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yAro\ bhAm g�\T� h� e kAynAt k� EbKr� V� kw� ,

ek P� l ko j�\Ebf dog� to tArA kA\p uW�gA।

So entangled are all the scattered corners of creation

that

poke a flower, and a star shall quiver.

- rG� pEt shAy ‘ E'r* gorKp� rF ’
Raghupati Sahai ’Firaaq Gorakhpuri’

What’s my gauge? It is nor hand nor foot,

Nor arm, not face, nor any other part

Belonging to a state. O, be some other gauge!

What’s in a gauge? That which we call a rose

By any other gauge would smell as sweet;

- William Shakespeare1

1Citaton needed.



Abstract

Tata Institute of Fundamental Research, Mumbai

Department of Theoretical Physics
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Entanglement in Gauge Theories

by Ronak M Soni

I discuss the problem of defining entanglement entropy between a region and its complement

in a quantum field theory with gauge symmetry. There are two related approaches to

defining it, one using the Hilbert space – the “extended Hilbert space” definition – and one

by considerations of local subalgebras. I explain both and compare them in the case of an

Abelian and a non-Abelian gauge group. Then, I interpret the entanglement found in this

way in an information-theoretic manner. I then take the continuum limit and calculate it

in the case (3 + 1)-d free U(1) gauge theory.
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Chapter 1

Introduction

Entanglement, the fact that a state of two subsystems can’t be written as independent

states on each subsystem, is one of the simplest signatures of non-classicality in quantum

systems, and its study in both the information theory and field theory communities have

been fruitful, leading to for example new diagnostics of certain phase transitions, important

advances in understanding the emergence of the bulk in AdS/CFT, the development of a

numerical technique called tensor networks, and the study of quantum thermodynamics

beyond the second law.

In quantum field theory, we’re interested in the entanglement between a region and its

complement on a spatial slice; regions are natural objects in field theory since the degrees

of freedom are local in space. In gauge theories, however, the purely local description

has a gauge redundancy and the physical degrees of freedom are not point-like, but are

loops of electric and magnetic flux. Because of this, subregions in a gauge theory don’t

really correspond to subsystems, and there is a real question of whether there is a sensible

entanglement-type question we can ask between subregions.

In this thesis, we show that there is indeed such a question, examine its properties and

meaning, and calculate the answer in some systems. The basic physical point will be that

the lack of factoriability can be thought to come purely from the Gauss’ law constraint

∇ · E = 0, or its analogue, applied as an operator equation. In particular, the problem

will be caused by these constraints at the boundary of the region of interest, since because

of these constraints the electric flux entering the region and leaving it at a point on the

boundary are exactly the same variable, even though one should count as an inside variable

and the other the outside.

Because of this relationship, the density matrix has a block-diagonal structure, with each

block corresponding to a boundary electric flux configuration, or just edge mode for short,

1



2 Chapter 1

denoted throughout by k, and the entanglement entropy can be written as

SE = −
∑
k

pk log pk −
∑
k

pkρ
k
in log ρkin +

∑
k

pk log dk ≡ Sc + Sq + Sf , (1.1)

where

1. pk is the probability of measuring the boundary electric flux configuration to be k,

2. ρkin is the density matrix restricted to the sector given by k, normalised so that tr ρkin =

1, and

3. dk is the dimension of the representation k, and is always 1 for Abelian gauge groups.

We call the three terms Sc, Sq, Sf the classical, quantum, and fusion terms respectively.

After giving a short introduction to entanglement as well as gauge theories reviewing relevant

facts, we build up the framework required to arrive at the formula (1.1) in chapter 2. In it,

after discussing the problems with gauge-fixing, we define EE for a gauge-invariant state —

defined as being invariant under gauge transformations — on the lattice in two ways. The

first is the extended Hilbert space (EHS) definition, in which we embed the non-factorisable

gauge-invariant Hilbert space in a larger Hilbert space that factorises because it has both

gauge-invariant and non-gauge-invariant states and then define the reduced density matrix

as being that in this larger factorisable Hilbert space. This definition has the decomposition

(1.1). Second, we introduce the algebraic electric centre definition, where the reduced density

matrix can be thought of as a linear combination of all the gauge-invariant operators that

act within the region, and show that it lacks the fusion term in the EE. We end chapter 2

by showing that the EHS definition agrees with a lattice replica trick, and show that the

continuum limit of this lattice replica trick gives the same answer as the naive continuum

replica trick. Since the continuum replica trick is one of the major tools used to calculate

EE in QFT, this means that the EHS definition is the one of most direct physical interest.

Then, in chapter 3, we try to understand the meaning of this EE. We use the non-appearance

of the fusion term in the electric centre definition to argue that it measures correlations

between non-gauge-invariant operators. Using the operational definition of entanglement

as being the number of Bell pairs a state can be converted to by local operations and

classical communication, we show that only the quantum term Sq should be thought of as

real entanglement and the classical term Sc should be thought of as classical correlation.

Finally, because concreteness is a virtue and also because it is useful to illustrate the fact

that all three terms, despite their differing operational interpretations, contain physical

information, we calculate the EE and its decomposition into the three pieces for three

different theories in chapter 4.
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The first system is 2 + 1-dimensional lattice SU(2) theory to first non-trivial order in the

strong coupling expansion, which is a confining theory. Here, the EE is exactly proportional

to the number of boundary vertices, and comes entirely from the classical and fusion terms.

The first fact is related to the fact that the theory is confining, and the second fact comes

mostly because of the simplicity of the unperturbed state.

The second is the 2+1-dimensional toric code for a general discrete gauge group. This theory

is the extreme weak-coupling limit, which is singular for continuous gauge groups. In this

theory, we show that the EHS entanglement entropy is proportional not to the number of

boundary vertices but one less than it. This correction is called the topological entanglement

entropy; its existence is related to the theory being deconfined, and its value is a quantity

known as the total quantum dimension of the spectrum of anyonic excitations of this theory.

We also show that the value gets a non-zero contribution from the fusion piece, showing

that all three terms have physical content.

Finally, we consider a ball-shaped region in free continuum Maxwell theory in 3 + 1 dimen-

sions. In this theory, conformal field theory arguments and an explicit calculation had given

different answers for the universal term in the entanglement. We show that the replica

trick, and therefore the EHS, answer agrees with the CFT answer, and further that the

discrepancy is exactly the classical piece. Finally, we show that even in this theory there

is a negative constant correction to the area law similar to the topological entanglement

entropy, but that it is not topologically protected or universal any more.

We end with a summary of results and a discussion of open questions in chapter 5.

1.1 Entanglement Basics

Entanglement is the fact that a state on a composite system can’t be written as independent

states on subsystems. In the case where the Hilbert space of a full system can be written

as the tensor product of the Hilbert spaces of two subsystems,

H = H1 ⊗H2, (1.2)

a separable state is, sticking to the pure state case, one that can be written as

|ψ〉 = |ψ1〉 ⊗ |ψ2〉 , (1.3)

and any non-separable state is called entangled.

The entanglement entropy(EE) is a simple measure of how bad this failure to factorise is.

First, we define a reduced density matrix, defined to be a density matrix on one of the
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subsystems, say H1, that reproduces all the expectation values of operators acting only on

that subsystem,

tr(ρ1O1) = 〈ψ|O1 ⊗ 12|ψ〉 . (1.4)

ρ2 is similarly defined. A more explicit expression for the reduced density matrix is

〈
i
∣∣ρ1

∣∣i′〉 =
∑
j

〈i, j|ψ〉
〈
ψ
∣∣i′, j〉 ≡ 〈i∣∣tr2 (|ψ〉 〈ψ|)

∣∣i′〉 , (1.5)

where i and j label bases for H1 and H2 respectively.

When the state is separable, the reduced density matrix is also pure, and when it is entangled

the reduced density matrix is that of a mixed state in the first subsystem despite the fact

that the full state was pure. Thus, the amount of entropy in the reduced density matrix is

a measure of how entangled the two subsystems are, since the full state is pure and all the

uncertainty comes from the entanglement. Thus, we define the EE as the von Neumann

entropy of the reduced density matrix,

SE(|ψ〉) = − tr1 ρ1 log ρ1. (1.6)

While this definition may seem needlessly asymmetrical, it so happens that ρ1 and ρ2 have

the same eigenvalues and therefore the same EE, as can be seen from the fact that any

entangled state can be written in the Schmidt decomposition,

|ψ〉 =
∑
i,j

ψij |i〉1 |j〉2 =

min(d1,d2)∑
I=1

αI |I〉1 |I〉2 ⇒ ρi =
∑
I

|αI |2 |I〉i 〈I|i . (1.7)

There is also a more operational way to understand entanglement and EE. A prototypical

example of an entangled state is the Bell pair, |00〉 + |11〉.1 One might naively think that

the defining property of this state is that measurements of σz on both qubits are perfectly

correlated, but if one creates a pair of qubits that are with probability 1
2 both 0 or both

1 the state one gets is actually |00〉 〈00| + |11〉 〈11| instead of the Bell pair. What, one

might ask, is precisely the difference? The answer was found by Bell [4], who showed that

there are certain inequalities satisfied by all classically correlated systems and violated by

some entangled systems, called Bell inequalities. A particularly convenient version, found

by Clauser et al [5] is〈
σz1
σz2 + σx2√

2
+ σz1

σz2 − σx2√
2

+ σx1
σz2 + σx2√

2
− σx1

σz2 − σx2√
2

〉
≤ 2. (1.8)

When evaluated in the Bell state, this expectation value is 2
√

2.

1We will be cavalier about normalisation in this section.
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An important question we’d like to ask about entanglement is how to measure it. If we had

a class of operations that was guaranteed not to increase entanglement, we could compare

the entanglement in two different states by which one can be converted into the other using

operations from only that class. The standard class of operations defined for this purpose is

local operations and classical communication (LOCC), defined as unitaries/measurements

that are performed on only one subsystem and classical communication. For example,

U1⊗12,11⊗U2, U1⊗U2 are all LOCC, but U1⊗U2 +V1⊗V2 isn’t. Similarly, measurements

have to involve degrees of freedom on only one subsystem.

Given n copies of the state, if kmax is the maximum number of Bell pairs that can be created

from it using LOCC, the distillable or extractable entanglement is limn→∞
kmax
n . Similarly,

if kmin is the minimum number of shared Bell pairs required to create n copies of the state

using only LOCC, the entanglement of dilution is limn→∞
kmin
n . When the full state is pure,

the two quantities coincide and are equal to the entanglement entropy.

1.2 Entanglement in Scalar Quantum Field Theory

States in a quantum system are usually given by wavefunctions, which are functions from a

configuration space to complex numbers, where the configuration space is the analogue of

the set of allowed ‘positions’ in the classical theory. For example, the configuration space

for a qubit is two points, and that for a particle living in Rn is Rn. A quantum field

theory is a theory whose configuration space is a set of configurations of some field living

on a particular space, so that the configuration space of a d + 1-dimensional real/complex

scalar field theory is the set of functions from Rd to real/complex numbers satisfying some

boundary conditions.

It is conventional to associate to each configuration a basis element of the Hilbert space, so

that a state can be written as

|ψ〉 =

∫
Dφ(x)ψ[φ(x)] |φ(x)〉 ,

〈
φ(x)

∣∣φ′(x)
〉

= δ(φ− φ′), (1.9)

where Dφ(x) =
∏
x∈Rd φ(x) integrates over all configurations, ψ[φ] is called the wavefunc-

tional, and the δ-function is defined according to
∫
Dφδ(φ − φ′)f [φ] = f [φ′]. However, as

is the case in text book quantum mechanics the unnormalisable basis states |φ〉 themselves

aren’t in the Hilbert space; we don’t let this worry us.

Since two field configurations can differ at any point, we may write the basis element |φ〉 as

|φ〉 =
⊗
x

|φ(x)〉x , (1.10)
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and therefore the entire Hilbert space has the structure

H =
⊗
x

Hx. (1.11)

Making these two statements precise requires some regularisation; it is simplest to imagine

all the statements in this section as being on a lattice. While we will continue to speak in

continuum language in this section, we will be very explicit about the lattice in the discussion

of gauge theories. [6] has a rigorous description directly in the continuum, but we will not

go into those details here.

Since the natural subsystems of the full Hilbert space live on points, it is natural to define

regions as subsystems in QFT. We will always discuss the entanglement between a region

and its complement, which we will call “in” and “out” respectively. Here, the words “in” and

“out” hold no special significance except to the human mind; they come from the picture

in which “in” is a particular region in space that we have access to, for example a lab, and

“out” is everywhere else.

Thus, we define a reduced density matrix for the inside

ρin =

∫
DφoutDφinDφ̃in 〈φin, φout|ψ〉

〈
ψ
∣∣∣φ̃in, φout〉 ∣∣∣φin〉〈φ̃in∣∣∣ . (1.12)

Clearly this expression only makes sense on the lattice, and consequently we find a UV-

divergent answer. In four space-time dimensions, it has the form

SE = c2
A

ε2
+ C log

A

ε
+ c0 +O(ε), (1.13)

where A is the area of the boundary and ε is the UV cutoff — for example, the lattice

spacing. See [7] for a discussion of the source of this structure and its generalisation to

other dimensions.

If we’re interested in the continuum theory, the regulator ε is an extra variable whose value

is up to us. So, we’re interested in only universal or regularisation-independent quantities,

ie those independent of ε. Consider taking ε → 2ε; then we find that the form (1.13) is

preserved but

c2 →
c2

4

c0 → c0 − C log 2. (1.14)

Thus, we see that only the coefficient of the log is universal. Other example of universal

quantities are relative entropies etc, but we will only be concerned with the coefficient of

the log here.
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1.3 Gauge Theories

A gauge theory is a quantum field theory with a redundancy in the description, the most

famous example being electrodynamics where Aµ and Aµ + ∂µλ correspond to the same

electric and magnetic fields and therefore denote the same state. This section is a short

introduction to gauge theories with a focus on Hamiltonian lattice gauge theory. In section

1.3.1, we remind the reader of some salient facts about continuum gauge theories without

matter. Then, in section 1.3.2, we introduce the Wilson path integral on the lattice, and

the limit in which the Hamiltonian formulation comes out of it, and then give a general

description of Hamiltonian lattice gauge theory with examples. Details for this section can

be found in [8–10].

1.3.1 A Short Review of Continuum Gauge Theory

Let us begin with a short review of free Maxwell theory in four dimensions, since it is

the most well-known example of a gauge theory. It consists of a gauge field, Aµ, and the

Lagrangian

L = −1

4
FµνF

µν , Fµν = ∂µAν − ∂νAµ. (1.15)

This is clearly invariant under the gauge transformation

Aµ → Aµ + ∂µλ, (1.16)

since the field strength Fµν is.

To see why we can’t just call this a symmetry and have to call it a redundancy, it is useful to

consider the Hilbert space on which this symmetry is represented.2 The momenta conjugate

to the Aµs, which we call Πµ, are

Πi = Ei = ∂0Ai − ∂iA0, Π0 = 0, (1.17)

since the Lagrangian has no time-derivatives of A0. However, since the momentum operator

Π0 has to be −i∂A0 , Π0 = 0 is only consistent if we demand that all allowed wavefunctionals

are independent of A0. Secondly, if we work out the Hamiltonian of the theory, we find that

it is

H =
1

2
E2 +

1

2
B2 +A0∇ · E, Bi =

1

2
εijk∂jAk. (1.18)

2This paragraph is a dumbed-down version of the statement that the phase space has first-class constraints.
For more details, see [11].
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Clearly, if the wavefunction has support on a non-zero eigenspace of ∇ · E, evolution with

this Hamiltonian generates dependence on A0. A more direct way of seeing this is that

Π̇0 = [Π0, H] = ∇ · E, (1.19)

so that Π0 = 0 is only conserved if ∇ · E = 0 as well. Finally, notice that a gauge transfor-

mation by the function λ(x, t) is implemented on the Hilbert space by the operator

Q[λ] = ei
∫
d3x λ̇Π0−λ∇·E , (1.20)

where we have assumed that λ dies off on the boundaries of space-time so that we can

perform an integration by parts. Since we already argued that the physical Hilbert space is

defined by Π0 = ∇ ·E = 0, we find that the gauge transformation acts as the identity on it,

showing that it is a redundancy.3

In practice, however, this is not a good way to quantise the theory. Since the theory is

most easily formulated in terms of the gauge fields,4 the subspace on which the gauge

transformations act trivially is the subspace in which all the wavefunctions are symmetric

superpositions over gauge orbits, the sets of all gauge-related configurations. This makes the

state hard to work with for various reasons we will not go into here. The way to make things

simpler is to fix gauge, to pick out either one state or a localised superposition of states in

a gauge orbit. Gauge-fixed Hilbert spaces are unitarily equivalent to the gauge-invariant

Hilbert space,5 and so we can equivalently formulate the theory in a gauge-fixed Hilbert

space.

We will work always in the temporal gauge A0 = 0. The state in this gauge corresponding

to the fully gauge-invariant state δ[Π0]ψ[Ai] is simply δ[A0]ψ[Ai], and the unitary nature of

this map is clear. This is an example of an incomplete gauge-fixing, however, since gauge

parameters independent of time cause non-trivial transformations of the Ais while preserving

the A0 = 0 condition. These residual gauge transformations are generated, then, by ∇ · E,

and we can see that the A0 = 0 state we wrote down is still annihilated by this Gauss’

law operator. Here onwards, gauge transformations will always refer to those generated by

the Gauss’ law. We call the Hilbert space of all states, gauge-invariant states and not, in

the A0 = 0 gauge the extended Hilbert space H and the space of gauge-invariant states the

gauge-invariant Hilbert space Hginv.
3A more direct way of getting this would have been to take the commutator of the generator (1.20) with

the Hamiltonian (1.18); we would have seen that it was only 0 on the subspace ∇ · E = 0. However, we
would still have had to demand Π0 = 0, making it somewhat aesthetically unappealing as a proof.

4This is not completely obvious in the free case, but for example interaction terms are usually of the form
JµAµ.

5Ignoring subtleties caused by incomplete gauge-fixing and Yoneya-Wadia-Gribov ambiguities and so on.
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Figure 1.1: The non-zero commutation relations are between Wilson loops and electirc
fields tangent to them.

In temporal gauge, in terms of gauge-invariant variables, the non-trivial commutation rela-

tions are between Wilson loops
∮
A · dl and electric fields tangent to them. The reason the

gauge-invariant variable is the integral around a loop is that, under gauge transformations,

δ

∫ y

x
A · dl = λ(y)− λ(x). (1.21)

This is only 0 for arbitary λ if x = y. Of course, by Ampere’s law, this relarted to the

amount of magnetic flux through the loop, and so this encodes the full set of non-trivial

commutations.

Another important point is that the set of gauge transformations form a group. Naively, the

set of transformations (1.16) in electrodynamics form the group R, but it is also consistent

with the group being U(1) if the quantum fluctuations of the gauge field are much smaller

than the effective radius of the U(1) circle, since the only difference between these cases are

periodicity conditions and in this limit the fluctuations aren’t big enough to see them. In

section 2.4.2, we will show that the continuum U(1) gauge theory as usually formulated is

in this limit. However, the compact nature of the group often turns up when there are non-

contractible cycles around which the group can wind, and also in the quantisation of charge.

