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Chapter 1

Introduction

Black holes provide an interesting area to explore the challenges which arise in
attempts to reconcile general relativity and quantum mechanics. Since string the-
ory includes within its framework a quantum theory of gravity, it should be able
to address these challenges. In fact, some of the most fascinating developments
in string theory concerns black hole physics. Classically, black holes are solutions
to Einstein’s equations of general relativity, which have an event horizon. Due to
the intense gravitational pull of the black hole, nothing can escape from inside
this horizon.

Let us begin with the simplest black hole solutions of Einstein’s equations in four
dimensions, which are the Schwarzschild and Reissner-Nordstrom black holes.
In four dimensions the Schwarzschild black hole metric, in Schwarzschild coordi-

nates is,

ds? = —(1 — TTH)dtQ . 7"7H)*1ozr2 + 202, (1.1)

where rig = 2G4 M.

Here rg is known as Schwarzschild radius and G4 is Newton’s constant and M
is the mass of the black hole. Here t is a timelike coordinate for » > rgy and
spacelike for r» < ry, while reverse is true for . The surface r = ry is called the
event horizon, which seperates these two regions.

The generalisation of the Schwarzschild black hole to one with electric charge @,

is called the Reissner-Nordstrom black hole. In four dimensions, the metric of



Reissner-Nordstrom black hole takes the form,
s* = —Adt* + A tdr® 4 r2d€3, (1.2)

WhereA:1—¥+?—;.

The g;; component of the metric vanishes for,
r=ry =M%/ M?—(Q? (1.3)

which are the inner and outer horizons respectively. The outer horizon r = r is

the event horizon. It is only present if
M > [Q| (1.4)

In the limiting case
re =M or M =|Q| (1.5)

the black hole is called extremal, and it has minimum mass allowed given its
charge, as follows from the bound (1.4). For a general charge configuration, an
extremal black hole configuration is one with lowest mass allowed by the charges.
The metric of the extremal Reissner-Nordstrom black hole takes the form,

ds® = —(1— Z_O)thﬂ +(1- %)‘Zer +r2d03. (1.6)

where 7o = M. In the near horizon limit, where r ~ 0, the geometry approaches
AdSy x S5.

The mass M and charge @) of the black hole are defined in terms of appropriate
surface integrals at spatial infinity. Two important quantities associated with the
black hole horizon are its area A and the surface gravity k5. The surface gravity,
which is constant on the horizon, is related to the force(measured at spatial in-
finity) that holds a unit test mass in place.

Classical black holes behave like thermodynamic systems characterised by tem-
perature and entropy. Let us first consider the thermodynamic description, i.e.,
the macroscopic description of black holes. The first law for thermodynamics
states that the variation of the total energy is equal to the temperature times the
variation of the entropy plus work terms. The corresponding formula for black

holes states that the variation of black hole mass is related to the variation of



the horizon area plus the work terms proportional to the variation of the angular
momentum and a term proportional to a variation of the charge, multiplied by

the electric/magnetic potential p at the horizon.

A
i = R0 50 4+ 6 (1.7)
2 4

It was found by Hawking [1] that any black hole emits radiation with the spectrum
of a black body at temperature x,/2m. This leads to the identification of the black

hole entropy in terms of the horizon area,

1
=—A 1.
SmCLC'rO 4 ( 8)

This relation, known as Bekenstein-Hawking entropy, appears to be universally

valid, atleast when A is sufficiently large.

This identification raises the question what the black hole microstates are,
and where they are located. We want to know what the statistical mechanics
of black holes is, and express (1.8) as the logarithm of a number of microstates
that are compatible with a given macrostate, i.e., a black hole with a given set
(M, J, Q). String theory provides a microscopic quantum description of some su-
persymmetric black holes. For these black holes, the logarithm of the degeneracy
of states as a function of charge @, d(Q), has been shown to exactly match the
Bekenstein-Hawking entropy in the limit of large charges. The first microstate
counting for black holes in string theory that reproduced the right numerical
coefficent of the Bekenstein Hawking entropy was done by Strominger and Vafa
. They considered supersymmetric (and thus necessarily extremal and charged)
black holes. In the presence of supersymmetry, there exists non renormaliza-
tion theorems, which essentially say that the weak coupling results are protected
from quantum corrections. This means that the number of states one counts at
weak coupling cannot change as one increases the coupling, i.e., when a black
hole forms. These microstates correspond to configuration of wrapped branes.
More recently, it has been shown that the Bekenstein Hawking Wald entropy for
a number of black hole examples, agree to all orders in preturbation theory in

inverse charges going well beyond the perturbation limit.



1.1 Outline of the Thesis

Supersymmetric black holes are well known to exhibit a striking phenomenon
called the attractor behavior [2, 3, 4]. Moduli fields in these black hole back-
grounds take value at the horizon independent of their asymptotic values at in-
finity, determined by the charges only. As a result, the macroscopic entropy
depends only on the charges. This is consistent with the fact that the micro-
scopic entropy, more precisely, an index is also independent of the asymptotic
moduli due to the BPS property of the states.

So far the attractor mechanism has been studied almost exclusively in the context
of N = 2 supergravity. The question which interests us in this thesis is if this
mechanism is more general. We want to study whether it works for non super-
symmetric black holes as well. The extremal black holes have some properties
which are similar to supersymmetric black holes, for example they have vanishing
surface gravity and have the minimal possible mass compatible with the given
charges and angular momentum. This motivates the search of attractor behavior
in extremal configurations. We investigate the attractor mechanism for extremal
black holes and black rings in two derivative actions describing gravity coupled
to scalar fields and abelian gauge fields. These black holes might be solutions in
theories which have no supersymmetry or might be non supersymmetric solutions

in supersymmetric theories.

1.1 Outline of the Thesis

The theories we consider consist of gravity, gauge fields and scalar fields with the

action

S = % /d4x V —G(R—Q(agbi)Q_fab((bi)FGMVFb;w_%fab<¢i)FaMVFbpaeuupa). (19)

Here the index i denotes the different scalars and a, b the different gauge fields
and F, stands for thNe field strength of the gauge field. fu(¢;) determines the
gauge couplings and fu,(¢;) determines the axionic couplings.

The scalars determine the gauge couplings and thereby couple to the gauge fields.



1.1 Outline of the Thesis

It is important that the scalars do not have a potential of their own that gives
them in particular a mass. Such a potential would mean that the scalars are no
longer moduli.

The theories described by (1.9), are four dimensional and do not have a cos-
mological constant. This action can be generalized to higher dimensions as well
as theories with cosmological constant. In chapter 2, we explore the attractor
mechanism in spherical symmetric extremal black holes for theories mentioned
in (1.9) [5]. The moduli fields in a black hole background vary radially and get
attracted to specific values at the horizon, which depends only on the charges.
The attractor behavior also refers to the fact that the near horizon geometry
approaches AdS, x S? and the AdS; and S? radii depend only on the charges.
We show that the attractor mechanism works quite generally in such theories
provided two conditions are met. These conditions are succinctly stated in terms
of an “effective potential” V.;s for the scalar fields, ¢;.

With both electric and magnetic charges the gauge fields take the form,

F = f%¢:)(Qep — fchfn)b—Ith Adr + Q5 sinfdf N\ do, (1.10)

where Q% , ()., are constants that determine the magnetic and electric charges
carried by the gauge field F'%, and f is the inverse of fy.
The effective potential is then given by,

Vers(1) = [(Qea = faceQ5)(Qer = FraQih) + fap Q5 Q- (1.11)

The effective potential is proportional to the energy density in the electro-
magnetic field and arises after solving for the gauge fields in terms of the charges
carried by the black hole. The two conditions that need to be met are the fol-
lowing. First, as a function of the moduli fields V.;; must have a critical point,
0;Vers(dio) = 0. And second, the matrix of second derivatives of the effective po-
tential at the critical point, 0;;Vers(¢i0), must be have only positive eigenvalues.
The resulting attractor values for the moduli are the critical values, ¢;9. And the
entropy of the black hole is proportional to V(¢;), and is thus independent of
the asymptotic values for the moduli. It is worth noting that the two conditions
stated above are met by BPS black hole attractors in an N = 2 supersymmetric

theory.



1.1 Outline of the Thesis

The analysis for BPS attractors simplifies greatly due to the use of the first
order equations of motion. In the non-supersymmetric context one has to work
with the second order equations directly and this complicates the analysis. The
central idea in establishing the attractor behavior lies in the perturbation analysis.
Although the equations are second order, in perturbation theory they are linear,
and this makes them tractable. For the static spherically symmetric case, we can
consistently set the scalars to their critical values for all values of r. This gives
rise to an extremal Reissner Nordstrom black hole. If the scalar field takes value
at asymptotic infinity which are small deviations from their attractor values, we
show that the extremal black hole solution continues to exist. The scalar takes
the attractor value at the horizon. The analysis can be carried out quite generally
for any effective potential for the scalars and shows that the two conditions stated
above are sufficient for the attractor phenomenon to hold.

We also carry out numerical analysis to go beyond the perturbation results.
This requires a specific form of the effective potential. The numerical analysis
corroborates the perturbation theory results mentioned above. In simple cases we
have explored so far, we have found evidence for a only single basin of attraction,
although multiple basins must exist in general as is already known from the
supersymmetric(SUSY) cases.

We generalize these results to other settings. We find that the attractor
phenomenon continues to hold in higher dimensions and Anti-de Sitter space
(AdS), as long as the two conditions mentioned above are valid for a suitable
defined effective potential.

For a completely general class of gravity actions including higher derivative
interactions, assuming an extremal near horizon geometry of form AdS,; x S?
but without assuming supersymmetry, the attractor values of the moduli can be
obtained by extremizing an “entropy function” [6]. For the two derivative theories,
the entropy function and the effective potential are different quantities, but the
extremisation results give the same attractor values.

In chapter 2, we construct an effective potential for extremal black holes, which
is minimized with respect to the moduli to get the attractor values of the scalars.
For supersymmetric black holes, there is a function of the moduli and the charges

carried by the black hole, called the central charge, which plays an important



1.1 Outline of the Thesis

Figure 1.1: Variation of the scalar moduli as we move in from infinity into the

horizon.

role in the discussion of the attractor. The attractor values of the scalars, which
are obtained at the horizon of the black hole, are given by minimizing the central
charge with respect to the moduli.

There is a another sense in which the central charge is also minimized at the
horizon of a supersymmetric attractor. One finds that the central charge, now
regarded as a function of the position coordinate, evolves monotonically from
asymptotic infinity to the horizon and obtains its minimum value at the horizon
of the black hole. It is natural to ask whether there is an analogous quantity in
the non-supersymmetric case and in particular if the effective potential is also
monotonic and minimized in this sense for non-supersymmetric attractors.

