 0 equals the operator
O acting on another function (see (823])). Moreover the expressions for a;, b; and ¢; in
may also be shown to obey by using , integrating by parts and using an appropriate
recursion relation (see subsection for details).
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Special limits As in the previous subsection (793]) may be used to simplify (832) in both the

static and the the large D limits. In either limit we obtain the simplified formula

Sy = Sl—w“r% /dr’(r’)l+D—4al(w,r',9),
57 =57t [ar o) Poue,r'6),

SO = 50+ /dr’(r/)HDch(w,r’,H),

(833)
V=Vt [ e, . 0),
~ D-3
(Xl)z] = Xlwl—‘rT /dr’(r’)l+D_2(3)w(w, ’I”/, 0),
with
e T 1
P PR T (1 250)
T i 1
C T E T (4 2
go . 7:7'(' 1
l D—1 D—1\"’
HE25 T (l + Tl) (834)
~ T 1
Vi = ,
R R )
‘~/+ . ’L'7T ].
BT
l

ST )

As in the previous subsection in the large D limit at fixed w we use the Sterling approximation
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to further simplify &;; we find

SR G
o = o)
S,l+ ~ Z\/i <€l+l{1> ’
oDz \ D'f
. D-3
S,lo ~ @\/72 €l+l 2 7
oDz \ D!
. s (835)
L iyT et
Vi ~ QD% D2 ’
. 1+ D=1
‘72-"- ~ Z\/i e+ 12 ;
2D3 D
oDz \ D'~

As in the previous subsection (835) does not apply in the static limit at fixed D. In this
limit, however, the small argument expansion of the Hankel function leads to simplifications. In
Appendix 4.11.7) we demonstrate that the radiation formulae (822)), in this limit yield results

consistent with the equations
Roioj = ViV, 0%,

T
V2¢G = —87 (760 + .D—2> 5

Roiji, = =V (VA7 = Vi AS) (836)
VQAiG = —87 7,

Rijri = ViViZim + ViV T — ViViTim — ViV, T,
VTS = 8T,

4.9 Radiation from linearized fluctuations about spherical mem-
branes

4.9.1 Electromagnetic Radiation

As we have explained in the previous section, the simplest solution of the charged membrane
equations of motions is a static spherical membrane whose world volume is SP~2x time. This
solution is dual to a static charged black hole. The spectrum of linearized membrane fluctuations

about this simple solution was determined in chapter 3. These linearized solutions are dual to the
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light quasinormal modes around the dual stationary black holes. In this section we will compute
the radiation sourced by these linearized membrane modes. The radiation fields we compute have
the bulk interpretation as the ‘outgoing’ pieces of the corresponding quasinormal modes.

We begin this section by briefly recalling the linearized solutions of chapter 3. As in chapter
3 we choose our background solution to be a charged black hole of unit radius (as explained in
chapter 3, the scale invariance of the Einstein Maxwell equations ensures that this choice involves
no loss of generality). We work to linearized order about this static solution. In other words the

membrane configurations we study are

r=140r(t,0),
Q= Qo +6Q(t,9), (837)
u = —dt + uy,(t,0)dx".

As we have demonstrated earlier in this chapter, the charge current associated with any membrane

configuration is given, in terms of arbitrary coordinates on the membrane world volume, by

Q PV“@VQ - @271/“ o
JH = <2\/%> [Ku“— (Q) —(u-V)u' — ( 7 ) + K “ua]

+Qu“+0<11)>7

(838)

where

o= (2\?%>

We will now evaluate the current J, listed in (838) for the special case of small fluctuations

around the spherical membrane ((837))) to first order in fluctuations. For this purpose we use the

V2K 2K (u-V)K  [2V2Q+ K(u-V)Q o
o~ _< ok >+(u u'BKag)]. (839)

angular coordinates on the unit S”~2 and time as coordinates on the membrane world volume.

Note that, to linear order in fluctuations, the metric on the membrane world volume is given by
ds® = —dt® + (1 + 207)dr?. (840)

All covariant derivatives in (838 must be evaluated on this metric. However, following chapter 3,
we will find it most convenient to view our fluctuation fields 6r and u,, as living on the undeformed
unit sphere. In all formulae below the symbol V, will refer to the covariant derivative on this

round sphere (a are the angular directions on the sphere). @ Adopting these conventions the

156Tn order to present all our formulae in terms of covariant derivatives w.r.t the unit sphere, we sometimes
need to rewrite covariant derivatives w.r.t. the metric (840) in terms of covariant derivatives on the unit
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formulae

ny =1,
ny, = —0,0r,
Ky = —8357”;
Kio = =0V 4o,
Koy = =V Vpor + (14 07)gap, (841)
oup =0, (u-u=-1)

(u-K)t =Ky = —8357"7
(u- K)g =—=0/Vadr + dug,

v2
K:KAA:D<1—<1+D>57«>,

(which we have borrowed from chapter 3) allow us to explicitly evaluate all components of the

membrane world volume current in terms of the linearized fluctuations in (837)); we find

J, = ! D D 1 V25 D6Q — 8,6 926 V25
t—2m<_ Q0+< Qo( +D> r—D6Q — 00Q — Qoo; 7"‘1'3 Q>>7

1 %

Ji N <Qo5uz‘ = QoOrdu; — 0;0Q — Qo0;0ydr — Q0D5Uz‘>-

Note that we have presented our current with lower indices, i.e. as a oneform field. This oneform
field lives of the membrane world volume whose metric is given by (840).

Recall that the membrane current is conserved, i.e.

(842)

V-J=0, (843)

Explicitly evaluating this conservation equation for the current (842]) we obtain the equation

A& &
(D —8t> 0Q = Qo <8t2—8t <D+1>> or+O(1/D). (844)
Note that is precisely the linearized ‘charge’ membrane equation presented in chapter 3.
We view this agreement as a consistency check on the algebra that led to (842))

The expression is the current evaluated on the membrane world volume in our particular
choice of world volume coordinates. Radiation is sourced by the current viewed as a distributional

vector field in spacetime. We obtained the spacetime current as follows. We first converted the

sphere.
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oneform field J into a vector field on the membrane world volume using its metric (840)) E We

then converted the vector field on the membrane to a vector field in spacetime using the formulae

Jép = 6(r +0r —1)J,
Jep = 8(r +6r —1)J°, (845)
Jsrr = 6(r + 0r — 1) (J'0,0r + J*040r) = 8(r + or — 1)J'Os0r.

The equality in the last line of this equation holds to linear order in fluctuations as J* vanishes
on the static membrane. Note that we have also omitted the measure factor y/1 + (Vér)? in the
spacetime current (see e.g. (594))) as this term is unity to linear order. We find the following

expression for the spacetime current

1 v? )
Jér = ——0(r +dr — 1) [ DQodu® — Qodrou® — 0“6Q — Q0" 0idr — Qo—0ou” | ,
ST 2\/ﬂ( )(Qo Qo0 Q — Qod*0; QOD
Jho— L S(r+9 1)<DQ (DQ <1 + VQ) 6r — D6Q
= r r— - — | or —
Y ' ' b (846)
2
— 046Q — Q0751 + %5@)) :
1
Jor = ——=0(r +r — 1) (DQy0:dr) ,
ST 2\/% ( ) ( QO t )
As was explained in chapter 3 the linearized solutions take the form
or = Z almyime_iwlrty
Im
_ Z.WZTQO (l —1- 7’(“)lr) —iw!'t —iw®t
5@ - lz: Alm I — zwl” Yzme 4 ZE: QZmYEme Lo (847)
6ui _ Z —ZwlT almvinme—iw{t + Z blmvlme—iwlvt
I,m { l,m Z ’
(the summation over [ involving aj, in the last line excludes | = 0). The coefficients by,

parametrize the ‘velocity fluctuations’ of chapter 3; note that these fluctuations affect only the
velocity field. The coefficients ¢, parametrize the ‘charge fluctuations’ of chapter 3; note that
they affect only the charge field. The coefficients a;,, parametrize the ‘shape’ fluctuations of
chapter 3. These are the most complicated quasinormal modes, as they affect the shape dr, the

charge 0(Q) and the velocity du. In the rest of this subsection we will determine the radiation field

5THowever the term proportional to 67 does not contribute to leading order in fluctuations as J, vanishes
for the stationary membrane. In effect, thus, consequently we raise all indices using the metric of the unit
sphere
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sourced by each of these fluctuations in turn.

Radiation from Charge Fluctuations Let us first restrict our attention to the I** spher-
ical harmonic mode of ‘charge’ fluctuations (i.e. mode in (847)) that is proportional to g;,). In
this special case the spacetime current (846] reduces to

1 ,Q
Jér = — S(r — Dgme 1t (0%Y ),
8 =~ 500 = Dame™ (@¥in)
D ,Q
t _ —iw,°t (848)
JST 2\/%5(7" 1) (leyime l )7

It follows that the quantities b and ¢ relevant for (808)) are given by

I ) 1 ;
b= 75(7“ - 1)leY2meillet - 7QZmY2meizleta7’5(r - 1)’

2y 27 2/ 27 (849)
¢c=0,

(at w = le = —il). In writing our result (848)) we have taken the large D limit and retained only
leading order terms. It follows from (812)) that
~ _ . Q
S2UJH—%q1 Y2 e W t7

2V/2m ! e (850)
‘72 =0,

S =

where the coefficients 5’l+ are defined in (813). The Sl+ can be computed from the constraint
equation (806]) which in the large D limit reduces to

_D

S; =7 Ch

The electromagnetic radiation field associated with the (** ‘charge’ fluctuation quasinormal mode
is given by plugging these results into (804]).

Radiation from Velocity Fluctuations Let us now restrict our attention to the I** spher-

ical harmonic mode of ‘velocity’ fluctuations (i.e. mode in (847) that is proportional to by;,). In
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this special case the spacetime current (846] reduces to

DQO —iwvt
Jer = ———=0(r — )by, Vb e 1%,
ST 2\/% ( ) Im V]
sy =0, )

It follows that the quantities b and ¢ relevant for (808)) are given by

b =0,
D - (852)
_ ? Qowl 5( )blm a @ e zwlt7
2421

(at w=w} = 14(rQ2)) It follows from ) that

ZDQO
2\/ 2

where the coefficients V is defined in (813). The electromagnetic radiation field associated with
the I*" ‘velocity’ fluctuation quasinormal mode is obtained by plugging (853) into (804).

( v) ;1+l‘7lblm‘7’lmeiiwlyt7 (853)

Si

Radiation from Shape Fluctuations Let us first restrict our attention to the I** spherical

harmonic mode of ‘shape’ fluctuations (i.e. mode in (847) that is proportional to aj,). The

radiation due to the shape fluctuation is little complicated compared to the ’charge ’ fluctuation

or the ’velocity ’ fluctuation , since the small perturbation in the shape turns on both the charge

and the velocity fluctuation(847)) . In this special case the spacetime current (846|) reduces to

,wT DQO o
J&n = —j—L 5(r — 1)ap, Ve @it
ST I 2@ ( ) l l
DQ ( iwl (I —1—1iw]) T DQy T
Jer =0(r —1 g — : L Yjpe @it ) + A Yim Or6 (1 — 1)e it
ST ( )2\/% l l_szn l 2@ l l ( )
DQo(—1+1 o
_ —QO( * )(5(7“ — 1)ale2m€_2wlt,
2421

gro— 1wy DQo DQO
5T 2W2r

It follows that the quantities b and ¢ relevant for (808)) are given by

o(r — 1)alelm67iwlrt.

Qo _
b= —"—ay,Yim020(r — 1)e" it
2V2m (855)
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(at w = wy). It follows from (809) that

0
2v/2m (856)

where the coefficient §l+ are defined in (813). The Sl+ can be computed from the constraint
equation (806)) which in the large D limit reduces to

D

Sl_:l

s7

lth ¢

The electromagnetic radiation field associated with the shape’ fluctuation quasinormal mode

is obtained by plugging (804)) ).

4.9.2 Gravitational Radiation

In this subsection we compute the gravitational radiation emitted by the quasinormal modes
described earlier in this section. As we demonstrated earlier in this chapter, the stress tensor on

the world volume of the large D black hole membrane is given by

1 K 1— Q2 Vo, + YV,
e () (80 @ (57 - (T

KQ? 20V2%Q
|\ T &

+ Q2u°‘uﬁKa5> wptty — (uVy + uyVy,)

2 2 (857)
-|(575) (man) + (%) () ot
1
e (D> ,
where
Vs 09,0+ Q) + <2Q4 _2Q2 _ 1) (v;(K>
(858)
- <QQ_;2Q4> (u- @)uu + <1 }Q2) @21%.

The stress tensor is conserved upto the membrane equation of motion (546)) and the divergence-

lessness of the velocity field.
V. Th =0. (859)
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The most general form of the fluctuation of the stress tensor about the RN background takes the

form

D
87Ty = — = (

2 2
1—|—Q(2))+%0—<—(1+Q(2)) <1+7)) (12)+8t>5T+(D+1)Q05Q

V2 V2
+Q3 <1 + D) (Q60 = 1/2)d7 +2Qo (D - (%) 0Q + 2@%63&)
1+QfF 1-Qp v? 1-Q2 .,
{1 R A
+ 2 o or 5 + D or | + 5 o5 or,
2\ _ N2 Y 4
—8mTia = <D(1 + C;O) 0 dug + ! 2Q0 OV 401 + ! +2Q0 Dp0uq — Q00a0Q
1-— 2__ 4 V2 1 2 v2
_ M(l + j)va(gr _ ( +2QO> 65%1 + QQ%@V&(ST — 2@35Ua>,
1 2 1- 02 ) )
_87TTab = — +2Q0 81525Tgab + ( 2Q0 (VQVb(ST . gab57”) + Qogab(SQ + \Y% 6“[) —;— vbéu

1— Q2 \%&
+ gabat5r> i <1 + ) OrGab-

The velocity fluctuation and the shape fluctuation along the angular direction follows the following

second order differential equation

< (1 + 7;) —(1+ Q%)@) Stlg = — ((1 —Q3)V, <1 + 7;) - 8Na> or, (860)

and along the t direction the velocity fluctuation and the shape fluctuation follows the constraint

equation@

Vaou® = —(D — 2)0i0r = —DOydr. (861)

We have, so far, been working with tensor fields living on the world volume of the membrane. In
order to determine the source for radiation we are really interested in the stress tensor viewed as
a distributional tensor field living in spacetime. Apart from the delta functions that localize the
spacetime quantities to the membrane (and which we will explicitly present in later formulae) the

relationship between these two structures is given in general by the following translation formulae

158The expression below can be obtained either by use the expansion of the divergence in terms of the
Christoffel symbol or use the form

1 1
(V.T); = %ak(\/ng) —3 i gra T
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between the membrane field A*” and the spacetime field AJSWTN

AST —_ Att, AST — Aab’
g =0(e%), Ay = A",
Al = (A%O,67 + A0,6r) , A%y = (A“tﬁtér n Aababar) .

It follows that to linear order in fluctuations

T = 6(r + 6r — )T,

T& =6(r+6r —1)T™,

T = 6(r + or — )T,

Tép = 0(r+ 6r — 1) (T" 001 4+ T 0461) = 6(r + 6r — 1)T" 9,0,
Tsr =0,
Tsr =

312

(862)



Explicitly we find

2
—87rT§tT:5(r+5r—1)<—12)(1+Q%)— <—(1+Q3) <1+Z> <l2)+8t> Sr

1-Q?

5 d%or

+ (D +1)Q00Q +

2 2

+ Q3 <1 + 7)) (Q20; — 1/2)6r + 2Qo <7) - at> 5Q + 2Q§a§5r>

D(1+Q3)—Q35u +1—Q3
2 “ 2

—8nTEe = —6(r + 61 — 1)( OV 01+

1-QF —Qp

VQ
5 )

14+ —
1+5

8t6ua —

1 4
+2Q0 O

2
mw%%mC+Q%V

2 D
+ 2Q30,V 401 — 2@35%) ,

1+ Q3 1-Qf
f%www( S (9,918 — gund) + Qoo

ad S 1— Q3 2
N Vabup + Vyou —i—gabatd?“) B 2Qo (1+ VD) 57’gab)

—87T2h = §(r 4 6r — 1) < —

2
tr D 2
—8rTgp = 0(r + dr — 1)<— 2(1+Q0)8t57“>,

—81Tgr =0,

—8nTsr = 0.