In the real world, we see that charge is quantised and therefore the theory of electrodynamics

has a U(1) symmetry.

The final concept that will be useful is that of a large gauge transformation. If the theory lives

on a spatial region with boundary, then gauge transformations where the gauge parameter

λ is non-zero on the boundary, if they are allowed by the boundary conditions, are different

from usual gauge transformations in that they are real transformations of the physical

variables rather than redundancies.

We can also formulate gauge theory for other continuous Lie groups. Here, the gauge fields

Aµ are valued in the adjoint representation and the gauge transformations are

Aµ → U(x)−1A(x)U(x) + U(x)−1∂µU. (1.22)
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The field strength, ignoring some relative factors, is

Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ], (1.23)

and the Yang-Mills Lagrangian that generalises the Maxwell Lagrangian is

L = −1

4
trFµνFµν . (1.24)

We will always consider the case of a compact gauge group. We also note that the analog

of a Wilson loop in a non-Abelian gauge theory is

trPei
∮
A·dl, (1.25)

where P is path-ordering.

1.3.2 An Introduction to Hamiltonian Lattice Gauge Theory

A lattice gauge theory is a lattice quantum system locally invariant under the actions of

a gauge group G, which we will take to be compact, The gauge field becomes a G-valued

variable living on the links of the lattice, and the value of the link variable is analogous to

the Wilson line on the lattice Uij ∼ ei
∫ j
i A; we denote the identity element by 1, clarifying

that it is a grou element and not a number when there is possibility of confusion. In this

section, we will introduce the Hamiltonian formulation of lattice gauge theory [9, 10] in the

temporal gauge Ui,i+t̂ = 1, where 1 denotes the identity element of G. We will first introduce

the formulation for a general compact group to emphasise the general structure, and then

illustrate it in the cases of the groups ZN , U(1), SU(2).

We approach the Hamiltonian formulation from the Euclidean path integral. We consider

a square lattice in d + 1 dimensions. We label vertices of the lattice by small letters i, j,

etc. and links by the endpoints as (ij), with (ij) and (ji) denoting the same link. The

set of vertices is V , the set of links L and the set of plaquettes, the elementary square of

the lattice, P . The variables are elements of the group on every link, and we use the Haar

measure, defined by

dU = d(V U) = d(UV ) and

∫
G
dU = 1. (1.26)

to integrate over them. In the case of a discrete group, the Haar measure is just a sum over

all the group elements, with normalisation given by (1.26). The Wilson action, which for a

continuous Lie group gives the Yang-Mills action (1.24) in the continuum, is

SW =
∑
p∈P

tr (UijUjkUklUli) + cc, ijkl ∈ p. (1.27)
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This action has a gauge-invariance given by a group element Vi at every vertex,

Uij → ViUijV
−1
j . (1.28)

The path integral ∫
DUe−SW , DU =

∏
i

dUi, (1.29)

automatically sums over gauge orbits, and the normalisation of the Haar measure means

that this sum doesn’t diverge in an uncontrollable manner; thus, it is well-defined without

gauge-fixing, a property that will not continue to be true in the continuum, see section 2.4.2

for details.

The Hamiltonian formulation that we will use is given by fixing temporal gauge

Ui,i+t̂ = 1, (1.30)

and taking the limit in which time is continuous, see [8] for details. In more general gauges,

we have to include ghosts and negative norm states in the Hamiltonian formulation, and

they have not yet been satisfactorily incorporated into the entanglement story. Without

describing in detail how it comes about, we will now describe the Hilbert space.

The Hilbert space Hij on a link (ij) is spanned by a set of basis vectors {|Uij〉}, one for

every element of the group G,

Hij = Hji = span
({
|U〉ij

∣∣∣U ∈ G}) (1.31)

with the identification

|U〉ij =
∣∣U−1

〉
ji

; (1.32)

this is the analogue of the fact that A · x̂ = −A · (−x̂). We define the (matrix-valued) ‘field’

operator Û rij by

Û rij |U〉ij = Dr(U) |U〉ij (1.33)

with the convention that Ûji = Û−1
ij to agree with (1.32). Here, Dr is the Wigner matrix or

representation matrix of the irrep r, and the operator U rij without a superscript means that

r is the fundamental irrep.6

There are two electric operators that don’t commute with Ûij for every element of G,

L̂ij(V ) |U〉ij = |V U〉ij
L̂ji(V ) |U〉ij =

∣∣UV −1
〉
ij
. (1.34)

6The representation matrices of the fundamental irrep themselves transform in the adjoint irrep.
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From the definition, it is clear that

[L̂ij , L̂ji] = 0. (1.35)

There is a theorem, the Peter-Weyl theorem, see [12, 13] for an introduction, that is the

non-Abelian version of a Fourier transform, according to which we can write

|U〉ij =
∑
r,α,β

√
drD

r
αβ(U) |r, α, β〉ij , (1.36)

where r denotes the irrep, dr its dimension, and Dr
αβ is the α, β element of the representation

matrix of the irrep r and the ‘electric basis’ states |r, α, β〉 have the property that

L̂ij(V ) |r, α, β〉ij = |r, γ, β〉ij D
r
γα(V ),

L̂ji(V ) |r, α, β〉ij = Dr
βδ(V ) |r, α, δ〉ij . (1.37)

We can convert between the two bases using the completeness relations∫
dUDr′

α′β′(U)∗Dr
αβ(U) =

∫
dUDr′

β′α′(U
−1)Dr

αβ(U) =
1

dr
δr,r′δα,α′δβ,β′ ,∑

r

dr
∑
α,β

Dr
αβ(U)∗Dr

αβ(V ) = δ(U−1V ). (1.38)

Naively, the Hilbert space of the entire lattice should be the tensor product of those on the

different spatial links,

H =
⊗

(ij)∈links

Hij . (1.39)

Gauge transformations are implemented at every vertex by the operator

Ĝi(U) =
∏

j|(ij)∈L

L̂ij(U). (1.40)

Since gauge-invariance should be thought of not as invariance under a physical symmetry

but a redundancy, the real Hilbert space is the gauge-invariant Hilbert space Hginv defined

as the subspace invariant under these transformations,

|ψ〉 ∈ Hginv ⇔ ∀i, U, Ĝi(U) |ψ〉 = |ψ〉 . (1.41)

We call the bigger Hilbert space defined in (1.39) the extended Hilbert space; it is the natural

Hilbert space in theories where the gauge symmetry is only a low-energy property.

The gauge-invariance constraint actually means that the irreps rij fuse to the identity irrep,

since the product of representation matrices must act as the identity for every group element
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according to (1.41). So, the gauge-invariant Hilbert space is spanned by a set of states called

spin networks, labelled by an irrep rij on every link, and an intertwiner ιi at every vertex

labelling how the irreps on all the links fuse to the identity. The intertwiner is necessary

in non-Abelian groups when there are multiple ways the irreps can fuse to the identity; for

example, labelling irreps of SU(2) by the value of j,

1

2
⊗ 1

2
⊗ 1

2
⊗ 1

2
= 0⊕ 0⊕ 1⊕ 2⊕ 1⊕ 1, (1.42)

One 0 comes from the doublets pairing up and forming singlets, whereas the other 0 comes

from two pairs of doublets both forming triplets and the two triplets fusing to a singlet. The

intertwiner labels which of these fusions actually happens at the vertex where these four

links meet.

ZN Theory

ZN is a discrete Abelian group consisting of N elements 0, 1 · · ·N − 1, with the group

multiplication being addition modulo N . Its irreducible representations are labelled by an

integer k ∈ {0, 1 · · ·N − 1}, and the Wigner matrices — which are complex numbers, since

this is an Abelian group — are

Dk(n) = ei
2π
N
kn. (1.43)

The basis change between electric and magnetic bases is just the discrete Fourier transform

|k〉 =
1√
N

n−1∑
n=0

ei
2π
N
kn |n〉 . (1.44)

This is why we stated that the Peter-Weyl theorem was the non-Abelian analogue of the

Fourier transform.

Since the group is Abelian, the electric basis is labelled just by the kijs and a basis for

the gauge-invariant Hilbert space is given by the subset of these configurations that satisfy

Gauss’ law, |kij〉
∣∣∣∣∣∣∀i,

∑
j,(ij)∈L

kij mod N = 0

 . (1.45)

U(1) Theory

U(1) = limN→∞ ZN is the group whose defining representation is the unit circle in the

complex plane,

U(1) ∼=
{
eiθ
∣∣∣ θ ∈ [0, 2π)

}
. (1.46)



14 Chapter 1

Its representations are labelled by integers, which we again call k, with Wigner matrices

Dk(θ) = eikθ. (1.47)

The kth irrep corresponds to the circle winding around itself k times.

The basis change is again a Fourier transform

|k〉 =

∫
dθ

2π
eikθ |θ〉 , (1.48)

and the gauge-invariant Hilbert space is again spanned by a set of the form (1.45) except

with N set to ∞.

The new element from the ZN case is that we can define an electric field operator Eij by

Lij(θ) = eiθEij . (1.49)

The eigenvalues of the Eijs are actually the kijs defined previously, and the gauge-invariance

constraint becomes equivalent to the lattice Gauss’ law

∑
j,(ij)∈L

Eij |ψ〉 = 0. (1.50)

SU(2) Theory

SU(2) is the group of 2× 2 unitary matrices with determinant 1, familiar to physicists from

the study of the angular momentum algebra. It is a three-dimensional Lie group, whose

generators we denote by T a, a = x, y, z. This means that every element can be written as

eiεaT
a
. Further, the T as span a vector space, known as the Lie algebra, and have standard

angular momentum commutation relations

[T a, T b] = iεabcT
c. (1.51)

The irreps are labelled by a number j ∈
{

0, 1
2 , 1 · · ·

}
, with dimension

dj = 2j + 1. (1.52)

The irrep is completely specified the quadratic Casimir

∑
a

Dj(T a)Dj(T a) = j(j + 1)12j+1 (1.53)
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This is, of course, just a fancy way of writing the usual J2 operator that measures the total

angular momentum.

As in the case of U(1), we prefer electric field operators in the Lie algebra rather than Lie

group; meaning that we replace Lij by Jij , defined as

eiεaĴ
a
ij |U〉ij =

∣∣eiεaTaU〉
ij

eiεaĴ
a
ji |U〉ij =

∣∣Ue−iεaTa〉
ij
. (1.54)

From this definition, it is apparent that [Ĵij , Ĵji] = 0. Since a link is specified by only one

irrep,

Ĵ2
ij = Ĵ2

ji. (1.55)

Using this, we define an ‘electric basis’ {|jij ,mij .mji〉}, with the property that

Ĵ2
ij |jij ,mij ,mji〉 = Ĵ2

ji |jij ,mij ,mji〉 = jij(jij + 1) |jij ,mij ,mji〉 ,

Ĵzij |jij ,mij ,mji〉 = mij |jij ,mij ,mji〉 and

Ĵzji |jij ,mij ,mji〉 = mji |jij ,mij ,mji〉 . (1.56)

The transformation between the two bases is

|jij ,mij ,mji〉 =
√

2jij + 1

∫
dUD

jij
−mij ,mji(U) |U〉 . (1.57)

Gauge transformations are implemented by operators at every vertex

Ĝai (θa) = eiθaG
a
i

/
Gai =

∑
j,(ij)∈L

Ĵaij . (1.58)

We note for later reference that (1.41) also means that

Gai
∣∣
Hginv

= 0. (1.59)
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Definition

Now that we have discussed the basics of entanglement and the quantisation of gauge the-

ories, we are ready to define entanglement in gauge theories. The reason there is a problem

is that there are no truly local excitations in a gauge theory; the physical excitations are

loops of magnetic and electric flux.

More mathematically, the problem is that the gauge-invariant Hilbert space doesn’t factorise

into inside and outside Hilbert spaces because of the Gauss’ law constraint, ∇ · E |ψ〉 = 0

(or its discrete group analogues). Since the Gauss’ law operator has a derivative, it involves

operators both inside and outside the region. On the lattice, this can be made precise, since

∇ · E ∼
∑

inE +
∑

outE, which is clearly a sum of inside and outside operators. We will

not try to formulate it precisely in the continuum in this thesis.

SinceHginv can’t be written asHin⊗Hout, subregions are not subsystems and therefore there

is no simple notion of the reduced density matrix of a subregion. One could try and change

the question to being about subsystems, but not only can defining a correct subsystem be

complicated — especially in non-Abelian theories — but also, in field theory, subregions are

more natural and interesting objects to thing about.

In this chapter, we will stick to the lattice, define a region as a set of links as in figure (2.1),

and discuss how to define entanglement despite the Gauss’ law constraint. It is only in the

end that, using a path integral, we will take the continuum limit.

The naive solution to the non-factorisation issue would be to gauge-fix, but as we show

using both a specific example and general arguments in section 2.1, this procedure generi-

cally rearranges the degrees of freedom in a gauge-dependent way and therefore the answer

is gauge-dependent. More sophisticated solutions involve sticking with the gauge-invariant

17
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Figure 2.1: We define our region as a set of links. Here, the solid lines denote the inside
region, and the dotted lines denote the outside region.

Hilbert space, and fall into two classes. The first, based on a Hilbert-space-oriented per-

spective, is called the extended Hilbert space definition [1, 14–16] and defined in section 2.2.

The second, based on an operator-algebraic perspective [17–19], is defined in section 2.3.

We end this chapter by describing the relation of the extended Hilbert space definition to a

lattice replica trick [1] and taking the continuum limit of this path integral to show that it

(almost) gives the continuum replica trick path integral [3] in section 2.4.

2.1 The Follies of Gauge-Fixing

In this section, we show that gauge-fixing beyond temporal gauge makes the entanglement

depend on gauge. We will stick to the gauge group Z2 for simplicity and definiteness. First,

in a lattice consisting of only one plaquette (and therefore only one qubit worth of degrees

of freedom), we will show that different gauges have different entanglement entropies. Then,

we give some general arguments that this is generic.

Figure 2.2: An example lattice for understanding the problems with gauge-fixing for
calculating the EE. We calculate the EE between link (12) and the rest.

The lattice we consider for the example is shown in figure (2.2). We consider a state

|ψ〉 = cos θ |0〉+ eiφ sin θ |1〉 ,
/∏

σz |i〉 = (−1)i |i〉 (2.1)

and consider entanglement between the link (12) and the rest.
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We can take the gauge

σz14 = σz23 = σz34 = 1. (2.2)

Clearly, in this gauge, the entire information of the state is localised on the link (12) and

therefore there is no entanglement.

On the other hand, considering the gauge

σz12 = σz23 = σz34 = σz41, (2.3)

the state can be written as

|ψ〉 = cos θ |0000〉+ eiφ sin θ |1111〉 , (2.4)

which clearly has a non-zero entanglement.

The basic reason for this is that the Gauss’ law constraint on the boundary points (here

1 and 2) involves both inside and outside links, and so there are degrees of freedom that

are neither/both inside nor/and outside, and gauge-fixing involves making a choice to put

it somewhere. Consider, for example, fixing Coulomb gauge ∇ · A = 0. Once this gauge is

fixed, the gauge potential Ai is a different, gauge-invariant operator than the Ai that we

have spoken about till now,

ACoulombi =

(
δij − ∂i

1

∇2
∂j

)
AEHSj . (2.5)

Clearly, in fixing gauge, we have rearranged degrees of freedom, in the sense that operators

that restricted to one region in one gauge need not be so in another. Further, fixing a

different gauge would correspond to a different rearrangement of the degrees of freedom,

and this is why if we naively gauge-fix the state and try to calculate the EE the answer will

be gauge-dependent.

This also gives us a perspective on why we were allowed to fix temporal gauge. The fully

gauge-invariant state has the form ⊗i
∣∣Π0 = 0

〉
⊗|ψ〉, and therefore the A0 sector doesn’t have

any entanglement. We can project theA0 sector to for example 1√
2

(⊗i |A0 = 0〉+⊗i |A0 = 1〉)
and get an extra contribution to the entanglement. Projecting onto A0 = 0 at every ver-

tex, however, clearly leaves the A0 sector unentangled, and so it doesn’t change the total

entanglement.
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2.2 Extended Hilbert Space Definition

The first class of definitions, which is known as the extended Hilbert space (EHS) definition

[1, 14–16], follows directly from the observation that while Hginv doesn’t have a tensor

product structure, the EHS H by definition (1.39) does. Since Hginv ⊂ H,

|ψ〉 ∈ Hginv ⊂ H = Hin ⊗Hout (2.6)

and use this tensor product factorisation to define the reduced density matrix and therefore

entanglement.

As an example, we can consider the state (2.1) from section 2.1. The basis states, in the

basis of the individual σzs, are

|0〉 =
|0000〉+ (|0011〉+ permutations) + |1111〉√

8

|1〉 =
(|0001〉+ permutations) + (|0111〉+ permutations)√

8
. (2.7)

The reason this is so complicated is that these are symmetric superpositions over gauge

orbits, and the gauge orbit in this system has eight states. To simplify the calculation, we

go the electric basis, in which the σxs are diagonal instead. The usefulness of this basis is

that the Gauss’ law operators are diagonal in this basis, and so Gauss’ law becomes a con-

straint on allowed basis elements instead of something that picks out particular symmetric

combinations of them, as show explicitly in (1.45) for example. In the electric basis, the

basis states above become

|i〉 =
|0000〉+ (−1)i |1111〉√

2
. (2.8)

Gauss’ law sets all the σxs equal to each other, and so there are only the two basis elements

we see on the right. In this basis, the state is

|ψ〉 =
cos θ + eiφ sin θ√

2
|0000〉+

cos θ − eiφ sin θ√
2

|1111〉 , (2.9)

giving for the density matrix of the link (12)

ρ =
(1 + sin 2θ cosφ) |0〉 〈0|+ (1− sin 2θ cosφ) |1〉 〈1|

2
. (2.10)

Note, in particular, that this reduced density matrix has different eigenvalues from either

on in section 2.1.

One might wonder, given that we ignored the Gauss’ law constraint to define the reduced
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density matrix, whether gauge-invariance is completely irrelevant and therefore there’s noth-

ing more to be said. But, one must remember that even though we embedded the state into

a bigger Hilbert space, it was still a gauge-invariant state and therefore the state itself has

some structure that will manifest in the density matrix. To understand this structure, we

will first consider Abelian gauge groups and then deal with the complications that arise

from non-Abelian gauge groups.

We are particularly interested in vertices which are connected to both inside and outside

links, since it is those Gauss’ law constraints which will cause the interesting structure to

turn up. Taking i to be a boundary vertex, we therefore define the quantities

Gini =
∏
j∈in

Lij ∼ e−iE·n̂,

Gouti =
∏
j∈out

Lij ∼ eiE·n̂, (2.11)

where n̂ is the outward-pointing normal and we have written the analogous operator in

continuum U(1) gauge theory to build intuition. Since these operators would generate large

gauge transformations if the theory was truly restricted to the inside/outside, we abuse

nomenclature and call these operators also the generators of large gauge transformations.