In chapter 3, we propose a c-function for non-supersymmetric spherically sym-
metric attractors. We first study the four dimensional case. The c-function has a
simple geometrical and physical interpretation in this case. We are interested in
spherically symmetric and static configurations in which all fields are functions

of only one variable - the radial coordinate. The c-function, ¢(r), is given by


Introduction/IntroductionFigs/fig1.eps

1.1 Outline of the Thesis

cfr) = FAW), (1.1

where A(r) is the area of the two-sphere, of the SO(3) isometry group orbit,
as a function of the radial coordinate !. For any asymptotically flat solution we
show that the area function satisfies a c-theorem and monotonically decreases
as one moves towards the horizon, which is the direction of increasing redshift
from infinity. For a black hole solution, the static region ends at the horizon,
so in the static region the c-function attains its minimum value at the horizon.
This horizon value of the c-function equals the entropy of the black hole. While
the horizon value of the c-function is also proportional to the minimum value
of the effective potential, more generally, away from the horizon, the two are
different. In fact we find that the effective potential need not vary monotoni-
cally in a non-supersymmetric attractor. The c-theorem we prove is applicable
for supersymmetric black holes as well. In the supersymmetric case, there are
three quantities of interest, the c-function, the effective potential and the square
of the central charge. At the horizon these are all equal, up to a constant of
proportionality. But away from the horizon they are in general different.

We work directly with the second order equations of motion in our analysis
and it might seem puzzling at first that one can prove a c-theorem at all. The
answer to the puzzle lies in boundary conditions. For black hole solutions we
require that the solutions are asymptotically flat. This is enough to ensure that
going inwards to the horizon from asymptotic infinity the c-function decreases
monotonically.

We generalize the c-function to higher dimensions. We analyze a system of
rank g gauge fields and moduli coupled to gravity and once again find a c-function
that satisfies a c-theorem. In D = p+ ¢+ 1 dimensions this system has extremal
black brane solutions whose near horizon geometry is Ad.S,;; x S9. We show that
the c-function is non-increasing from infinity up to the near horizon region. It’s
minimum value in the AdS,.; x S? region agrees with the conformal anomaly in

the dual boundary theory for p even [7].

'We have set Gy = 1.



1.1 Outline of the Thesis

In the first two chapters, we analyse the spherically symmetric configurations.
In chapter 4 we extend the study of the attractor mechanism to rotating black hole
solutions. Our starting point is an observation made in [8] that the near horizon
geometries of extremal Kerr and Kerr-Newman black holes have SO(2,1)xU(1)
isometry. Armed with this observation we prove a general result that is as pow-
erful as its non-rotating counterpart. In the context of 341 dimensional theories,
our analysis shows that in an arbitrary theory of gravity coupled to abelian gauge
fields and neutral scalar fields with a gauge and general coordinate invariant local
Lagrangian density, the entropy of a rotating extremal black hole remains invari-
ant, except for occasional jumps, under continuous deformation of the asymptotic
data for the moduli fields if an extremal black hole is defined to be the one whose
near horizon field configuration has SO(2,1) x U(1) isometry.

The strategy for obtaining this result is to use the entropy function formalism
[6]. We find that the near horizon background of a rotating extremal black hole
is obtained by extremizing a functional of the background fields on the horizon,
and that Bekenstein Hawking entropy is given by precisely the same functional
evaluated at its extremum. Thus if this functional has a unique extremum with
no flat directions then the near horizon field configuration is determined com-
pletely in terms of the charges and angular momentum, with no possibility of
any dependence on the asymptotic data on the moduli fields. On the other hand
if the functional has flat directions so that the extremization equations do not
determine the near horizon background completely, then there can be some de-
pendence of this background on the asymptotic data, but the entropy, being equal
to the value of the functional at the extremum, is still independent of this data.
Finally, if the functional has several extrema at which it takes different values,
then for different ranges of asymptotic values of the moduli fields the near hori-
zon geometry could correspond to different extrema. In this case as we move
in the space of asymptotic data the entropy would change discontinuously as we
cross the boundary between two different domains of attraction, although within
a given domain it stays fixed. The stability analysis of the rotating attractors
has not been done.

We explore this formalism in detail in the context of an arbitrary two deriva-

tive theory of gravity coupled to scalar and abelian vector fields. The extrem-



1.1 Outline of the Thesis

ization conditions now reduce to a set of second order differential equations with
parameters and boundary conditions which depend only on the charges and the
angular momentum. Thus the only ambiguity in the solution to these differential
equations arise from undetermined integration constants. We prove explicitly that
in a generic situation all the integration constants are fixed once we impose the
appropriate boundary conditions and smoothness requirement on the solutions.
We also show that even in a non-generic situation where some of the integration
constants are not fixed (and hence could depend on the asymptotic data on the
moduli fields), the value of the entropy is independent of these undetermined
integration constants.

We test our general results for some known examples. Here we take some
of the known extremal rotating black hole solutions in two derivative theories of
gravity coupled to matter, and study their near horizon geometry to determine if
they exhibit attractor behavior. We focus on two particular classes of examples
— the Kaluza-Klein black holes studied in [9, 10] and black holes in toroidally
compactified heterotic string theory studied in [11]. In both these examples,
we find two kinds of extremal limits. One of these branches does not have an
ergo-sphere . We call this the ergo-free branch. The other branch does have an
ergo-sphere. We call this the ergo-branch. On both branches the entropy turns
out to be independent of the asymptotic values of the moduli fields, in accordance
with our general arguments. We find however that while on the ergo-free branch
the scalar and all other background fields at the horizon are independent of the
asymptotic data on the moduli fields, this is not the case for the ergo-branch.
Thus on the ergo-free branch we have the full attractor behavior, whereas on
the ergo-branch only the entropy is attracted to a fixed value independent of the
asymptotic data.

In five dimensions, one has a black hole with an event horizon of topology
St x S§2% which is called a black ring. Ref[12] obtained an explicit solution of five
dimensional vacuum general relativity describing such an object.

By examining the BPS equations for black rings, [13], found the attractor
equations for supersymmetric extremal black rings. Motivated by the results of
our analysis for black holes, which demonstrate the attractor mechanism is inde-

pendent of supersymmetry, we extend our analysis to extremal black rings [14]

10



1.1 Outline of the Thesis

in chapter 5.

We start with five dimensional Lagrangian consisting of gravity, abelian gauge
fields, neutral massless scalars and a Chern-Simons term. We dimensionally re-
duce it to four dimensions. Then we apply the entropy function formalism. We
study extremal black rings whose near horizon geometry have AdSy x S? x U(1)
symmetries. After dimensional reduction, we get an AdS, x S? near horizon ge-
ometry. This analysis is extended to the five dimensional extremal rotating black
holes. In all these cases, we demonstrate the attractor mechanism for black rings

with out recourse to supersymmetry by using the entropy function formalism.

11



Chapter 2

Non Supersymmetric Attractors

In this chapter, we consider theories with gravity, gauge fields and scalars in four-
dimensional asymptotically flat space-time. By studying the equations of motion
directly we show that the attractor mechanism can work for non-supersymmetric
extremal black holes. Two conditions are sufficient for this, they are conveniently
stated in terms of an effective potential involving the scalars and the charges
carried by the black hole. Our analysis applies to black holes in theories with
N < 1 supersymmetry, as well as non-supersymmetric black holes in theories with
N = 2 supersymmetry. Similar results are also obtained for extremal black holes

in asymptotically Anti-de Sitter space and in higher dimensions.

2.1 Attractor in Four-Dimensional Asymptoti-

cally Flat Space

2.1.1 Equations of Motion

In this section we consider gravity in four dimensions with U(1) gauge fields and
scalars. The scalars are coupled to gauge fields with dilaton-like couplings. It
is important for the discussion below that the scalars do not have a potential so
that there is a moduli space obtained by varying their values.

The action we start with has the form,

S = %/d“x@(]% — 2(0¢:)” — fan(s) F, F* ™) (2.1)

12



2.1 Attractor in Four-Dimensional Asymptotically Flat Space

Here the index ¢ denotes the different scalars and a, b the different gauge fields
and F, stands for the field strength of the gauge field. fu(¢:) determines the
gauge couplings, we can take it to be symmetric in a, b without loss of generality.

The Lagrangian is

L= (R —2(06:)* = fan(d:) F}y, F* ) (2.2)

Varying the metric gives !,

1
RMV o 28#@&1@' = 2fab<¢i)Fau>\FbuA + §GHV£" (2-3)
The trace of the above equation implies
R —2(0¢;)* =0 (2.4)

The equations of motion corresponding to the metric, dilaton and the gauge fields

are then given by,

Ry —20,0:0,00 = fap(00) (2F0F5 N — 3G FLF™)  (25)
1 1 W b
ﬁau<v —G0"¢) = J0(fw)F L (2.6)

(V=G fup(p)) F?') = 0.
The Bianchi identity for the gauge field is,
ouFy,+0,F,, + 0,F,, =0. (2.7)

We now assume all quantities to be function of . To begin, let us also consider
the case where the gauge fields have only magnetic charge, generalisations to both
electrically and magnetically charged cases will be discussed shortly. The metric

and gauge fields can then be written as,

ds* = —a(r)?dt* + a(r)2dr® + b(r)?dQ? (2.8)
F* = Q¢ sinfdf A do (2.9)

Hn our notation G uv refers to the components of the metric.
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

Using the equations of motion we then get,

(12

R = 37Vers (1) (2.10)
1
Roo = 15 Vers(di) (2.11)
where,
Vers(00) = fan(6) Q5 Qr- (2.12)

This function, V.s, will play an important role in the subsequent discussion.
We see from eq.(2.10) that up to an overall factor it is the energy density in the
electromagnetic field. Note that V,r;(¢;) is actually a function of both the scalars
and the charges carried by the black hole.

The relation, Ry = Z—iRgg, after substituting the metric ansatz implies that,

(a*(r)b*(r))" = 2. (2.13)
The R,, — g—fiRtt component of the Einstein equation gives
b// 2
7= —(0,0)". (2.14)
Also the R, component itself yields a first order “energy” constraint,
’ (I2lb2/ -1
—14+a%° + —— = 5 (Veys(0) + a°0*(¢')° (2.15)

Finally, the equation of motion for the scalar ¢, takes the form,

0, (ab?0,¢;) = aiQ%fo . (2.16)

We see that V,r¢(¢;) plays the role of an “effective potential ” for the scalar fields.
Let us now comment on the case of both electric and magnetic charges. In
this case one should also include “axion” type couplings and the action takes the

form,

: y v £ a vpo
S=— / d'oV=G(R = 2000:)" = far( @) F* = (G0 ¥ ™).
(2.17)
We note that fu,(¢;) is a function independent of fu,(¢;), it can also be taken to

be symmetric in a, b without loss of generality.

14



2.1 Attractor in Four-Dimensional Asymptotically Flat Space

The equation of motion for the metric which follows from this action is un-
changed from eq.(2.5). While the equations of motion for the dilaton and the

gauge field now take the form,

1 -
ﬁau(\/—G8“¢i) = 10i(fao) F2, FOM + 505 (fan) F°,, FO et P? (2.18)

O (V=G (Jarl60) P + 3 fun e ) ) = 0. (2.19)

With both electric and magnetic charges the gauge fields take the form,

Fo = () (Quy — fchfn)b—Ith A dr + Q° sinBdf A do, (2.20)

where Qf,, ()., are constants that determine the magnetic and electric charges
carried by the gauge field F, and f% is the inverse of f, '. It is easy to see
that this solves the Bianchi identity eq.(2.7), and the equation of motion for the
gauge fields eq.(2.19).