Gravitational Radiation from Charge fluctuation Let us first restrict our attention to
the I'" spherical harmonic mode of ‘charge’ fluctuations (i.e. mode in (847) that is proportional
to qim). In this special case the stress tensor (863) reduces to

81Ty = —0(r — 1) DQodQ,
—8nTE = 6(r — 1)Q00"0Q,
—8nT8y = 6(r — 1)Qog™0Q,

(863)
—87Té =0,
—81Tgr =0,
—8nTér =0,
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where 6@ is given by the part of (847) proportional to g,.
It follows that we can read of the relevant quantity b from the effective stress tensor (818|)

and (831)) is given by

Qo

= =(02(r 1)) i Yime 1"t (864)

b

(at w = le) It follows from (809) that

= D+1 i@

SlJr = SﬁDQO(le)H_ 2 lenme " t» (865)
where g;’ is given by (835)). The other components can be read of using the constraint equation
(826[),which in the large D limit can be simplified as

2D D?

St ==-5], Sf:m

z i (866)

The contribution to the radiation due to the charge fluctuation to the vector sector and the tensor
sector vanishes in the linear order.

The explicit formula for gravitational radiation from the charge fluctuations is given by plug-

ging (863) and (866) into (822).

Gravitational Radiation from Velocity fluctuation We now turn our attention to the
I*" spherical harmonic mode of ‘velocity’ fluctuations (i.e. mode in (847) that is proportional to
bim)- In this special case the spacetime current (846|) evaluates to

—8nTsr =0,
D(1 2
—8n T = 0(r — 1)@0(2620)514‘1,
Veoub + Vbius
—87Th =6(r — 1) < 5 ) , (867)
—87T4r =0,
—8nTgp =0,
—87T% =0,

where du® is obtained from the part of (847) proportional to by,. We can read of the relevant
quantity o from the effective stress tensor (818]) and (831]). We find

—iw} (1+ Q3)

5 (8,0(r — 1)) by Vi e it (868)

0=

314



(at w = w}). It follows from ([809)) that
7 uw*()”‘*ng% vime—wit, (869)

where ‘72+ is given by (835]). The other components can be read of using the constraint equation
(826)),which in the large D limit can be simplified as

V= 28 (870)

The contribution to the radiation due to the velocity fluctuation to the scalar sector and the

tensor sector vanishes in the linear order. The gravitational radiation associated with the ¥
‘velocity’ fluctuation quasinormal mode is given by plugging (869) and ( into ( -

Gravitational Radiation from Shape fluctuation Finally, we turn to the [*" spherical
harmonic mode of ‘shape’ fluctuations (i.e. mode in (847 that is proportional to a,). In this

special case the spacetime current (846) reduces to

_SaTl — o(r — 1) <1+Q% (1 ; V2> D - DQ05Q> - DO 51,500 - 1),

2 D
D(1+Qo)? . ,
—87T§ = 6(r — 1)@0(2620)511 ,
1 2 1— 2
—8nT & = o(r — 1)( @ 0707 gap + < @ (VaVudr — gapdr) + QogardQ
ad dug A& 871
N \Y4 ub;vb U +gab3t5’f’> _ Qg <1 n D) 57’gab> (871)

—8r Ty = 6(r —1) < — §<1 + Q%)@t&"),

—81Tgr =0,

—8nT ST = 0,

where all fluctuation fields are obtained from the part of - proportional to ajy,. It follows
that we can read of the relevant quantity b from the effective stress tensor and (| and

is given by

1+ Q3

b==p

(025(r — V)agm Yime ™" — 0,0(r — 1)y Yime ™It | (872)
(at w = wy). It follows from (809) that

1+ Q2 o
215 Qb (i Py el (873)
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where S’f is given by (835]). The other components can be read of using the constraint equation
(826[),which in the large D limit can be simplified as
2D D?

S0 =S SISy

s;

The contribution to the radiation due to the charge fluctuation to the vector sector and the tensor

lth ¢

sector vanishes in the linear order.The radiation field associated with the shape’ fluctuation

quasinormal mode is obtained by plugging these results into (822)).

4.10 Discussion

In this chapter we have obtained explicit formulae for the stress temsor, charge current and
entropy current that live on the world volume of the large D black hole membrane of [1I, (63, [66].
We have demonstrated that the membrane stress tensor and charge current are conserved. When
written in terms of membrane variables, the requirement of conservation is simply a restatement
of the membrane equations of motion of [I, 63, 66]. In contrast to the charge current and the
stress tensor, the entropy current on the membrane world volume is not conserved; V MJ% is
nonvanishing at order %. We have used the Hawking area increase theorem to demonstrate that
the divergence of this entropy current is point wise positive definite. At lowest nontrivial order
(order %) we have demonstrated that this divergence is proportional to the square of the shear
tensor.

In this chapter we have also derived explicit formulae for linearized radiation response of the
metric and the electromagnetic field to an arbitrary stress tensor and a charge current. Plugging
the our explicit results for the membrane stress tensor and charge current into these general
formulae yields a formula for the radiation emitted from a large D black hole membrane as it
undergoes any particular solution of the large D membrane equations. A central qualitative

result of this chapter is that the fractional energy lost to radiation as the large D black hole
oo
simple kinematical consequence of the nature of Greens functions in large D, and results in the

membrane moves, oscillates and vibrates around is of order The smallness of radiation is a
decoupling of membrane motion from asymptotic low energy gravitons at large D. It also ensures
that the ‘radiation reaction’ on large D black hole membranes can be ignored when working to
any fixed order in %.

The results of this chapter could be generalized in many ways. First, the membrane stress
tensor has been derived in this chapter at first subleading order in %. It should be straightforward
to use the explicit results of [66] to generalize this stress tensor to second order in the large D
expansion, and verify that the conservation of this improved stress tensor leads to the second

order membrane equations of motion derived in [66]. Second it would be interesting to generalize
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the construction of [66] to the study of charged membranes and thereby obtain the formula for
the leading entropy production for charged membranes.

It was demonstrated in [69] that the ‘black brane’ equations of Emparan, Suzuki and Tanabe
(EST) and collaborators are a special scaling limit of the membrane equations of [II, [63, 66]. It
should be straightforward to take the same scaling limit of the stress tensor derived in this chapter
and compare the result with the ‘black brane stress tensor’ constructed by EST and collaborators.

It would be interesting (and may be possible) to use the formulae derived in this chapter -
especially the formula for the divergence of the entropy current - to classify all stationary solutions
of the membrane equations of motion.

The membrane equation of motion and the formula for the membrane stress tensor
apply, at first order in %, note only to membranes in flat space but also to membranes propagating
in any slowly varying solution of the vacuum Einstein equations Ry;ny = 0, e.g. a gravitational
wave. Using this fact the membrane equations of motion together with the formulae for the
membrane stress tensor and charge current of this chapter can be used to study how external
gravitational waves ‘polarize’ large D black holes. The induced polarization will set the black
hole oscillating, and the black oscillation will in turn radiate gravitational and electromagnetic
waves in accordance with the formulae derived in this chapter. It should be straightforward to
work out the details of this process in order to compute the w dependent analogues of the ‘Love
Numbers’ for black holes described, for instance, in [83]. @

It would be interesting to generalize the construction of the membrane entropy current to
higher to the large D black hole membrane for higher derivative theories of gravity. The study
of this subject should make contact with ongoing attempts to establish the second law of ther-
modynamics in higher derivative theories of gravity.

The RHS of the formula for the divergence of the entropy is of order %. At least naively,
this fact suggests that the fractional rate of entropy production in black hole motion is of order
%. This conclusion appears to lead to a paradox.

Consider the head on collision of two non rotating black holes, each of which is moving at a
substantial fraction of the speed of light. If the energy lost as radiation in this collision process
is very small - as suggested by the discussion of this chapter - then almost all of the initial

energy of this configuration must find its way into the black hole that is formed out of this

1591t is interesting to understand how energy conservation works when a gravitational wave is incident
on a black hole at large D. Consider, for instance, a spherical wave of amplitude A incident on a black
hole. Only a fraction €A of this amplitude reaches the membrane (where € is a small number of order
D@). This part of the wave excites the membrane into a motion of amplitude proportional to eA and so

of energy proportional to (eA)2. The membrane oscillation set up by this process result in radiation, and
so a back scattered wave of amplitude of order e2A. The interference of this back scattered wave with the
initial incident wave reduces the energy of the initial wave by an amount proportional to €A x A = €2 A2,
accounting for the energy deposited into membrane vibrations.
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collision. It follows that the mass of this daughter black hole is substantially larger than the
sum of masses of the initial colliding black holes implying that the entropy of the final black hole
is also substantially larger than the sum of the entropies of the original colliding black holes.
In other words the collision of two black holes at large D appears to lead to fractional entropy
production of order unity, in apparent contradiction with the claim of the previous paragraph.
We do not have a clear resolution to the puzzle described above. Note, however, that there is
a time period of order % when the colliding black holes first come very near to each other, when
the membrane description of [I, 63| [66] breaks down. It is possible that the solution over this
time period is a rather violent one, leading to the emission of a substantial amount of radiation
over the short time scale of order %, invalidating the claim the energy lost in radiation at large
D is rather small. This discussion suggests that the solution describing the collision of two black
holes may be rather interesting when the black holes first touch. It is possible that the details
of this solution are amenable to an analytical analysis of some sort. We hope to return to this

fascinating question in the future.

4.11 Appendices for Chapter 4

4.11.1 Conventions and notation

Table 6: Different indices
Minkowski Spacetime indices | Capital Latin (A, B, M, N)

Indices in the membrane | Small Greek («, 3, p, v)
Cartesian Space indices | Small Latin (¢, j, k, m)
Angle indices on SP~2 | Small Latin (a, b, ¢, d)

e For our case because of the continuity of the metric pg%) = pffgt). So sometimes we have

denoted it by just pap.

e In all sections we have used (in) and (out) both as superscript and subscript, in a way so
that it does not clutter the notation mixing with other raised or lowered indices. The same
is true for the superscipt (or sometimes subscript) (k), used to denote the kth coefficient

in an expansion around p = 1.

e In most places V denotes covariant derivative with respect to g,(ff 45) But in some sections

(e.g., in appendix (4.11.8)) it denotes covariant derivative with respect to g,(ff 9 What we

mean will be clear from the context.
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Table 7: Gauge fields

Full (nonlinear) Gauge field | ay,
(as read off from chapter 3)
Linearized part from ag | Ag = p_(D -3 Mpg
( not satisfying gauge conditions of this chapter)
Coefficient of kth term in expansion | M g“)
of Mg around p =1
Linearized and outside the membrane | G4
(satisfying gauge conditions of this chapter)
Coefficient of kth term in expansion fo)
of G4 around p =1
Linearized and inside the membrane | G4
Coefficient of kth term in expansion éf)
of G4 around p = 1

Table 8: Different metrics

Full (nonlinear) metric:
(as read off from chapter 3)

Gap = NaB + 94B

Linearized part from Gp
( not satisfying gauge conditions of this chapter)

nap +p~ P Myg

Coefficient of kth term in expansion
of Mg around p =1

k
My

Linearized Metric Outside the membrane:

9aB = NaB + hap = Nap +

haB
HD-3

Linearized Metric Inside the membrane:

gaB = Nap + hap

Coefficient of kth term in expansion | hj,p
of hap around p =1

Coefficient of kth term in expansion | h,p
of hpp around p =1

Induced Metric from Full space-time: g,(ff 9
Induced Metric from flat space-time: gfff .5

Table 9: Differential operators

w.r.t induced metric on the membrane

w.r.t full space-time metric

w.r.t Minkowski metric

d’Alembertian

d’Alembertian w.r.t g;(fljld’f)

Oy O 41 <
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Table 10: Different projectors

On the membrane as

embedded in flat space-time | Iy = nap — nang.

On the membrane as embedded in

space time with metric gap = nap + han pff};t)

On the membrane as embedded in

space time with metric jag = nap + han pxg

Projector orthogonal to both the normal as | Pap = nap — nang + uaup.
embedded in flat space and the velocity

Projector orthogonal to velocity along the as | p,, = glgiyfld,f) + Uy,

membrane as embedded in flat space

Projector orthogonal to membrane as fIAB =nap + hf}g — naAng.
embedded in space with metric 745 + h(jj)g
Projector on the membrane as
dependence of the | P,

[*"spherical harmonic

Table 11: Extrinsic curvature
when embedded in gap = Nap + hag

when embedded in gag = nap + izAB Kug

when embedded in n4p + hg% Kap
when embedded in nap | Kap

gAB lCﬁ{’;‘“ JC(out)
GAB KX%) I (in)
0" — i Kap | K
P Kap | K

e We have used V for covariant derivative with respect to both gap and gag. What we

mean, will be clear from the context.

e In section (4.9) and section and appendices from (4.11.4]) to (4.11.6), V; denotes co-

variant derivative in flat space-time, but not necessarily in Cartesian coordinates and V,

denotes covariant along unit sphere.

e Throughout this chapter we employ the mostly positive sign convention.
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Table 12: Intrinsic curvature and Field strength
Riemann Tensor for full space time | Rapcp
(for general analysis)

Ricci Tensor for gag = nap + hag Rﬁi’?)

Ricci Tensor for gap = nap + hap R(jg
Ricci Scalar for gap = nag + hag | R
Ricci Scalar for gap = nag + hag | R

Ricci Tensor for g5'? | R,
Ricci Scalar for gi? | R
Field strength for G4 | Fap
0.GY —0GY | FY)
Field strength for G4 | Fap
046Gy — 095G | FY)
Field strength along the membrane | F),,

Table 13: Different Sources
Tap | Space-time Stress tensor
Ja | Space-time Current
T4p | Defined through Tag = /dp - dp §(p — 1)Tap
Ja | Defined through Ja4 = +/dp-dp 6(p —1)J4
T, | Stress tensor along the membrane
J, | Current along the membrane

T[gogt in) K,(th in) K(out/in)pAB
Jgout) nBFBA
Jgn) 7’LB FBA

Table 14: other notations
Fourier transform defined as | () = [ e ™) (w)%
Outgoing wave represented by | e~ ("),
Greens function defined as | O G(x,y) = —6P(z — y)

N | dp-dp
na %

4.11.2 Linearized Solutions for point masses and charges

In this brief Appendix - whose purpose is largely to fix conventions for the normalization of mass
and charge, we solve the linearized Einstein and Maxwell equations in the presence of a point

mass and charge at the origin.
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Conventions for the action and equations of motion employed in this chapter

In this chapter we work with the metric and gauge field governed by the action

1
S = 16/,59 (R — 4 FynFMY). (874)
T

As explained in the text we will sometimes study this action coupled to a classical source -

at linearized order. The resultant linearized equations can be obtained from the action -
1 1
Action = / V=9 (R —AnFynFMY) - / <2hMNTMN + JMAM> , (875)
T

where

Fyn =VuyAn — VA (876)

The linearized equations of motion (about flat space and zero gauge field) that follow from

this action is

Rgvn

RMN— :87TTMN7

VMEyN = Jn

(877)

(the LHS of the first equation in (877)) should be linearized).

Comparison with the conventions used in earlier work In contrast with the conven-

tions employed in this chapter, the previous chapter used the action

1

S=—
167

1
/\/—g (R — 4FMNFMN> . (878)
It follows that the gauge fields of this chapter are related to the gauge fields of chapter 3 by

the map "
A ere

Ahere = i (879)

Solutions for point sources We will now find solutions to the linearized version of (877))

in the presence of point sources
Too = méP~H(&), T°=qs"7 (@)

(with all other components zero). By definition, the spacetime that arises in response to these

sources will be taken to have mass m and charge q.
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In order to solve the linearized versions of (877)) we first employ the gauge

h
vM <hMN _ 77M2N > _0

and
VMAy =0.