Since, because of Gauss’ law,

Gini =
(
Gouti

)−1
(2.12)

at every boundary vertex i, a gauge-invariant state has the schematic form

|ψ〉 =
∑
k

√
pk |ψk〉 =

∑
k

√
pkψk(bulk variables) |inside variables,k〉in |k, outside variables〉out ,/
〈ψk|ψk〉 = 1, (2.13)

where k is a collective variable for the eigenvalues of all the Gini s and k in the outside ket

means that Gouti s have the corresponding value.

Because k is both an inside and an outside variable, so that

trout |ψk〉 〈ψk′ | ∝
〈
k
∣∣k′〉

out
= δk,k′ , (2.14)

tracing over the outside region with the state (2.13) necessarily gives us

ρin =
⊕
k

pkρ
k
in, ρkin = trout |ψk〉 〈ψk| , (2.15)

Because the reduced density matrix is diagonal in a subset of all the variables, it is block-

diagonal.
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There is a more abstract derivation of this block-diagonal structure, which highlights its

connection with the gauge-invariance structure of the reduced density matrix. Taking i to

be a boundary vertex and U to be a particular group element,

ρin = trout (|ψ〉 〈ψ|)

= trout

(
Gi(U) |ψ〉 〈ψ|G†i (U)

)
= Gini (U)ρin(Gini (U))†, (2.16)

where in the last step we have written Gi = Gini G
out
i and used cyclicity of trace to cancel

the Gouti s. This manipulation implies that the reduced density matrix commutes with the

Gini s and therefore must be block-diagonal in that basis. Further, it shows the important

difference between an inside gauge transformation and a boundary gauge transformation,

since for i ∈ in, Giρin = ρin whereas for the boundary operator we have (2.16).

In the non-Abelian case, the Lijs on a link don’t commute with each other, and therefore

can’t be simultaneously diagonalised. In particular, the Gini s are also not gauge-invariant

and can’t be simultaneously diagonalised. However, since the Gini s form a representation,

we can go to a basis in which each basis element is in a particular irrep at every boundary

point. Then, the analogue of k is a list of all the irreps at all the points; it can, for example,

be the eigenvalues of all the Casimirs. Since at every point the representation of Gini and

Gouti has to fuse to a singlet, the two representations must be conjugate representations in

each branch of the wavefunction, giving a decomposition of the form (2.13) except here k

in the outside ket means the conjugate representation.

There is, however, an extra piece of structure: not only do the two representations have to

be the same, but they also have to fuse to a singlet. Two irreps that fuse to a singlet are

necessarily maximally entangled, and so the reduced density matrix is of the form

ρin = ⊕kpkρk
⊗
⊗i
1dki
dki

, (2.17)

where dki is the dimension of the irrep ki.

In the example G = SU(2), ki = J2
i,in is the quadratic Casimir, every representation is

conjugate to itself, and the singlet state in the representation ki = ji(ji + 1) is

1√
2j+1

ji∑
mi=−ji

∣∣Jzi,in = mi, J
z
i,out = −mi

〉
. (2.18)

From here, the form (2.17) follows.
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Taking the density matrix (2.17), we see that the EE has the decomposition

SE = −
∑

pk log pk −
∑

pkρk log ρk +
∑

pk log dk ≡ Sc + Sq + sf . (2.19)

The third term is automatically 0 for Abelian gauge theories for the simple reason that all

the irreps are one-dimensional. This decomposition can be thought of as

1. The classical term Sc: A classical Shannon entropy for the probability distribution of

the edge modes.

2. The quantum term Sq: A quantum piece which is the average of the EE in all the

different edge mode sectors.

3. The fusion term Sf : A contribution that turns up due to the requirement of fusion

into singlets.

This decomposition, apart from the definition, is the main point of this section.

To end this section, we note some important properties of this definition

1. It is unambiguous, because there is a canonical embedding of Hginv in the EHS H.

2. The reduced density matrix gives the correct expectation values for all the gauge-

invariant operators with support on only the inside links, because that is literally how

it’s defined, (1.4).

3. Because H has a tensor product decomposition, it satisfies standard properties of

EE like strong subadditivity. For three non-intersecting regions A,B,C, the strong

subadditivity inequality is

SABC + SB ≤ SAB + SBC . (2.20)

We mention it mainly because it is a very important property of EE.

4. It is the natural definition in cases where the gauge symmetry is only a symmetry of

the low-energy subspace, since for those theories the EHS H is the real Hilbert space.

5. It generalises simply to gauge theories coupled to matter.

6. It naturally admits a lattice replica trick calculation, as we will show in section 2.4.
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2.3 Electric Centre Definition

There is another point-of-view on defining EE [17–19], which begins with the observation

that it measures correlations between inside and outside operators, and so we must investi-

gate not Hilbert spaces but algebras of operators. We will see that the failure of factorisation

manifests here in the existence of a non-trivial centre in the subalgebra corresponding to

a region, and then that a particular choice of subalgebra, called the electric centre choice,

gives an EE equal to the first two terms of (2.19) — that is, it is equivalent to the EHS

definition in the Abelian case but not in the non-Abelian case.

An algebra A is a set of operators that are closed under multiplication and addition, so that

if O1 and O2 are elements of the algebra so are O1O2 and O1 +O2. A subalgebra B ⊂ A is

a subset that is also an algebra. A centre Z of A is a subalgebra that commutes with every

element of A.

For us, the elements of the algebras will always be operators. A state, abstractly, is a

function that takes every operator to its expectation value. Since the algebra is closed

under addition, it forms a vector space and we can always write the state as a sum of basis

elements with coefficients given by their expectation values, so that every state translates

uniquely to an element ρA ∈ A. In other words, we can think of a state as an element of

the algebra that gives all the correct expectation values.

In factorisable systems, where H = H1 ⊗H2, we can associate subalgebras to the factors,

A1 = {O1 ⊗ 12} and A2 = {11 ⊗O2}. (2.21)

We note for future reference that the centres of both the algebras are the same, and given

by multiples of the identity; we call this case the trivial centre. The reduced density matrix

ρ1 is clearly an operator in A1 that gives all the correct expectation values, and therefore is

the density matrix reduced to this algebra.

Note, however, that both ρ1 and ρ1 ⊗ 12 are the correct density matrix! This really comes

from the fact that A1 has both the representation in (2.21) as well as another representation

with the 12s stripped off. This is an example of the general fact that algebras don’t have

unique representations as operators, and there may in general be representation ambiguities.

We will always take the representation to be the smallest faithful representation, and we

will see that the EHS density matrix in the non-Abelian case differs from the electric centre

one due solely to such a representation ambiguity.

Now that we have covered the basics of operator algebras, we can consider the gauge theory

case. Consider a set of links and the maximal subalgebra we can associate to that set and
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its complement; we will call these A and A′. We only consider these operators restricted

to Hginv, so that two operators that differ only on non-gauge-invariant states are the same

element of the algebra; this means that we don’t need the crutch of the EHS for these

considerations.

The basic point is that the subalgebra A has a non-trivial centre. A simple proof of this

follows from (2.12), Gini =
(
Gouti

)−1
. Since Gouti is supported entirely on the outside links

and two operators on different links necessarily commute, this means that Gini necessarily

commutes with every inside operator. Thus, the set of these operators (or the corresponding

Casimirs in the non-Abelian case) is in the centre of A. Since this centre consists only of

electric operators, it is called the electric centre algebra.

More prosaically, while Gini has non-trivial commutator with Uij , j ∈ in, this operator is

not gauge-invariant. Gauge-invariant operators are necessarily of the form of Wilson loops,

which look like

tr(· · ·Uj1iUij2 · · ·). (2.22)

Conjugation with Gini (V ) converts this operator, by definition, to

Gini (V ) tr(· · ·Uj1iUij2 · · ·)
(
Gini (V )

)†
= tr

(
· · ·Uj1iV †V Uij2

)
, (2.23)

and thus it is invariant. Thus, we see again that the Gini s (or the corresponding Casimirs)

form the centre.

Since every operator in A commutes with the centre and ρA ∈ A, ρA must also commute

with the centre. This means that it must be block-diagonal in the eigenbasis of the centre

variables, giving again the form (2.15) when restricting to the minimal representation of the

algebra. This means that the block-diagonal form (2.15) is in the subalgebra of the inside

links; by uniqueness, it must be the density matrix reduced to the algebra.

Further, we see that every operator in the inside algebra must also have the same block-

diagonal structure. Since, because of this, no operator can change the value of k, each sector

of definite k is called a superselection sector.1

In the non-Abelian case, including the fusion spaces leads to a non-minimal representation,

since all gauge-invariant operators act as multiples of the identity on them; this is clearly true

of operators on links not involved in that fusion space, and also true of the Casimirs of the

Gini representation because these are irreps. Thus, if we restrict to a minimal representation,

we don’t find the extra piece of the density matrix (2.17) and even in the non-Abelian case

the density matrix looks like (2.15).

1A selection sector is a subspace that the Hamiltonian doesn’t evolve the state out of, like a sector of
fixed angular momentum; superselection sectors are more strongly protected than selection sectors, hence
the name.
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Thus, we see that in the electric centre definition the EE has the form (2.19), except without

the last term. While this may seem like semantics, since we purposefully restricted to the

minimal representation, restricting to the minimal representation has the direct physical

representation of not including entropy of degrees of freedom on which one can’t act in

any non-trivial way; in particular, there are no operators on the inside and outside whose

correlation gives you the fusion piece of the EE.

Finally, we note that electric centre isn’t the only choice of subalgebra; one can remove some

boundary operators and end up with subalgebras with different centres. It is even possible

to make the centre completely trivial or completely magnetic. We will here take the view

that we prefer to work with the maximal subalgebra and therefore not consider any of these.

For more details on these different choices and their meaning, see [17].

2.4 Replica Trick and Continuum Limit

EE in field theory is usually calculated not by Hamiltonian methods but by using the replica

trick path integral, see [7] for details. This is a Euclidean path integral on a manifold with

a conical singularity at the boundary of the region, such that we have to go around an angle

2πn instead of 2π around the boundary to come back to the same place. We show that the

lattice EHS definition is calculated by a lattice version of the replica trick, and then take

the continuum limit (when it exists) to show that it gives the same answer as the continuum

replica trick up to uninteresting terms.

In section 2.4.1, following [1], we describe the basic idea of the replica trick and construct

the appropriate replica trick for the EHS definition. Then, in section 2.4.2, followng [3], we

take the continuum limit in the case of four-dimensional U(1) gauge theory, a case in which

we know the continuum limit exists; we expect the details to work out similarly in every

case where the continuum limit exists, but have only worked it out in this case.

2.4.1 Lattice Replica Trick for the EHS Definition

The replica trick path integral is constructed to carry out the calculation for tr ρnin. From

here, we analytically continue to non-integer n and use the fact that

SE = − tr ρin log ρin = − lim
n→1

∂n tr ρnin (2.24)

to calculate the EE. This analytic continuation need not work, but it is customary to ignore

this fact [20]. A pictorial representation of the construction of the replica trick is given in

the figures.
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Figure 2.3: The replica trick path integral for the reduced density matrix is constructed
by taking two half-space-time path integrals, one for the ket and one for the bra, and sewing
them up along the outside. tr ρnin is constructed by taking n copies of this cut sheet and

sewing them up according to the rules of matrix multiplication and tracing.

For definiteness, let us take the simplest non-trivial case, n = 2, and expand tr ρ2
in.

tr ρ2
in =

∫
DU1

inDU
2
inDU

1
outDU

2
out

〈
U1
in, U

1
out

∣∣ψ〉 〈ψ∣∣U2
in, U

1
out

〉 〈
U2
in, U

2
out

∣∣ψ〉 〈ψ∣∣U1
in, U

2
out

〉
(2.25)

This expression, though seemingly complicated, follows simply from the definitions of partial

trace and matrix multiplication. Here, DU is the product of Haar measures on every link

for continuous gauge groups and just a sum for discrete groups.

The path integral comes in when we restrict to the case where |ψ〉 is the vacuum |0〉. This

is because the vacuum can be created by an infinite Euclidean time-evolution,

|0〉 = lim
T→∞

e−HT |arb.〉√
〈arb.|e−2HT |arb.〉

, (2.26)

and this time evolution can be written as a path integral,

〈{Uα(n)}|0〉 =

∫ Uα(n,t=0)=Uα(n) ∏
n,t,α

dUα(n, t)e−S , α = 1, 2, 3, (2.27)
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where we have fixed temporal gauge U0(n) = 1 and taken time to be continuous, and dU is

the Haar measure.

Plugging this into (2.25), we find that tr ρ2
in is calculated by the path integral

tr ρ2
in =

Z2

Z2
1

, (2.28)

where Z1 is the path integral corresponding to 〈arb.|e−2HT |arb.〉, and Z2 is the sewing up

of the four half-space-time path integrals with identifications as shown in figure (2.3).

More generally, the procedure for constructing Zn can be described as follows. Take 2n

half-space-time path integrals, n extending from t = −∞ to t = 0 (corresponding to the

kets) and n extending from t = 0 to t =∞ (corresponding to the bras). Pair them up and

sew the outside variables in each pair, where sewing corresponds to identifying the variables

and integrating over them; this gives us n sheets with cuts along the inside region at t = 0.

These cuts correspond to the Uins at t = 0− (the value on the ket path integral) and that

at t = 0+ not being identified with each other. Finally, sew the t = 0− inside boundary of

sheet i to the t = 0+ inside boundary of sheet i + 1, with sheet n + 1 being the same as

sheet 1. Sewing up the outside on the same sheet corresponds to partial tracing, and the

sewing up across sheets of the inside variables corresponds to matrix multiplication.

Finally, noting that the smooth full-space-time path integral Z1 is exactly what one obtains

from the above procedure for n = 1, we see that

tr ρnin =
Zn
Zn1

, (2.29)

and the EE is

SE = lim
n→1

(1− ∂n) logZn. (2.30)

A popular way to do this continuation to non-integer n is to note that the boundary condi-

tions on the n-fold cover are such that one needs to go an angle 2πn around the boundary to

reach the same sheet, which is the general form of a conical singularity,2 and consequently

consider manifolds with similar boundary conditions but for non-integer n. On the lattice,

of course, the conical singularity corresponds to the boundary points having a different co-

ordination number than the rest of the vertices, and so this procedure isn’t possible; we

don’t worry about this.

Coming back to the gauge theory case, we note that the natural path integral to use for

translating (2.26) is the continuous-time temporal gauge path integral, ie the path integral

used to derive the Hamiltonian formulation in the first place. Because we are considering

2Cones as usually thought of have n < 1.
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compact gauge groups, we do not need to perform any further gauge-fixing; thus, we will

end up with the un-gauge-fixed vacuum state, which is the state we would like to use for

the EHS definition. Secondly, we note that the full replica trick, the way we have defined

it, naturally computes the analogue of (2.25), which is exactly the expression for tr ρnin in

the EHS definition. Thus, we see that very generally, independent of gauge group, the EHS

definition can be calculated by a lattice replica trick path integral.

2.4.2 The Continuum Limit in Four-Dimensional U(1) Gauge Theory

For G = U(1), the Haar measure is

dU =
dθ

2π
. (2.31)

The continuous-time lattice action for U(1) theories is [8]

S =

∫
dt
∑
n

g2

2

∑
α

θ̇α(n)2 − 1

g2

∑
α,β

cos
(
θα(n) + θβ(n + α̂)− θβ(n)− θα(n + β̂)

) .

(2.32)

This goes over into the continuum F 2 action in the weak-coupling limit (when the spread

of the θs is much smaller than the size of the U(1) so that we can treat the variable as

non-compact), with the variable redefinition

Aα(n) =
θα(n)

gε
. (2.33)

There are important constraints on how small g has to be for this limit to exist [8]. At the

moment, we just assume this limit exists and go on.

The above variable redefinition has an effect on the Haar measure, which is now

dU =
gε

2π
dA ≡ dA

VG
. (2.34)

Here, we call VG = 2π/(gε) the volume of the gauge group.

We gauge-fix the path integral in Coulomb gauge. To do so, we insert a factor of 1, in the

form

V NV
G ∆FP

∏
n

δ

(
1

ε

∑
α

∆αAα(n)

)
. (2.35)

Here, NV is the number of vertices. The factor of V NV
G is really the integration over all

the gauge transformations, which factorises out, as shown in any standard treatment of

the Faddeev-Popov procedure. ∆FP is the Faddeev-Popov determinant, which we will now

proceed to calculate.
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To calculate the Faddeev-Popov determinant, it is more useful to gauge-fix in momentum

space. First, we decompose the vector potential as

Aα(n) =
1

V

∑
k

eik·n(ALα(k) +AT1
α (k) +AT2

α (k)), (2.36)

where AL is the longitudinal mode, and AT1, AT2 are the transverse modes. For explicitness,

the longitudinal mode on the lattice is of the form

ALα(k) = (eikαε − 1)aL(k) (2.37)

and the transverse modes are similarly formed out of a scalar field multiplied by two vectors

orthogonal to the momentum. The coulomb gauge condition, then, is

1− e−ikαε

ε
ALα(k) = 0, (2.38)

since the transverse modes have no divergence.

Now consider a gauge-transformation given by the scalar field

χ(n) =
1

V

∑
k 6=0

eik·nχ(k). (2.39)

We have excluded the 0-mode because it doesn’t change the vector potential and therefore

isn’t a real gauge transformation. Under this transformation, the longitudinal mode changes

as

ALα(k)→ ALα(k) +
(
eikαε − 1

)
χ(k) (2.40)

and the other two modes are unaffected. The Faddeev-Popov determinant is the determinant

of the matrix
∂
∑

α
1−e−ikαε

ε ALα(k)

∂χ(k′)
= δk,k′

∑
α

∣∣∣∣eikαε − 1

ε

∣∣∣∣2 . (2.41)

Therefore, the Faddeev-Popov determinant is

∆FP =
∏
k 6=0

∑
α

∣∣∣∣eikαε − 1

ε

∣∣∣∣2 . (2.42)

Thus, (2.35) now reads

1 = V NV
G

∏
t<0

∏
k 6=0

{∑
α

∣∣∣∣eikαε − 1

ε

∣∣∣∣2
}
δ

(
1− e−ikαε

ε
ALα(k)

)
, (2.43)
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where the
∏
t<0 turn up because we need to fix gauge at every time-slice and the reason we

don’t include t = 0 is simply that we aren’t integrating over the fields in that time-slice,

and the gauge-fixed path integral is

〈Aα(n)|0〉 ∝ V NV −NL−Nt
G

∏
t<0

∏
k 6=0

{∑
α

∣∣∣∣eikαε − 1

ε

∣∣∣∣2
}

∫ Aα(n,t=0)=Aα(n)

DA e−S
∏
t<0

∏
k 6=0

δ

(
1− e−ikαε

ε
ALα(k)

)
, (2.44)

where Nt is the number of time-slices on which we are integrating over the fields.