A little straightforward algebra shows that the Einstein equations for the
metric and the equations of motion for the scalars take the same form as before,
eq.(2.13, 2.14, 2.15, 2.16), with V.;; now being given by,

‘/;ff(QSi) - fab(Qea - fachn)(er - fbdQ;in) + fabQZmQ?n' (221)

As was already noted in the special case of only magnetic charges, Vs is pro-
portional to the energy density in the electromagnetic field and therefore has
an immediate physical significance. It is invariant under duality transformations
which transform the electric and magnetic fields to one-another.

Our discussion below will use (2.13, 2.14, 2.15, 2.16) and will apply to the
general case of a black hole carrying both electric and magnetic charges.

It is also worth mentioning that the equations of motion, eq.(2.13, 2.14, 2.16)
above can be derived from a one-dimensional action,

g2 / dr ((a%)’b’ — R () — V%SM) . (2.22)

K2

'We assume that f,, is invertible. Since it is symmetric it is always diagonalisable. Zero
eigenvalues correspond to gauge fields with vanishing kinetic energy terms, these can be omitted

from the Lagrangian.
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

The constraint, eq.(2.15) must be imposed in addition.
One final comment before we proceed. The eq.(2.17) can be further generalised

to include non-trivial kinetic energy terms for the scalars of the form,
/ d*av =G (—gij(d1r)00'0¢7) . (2.23)

The resulting equations are easily determined from the discussion above by now
contracting the scalar derivative terms with the metric g;;. The two conditions
we obtain in the next section for the existence of an attractor are not altered due

to these more general kinetic energy terms.

2.1.2 Conditions for an Attractor

We can now state the two conditions which are sufficient for the existence of an
attractor. First, the charges should be such that the resulting effective potential,
Verr, given by eq.(2.21), has a critical point. We denote the critical values for the
scalars as ¢; = ¢;9. So that,

OiVess(di) = 0 (2.24)

Second, the matrix of second derivatives of the potential at the critical point,
1
Mi; = 50:0;Vers(dio) (2.25)
should have positive eigenvalues. Schematically we write,
M;; >0 (2.26)

Once these two conditions hold, we show below that the attractor phenomenon
results. The attractor values for the scalars are ' ¢; = ¢y.

The resulting horizon radius is given by,

bir = Vers(¢10) (2.27)

and the entropy is
1
Spy = ZA = b3 (2.28)

!Scalars which do not enter in V. s; are not fixed by the requirement eq.(2.24). The entropy

of the extremal black hole is also independent of these scalars.
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

There is one special solution which plays an important role in the discussion
below. From eq.(2.16) we see that one can consistently set ¢; = ¢;o for all values
of r. The resulting solution is an extremal Reissner Nordstrom (ERN) Black hole.
It has a double-zero horizon. In this solution 0,¢; = 0, and a, b are

a() = (1= ), bo(r) =7 (2.29)
r

where ry is the horizon radius. We see that aZ, (a3)’ vanish at the horizon while

bo, by, are finite there. From eq.(2.15) it follows then that the horizon radius by
is indeed given by
7’?{ = b?{ = Vers(dio), (2.30)

and the black hole entropy is eq.(2.28).

If the scalar fields take values at asymptotic infinity which are small deviations
from their attractor values we show below that a double-zero horizon black hole
solution continues to exist. In this solution the scalars take the attractor values
at the horizon, and a?, (a?)" vanish while b, b continue to be finite there. From
eq.(2.15) it then follows that for this whole family of solutions the entropy is
given by eq.(2.28) and in particular is independent of the asymptotic values of
the scalars.

For simple potentials V,¢; we find only one critical point. In more complicated
cases there can be multiple critical points which are attractors, each of these has
a basin of attraction.

One comment is worth making before moving on. A simple example of a
system which exhibits the attractor behaviour consists of one scalar field ¢ coupled
to two gauge fields with field strengths, F'*;a = 1,2. The scalar couples to the
gauge fields with dilaton-like couplings,

fap(P) = €298 4p. (2.31)

If only magnetic charges are turned on,

Verg = €(Q1)” + €™9(Q2)%. (2.32)

(We have suppressed the subscript “m” on the charges). For a critical point to

exist ay and ap must have opposite sign. The resulting critical value of ¢ is given
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

by,
(Qu)*\ 7=
o _ Qo2
e <_041(Q1)2) 23
The second derivative, eq.(2.25) now is given by
2
a%;sz = —2a'a® (2.34)

and is positive if oy, s have opposite sign.

This example will be useful for studying the behaviour of perturbation theory
to higher orders and in the subsequent numerical analysis.

As we will discuss further in section 7, a Lagrangian with dilaton-like couplings
of the type in eq.(2.31), and additional axionic terms ( which can be consistently
set to zero if only magnetic charges are turned on), can always be embedded in a
theory with N = 1 supersymmetry. But for generic values of a we do not expect
to be able to embed it in an N = 2 theory. The resulting extremal black hole, for

generic o, will also then not be a BPS state.

2.1.3 Comparison with the N =2 Case

It is useful to compare the discussion above with the special case of a BPS black
hole in an N = 2 theory. The role of the effective potential, V,; for this case was
emphasised by Denef, [15]. It can be expressed in terms of a superpotential W

and a Kahler potential K as follows:
Ve = “[KYD;W (D;W)* + W), (2.35)
where D;W = 0,W + 0; KW. The attractor equations take the form,
D;W =0 (2.36)
And the resulting entropy is given by
Spr = w|W|%eX. (2.37)

with the superpotential evaluated at the attractor values.
It is easy to see that if eq.(2.36) is met then the potential is also at a critical

point, 0;Vers = 0. A little more work also shows that all eigenvalues of the second
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

derivative matrix, eq.(2.25) are also positive in this case. Thus the BPS attractor
meets the two conditions mentioned above. We also note that from eq.(2.35) the
value of V. at the attractor point is V;; = e®|W]%. The resulting black hole
entropy eq.(2.27, 2.28) then agrees with eq.(2.37).

We now turn to a more detailed analysis of the attractor conditions below.

2.1.4 Perturbative Analysis

2.1.4.1 A Summary

The essential idea in the perturbative analysis is to start with the extremal RN
black hole solution described above, obtained by setting the asymptotic values of
the scalars equal to their critical values, and then examine what happens when
the scalars take values at asymptotic infinity which are somewhat different from
their attractor values, ¢; = ¢;.

We first study the scalar field equations to first order in the perturbation, in
the ERN geometry without including backreaction. Let ¢; be a eigenmode of the
second derivative matrix eq.(2.25) . Then denoting, d¢; = ¢; — ¢y0, neglecting
the gravitational backreaction, and working to first order in d¢;, we find that
eq.(2.16) takes the form,

O ((r—ru)*0,(0¢y)) = @, (2.38)

r2
where 37 is the relevant eigenvalue of $9;0;V (¢i). In the vicinity of the horizon,
we can replace the factor 1/r? on the r.h.s by a constant and as we will see
below, eq.(2.38), has one solution that is well behaved and vanishes at the horizon

provided 3?2 > 0. Asymptotically, as  — oo, the effects of the gauge fields
die away and eq.(2.38) reduces to that of a free field in flat space. This has

More generally if the kinetic energy terms are more complicated, eq.(2.23), these eigen-
modes are obtained as follows. First, one uses the metric at the attractor point, g;;(¢i0), and
calculates the kinetic energy terms. Then by diagonalising and rescaling one obtains a basis
of canonically normalised scalars. The second derivatives of V.ss are calculated in this basis
and gives rise to a symmetric matrix, eq.(2.25). This is then diagonalised by an orthogonal
transformation that keeps the kinetic energy terms in canonical form. The resulting eigenmodes

are the ones of relevance here.
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

two expected solutions, d¢; ~ constant, and §¢; ~ 1/r, both of which are well
behaved. It is also easy to see that the second order differential equation is
regular at all points in between the horizon and infinity. So once we choose the
non-singular solution in the vicinity of the horizon it can be continued to infinity
without blowing up.

Next, we include the gravitational backreaction. The first order perturbations
in the scalars source a second order change in the metric. The resulting equations
for metric perturbations are regular between the horizon and infinity and the
analysis near the horizon and at infinity shows that a double-zero horizon black
hole solution continues to exist which is asymptotically flat after including the
perturbations.

In short the two conditions, eq.(2.24), eq.(2.26), are enough to establish the
attractor phenomenon to first non-trivial order in perturbation theory.

In 4-dimensions, for an effective potential which can be expanded in a power
series about its minimum, one can in principle solve for the perturbations an-
alytically to all orders in perturbation theory. We illustrate this below for the
simple case of dilaton-like couplings, eq.(2.31), where the coefficients that appear
in the perturbation theory can be determined easily. One finds that the attractor
mechanism works to all orders without conditions other than eq.(2.24), eq.(2.26)
1.

When we turn to other cases later, higher dimensional or AdS space etc., we
will sometimes not have explicit solutions, but an analysis along the above lines
in the near horizon and asymptotic regions and showing regularity in-between
will suffice to show that a smoothly interpolating solution exists which connects
the asymptotically flat region to the attractor geometry at horizon.

To conclude, the key feature that leads to the attractor is the fact that both
solutions to the linearised equation for d¢ are well behaved as r — oo, and one
solution near the horizon is well behaved and vanishes. If one of these features
fails the attractor mechanism typically does not work. For example, adding a
mass term for the scalars results in one of the two solutions at infinity diverging.

Now it is typically not possible to match the well behaved solution near the

IFor some specific values of the exponent 7;, eq.(2.41), though, we find that there can be
an obstruction which prevents the solution from being extended to all orders.
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

horizon to the well behaved one at infinity and this makes it impossible to turn
on the dilaton perturbation in a non-singular fashion.
We turn to a more detailed description of perturbation theory below.

2.1.4.2 First Order Solution

We start with first order perturbation theory. We can write,

0¢i = @i — bio = €¢a, (2.39)

where € is the small parameter we use to organise the perturbation theory. The
scalars ¢; are chosen to be eigenvectors of the second derivative matrix, eq.(2.25).
From, eq.(2.13), eq.(2.14), eq.(2.15), we see that there are no first order correc-
tions to the metric components, a, b. These receive a correction starting at second
order in e. The first order correction to the scalars ¢; satisfies the equation,
272 3
0 (agbp0r i) = b—é@l- (2.40)

where, (37 is the eigenvalue for the matrix eq.(2.25) corresponding to the mode
¢;. Substituting for ag, by, from eq.(2.29) we find,

I (/14482 /r3-1)
<Z5z‘1 = C1; .

We are interested in a solution which does not blow up at the horizon, r = ry.

_ Vi
¢u::cai<r TTH) , (2.42)

(2.41)

This gives,

where

432
%250M+%—Q. (2.43)

Asymptotically, as r — o0, ¢;; — c14, so the value of the scalars vary at
infinity as ¢y; is changed. However, since ; > 0, we see from eq.(2.42) that ¢;
vanishes at the horizon and the value of the dilaton is fixed at ¢;y regardless of
its value at infinity. This shows that the attractor mechanism works to first order

in perturbation theory.
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

It is worth commenting that the attractor behaviour arises because the solu-
tion to eq.(2.40) which is non-singular at r = ry, also vanishes there. To examine

this further we write eq.(2.40) in standard form, [? |,

2
% + P(x)y + Q(x)y = 0, (2.44)

with © = r — ry, y = ¢;;. The vanishing non-singular solution arises because
eq.(2.40) has a single and double pole respectively for P(z) and Q(x), as © — 0.
This results in (2.44) having a scaling symmetry as z — 0 and the solution goes
like 27 near the horizon. The residues at these poles are such that the resulting
indical equation has one solution with exponent ~; > 0. In contrast, in a non-
extremal black hole background, the horizon is still a regular singular point for
the first order perturbation equation, but (z) has only a single pole. It turns
out that the resulting non-singular solution can go to any constant value at the

horizon and does not vanish in general.