We find that the solution to the linearized version of (877) is given by

b 16mm
07 (D —2)Qp_orD-3’
16mm
ii = , 880
" = (D= 3)(D — 2 D3 (850)
A' = —Ap = — a

(D —3)Qp_yrD3’

The corresponding linearized metric and gauge field takes the form

167m o 16mm
2 2 1_ tdyt [ 1
a5t == (1= et ) + v (14 G s ) (381)

dt,

q

Ap =
0 (D — 3)QD_27’D_3

where 72 = g%y,;. It may be verified that the curvature component Ryio; evaluated on this solution
is given by

&
Roioj = 1

OECTTaL (ﬂ) . (882)

rD=3
In a similar manner the field strength Fy; evaluated on this solution is given by

1 q

Fyi = — i .
"= D 3)ap, D3 (883)
The coordinate change
i_ i 8mm
V= (D —3)(D— 2)Qp_orP-3)°
turns (881]) into
16mm dr?
ds* = —dt* (1 —
5 < (D — Q)QD_QfD_:s) + (1 _ 167m ) ’
(D—-2)Qp_o7P=3 (884)
Ag = 1
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where 72 = z'x; @ . The solution in (884)) is presented in the Schwarzschild gauge most conve-

nient for comparing with the Reissner Nordstrom black holes of the next section.

4.11.3 Reisnner Nordstorm Black Holes and their thermodynamics

In this Appendix we present the solutions for Reisnner Naordstorm black holes in arbitrary
dimensions and also review their thermodynamics. The material reviewed here is, of course, well
known. Our main purpose is to establish conventions.

The system (874]) admits the following two parameter set of exact Reissner Nordstrom solu-

tions
2 2 dr? 2 102
dS = *dt f(T) —+ m + T dQD_2;
(L+epQ*)rd = ep@*rd™?
f(r)= (1 - D=3 + r2(D-3) ’ (885)

1= & ()

where [167] D3
Cp = m

The mass and charge of these solutions are easily read off by comparison with (884)); we find

o D=2+ cp@?)rg *Qp_s

q= E(D —-3)Qr¥3Qp_».

The inverse temperature of these solutions is obtained by continuing to Euclidean space and

identifying the periodicity of the time circle that keeps the solution regular at the outer event

horizon; this procedure gives
1— (D —
4 To

The chemical potential i of this solution is given by Ag evaluated at infinity minus Ag eval-

uated at the outer event horizon and equals

1
H= —EQ- (8883)

160[884)) is equivalent to (881]) under the coordinate change listed above only at large . More precisely
these two terms are equivalent when we keep corrections to the flat space metric of order T’D%S but ignore
terms of order 72(,3%3)

161Note that the solution (885) agrees with the solution reported in chapter 3 after using (879).
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Finally, the entropy of the black hole is the area of its outer event horizon divided by 4 and

is given by
D—2
S = QD_27T0' (889)
4
It is easily verified that
Qp_o(D —2)(D -3
Tas =222 D023 o2y b-tgy,
167
Qp_o(D —2
dm =-"P=2= 2 21(67r ) ((1 +epQ?)(D = 3)rg~dro + 2¢pQr — 0D73dQ> : (890)
Qp_o(D —
pdg = — S0=2(D =3) ;Er 3) (D = 3)@r — 0P 4drg + 1P 72aQ)

It is easily verified that these expressions are consistent with the first law of thermodynamics
TdS = dm + udg. (891)

4.11.4 Spherical Harmonics

In this appendix we review various properties of scalar vector and tensor spherical harmonics

that will prove useful to us in the rest of this chapter.

Scalar Spherical Harmonics Scalar spherical harmonics form a basis for functions on the
unit SP~2. Every scalar spherical harmonic may be obtained as the restriction of a polynomial
function in RP~! to the unit sphere. Distinct polynomials that have the same restriction to
the unit sphere define the same spherical harmonic. In other words spherical harmonics may be
thought of as equivalence classes of polynomials in RP~!. In each equivalence class it is possible
to find a unique representative polynomial which given by a linear combination of monomials of
the form

Sy = Ciy. a2, (892)

where the coefficients C;, . ;, are symmetric and traceless.

Monomials of the form of degree [ define a basis for I scalar spherical harmonics. Such
monomials transform in the representation (1,0,...0) of SO(D — 1), where we label SO(D — 1)
representations by highest weights under rotations in orthogonal two planes of RP~1. It follows
from the tracelessness of Cj, . ;, that V2S; = 0 where V2 is the Laplacian in RP~1. Transforming

this equation to spherical polar coordinates we deduce that
~V%; =1(D+1-3)Y;, (893)
where Y] is the restriction of S; onto the unit sphere and V2 on the LHS of (893) is the Laplacian
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on the unit sphere.

Projectors onto spaces of scalar spherical harmonics We use notation in which

SDfQ

the angles on the unit are collectively denoted by 6. For some purposes it is useful to define

lth

P;. P; acts on the space of functions on the unit sphere as a projector onto the spherical

harmonic sector. In other words
[ % sP1(0.0)u8) = 6w ¥ifo). (804)

It is not difficult to find an explicit expression for the projector P;(0,6’). In order to do this
first note that
Pi(0,6)R[Y/(8")] = R[Pu(0,0")Y/ ()],

where R is any SO(D —1) rotation operator (this equation follows because the action of a rotation
operator on any k" spherical harmonic is another k** spherical harmonic). It follows, in other
words, that P;(6,6’) is invariant under simultaneous rotations of § and #’. Let 7 denote the unit

vector in the direction of 8 and 7' denote the unit vector in the direction of §’. It follows that
Pi0,0) = fi(F.7),

where fj(x) is an as yet undetermined function of a single real variable x.

In order to determine fj(z) we note that

V2P(0,0") = V"?Pi(0,0') = —1(D + 1 — 3)Pi(0,6). (895)

L axis. In this case

Let us now specialize to the case that the vector # points along the zP~
7.7/ is simply the cosine of the angle (let us call it #) that # makes with the 2”1 axis. It follows
from that fi(cosf) is an I*" spherical harmonic. Notice that f;(cos#) depends only on the
angle with the z7~1 axis and so is rotational invariant under SO(D —2) rotations that leave z”~!
unchanged. The unique spherical harmonic with these properties is proportional to the unique

regular solution to the differential equation

1 : _
@MQPQ%(@MWD3meﬁz—wmu—@me»
Solving the equation we find
4 _D_
fi(cos 0) = Ny(sin 9)_%P§+12_2(c08 9), (896)
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D_9
where Pé 2
In order to determine N; we use the equation for the special case that 7 points along
the 2P~! axis, and the function it acts on (Y} in (894)) is chosen to be
(sin 9’)_%P%_2 (cos#') where ¢’ is the angle of 7 with the 2P~1 axis. It follows from

Dyi-2
that

(x) is an associated Legendre function and N; is an as yet undetermined constant.

_ D_
lim ((sin 0')_%PD2 ?

2
4 - R -
lim 2+l—2(6089)) = NQp_3 /(sm@)D 3 ((smH) 2 P§+l_2(cosﬁ)>

2
D_o
— NQp_3 [ sind P2 ) |
12D 3/sm ( ngL_Q(cos ))

where Qp_3 is the volume of the unit D — 3 sphere. The integral on the RHS of (897) is standard

in the theory of Legendre functions and is given by

(897)

2
‘ b, 2(1+ D — 4)!

’ ) / = —
/Sm9 <P§+z_z(‘3059>) @+ D=3

Moreover the limit on the LHS is given by

D—4
— D _ — —4)!
lim ((Sinel)_D24P§+l2_2(COS 9)) = <1> P UxD- 4 4)’.

0—0 2 l!I‘(%)

2

These relations determine NNj; plugging in the value we obtain

D
“I1\2 9]+ D — _4 D_
filcos) = (=2 2D =3 D=3 Gne) 2 PE Y (cosh). (898)
9 252 D2
In particular we have
. 1 (l+D—-4)!20+D-3)
=] 9) =
771(0) 91_I>I(1) fl(COS ) 2D_2FD;2 I T (D2—2) (899)

Vector spherical harmonics Vector spherical harmonics form a basis for the set of diver-
gence free vector fields on the unit sphere SP~2. In this brief section we will describe how vector
spherical harmonics can be obtained as the restriction of polynomial valued vector fields in RP~1.
We will also use this description to compute some of the properties of these harmonics.

Consider a vector field in RP~1 of the form
W= Vi gz ..zt (900)

We will be interested in the restriction of this vector field onto the unit sphere. As in the previous
subsection different expressions of the form that restrict to the same vector field on the unit
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sphere will be considered equivalent; in other words vector spherical harmonics are identified with
equivalence classes of expressions of the form . The indices i1 ... 4; are clearly symmetric. As
the normal component of the vector field Wil has no restriction to the sphere it is convenient to set
this component to zero. The requirement xiWil = 0 is equivalent to the condition that the V;;,
vanishes under symmetrization between ¢ and (say) ¢;. As in the previous section one can find
a representative in any equivalence class with the property that the coefficient functions V;,. 4
vanish upon tracing, say, i1 and io. The set of coefficient functions with these properties transform
in the (I,1,...0) representation of SO(D — 1) (see the previous subsection for an explanation of
our labelling of representations).

It follows from all the conditions we have imposed that
vt =o, (901)

where the divergence is taken in the embedding RP~!. Translating this equation to polar coor-
dinates we also find
vt =o, (902)

where W' is now thought of as a vector field on the unit sphere and V is now regarded as the
covariant derivative on the unit sphere.

The set of vector fields Wil - when restricted to the sphere - define a basis for [** vector

spherical harmonics on SP~2. We use the symbol Vi to denote I vector spherical harmonics
on SP~2. We will sometimes also use the symbol V% to denote a vector function in the full
embedding RP~! defined by

A

l
Vi = V;Z,zj...il T'}

(2

(903)

where the coefficients V;;,. ; are constants independent of r. With this normalization each
Cartesian component of the vector field V' is independent of .

Note that for any fixed i (where 7 is a Cartesian coordinate) VVZ-Z is a polynomial of the form
(892). It follows that V2W! = 0 (where V? is the Laplacian acting on RP~!). In a similar manner
for any fixed 7 the function V;l defined in is an r independent scalar spherical harmonic of

degree [ and so it follows that

UD+1-3) (904)

2y/1 _
_VVZ'_ 2 i

r

where, once again, the Laplacian is taken in the embedding RP~1.
Consider a sphere of radius 7 centered about the origin of RP~!. The restriction of V! onto

this sphere defines a vector field on the sphere. We will now compute the eigenvalue of the
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Laplacian V2 on this sphere acting on this vector field. Using standard formulae

VA(Vi(0)

1 .
= —;Himrjam‘/} + szamﬁnvg

1 1(l+D-3)
erVi_ r2
l{(l+D-3)-1

72

(905)

Vi

(where II;; denotes the projector onto the unit sphere). Here we have used some identities

. 1
Ot = ~ALij,

) D—-2
OkOkts = —— 53—,
D -2
Ol = ———1, (906)

1 . .
Ollij = —— (ki + Tsi)

2 .
8k8kﬂij = —— (Hij — (D — 2)7“1'7“]‘) .

r2

Upon setting 7 = 1 (905)) gives the eigenvalue Laplacian (viewed as a vector field acting on

vectors on the unit sphere) acting on the I**

vector spherical harmonic.
As in the previous subsection we define the linear operator Plv which acts on vector fields
on the unit sphere and projects onto the sector of vector field spanned by I vector spherical

harmonics.

P Vil = uVir,

907
P 0x] = 0. o

It is possible to work out an explicit form for the projector PZV ; however we will not have

need for the explicit expression in this chapter and so will not pause to do so.

Tensor Spherical harmonics Mimicking the analysis of the previous section, a basis for
traceless, divergenceless symmetric tensor fields on the unit sphere is given by the restriction of
the polynomial expressions

Bl = Tyji.qa™ ... 2™, (908)

onto the unit sphere. The coefficient function 7;;;,. ;, is chosen to have the following properties.
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e It is symmetric in the indices 4; ... ¢; and separately in i, j.
e It vanishes under tracing any two of the indices.
e It vanishes under the symmetrization of (say) ¢ with (say) ;.

The coefficient functions Tj;;, .4, transform in the (1,2,0...0) representation of SO(D —1). The
restriction of Bllj to the unit sphere yields a set of symmetric traceless, divergenceless tensor fields
on the unit sphere that form the basis for the set of [** tensor spherical harmonics.

Note that any fixed Cartesian component of Bf-j is a function of the form , and so
VQBZZ-]- = 0, where V? is the Laplacian on RP~1.

As in the previous subsection we sometimes have used Bll-j for a tensor spherical harmonic field
that is defined in all of RP~!. Rather than the function ij defined above, we find it convenient
to use the normalized tensor fields
i

zh ...

T}; = Tijir...i (909)

rl

As in the previous section we may restrict TZZJ to the surface of a sphere of radius r. The

Laplacian of T* viewed as a tensor field on this restricted surface is easily computed; we have

62 (TZJ (9) = 8m(HanqkamTPQ)Hinij

2 I(l+D-3)
=l T
(1+D~-3)—2
=- - T;j.

T;j (910)

As in previous subsections we define the linear operator PZT , which acts on traceless symmetric
tensor on the unit sphere and projects onto the sector of tensor fields spanned by [** tensor

spherical harmonics.

Pl(Ts)e] = 6w (T,

(911)
P! [anything else] = 0;

where ‘anything else’ refers to tensors formed out of derivatives acting on scalar or vector spherical
harmonics. It should be possible to work out an explicit form for the projector PlT ; however we

will not have need for the explicit expression in this chapter and so will not pause to do so.

Decomposition of the general vector field on RP~! in a spherical basis As we

have mentioned above, the most general vector field on RP~! can be constructed out of two scalar
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fields and one divergenceless purely angular vector field. The decomposition takes the form

—

A=ra+Vb+7, (912)

where a and b are arbitrary scalar fields and v is an arbitrary divergence free, purely angular
vector field. We emphasize that the scalars a and b and the vector field 4 are arbitrary functions
of the radial coordinate 7.

In we have arbitrarily chosen a basis for the two scalar fields in the problem; of course
any two linearly independent linear combinations of a and b would form as good a basis. We will
now find a geometrically natural basis for the problem. Let o and S be the two scalar functions
and let o; and f; respectively represent the projection of these functions into the space of [t"

spherical harmonics i.e.
[e.e] oo
a=>a, B=> B, Pray=dpay, Puf=0uwh, (913)
1=0 1=0

where P, the projector onto the I*" scalar spherical harmonic was defined in (894]). Let ¥ represent
the non radial and divergence free vector field and let 7; represent the projection of this field onto

the space of I** vector spherical harmonics i.e. let
o0
=%, PYA=ouw, (914)
=1

where 73[‘// was defined in (907)). As emphasized above «; , §; and ¥; are all arbitrary functions of

r. The most general vector field J_éﬂ‘ can be parametrized in terms of «, 8 and 4 by

—

Jog = (A’* [a] + A*[] + 7) , (915)

wherd©2]

A[a] = i (zml n rﬁpa,) ,

=0

o (917)
A8 =3 (4D = 3)isfy — V75
=0
162 We have defined the projected derivative VP as follows
Scalar : VPa = I 9;a,
(916)

Vector : V2 j3; = Hfﬂéﬁk(ﬂrﬂm)

and so on for the tensor .
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The linear combinations in (917)) are special because they are ‘diagonal’ under the action of
Py, the projector onto scalar spherical harmonics acting separately on each Cartesian components.