The extra −Nt in the exponent of VG comes from the fact that the gauge-fixing is not en-

tirely local, since whether a gauge transformation is constant or not is a global property;

thus, there is one less gauge trnasformation than there are numbers of points on each time-

slice. This change in the exponent can be also interpreted in a manner allowing for gauge

transformations to be local. If we allow constant gauge transformations (and therefore inde-

pendent gauge transformations at every vertex), the integral over the gauge transformations

gives V NV
G . However, the Faddeev-Popov determinant for the zero-mode is different from

the ones for the non-zero modes: it is just the volume of the gauge group, and therefore

∆0
FP = V −NtG . (2.45)

Now, since eikαε−1 in the continuum limit is ikαε, the continuum limit of this path integral,

up to factors of volume of gauge group which we’ll deal with separately, is

〈Aα(x)|0〉 ∝
∏
t<0

det
(
∇2
) ∫ Aα(x,t=0)=Aα(x)

DA e−Sδ
(
~∇ · ~A(x, t)

)
, (2.46)

which is just the continuum path integral.

Now, we need to sew up these half-space path integrals to form the ones used in the replica

trick. We continue working with the lattice versions, and take the continuum limit at the

last possible moment.

There are two distinct sewn-up path integral we need to form, Z1 and Zn. Creating Z1 is

absolutely straightforward. We just take the two half-space path integrals, and integrate

over the field configurations at t = 0 with a gauge-fixing delta function and a Faddeev-Popov

determinant in this time-slice (recall that the half-space path integrals didn’t involve gauge-

fixing in the t = 0 slice) to get a path integral that looks very much like that in (2.44), with

the exponent of VG becoming N tot
V − N tot

L − N tot
t , where these are the number of vertices,

links and time-slices in the whole space-time.
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Creating Zn is a little more subtle. To see why, consider (2.25), the expansion of tr ρ2
in into

wavefunctionals. Since |0〉 is a gauge-invariant state, |0〉 = G |0〉. Let us take G to be a

gauge transformation on the boundary, so that we can decompose its action into an inside

action and an outside action, G = GinGout, and see what we need to do to get the integral

back into its original form.

tr ρ2
in =

∫
DUout,1DUout,2DUin,1DUin,2

〈Uout,1, Uin,1|G|0〉 〈0|G†|Uout,1, Uin,2〉 〈Uout,2, Uin,2|0〉 〈0|Uout,2, Uin,1〉

=

∫
DUout,1DUout,2DUin,1DUin,2〈
UGout,1, U

G
in,1

∣∣0〉 〈0∣∣UGout,1, UGin,2〉 〈Uout,2, Uin,2|0〉 〈0|Uout,2, Uin,1〉
=

∫
DŨout,1DUout,2DŨin,1DŨin,2〈
Ũout,1, Ũin,1

∣∣∣0〉〈0
∣∣∣Ũout,1, Ũin,2〉〈Uout,2, (Ũin,2)G

†
∣∣∣0〉〈0

∣∣∣Uout,2, (Ũin,1)G
†
〉

=

∫
DŨout,1DŨout,2DŨin,1DŨin,2

〈
Ũout,1, Ũin,1

∣∣∣0〉〈
0
∣∣∣Ũout,1, Ũin,2〉 〈Ũout,2, Ũin,2∣∣∣G†∣∣∣0〉 〈0

∣∣∣G∣∣∣Ũout,2, Ũin,1〉
=

∫
DŨout,1DŨout,2DŨin,1DŨin,2

〈
Ũout,1, Ũin,1

∣∣∣0〉〈
0
∣∣∣Ũout,1, Ũin,2〉〈Ũout,2, Ũin,2∣∣∣0〉〈0

∣∣∣Ũout,2, Ũin,1〉 . (2.47)

Above, we have used the invariance of the Haar measure in several steps. The important

observation from these manipulations is the following: that, for all four subregions, Ũ = UG.

Therefore, the consistent gauge transformations on the boundary vertices act on all four

subregions together.3 This means that, in Zn, there is only one gauge transformation on

each boundary vertex, as opposed to n in Zn1 .

The first effect of this is that, when we take the ratio Zn/Z
n
1 , the factors of VG imperfectly

cancel out to give

V
NV,bd(1−n)
G , (2.48)

where NV,bd is the number of boundary vertices, and so it has a contribution to the entropy

NV,bd log VG = NV,bd log
2π

gε
. (2.49)

The dimension of the argument of the log will be cancelled by a compensating term in

the rest of the entropy, as we’ll come to later; the dimension comes from the dimension

of the argument of the gauge-fixing δ function. This is a contribution to the area law,

3Another way to see this is that, because of the four inner products in (2.25), the Gauss’ law at the
boundary vertices relates electric fields of both inside regions to both outside regions (in the extended
Hilbert space view, Gauss’ law is imposed by the vanishing of certain combinations of such inner products).
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and therefore non-universal. We will henceforth ignore this part of the path integral, and

therefore entropy.

The second effect of this turns up in gauge-fixing. Recall that, in defining the half-space-

time path integrals, we gauge-fixed at every time-slice except t = 0. Now, if we would

like to gauge-fix here, we can only impose one gauge condition at every boundary vertex.

The gauge-fixing we can do is complicated, so we forget about Coulomb gauge altogether;

the preceding discussion served mainly to clarify the conceptual issues. In fact, it will be

convenient to even lift the temporal gauge that we assumed while constructing the path

integral.

Now, when we sew up the integrals to from the replica lattice, there is no gauge-fixing δ

function or Faddeev-Popov determinant, and therefore there are no complications to worry

about. This is a straightforward Wilson path integral on a lattice with a peculiar coordi-

nation number. Then, before changing variables from θ to A, we gauge-fix everything to

Lorentz gauge, where on the boundary vertices this means that the sum of all the θs leaving

each link is fixed to be 0. In these variables, the volume of the gauge group is just 2π, and

thus we see that the fact that there was a dimensional quantity inside the log in (2.49) must

resolve itself.

We are left with a lattice path integral in Lorenz gauge on the replica lattice, up to the

volume of gauge group factors already discussed. The continuum limit can now be taken in

a manner parallel to the above discussion, provided we are willing to tolerate the existence

of a conical singularity in the manifold – which we are. This completes the proof that Zn

is just the continuum gauge-fixed path integral, up to the volume of gauge group factors

already dealt with.

So, finally we find that

SEHS
continuum−−−−−−→ A

ε2
log

2π

g
+ Scontinuum replica trick. (2.50)

Since the extra term is a state-independent pure area law contribution, it will not contribute

to any universal quantities and we don’t need to worry about the difference. Thus, we’ve

shown for all practical purposes that the continuum limit of the EHS replica trick is the

continuum replica trick.

2.4.2.1 Discussion

Anyone familiar with the literature would be confused by the statement that the continuum

replica trick definition reproduces the EHS answer, because the first sign that there was an

issue with understanding entanglement in gauge theories came from an explicit calculation of
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the continuum replica trick [21], which found a negative answer for the EE. The explanation

proposed for this was that the continuum replica trick definition did not really have an

interpretation as EE. Subsequent investigations [22, 23] found that this negative contribution

was very sensitive to regularisation and sometimes even gauge-dependent, making it seem

even more unlikely that the answer could be the same as a manifestly gauge-independent

quantity like the EHS EE. However, it was shown in [24] that these peculiarities were

pathologies of the regularisation procedure used, namely heat kernel regularisation. As we

will see in section 4.3, the edge modes have the odd property of having larger fluctuations at

smaller wavelengths, and the heat-kernel regulator just gives a negative answer for this sort

of a probability distribution; in particular, in 4.3.2 we will see that even in a Hamiltonian

calculation of the non-extractable piece, using heat-kernel regularisation will give a negative

leading answer.

Finally, we note an important connection to AdS/CFT. The Ryu-Takayanagi formula in

AdS/CFT [25, 26], which relates boundary entanglement to the area of a minimal surface

in the bulk, was proved using the continuum replica trick in the boundary theory [27]. This

means that the Ryu-Takayanagi answer calculates the EHS answer, thus telling us that the

EHS answer is the interesting one to consider in that context.

2.5 Other Perspectives on Edge Modes

Entanglement edge modes have been understood in different ways over the years, and it

is worth mentioning the different perspectives. The basic point in all these approaches is

that edge modes are just large gauge transformations of the inside theory, and the block-

diagonal structure is caused by the fact that these large gauge transformations are really

just normal gauge transformations of the full theory. There are two different variations on

this theme: first, some imagine them as a charged gas confined to the boundary that absorb

the outgoing electric flux, and secondly some just deal with the large gauge transformations

as large gauge transformations. These are, roughly, two conjugate bases for the same modes.

The first picture seems to have first been constructed in [28]. In this paper, the authors

considered a gauge theory on a finite region, and introduced a charged scalar field on the

boundary so that the large gauge transformations could also be considered as redundancies.

Because of this, the momentum conjugate to the scalar field, Πφ, is perfectly correlated

with the electric field leaving the region by the Gauss’ law E · n̂ = Πφ, and therefore φ is a

canonically conjugate way of talking about the edge modes.

This picture was advocated by the first paper to understand the EHS definition [14], and a

version of it appeared in the first replica trick calculation [21] as well. It was rediscovered
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in [29] from the point of view of the U(1) theory being emergent at low energies; they

imagined an infinitely massive charged gas playing the role of transforming under the large

gauge transformations of each region. There are claims [30], however, that these are not

completely equivalent to edge modes as we have defined them. Finally, [31] introduced a

similar field in the symplectic product to perform the same job, with the advantage that

they were able to talk about edge modes in the phase space of gravity.

There are two instances where they were discovered as large gauge transformations directly,

to my knowledge. [32] was able to reduce the replica trick path integral for Chern-Simons

theory to the high-temperature partition function of a boundary Wess-Zumino-Witten the-

ory on a small cylinder surrounding the boundary. Since the WZW theory modes are

the large gauge transformations of the Chern-Simons theory [33], this calculation basically

amounts to finding the edge modes as large gauge transformations on the boundary.

Finally, in a beautiful paper, [34] considered the entanglement of half of space with the other

half. First, they found by quantising carefully that large gauge transformations on the two

sides have to be entangled, thus achieving the block-diagonal structure. Secondly, using

the fact that for the half-space the time-evolution generated by the modular Hamiltonian

Hmod = − log ρin is just evolution in Rindler time and the fact that ρin commutes with the

edge modes, they identified the edge modes with the zero-modes of Rindler evolution. The

fact that edge modes are zero-modes of the modular Hamiltonian also turns up indirectly

in the calculation of the classical piece in [35].
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Interpretation

We now turn to the question of interpretation of the decomposition (2.19). We will show,

following [2, 36], that the three terms correspond respectively to

1. The classical term Sc = −
∑
pk log pk: the entropy related to classical correlations of

measurements of k on the inside and outside.

2. The quantum term Sq = −
∑
pkρ

k
in log ρkin: the actual entanglement in the state.

3. The fusion term Sf =
∑
pk log dk: Extra entropy that comes from correlations between

non-gauge-invariant operators.

The interpretation of the fusion term was already explained in the previous chapter. In the

case of SU(2), this term comes from the fact that Jzin,i and Jzout,i are perfectly anti-correlated

in any irrep. However, since these are not gauge-invariant operators, this correlation can’t

actually be measured. Mathematically, the fact that this entropy comes purely from such

correlation is expressed most precisely in the fact that the minimal representation electric

centre definition doesn’t have this piece, since the minimal representation electric centre

definition only knows about statistics of gauge-invariant operators.

Most of this chapter is about proving the interpretation of the first two terms in a very precise

manner. However, we can also show it in a heuristic sense, by counting Bell inequalities.

Bell inequalities are important, because their violation universally distinguishes quantum

entanglement and classical correlation. In both the Bell pair |00〉 + |11〉, which is the

canonical example of an entangled state, and the classical ensemble |00〉 〈00|+ |11〉 〈11|, the

measurements of σz on the two qubits are perfectly correlated. Entanglement is different in

that it has a particular combination of correlations for non-commuting operators that the

37
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classically corrlated state doesn’t have, made precise in the fact that the Bell inequality1

〈
σz1
σz2 + σx2√

2
+ σz1

σz2 − σx2√
2

+ σx1
σz2 + σx2√

2
− σx1

σz2 − σx2√
2

〉
≤ 2 (3.1)

is violated by the Bell pair but not by the classical ensemble. The main point is that in the

case of the edge modes there are no operators restricted to one side that fail to commute

with the edge mode operators that we called Gini , G
out
i in the previous chapter, and therefore

there is no sensible way to even formulate a Bell inequality! For the bulk modes, however,

there is no such obstruction. This in itself suggests the interpretation as given above.

To actually prove it precisely, however, we show that, by the usual operational interpretation

of EE, it is really only the quantum term that should be called the EE. The operational

interpretation of EE is that, for pure states, it can be interpreted as the number of Bell

pairs ‘stored’ in the state, because n copies of a pure bipartite state |ψ〉 can, in the n→∞
limit, be reversibly converted into exactly nSE(|ψ〉) Bell pairs using only local operations

and classical communication (LOCC), as elucidated in [37–40].

These two inverse processes are called entanglement distillation and dilution. The set-up for

distillation is that Alice and Bob share n copies of the state |ψ〉 and each has k unentangled

reference qubits; distillation is the process of converting the qubits into Bell pairs by using up

the entanglement in |ψ〉. The distillable entanglement is the maximum ratio k/n achievable

in the asymptotic limit. The set-up for dilution is that Alice and Bob share k′ Bell pairs and

n unentangled copies of the system that |ψ〉 lives on; dilution is the process of converting this

into n copies of |ψ〉 and k′ unentangled qubits on each side. The entanglement of dilution

is minimum ratio k′/n achievable in the asymptotic limit. For pure states in factorisable

systems,

lim
n→∞

(
k

n

)
max

= lim
n→∞

(
k′

n

)
min

= SE(|ψ〉). (3.2)

In the case of a gauge theory, as we have already explained, we don’t expect this to remain

true. So, we may ask what the maximum number of Bell pairs that we may reversibly

extract from a gauge theory is .

We first precisely state the problem in section 3.1. Before moving on to the protocols, we

address the question of what conversions are possible, using results from SVC [41, 42], in

section 3.2. Finally, we explicitly work out the distillation and diltuion protocols in sections

3.3 and 3.4 respectively.

1This particular Bell inequality is known as the CHSH inequality.
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3.1 The Distillation and Dilution Problems in an Algebra

with Centre

Here we precisely state the distillation and dilution problems in the case of interest. Rather

than tackling it in the full complexity of a gauge theory, we specialise to a simple system

and argue that it generalises to more complicated cases.

The simple system is a four-qubit system, two of which are with Alice and two with Bob,

in a state of the form

|ψ〉 =
1∑

i,j,k=0

√
pjaijk |i, j〉A |j, k〉B =

∑
j

√
pj |ψj〉AB

/
〈ψj |ψj〉 = 1. (3.3)

The fact that the middle two qubits are constrained to be the same is the analogue of the

fact that the electric flux leaving a region is the same as that entering its complement.

Further, we also impose the constraint that these two qubits can only be flipped together.

That is, that the full algebra of operators is generated by

G = {σz1 , σx1 , σz2 , σx2 ⊗ σx3 , σz3 , σz4 , σx4} . (3.4)

This is analogous to the fact that incoming electric flux can only be changed by Wilson

loops crossing the boundary, which are not part of either local algebra. The centre of either

subalgebra is generated by {σz2 = σz3}. And since the centre acts only on the middle two

qubits, we abuse nomenclature by referring to the effectively two-dimensional Hilbert space

of these qubits as the centre.

An important comment here is that, if one considers n copies of a state, every copy has

its own centre, and therefore the size of the central Hilbert space grows as 2n. This is

different from the case considered by for example SVC, for whom the centre arose from a

global conservation law like particle number, such that the number of operators in the centre

stayed the same no matter how many copies were considered.

Another important comment is that the full Hilbert space here is the analogue of the gauge-

invariant Hilbert space in a Z2 theory. The physical system it corresponds to is four links

attached to the same vertex, with gauge-invariance imposed only at the common vertex,

with two of the links being the system A and the other two being the system B, see figure

(3.1). An example of a mapping between the gauge theory operators and the spin system

operators is: σz1 is the electric operator on one of the inside links, σz2 is the product of the

two electric operators on the two inside links, and similarly on the outside.
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0 1

2

3

4
Figure 3.1: The example system is Z2 theory on this lattice, with the systems A and B

being the solid and dashed lines respectively.

Now, we state the precise distillation and dilution questions that we will prove in sections

3.3 and 3.4.

Distillation: Given a state |ψ〉 and a small number ε, what is the maximum conversion ratio

limn→∞
k
n such that we can convert n copies of the state |ψ〉 into k Bell pairs using only

LOCC, so that the protocol succeeds with probability at least 1− ε?

Dilution: Given a small number ε, what is the minimum conversion ratio limn→∞
k′

n such

that k′ Bell pairs are required to create |ψ〉⊗n with fidelity greater than 1 − ε using only

LOCC? Here, we assume that Alice and Bob also share the residual state∑
j

√
pj |0, j〉 |j, 0〉

⊗n . (3.5)

We’ll show that both these numbers are Sq.

3.2 The Set of Possible Conversions

Before moving on to the distillation protocol, we examine the set of possible conversions.

Since no operation can mix the sectors, the relevant unitaries and measurements are the

ones that act sector by sector; in particular, this means that any unitary or projection that

is diagonal in the centre is an allowed operation. SVC, in fact, prove that a conversion |φ〉 →
|ψ〉 is deterministically possible if and only if pj = p′j and the conversions |φj〉 → |ψj〉 are

deterministically possible. More generally, the conversion of |φ〉 to |ψa〉 with probability qa is

possible, if the average weight of each sector is preserved, and the unnormalised conversions

within the sectors are possible.
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A simple corollary of this is that a state that is pure centre,

|0, 0, 0, 0〉+ |0, 1, 1, 0〉√
2

, (3.6)

has distillable entanglement exactly 0. This is because, no matter how many copies one

takes or how many extra un-entangled qubits one considers, the state in each sector is still

unentangled. A more explicit way to see this is to note that any swap gate that Alice

may construct to try and extract entanglement from this must involve a σx2 on the central

registers, but that operator is not in the local algebra.2

Another corollary of this is that the reversible conversion(
p0
|0, 0, 0, 0〉+ |1, 0, 0, 1〉√

2
+ p1

|0, 1, 1, 0〉+ |1, 1, 1, 1〉√
2

)
⊗ |0, 0〉

←→ (p0 |0, 0, 0, 0〉+ p1 |0, 1, 1, 0〉)⊗ |Φ+〉 , (3.8)

where |Φ+〉 is a Bell pair, is possible by LOCC. The reason this is possible is that the centre

is not entangled with the rest of the system.

3.3 The Distillation Protocol

Now we explicitly show the distillation protocol and prove its reversibility. For the distilla-

tion protocol we first write the state |ψ〉 in its Schmidt basis in every sector,

|ψj〉 =
∑
I

αI,j
∣∣Ij , j〉

A

∣∣j, Ij〉
B
, (3.9)

where the Is have a superscript whenever they appear as labels for states because the

Schmidt basis is independent in every sector so that
∣∣00
〉
6=
∣∣01
〉
.