2.1.4.3 Second Order Solution

The first order perturbation of the dilaton sources a second order correction in
the metric. We turn to calculating this correction next.

Let us write,

b = b0+€2b2 (245)
a® = a3+62a2

b2 = bg+2€2b2b0,

where by and ay are the zeroth order extremal Reissner Nordstrom solution
eq.(2.29).
Equation (2.13) gives,

a’b* = (r —ry)? + dir + dy. (2.46)

The two integration constants, di,ds can be determined by imposing boundary
conditions. We are interested in extremal black hole solutions with vanishing

surface gravity. These should have a horizon where b is finite and a? has a
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2.1 Attractor in Four-Dimensional Asymptotically Flat Space

“double-zero”, i.e., both a? and its derivative (a?)" vanish. By a gauge choice
we can always take the horizon to be at » = ry. Both d; and ds then vanish.

Substituting eq.(2.45) in the equation(2.13) we get to second order in e,
2a3boby + bjas = 0. (2.47)

Substituting for ag, by then determines, ay in terms of by,

a3 = —2 (1 - T—H>2 b (2.48)
T T
From eq.(2.14) we find next that,
C%ﬂ r—7Tg 2
bo(r) = —> =T ( - ) + Ay + Agry (2.49)

i
Ay, Ay are two integration constants. The two terms proportional to these inte-
gration constant solve the equations of motion for by in the absence of the O(e)?
source terms from the dilaton. This shows that the freedom associated with vary-

ing these constants is a gauge degree of freedom. We will set A; = Ay = 0 below.

Then, b, is,
2. r—1ry i
b - _ 1i 2 2.50
7 22@%—1)7“( r ) 250

i

It is easy to check that this solves the constraint eq.(2.15) as well.

To summarise, the metric components to second order in e are given by
eq.(2.45) with ag, by being the extremal Reissner Nordstrom solution and the
second order corrections being given in eq.(2.48) and eq.(2.50). Asymptotically,
as r — o0, by — ¢ xr, and, as — —2 X ¢, so the solution continues to be
asymptotically flat to this order. Since 7; > 0 we see from eq.(2.48, 2.50) that
the second order corrections are well defined at the horizon. In fact since b,
goes to zero at the horizon, as vanishes at the horizon even faster than a double-
zero. Thus the second order solution continues to be a double-zero horizon black
hole with vanishing surface gravity. Since b, vanishes the horizon area does not
change to second order in perturbation theory and is therefore independent of
the asymptotic value of the dilaton.

The scalars also gets a correction to second order in €. This can be calculated
in a way similar to the above analysis. We will discuss this correction along with

higher order corrections, in one simple example, in the next subsection.
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Before proceeding let us calculate the mass of the black hole to second order

in €. It is convenient to define a new coordinate,
y =0b(r) (2.51)

Expressing a? in terms of y one can read off the mass from the coefficient of the

1/y term as y — oo, as is discussed in more detail in section 2.9. This gives,

2.
M=rg+e&y y (2.52)

where 7y is the horizon radius given by (2.30). Since ; is positive, eq.(2.43), we
see that as € increases, with fixed charge, the mass of the black hole increases.
The minimum mass black hole is the extremal RN black hole solution, eq.(2.29),
obtained by setting the asymptotic values of the scalars equal to their critical

values.

2.1.4.4 An Ansatz to All Orders

Going to higher orders in perturbation theory is in principle straightforward. For
concreteness we discuss the simple example, eq.(2.31), below. We show in this
example that the form of the metric and dilaton can be obtained to all orders
in perturbation theory analytically. We have not analysed the coefficients and
resulting convergence of the perturbation theory in great detail. In a subsequent
section we will numerically analyse this example and find that even the leading
order in perturbation theory approximates the exact answer quite well for a wide
range of charges. This discussion can be generalised to other more complicated
cases in a straightforward way, although we will not do so here.

Let us begin by noting that eq.(2.13) can be solved in general to give,
a’b? = (r —ry)? +dir + dy (2.53)

As in the discussion after eq(2.46) we set d; = ds = 0, since we are interested in

extremal black holes. This gives,

a’b* = (r —ry)?, (2.54)
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where rp is the horizon radius given by eq.(2.30). This can be used to determine
a in terms of b.

Next we expand b, ¢ and a? in a power series in e,

b = b+ €, (2.55)
n=1

¢ = do+ Y €0 (2.56)
n=1

at = a%+Ze"an (2.57)
n=1

where by, ag are given by eq.(2.29) and ¢, is given by eq.(2.33).
The ansatz which works to all orders is that the nt* order terms in the above

two equations take the form,

n(r) = c (T — TH)M (2.58)

bo(r) = dor ("’ - ””H)m, (2.59)

_ ny+2
a, = e, <T TH) , (2.60)

where 7 is given by eqs.(2.43) and in this case takes the value,

and,

(V1=2ajas —1). (2.61)

DO | —

”)/:

The discussion in the previous two subsections is in agreement with this ansatz.
We found b; = 0, and from eq.(2.50) we see that by is of the form eq.(2.59).
Also, we found a; = 0 and from eq.(2.48) as is of the form eq.(2.60). And from
eq.(2.42) we see that ¢, is of form eq.(2.58). We will now verify that this ansatz
consistently solves the equations of motion to all orders in €. The important point
is that with the ansatz eq.(2.58, 2.59) each term in the equations of motion of

(r—rH))

order €" has a functional dependence ( 2 This allows the equations to be

solved consistently and the coefficients ¢,,, d,, to be determined.

25
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Let us illustrate this by calculating c¢o. From eq.(2.14) and eq.(2.54) we see

that the equation of motion for ¢ can be written in the form,
26(r)20.((r —rg)?0,0) = e*°Q%q; (2.62)

To O(€?) this gives,

<T rm) (2e2(e"™QFaf — driy(1+27)) + ¥ Qfafct) =0 (2.63)

Notice that the term (“="£)% has factored out. Solving eq.(2.63) for ¢, we now

get,
(2.64)

More generally, as discussed in section 2.9, working to the required order in e
we can recursively find, ¢,,d,,e,.

One more comment is worth making here. We see from eq.(2.50) that bo
blows up when when « = 1/2. Similarly we can see from eq.(2.165) that b, blows
up when v = % for b,. So for the values, v = %, where n is an integer, our
perturbative solution does not work.

Let us summarise. We see in the simple example studied here that a solution to
all orders in perturbation theory can be found. b, ¢ and a? are given by eq.(2.59),
eq.(2.58) and eq.(2.60) with coefficients that can be determined as discussed in

2 vanishes at ry so it is the horizon of the black

section 2.9. In the solution, a
hole. Moreover a? has a double-zero at rp, so the solution is an extremal black
hole with vanishing surface gravity. One can also see that b,, goes linearly with r
as r — o0 so the solution is asymptotically flat to all orders. It is also easy to see
that the solution is non-singular for r > ry. Finally, from eq.(2.58) we see that
¢n, = 0, for all n > 0, so all corrections to the dilaton vanish at the horizon. Thus
the attractor mechanism works to all orders in perturbation theory. Since all
corrections to b also vanish at the horizon we see that the entropy is uncorrected
in perturbation theory. This is in agreement with the general argument given

after eq.(2.28). Note that no additional conditions had to be imposed, beyond
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eq.(2.24, 2.26), which were already appeared in the lower order discussion, to

ensure the attractor behaviour .

2.2 Numerical Results

There are two purposes behind the numerical work we describe in this section.
First, to check how well perturbation theory works. Second, to see if the attractor
behaviour persists, even when ¢, eq.(2.39), is order unity or bigger so that the
deviations at asymptotic infinity from the attractor values are big. We will confine
ourselves here to the simple example introduced near eq.(2.31), which was also
discussed in the higher orders analysis in the previous subsection.

In the numerical analysis it is important to impose the boundary conditions
carefully. As was discussed above, the scalar has an unstable mode near the
horizon. Generic boundary conditions imposed at r — oo will therefore not be
numerically stable and will lead to a divergence. To avoid this problem we start
the numerical integration from a point r; near the horizon. We see from eq.(2.58,
2.59) that sufficiently close to the horizon the leading order perturbative correc-
tions 2 becomes a good approximation. We use these leading order corrections to
impose the boundary conditions near the horizon and then numerically integrate
the exact equations, eq.(2.13,2.14), to obtain the solution for larger values of the
radial coordinate.

The numerical integration is done using the Runge-Kutta method. We char-

acterise the nearness to the horizon by the parameter

T —TH
or = — (2.67)
T
Tn our discussion of exact solutions in section 4 we will be interested in the case, a1 = —as.
From eq.(2.64, 2.165) we see that the expressions for ¢3 and dz become,
cac = 0 (2.65)
ds = 0 (2.66)

It follows that in the perturbation series for ¢ and b only the ca,41(0dd) terms and da,, (even)

terms are non-vanishing respectively.
2We take the O(e) correction in the dilaton, eq.(2.42), and the O(e?) correction in b, a?,

eq.(2.48, 2.49). This consistently meets the constraint eq.(2.15) to O(€?).
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2.2 Numerical Results

Plot of ¢ comparing numerical and 1% order perturbation result (a3 =—a2=1.7)

¢

Figure 2.1: Comparison of numerical integration of ¢ with 1%* order perturbation
result. The upper graph is a close up of the lower one near the horizon. The
perturbation result is denoted by a dashed line. We chose ay, —as = 1.7, Q1 = 3,
Qs =3, 0r = 2.3 x 107® and ¢; in the range —%, %]

. ¢ = 0.
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2.2 Numerical Results

Plot of ¢ comparing numerical and 1% order perturbation result (o3 =—a»=3.1)
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Figure 2.2: Comparison of numerical integration of ¢ with 1%* order perturbation
result. The upper graph is a close up of the lower one near the horizon. The
perturbation result is denoted by a dashed line. We chose ay, —as = 3.1, Q1 = 2,
Q2 =3, 0r =2.9x 107® and ¢ is in the range [—3, 3]

. ¢o = 0.13.
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2.3 Exact Solutions

where r; is the point at which we start the integration. ¢, refers to the asymptotic
value for the scalar, eq.(2.42).

In figs. (2.1,2.2) we compare the numerical and 1% order correction. The
numerical and perturbation results are denoted by solid and dashed lines respec-
tively. We see good agreement even for large r. As expected, as we increase the
asymptotic value of ¢, which was the small parameter in our perturbation series,
the agreement decreases.