Specifically we have

Py (,AF [a]) = A" [Pyi0],
(918)
A

Pu (A*18))) = A*[Pu-1).
=

The action of the scalar projector on individual Cartesian components of vector spherical

harmonics is automatically diagonal and is very simple

P =P () =, (920)

where Plv represents the projector onto the space of [** vector spherical harmonics.
It is now easy to deduce the action of the RP~! Laplacian V? on the vector field feg. Using
the fact the Laplacian in Cartesian coordinates acts on each component of a vector field as if it

were a scalar, it follows immediately from (920 and (918)
= A"(g], (921)

where

—Z<TD 0, (P 0yq) - L= _T;+D_3)az>,

(Z+1)(l+r21+D_3)ﬂl),

rP720.8) — (922)

—9n HI+D-3) .,
o 5) - O D=0)5),
r
In words, V? acts on oy as it would on the (I — 1) component of a scalar field. V? acts on f;
as it would on the (I + 1) component of a scalar field. V2 acts on 7; as it would on the (1)

component of a scalar field; the last statement reflects the fact that the I** scalar and vector

163This equation can be restated as

Py (A [ou]) = G a1 (
Pu(AT[B]) = 141 (

A [ou)),
A

919
T [B). 019
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spherical harmonics have equal eigenvalues under the the action of the Laplacian on the unit
sphere.
It is also not difficult to verify that

V- _,éff[a] = Zl:lrll&« (%) ,

v oA =Y R e (), (923)
l

V.5 =0.

An expansion of the arbitrary tensor field in a spherically adapted basis The
most general symmetric tensor field in RP~! can be split into its trace - which is a decoupled scalar
- and a traceless symmetric tensor. We ignore the trace part in what follows. The most general
traceless symmetric tensor field is parametrized by three scalar fields, two angular divergence
free vector fields and one angular divergence free tensor field. As in the previous subsection, it
is dynamically convenient to choose a basis for the vectors and the scalars that diagonalizes the
action of V2. The logic and algebra is very similar to the previous subsection and we only present
final results.

Following the previous subsection we use obvious notation to denote the projection of any of

lth

these quantities to their spherical harmonic sector. For instance a; represents the projection

of a to the I** scalar spherical harmonic sector, while (;l represents the projection of (E to the [t
vector spherical harmonic sector, etc. @ A general tensor field Tj; is given in terms of this data

by the decomposition

Tij = (Cjlo] +CH 18] + CY ] + 5w

(924)
+ (Bi} [¢] + B3 M) + Xijs

164The index ! runs from 0 to co in the case of scalars, from 1 to oo in the case of vectors and from 2 to
oo in the case of tensors
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where

(€ )isla] =A7 (A7[e]) = A7 (A7 [a])
()il =AF (A718]) = ,4+ (AF18)
(€)iib] i A (Aw) 5 (AR + AT (A7 D)) + A (A7 1D)

2ll+D 3) D-3
5 0z

(925)

S“
<
hk TN

i ])+A (AF ) = A7 (A7 ]} = AT (AT )

J
2(2l+ D —3) ’

Quantities like A, (A]_ [a]) that appear in the equation above have the following meaning;
the operator A, acts on each Cartesian component of A_[ ] as if it were a scalar (i.e. according
to the formula 1 @ More generally the action of the A; or A;" on any vector field is that
these operators act on each of the Cartesian components of the corresponding vector field as they
would on a scalar (i.e. according to (917))). Using the fact that each Cartesian component of an
lth lth

vector harmonic is an scalar harmonic , it follows that the action of these operators on

tangential divergenceless vector fields (those that can be expanded in vector harmonics) is given

165Here we explicitly write the expressions for the action of two A’s on a scalar

A7 AT [a] = (1= 1)f + V) (175 + V7)o

=11 = 2)rirjo+ (1 = 1)(ri V5 + 77V + 1650+ rV,;a,
Af Aol = (I+ D —2)# = V) (1 + D = 3)#; — V%) o]

= (+D=3)(I+D—1)#fjo— (I+ D —2)(r#;Vh + 17, V) — (I + D — 3)6;;00 + 1° V501,
A;A;‘[a] =((1+1)7+ rvp) ((l +D —3)r; — er) [o]

=11+ D = 3)rifja — (L + )iy Via+ (1 4+ D = 2)r#;Via + (I + D — 3)di;a — r*Vi;a,
AF A o] = (I+ D — 4)7; — rvp) (ifj + V%) [a]

=11+ D = 3)rifja+ (L4 D — 4)r# V5 — (I = )ri; Via — 160 — r*Vi;a,

(926)
where we have defined V;; as the complete projected derivative of two V; and is given by
Vija = HfH;”@m (HZ&na) .

It can be easily shown that V;; is symmetric under the exchange of i +— j.

334



Ag) =Y (5 +r97a),
- (927)
A =Y (@ + D= 8)idy = rV73 )

Of course the linear combinations in (925 are ‘diagonal” under the action of Py, the projector

onto scalar spherical harmonics acting separately on each Cartesian component.

S
—
q
5 &
L,
I
q
A
+
[\
2

) =(
) =(
) = (€%)[Pr], (928)
)=
(

(recall Plv projects onto the subspace of It

vector spherical harmonics).
The action of the scalar projector on individual Cartesian components of tensor spherical

harmonics is automatically diagonal and is very simple

P (X)ij = PZT (X)ij = (Xl)ij? (929)

where PlT represents the projector onto the space of [** tensor spherical harmonics. Equation
(929) simply asserts that each Cartesian component of modes in the [** tensor spherical harmonic
is a scalar spherical harmonic of degree (.

The action of the operator V2 is also diagonal - and rather simple - in this basis

V2 ((€%)i1) = (€514,

v’ ((B*)uﬂ) = (B)yld), (930)
V2 ((B)5ld]) = (B4,

Vxij = Xij»

Vk = &,
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where

1 —-2) -2+ D —
Oy (TD_Q&nal) — g )( 2 + 3)Oél) )

3([)285)

(
(
¥ = Z ( D1_2<9r (rP20,v) — W’n) ;
(
(

(l+2)(l+2+D—3)ﬁl)

r2

N (=1)(-14+D=3)-
D1—26T (TD_2ar¢l) - ( 1)( ;+ 3) ¢l> ) (931)

1 aT(TD_Qﬁrd—)‘l)_(l+1)(l+1+D—3)1;l>,

r2

Xij = <T‘D1287' (P20, (x1)ij) — W(Xl)”) :

r2

] 1 . (l+D—3
=2 (TD—Z&’ (r?™20ms) = (742)’fl> :
l

(r)i=2
r +D—-1
ViC[8] = AT |14+ D —2)= (((T))HDl Bl)] ’
0 o P Ul i ) WY PO e 8
ViCiih] = A] [2(2”1)_3) ((2Z+D 3) D1 )()8r<(r)z>]
[ w+D-3) AL\ O ()P 3y 932
+ A; 221+ D—3) ((2Z+D_3)_ D—l) (r)i+D=3 ] ’ (932)

V518 = S - o, ((¢l) ))

l

. l+D —
vl = 3 D20, (1w,

l
Vixij = 0.
4.11.5 Scalar Greens Functions

Retarded Greens Functions in position space In this subsection we obtain explicit

expressions for the Greens function in position space, starting from the exact Fourier space result
(1563)).
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e Fven D

When D is even the argument of the Hankel function that appears in (565|) is half integral.
Now Hankel functions of half integral argument have an amazing property; their large argument

expansion truncates at a finite order. In equations

1) — 2 Am+1_iwr . (m + k)‘ i*
H =4/ —(= 933
m1/2(e7) ﬂwr( BT ;::0 kl(m — k)! (2wr)k’ (933)
m (which is m = % in our context) is an integer. As this expression takes the form e*" times
a polynomial in w. It follows that G(r,t) defined by
Glr.t) = / W o (r)emiet (934)
I - 27'(' w I

is a linear sum of a finite number of derivatives of o(r — t). We find

1 1 m+1 m (m+ k)' (_iw)m—keiw(r—t)

G(r,t) == =— —— [ d 935
(r,¢) <2m~> 2) ki(m — k)! / ~ (2r)F (935)

_ LN (m k) o R(e— )
2\ 27r — Ellm — k)t (=2r)k ~

(936)

It may be verified that (935]) resums to

crn =" (1) s 2 0 (%) N (%)D SXM X ). (937

@ We have checked the equivalence of (937) and (935) on Mathematica for D < 14.
e Odd D

In order to obtain an explicit expression for the Greens function in odd D we found it conve-
nient to start with the explicit expression for the Greens function in w and k. Transforming to

polar coordinates in k space we have

kP—2dk —i(wt—kr cos 6)
(w+ iek)? — k?

Go(rt) = —Qp_s / (;f;‘)’Dde(sma)D—?’ (938)

(here € is an infinitesimal dimensionless number and the positive factor of k in front of € has been

inserted for future convenience). For t < 0 we can close the contour in the upper half plane. As

166Recall that §™(a) is the m'" derivative of the delta function w.r.t. a. In the case at hand « is
r2 —t?2 = XM X,; and partial derivatives w.r.t. « can be converted into partial derivatives w.r.t. XM

. . M
using the chain rule 0, = 2))(( N‘zgj’v .
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the integrand of (938)) is analytic here the integral vanishes, as expected for a retarded correlator.
On the other hand for ¢ > 0 we close the contour in the lower half plane and pick up contributions

from the two poles in the integrand. Doing the w integral we find

Gp(r,t) = iQ / : do(si H)D—3kD—2dke_ik(t_i€)_eik(ﬁrie) ikr cos 0
p(r, = WiD-3 (2m)D sin 2k ‘
_ iQp_3 1 o 0 pg e  WU—ie) — giklitie) o
= @mps / GmE k-~ kcos) 2 e dbdk
idp_3 2 2 D—3/ 1 emiklt=io) _ gik(ttic) ikr cos 0
iy, ikr 030 g
A I I
Z.QD—3 D=3
~ G (0O Gl (939)
where
e—ik(t—ie) _ ik(t+ie) rcosd 1 Ak
Gs(r,t) = / 5 gikr co d9(27r)2' (940)

We now proceed to explicitly evaluate integral in (940). Evaluating the integral over k in that

expression we find

Galrt) = —i d6< 1 N 1 >

2 | 27 \t —rcos(0) —ie ' t+rcos(d) + ic
I+ 1
- Gs(rt) = —i 147”, 2. (941)
where 17 and Iy are defined as :
2idz
I = fr(z—tJrW)(z—tm), (942)
—2idz
I2 - \%T <Z B *t+m) (Z B *t*m)7 (943)

where we have defined e? = z, and the contour integrals above are taken anticlockwise over the
unit circle. When r > t the poles in z in I; and I3 both lie on the unit circle. This integral can be
defined by the principal value and simply vanishes. When #? > 72, on the other hand, the second
pole in I lies within the unit circle while the first pole lies outside. The situation is reversed
for Io; the first pole lies within the unit circle while the second one lies outside. Evaluating the

integrals by contours we find

I - —if(t? — r2)’
£ (944)
—if(t% — r?)
I =
t2 _ p2



Figure 21: Potential for allowed and disallowed regions .

Using the fact that G5 vanishes for negative t it follows that

—2mif(t —r
From ((939)) it follows that
Qp_3 9 o D=3 (O(t—r)
= ——(— —]. 4
GD (T, t) (27T)D74( 8t + 87‘) 2 2 _ 2 (9 6)

Large D expansion of the Greens Function using WKB As we have explained in
the main text, the large D limit of the Greens function is given by the solution of an effective
Schrodinger equation which takes the form

*2
—p"(w,r) + ww(w, r) = w*(w,r), where D* = \/(D —2)(D —4). (947)

The most general WKB solution to this equation in the classically disallowed region is given
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D *
</ D* * *2 T2 * - * *2
Y(w,r) = - (D z 1) (D > Ve

2w Aw?r2

1
V2 (53 w2’ :
o L (948)
+ ra <2D* - 4D;22 —1) 2 <D*)_2 e
i wr w2r w
(i)
In the limit 2rw < D* this solution reduces to
B D-3 p_
bwr) = o +A(F) (949)

r-2

in agreement with (575)). In order to obtain (949) , we have used D* = (D — 3) + O(1/D) and

have ignored this higher order correction. We have also used

2 n+1
w2
Q, = . 950

In the classically allowed region, on the other hand,

L p* :D* . —1(D* ./ D*2 * -D* . _—1(D*\ . D*2
E‘€Z7D47r 6727 s (2wr) 6_7‘ w2r2— 4 + 06—17D4W €Z 2 s <2w'r ez w2r2_T
P(w,r) = - (951)

1
2 D*2 4
(w 4r2 )

In the limit 2wr > D* (951]) reduces to

1 -D*r . .D¥*r .
Y(w,r) = 7o <E61D4 e 4 Cemia e“”) , (952)

in agreement with (577)).
The usual WKB crossing formulae relate the four constants A B C' E. Using Equation 7.35

of [84] we have
B D+ ( D* -5
C=c 1A+ 2 eD2 ,
2 2 w

D*
in 1B D* (D*\ 2 bp*
E“("“z) > (w>

As we have explained in the main text, the constant B is universal and is given by B =

w—g)ﬁ' If we now specialize to the case of the retarded Greens function we have £ = 0. From

(953)
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(1953) it follows that
(141) D (D\ "% (1+1) D3
7 * * e i b w5
C:ﬂB2<> ez:ﬂ(g)zﬁ’
“ T (954)
2 2(D —-3)Qp_2
Fzrl It follows that in the classically allowed region
oo (e g ()

w(w,r) = - (22) 2 53 . . (955)

T 2 <w2 _ D*2> 1

4r2

It is easily verified that (955) matches both the leading and first subleading terms in (567)) when

expanded at large .
In the classically disallowed region , where D* > 2wr we find the explicit formula
D*

1 VB (e [ D2 | e
plw,r) = (D —3)Qp_2 < D2 o) 4 w \2wr Vw2
(% -)
. : D*
N e TV 2wt 1 1 w? \ 2 (956)
2 e 0 \2r Vaz Do
(5 - )
1 1 +z’ (em)D—3 D-2
= —_ —_— T s
(D—-3)Qp_2 \,%* 2\D
where the second expression applies at small wr. So the Greens Function can be written as
1 1 1 few\P=3 b3
— = = . 957
D—3<TD;3+2(D> r2> (957)

Gw,r) =
i) (D—=3)Qp_or 2z

It may be verified that this result matches the small r asymptotics of the exact formula (565|)

in the following sense. From (565) the exact Greens function is given by
i w N\
Glw,r) = 7 (%) (JL (wr) +iNp_s (wr)> , (958)

167We have used the large D approximations D* ~ D — 3 and
D-3 D-2 D-3 D-2
D™= .

QD,2%2_ 2 m 2 e 2
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where NN, is the Neumann function. At small wr we use the small wr expansion of the Bessel and

Neumann functions to obtain

i 1 w \ 252 2\ T 2 [2mewr) T
2 .
- - (= 45 (22 z
Glw,r) 4(D —3)Qp_2 (27rr) < ! <wr> te < D > >
(959)
_ L ( 1l i (W)D—%Df)
(D — 3)QD_2T¥ T? 2e \ D ’

in agreement with (956)).

We will now explain in what sense the WKB approximation may be thought of as the first term

in a systematic large D approximation of the Greens function. The first correction to any WKB

approximation is of order of the fractional change in the wavenumber over a distance scale of order

one wavelength. In formulae, the first correction to this approximation is of order ﬁ@r In k(r)

where k(r) is the local WKB wave number. In the classically allowed region k(r) = y/w? — %.

So the fractional correction, E(r), to the WKB approximation can be estimated to be of order

D*Q

E(T) r 3
2
( w? — 1437“2 )

Provided that {/w? — %}2 is of order unity (i.e. provided we don’t get too near the turning point)

it follows that E(r) = O (1/D) (recall that wr > D/2). This conclusion works all the way down

to wr — 2 ~ D%. In a similar manner the fractional error to the WKB approximation in the
3

2
classically disallowed region is once again estimated as

1
DyJ1— 42
1

and is once again of order 7; provided we stay away from the turning point. In summary, the

E(r) ~

WKB approximation provides an excellent approximation to the Greens function at large D
except within a distance of order -5 of the turning point.

We end this subsection with a[():lilalitative description of the retarded Green’s function in the
large D limit. There are four qualitatively distinct regions in the Greens function. Deep into
the classically allowed region, for rw > D?, the Greens function is in the radiation zone. In this

regime (H67)) applies, and the modulus of Greens function is proportional to % It follows that

2
the mod squared Greens function is proportional to the inverse volume of ‘the D — 2 sphere of
radius r in this region, and so represents radiation whose integrated flux is independent of r.