We consider n copies, and express the state of the n copies as a cascading series of symmetric

superposition within outer and inner ‘type classes.’ The mth outer type class is a subspace

all of whose basis elements have exactly m occurrences of j = 1. Inner type classes are

labelled by a pair (l0, l1), where l0 and l1 are the number of occurrences of (I = 1, j = 0)

2The swap gate on two qubits has the form

SWAP =
1 + σz

2
⊗ 1 + σz

2
+

1− σz

2
⊗ 1− σz

2
+ σ− ⊗ σ+ + σ+ ⊗ σ−. (3.7)
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and (I = 1, j = 1) respectively. First, we write it as a sum over outer type classes,

|ψ〉⊗n =
∑
(jr)

√∏
r

pjr |(ψjr)〉AB
/
|(ψjr)〉 =

⊗
r

|ψjr〉AB

=

n∑
m=0

√
pn−m0 pm1

(
n

m

) 1√(
n
m

) ∑
(jr)|m

|(ψjr)〉

 , (3.10)

where
∑

(jr)|m means a sum over all lists such that
∑
jr = m. We consider the decomposition

into inner type classes within each superselection sector (the list (jr)). The decomposition

is

|(ψjr)〉 =

m∑
l1=0

n−m∑
l0=0

αl11,1α
m−l1
0,1 αl01,0α

n−m−l0
0,0

√(
m

l1

)(
n−m
l0

)
 1√(

m
l1

)(
n−m
l0

) ∑
(Ir)|l0,l1

∣∣(Ijrr , jr)〉A ∣∣(jr, Ijrr )
〉
B

 . (3.11)

A great simplification has occurred here; the coefficients depend only on the type class and

not the superselection sector. Thus, we can pull the other summations out and write the

state in the form

|ψ〉⊗n =
∑
m

∑
l0,l1

√
pn−m0 pm1

(
n

m

)
αl11,1α

m−l1
0,1 αl01,0α

n−m−l0
0,0

√(
m

l1

)(
n−m
l0

)

×

 1√(
m
l1

)(
n−m
l0

) ∑
(Ir)|l0,l1

 1√(
n
m

) ∑
(jr)|m

∣∣(Ijrr , jr)〉A ∣∣(jr, Ijrr )
〉
B

 . (3.12)

The distillation protocol is simple. Alice measures m, and then l0, l1, obtaining the state in

parentheses with probability given by the first line. While the resulting state is a symmetric

superposition and therefore maximally entangled, it has an arbitrary size and therefore any

transfer onto qubits is bound to be inefficient. So, she repeats the procedure h times, till

the product

Dh =
h∏
η=1

(
mη

l0,η

)(
n−mη

l1,η

)
(3.13)

satisfies, for some s,

2s ≤ Dh ≤ 2s(1 + ε), (3.14)

with ε <<
∏
η

(
n
mη

)−1
. The final joint state is also a symmetric superposition of the same

form, except that the outer superposition hasDh states and the inner one has
∏
η

(
n
mη

)
states.

Then, she performs a measurement within every sector that projects onto a subspace of size

2s (on each side) with probability 1 − ε′ and size ε2s with probability ε′. Because of the
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relative size of the subspaces, ε′ < ε. If the measurement projects onto the smaller subspace

(for any sector), the protocol fails; otherwise, she performs swap gates on the non-central

qubits and the un-entangled qubits to transfer the entanglement onto the new qubits. Bob

makes the same type class measurements on his side – he’s guaranteed to get the same

answer – and performs similar swaps.

The conversion thus achieved is

|ψ〉⊗nhAB

⊗
|0〉⊗sA ⊗ |0〉

⊗s
B →

1√∏
η

(
n
mη

) ∑
(jr)|

∑
jr=

∑
mη

∣∣(0jr , jr)〉A ⊗ ∣∣(jr, 0jr)〉B⊗ |Φ+〉⊗s ,

(3.15)

with failure probability ε′
∏
η

(
n
mη

)
<< 1. The extra factor comes from the number of ways

it can fail (at first order).

For large values of n, from Stirling’s formula,

pm1 p
n−m
0

(
n

m

)
=

√
n

m(n−m)
2−n(H(m/n)−H(p0)). (3.16)

The variation in this is dominated by the exponential term, and the exponential term is

sharply peaked at m = np1 in the limit n→∞. From applying a similar limit to the other

probabilities, we get that

∑
mη ≈ nhp1,∑
l1,η ≈ nhp1|α1,1|2,∑
l1,η ≈ nhp0|α1,0|2,

⇒ Dh ≈ 2nh
∑
j pjH(|α1,j |2). (3.17)

This, then, means that s approaches nh
∑

j pjH(|α1,j |2) from below in the n → ∞ limit,

and the number of Bell pairs extracted by the protocol per copy of the state is Sq.

3.4 The Dilution Protocol

For any two small numbers δ1 and δ2 and number of copies n, let us define a subspace that

is spanned by lists (Ir, jr) such that

2−n(Sc+δ1) ≤
∏
r

pjr ≤ 2−n(Sc−δ1) and 2−n(Sq+δ2) ≤
∏
r

|αIrjr |2 ≤ 2−n(Sq−δ2). (3.18)

Here, δ1,2 ∼ 1√
n

. By the law of large numbers, it is always possible to pick an n large

enough such that this subspace has probability more than 1 − ε (recall that ε has already
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been specified, according to the statement of the problem). We pick such an n. This

subspace is called a typical subspace, since the frequencies of the various indices are close

to the mean predicted by probabilties.

We note that
∏
pjr depends only on the number of occurrences of j = 1 in the list; let us

call this m. Similarly, the second product depends only on the number of occurrences of

the pairs (I = 1, j = 1) and (I = 1, j = 0); let us call these l1 and l0 respectively. Then the

inequalities can be rewritten

2−n(Sc+δ1) ≤pn−m0 pm1 ≤ 2−n(Sc−δ1) and

2−n(Sq+δ2) ≤|α00|2(n−m−l0)|α10|2l0 |α01|2(m−l1)|α11|2l1 ≤ 2−n(Sq−δ2). (3.19)

We also note that, within the typical subspace, the number of possible values of m is
2nδ1

| log(p0/p1)| . Of course, when p0 becomes really close to 1
2 , this value becomes bigger than

n itself — this comes from the fact that changing m doesn’t change the product in (3.18)

very much — and so the actual number of allowed values of m is actually 2δq with

δq = log min

(
2nδ1

| log (p0/p1) |
, n+ 1

)
. (3.20)

For dilution, Alice and Bob begin with the state∑
j

√
pj |0, j〉 |j, 0〉

⊗n
AB

⊗ |Φ+〉⊗k
′

CD ⊗ |ψ〉
⊗n
A′C′ ⊗ |0〉

⊗k′
E , (3.21)

where the systems B and D can be accessed only by Bob and the rest can be accessed only

by Alice, E is a system of k′ qubits, and

k′ = n(Sq + δ2) + δq. (3.22)

Alice will use the k′ copies of the Bell pair to teleport Bob’s half of the state to him, and

the extra δq pairs will be used to keep track of the superselection sector information.

Alice first performs a typical subspace measurement on A′, and also on A (where this

typical subspace is defined only by δ1). This projects onto the orthogonal complement with

probability smaller than ε; in this case the protocol has failed. In the other case, the state

on A′C ′ is now

N

′∑
m

√
pn−m0 pm1

′∑
l0,l1

A(m, l0, l1)
∑

(Ir,jr)|m,l0,l1

∣∣(Ijrr , jr)〉A′ ∣∣(jr, Ijrr )
〉
C′
, (3.23)
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where N is a normalisation constant whose value can be easily worked out but isn’t impor-

tant, A(m, l0, l1) = α
(n−m−l0)
00 αl010α

(m−l1)
01 αl111 is the probability amplitude of those sums and

the primes on the sums indicate restriction to the typical subspace.

Without superselection sectors, Alice could have just used the Bell pairs to teleport the

state of the C ′ system to D. However, she can’t do it in this case, since se can’t make

an off-diagonal measurement on the j qubit of the B system. This is where the system

E, which has no analogue in normal discussions of distillation, comes in. Using δq of the

qubits to keep track of the superslection sector, she can swap the state of A′ in each sector

to the corresponding subspace of E. Then, since E doesn’t have any gauge constraints but

does have the information about what the state in each sector is, she can teleport the entire

system to Bob, who swaps each sector of E to the corresponding sector of B.

Thus, since k′ ∼ nSq +
√
n + log n, the conversion rate is asymptotically just Sq, and we

have proved what we set out to.

3.5 Discussion

First, we note a serious potential problem with our analysis: the end-point of distillation

(3.15) is not the same as the starting point of dilution, (3.21). This raises the question of

whether we have really achieved the maximum possible rates of distillation and dilution.

Note, however, that both these states have EHS entanglement per copy of Sc in the n→∞
limit. And, we already mentioned in section 3.2 that this part of the entanglement can never

be extracted, indicating that these two states are close enough.

Further, we can also argue that it is impossible to extract more than Sq Bell pairs per copy.

Suppose someone could do so. Then, allowing non-gauge-invariant operators, we can further

extract Sc Bell pairs per copy. Now, we have found a way to extract more than SE Bell

pairs per copy in a normal qubit system without constraints, and this is a contradiction.

More generally, the various registers may take N > 2 values. In this case, instead of

specifying the outer type class (say) by one number m, we specify it with a series of numbers

m1,m2, . . . with mi being the number of occurrences of the label i. Similar modifications can

be carried out for the other type class indices. The rest of the arguments carry through with

these modifications, with H(p0) becoming the Shannon entropy of the whole distribution

H({pi}) and similar changes.

To go to the gauge theory case, we note that gauge-invariance inside the region not posing

any problems is ensured by the fact that we are working in the gauge-invariant subspace

throughout; in particular, the measurements and swaps must be defined while restricted to
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the gauge-invariant subspace. This correctly accounts for Sc +Sq, since we were working in

the gauge-invariant Hilbert space. This protocol doesn’t see Sf , since it can’t be measured by

any gauge-invariant operators. However, in the argument that Sq is the maximum possible

extractable entanglement from a few paragraphs ago we should really have replaced Sc with

Sc + Sf .

This completes the discussion for discrete gauge groups. In a continuous Lie group, the

fluxes can take an infinite number of values, but we don’t worry about those complications

here.
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Calculations

4.1 EE in the Strong-Coupling Expansion

We will study the entanglement entropy of an SU(2) gauge theory to first order in the

strong-coupling expansion, in order to illustrate the three types of terms in (2.19).

The Kogut-Susskind Hamiltonian [9] is

H =
g2

2a

∑
(ij)

Ĵ2
ij +

4

ag2
tr
(
P̂ + P̂ †

)
≡ g2

2a

[
H0 +

3ε

2
V

]
, ε =

16

3g4
, (4.1)

where a is the lattice spacing, P̂ = ÛijÛjkÛklÛli and V = tr
(
P̂ + P̂ †

)
. The strong-coupling

limit is the limit where g >> 1, so that the unperturbed ground state is the one where all

the links are in the state jij = 0.

First, we need the action of V on the ground state. From the commutation relations

[(Ûij)αβ, Ĵ
a
ij ] = τaαγ

(
Ûij

)
γβ

and [(Ûij)αβ, Ĵ
a
ji] = −(Ûij)αγτ

a
γβ, (4.2)

where τa = σa/2, and the form for the jij = 0 state

|0〉ij =

∫
dUij |U〉ij , (4.3)

we can deduce that

Ûαβ |0〉ij =
sβ√

2

∣∣∣∣12 ,mα,−mβ

〉
ij

/
sα = (−1)α = 2mα. (4.4)

47
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Similarly we find (
Ûij

)†
αβ
|0〉ij =

sα√
2

∣∣∣∣12 ,−mα,mβ

〉
ij

. (4.5)

Considering a whole plaquette at once, we find that

tr P̂ |0, 0, 0, 0〉ijkl =
1

4

∑
αβγδ

sαsβsγsδ

∣∣∣∣12 ,mα,−mβ

〉
ij

∣∣∣∣12 ,mβ,−mγ

〉
jk

∣∣∣∣12 ,mγ ,−mδ

〉
kl

∣∣∣∣12 ,mδ,−mα

〉
li

=

∣∣∣∣12 , 1

2
,
1

2
,
1

2

〉
ijkl

, (4.6)

where
∣∣1

2 ,
1
2 ,

1
2 ,

1
2

〉
is the unique gauge-invariant state on a plaquette with all links having

j = 1/2. Similarly,

tr P̂ † |0, 0, 0, 0〉ijkl =

∣∣∣∣12 , 1

2
,
1

2
,
1

2

〉
ijkl

. (4.7)

Thus, denoting the unperturbed ground state by
∣∣0(0)

〉
,

V
∣∣∣0(0)

〉
= 2

∑
i

|Pi〉 , (4.8)

where |Pi〉 is the state with the ith plaquette excited to j = 1/2.

BY the usual rules of perturbation theory, the first-order perturbed state is∣∣∣0(1)
〉

=
Π

H0 − E0
(E1 −

3ε

2
V )
∣∣∣0(0)

〉
= −ε

∑
i

|Pi〉 . (4.9)

Now, suppose some of the links have been defined as the inside region. We define inside

plaquettes to be those which are constituted of only inside links, outside plaquettes as those

which are constituted by only outside links, and boundary plaquettes to be those which are

constituted by both. Pursuant to this classification, we can write

∣∣∣0(1)
〉

= −ε

(
nin∑
i=1

∣∣P ini 〉+

nbd∑
i=1

∣∣∣P bdi 〉+

nout∑
i=1

∣∣P outi

〉)
(4.10)

and correspondingly the whole state is

|0〉 =
1√

1 +Nε2

(∣∣∣0(0)
〉

+
∣∣∣0(1)

〉)
, (4.11)

where N = nin + nbd + nout is the total number of plaquettes.
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The reduced density matrix, by the naive definition, is

ρin =
1

1 +Nε2

[{
|0〉in −

√
ninε

(
1
√
nin

nin∑
i=1

∣∣P ini 〉in
)}{

〈0|in −
√
ninε

(
1
√
nin

nin∑
i=1

〈
P ini
∣∣
in

)}

+ ε2
nbd∑
i=1

trHout

∣∣∣P bdi 〉〈P bdi ∣∣∣+ noutε
2 |0〉in 〈0|in

]
. (4.12)

It should be noted that we have ignored some of the O(ε2) terms, namely the
∣∣0(0)

〉 〈
0(2)
∣∣+∣∣0(2)

〉 〈
0(0)
∣∣ terms; we will justify in the end that it contributes only at subleading order.

There are nbd + 1 superselection sectors; one, which we will call j0 is the one in which all

the outgoing fluxes are 0, and the other nbd, which we will call ji, are the ones in which one

of the boundary plaquettes is excited and the corresponding outgoing fluxes are 1/2.

To perform the trace in the ji sectors, we note that any boundary plaquette has either 1, 2

or 3 inside links. In the case of 1 link, the reduced density matrix is

1

4

∑
α,β

∣∣∣∣12 ,mα,mβ

〉〈
1

2
,mα,mβ

∣∣∣∣ , (4.13)

where we have suppressed dependence on all other links. In the case of 3 links, similarly, it

is

1

16

∑
α,β,α′,β′,γ,δ

sαsβsα′sβ′

∣∣∣∣12 ,mδ,−mα;
1

2
,mα,−mβ;

1

2
,mβ,−mγ

〉
〈

1

2
,mδ,−mα′ ;

1

2
,mα′ ,−mβ′ ;

1

2
,mβ′ ,−mγ

∣∣∣∣ . (4.14)

There are two case with 2 inside links; one in which there are only two boundary vertices,

and one in which there are four. In the case of two boundary vertices, we have

1

8

∑
α,β,β′,γ

sβsβ′

∣∣∣∣12 ,mα,−mβ;
1

2
,mβ,m−γ

〉〈
1

2
,mα,−mβ′ ;

1

2
,mβ′ ,m−γ

∣∣∣∣ , (4.15)

and in the case of four we have

1

16

∑
α,β,γ,δ

∣∣∣∣12 ,mα,mβ;
1

2
,mγ ,mδ

〉〈
1

2
,mα,mβ;

1

2
,mγ ,mδ

∣∣∣∣ . (4.16)

In all these, if we associate indices to vertices, we see that the state is pure on the indices

corresponding to the inside vertices, so that the matrix form is always

(
12

2

)⊗vbdi
, (4.17)
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where vbdi is the number of boundary vertices in plaquette i. Thus the EE in these sectors

is

ε2vbdi log 2. (4.18)

Further, since this reduced density matrix is formed from only one gauge-invariant state, we

can see that in the electric centre definition these sectors would have entropy 0. Therefore,

all these are contributions to the inaccessible piece Sf .

It is now easy to find Sc. The various superselection sector probabilities are

pj0 =
1 + (nin + nout)ε

2

1 +Nε2
and pji = ε2, (4.19)

which gives us

Sc = nbdε
2 − nbdε2 log ε2 (4.20)

to leading order in ε.

The reduced density matrix in the j0 sector has the form

1

1 + (nin + nout)ε2

(
1 + noutε

2 √
ninε

√
ninε ninε

2

)
(4.21)

in the basis
{
|0〉in ,

1√
nin

∑∣∣P ini 〉}. This matrix has eigenvalues of order ε4, and therefore

the entropy is negligible. Thus,

Sq = 0 +O(ε4) (4.22)

and there is no entanglement at leading order.

We may now justify having neglected the terms
∣∣00
〉 〈

0(2)
∣∣ +

∣∣02
〉 〈

0(0)
∣∣. It didn’t make a

difference because the only sector it would have contributed to in the reduced density matrix

was j0, and it is easy to show that that contribution would also be of order ε4.

Thus, we have the result for the EE

Sc = nbdε
2(1− log ε2),

Sq = 0 and

Sf = ε2

(∑
i

vbdi

)
log 2. (4.23)

Specialising to a rectangular region,
∑

i v
bd
i = 2nbd, and therefore the EE is proportional to

nbd. As we will see in the next two sections, its being proportional to nbd instead of nbd − 1

is a manifestation of the fact that the theory is confining in this limit.
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4.2 The Toric Code

Now that we have investigated the behaviour of the EE in the extreme strong coupling

limit, it is worth going to the other end, the extreme weak coupling limit. For continuous

gauge groups, the magnetic term in the Kogut-Susskind Hamiltonian (4.1), tr
(
P + P †

)
has

a continuous spectrum and is not a good Hamiltonian on its own; thus, we have to keep

both electric and magnetic terms at leading order and the calculation is not easy, except in

the case where G = U(1) and the Hamiltonian is free. We will investigate that theory in

section 4.3. For discrete groups, however, we can go to the limit in which the electric term

drops out; such models are called toric codes [43].

The usual formulation of the toric code involves the Gauss’ law constraint being imposed

energetically rather than at the level of the Hilbert space, the reason being that the interest

in the model comes from implementing it in the lab on systems without a fundamental gauge

redundancy. This is an example of an emergent gauge theory, where the gauge symmetry

is a symmetry only of the low-energy subspace. For these systems with emergent gauge

symmetry, the EHS definition is the natural one. Beyond this observation, however, we will

treat it exactly as the extreme weak-coupling limit of a G gauge theory.

The reason the toric code is interesting is that it is a topological field theory in the IR.

This has two important consequences. First, it has a ground state degeneracy dependent on

the topology of the spatial manifold, and the quantum numbers that span the degenerate

subspace are given by Wilson loops around non-contractible cycles of the spatial manifold.