Note also that the resulting solutions turn out to be singularity free and
asymptotically flat for a wide range of initial conditions. In this simple example
there is only one critical point, eq.(2.33). This however does not guarantee that
the attractor mechanism works. It could have been for example that as the
asymptotic value of the scalar becomes significantly different from the attractor
value no double-zero horizon black hole is allowed and instead one obtains a
singularity. We have found no evidence for this. Instead, at least for the range of
asymptotic values for the scalars we scanned in the numerical work, we find that
the attractor mechanism works with attractor value, eq.(2.33).

It will be interesting to analyse this more completely, extending this work to
cases where the effective potential is more complicated and several critical points
are allowed. This should lead to multiple basins of attraction as has already been

discussed in the supersymmetric context in e.g., [15, 16].

2.3 Exact Solutions

In certain cases the equation of motion can be solved exactly [17]. In this section,
we shall look at some solvable cases and confirm that the extremal solutions
display attractor behaviour. In particular, we shall work in 4 dimensions with

one scalar and two gauge fields, taking V.r; to be given by eq.(2.32),

Vepp = eM2(Q1)? + e™9(Q2)*. (2.68)

We find that at the horizon the scalar field relaxes to the attractor value (2.33)

2
ela1—a2)dn _ -0‘283 (2.69)
ofl 1
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2.3 Exact Solutions

which is the critical point of V¢ and independent of the asymptotic value, ¢o.
Furthermore, the horizon area is also independent of ¢., and, as predicted in
section 2.1.2, it is proportional to the effective potential evaluated at the attractor

point. It is given by

Area = 4mby, = 47Voi(oo) (2.70)
= ATM(Q1) 1 (Qu) (2.71)
where
. a @] —ag a a1 —a
h= (—a—j> + (—a—j> (2.72)
is a numerical factor. It is worth noting that when a; = —as, one just has
TArea = 27(Q1Qs| (2.73)

Interestingly, the solvable cases we know correspond to v = 1,2,3 where vy
is given by (2.43). The known solutions for v = 1,2 are discussed in [17] and
references therein (although they fixed ¢, = 0). We found a solution for v = 3
and it appears as though one can find exact solutions as long as v is a positive
integer. Details of how these solutions are obtained can be found in the references
and section 2.10.

For the cases we consider, the extremal solutions can be written in the follow-

(a1—a2)p _ Q2 @ i é Tz
‘ "= < 041) <Q1> (f1> &)

o= &(Quf) 2 (Qufo)™) (2.75)
a> = p*/v? (2.76)

ing form

where p = r — ry and the f; are polynomials in p to some fractional power. In

general the f; depend on ¢, but they have the property

fi|Horizon =1. (277)

Substituting (2.77) into (2.74,2.75), one sees that that at the horizon the scalar
field takes on the attractor value (2.69) and the horizon area is given by (2.71).
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2.3 Exact Solutions

¢ —10g9(VQ2/Q: )

¢(r) for various values of ¢, (extremal bh, @=2)
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Figure 2.3: Attractor behaviour for the case v = 1; oy, —ag = 2
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¢ Og((QZ/Ql) ) ¢(r) for various values of ¢, (extremal bh, a=2/3)
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Figure 2.4: Attractor behaviour for the case v = 2; ay, —as = 2v/3
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2.3 Exact Solutions

Notice that, when o = |y, (2.74,2.75) simplify to

v @(@)W
¢ ol (2.78)
b= 2|Q1]|Qa| (fife) (2.79)

2.3.1 Explicit Form of the f;

In this section we present the form of the functions f; mainly to show that,
although they depend on ¢, in a non trivial way, they all satisfy (2.77) which

ensures that the attractor mechanism works. It is convenient to define
Q? = %> (? (no summation) (2.80)

which are the effective U(1) charges as seen by an asymptotic observer. For the

simplest case, ¥ = 1, we have
- _1
fi=1+ (@7 ail(4 +a2) %) p (2.81)

Taking v = 2 and oy = —a = 2+/3 one finds

1

fi= (1 + (Q1Q2)7%(Q§ + Q2§)%P + %(Qi@léz)%/ﬂ) : (2.82)

Finally for v = 3 and oy =4 , a9 = —6 we have

=

fi = (1= 6azp+ 12a3p* — 6agp®) (2.83)

1
fo= (1= Zasp + 24axp* — (48a3 — 12a0)p° + (48a3 — 24agaz) p*)*  (2.84)

where ao and as are non-trivial functions of Q;. Further details are discussed
in section 2.8 and section 2.10. The scalar field solutions for v = 1 and 2 are

illustrated in figs. 2.3 and 2.4 respectively.

2.3.2 Supersymmetry and the Exact Solutions

As mentioned above, the first two cases (7 = 1,2) have been extensively studied

in the literature.
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2.4 General Higher Dimensional Analysis

The SUSY of the extremal a; = —ay = 2 solution is discussed in [18]. They
show that it is supersymmetric in the context of N = 4 SUGRA. It saturates the
BPS bound and preserves i of the supersymmetry - ie. it has N = 1 SUSY. There
are BPS black-holes in this context which carry only one U(1) charge and preserve
% of the supersymmetry. The non-extremal blackholes are of course non-BPS.

On the other hand, the extremal a; = —ay = 2v/3 blackhole is non-BPS
[19]. It arises in the context of dimensionally reduced 5D Kaluza-Klein gravity
[20] and is embeddable in N = 2 SUGRA. There however are BPS black-holes in

this context which carry only one U(1) charge and once again preserve % of the
supersymmetry [21].
We have not investigated the supersymmetry of the v = 3 solution, we expect

that it is not a BPS solution in a supersymmetric theory.

2.4 General Higher Dimensional Analysis

2.4.1 The Set-Up

It is straightforward to generalise our results above to higher dimensions. We

start with an action of the form,
1
§S=- /ddﬂfv ~G(R —2(0¢1)" — fan(0)) F“F”) (2.85)

Here the field strengths, F, are (d — 2) forms which are magnetic dual to 2-form
fields.

We will be interested in solution which preserve a SO(d — 2) rotation sym-
metry. Assuming all quantities to be function of r, and taking the charges to be

purely magnetic, the ansatz for the metric and gauge fields is !

ds® = —a(r)*dt* + a(r)"2dr? + b(r)?dQ%_, (2.86)
Fo=Q%sin®?0sin® - -dONdD A - - - (2.87)

!Black hole which carry both electric and magnetic charges do not have an SO(d — 2)
symmetry for general d and we only consider the magnetically charged case here. The analogue
of the two-form in 4 dimensions is the d/2 form in d dimensions. In this case one can turn on
both electric and magnetic charges consistent with SO(d/2) symmetry. We leave a discussion

of this case and the more general case of p-forms in d dimensions for the future.
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2.4 General Higher Dimensional Analysis

Fo=Q sin®3@sin™ 1 ¢p---dI Ndp A --- (2.88)

The equation of motion for the scalars is

_ (d—2)10;V,
O, (a?b?720,¢;) = g I (2.89)
Here V,yy, the effective potential for the scalars, is given by
Verr = fan(0:)Q°Q". (2.90)

From the (R, — G—“Rtt) component of the Einstein equation we get,

o
> (@2 = —%. (2.91)

i

The R, component gives the constraint,
—(d—2){(d - 3) — ab/(2a'b + (d — 3)al')} = 2¢2ab* — 52V, 1r(di)  (2.92)

In the analysis below we will use eq.(2.89) to solve for the scalars and then
eq.(2.91) to solve for b. The constraint eq.(2.92) will be used in solving for a
along with one extra relation, Ry, = (d — B)Z—ER%, as is explained in section 2.11.
These equations (aside from the constraint) can be derived from a one-dimensional

action

S = L[dr ((d —3)(d — 2641+ a2?) + (d — 2)b3(a2)'

! (2.93)
—2a*b*2(9,¢)* — (Zd—22)!‘/eff)

As the analysis below shows if the potential has a critical point at ¢; = ¢,
and all the eigenvalues of the second derivative matrix 0;;V (¢;o) are positive then

the attractor mechanism works in higher dimensions as well.

2.4.2 Zeroth and First Order Analysis

Our starting point is the case where the scalars take asymptotic values equal to

their critical value, ¢; = ¢;0. In this case it is consistent to set the scalars to be
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2.4 General Higher Dimensional Analysis

a constant, independent of r. The extremal Reissner Nordstrom black hole in d

dimensions is then a solution of the resulting equations. This takes the form,

a(r) = (1 - Zlf—z) bo(r) =1 (2.94)

where 7y is the horizon radius. From the eq.(2.92) evaluated at ry we obtain the

relation,
ri Y = (d = 4)WVog (o) (2.95)

Thus the area of the horizon and the entropy of the black hole are determined by
the value of V.rr(¢io), as in the four-dimensional case.

Now, let us set up the first order perturbation in the scalar fields,

¢i = Pio + €Pin (2.96)
The first order correction satisfies,
27 d—2 37
Or(agby "0r i) = bd—iggbil (2.97)

where, (37 is the eigenvalue of the second derivative matrix @@j\/g ##(io) cor-
responding to the mode ¢;. This equation has two solutions. If 82 > 0 one of
these solutions blows up while the other is well defined and goes to zero at the

horizon. This second solution is the one we will be interested in. It is given by,
Pin = ca (1 — Tfrlf3/7“d73)% (2.98)

where 7 is given by

=g (1T - o) (299

2.4.2.1 Second order calculations (Effects of backreaction)

The first order perturbation in the scalars gives rise to a second order correction

for the metric components, a,b. We write,

b(r) = bo(r) + by (r) (2.100)
a(r)? = ag(r)* + €ay(r) (2.101)
b(r)? = bo(r)? + 2€%by(r)bo (1) (2.102)
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2.4 General Higher Dimensional Analysis

where ag, by are given in eq.(2.94).
From (2.91) one can solve for the second order perturbation be(r). For sim-
plicity we consider the case of a single scalar field, ¢. The solution is given by

double-integration form,

2 ;o1 gyt gpdes
O2by(r) = —mr(ar¢1)2:—c1r2d,5( v )2

2(d—3)(d— )72y — )rEd
( [3 _Q%d 3’< )d_g}

27—1( )P (4= ] = gy, 2T (riryd- 3}), (2.103)

= bg('f’) = dl'f’—“dg

where ¢ = 2(d—3)%c3*r};/(d —2), a positive definite constant, and F is Gauss’s
Hypergeometric function. More generally, for several scalar fields, b, is obtained
by summing over the contributions from each scalar field. The integration con-
stants dy, da, in eq.(2.103), can be fixed by coordinate transformations and requir-
ing a double-zero horizon solution. We will choose coordinate so that the horizon
is at r = rg, then as we will see shortly the extremality condition requires both

dy,dy to vanish. As r — ry we have from eq.(2.103) that

ba(r) oc — <Tdid7ff3) (2.104)

Since v > 0, we see that by vanishes at the horizon and thus the area and the
entropy are uncorrected to second order. At large r, by(r) oc O(r)+0(1)+0O(r7—-24)
so asymptotic behaviour is consistent with asymptotic flatness of the solution.

The analysis for a, is discussed in more detail in section 2.11. In the vicin-
ity of the horizon one finds that there is one non-singular solution which goes
like, as(r) — C(r — ry)®*2). This solution smoothly extends to r — oo and
asymptotically, as r — 00, goes to a constant which is consistent with asymptotic
flatness.