Moving further in we reach the intermediate radiation zone % <H L D?. In this region the
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Greens function represents an oscillating radiation field that has not propagated far enough to
settle into its large r asymptotic value.

Moving to smaller » we pass the turning point of the potential and enter the classically
forbidden region. In this intermediate static regime vD < g < %, 1) no longer oscillates as a
function of r. Instead the Greens function turns into a sum of a term that grows as r increases
and another that decays as r decreases. The decaying and growing pieces are comparable in
magnitude near the turning point. However the decaying term grows towards small r and quickly
dominates.

Moving to still smaller  we reach the static zone % < V/D. In this region the first of
applies, and G(w,r) becomes independent of w (justifying the name static zone). The decaying
term in is much larger than the growing term in this region; in particular the the ratio of

the growing term to the decaying term of order D% when wr is of order unity.

4.11.6 Action of the Greens function on scalars, vectors and tensors in a

spherical basis

Results for the off centred Green’s function In our analysis of radiation we will
will find it useful to have a generalization of the exact expression (565) to a Greens function
whose source point is displaced away from the origin. In the next subsection we demonstrate
that

G(w,|F— Fl‘) = % ﬁng:ﬂ-ﬂ (WT)JW (wr/>Pl(07 9/>- (960)
1—o (r'r) 2 2

This result applies provided |r| > |r/|', i.e. provided that the observation point is located
further from the origin than the source point. The Hankel function H (1)(r) which appears in
is the unique solution to the Bessel function that is is purely outgoing at infinity. On the
other hand the Bessel function J(7') that also appears in this expression is the unique solution to
the Bessel equation that is regular at the origin. € collectively denotes all the angles of the point
7 on SP=2 ¢ similarly denotes all angles of the point 7 and P;(6, ') is the projector onto the
angular dependence of the [** spherical harmonic defined in .

It is easily verified that reduces to in the limit " — 0. As a consistency check on
this formula we have explicitly verified that the expansion (783)) is translationally invariant, i.e.
that

(07 + 07 )G(w, |7 — 7]) = 0. (961)

Note also that in the limit w — 0,

. 1 ! 1
G(0,|F —7]) = 3 Z <r> mﬂ(e, 9. (962)
=0
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Derivation The expression (783]) may be derived as follows. Provided that 7 # 7 (and so

in particular when |7] > || ) the Greens function is annihilated by the action of
<w2 + 62) ,
separately on the variables 7 and 7. The most general solution of the equation
(w2 + 62) d(w,7) = 0, (963)

is a linear superposition of modes of the form ¢;(w, )Y}, (0) , where Y}, represents an arbitrary
scalar spherical harmonic @ in the representation (/,0,0,...,0) of SO(D — 1). Using the fact
that

VY = —1(l + D — 3)Yn, (964)

where the Laplacian is taken on the unit sphere, see (893)) it follows from (963) that

1 I(l+D -3
(WQ _|_ TD_2 8T(T'D_287‘) — ( +r2 )) ¢l(w7 r) — 0 (965)
Solving this equation we find that
1
(bl(w? T) = "Dh—3 (Al,ngz&&-zl (WT) + Bl,ij (wr)> . (966)
ro2 2

The boundary conditions on our Greens function require it to be regular at every finite value
of 7 other than 7; and requires the Greens function to be an outgoing function of 7 these
considerations force us to use the Hankel function with argument r and the Bessel function
with argument r’. The Greens function must also be rotationally invariant under simultaneous
rotations of 6 and #’. As we have explained above, the unique rotationally invariant function of
two angles constructed using functions only in in the [*"
P; defined in . It follows from all these considerations that the Greens function must be

given by an expression of the form

spherical harmonic sector is the projector

Gl [F =) =3 (;H” (wr) pogean (wr)P(6,0), (967)
=0 \T'7T) 2

for some as yet unknown coefficients a;. We will now demonstrate that

a = %; for all [ (968)

168Gee Appendix [4.11.4] for a discussion of Spherical harmonics and their properties in arbitrary dimen-
sions.
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using which (783)) follows.
In order to obtain (968)) we use the large argument expansion of the Hankel function (566]).

simplifies to

.\ D=2
Gw, |F—7|) ~i T <_M> b Z I3t (wr’)(wr')f%ﬂ(ﬁ, ') (969)
]

,
We also specialize (967 to the case in which the source and observation points are at the same
angle. In this special case the LHS of (783) is simply G(w, (r —r’)) (see (565)) and (967) reduces
to -
Pi(0
G(w,(r—1")) = Z 6”711(37)3]%[(,}23”1 (wr)J p—siar (wr') (970)
= (r'r)z T :

(where G(w,r) is defined in (565|) and P;(0) is presented in (899)). In order to determine the
coefficients a; it is sufficient to further specialize (970)) to large r and retain only leading order
terms on both sides in the % expansion. (970) reduces to

aﬂ?l )J o D=3+2 (wr’ )(wr')_¥ (971)

ie. = —4i( 271' Zaﬂ?l )Jp- 3+2l( )($)¥

(where we have used (567)), and x = wr’). Taylor expanding the LHS and RHS in = about 2 =0

and using the well known series expansion for the Bessel function

( )l+2m

D=3 (—m
Tespn(@la) == mz—:o m!T (I +m + 251 gl+am+ 2527 (972)

we find the following recursion relations

~ D-1 2" dnf2m
anp=I[{n+ —— — = , 973
(+5) - S )
where
D-3
a; = —4im 2 P(0)qy. (974)
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Using the explicit value of P;(0) listed in (899) it may be verified that
(975)
solves the recursion relation (973)), establishing (968)).

Action of the retarded Greens function on the arbitrary spherically decomposed
vector field We will now use the results the previous subsections together with those of

Appendix [4.11.4) to present the general solution to the equation

-

(-V? —w?) E = Jug, (976)

where the field Jog is a general vector field in RP~! that admits the expansion (915). We search

for the unique solution to this problem subject to the restriction that it behaves as ™" at infinity.
In Cartesian coordinates the solution to this problem is simply given by
E() = / dr' G(w, |7 — 7|) T (1), (977)

where the Green’s function G(w, |7¥—7|) was defined in (783). Using (918)) the solution (977)) can

be rewritten in terms of a spherical decomposition as
E(w,7) = A [€a] + AT €] + 0, (978)

where

1)
i iD= 3+2(z 1) Do
fa(w,f‘) = Z 5 /d?“ Jp_ 3+2(l 1) (LL)T) T,Tlozl(w,T,,G),
1

(1)

D- 3+2(z+1> (wr) B
§B(W7 77) = Z;T /d?“ Jp- 3+2(l+1) (wr ) T/%ﬁl(w, 7’/, 9), (979)
l

(1)
- H o (wr)
Uy (w, 7) = Z Z;T2/dT'/JD—g+2l (wr') P 171(w . 0).
l

D—-3
T 2

Action of the retarded Greens function on the arbitrary spherically decomposed

tensor field In this brief subsection we study the equation

(=V? —w?) Hij = Ty, (980)
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where Tj; is a given symmetric tensor field. We will find the unique solution to subject to
the condition that #;; is outgoing at infinity.

Let the source function T;; have the spherical decomposition listed in . Proceeding as
in the previous subsection, it is easy to verify that the unique outgoing solution to is given
by

Hij(w,™) = Cj;l€a) + Cif €8] + C &) + 81 + Bi;[T] + Bi5[Ty] + 7%, (981)

ij
where
1
i H aing ) (wr)
fa(w, F) = Z ? 2D73 /dT/JD3+2(l2) (LL)T/) T/Tozl(w, ’I”/, 9),
] r-z 2

1
in (1:>23+2<z+2) (wr) o1
§[3(W, 77) = ? 2D—3 /d?“/JD_3+2(l+2) ((.d?"/) 7"/ 2 Bl(w, 7"/, 9),
5 2

! o2

&) =Y T [ dr'Toogun(r’) 1T . 0),
! Tz
; H(Dlz3+2z (wr)
Eul(w,7) = Z Z;r2D3/dr’JD3+21 (wr) r’%m(w,r'ﬁ), (982)
] r-z 2
1
in H(Dz3+2(lfl) (wr) D1
174,((.0, 77) = Z ? 2D_3 /dT'/JD—3+2(l—1) (wr’) T’IT l(w, 1“/, 9),
7 r-2 2
1
ir 51)23+2(l+1) (wr) Dot
ol = 30 o [ oossgun (n') T il 0)
! Tz
1
. i H(DZS-‘rQZ (WT) , D=1 ,
Tf;(wﬂ“): 22D_3/d7“ J%ﬁl(wr) TT(Xl)ij(wﬂ“,@)-
! oz

4.11.7 Details relating to the general theory of radiation

Static Limit of Electromagnetic Radiation It is useful to separately consider the scalar
part of the electric field (first line of (804)) and the vector part (second line of (804)). Let us
first focus on the scalar part of this field. Using and the fact that Hy,(z) ~ ™" , we see
that the first term in the first line of is negligible compared to the second term in the same
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line and at small w and we find

. © [ Hpiza1(wr)
Ew, @) =Y [ —%—AYS (w,0)]
1=0 T‘T
i & (i D (2R (4 D - 3)iSE — 1)) (083
= Z 2 2 21+D—1
T 10 w2 b2
= —VoF,
where bt
e ey e N e I
¢ = 72 (2 : =T A1D=3 | (984)
1=0 w2
S = Z;T/dr'(r’)D;JQer2D1(wr')bl(w,r',ﬁ)
) 204D-1 (985)
1T w

= ’ /dr'(r’)Hlel(w,T',H).

T (3

[%9]

is simply the statement that the electric field in the stationary limit is the gradient of a
scalar potential. There is, of course, a simple explanation and interpretation of this fact. Recall
that t he effective source je ¢f - from which b is built - is a linear combination of two terms.
One of the two terms is the time derivative of the spatial current, and is subleading compared to
the other term (the spatial derivative of the charge current) in the small w limit. In this limit,

consequently, the formula for the electric field reduces to
E:/Gw%QW—ﬂV%W)

:V(/Qw%&ﬁ—?%ﬁ@
= *V(PE,

@E:—/G@%QW—ﬂ%W)

(986)

This is simply Coulomb’s law. Indeed it may directly be verified that ® defined in (984)) and

169Tn going from the first to the second lines of (983]) we replaced the Hankel function by its leading term

in a small argument expansion (this is appropriate in the small w limit). The equations (984) and (985))
are expressions for the effective potential. In going from the first to the second line of (985)) we have used
the fact that w is small to replace the Bessel function by the leading piece in a small argument expansion.
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(986[) agree with each other. m

In the static limit magnetic field can be written using the Bianchi identity as:

. ZE ) - El )
Fy;(0,7,0) = lim i(ViEj(w,r,0) — ViE;j(w,r 9)) (988)

w—0 w

The only term in (808) that contributes to the RHS of (988]) is the pure vector piece ¢, which
only receives contributions from the the term in j; rf equal to 90T .

In the limit of small w ¢ and ¢ differ only by a factor of w at it is easily verified that

Fij(w,r,0) = (ViAj(w,r,0) — V;A;(w,r,0)),

. 4E
A= lim (989)

/

l

In other words the magnetic field is given by dA where VA =7 , and we recover the usual

formulae of magnetostatics.

Constraints from current conservation and V-EF = (0 As we have explained in the main
text the fact that V.E vanishes in vacuum implies that the scalar functions ST that characterize a
general radiation field (see ) are not independent but are related by . In , however,
we have presented separate formulae for ST in terms of integrals over scalar components of charge
currents. The consistency of requires that these results for S* automatically obey .
We will now demonstrate that this is indeed the case.

At the structural level the way this works is very simple. If we take the divergence of
and use we obtain , which guarantees that V.E vanishes in vacuum. In this section
we will rerun this structural argument on the explicit formulae . The fact that we land on
our feet serves as a consistency check of the algebra that led to and .

In the rest of this subsection we proceed to algebraically demonstrate that

e The equation V - E = 0 implies that the coefficient functions in (804)) obey (806))

I70Tn order to perform this verification it is useful to note in the limit of small w

jeff — Vo
() Jot
= =39 ) (987)

where Jy; is the {*" spherical harmonic piece of the charge current J.
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e That the relations (809|) automatically obey (806|) once we account for the fact that the

current is conserved.
Demonstration that V - E = 0 tmplies (806
According to (804]) the vacuum electromagnetic solution is given by

(1)
. Hl+ D—5 (wr) oo o .
E= § D3 A [Sl (w,@)] + D3 A [Sl (w79)] + D-_3 Vl(w76)

; rz ro2 ro2
(990)
Using
Hl(Jlr)M (wr)
V- AT[S; (w,0)] = 1r' o, 2 _ S, (w,0)
rl+T5
Hl(_il_)M (wr)
=15/ (w,0) 2
r-2
(991)
o l+D -3 -
VAT [SH@,0)] = — g0 <Hl<f2_1 (wr)rt+ 3 > S (w,0)
Hl(i)w (wr)
=+(+D—3)S (w, G)#
r
V- ‘7}(&), 6) = 07
it follows that V - E = 0 provided
—1S; (w,0) + (I+ D —3)S5;" (w,0) = 0. (992)

Proof that current conservation satisfies this requirement

Recall that according to (808) the effective current admits the following decomposition

jeff - Z (A_ [a;(w, 7", 0] + At by (w, 7, 0)] + & (w, 7, 0’)) ) (993)
l
Using (923)) yields
- -1 ay(w,r’, 0 l+D-3 I+D—2
v/ . jeff = Z (l?“/ 87'/ ( (T,l_l )) + T/l-‘rD—Q 67“’ (bl(w,r”ef)r/ + )) ] (994)

l
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From (810]) we conclude that

-1 a(w,r’,6") I+D—3 I+D—2
! ar/( )+ ps O (bl(w,r',H’)r’+ )—D'(Jo), —0. (995

i

D—1
Multiplying by 5J,, p—s (wr’)r’" 2" integrating by parts w.r.t. 7’ and noting also that [ dr'C) (JlJr p_s(wr’)r’ 2
2 2

0 we get ,
) == ) D - ==
il dr'J, p—s (wr')r’ E 104(&},7"’,9') = in(l+D=3) dr'J, p—1 (wr')r’ E 1bl(w,r’,0') (996)
2 +=3 2 +735
Which from (809) translates to
1S (w,0) = (1+ D —3)S; (w,0). (997)

Static Limit of Gravitational Radiation It is useful to separately consider the scalar
vector and tensor parts of the curvature given in .

Focusing first on the scalar part we see from , and the fact that h,(z) ~ 27" |
that in the limit w — 0 the scalar part of reduces to

w—0 r-z

> (Hpios (wr)
Roioj(w, ) = lim #C;[Sﬁ(wﬂ)]
=0

i e TR (04D =27 —19) (04 D=3t — VST ) | (o0
2

< LD

G g 2l+D+1F(%) . Sl+
o6 = Ziy (g LU ) S0
= +D—3 2+ D+1

2

w—0
° - N (999)
1 1 NI+D /
- Z (20 + D 4 1)ri+D-3 /dr (r')" 7 bu(0,7,0),
1=0
where we have used
) Sl+ i 1 D ,
35%@ " 2 TP (2D /dr (X" Poy(0,17,0). (1000)

is simply the statement that Rp;o; in the stationary limit is the double gradient of a
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suitably scaled version of the Newtonian potential ¢©. Indeed it is easily verified that ¢@ is given
by

V2% = —8n (760 + DT_2> (1001)

[

Let us now turn to the vector part of Rpo;. Once again using (822)), (826 and the small

argument expansion of the Hankel function we see that the vector part of Rg;o; simplifies to

- © (Hpiaa (wr)
Roioj(w, T) = — 5BV, (w,0)]

r-2

=0
L3 TR (04 D=3V - Vi)
= 22 2%D-1 , o +{i <}
=0 w2 ritb-
= —iw (V;AS + V;AF)
(1003)

so that (using the Bianchi identity)

1
Roiir. = — (Vi Roior — Vi Roio;
Oijk =~ (Vi Roior — ViRoioj) (1004)

= —V; (V;4F7 — VAT,

where
2l+D+1

1 /2 2
G_ - (2
A 27 <w>

VQAZG = —87TT01'.