Since it’s a topological field theory, the value of the loop is invariant under small deformations

and therefore robust to local perturbations, thus making it a good error-correcting code and

giving rise to the name. Secondly, and more to the point for us, the excitation spectrum

has anyons. Because anyons have non-trivial braiding, there is no Hilbert space of a single

anyon; however, this doesn’t faze physicists, and each anyon has a property that is the

generalisation of the dimension of the internal Hilbert space, called the quantum dimension.

If das are the quantum dimensions of the various anyons, there is another interesting quantity

called the total quantum dimension of the theory,

D =

√∑
a

d2
a. (4.24)

In the models under consideration, it takes the value

D = |G|, (4.25)

where |G| is the number of elements of the group.
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A

B C

Figure 4.1: The three regions used to isolate the topological EE using the combination
(4.27).

It was shown in [44, 45] that this total quantum dimension turns up as a correction to

the area law in the EE for a region with simply connected boundary (so that the region is

topologically a disk),

SE = αL− logD. (4.26)

This correction is called the topological entanglement entropy and is protected under both

small deformations of the surface and the Hamiltonian. While we will not need it, it is often

useful in calculations to isolate the topological contribution using a combination of the EEs

of three regions as in figure (4.1),

Stop = − logD = SA + SB + SC − SAB − SAC − SBC + SABC . (4.27)

This is useful because in calculations one might worry that the constant piece is regularisation-

dependent, but this combination neatly removes any such ambiguities. However, since we

will work on the lattice we won’t explicitly need to use this. Also, generalisations of this

construction are useful to isolate the analogous topological EE in other dimensions, even

when the constant term can be rendered non-universal by for example a log term [46].

With these introductory remarks, we can now introduce the model. First, we define a link

operator that projects onto a particular group element,

Tij(h) |g〉 = δh,g |g〉 . (4.28)

As usual, Tji(h) = Tij(h
−1). We then define plaquette and star operators,

Ai =
∑
g

∏
j,(ij)∈links

Lij(g)

Bijkl =
∑

g1,g2,g3

Tij(g1)Tjk(g2)Tkl(g3)Tli(g
−1
3 g−1

2 g−1
1 ). (4.29)
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The star operator Ai implements a projection to the Gauss’ law invariant subspace at the

vertex i, and the plaquette operator Bijkl projects onto the subspace in which there is no

magnetic flux through the plaquette. The Hamiltonian is

H = −Je
∑
i

Ai − Jm
∑

plaquettes

Bijkl (4.30)

Notice that the Maxwell analogue of this Hamiltonian would be ∇ · E + B2; the lack of a

term analogous to E2 is why we said earlier that it is the extreme weak-coupling limit.

The other thing to notice about this is that all the operators in the Hamiltonian commute

with each other, and so we can exactly diagonalise the Hamiltonian and find the ground

state as the subspace in which all the Ais and Bijkls take the value 1. That they commute

with each other is the well-known fact that the value of a Wilson loop is gauge-invariant.

When the spatial manifold is the plane, there is only one ground state, which can be created

by taking the electric basis state in which all the links are in the trivial representation and

acting with all the Bijkls to project onto the subspace where all the magnetic fluxes take

value 1,

|0〉 =
∏

plaquettes

Bijkl |00 · · ·〉 . (4.31)

A useful picture for this arises from noting that the vacuum is a symmetric superposition of

all spin networks, and thus we can think of it as a symmetric superposition of electric flux

loop excitations (the electric fluxes being in loops ensures Gauss’ law is satisfied on all the

configurations).

We are interested in calculating the EE of a rectangular region, like figure (2.1), with the

rest of the plane. We take the region to have L boundary vertices and call them i1 · · · iL in

a cyclic manner. To do this, we rewrite the vacuum in the form

|0〉 = N
∑
gbd

Ti1i2(g12)Ti2i3(g23) · · ·TiLi1(gL,L−1 · · · g12)Bin(gbd)Bout(gbd) |00 · · ·〉 , (4.32)

where gbd stands for the entire boundary configuration {g12 · · · gL−1,L} and Bin/out(gbd) are

projectors acting on the inside and outside links such that all plaquettes have no magnetic

flux, and N is a normalisation that we shall get to presently. Since all plaquettes inside the

region have no magnetic flux, it stands to reason that the Wilson loop around the inside is

also trivial, as is manifested in the fact that gL1 is written as the inverse of g12 · · · gL−1,L.

The EE calculation is simply achieved once we make the observation that for two different

boundary configurations gbd, g̃bd, Bout(gbd) and Bout(g̃bd) project onto orthogonal subspaces;

and similarly with the Bins. To see this, suppose that the two configurations differ on the

link (i1i2). Then the products of the gs on the three links in the outside plaquette required
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to make that plaquette 1 are different. Thus, there are no common configurations in the

two subspaces and they are orthogonal.

This means that the reduced density matrix is diagonal in gbd, and is

ρin = Ñ
∑
gbd

Bbd(gbd)Bin(gbd) |00 · · ·〉in 〈00 · · ·|Bin(gbd)Bbd(gbd), (4.33)

where Bbd is shorthand for the product of the boundary T s in (4.32). Each summand here

is a pure density matrix, since BbdBin |00 · · ·〉in is a pure state on the inside. Further each

summand is orthogonal, since the Bs that correspond to different boundary configurations

are orthogonal projectors. Thus, we see that the reduced density matrix is of the form

ρin =
1

|G|L−1
, (4.34)

where we have fixed the normalisation using the fact that there are |G|L−1 independent

boundary configurations. Thus, the EE has the promised form

SE = log |G|(L− 1). (4.35)

The thing to note here is that this EE was calculated in the EHS definition and not the

electric centre definition. One may ask whether the electric centre answer would have been

different, or equivalently whether the fusion term contributes to this answer. It turns out

that all three terms are required to give the correct topological EE, as we now show.

To show this, we need to decompose the reduced density matrix (4.33) into superselection

sectors. This job is made a lot easier by the fact that the matrix is the identity on the

subspace on which it has support, (4.34), and so we only need to figure out what electric

configurations the matrix has non-zero support on.

The simplest way to do so, it turns out, is to relabel the subspace on which ρin has support.

Since each state in the subspace is uniquely fixed by the boundary configuration gbd, we first

define

|gbd〉 = Bbd(gbd)Bin(gbd) |00 · · ·〉 . (4.36)

Now, consider the action of the inside large gauge transformation operator at one of the

vertices, say i2, Gi2in(h) =
∏
j|(i2j)∈in Li2j(h),

Gi2in(h) |g12, g23 · · · gL−2,L−1〉 =
∣∣g12h

−1, hg23 · · · gL−2,L−1

〉
. (4.37)
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The trick turns out to be switching from link variables to vertex variables, such that each

Giin acts on only one vertex variable, by

gij = gig
−1
j , gL = 1. (4.38)

Here, explicitly setting gL to the identity is something like a gauge-fixing, freezing an extra

degree of freedom in the vertex description compared to the link description; this discrepancy

occurs due to the fact that the product of all the link variables is 1. Thus, we get

g1 = g1L = g12 · · · gL−1,L, g2 = g21g1 = g23 · · · ggL−1,L, · · · (4.39)

With this labelling, the action of, say, Gi2in is

Gi2in(h) = |g1, hg2 · · · gL−1〉 . (4.40)

What then, one might ask, is the action of GiLin? Going back to the link variables,

GiLin(h) |g12 · · · gL−1,L, gL,L−1 · · · g21〉 =
∣∣g12 · · · gL−1,Lh

−1, hgL,L−1 · · · g21

〉
=
∣∣∣g12 · · · gL−1,Lh

−1,
(
gL−1,Lh

−1
)−1 · · · g21

〉
(4.39) ⇒ GiLin(h) |g1, g2 · · · gL−1〉 =

∣∣g1h
−1, g2h

−1 · · · gL−1h
−1
〉
. (4.41)

Thus, we see that this subspace is a product of L− 1 regular representations, with the left

actions given by the large gauge transformation at the first L−1 vertices and the joint right

action given by the large gauge transformation at the Lth vertex.

This means two things. First, since the large gauge transformations preserve the subspace,

the subspace decomposes according to irreps of the operators Gi1in, · · ·G
iL−1

in , let’s call the

irreps r1, · · · rL−1. Secondly, it also means that GiLin acts in the reducible representation

r1 ⊗ · · · ⊗ rL−1 = ⊕arnaa . (4.42)

Here, na is the number of times ra appears in the decomposition, and it is often bigger than

one. Further, since a superselection sector is completely specified by the representations of

Giin, all these na subspaces are in the same superselection sector.

First, to see that this is the entire subspace that ρin has non-trivial support on, let us

compute its dimension, ∑
r1...rL−1

dr1 · · · drL−1

∑
a

nadra . (4.43)

But, from (4.42),
∑

a nadra is nothing but dr1 · · · drL−1 . Finally, using the fact that
∑

r d
2
r =

|G|, we see that the dimension is |G|L−1 and thus this is the entire subspace.
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To find the decomposition if the EE into the standard form (2.19), we need to now calculate

the pks.1 Since ρin is proportional to the identity on the subspace on which it lives, pk is

clearly the number of states in that superselection sector,

pk =
dr1 · · · drLNk

|G|L−1
≡ dkNk

|G|L−1
, (4.44)

where Nk is the number of times rL appears in r1⊗· · · rL−1. Thus, we can write the density

matrix in the form

ρin =
⊗
k

pkρ
k
in ⊗

1dk
dk

, ρkin =
1Nk

Nk
, (4.45)

giving the decomposition of the EE analogous to (2.19)

SE = −
∑
k

pk log pk +
∑
k

pk logNk +
∑
k

pk log dk. (4.46)

Thus, we have found that the EHS definition gives an answer that agrees with the topological

EE for the toric code, and also that all three terms in the decomposition (2.19) are required

for this agreement to hold. This is an important piece of evidence that even the operationally

empty fusion term carries physical information within it.

4.3 Four-Dimensional U(1) Gauge Theory

Now that we have examined the weak coupling limit for discrete gauge groups, we turn

to the simplest case of a continuous gauge group, U(1). We will focus on the case of free

Maxwell theory, with action

S = −1

4

∫
d4xFµνF

µν . (4.47)

In four dimensions, free Maxwell theory is conformal, and so we stick to four dimensions

since that will simplify the calculation.

The general form of the EE for smooth regions of a 4d continuum field theory is

SE = c1
A

ε2
+ C log

A

ε2
+O(ε). (4.48)

Here, ε is a UV cutoff required for calculating EE; universal quantities are those independent

of ε. Here, c1 isn’t universal, but C is, and that is what we will focus on calculating in this

section.

1Here, k means the set r1 · · · rL.
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We will also specialise to the case where the region is a ball of radius R. In four-dimensional

Maxwell theory, using conformal field theory methods, one can show that [47, 48]

C = −31

90
, (4.49)

whereas by explicit calculation of thermal entropy on hyperbolic space, [49] found that

C = −16

90
. (4.50)

In section 4.3.1, we show that the replica trick agrees with (4.49) rather than (4.50) [3],

and in section 4.3.2 we show that the difference is exactly the edge mode contribution

[3, 24, 35, 50–53]. Finally, in section 4.3.3, we comment on whether the integrated Gauss’

law gives a topological contribution to the EE similar to the toric code [3].

4.3.1 The Full Entropy

We would like to calculate the coefficient of the log term in the entanglement, C, for a

spherical region of radius R. The boundary of this region is an S2 with area

A = 4πR2. (4.51)

As is well known [26], the answer for C can be readily extracted from well-known facts about

the U(1) theory since it is conformally invariant.

The argument is as follows. Consider infinitesimally rescaling the radius of the sphere

R→ R(1 + δ), (4.52)

δ � 1, while keeping the UV cut-off ε fixed. Then the change in SE is given by

∂SE
∂δ

∣∣∣∣
δ=0

= 2C1
A

ε2
+ 2C. (4.53)

The coefficient of interest, C, is the term on the RHS which is independent of ε. Note

that by scale-invariance the UV-finite terms must be independent of A and therefore do not

contribute to the RHS of eq.(4.53).

The rescaling of the radius R can be carried out by rescaling the metric. To analyse the

consequences, consider the path integral, but now in the presence of a background metric,

Z[gµν ] =

∫
[DA]e−S[gµν ,Aµ]δ(f(Aµ))

∣∣∣∣det

(
∂f(Aωµ)

∂ω(x)

)∣∣∣∣ . (4.54)
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The metric appears in the action as shown explicitly above, but also in the measure and

in general in the gauge-fixing delta function and associated determinant. The stress energy

tensor is given by

〈Tµν〉 =
δ lnZ[gµν ]

δgµν
. (4.55)

For a conformal theory in 3 + 1 dimensions, it is well known that∫
√
g〈Tµµ 〉 = aE4 + cW 2 (4.56)

where E4 is the integral of the Euler density,

E4 =
1

64π2

∫
√
g
(
RµναβR

µναβ − 4RµνR
µν +R2

)
(4.57)

and W 2 is the integral of the square of the Weyl tensor given by

W 2 = − 1

64π2

∫
√
g

(
RµναβR

µναβ − 2RµνR
µν +

1

3
R2

)
. (4.58)

The coefficient of the E4 term is called the “a-anomaly” coefficient.

Now if the metric is rescaled by gµν → gµν(1 + 2δ) then this will accomplish the required

scaling of R, eq.(4.52). The change ∂δ lnZ[gµν ] is given by,

∂δ lnZ[gµν ]|δ→0 = 2

∫
M

√
gTµµ (4.59)

= 2aE4 + 2cW 2. (4.60)

So, the derivative of the EE, using (2.30), is

∂SE
∂δ

∣∣∣∣
δ→0

= (1− ∂n)∂δ lnZn[δ]
∣∣
δ→0,n→1

(4.61)

Comparing with eq.(4.53) we see that C can be obtained once the RHS in eq.(4.61) can be

calculated.

An important point, already emphasised, is that the n-fold cover is a singular space. So

the strategy we can use, as in [54], is to first slightly “de-singularise” the space and then

take the singular limit of interest. For calculating Zn for the entanglement of the sphere of

radius R we work on a smoothed out space with metric,

ds2 = r2dτ2 +
r2 + b2n2

r2 + b2
dr2 + (R+ rnc1−n cos τ)2(dθ2 + sin2 θdφ2) (4.62)
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Here b, c are extra parameters introduced to smooth out the conical singularity at r = 0

along an S2 of radius R. One then calculates the various integrals involved (for integer n)

and takes the n→ 1 limit, in which the dependence on these extra parameters drops out.

In [54] it was shown that for the case, eq.(4.62) one gets that∫
√
gR2 = O

(
(n− 1)2

)
∫
√
gRµνR

µν = 32π2(n− 1)∫
√
gRµναβR

µναβ = 64π2(n− 1). (4.63)

As a result W 2 ∼ O((n− 1)2), while

E4 = −(n− 1). (4.64)

From eq.(4.61) it then follows that

C = a. (4.65)

In the U(1) it is well known that a = −31
90 leading to

C = −31

90
, (4.66)

which agrees with (4.49), as promised.

4.3.2 The Non-Extractable Piece

Now that we have calculated the universal log term in the entanglement, the question

naturally arises of how much of it is from the classical piece in the EE. In this section,

we will independently calculate the classical piece and show that there is a log term with

coefficient −1
6 , exactly the discrepancy between the answers of [47, 48] and [49]. We will

do so by finding the two-point function of the radial component of the electric field on the

surface of the sphere. Since the theory is Gaussian, the probability distribution of the radial

component is completely determined by the two-point function.

To see that it is the radial component whose probability distribution we need, we can imagine

discretising the theory on a spherical lattice; then, the only outside link touching a boundary

vertex is the radial one, and therefore it is the one whose value determines the superselection

sectors.
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Before calculating the two-point function, let us see how it can be used to calculate the

entropy. Let us call the two-point function

Grr(x− y) = x̂i〈Ei(x)Ej(y)〉ŷj . (4.67)

Since a Gaussian distribution is completely determined by its two-point functions, the cor-

rect probability distribution is one that reproduces all of the above. Such a probability

distribution is

p(Er(x)) =
1√

det(2πG)
e−

1
2

∫
d2xd2yEr(x)G−1

rr (x−y)Er(y), (4.68)

where G−1
rr is the matrix inverse of Grr. To find the matrix inverse, we need to diagonalise

the two-point function. Since the problem has a spherical symmetry, the correct basis is

that of spherical harmonics. The probability distribution then becomes

p(Er(x)) =
∏
l,m

1√
2πGlrr

e
− |E

lm
r |

2

2Glrr . (4.69)

The Green’s function doesn’t depend on m because, as we will soon see, of the azimuthal

symmetry of the problem.

Notice, now, that the above is a probability distribution and not a probability; it is somewhat

unsuitable for calculating the entropy since it has a dimension and therefore taking its log

doesn’t make much sense. The way to tackle this is to pay careful attention to the measure.

On the lattice, the electric field is discretised in units of 1; for the continuum limit, we define

the effectively continuous variable

Ei =
g

ε2
Li. (4.70)

So the microscopic measure is really just a sum over Lr(n). The corresponding continuum

measure, since the electric field can’t change by less than g/ε2, is2

dEr(x)

g/ε2
. (4.71)

So, the probability, with which we’ll calculate the entropy, is

P (Er(x)) =
g

ε2
p(Er(x)). (4.72)

2This is essentially parallel to the modification of the measure of the phase space integration in classical
statistical mechanics. There, the discreteness comes because it is impossible to localise a particle into a
region of phase space with volume less than ~.
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The entropy of this probability function is

S = −
∑
l,m

∫
ε2dEl,m

g
Plm logPlm

=
∑
l

(2l + 1)

{
log

1

g
+

1

2
log(2π) +

1

2

}
+

1

2

∑
l

(2l + 1) log
(
ε4Glrr

)
. (4.73)

While it was obvious that we’d get tr log
√
G, it was to get all the other factors that we

have been so careful. The ε4 accompanying G comes from the normalisation of the measure,

along with the coupling g, but we have put it in the second term to make manifest that this

expression only has logarithms of dimensionless quantities.

With this expression in mind, we begin calculating the Green’s function. The vector poten-

tial is quantised, in A0 = 0 and ~∇ · ~A = 0 gauge, as

Ai =

∫
d3k

(2π)3

1√
2k

∑
α

{
ak,αε

α
i (k)e−i(kt−k·x) + a†k,αε

α∗
i (k)ei(kt−k·x)

}
,

∑
α

εαi (k)εα∗i (k) = δij −
kikj
k2

. (4.74)

Because of this, the electric field is

Ei = −i
∫

d3k

(2π)3

√
k

2

∑
α

{
ak,αε

α
i (k)e−i(kt−k·x) − a†k,αε

α∗
i (k)ei(kt−k·x)

}
(4.75)

and the Green’s function is

〈Ei(x)Ej(y)〉 =
1

2

∫
d3k

(2π)3
k

(
δij −

kikj
k2

)
eik·(x−y). (4.76)

The classical contribution is given by the two-point function with both points on the sphere.