Thus we see that the backreaction of the metric is finite and well behaved. A
double-zero horizon black hole continues to exist to second order in perturbation
theory. It is asymptotically flat. The scalars in this solution at the horizon take

their attractor values irrespective of their values at infinity..
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2.5 Attractor in AdS,

Finally, the analysis in principle can be extended to higher orders. Unlike four
dimensions though an explicit solution for the higher order perturbations is not
possible and we will not present such an higher order analysis here.

We end with Fig 5. which illustrates the attractor behaviour in asymptotically
flat 4 + 1 dimensional space. This figure has been obtained for the example,
eq.(2.31, 2.32). The parameter dr is defined in eq.(2.67).

¢ Numerical plot of ¢(r) in 4+1 dimensions

0.8

0.6

0.4

0.2

: ‘ ‘ o
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1
a=—a=2. Ql:E Q=V2 ¢p=0.346574 6r=7.07107x10°8

-04

Figure 2.5: Numerical plot of ¢(r) with a; = —ay = 2 for the an extremal black

hole in 4 + 1 dimensions displaying attractor behaviour.

2.5 Attractor in AdS,

Next we turn to the case of Anti-de Sitter space in four dimensions. Our analysis
will be completely analogous to the discussion above for the four and higher
dimensional case and so we can afford to be somewhat brief below.

The action in 4-dim. has the form

S = % / d'zvV/—G(R — 2N — 2(0¢;)* — fup(9s) FOF" — 1 fab(@)eﬂ'/PUngFjo)
(2.105)
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2.5 Attractor in AdS,

where A = —3/L? is the cosmological constant. For simplicity we will discuss
the case with only one scalar field here. The generalisation to many scalars
is immediate and along the lines of the discussion for asymptotically flat four-
dimensional case. Also we take the coefficient of the scalar kinetic energy term
to be field independent.

For spherically symmetric solutions the metric takes the form, eq.(2.8). The
field strengths are given by eq.(2.20). This gives rise to a one dimensional action

s—L [ar <2 — (a®0?)" — 2a2bb" — 2a2V2(0,¢)? — 2‘/2;* + 3L—b22) . (2.106)

K2

where V. is given by eq.(2.21). The equations of motion, which can be derived
either from eq.(2.106) or directly from the action, eq.(2.105) are now given by,

0r(a’b?0,¢) = a‘bvgi’;(gb) (2.107)
%ﬂ = —(0,0)?, (2.108)
which are unchanged from the flat four-dimensional case, and,
(a®(r)b?(r)" = 2(1 — 2Ab?), (2.109)
—1+a%?+ a2’2b2’ = ;—21<Veff(¢)) +a*b*(0,0)* + ?’L—bj (2.110)

where the last equation is the first order constraint.

2.5.1 Zeroth and First Order Analysis for V

The zeroth order solution is obtained by taking the asymptotic values of the
scalar field to be its critical values, ¢ such that 0;V.rr(¢o) = 0.
The resulting metric is now the extremal Reissner Nordstrom black hole in
AdS space, [22], given by,
9 (r —rg)?(L? + 3r% + 2rgr +1r?)

ap(r)” = o3 (2.111)

bo(r) = r (2.112)
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2.5 Attractor in AdS,

The horizon radius ry is given by evaluating the constraint eq.(2.110) at the

horizon,
(Lr% + 2r)
g = Veps(do).
(2.113)
The first order perturbation for the scalar satisfies the equation,
272 5
Oy (agboOr1) = b—2¢1 (2.114)
where,
1
B = 505Vers(¢o)- (2.115)
This is difficult to solve explicitly.
In the vicinity of the horizon the two solutions are given by
¢1 = Ci(T - 7"]_[)t:t (2116)

If Vi ;(60) > 0 one of the two solutions vanishes at the horizon. We are interested

in this solution. It corresponds to the choice,

(bl = C(T — TH)A/, (2117)
where,
4532
1+ 517, 1
v = 5 , (2.118)

and, 6 = %. As discussed in the section 2.12 this solution behaves at r — oo
as ¢ — Oy + Cy/r3. Also, all other values of r, besides the horizon and oo, are
ordinary points of the second order equation eq.(2.114). All this establishes that
there is one well-behaved solution for the first order scalar perturbation. In the
vicinity of the horizon it takes the form eq.(2.116) with eq.(2.118), and vanishes
at the horizon. It is non-singular everywhere between the horizon and infinity
and it goes to a constant asymptotically at r — oo.

We consider metric corrections next. These arise at second order. We define
the second order perturbations as in eq.(2.45). The equation for by from the

second order terms in eq.(2.108) takes the form,

by = —r(¢y(r))*, (2.119)
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2.5 Attractor in AdS,

and can be solved to give,

) == | ) / JUCICl (2.120)

We fix the integration constants by taking take the lower limit of both integrals
to be the horizon. We will see that this choice gives rise to an double-zero horizon
solution. Since ¢, is well behaved for all rg < r < oo the integrand above is well

behaved as well. Using eq.(2.116) we find that in the near horizon region
by ~ (r —rg)®? (2.121)
At r — oo using the fact that ¢, — C1 + Cy/r we find
by ~ Dyr + Dy + D3 /1°, (2.122)

This is consistent with an asymptotically AdS solution.
Finally we turn to as. As we show in section 2.12 a solution can be found for

as with the following properties. In the vicinity of the horizon it goes like,
ay o< (r—rg)®*?, (2.123)

and vanishes faster than a double-zero. As r — 00, as — dyr and grows more
slowly than a2. And for ry < r < oo it is well-behaved and non-singular.

This establishes that after including the backreaction of the metric we have
a non-singular, double-zero horizon black hole which is asymptotically AdS. The
scalar takes a fixed value at the horizon of the black hole and the entropy of the
black hole is unchanged as the asymptotic value of the scalar is varied.

Let us end with two remarks. In the AdS case one can hope that there is a
dual description for the attractor phenomenon. Since the asymptotic value of the
scalar is changing we are turning on a operator in the dual theory with a varying
value for the coupling constant. The fact that the entropy, for fixed charge, does
not change means that the number of ground states in the resulting family of dual
theories is the same. This would be worth understanding in the dual description
better. Finally, we expect this analysis to generalise in a straightforward manner
to the AdS space in higher dimensions as well.

Fig. 6 illustrates the attractor mechanism in asymptotically AdS, space. This
Figure is for the example, eq.(2.31, 2.32). The cosmological constant is taken to
be, A = —2.91723, in kK = 1 units.
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¢ Numerical plot of ¢(r) in AdSs
0.6
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Figure 2.6: Numerical plot of ¢(r) with ay = —ay = 2 for the an extremal black
hole in AdS, displaying attractor behaviour.

2.6 Additional Comments

The theories we considered in the discussion of asymptotically flat space-times
and AdS spacetimes have no potential for the scalars. We comment on this further
here.

Let us consider a theory with N = 1 supersymmetry containing chiral super-

fields whose lowest component scalars are,

We take these scalars to be uncharged under the gauge symmetries. These can

be coupled to the superfields W by a coupling
Lgaugekinetic = /d29fab(5i>WgW3 (2125)

Such a coupling reproduces the gauge kinetic energy terms in and eq.(2.105),
eq.(2.106), (we now include both ¢;, a; in the set of scalar fields which we denoted

by ¢; in the previous sections).
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2.6 Additional Comments

An additional potential for the scalars would arise due to F-term contributions
from a superpotential. If the superpotential is absent we get the required feature
of no potential for these scalar. Setting the superpotential to be zero is at least
technically natural due to its non-renormalisability.

In a theory with no supersymmetry there is no natural way to suppress a
potential for the scalars and it would arise due to quantum effects even if it is
absent at tree-level. In this case we have no good argument for not including a
potential for the scalar and our analysis is more in the nature of a mathematical
investigation.

The absence of a potential is important also for avoiding no-hair theorems
which often forbid any scalar fields from being excited in black hole backgrounds
[? ]. In the presence of a mass m in asymptotically flat four dimensional space

the two solutions for first order perturbation at asymptotic infinity go like,
¢~ Cre™ [~ Coe™™ /1. (2.126)

We see that one of the solutions blows up as r — o0o. Since one solution to the
equation of motion also blows up in the vicinity of the horizon, as discussed in
section 2, there will generically be no non-singular solution in first order perturba-
tion theory. This argument is a simple-minded way of understanding the absence
of scalar hair for extremal black holes under discussion here. In the absence of
mass terms, as was discussed in section 2, the two solutions at asymptotic infinity
go like ¢ ~ const and ¢ ~ 1/r respectively and are both acceptable. This is why
one can turn on scalar hair. The possibility of scalar hair for a massless scalar
is of course well known. See [23], [17], for some early examples of solutions with
scalar hair, [24, 25, 26, 27], for theorems on uniqueness in the presence of such
hair, and [28] for a discussion of resulting thermodynamics.

In asymptotic AdS space the analysis is different. Now the (mass)? for scalars
can be negative as long as it is bigger than the BF bound. In this case both solu-
tions at asymptotic infinity decay and are acceptable. Thus, as for the massless
case, it should be possible to turn on scalar fields even in the presence of these
mass terms and study the resulting black holes solutions. Unfortunately, the re-
sulting equations are quite intractable. For small (mass)? we expect the attractor

mechanism to continue to work.

43



2.7 Asymptotic de Sitter Space

If the (mass)? is positive one of the solutions in the asymptotic region blows
up and the situation is analogous to the case of a massive scalar in flat space
discussed above. In this case one could work with AdS space which is cut off at
large r (in the infrared) and study the attractor phenomenon. Alternatively, after
incorporating back reaction, one might get a non-singular geometry which departs
from AdS in the IR and then analyse black holes in this resulting geometry. In
the dual field theory a positive (mass)? corresponds to an irrelevant operator.
The growing mode in the bulk is the non-normalisable one and corresponds to
turning on a operator in the dual theory which grows in the UV. Cutting off
AdS space means working with a cut-off effective theory. Incorporating the back-
reaction means finding a UV completion of the cut-off theory. And the attractor
mechanism means that the number of ground states at fixed charge is the same

regardless of the value of the coupling constant for this operator.

2.7 Asymptotic de Sitter Space

In de Sitter space the simplest way to obtain a double-zero horizon is to take
a Schwarzschild black hole and adjust the mass so that the de Sitter horizon
and the Schwarzschild horizon coincide. The resulting black hole is the extreme
Schwarzschild-de Sitter spacetime [29]. We will analyse the attractor behaviour
of this black hole below. The analysis simplifies in 5-dimensions and we will
consider that case, a similar analysis can be carried out in other dimensions as
well. Since no charges are needed we set all the gauge fields to zero and work
only with a theory of gravity and scalars. Of course by turning on gauge charges
one can get other double-zero horizon black holes in dS, their analysis is left for
the future.
We start with the action of the form,

S = %/d%@(f{ —2(0¢)* = V(9)) (2.127)

Notice that the action now includes a potential for the scalar, V(¢), it will play
the role of Vs in our discussion of asymptotic flat space and AdS space. The

required conditions for an attractor in the dS case will be stated in terms of V. A
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2.7 Asymptotic de Sitter Space

concrete example of a potential meeting the required conditions will be given at
the end of the section. For simplicity we have taken only one scalar, the analysis
is easily extended for additional scalars.