- <2z +D— 1> (V) (1005)

2 pl+D=3"

It is easily verified that

Note that A% obeys the same equation obeyed by the ‘vector potential’ magnetostatics with
the role of the current being played by To;. Indeed (1004) asserts that Rg;j) is proportional to

171 To see this note that, in the strict limit w — 0 the effective stress tensor reduces to

ﬁ;ff = 87TV;V;- (760 + ‘DIT_2> .

B Sﬂ(rl)lJrl 1 760 + %
b= 20+ D—-1)(2+ D — 3)8’"’ O o)) (1002)

172 To see this note that the term in (T.¢s)i; (see (818)) that contributes to the the vector in (822)

It follows that

iw(0;Toj + 0;T0:)-
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ViF]i where Fﬁc is the magnetic field constructed from the effective vector potential AiG.

Finally we turn to the tensor part of Ro;;. It follows immediately from
VQROZ'OJ' = 87rw2Tij

In the small w limit the contribution of tensor sources to to R;ji,, takes the form

)
Roijr = " (VjRoior — ViRoio;) ,
)
Rijkm = " (ViRojkm — Vi Roikm) (1006)
= VNkIjm + Vjvmzik - Vjvk(zim — VNm‘Sjk,
Tij = 005

w?

The tensor contribution from the source is

2 s
3ij = —8mw <72j — 0y 2> - (1007)

The scalar sector also contributes to R;jkm,, but its closed form is a bit ugly unlike the other
beautiful results in this section, and that can be obtained from the scalar contribution to Ry;o;.

We don’t present it here.

Tracelessness and divergenceless of gravitational radiation In this subsection we
rerun some of the discussion of section but this time in the context of gravitational radia-
tion. In particular we will explain how the explicit gravitational radiation formulae ensure that
gravitational radiation is traceless and divergence free. At the formal level these results follow
immediately once we use that fact that when a box of something (e.g. [I() is convoluted with
Green’s function, the resulting integral vanishes. We will now use this fact to demonstrate

Result 1: Gravitational Radiation is traceless.

2 ~ N
iy (0, F) = —WQ/G(w, & — )T (w, )P (1008)
Hence 5
g, 8) =~ / Glw, 7 — &) (375 (w0, #))dP . (1009)

It follows that

8miwr’" Toi
o = Smiwr” o (T
20D —3 r’l
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Using Conservation of stress tensor, we have

L T
Ty = -0 <760 + 5 2) , (1010)
hence the integration vanishes, i.e. hijnij =0

Result 2: Gravitational Radiation is divergenceless.
Taking spatial divergence of (1008)),

2 N .
8,~h,~j(w, f) = —E& / G(w, ‘f - fl|)7;j(w, a;’)dela;’

9 (1011)
-2 /G(w, 17— &) (5. 7)) a2
Using Conservation of stress tensor, we have
/T / . 7-
0;Tij = =00 { iwTo; + Too + D32 (1012)

hence the integration vanishes, i.e. d;h;; = 0.

4.11.8 Variation of the first order gravitational counterterm action

In this brief Appendix we demonstrate that the variation of (642|) yields the stress tensor (643]).
Varying the first term inside the bracket in (642)) we find

oR
Jovm= [ 37
— / 2172 “Rudg" + Vi V,8g" — V|
R (e o
- [ () - (Gr) ro ()]
— /; _— <3‘%> +gfﬁ7) (j:;) + 0O (é)] Sgh,

(i;ld)

where for convenience, we have used the notation dg,, ’~ = 69, and we have used the formula

l1g & o vikv a vk v =
R = 5 [Vavudgl, + VoV, 895 — V,V,09 — v25gw}
= 0R = =89 Ry + (V¥ = gl V) nAP, (1014)

v (0774

where 09 = g(;’ 109, 09" = G(ing) 0908 I(ina)-
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Varying the second term inside the bracket in (642]) we find

L (RWRW>
2 R
(1015)
3 RuaRE 5g" R §R,u
= — SRS R, RW OR - ~pev 0 Ay
4 R2 R2

Now from equation ([1014)) it follows that

/ R™3 RR™ 6R

R R [ (9,7 o) 0]
. (1016)
- / 69" |-R™F RagR Ry + (V¥ = g V?) (R7F RogR7 )|

1
— s |0 =
foo o ()]
Similarly the second term in equation ({1015|) is also of order O ( %) In the third term of equation
(1015)) if we substitute the formula equation (1014]) we get one term which is of order O(1).

/RW SR
R
, Vo VaReP 1
_ ind aVp v
- [ (P e (B) o (0r7)

L (in)
[ (VPR 1
= [ gl | 2 +0<> 5g".
/ _ Y, (27{3) D g

Using equation (1013]), (1015)), (1016) and (1017) we find the equation (643))

4.11.9 Perturbative solution for p

In this section we find the solution of . In order to do this we find it convenient to use the
following coordinate system. Choose any point on the membrane. We treat this point as the
origin of our coordinate system. We now erect a Cartesian coordinate system about this point,
making sure to orient a special coordinate, z, so that the normal to the membrane at that point
is dz. Let the remaining Cartesian coordinates (which are all orthogonal to each other and to z
but are otherwise arbitrary) be denoted by x#). It follows that, in this coordinate system, the
equation of the membrane takes the following form

K C D
Z(y#) = _#yuyu - %yuyuya - ,uiap YuYvYolYp + -+ (1018)
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Now consider a point outside the membrane whose coordinates are (z,z,). At least in a neigh-
bourhood of the membrane any such point may uniquely be associated with a point (2(y.), yu)
on the membrane by the requirement that a straight line drawn normal through this membrane
point passes through (z,z,).

Let y,(z,z,) denote the coordinates of the membrane point associated with an arbitrary bulk
point in this manner, and let s(z,z,) denote the distance along this line from the given bulk point
to the membrane. We will now determine y,(z,z,) and s(z,x,) in a Taylor series expansion in
Ty

Working in a Taylor expansion in y,, the normal at any point on the membrane is given by

a3t (Kuwyy + Covo o + Dyvopvlolp) dyu
_ o 7

(1019)

where the normalization A is chosen to ensure that n.n = 1. To solve for y, in terms of the z,

and z we note that, by definition

Tp—Yp _ M

z— 20 n,’

Lp — Yu
Z— 20

(1020)
= (K,uuyzx + C;woyl/ycr + D;wopyl/ycryp) .

These equations are easily solved in a Taylor series expansion in x, (but to all orders in z). To

the cubic order in x, we have

Yo = (P2), = 2P - C) o (P2)u(P)o + 2:2(P.C.C) oy P2)u(Pa)o (P2),
= 2(P.D))uwop(Px),(Pz)s(Pz), — 2(P.K)op K P), (P2)o (Px),,

1
P, = .
v <1+ZK>W

We now turn to the determination of s(z,, z). First note that

(1021)

where we have defined

s(@p,2) = V(2 = 20)? + (& — y)?
(z —y)? (1022)

= (z — 2p) (1+m.

Using ((1020) and retaining terms to cubic order in y we obtain

1

1
(o 2) = 2 5 (R 2 K + (5

5 Cuvo + 2(K - C),Mf) YulYp¥o + -+ (1023)
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Substituting the expansion of y in ([1023]) and retaining terms to the cubic order in x
1
s(zp,2) = 2+ D) (K + 2(K - K) ) (Pr)p(Pr)v = 22(P - C)uop(Pz)y (Pz)o(Px),)

. (icw (K cw) (Pa)u(Pa)y(Pa)o + -

(1024)

We now turn to the determination of the function p. Using the Cartesian coordinate system

employed in this Appendix it is not difficult to solve for p in a Taylor series expansion in x,.

Once that is achieved one can re-express the result in terms of y,, and s using (1021)) and (1024).

The algebra involved is tedious and we omit all details. Our final result for p is

o) 1 = s(a) S0,
28(x”) )2 1 @2 K KZ KMNKMN
<K+s(w ) ) <2K (D—2> Top 22t K ) (1025)

o (o)

4.11.10 Evolution of the Einstein Constraint Equations

In this Appendix we derive the equation assuming that the dynamical Einstein equations
hold everywhere.
Since all components of the Einstein equation are already linear in the metric fluctuation, in this
appendix we would simply replace all covariant derivatives V by partial derivatives 0.

Now the dynamical equations are true everywhere and therefore their divergence also vanishes

and we find
0=04 [Eff —n*Xp —npX* — n'npY]|
= K Xp—(n-0)Xp - X“Kp —np(d-X) (1026)
—np[KY +(n-0Y]—-Y(n-0)ng.

Simplifying (1026 further using the expression for (V - X).

8- X =0 [HACECCrnCI}
=04 [Eénc - nAY]
= Ene —[KY + (n-9)Y]
=X%n-nc—[KY +(n-9)Y].

(1027)
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Substituting equation (1027) into equation (1026]) we obtain
0= 0aEAF = 0, 19411 Eco |
::aA[HCAHgEbCJ
=-K Xp—(n-0)Xp— XAK i —ng [XC(n ) 8)710] —Y(n-0)ng (1028)

=-K XB — (’I’L O)XB —XAKAB +ng [nc(n . 8)Xc] —Y(n- 8)713
= K Xp—T%(n-0)Xc — XAKap — Y (n-9)ng.

It follows that

- X+[KY+ 1 -0)Y]—X%n-9)nc = 0, (1029)
K Xg+1%(n-0)Xe + X2 Kap+Y(n-0)ng = 0 (1030)

These are the equations (632)).

4.11.11 Derivation of the large D foliation adapted solution to Maxwell’s equa-

tions and Charge Current

In this Appendix we present the derivation of some of the results reported in subsections [4.5.3

and [4.5.3
p > 1 Asreported in (670]), the Maxwell field in the region p > 1 is assumed to take the form

Apr=p PGy = p P3N (o - 1)FGY.
k

Maxwell’s equations take the fornf ™|

0=04F"p =204p L3 (02GB) — (05p P (0-G) + p~ P304 (8°Cp — 0pG™).
(1031)

To derive expression for 94 F4 5 in (T031]) we have used the subsidiary condition (673)), the gauge
choice (671)) and the harmonicity condition (644)). Note also that

nAGA = 0= (0405p)G* = —(94p)(0GH). (1032)

173In this subsection all raising, lowering and contraction of indices have been done using the flat
Minkowski metric n4p.
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It is convenient to rewrite the Maxwell equation (1031)) in the form
(1) (2 (3) _
Ty’ +Ty5 +Tg" =0, (1033)

where

Tél) :2(8A —(D—3))(8AGB)

zy — vt +2: n.d)GW |

T = — (9pp~P9) (04G4) = (D __3) (Nnp) i(ﬂ —1REAaY),

(1034)
T —p=P=39,(04G 5 — 9pG4)

—(D— 3)2{ ){ ((n 8) ( G(’“)> +KNG§_§) +2Nnp(d- G(k)))

—np(G® Q)N — Nnp(d- G<k>>} +(p— 1)’“6“‘&&’2},
where FX}); = 8,4(}%) - 8BGX€)~

We now simply plug into and equate the coefficients of distinct powers of (p—1). As
explained in the main text, at this stage we are only interested in solving the dynamical Maxwell
equations . We find the first nontrivial constraint by equating to zero the coefficient of
(p — 1)V in the projected version ((615))) of the Maxwell equation . This procedure yields

the equation

0= p P3G Fac
— —2(D-3)N?GY + [KN + (n- 9)N] G + G0 F(D + 2N2GY) (1035)
+O0(p—1).

Solving equation (1035)) at leading order in (%) we get

v HGOER (1
B " 2(D-3)N2 - NK D

0
:Mw@),

(1036)

NK D
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In the second line we have used the fact that K = DN + O(1).
As we have explained around (661]), the solution (1036)) for Gg) is only valid on the membrane
i.e. at p=1. Gg) can be determined off the membrane using (672)) to evolve the result (1036)

off the membrane.

Exterior current The exterior current for the solution determined above is given by

Jp =nsFp (1037)
p=1
In order to explicitly evaluate this current we note that
pf(ng)
nAFAB = —(D - 3) , NGpg + p_(D_g) [(n.a)GB — nAé?BGA]
p~ (P35 - ke D-3) C- k—1) nr(K)
= —(D-3) N> (p=DFGY +p~ P> "k(p - )FUNGY
k=0 k=0
+ o PN (- B KRG (1038)
k=0
In the derivation of the last equation we have used
—na0pGt = —0p(naG?) + (8na)GA
= 0 (8Cn A)GA
= KBAGA + nBGA(n.a)nA
= KA3GA—npn(n.0)GaA. (1039)
Setting p = 1 in (1038]) we obtain
J$" = —(D - 3)NGY + NG + KAGY (1040)

p <1 For p <1 the form of the gauge field is given by

(zn GM Z o 1
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Maxwell equation takes the form

e}

OUFSE = [kz(p — b {é? (n-9) N +2N(n-9)G% + KNGS + Nnp(d- @<k>)}
k=0

+k(k—1)(p— DE NG 4 (p— 1)k FM

where FXjB) =04 G( ) 63@%).
(1041)

Here also we could determine Gg), k > 0 in terms of @g) = Gg) using equation (|1041))
~(1)

projected in the direction perpendicular to ng. The leading order G5’ could be determined from
(Hg@AFXg)> by setting the coefficient of (p — 1)? to zero :

(KN + (n-0)N]GY + G0 F() + N2GY = 0. (1042)

Here all lowering and raising of indices have been done using the flat metric nap .

- ng oAF.) 1
Gg) _ BNK AC | 0 (D) ‘ (1043)

Inside current The inside current on the p = 1 surface is given as

g = pAp(mi (1044)

p=1

so that
nAF( = Zk 1)EDNGE) +Z B KARGY. (1045)

Here also to simplify we have used the equation ([1039). Substituting p = 1 in equation (1045|)
we find the inside current
T = NG 4 kA5G0, (1046)
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4.11.12 Derivation of the large D foliation adapted solution to Einstein’s equa-

tions

p > 1 As explained in subsection the metric in the region p > 1 is assumed to take the
form (698) which we repeat here for convenience

gap =na+p P 0ag =nap+p P> (p- 1R (1047)
!

Einstein’s equations (linearized around n4p) take the form :
0=RY =W i) 44 (1048)
where

iy = 0a[(90p™ @) b5+ p~PNa0hG)| + (4 < B)

= 0477 [90bG] + p~PH9a00bG + (A & B), (1049)
(5 = % P ]
= -2 [%P_(D_?’)} [0“bap] — p~ P2 0h 45, (1050)
5y = —0405 [p_(D _3)1)]
= —[0408p" PV — (9ap~P)ph
~(@pp~P)0ah — p~ P (9,40ph). (1051)

In deriving equations (1049)), (1050) and (1051)) we have used (699)), (700)) and (644)).
We now substitute equation (1047) in equation (1048) and expand it in powers of (p — 1).

Equating powers of p—1 in the dynamical equation allows us to solve for the unknown coefficients

hg%, k > 0 in terms of hffj)g, order by order in (%) In particular hS])B is determined at leading

order in (%) by equating terms of order (p—1)° on both sides of the projected Einstein equation

0 = pP=*ugng R

D 1
_ (3> NEash® + (D — 3)N2h(), <2) ((n.0)N + NK) ),

2
+%H%Hg' I:aCaMhS\OJ)C’ + 0 O™ — 82}@29)0/ — 0c9ch V) ]
+O(p—1). (1052)
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Solving equation (1052)) at leading order in (%) we get ,

1

Ak
_qope | 80 hiie + 0™ b — 9hgt, — 9c0h® + (D~ 3)hO Koer
oA 2(D —3)N2 — NK

1
t0(5 (1053)
[0c0MR" ., + 00 0MB) ., — 9289, — 0.0 h©® + DROK,
cre’ | YC McC’ c’ MC cc! coc’ cc’

i NK

1
Ool—=|.
wo(p)
In equation (1053) naively it seems that the last term is of order O(D). But we shall see that
for our case () is actually of order @ (%), so the last two terms do not even contribute to the

leading solution for hfjl)g.