However, naively choosing both points on the sphere gives unphysical divergences, including

the monopole term not vanishing as it should because of Gauss’ law. So, we regularise by

smoothing out the electric field a little in the radial direction; we choose the two points to

be on spheres of radii R1 = R and R2 = R(1 + ∆) respectively. Since, we want the two

spheres to be coincident, we take the spacing between the spheres to be much smaller than

the lattice scale, R∆� ε.

We can now proceed to calculate this regularised Green’s function. Defining ξ = x− y, we

rewrite the Green’s function as

Grr(ξ) =
1

2(2π)2

∫
dkd(cos θ)

(
k3x̂ · ŷ − kk · x̂k · ŷ

)
eikξ cos θ. (4.77)
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The first term is

x̂ · ŷ
8π2

∫ ∞
0

dkk3

∫ 1

−1
d(cos θ)eikξ cos θ =

x̂ · ŷ
8π2

∫
dkk3 e

ikξ − e−ikξ

ikξ

=
x̂ · ŷ
4π2ξ

Im

∫
dkk2eikξ

=
x̂ · ŷ
4π2ξ

(
−∂2

ξ

)
Im

∫
dkeikξ

=
x̂ · ŷ
4π2ξ

(
−∂2

ξ

)
Im
−1

iξ

= − x̂ · ŷ
2π2ξ4

. (4.78)

And the second term is

− 1

8π2

∫
dkd(cos θ)kk · x̂k · ŷeik·ξ = − 1

8π2

(
−x̂ · ~∇ξ ŷ · ~∇ξ

)∫
dkk

∫
d(cos θ)eikξ cos θ

= − 1

8π2

(
−x̂ · ~∇ξ ŷ · ~∇ξ

) 2

ξ
Im

∫
dkeikξ

=
x̂iŷj
4π2

∂i∂j
1

ξ2

=
x̂iŷj
4π2

−2

ξ4

(
δij − 4

ξiξj
ξ2

)
= − 1

2π2ξ4

(
x̂ · ŷ − 4

ξ · x̂ξ · ŷ
ξ2

)
. (4.79)

Calling the angle between the points γ, the various inner products above are

x̂ · ŷ = cos γ

ξ · x̂ = R1 −R2 cos γ

ξ · ŷ = R1 cos γ −R2

ξ2 = R2
1 +R2

2 − 2R1R2 cos γ. (4.80)

So, the Green’s function is

Grr = − 1

π2(R2
1 +R2

2)2

α− cos γ

(1− α cos γ)3
, α =

2R1R2

R2
1 +R2

2

= 1− ∆2

2
. (4.81)

To diagonalise it, we will expand this in a basis of Legendre functions and use the relation

Pl(cos γ) =
4π

2l + 1

∑
m

Y m
l (θ1, φ1)Y m∗

l (θ2, φ2). (4.82)
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To expand it in terms of spherical harmonics, we first expand out the denominator to write

it as a power series in α,

Grr = − 1

π2(R2
1 +R2

2)2
(α− cos γ)

∞∑
n=0

(n+ 1)(n+ 2)

2
αn cosn θ

=
1

π2(R2
1 +R2

2)2

∞∑
n=0

n+ 1

2

[
1− α2

α
n− 2α

]
αn cosn γ, (4.83)

and then use the relations

t2n =

∞∑
k=0

(4k + 1)
2n!!

(2n− 2k)!!

(2n− 1)!!

(2n+ 2k + 1)!!
P2k(t)

t2n+1 =

∞∑
k=0

(4k + 3)
2n!!

(2n− 2k)!!

(2n+ 1)!!

(2n+ 2k + 3)!!
P2k+1(t). (4.84)

To plug (4.84) into (4.83), we separate the even and odd powers of cos γ,

π2(R2
1 +R2

2)2Grr =
∞∑
n=0

2n+ 1

2

[
1− α2

α
2n− 2α

]
α2n

∞∑
k=0

(4k + 1)
2n!!

(2n− 2k)!!

(2n− 1)!!

(2n+ 2k + 1)!!
P2k(cos γ)

+
∞∑
n=0

2n+ 2

2

[
1− α2

α
(2n+ 1)− 2α

]
α2n+1×

∞∑
k=0

(4k + 3)
2n!!

(2n− 2k)!!

(2n+ 1)!!

(2n+ 2k + 3)!!
P2k+1(cos γ)

=

∞∑
k=0

(4k + 1)

{ ∞∑
n=0

(
1− α2

α
n− α

)
2n!!

(2n− 2k)!!

(2n+ 1)!!

(2n+ 2k + 1)!!

}
P2k

+

∞∑
k=0

(4k + 3)

{ ∞∑
n=0

(
1− α2

α
n− 3α2 − 1

2α

)
(2n+ 2)!!

(2n− 2k)!!

(2n+ 1)!!

(2n+ 2k + 3)!!
α2n+1

}
P2k+1.

(4.85)

Note the change in the arguments of the double factorials from the first line to the second;

a factor has been absorbed in each term. Also note that the factors of 4k + 1 and 4k + 3

will exactly cancel those that come from converting the Legendre polynomial into spherical

harmonics.

The part of the sum contributing to its divergence is

n ∼ 1

1− α2
=

1

∆2
. (4.86)

This is very good, since the maximum angular momentum allowed is

lmax ∼
R

ε
� 1

∆
� 1

∆2
, (4.87)
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and therefore, as long as we’re interested in only the divergent pieces, we can safely work in

the regime

k � n (4.88)

and therefore look at terms order by order in a 1/n expansion.

To do this expansion, first let us look at the double factorials for the even part,

2n!!

(2n− 2k)!!

(2n+ 1)!!

(2n+ 2k + 1)!!
=

2n

2n+ 2k + 1

2n− 2

2n+ 2k + 1− 2
· · · 2n− 2(k − 1)

2n+ 2k + 1− 2(k − 1)

=
k−1∏
r=0

2n− 2r

2n+ 2k + 1− 2r

=

k−1∏
r=0

(
1− 1

2

2k + 1

n+ k + 1
2 − r

)
. (4.89)

Similarly, the double factorial in the odd part is

(2n+ 2)!!

(2n− 2k)!!

(2n+ 1)!!

(2n+ 2k + 3)!!
=

k−1∏
r=−1

(
1− 1

2

2k + 1

n+ k + 1
2 − r

)
. (4.90)

Clearly, in both terms this part goes as 1 + 1/n + 1/n2 + · · · at large n. Now, there are

two terms multiplying the double factorial, one proportional to n and one proportional to

1. Thus, the even term splits into two terms, one of which goes as n + 1 + 1/n + · · · and

the other of which goes as 1 + 1/n + 1/n2 + · · · , and similarly for the odd term. Naively,

then, the leading divergence is quadratic. However, the term proportional to n comes with

a factor of 1−α2, which reduces the power of the divergence by one order because of (4.86),

and so the leading divergence is linear.

In fact, the linear divergence actually cancels. The terms corresponding to the leading

divergences all come from when the term which is only a product of 1s for every r in (4.89)

or (4.90). For the even term, this part is

1− α2

α

∑
nα2n − α

∑
α2n =

1− α2

α

α2

(1− α2)2
− α 1

1− α2
= 0. (4.91)

Similarly, for the odd term, this part is

1− α2

α

∑
nα2n+1 − 3α2 − 1

2α

∑
α2n+1 =

1− α2

α

α3

(1− α2)2
− 3α2 − 1

2α

α

1− α2
=

1

2
, (4.92)

which, while not 0 per se, is regular.

So, the leading divergence is logarithmic. Only the part that didn’t have an n multiplying

the double factorials can contribute to the log divergence, since the log divergent piece in
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the part with the n vanishes because of the multiplication with 1−α2. In the part without

the n, the first subleading term is the one where exactly one of the factors in the products

(4.89) or (4.90) doesn’t contribute a 1, resulting in a piece that is overall a 1/n piece. For

the even term, it is

α
∑
n

k−1∑
r=0

2k + 1

2n+ 2k + 1− 2r
α2n =

α

2
(2k + 1)

k−1∑
r=0

∑
n

(
α2n

n
+O(1/n2)

)
=
α

4
2k(2k + 1) log

(
1

1− α2

)
=
l(l + 1)

4
log

(
1

1− α2

)
. (4.93)

And for the odd term it is

3α2 − 1

2α

∑
n

k−1∑
r=−1

2k + 1

2n+ 2k + 1− 2r
α2n+1 =

3α2 − 1

2α

k−1∑
r=−1

∑
n

(
α2n+1

n
+O(1/n2)

)
=

3α2 − 1

8
(2k + 1)(2k + 2) log

(
1

1− α2

)
=
l(l + 1)

4
log

(
1

1− α2

)
. (4.94)

All the rest of the terms won’t contribute to the log part and we ignore them. Thus, putting

R1 = R and R2 = R(1 + ∆), the Green’s function to leading order is

Glmrr =
1

πR4
l(l + 1) log

R2

∆2
. (4.95)

The relevant part of the entropy is 1
2 tr log

(
−∇2

)
, where ∇2 is the Laplacian on the two-

dimensional sphere. To evaluate this, we use a heat kernel expansion, see for example [7],

1

2
tr log

(
−∇2

)
= −1

2

∫ ∞
ε2

dt

t
tr et∇

2

. (4.96)

For two-dimensional manifolds without boundary, the short-time asymptotic expansion of

the heat kernel for the Laplacian is known to be [55]

tr et∇
2

≈ 1

4πt

{
tr1 + t tr

(
R

6
1

)}
, (4.97)

where R is not the radius but the Ricci scalar.

First thing to note is that the leading area law contribution is ∼ −R2

ε2
and thus negative in

this regularisation, even though the answer clearly proceeds from a Hamiltonian calculation

of the EE. As was mentioned in section 2.4.2.1, this is exactly the negative contribution

found by [21], as was first pointed out by [24].
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The second term gives a log divergence. Substituting the Ricci scalar in terms of the radius

as 2/R2 and tr1 = 4πR2, we get the log divergent piece to be

1

6
log ε2 ∼ −1

6
log

R2

ε2
. (4.98)

And thus, the full log term in the EE for a free U(1) gauge field is

− 31

45
log

R

ε
, (4.99)

and its extractable part is only

− 16

45
log

R

ε
. (4.100)

Finally, let us close this section by arguing that, for a general region, the non-extractable

piece will be given by 1
2 tr log

(
−∇2

bd

)
. By expanding (4.77) in Bessel functions for the radial

part and spherical harmonics for the angular part, we see that the Green’s function can be

written as

Grr =
2

π

 1

12

(R2 −R′2)2

2RR′

∑
l,m

∫
dkk5jl(kR)ji(kR

′)Ylm(θ, φ)Y ∗lm(θ′, φ′) (4.101)

+
1

α

∑
lm

∫
dkk3jl(kR)jl(kR

′)Ylm(θ, φ)Y ∗lm(θ′, φ′)

]
.

This makes sense because φklm = jl(kr)Ylm(θ, φ) is an eigenvalue of the scalar Laplacian in

3 dimensions,

∇2φklm = −k2φklm (4.102)

1

r2
∂r(r

2∂rφklm)− l(l + 1)

r2
φklm = −k2φklm (4.103)

with l(l + 1) being the eigenvalue of the two dimensional Laplacian on S2.

In the limit (4.87), since l
max∼Rε

, the contribution to the sum, (4.101), is dominated by

modes with radial momentum bigger than the momentum along the S2 boundary, k � l
R .

We can use the WKB approximation to understand the behaviour of the modes in this limit.

In this approximation a solution goes like,

φ ∼ ei±
∫
dr
√
E−V , (4.104)

where E = k2r2 and the potential term arises from the two dim. Laplacian, V = l(l+1)/r2.

The leading term in eq.(4.104) comes from neglecting V and goes like e±i(kr+θ), where θ is
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a phase. The next term comes from expanding the square root
√
E − V '

√
E[1− 1

2
V
E ], and

is proportion to l(l + 1), the eigenvalue of the two-dim Laplacian.

Done more carefully, this gives rise to the standard asymptotic expansion [56],

jl(kr) =

√
π

2kr
[H

(1)
l+1/2(kr) + c.c.]

∼ {eikr−θ[Pl+ 1
2
(kr) + iQl+ 1

2
(kr)] + c.c.}. (4.105)

The leading behaviour which comes from setting Ql+ 1
2

= 0, Pl+ 1
2

= 1 cancels out in the

two integrals in (4.101). The first non-trivial contribution then comes from keeping the

sub-leading term. From arguments given above it follows that its coefficient is therefore

proportional to the eigenvalue of the two dim. Laplacian. In addition, it is logarithmically

divergent going like, ∫
dk

k
eik(R−R′) ∼ log

(
R

∆

)
. (4.106)

We see that this reproduces the result, (4.95) up to an overall constant, which we did not

keep track of.

These arguments make it clear that in the more general case as well, since we are working

in the limit where the component of the momentum normal to the boundary is much bigger

than the component along the boundary, the final result for the greens function will be

given by the two dimensional Laplacian on the boundary, ∇2
bd multiplied by a logarithmic

divergence,

Grr ∝ log

(
R2

∆2

)
(−∇2

bd). (4.107)

And thus the non-extractable piece in four dimensions, very generally, is (up to less inter-

esting terms and multiplicative constants)

Sc =
1

2
tr log

(
−∇2

bd

)
(4.108)

4.3.3 The Not-Quite-Topological Piece

In this section, we make the interesting observation that there is a correction to the area

law like the one in the toric code, also caused by integrated Gauss’ law. However, we also

argue that this piece is not topological.

To see where the topological piece of the entropy comes from, consider first a single-variable

Gaussian distribution of variance σ,

p(x) =
1√
2πσ

e−
x2

2σ . (4.109)
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To define its entropy, we discretise x into steps of ε. The corresponding probability is

P (x) =
ε√
2πσ

e−
x2

2σ (4.110)

and therefore the entropy is

S = log 2π + 1 + log
σ

ε
. (4.111)

As long as σ >> ε, this expression makes perfect sense. But suppose the probability

distribution was a delta function. This is the limit where σ → 0.

In this limit, the entropy tends to −∞! While this looks like nonsense, it’s nonsense that we

put in by hand, in the following sense. When we discretise x, we are saying that complete

information of x is knowing which region of size ε x belongs to, and the entropy roughly

measures how much information you gain by learning that information if you already knew

that it was picked from the probability distribution p(x). However, when we stipulate

that p(x) is a delta function, the probability distribution is localising the value of x a lot

more than the knowledge of which ε-sized region x belongs to, and therefore exchanging

the probability distribution for that information actually means losing a lot of information!

This is why the entropy is negative.

A similar situation holds with the monopole contribution to the classical term, since the

probability distribution is set by Gauss’ law to be δ(E0). In fact, even on the lattice the

sum of the Ls leaving the region has to be 0. Thus, the distribution is in the σ � ε regime

, since the distribution has no width even on the lattice. But, this fact also tells us how to

fix the negative entropy: the correct probability function for the monopole is not the delta

function δ(E0) but the Kronecker delta δL0 , which has 0 entropy – an eminently sensible

answer, since the probability gives us complete knowledge of the value.

This has an interesting effect on the entropy. To see it, consider the first term in (4.73):

it is an area law contribution proportional to the log of the coupling. The reason it’s area

law is that we choose the angular momentum cutoff lmax by matching number of degrees of

freedom with the lattice, that is by choosing it such that

lmax∑
l=0

(2l + 1) = const
R2

ε2
. (4.112)

But, if we replace the monopole part by a Kronecker delta, l = 0 doesn’t contribute to this

term any more! Thus, that term is modified to be

lmax∑
l=1

(2l + 1) log
1

g
=

(
const

R2

ε2
− 1

)
log

1

g
. (4.113)
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This correction, though having the same effect on the area law as the topological EE and

having the same source, is not topological in the same sense. While it is robust to gauge-

invariant deformations of the Hamiltonian and deformations of the surface, since its existence

only depends on integrated Gauss’ law being enforced, it is not the only constant contri-

bution, and the other contributions depend sensitively on both the Hamiltonian and the

shape of the surface. The reason for it is simply that the theory is massless, and so there is

no length-scale/time-scale such the deformations of the shape/Hamiltonian on larger scales

than that can’t have any effect. This can be seen, for example, in the fact that the non-

extractable piece is given by determinant of the massless scalar Laplacian. If it had been

given, instead, by the determinant of ∇2 +m2, the shape/Hamiltonian on scales longer than

1/m wouldn’t have mattered since at that scale the eigenvalues are all dominated by the

m2 term anyway.

However, the fact that it has the same physical origin as the topological EE can still manifest;

in particular, there is a limit in which it does become the topological EE. Consider a theory

that, on the lattice, is ZN , with N so large that it looks effectively like a U(1) theory in the

continuum — here, by continuum, we really mean the weak coupling limit.3 Since, in terms

of electric fields, the difference between ZN and U(1) is that in the former case the lattice

electric field is cut off by N , this is the limit in which the size of the fluctuations of the

lattice field is much smaller than N . The fact that the lattice and continuum electric fields

are related by Econt ∼
(
g/ε2

)
Elatt and the form of the two-point function (4.95) together

mean the two-point function of the lattice electric field is

〈L2
lm〉 =

fl
g2
. (4.114)

This means that the coupling regime where a ZN theory can look like a U(1) theory is

1

g
� N. (4.115)

Now, imagine making g smaller and smaller. When gN becomes O(1), the lattice electric

fields have an almost flat distribution over the entire allowed range {0, 1, · · ·N −1}, and the

state looks like the ground state of the toric code. Also, in this limit,

log
1

g
∼ logN, (4.116)

and we see that the term we identified above goes over exactly into the topological EE of

the toric code. Finally, notice that even in the limit gN � 1 the piece above continues to be

logN , for the simple reason that reducing g beyond 1/N just makes the distribution flatter

on the N states that are actually there. Thus, tuning g to be smaller than t/N results in a

3We thank Djordje Radicevic for pointing us to this argument.
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theory whose ground state looks like the toric code, and the term (4.113) that we identified

goes over into its topological EE.
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Conclusions

The basic problem in dfining entanglement in gauge theories between a region and its comple-

ment arises because of the Gauss’ law constraint on the boundary., which equates incoming

and outgoing electric flux, thus causing a lack of factorisation of the Hilbert space. One the

lattice, in temporal gauge, we can define it anyway by embedding the gauge-invariant Hilbert

space Hginv in a larger extended Hilbert space H which contains states that do not satisfy

Gauss’ law and therefore does factorise into an inside and an outside Hilbert space. How-

ever, the state whose entanglement we are interested in calculating being gauge-invariant

causes the reduced density matrix to have a block-diagonal structure,

ρin =
⊕
k

pkρ
k
in ⊗

1dk
dk

, (5.1)

where k denotes the cofiguration of electric flux leaving the boundary, edge mode for short,

and the identity piece comes from the fact that the inside and outside representations have

to fuse to the identity.

This results in the EE having the form

SE = −
∑
k

pk log pk −
∑
k

pkρ
k
in log ρkin +

∑
k

pk log dk ≡ Sc + Sq + Sf , (5.2)

These three terms are interpreted as follows:

1. The classical term Sc: this is the entropy caused by the classical correlation between

edge mode measurements on the inside and outside.

2. The quantum or extractable term Sq: this is a measure of the actual quantum entan-

glement between the two sides.