The first condition on V' is that it has a critical point, V'(¢g) = 0. We will
also require that V(¢) > 0. Now if the asymptotic value of the scalar is equal to
its critical value, ¢y, we can consistently set it to this value for all times t. The
resulting equations have a extremal black hole solution mentioned above. This
takes the form

2 . (#2)L—L2)
T

ds* = — dr® + t2dQ3 (2.128)

Notice that it is explicitly time dependent. L is a length related to V(¢g) by ,
V(go) =23, And t = j:% is the location of the double-zero horizon. A suitable
near-horizon limit of this geometry is called the Nariai solution, [30].

2.7.1 Perturbation Theory

Starting from this solution we vary the asymptotic value of the scalar. We take

the boundary at t — —oco as the initial data slice and investigate what happens

when the scalar takes a value different from ¢y as t — —oo. Our discussion

will involve part of the space-time, covered by the coordinates in eq.(2.128), with

—0<t<ty = —%. We carry out the analysis in perturbation theory below.
Define the first order perturbation for the scalar by,

¢ = ¢o+ €dr
This satisfies the equation,
b3
On(aghydstn) = 7 V" (¢o) (2.129)

where ay = w, bp = t. This equation is difficult to solve in general.

In the vicinity of the horizon ¢t = ty, we have two solutions which go like,

1= Cult —ty) T2 (2.130)

where

K = —iV”(aﬁo) (2.131)
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2.7 Asymptotic de Sitter Space

We see that one of the two solutions in eq.(2.130) is non-divergent and in fact
vanishes at the horizon if
V"(¢o) < 0. (2.132)

We will henceforth assume that the potential meets this condition. Notice this
condition has a sign opposite to what was obtained for the asymptotically flat or
AdS cases. This reversal of sign is due to the exchange of space and time in the
dS case.

In the vicinity of ¢ — —oo there are two solutions to eq.(2.129) which go like,
¢1 = Oyt (2.133)

where
pr = 2(=14 /1 + K2/4). (2.134)

If the potential meets the condition, eq.(2.132) then x? > 0 and we see that one

of the modes blows up at t — —oo.

2.7.2 Some Speculative Remarks

In view of the diverging mode at large |t| one needs to work with a cutoff version
of dS space . With such a cutoff at large negative ¢t we see that there is a
one parameter family of solutions in which the scalar takes a fixed value at the
horizon. The one parameter family is obtained by starting with the appropriate
linear combination of the two solutions at ¢ — —oo which match to the well
behaved solution in the vicinity of the horizon. While we will not discuss the
metric perturbations and scalar perturbations at second order these too have a
non-singular solution which preserves the double-zero nature of the horizon. The
metric perturbations also grow at the boundary in response to the growing scalar
mode and again the cut-off is necessary to regulate this growth. This suggests
that in the cut-off version of dS space one has an attractor phenomenon. Whether
such a cut-off makes physical sense and can be implemented appropriately are

question we will not explore further here.

IThis is related to some comments made in the previous section in the positive (mass)?

case in AdS space.
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2.8 Non-Extremal = Unattractive

One intriguing possibility is that quantum effects implement such a cut-off and
cure the infra-red divergence. The condition on the potential eq.(2.132) means
that the scalar has a negative (mass)? and is tachyonic. In dS space we know
that a tachyonic scalar can have its behaviour drastically altered due to quantum
effects if it has a (mass)? < H? where H is the Hubble scale of dS space. This
can certainly be arranged consistent with the other conditions on the potential
as we will see below. In this case the tachyon can be prevented from “falling
down” at large |t| due to quantum effects and the infrared divergences can be
arrested by the finite temperature fluctuations of dS space. It is unclear though
if any version of of the attractor phenomenon survives once these quantum effects
became important.

We end by discussing one example of a potential which meets the various

conditions imposed above. Consider a potential for the scalar,
V = A1e™? 4 Nye2?, (2.135)

We require that it has a critical point at ¢ = ¢o and that the value of the potential
at the critical point is positive. The critical point for the potential eq.(2.135) is

at,
A ap—ag
g0 — _ [ Q202 2.136
e <a1A1) (2.136)
Requiring that V(@) > 0 tells us that
V(go) = Age®2% (1 - %) >0 (2.137)
aq

Finally we need that V" (¢g) < 0 this leads to the condition,
V" () = Age™ P az(ag — ay) <0 (2.138)

These conditions can all be met by taking both ay,as > 0, ay < ay, Ay > 0 and
Ay < 0. In addition if asay > 1 the resulting —(mass)? > H?.

2.8 Non-Extremal = Unattractive

We end this chapter by examining the case of an non-extremal black hole which

has a single-zero horizon. As we will see there is no attractor mechanism in this
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2.8 Non-Extremal = Unattractive

case. Thus the existence of a double-zero horizon is crucial for the attractor
mechanism to work.

Our starting point is the four dimensional theory considered in section 2 with
action eq.(2.17). For simplicity we consider only one scalar field. We again start
by consistently setting this scalar equal to its critical value, ¢q, for all values of r,
but now do not consider the extremal Reissner Nordstrom black hole. Instead we
consider the non-extremal black hole which also solves the resulting equations.
This is given by a metric of the form, eq.(2.8), with

a2(r) = (1 - T—*) <1 - T—*> . b(r) =7 (2.139)

r T

where r1 are not equal. We take ;. > r_ so that r, is the outer horizon which
will be of interest to us.
The first order perturbation of the scalar field satisfies the equation,
Vit (¢o)

0, (a*b?0,¢;) = Tgbl (2.140)

In the vicinity of the horizon r = r, this takes the form,

9y (Y1) = agr (2.141)

where a is a constant dependent on V" (¢g), 74,7, and y =r —ry.

This equation has one non-singular solution which goes like,
¢1=Co+Cry+--- (2.142)

where the ellipses indicate higher terms in the power series expansion of ¢, around
y = 0. The coefficients C', Cs, - - - are all determined in terms of Cy which can
take any value. Thus we see that unlike the case of the double-horizon extremal
black hole, here the solution which is well-behaved in the vicinity of the horizon
does not vanish.

Asymptotically, as 7 — oo both solutions to eq.(2.140) are well defined and
go like 1/r, constant respectively. It is then straightforward to see that one can
choose an appropriate linear combination of the two solutions at infinity and
match to the solution, eq.(2.142) in the vicinity of the horizon. The important
difference here is that the value of the constant Cy in eq.(2.142) depends on the
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2.8 Non-Extremal = Unattractive

asymptotic values of the scalar at infinity and therefore the value of ¢ does not
go to a fixed value at the horizon. The metric perturbations sourced by the scalar
perturbation can also be analysed and are non-singular. In summary, we find a
family of non-singular black hole solutions for which the scalar field takes varying
values at infinity. The crucial difference is that here the scalar takes a value at
the horizon which depends on its value at asymptotic infinity. The entropy and
mass for these solutions also depends on the asymptotic value of the scalar .

It is also worth examining this issue in a non-extremal black holes for an
exactly solvable case.

If we consider the case |a;| = 2, section 2.3, the non-extremal solution takes

on a relatively simple form. It can be written[18]

g (r )
exp(20) = ¥ %)
@2 = U _(:2*)_<;2_> r-) (2.143)

b2 — (7,2 o 22)

where?

re =M+ TOZ\/M2+Z2—Q%—Q%. (2.144)
and the Hamiltonian constraint becomes
_ _ 1
Y2 EM? Q- Qi = Zm —r_ )2 (2.145)

The scalar charge, ¥, defined by ¢ ~ ¢ + %, is not an independent parameter.
It is given by - -
Q3 — Qi
Yy===—"= 2.146
i (2.146)

There are horizons at r = ry, the curvature singularity occurs at r = > and
ro characterises the deviation from extremality. We see that the non-extremal
solution does not display attractor behaviour.

Fig. 2.7 shows the behaviour of the scalar field ® as we vary ¢., keeping M

! An intuitive argument was given in the introduction in support of the attractor mechanism.
Namely, that the degeneracy of states cannot vary continuously. This argument only applies
to the ground states. A non-extremal black hole corresponds to excited states. Changing the

asymptotic values of the scalars also changes the total mass and hence the entropy in this case.
2The radial coordinate r in eq.(2.143) is related to our previous one by a constant shift.
3for ap = —ag =2
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2.8 Non-Extremal = Unattractive

and @); fixed. The location of the horizon as a function of r depends on ¢,
eq.(2.144). The horizon as a function of ¢, is denoted by the dotted line. The
plot is terminated at the horizon.

In contrast, for the extremal black hole,

M= Q2| + Q4 5 |Q2|—\Q1|’ (2.147)

V2 V2

so (2.143) gives
200 _ €2¢OOM+ Y@y

TS To0 (2.148)

which is indeed the attractor value.

¢ ¢(r) for various values of ¢, (non—extremal, M and Q; kept fixed, |ai|=2)

05

-05 |

Figure 2.7: Plot ¢(r) with a; = —ay = 2 for the non-extremal black hole with
M, Q; held fixed while varying ¢.,. The dotted line denotes the outer horizon at

which we terminate the plot. It is clearly unattractive.
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2.9 Perturbation Analysis

2.9 Perturbation Analysis

2.9.1 DMass

Here, we first calculate the mass of the extremal black hole discussed in section

2.2. From eq.(2.50), for large r, by is given by,

by =cr+d (2.149)
where
2
7
= 17 2.150
¢ 227 — 1) (2.150)
d rieiy” (2.151)
(2y-1) '

Now, we can easily write down the expression for as using eq.(2.48). We choose
coordinate y as introduced in eq.(2.51) such that at large r,
r? 42 (crt +dr) = y? (2.152)

1 o d
;= el ) (2.153)

—_ <

We use the extremality condition (2.54) to find,

a(r) = (T — TH) (2.154)

Y

Using, eq.(2.149, 2.154) one finds that asymptotically, as r — oo the metric

takes the form,

e (1 _2(rm + e(crg +d))

1
) dt* + dy? + y*dQ?
y )

(1 _ 2(rg+e*(cry+d )
y
(2.155)
where £ is obtained by rescaling ¢ and dQ? denotes the metric of S?. The mass
M of the black hole is then given by the 1/y term in the g,, component of the

metric. This gives,
2
2T

M=rg+e 5

(2.156)

o1



2.9 Perturbation Analysis

2.9.2 Perturbation Series to All Orders

Next we go on to discuss the perturbation series to all orders, Using (2.55) for b
and (2.56) for ¢ in eq.(2.14)and eq.(2.62), we get,

ko k—i
ho=—> > bitdr (2.157)
i=0 j=0
D b i ((r —rr)’¢]) = QFe % a; Vi, (2.158)
i+j<k
where
(b . (bk; ni+no2+...4n
V) = 1hnat 2.159
: ) P (2.159)
{n1,n2..nx}
(2.160)
After substituting our ansatz (2.58)and (2.59), the above equations give,
k(ky = Ddi = —v > 4 7)dicichi_; (2.161)
i+j<k
and
where S;, and T}, are given by
. C?ICSQ * CZk 11 27”71 27”71
Sk = Z niylng! oo ng_q! (al + o ) (2.163)
{n1,n2..nk_1}
and
T, = Z Wy + 1)d;dg__jc;. (2.164)
JHI<k
i<k
Then solving for d and ¢, gives
Y ) .
dy = ————— Jlk—1i—j)dejep_i; (2.165)
1) 2, e
1)S, — 1T,
o = D% T (2.166)

(E+1)y+1)(k-1)
Finally, e, can be obtained using eq.(2.54), eq.(2.59). It can be verified that the
ansatz, eq.(2.58, 2.59, 2.60) with the coefficients eq.(2.165, 2.166) also solves the
constraint eq.(2.15).
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2.10 Exact Analysis

2.10 Exact Analysis

Exact solutions can be found by writing the equations of motion as generalised
Toda equations [31], which may, in certain special cases, be solved exactly [17] -
we rederive this result in slightly different notation below. As noted in [32], in a
marginally different context, the extremal solutions, are, in appropriate variables,
polynomial solutions of the Toda equations. The polynomial solutions are much
easier to find and are related to the functions f; mentioned in section 2.3. For

ease of comparison we occasionally use notation similar to [32].