External stress tensor The stress tensor T34 is given by
7)) = [iclud) _ geloun) p%w] 7 (1054)

where Kffgt) is the extrinsic curvature of the (p = 1) surface (approached from the outside)

viewed as a submanifold of the full space-time with bulk metric gap = nap + p*(D “3hap. The

trace of Kffgt) is denoted by K@) and pifgt) is the projector onto the surface (p = 1). Let the

normal to the surface is denoted b n(om) = Oap
v A gAB(04p)(0Bp)

that the denominator of this expression - the norm of the one-form d4p in the metric gap

. It follows from the gauge condition

- differs from the norm of the same oneform in the metric nap only at quadratic order in hap.

If we work only to linear order in h4p it follows that (nffm) =ny4) and also since n AhAB =0, it
implies g2 ngm) = ¢4Bnp = nA.
It thus also follows that

P(Aogt) = gAB — nfm)n%m) =gap —nang =g+ p P b ap,

PG = 05 — g = 1.

Where in the last step we have used the definition IIap = nap — nanp and the definition
bap
pD73'

gAB = NAB +
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The extrinsic curvature evaluates to @

K5 = G R)E Vonorlp=
= Hg Hg/ (aCnC’ - anCC’) |p:l (1055)

=Kap — Hgﬂg (anqccl)|p=la

where K 4p is the extrinsic curvature of (p = 1) surface as embedded in flat Minkowski space-time
nap- The last term in equation (1055) can be evaluated by determining the Christoffel symbol

with respect to the metric gap to linear order in hap. We find

c
—1I HB anCC”|p 1

T (11%_[]%) n [60 (p_(D_S)bC’Q) + dcr (p_(D_S)qu) — 9 (P_(D_?’)hC/c)L:l (1056)

N a N 0o 170 0
=[50 - J -y g (k0xp +afrs) |
p:

In the last step of equation (1056|) we have used the following manipulation :

AP ngdchl, = —IIACTIPY L, (9cm,)
= —IA°TPpY, Ko, (1057)
—h1P K

Substituting equation (1056 in equation (1055)) we finally get

ou N N 1
KSa) = Kap + [2hf41])3 ~ 5 (D= 3)hfy + 3 (DK% + hig i) ] - (1058)
p:

It follows that the trace of the trace of the external extrinsic curvature is given by

N

Kl = A% — hf | K50 = K+ [ al

R — (D~ 3)h(0)} , (1059)

2 -

where K = nAP K p = Trace of the extrinsic curvature of (p = 1) surface as embedded in flat

space-time and h(*) denotes [nAB h(k) }

Note, if we assume the membrane to be embedded in an auxiliary space with metric (nap + h( ) 5)

and denote the extrinsic curvature as K4z, then Kf:gt) and K% could simply be written as

K — KAB+2[h(1) (D—3)h§§’}3} joleu) — K+ rD — (D — 3)h® (1060)

174 Tn this section V means covariant derivative with respect to full linearised space-time from outside.
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Substituting equations (1058]), (1059)) and (1060)) in equation (1054]) we obtain our final expression
for the stress tensor from outside (p = 1) surface as given in (703)).

p <1 Forp < 1 the metric is assumed to take the form (706)) which we reproduce for convenience

gap=nag+hap=nap+Y (p— DFRGY

k
Einstein equation takes the form
i _ (1 - o s ;
m?zg>hm@+%@ﬁ—wmywﬁm:w. (1061)

As in the previous subsection BX%’ k > 0 can be determined in terms of ﬁff])g = hffj)g using

the dynamical Einstein equations. In particular ES}B may be determined from the coefficient of

(p—1)%in
OO plin) OGTG \ [arsy 700 |, s 70)  425(0) 2 0)
(1062)
1 . N
—(2>mmo%m-mNUﬁg—KgBMU+O@—1)

(Here all lowering and raising of indices have been done using the flat metric n45). Solving
equation ((1062)) in leading order in O (%) we find :

. nqng . . . . 1
hﬁf=<j%g>[ywkmﬁg+aM&mﬂya%gy&ﬁ@mm]+o<D>. (1063)

Interior stress tensor The interior stress tensor is given by

T = K — ke (1064)

p=1

where IC(X? is the extrinsic curvature of the p = 1 surface (as approached from the interior)
viewed as a submanifold of the full space-time with bulk metric gap = nap + hap. The trace of
IC%;) is denoted by K™ and pﬁ%) is the projector onto the surface (p = 1). As in the previous
subsection, working to linear order in the metric fluctuations

n(jn) =na; pﬁ? =ap + has.
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The extrinsic curvature evaluates to

K4 = B G Voier| -t
= H%’Hg/ (aCnC’ - nq]-—‘(éo/) |p:l (1065)

CC’
= Kap — 315 gl lo=1,

where K 4 p is the extrinsic curvature of (p = 1) surface as embedded in flat Minkowski space-time
nap- The last term in equation ([1065]) is simplified further by evaluating the Christoffel symbol
as :

Cc’ q
— AIlE ngl'cen ’p:l

1 / ~ ~ ~
= — (2> Hgﬂg nd [c%hczq + aclhcq - 8thlc}p

N - 1 /-~ - 1066
_ [thg L (ROKY + WD KS) (1066)

p=1

N-qn 1/ 0 0
_ [2h§4; b3 (s i) ] 1
p:

Substituting equation (1066]) in equation (1065)) we finally get

(in N - (1 1 (0 0
(106;)

~ N\ :n
= Kap + <2> hEM)%
The trace of the extrinsic curvature is given by

i T in % N -
R = [ R = (R ()] (1068)
p:

where K = (UAB - h(%?) Kap and B denotes {nAB B%)B]

Substituting equations (1067)) and (1068|) in equation (1064) we get the final expression for
the stress tensor from interior of the (p = 1) surface as given in equation (711J).

4.11.13 Details Related to the Large D black hole membrane current

In this Appendix we first perform the consistency check described in subsection We then go
onto supply some of the algebraic details of the derivation of the final form of the charge current
on the large D black hole membrane ([728]).

Details of the consistency check described in subsection 6.3
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Gauge Transformation In this subsection we gauge transform the gauge field presented
in (723) to put it in the gauge employed in subsection m

Let us apply a gauge transformation parametrized by the gauge function A on the gauge field

of (723), where

A::p_u}%)[Am)+(p-—1)Au)+(p—-D2A@)+”'J,
MBzaBA—l—MB, O:nBMB:nBMB+(n-8)A (1069)
=(n-9)A = —n®Mg.

Equating different powers of (p — 1) on both sides of the last equation in (1069)) we get the
following equations for A(®, A and A®.

— (D =3)NAO 4 (n-9)A® + NAD = —/20Q

=2 (1070)
— (D =3)N[AY — A 4 (n- AV £ NA® = /2 (Ilz) (VKQ> :
where V2Q = ITI489, [Hg@CQ] . Solving equation ({1070)
L\ V2Q (1N (V2 Q D\ (V*Q
0 _ (- Y% fl ye ) = =
0= (555) %+ (5) (%) [eroa($)+(2) ()]
1\3
il 1071
+0(5) (1071)
1 V2 D\ [V2Q 1)2
O (= (X2 = il
= (555) (%) [+ (R) (T e (5)
Now after applying the gauge transformation
Mp = Mg + 9pA = p_(D_g) [Mg)) +(p— 1)]\2;1) =+ - } ;
~ (0 V2Q3 (D o4 K
D BN N2 D)’
~ (1 D sz D vQUA 1
where
V2uy = B, [Hﬁ’ng’aB,uA,} V20 =114Ba, [H%’@B,Q} (1073)
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Note that Mp now satisfies the gauge condition of the previous section, i.e., n®Mp = 0.

Change in the subsidiary condition In this section we re-expand the coefficients of
the gauge field of the previous subsection so that these coefficients obey the subsidiary conditions
of subsection [£.5.3]

Mp satisfies the gauge condition imposed in the previous section, and consequently can be
identified with the field Gp of . However the expansion coefficients M ](Bk) cannot yet be
identified with the expansion coefficients Gg) of as M ](Sk) do not obey , ie.

PRm-o)mr o,
The coefficient functions GSBk) are easily extracted from the expansion of v16rGp = Mg by
following a recursive procedure we now outline. On the surface p = 1, the quantity v/167Gp ©0)
simply equals Mg)). Away from p = 1, V167G 50 (which no longer agrees with M 1(30)) can be

determined from knowledge of its value on the p = 1 surface using the equation
PEn-0)GY =o.
Now that Gg) is known everywhere consider

G -GV

This expression is a known power series expansion in (p — 1) which starts at (p — 1)*. On the

surface p = 1 the quantity Gg) is simply the coefficient of the linear term in (p — 1) in this

expansion. We have thus determined Gg) at p = 1. However this information together with the
subsidiary condition

PE(n-0)GYy =o,

(1)
B

determines G’ everywhere.

Now that we know Gg) also everywhere consider the quantity
G-GY —Ghp-1).

This quantity is a known power series that starts at order (p — 1)2. The coefficient of (p — 1)? is
)

simply Gg) evaluated at p =1 ..., and so on. We can thus proceed to evaluate Ggl for all n.

As the black hole membrane solution is known only to a very low order, we need to implement
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the recursive procedure described above only to very low order. This is very easily done. Clearly
V16rGY = Y — (p— 1) + 0(p - 1)2,

for some as yet unknown function Cg)). Now the operator P§(n - d) annihilates the LHS so it
must also kill the RHS. Applying this operator to both sides of this equation, Taylor expanding

in p — 1 and equating the coefficient of (p — 1)" to zero we find
0 _ 1 (0
c®) = PR o) MY,

It follows that

Vi6rGp = G + (M) + ) (0 - 1).

so that on the surface p =1
¢y = (wy) + ). (1074)

From the explicit black hole membrane solution we know M g) only to leading order in the 1/D

expansion (though we know Mg)) and so C’g)) to first subleading order). It follows that our current

(1)

knowledge of the black hole membrane solution is detailed enough only to allow to determine G'5

only at leading order in 1/D on the membrane surface. |TE|
@

We now turn to simplifying the expression for C

(0)

), Plugging in the actual value of M g for

the black hole membrane we may simplify this expression as follows :

c® = Nnﬁ’(n L9)MY

- fQHA(n o) B+o<ll)>
5

- _‘/];QPA (n-d)up + 0O < ) (1075)

@PA (u-d)np + O (é)

V2Q 1
- TUCKCB Pf —I—O <D> s

where we have plugged in the explicit expressions listed in (1072)). In the second and last line
of equation (1075)) we have used the fact that the membrane charge density and velocity field in

175 As explained above, once Gg) has been determined on the surface p = 1 it is easily continued away
from this surface. We will, however, have no need for this continuation.
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chapter 3 obey the subsidiary conditions
(n-0)Q =0, P{Y(n-0)up+phi(u-0)ng=0.

From equation (1072) and (T075) it is not difficult to read off the values of M 1(31) and C’g)) .
Using

K =DN+0O(1) and

VzuA PszuB 1
B0 (p)

we find

) <30+ 5 () (% )
+\fH [aAQ QaAN] 11))2

o | (
(52 (D)(5) 0 (3)

(1076)

+0
D
VierGYy = [y + cf)| = - <)

Consistency In the previous subsubsections we have transformed the linearized part of
the large D black gauge field into gauge and subsidiary conditions used in subsubsection
and have thus managed to read off the expressions for the quantities Gg) and Gg) listed in that
subsection. However, according to the analysis of subsubsection @ the quantities Gg) and
Gg) are not independent. In fact Gg) is given in terms of G( ) by the equations ((680]) and .

In other words the linearized part of the large D black hole metric is fits into the general
framework of subsubsection if and only if the explicit results obey upto cor-

rections of order O (%) We have explicitly verified that this is indeed the case. This completes

our check of the consistency of the large D black hole solutions at linearized order.
Details of the derivation of equation 6.13

The Membrane Current from Outside Now that we have recast the solution ((723))
in the form of the solutions presented in subsection [4.5.3] we can use any of the formulae of that
subsection to evaluate the membrane current. The external contribution to the current, J°U, is

most simply obtained from the equation (683) which we quote again here for convenience

Jgt = —(D = 3)NGY + NG + KAGY.
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Substituting Gg) and G( ) from equation (1076 we find that upto corrections of order O (

)

s

VIBTIg = V3Q [(1 —Q?) (M> (14 Q) (- B - (VZ“A) - Kiuc] Py

K K
+x/§[(D—3)NQ+<u-6)Q— <82Q+C§<(u.a)K

V20 Kang) (- a)UA} PA+0O (é) .

> —I—Q(u-K-u)] ug  (1077)

In the next subsection we shall see that the first line in the final expression of J%* (the third
step) vanishes as consequence of the stress tensor conservation equation on the membrane. So

the final form of the outside current after removing the first line

Vi6rJgt = W[Q<K+W—2K>+(u-a)cz

(Vz@f;(“'£K>+Q( K- )] (1078)
z w- K )| up

~VaQ [(82‘2@) +(u- a)m} PA+O (ll)) .

To simplify in equation (1078)) we have used the identities (see equations (1110}, (1111)), (1112),
(1113) and (1114)) for derivation) that

ViK 2K 1
D—-3)N=K - = = .
(D —3) T S +0(D>

The membrane current from inside In order to compute J% we use (690)) which we

quote here again for convenience
J5 =NGY + KpGW, (1079)

By comparing (688]) and (680) we see that it is a general feature of the solutions obtained in
subsections 1.5.3] and [.5.3] that

n _ (1) 1
G -G3'+0 < ) .
It follows that (1079 can be rewritten as

J5 = -NGY + KAGY. (1080)
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Using (1076)) it follows that

Vi6rTim = \/i[ (V;Q> up +Q <P§ZQW‘> — QKA UA] +0 <11)> : (1081)

4.11.14 Details Related to the large D black hole Membrane Stress Tensor

This Appendix mirrors the previous one except for the fact that it focuses on the membrane stress
tensor rather than the charge current. In the first part of this Appendix we check that the large
D black hole metrics - upon linearization - do indeed fit into the general structure of linearized
solutions to Einstein’s equations at large D developed in this chapter. In the second part of the
Appendix we provided details of our computation of the precise form of the large D black hole

stress tensor.

Consistency As we have described above, the large D black hole metric of chapter 3 simplifies
in the ‘matching’ region to the linearized form (737)) with ([738)). For the convenience of the reader

we reproduce those equations here:

Gap=nap+p P Map =nap+p P Z(p - 1)”MX?;, (1082)

n

where

M) = (1+ Q%0405 +2Q* (04V) + 05V — Q20405 — 2741

He <117>2’ (1083)

M‘SE); =2Q*810,405 - 1+ Q% [Vzﬁ(ll)OB + OAVBSI)}

o(3).
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with

- (3) [ ]
V/(f) = <[€> %TK — (u- Juc PC7

9 = <I?2) Ve, (1084)
ran =i () |20 (55| P

where

V2Q =304 [TP€0cQ], Viua = 4011805 [HCC/HA’A”(E)C,UA,,) ,

In this section we will recast the results and into the general form obtained
subsection As in the previous Appendix, this requires us to perform first a coordinate
(gauge) transformation on the solution , . We then read off the expansion coefficients
of the general solution described in subsection [4.5.4] by imposing the subsidiary conditions defined

in that subsection.