71
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3. The fusion term Sf : this comes from the correlation between measurements of non-

gauge-invariant combinations of the edge mode operators and so isn’t even classical

correlation.

We showed that the quantum term is actual entanglement by showing that only that the

state can only be reversibly converted using LOCC into Sq Bell pairs. We showed that

the fusion term is information-theoretically empty by showing that it doesn’t turn up in an

algebraic electric centre definition of the EE, which only knows about statistics of gauge-

invariant operators. From here, the interpretation of the classical term follows.

We also showed that despite these differing interpretations, it is still the full EHS EE that

is intereting in some physical situations. First, the continuum replica trick, and therefore

the Ryu-Takayanagi formula in AdS/CFT, calculates the EHS EE. Secondly, in toric code

models, all three terms contribute to the topological EE, which has physical information.

Finally, in four-dimensional free Maxwell theory, the classical term is important to obtain

agreement with the CFT result for EE.

There are stil some open problems, however. One is a direct formulation of one of the

definitions in the continuum after gauge-fixing, steps towards which have been made in

[31, 34], which would involve thinking about the Hilbert space as formed from entangled

large gauge transformation eigenvalues. Secondly, there is the related queston of lifting

temporal gauge and considering nicer gauges like the Lorenz gauge, which would require

a proper treatment of BRST ghosts; this is work in progress. Third, there is the question

about how entanglement behaves under duality transformations; some work has been done

[57, 58], and there is also work in progress. Finally, of course, one can try to calculate

entanglement in various theories, especially non-Abelian or strongly coupled ones, and try

to find physical signatures in the answers.

Further, we can leave the cosy lap of Yang-Mills gauge theory. Similar EHS-like ideas

have been used in the study of entanglement in other constrained systems, like Chern-

Simons theory [32], string theory [59, 60] and loop quantum gravity [61]. Finally, there is a

suggestion in the literature that the area term in the Ryu-Takayanagi formula is actually a

fusion term in the quantum gravity entanglement calculation [62, 63].



Bibliography

[1] S. Ghosh, R. M. Soni and S. P. Trivedi, On The Entanglement Entropy For Gauge

Theories, JHEP 09 (2015) 069, [1501.02593].

[2] R. M. Soni and S. P. Trivedi, Aspects of Entanglement Entropy for Gauge Theories,

JHEP 01 (2016) 136, [1510.07455].

[3] R. M. Soni and S. P. Trivedi, Entanglement entropy in (3 + 1)-d free U(1) gauge

theory, JHEP 02 (2017) 101, [1608.00353].

[4] J. S. Bell, On the Einstein-Podolsky-Rosen paradox, Physics 1 (1964) 195–200.

[5] J. F. Clauser, M. A. Horne, A. Shimony and R. A. Holt, Proposed experiment to test

local hidden variable theories, Phys. Rev. Lett. 23 (1969) 880–884.

[6] E. Witten, Notes on Some Entanglement Properties of Quantum Field Theory,

1803.04993.

[7] T. Nishioka, Entanglement entropy: holography and renormalization group,

1801.10352.

[8] J. B. Kogut, An Introduction to Lattice Gauge Theory and Spin Systems, Rev. Mod.

Phys. 51 (1979) 659.

[9] J. B. Kogut and L. Susskind, Hamiltonian Formulation of Wilson’s Lattice Gauge

Theories, Phys. Rev. D11 (1975) 395–408.

[10] K. Bardakci, Classical Equations for Nonabelian Gauge Theories in the Large N

Limit, Nucl. Phys. B193 (1981) 245–256.

[11] M. Henneaux and C. Teitelboim, Quantization of gauge systems. Princeton university

press, 1994.

[12] T. Tao, “The peter-weyl theorem, and non-abelian fourier analysis on compact

groups.” https://terrytao.wordpress.com/2011/01/23/

the-peter-weyl-theorem-and-non-abelian-fourier-analysis-on-compact-groups/,

2011.

73

http://dx.doi.org/10.1007/JHEP09(2015)069
http://arxiv.org/abs/1501.02593
http://dx.doi.org/10.1007/JHEP01(2016)136
http://arxiv.org/abs/1510.07455
http://dx.doi.org/10.1007/JHEP02(2017)101
http://arxiv.org/abs/1608.00353
http://dx.doi.org/10.1103/PhysRevLett.23.880
http://arxiv.org/abs/1803.04993
http://arxiv.org/abs/1801.10352
http://dx.doi.org/10.1103/RevModPhys.51.659
http://dx.doi.org/10.1103/RevModPhys.51.659
http://dx.doi.org/10.1103/PhysRevD.11.395
http://dx.doi.org/10.1016/0550-3213(81)90528-9
https://terrytao.wordpress.com/2011/01/23/the-peter-weyl-theorem-and-non-abelian-fourier-analysis-on-compact-groups/
https://terrytao.wordpress.com/2011/01/23/the-peter-weyl-theorem-and-non-abelian-fourier-analysis-on-compact-groups/


74 Bibliography

[13] P. Woit, “Lie groups and representations.”

http://www.math.columbia.edu/~woit/RepThy/repthynotes3.pdf, 2007.

[14] P. V. Buividovich and M. I. Polikarpov, Entanglement entropy in gauge theories and

the holographic principle for electric strings, Phys. Lett. B670 (2008) 141–145,

[0806.3376].

[15] W. Donnelly, Decomposition of entanglement entropy in lattice gauge theory, Phys.

Rev. D85 (2012) 085004, [1109.0036].

[16] S. Aoki, T. Iritani, M. Nozaki, T. Numasawa, N. Shiba and H. Tasaki, On the

definition of entanglement entropy in lattice gauge theories, JHEP 06 (2015) 187,

[1502.04267].

[17] H. Casini, M. Huerta and J. A. Rosabal, Remarks on entanglement entropy for gauge

fields, Phys. Rev. D89 (2014) 085012, [1312.1183].

[18] D. Radicevic, Notes on Entanglement in Abelian Gauge Theories, 1404.1391.

[19] H. Casini and M. Huerta, Entanglement entropy for a Maxwell field: Numerical

calculation on a two dimensional lattice, Phys. Rev. D90 (2014) 105013, [1406.2991].

[20] J. L. Cardy, O. A. Castro-Alvaredo and B. Doyon, Form factors of branch-point twist

fields in quantum integrable models and entanglement entropy, J. Statist. Phys. 130

(2008) 129–168, [0706.3384].

[21] D. N. Kabat, Black hole entropy and entropy of entanglement, Nucl. Phys. B453

(1995) 281–299, [hep-th/9503016].

[22] D. Iellici and V. Moretti, Kabat’s surface terms in the zeta function approach, in

General relativity and gravitational physics. Proceedings, 12th Italian Conference,

Rome, Italy, September 23-27, 1996, pp. 317–321, 1996. hep-th/9703088.

[23] W. Donnelly and A. C. Wall, Do gauge fields really contribute negatively to black hole

entropy?, Phys. Rev. D86 (2012) 064042, [1206.5831].

[24] W. Donnelly and A. C. Wall, Entanglement entropy of electromagnetic edge modes,

Phys. Rev. Lett. 114 (2015) 111603, [1412.1895].

[25] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from

AdS/CFT, Phys. Rev. Lett. 96 (2006) 181602, [hep-th/0603001].

[26] S. Ryu and T. Takayanagi, Aspects of Holographic Entanglement Entropy, JHEP 08

(2006) 045, [hep-th/0605073].

http://www.math.columbia.edu/~woit/RepThy/repthynotes3.pdf
http://dx.doi.org/10.1016/j.physletb.2008.10.032
http://arxiv.org/abs/0806.3376
http://dx.doi.org/10.1103/PhysRevD.85.085004
http://dx.doi.org/10.1103/PhysRevD.85.085004
http://arxiv.org/abs/1109.0036
http://dx.doi.org/10.1007/JHEP06(2015)187
http://arxiv.org/abs/1502.04267
http://dx.doi.org/10.1103/PhysRevD.89.085012
http://arxiv.org/abs/1312.1183
http://arxiv.org/abs/1404.1391
http://dx.doi.org/10.1103/PhysRevD.90.105013
http://arxiv.org/abs/1406.2991
http://dx.doi.org/10.1007/s10955-007-9422-x
http://dx.doi.org/10.1007/s10955-007-9422-x
http://arxiv.org/abs/0706.3384
http://dx.doi.org/10.1016/0550-3213(95)00443-V
http://dx.doi.org/10.1016/0550-3213(95)00443-V
http://arxiv.org/abs/hep-th/9503016
http://arxiv.org/abs/hep-th/9703088
http://dx.doi.org/10.1103/PhysRevD.86.064042
http://arxiv.org/abs/1206.5831
http://dx.doi.org/10.1103/PhysRevLett.114.111603
http://arxiv.org/abs/1412.1895
http://dx.doi.org/10.1103/PhysRevLett.96.181602
http://arxiv.org/abs/hep-th/0603001
http://dx.doi.org/10.1088/1126-6708/2006/08/045
http://dx.doi.org/10.1088/1126-6708/2006/08/045
http://arxiv.org/abs/hep-th/0605073


Bibliography 75

[27] A. Lewkowycz and J. Maldacena, Generalized gravitational entropy, JHEP 08 (2013)

090, [1304.4926].

[28] A. P. Balachandran, L. Chandar and A. Momen, Edge states and entanglement

entropy, Int. J. Mod. Phys. A12 (1997) 625–642, [hep-th/9512047].

[29] M. Pretko and T. Senthil, Entanglement entropy of U(1) quantum spin liquids, Phys.

Rev. B94 (2016) 125112, [1510.03863].

[30] M. Pretko, On the Entanglement Entropy of Maxwell Theory: A Condensed Matter

Perspective, 1801.01158.

[31] W. Donnelly and L. Freidel, Local subsystems in gauge theory and gravity, JHEP 09

(2016) 102, [1601.04744].

[32] G. Wong, A note on entanglement edge modes in Chern Simons theory, 1706.04666.

[33] S. Elitzur, G. W. Moore, A. Schwimmer and N. Seiberg, Remarks on the Canonical

Quantization of the Chern-Simons-Witten Theory, Nucl. Phys. B326 (1989) 108–134.

[34] A. Blommaert, T. G. Mertens, H. Verschelde and V. I. Zakharov, Edge State

Quantization: Vector Fields in Rindler, 1801.09910.

[35] W. Donnelly and A. C. Wall, Geometric entropy and edge modes of the

electromagnetic field, Phys. Rev. D94 (2016) 104053, [1506.05792].

[36] K. Van Acoleyen, N. Bultinck, J. Haegeman, M. Marien, V. B. Scholz and

F. Verstraete, The entanglement of distillation for gauge theories, Phys. Rev. Lett.

117 (2016) 131602, [1511.04369].

[37] C. H. Bennett, H. J. Bernstein, S. Popescu and B. Schumacher, Concentrating partial

entanglement by local operations, Phys. Rev. A53 (1996) 2046–2052,

[quant-ph/9511030].

[38] J. Preskill, Lecture notes for physics 229: Quantum information and computation,

California Institute of Technology 16 (1998) .

[39] M. A. Nielsen and I. Chuang, Quantum computation, Quantum Information.

Cambridge University Press, Cambridge (2000) .

[40] M. M. Wilde, Quantum information theory. Cambridge University Press, 2013.

[41] N. Schuch, F. Verstraete and J. I. Cirac, Nonlocal resources in the presence of

superselection rules, Physical review letters 92 (2004) 087904.

[42] N. Schuch, F. Verstraete and J. I. Cirac, Quantum entanglement theory in the

presence of superselection rules, Physical Review A 70 (2004) 042310.

http://dx.doi.org/10.1007/JHEP08(2013)090
http://dx.doi.org/10.1007/JHEP08(2013)090
http://arxiv.org/abs/1304.4926
http://dx.doi.org/10.1142/S0217751X97000578
http://arxiv.org/abs/hep-th/9512047
http://dx.doi.org/10.1103/PhysRevB.94.125112
http://dx.doi.org/10.1103/PhysRevB.94.125112
http://arxiv.org/abs/1510.03863
http://arxiv.org/abs/1801.01158
http://dx.doi.org/10.1007/JHEP09(2016)102
http://dx.doi.org/10.1007/JHEP09(2016)102
http://arxiv.org/abs/1601.04744
http://arxiv.org/abs/1706.04666
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://arxiv.org/abs/1801.09910
http://dx.doi.org/10.1103/PhysRevD.94.104053
http://arxiv.org/abs/1506.05792
http://dx.doi.org/10.1103/PhysRevLett.117.131602
http://dx.doi.org/10.1103/PhysRevLett.117.131602
http://arxiv.org/abs/1511.04369
http://dx.doi.org/10.1103/PhysRevA.53.2046
http://arxiv.org/abs/quant-ph/9511030


76 Bibliography

[43] A. Yu. Kitaev, Fault tolerant quantum computation by anyons, Annals Phys. 303

(2003) 2–30, [quant-ph/9707021].

[44] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys. Rev. Lett. 96

(2006) 110404, [hep-th/0510092].

[45] M. Levin and X.-G. Wen, Detecting Topological Order in a Ground State Wave

Function, Phys. Rev. Lett. 96 (2006) 110405.

[46] T. Grover, A. M. Turner and A. Vishwanath, Entanglement Entropy of Gapped

Phases and Topological Order in Three dimensions, Phys. Rev. B84 (2011) 195120,

[1108.4038].

[47] S. N. Solodukhin, Entanglement entropy, conformal invariance and extrinsic

geometry, Phys. Lett. B665 (2008) 305–309, [0802.3117].

[48] H. Casini, M. Huerta and R. C. Myers, Towards a derivation of holographic

entanglement entropy, JHEP 05 (2011) 036, [1102.0440].

[49] J. S. Dowker, Entanglement entropy for even spheres, 1009.3854.

[50] C. Eling, Y. Oz and S. Theisen, Entanglement and Thermal Entropy of Gauge Fields,

JHEP 11 (2013) 019, [1308.4964].

[51] K.-W. Huang, Central Charge and Entangled Gauge Fields, Phys. Rev. D92 (2015)

025010, [1412.2730].

[52] H. Casini and M. Huerta, Entanglement entropy of a Maxwell field on the sphere,

Phys. Rev. D93 (2016) 105031, [1512.06182].

[53] F. Zuo, A note on electromagnetic edge modes, 1601.06910.

[54] D. V. Fursaev, A. Patrushev and S. N. Solodukhin, Distributional Geometry of

Squashed Cones, Phys. Rev. D88 (2013) 044054, [1306.4000].

[55] L. Parker and D. Toms, Quantum field theory in curved spacetime: quantized fields

and gravity. Cambridge university press, 2009.

[56] G. B. Arfken, H. J. Weber and F. E. Harris, Mathematical methods for physicist a

comprehensive guide, Academic Press 20 (2013) 13.

[57] . Radievi, Entanglement Entropy and Duality, JHEP 11 (2016) 130, [1605.09396].

[58] W. Donnelly, B. Michel and A. Wall, Electromagnetic Duality and Entanglement

Anomalies, Phys. Rev. D96 (2017) 045008, [1611.05920].

http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://arxiv.org/abs/quant-ph/9707021
http://dx.doi.org/10.1103/PhysRevLett.96.110404
http://dx.doi.org/10.1103/PhysRevLett.96.110404
http://arxiv.org/abs/hep-th/0510092
http://dx.doi.org/10.1103/PhysRevLett.96.110405
http://dx.doi.org/10.1103/PhysRevB.84.195120
http://arxiv.org/abs/1108.4038
http://dx.doi.org/10.1016/j.physletb.2008.05.071
http://arxiv.org/abs/0802.3117
http://dx.doi.org/10.1007/JHEP05(2011)036
http://arxiv.org/abs/1102.0440
http://arxiv.org/abs/1009.3854
http://dx.doi.org/10.1007/JHEP11(2013)019
http://arxiv.org/abs/1308.4964
http://dx.doi.org/10.1103/PhysRevD.92.025010
http://dx.doi.org/10.1103/PhysRevD.92.025010
http://arxiv.org/abs/1412.2730
http://dx.doi.org/10.1103/PhysRevD.93.105031
http://arxiv.org/abs/1512.06182
http://arxiv.org/abs/1601.06910
http://dx.doi.org/10.1103/PhysRevD.88.044054
http://arxiv.org/abs/1306.4000
http://dx.doi.org/10.1007/JHEP11(2016)130
http://arxiv.org/abs/1605.09396
http://dx.doi.org/10.1103/PhysRevD.96.045008
http://arxiv.org/abs/1611.05920


Bibliography 77

[59] W. Donnelly and G. Wong, Entanglement branes in a two-dimensional string theory,

JHEP 09 (2017) 097, [1610.01719].

[60] V. Balasubramanian and O. Parrikar, Remarks on entanglement entropy in string

theory, Phys. Rev. D97 (2018) 066025, [1801.03517].

[61] W. Donnelly, Entanglement entropy in loop quantum gravity, Phys. Rev. D77 (2008)

104006, [0802.0880].

[62] D. Harlow, The RyuTakayanagi Formula from Quantum Error Correction, Commun.

Math. Phys. 354 (2017) 865–912, [1607.03901].

[63] J. Lin, Ryu-Takayanagi Area as an Entanglement Edge Term, 1704.07763.

http://dx.doi.org/10.1007/JHEP09(2017)097
http://arxiv.org/abs/1610.01719
http://dx.doi.org/10.1103/PhysRevD.97.066025
http://arxiv.org/abs/1801.03517
http://dx.doi.org/10.1103/PhysRevD.77.104006
http://dx.doi.org/10.1103/PhysRevD.77.104006
http://arxiv.org/abs/0802.0880
http://dx.doi.org/10.1007/s00220-017-2904-z
http://dx.doi.org/10.1007/s00220-017-2904-z
http://arxiv.org/abs/1607.03901
http://arxiv.org/abs/1704.07763

	Declaration
	Abstract
	Acknowledgements
	1 Introduction
	1.1 Entanglement Basics
	1.2 Entanglement in Scalar Quantum Field Theory
	1.3 Gauge Theories
	1.3.1 A Short Review of Continuum Gauge Theory
	1.3.2 An Introduction to Hamiltonian Lattice Gauge Theory


	2 Definition
	2.1 The Follies of Gauge-Fixing
	2.2 Extended Hilbert Space Definition
	2.3 Electric Centre Definition
	2.4 Replica Trick and Continuum Limit
	2.4.1 Lattice Replica Trick for the EHS Definition
	2.4.2 The Continuum Limit in Four-Dimensional U(1) Gauge Theory
	2.4.2.1 Discussion


	2.5 Other Perspectives on Edge Modes

	3 Interpretation
	3.1 The Distillation and Dilution Problems in an Algebra with Centre
	3.2 The Set of Possible Conversions
	3.3 The Distillation Protocol
	3.4 The Dilution Protocol
	3.5 Discussion

	4 Calculations
	4.1 EE in the Strong-Coupling Expansion
	4.2 The Toric Code
	4.3 Four-Dimensional U(1) Gauge Theory
	4.3.1 The Full Entropy
	4.3.2 The Non-Extractable Piece
	4.3.3 The Not-Quite-Topological Piece


	5 Conclusions
	Bibliography