Gauge transformation Starting with the solution (1082 and (1083 we perform the

infinitesimal coordinate transformation
za — 2t + p (P,
which recasts the solution into the form

Map = Map + p(D_S)aA (p_(D_3)£B> + 0p <p_(D_3)§A> ) (1085)

We wish to choose our coordinate transformation to ensure that hgp satisfies the gauge condition

of subsubsection namely
nMap = 0. (1086)

It follows that the infinitesimal coordinate transformation must be chosen to ensure that
—nAMag = (n-0) [p_(D_3)§B} +ntop [p_(D_3)§A} . (1087)

Our general strategy for determining the vector field £4 that satisfied (1087)) is to assume that

like hap, the vector £4 generating the coordinate transformation also admits an expansion in the
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powers of (p— 1) :

o0

a= Y (=1, (1088)

m=0

We then substitute the expansion equations and into and determine the
expansion coefficients £(™), order by order in the (%) expansion by equating powers of (p — 1)
on both sides for the equation .

For the practical purposes of this chapter we only need to implement this programme to the
first couple of orders. Equating the coefficient of (p — 1)° on both sides of equation we

find

nAMgoE); — (D —3)N[ 530) +nB(n-§(0))} _ [(n.a)gg)) +nA63§,(£)}

(1089)
- N [fg) + nB(n . f(l))} .
Similarly equating the coefficient of (p — 1)! we find
1 1 0 1 0
M) = (D= 3)N [ - &) + np(e) - €)n] o0

= (- 00 + nope)| = 2N |6 + np(n- )]

Solving equation (1089)) and (1090|) simultaneously we find ,

€y | [y 4 a1 = (5) (o 14 210 m) |

::[<I>——3)Df

1
L0 (D) ,
0 0,1 1 0,2 1)\?
foa (3t 3
where (1091)

&= hz)f;ﬁv]:”Bﬂd%'_<ﬁf)(”'mfmn'”>}

1 [ /
PP = [(D — 3)N] n” <6A§g)’1) + 5355?’”) —na (nc[ﬁcﬁg’l)]nc ) ]

o] [+ = (5) (-0 010 ) |

After substituting equation (1091]) in equation ([1085)) we find

Nﬁgznﬁﬁipﬁ%w4%$p+&ﬁ9+{p—nM&;+O@—1ﬂ. (1092)
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Change in subsidiary condition In order to extract the expansion coefficients hg\}n])v de-
fined in subsection we need to ‘Taylor’ expand the metric in a power series expansion
in p while ensuring that the Taylor coefficients of this expansion obey the subsidiary conditions
(700). This is easily accomplished using the method outlined in the previous Appendix for the
case of the gauge field. Let M z(\%v represent the expansion coefficients of the metric where
these coeflicients don’t necessarily obey the subsidiary condition , ie.

ngng (n-0) MY, #0.

It must be that
0 ~ (0 0
WYy = M) — (p— DCYL +0(p— 12,

for some as yet unknown function Cl(fj)g. Now the operator 11§ TI(n - d) annihilates the LHS so it
must also kill the RHS. Applying this operator to both sides of this equation, Taylor expanding
in p — 1 and equating the coefficient of (p — 1)" to zero we find

151 (n-9)A

0
Cﬁx% = ccr:

1
N
It follows that

hag = b+ (M5} +C5)) (0= 1),

so that on the surface p = 1

Using equations (1092)) and (1093)) it follows that the coefficients hﬁ% and hg% corresponding to

metric (1092)) are given by :

WYL = (1+ Q) waup

1
+ (D> [— 20* (uAVéZ) + uBVf(lz)> — Q%uqup — 2Q? TAp

: 1)2
+ 104 [Vetor + Vel Hg] + O <D> : (1094)

D - y _
h’f41)B - <}_(2> |:2QV2Q uAUuUpB + (1 —|— QQ) Hgni (UC/V2’LLC + UCVQUC/):|

o(3)
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where

2

D\ [0cK
v = (&) % - woe| £5.

D 0, +0

_UCD<FC_0940)

D-3

€a=(14+Q% <I€> (TLA —UA>7
(1095)

P,

Here |pap = nap—nanp+uau B] and V denotes covariant derivative with respect to the intrinsic
metric on the membrane as embedded in flat space.

Note that the trace of hg]j)g vanishes till order O(1) in our (%) expansion.

D D
—_u+Q%+2<Lgy>(i)VAC?—wﬁ)+O<é> (1096)

o(3)

4B 1
;h®:wﬁﬁﬁg=—u+Q%+»V&B+o<>

Consistency As in the previous Appendix, it is not difficult to verify that the second
equation in ({1094)) is consistent with (701)) upto corrections of order O (%)
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Derivation of equation 6.36

E = u“@,,[T(NT)]Z

() a+@@ -+ () w on+ (§) @ 9e

Q7 . ()
—( 2Q>UNVVK“V+UVVM (“*“)—(v.vwou)

2

- <l§> (1+Q)(V )+ Q(u- V)K + <Iz(> (w- V)& (1097)

+ K(uKypu?) — (V- V) + O(1)

- (5) 0+ @@ 0 -0+ DE + (5 ) e
- QV?Q - (2Q4 _2Q2 — 1) <@;K> + (1 L L2 22Q4> K (u*Kq5u°)
+0().

In the second last line we have used identities (1103)) and (1107). In the last line we have used

identity (|1109)).

Now we could simplify equation (1097)) further by using the current conservation equation equa-

tion ([735]). For convenience we are quoting the equation here.
V2Q = QK(V-u)+ K(u-V)Q+ Qu-V)K — QK (u®K,zu”) + O(1). (1098)

Substituting equation (1098)) in equation (1097)) we find

- - (1 + 22Q2> lzw VE) —(1-Q?) (VQK> — (1+ QK (u* Kopu®)

K (1099)

n (I;) (1-Q*)(Y-u)+0(1)

Now we shall show that the term in the first line of equation ([1099)) could be re-expressed as

[ — (%) (@HE”)], where E* is the projection of stress tensor conservation equation in the
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direction perpendicular to u*.

Ef = <I2(> [(1 + QM) (u-Vul + (1 — Q*)pA© (Vf(K)
- (vigc + KCBUB) } +0(1).
Taking the divergence of the above equation we find
VuE! = - (I;) Vi [(1 + QY (u- V)ut + (1 — QH)p™ <$IV(K>
—p” (?’4—[(,,&110‘)] +O(D) (1100)

= () [+ @ ramt) + 0 - @) (VKK) - 2u- )] +0(D).

Here in the last line we have used identities ([1103]), (1108 and (1105)). Substituting equation
(1100) in equation (1099)) we get equation (751]).

4.11.15 Identities

In this appendix we shall prove several identities and equations that we have used at different

steps in our calculations.

Membrane embedded in flat-spacetime In this subsection all identities are derived on
p = 1 hypersurface as embedded in flat space-time. Usually all contractions (often denoted by
“.7) are with respect to flat Minkowski metric n4p. In few cases we have to use contraction and
covariant derivative with respect to the induced metric on the membrane. In those cases we have
used Greek indices and the covariant derivatives are denoted as V. Sometimes we have used V A

to denote V in the language of the embedding space. For example,
@ — _ Al B/
Huy — VAU/B = HA HB VA/uB/7

where IT45 is the projector on the membrane[l™|

176 Most of the identities that are derived here involve indices, functions and derivatives that are defined
entirely along the membrane. Therefore they could be very easily re expressed in the language of the
intrinsic geometry of the membrane, (by simply replacing V — V, {A, B} — {u,v}, Iap — gfffd’f)).

In the main text we have often used these identities with such replacement.
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Identity-1:

= 9p [(u-9)u”] — 0B [anC(u Iu’] +0(1)
= g [(u-0)u®P] + 0 [nPuC(u-9)n] + O(1) (1101)
= 9 [(u-0)uP] + 05 [nPuC(u-9)n] + O(1)

— (u-8)[0-u] + (9au®)(Opu?) + O [nB(uAuA’KAA,)] + o)
= K(UAUA/KAA/) + 0(1)

Here @ denotes covariant derivative with respect to the induced metric on the membrane as

embedded in the flat space, g(md ),

Identity-2:

n10%uy = dc(n0%uy) + O(1)
= — dc(urd“n,) + 0(1)
= — do(nCuF(n - d)ny, + KGut) + O(1)
— (u-8)K —a(KGut) +0(1
— (u-9)K — 0a(K9)ut + 01
= —2(u-0)K + O(1).

(1102)
)
)

Identity-3:

14 9 [KAP — KTIAP] =0 (103)
= 14 04 K42 = TT'Po, K.
Identity-4:
uaV2ut = —I185 (0pul) (8pu?) = O(1),
1 ) (1104)

since 1P ug ~ O (D

Here V2u 4 denotes the following.

2y = DATIBP 9y (ngi’ng,aB,,uC) .
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Identity-5:

?A?zuA = H‘ﬁ,ﬁA [HA/A”?QUAN]
= —KnV?u, + O(D)
= —K [0(n?*0Pu4) — (05n*)0Pu4)] + O(D)
= —K [9p(n?9Pu4)] + O(D) (1105)
=K [8B(uAaBnA)] + O(D)
= K [0p(K5u™)] + O(D)
= K[(u-0)K]+O(D).

In the last line we have used identity (1103]).

Identity-6:

(1106)

Here pap denotes the projector perpendicular to both n4 and u 4.

PAB = NAB — NANB + UAUB.

In the last step of equation (1106|) we have used the identities (1102)), (1103]), (1104]) and (1105)).
Identity-7:

?A?B’LL HB HAzaA |:HAIANHBN (8BNUA//)

_ Aﬁ[ 'n aHuA}+-0()

(1107)
Af[ o agnﬂ]4-0()
= K(uKpa) + O(1).
Identity-8:
Valu Vit =149, [HAA”(uBaB)u »
= —K nu-d)us+0O() (1108)

=K (u-K-u)+0(1).
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Identity-9:

4 N2
1@—@H%h@+@@%@@+<%2 @ -1

) (%)
2 K

Q* + 20 1+Q%) ¢
— <2> (u-0)ua+ < % )VQ’LLA

(1109)
4 N2
S804V = QV2Q + (14 Q%) (u- 0)K + <2Q @ -1

) (%)
(@

5 ) K (P Kap) + O(1).

Here V2@ and V2K denote

V2Q = 1%80,05Q, V2 K =14P0,05K.

In the last line of (1109) we have used identities (1103)), (1108) and (1105).

Identity-10:

anf(Df?)) -0

= 04 [pf(DmenA] =0

N 2
éKN—gL£E£+Oy®N:O
= KN — (D -2)N*>+ (n-0)N =0

(1110)
.'. pzl
(D-3N=K - N+ ON

:w—$N:K—g+m£W+O<

Identity-11

DN — 94 [(0Bp)(95p)]

_ (8%p)2ad5p
2N B N
B
_ (0 P)]\afBaAP — (n-8)(Nna) (1111)
B B

1
< 2 ro(g).
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Identity-12:

(n-9)K = nd,0pn"

:nA8B8AnB
=9 -9nPl — (85n?)(9an®
B [(n-0)n”] — (9pn™)(9an”) (1112)
<HBA8AK> AB
=0p| ——F— | — KapK
K
V2K K?
D O(1)

Here in the last line we have used identity (1111f). Combining (1110)). (1111}) and (1112)) we find

Identity-13:

V2K K 1
w-av x4 (TK) 2 (K)o (L), iy
Identity-14:
21 _ AB .. . _
662—?A(H 9pQ) v (n-9)Q=0 (1114)
=V?Q + O(1).

Relating intrinsic and extrinsic curvature of membrane with curvature of em-
bedding space-time Here we shall relate the intrinsic curvatures of a timelike membrane
with the extrinsic curvature of the membrane and the curvatures of the full space-time. For our
derivation we shall follow [82].

Define the coordinates along the full-space time as
{XA} ={p, 2"}, A=1{1,2,---,D}, u=1{2,---,D}

The equation of the membrane is given by (p = 1). {z#} are the coordinates that can vary along
the membrane. The unit normal to the surface is denoted as n4 .

Suppose wy4 is a vector tangent to the membrane. V4 denotes the covariant derivative with
respect to the intrinsic metric of the membrane and V 4 denotes the covariant derivative with

respect to the full space-time metric. It follows that

[Va,VBlwe = R cpa wp (1115)
[Va,Vplwe = RPcpa wp,
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where RY g4 denotes the intrinsic Riemann tensor of the membrane and RY -4 is the Riemann

tensor of the full space-time. We shall use pap as the projector on the membrane surface.

VaVpwe
= A PEpE Ve (B ¥E Vi )
= P4 PE e VaVwo +pA pE P Var (PE9E) (Vo)
= v pE e VaVawe + KacKpow” = Kapl(n- V)we] o

Here in the last line we have used the fact that n¢we =0
Using equations (1115]) and (1116 we find

Rpcpa Wb = pA pE pS Rpcrprar w + [KacKpp — KapKpelw?h.

Since equation (T117) is true for any w’ we find

Rpcpa =4 05 pE Rpcrprar + [KacKpp — KapKpc] -
Contracting equation (T118)) with pA¢ and pA“pB? we find

S pgRCC’ =Rap — KKap + KacK$ + Rarpr nFnk',

R=R+ QRCC’ noncl - K:z + ,CABICAB.

Note that the second equation of (1119 could be rewritten as

I:RCC/ — §GCC/:| TLCTLCI = TLCTLC,SCC/ =-R+ ,CQ - KAB,CAB-

Note also that for Ricci flat geometries equation (1119)) reduces to

0=Rap — KKap + KacK$ + Raggr nFn*
S 0=R—K%2+ KspKAE.
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5 Conclusion

The work presented in this Thesis is divided into two parts each addressing a different problem.
In the first part more light is shed on the famous level-rank duality between two theories, namely
a Chern-Simons theory coupled with critical bosons and a Chern-Simons theory coupled with
fundamental fermions in the 't Hooft large IV limit. The work deals with the duality between the
S-matrices of these two theories, and while doing that it also produces a surprise, namely the mod-
ification of the conventional channel crossing symmetry in these theories due to a non-analyticity
in one of the scattering channels, which has anyonic character. Although this modification is only
conjectured on the basis of the unitarity requirement, it has found multiple evidences. A special
nonrelativistic limit of the S-matrix in this anyonic channel exactly reduces to the self-adjoint
extension of the Aharonov- Bohm scattering matrix, which is reported in this thesis. In addition,
a later work on Supersynnetric Chern-Simons theory (M = 1 and A/ = 2) has revealed that a
similar conjecture has to be made in these theories as well. However, it will be really interesting
to find the version of this conjecture for finite N and k theories, as well as in the supersymmetric

theories with bifundamental matter.

The second part is about ’a membrane paradigm at large D’, which states that in large number
of spacetime dimensions D the black hole dynamics reduces to the dynamics of a codimenison-1
membrane in a flat spacetime with the same number of dimensions. This dynamics is governed by
the ’'membrane equations of motion’, which are actually the equations of conservation of a stress
tensor and a charge current defined on this membrane. This stress tensor and charge current is
coupled to the gravitational and electromagnetic radiation that this membrane emits, and this
radiation is nonperturbatively small. It would be amazing if this program is extended to the

processes like a collision of two black holes and some general lessons can be learnt out of it.

My own work

Since no part of my work is a single author publication (By putting 'we’ and ’our’ all over the
place I wasn’t just being modest, I was being honest), the list of my own direct contribution to
the work presented in this thesis is as follows.

Chapter 1:

e Setting up and solving the Euclidean Schwinger-Dyson equation to obtain the bosonic

4-point function
e Taking the onshell limit in different channels to find the bosonic S-matrices

e Setting up and solving the Euclidean Schwinger-Dyson equation to obtain the fermionic
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4-point function
e Taking the onshell limit in different channels to find the fermionic S-matrices
e Checking the duality between the bosonic and fermionic S-matrices in non-anyonic channels
Chapter 2:
e Taking the near threshold limit of the conjectured S-matrix

e Solving the Schrodinger equation with self-adjoint boundary condition and verifying the
result with [22]

e Comparing the two results

Chapter 3:

e Converting the metric, gauge field and membrane equations into geometric form
e Determining the light quasinormal spectrum of RN black hole

Chapter 4:

Determining and analyzing Greens function in general dimensions

Constructing membrane current and stress tensor from linearized solution

Showing that membrane entropy current is proportional to the velocity field

Analysing spherical harmonics in general dimensions

Deriving the formulae for radiation in general dimensions and relating it to the sources
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