2.10.1 New Variables

To recast the equations of motion into a generalised Toda equation we define the

following new variables
U = ¢ us = loga z = logab - = 0. = a®b*), (2.167)
In terms of r, 7 is given by

dr 1 r—ry
= - 1 2.168
! / a’h>  (ry—ro) °8 (r - 7“_> ( )

where ry are the integration constants of (2.13). In general (2.13) implies

a’b? = (r—ry)(r—r_). (2.169)

Notice that
7T—0 as r— o0 (2.170)
T— —00 as r—7ry (2.171)

When we have a double-zero horizon, ry = r4, 7 takes the simple form
Tl =—(r—rp). (2.172)

Since we are mainly interested in solutions with double-zero horizons, in what

follows it will be convenient to work with a new radial coordinate, p, defined by
p=—1" (2.173)

which has the convenient property that py = 0.
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2.10 Exact Analysis

2.10.2 Equivalent Toda System

In terms of these new variables the equations of motion become

iy = Lage® Ty + Laye?rtern Q] (2.174)

iy = el 4 e2uatern? (2.175)

;o= e (2.176)

tir? - ig? — 22 e - et puaterug () (2.177)

(2.176) decouples from the other equations and is equivalent to (2.13). Finally

making the coordinate change

X; = ng uj +my;tlog ((on — 2)Q3) (2.178)
where
nl = < _22 _aof ) (2.179)
and
mij = m (44 ovoy) (2.180)

we obtain the generalised 2 body Toda equation

X; = emis, (2.181)
together with
Z (%XZmZ]X] — €minj> = (Oél — 062)8 (2182)
]
where & = (ry —r_)? After solving the above, the original fields will be given
by
Q% L1 X X
ele1me2)s — X2 pp(enXitanXa) (2.183)
Q1
@2 = earmK1HX2) /0 (2.184)
Vo= (r—r))(r—r_)/d (2.185)
where
2—=2_ 921
G = (g —a)Q," Q"™ (2.186)
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2.10 Exact Analysis

2.10.3 Solutions
2.10.3.1 Casel:7y=1< ajap =—4
In this case, m,; is diagonal
m = diag(aq /2, —ay/2), (2.187)

so the equations of motion decouple:

X, = e F K, (2.188)
(2.188) has solutions
2 4c?
X, = — 1o i 2.189
v | & <|ai|sinh2(cl-(7'—dl-))) ( )

The integration constants are fixed by imposing asymptotic boundary conditions

and requiring that the solution is finite at the horizon. Letting

F; = sinh(c¢; (1 — d;)) (2.190)
in terms of ¢ and a we get
plo—az)é  — Q_éeé(alxﬁwxﬂ
_ <1_%) (Q2F201)2
2 e%(xl+%>F12 (2.191)

2—%2 29 _
N C1 ez C2 o
a <Q1F1) <Q2F2> /‘

As r — ry(ie. 7 — —o0) the scalar field goes like
elo1702)d o g2(ere2)r (2.192)

SO we require
ci=c =0 (2.193)

for a finite solution at the horizon. Also at the horizon

b2~ (r—ry)/a® ~ elr+=r-)=2)7 (2.194)
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2.10 Exact Analysis

which necessitates
(ry —r_)=2c (2.195)

To find the extremal solutions we take the limit ¢ — 0 which gives

el = (—%)M (2.196)
a1/ (Quf1)
o= Q(Qljcl);’a“22 (QQPQ)“?ED‘? (2.197)
at = p/p (2.198)
where
fi=1+dp. (2.199)

Requiring ¢ — ¢ and a — 1 as r — oo fixes

(2.200)

where as before
Q7 = e™=(Q? (no summation). (2.201)

For comparison with the non-extremal solution in this case see section 2.8.
2.10.3.2 Casell: y=2and a1 = —ay = 2v/3
In this case, m;; becomes
2 1
m = (_@ f) : (2.202)
V3 V3
It is convenient to use the coordinates

1
;= —X, —V3log V3 2.203
“= 75 g ( )

so the equations of motion are the two particle Toda equations

G = e (2.204)
Gy = e u, (2.205)

These maybe integrated exactly but the explicit form is, in general, a little com-

plicated. Fortunately we are mainly interested in extremal solutions which have
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2.10 Exact Analysis

a simpler form [32]. As in, [32], taking the ansatz that e % is a second order

polynomial one finds
-0 1,
e = ayt+ a7+ o7 (2.206)
1
e ®? = af —ag+aT+ 57'2 (2.207)

Finally, returning to the original variables and imposing the asymptotic boundary

conditions gives the solution

(@) ()
€ <Q1) I (2.208)
b = 2Q1Q2/1f2 (2.209)
@@ = pfp (2.210)
where
fi= (1 F(QuQ2) QT+ @Y+ %(6_21-6_216_22)‘%,02>5 (2.211)

as quoted in section 2.3.
For completeness we note that the general, non-extremal solution of [20, 23],

modified for a non-zero asymptotic value of ¢, is

exp(4/V/3) = elo=/V3 % (2.212)
o - (r= ”;E;; r-) (2.213)

b? = VP1P2 (2.214)

where
pi=(r—ri)(r—ri-) (2.215)

2 - | 4X
it = ——0 T Qi =—— 2.21
TZ:I: (—O{Z) Q’l 22 + O[ZM ( 6)

and scalar charge, >, which is again not an independent parameter, is given by

1o Q3 Qi _ X
%z T 2M(A—1) * IM(\+1) A= V3M (2.217)
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2.10 Exact Analysis

2.10.3.3 CaseIll: y=3 and a; =4 a9 = —06

n=(27)

Making the coordinate change

In this case, m;; becomes

G = %X 1 —log 2
@ = Xg;—log2
The equations of motion are
g = e241—a2
2q2—2q2

Go = €

Now consider the three particle Toda system

G = e2a1—az
Go = e242—q1—as
g3 = e243—a2

(2.218)

(2.219)
(2.220)

(2.221)
(2.222)

(2.223)
(2.224)
(2.225)

which may be integrated exactly. Notice that by identifying ¢; and g3 we obtain

(2.223-2.225). Once again the general solution is slightly complicated but taking

the ansatz that e™% is a polynomial one finds

1
e = ay+ QCLgT + agm? + 67'3

2

2 1
e = daj — 2agay + (4a3 — ag)T + 2037 + Zaor + 7

Rewriting in terms of the original fields we get

2
el = (%) exp (2X; — 3X5)

-3 ()
— e \n

6 4 1
V¥ = p*10Q} Q3 exp (_SXl —-X5
5(2\°
6 4
- 5(3) olains
a2 — p2/b2

o8

1
5

3

)

12

4

(2.226)

(2.227)

(2.228)
(2.229)

(2.230)

(2.231)

(2.232)
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where
1
fi= (1= 6asp+ 12a5p* — 6agp®)? (2.233)
1
fo= (1= Fasp + 24azp” — (48a5 — 12a0)p° + (48a3 — 24agaz) p*)*  (2.234)
At the horizon we do indeed have ¢ at the critical point of V,s¢:
3 Q2
e'00 = ~ =2 (2.235)
2 Q7
and b? given by Vi r¢(¢):
5 (2 Q2
by === : 2.236
1000
Imposing the asymptotic boundary conditions we get
2% 2%
ap =+t—5— (4a3 — 2a0a2) = —— (2.237)
QR Q3 Qr Q7
so letting
27
& = (2.238)
Qr Q7
35A 354
Ay = 4222 (2.240)
agp 1
we may write ay as
1 2% AL VG
g = +——=Ay + — + — 2.241
W \/33A1 235 A, (2:24)

Despite the non-trivial form of the solution we see that it still takes on the
attractor value at the horizon.
In terms of the U(1) charges (written implicitly in terms of ap and as), the

mass and scalar charge are expressed below

3a3 — 28aga3 + 32a$

Y —
40agas — 20a3as

(2.242)
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(a2 + 4apa3 — 16a5)
7 6 1
2%50613 az(ag — 2a3)(2a3 — CLOGQ)%Qf Q3

This solution is related to a 3 charge p-brane solution found in [32] - in this

M =

(2.243)

case we have identified two of the degrees of freedom.

2.11 Higher Dimensions

Here we give some more details related to our discussion of the higher dimensional

attractor in section 5. The Ricci components calculated from the metric, eq.(2.86)

are,
_ 2 1./
Ry = d* (aa + (d = 2)adf b)aa b - aa”) (2.244)
Ry = —{b(a®+ad") +(d—2a(aV +ab)}ja%  (2245)
Ry = (d—3)—2aba’t/ —a® ((d — 3)b” + bb") (2.246)

The Einstein equations from the action eq.(2.85), take the form,

Ro = S 0 2247
R = 20007 - S0 (0)

(2.248)

(d—3)!
Rge = bQ(dig) ‘/eff(gbl)a (2249)

where Vg is given by eq.(2.90).

Taking the combination, & (R,, — &= Ry;) gives, eq.(2.91). Similarly we have,

'3 o
Z((%))ZR“ + a(r)?b(r)* Ry, — (d — 2) Rgg
= —(d—2){d—3—a(r)V'(r)(2d'(r)b(r) + (d — 3)a(r)b'(r))}
= 200000y - 2 ) (2250
This gives eq.(2.92). Finally the relation, Ry = (d — 3)% Rgq yields,

(d=3)*(=1+a(r)?(r)?) + b(r)*(a’(r)* + a(r)a"(r))
+a(r)b(r)((—=8 4+ 3d)a'(r)b'(r) + (d — 3)a(r)b"(r)) = 0.  (2.251)
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2.11 Higher Dimensions

We now discuss solving for as, the second order perturbation in the metric
component a, in some more detail. We restrict ourselves to the case of one scalar
field, ¢. The constraint, eq.(2.92), to O(€?) is,

(d — 2)rah, + (d — 2)(d — 3)as — 2(¢})*r*(1 — (TTH)d—"))2 (2.252)
2(d—3) 1) h2
~2(d - 2)(d - 3V by +2(d - 3) %
+2(d - 2) (d— 3)(7"1{7” ) { 4 12hy + 13 db/} —0

2d
THT‘

This is a first order equation for as of the form,

frah + faaz + f3 =0, (2.253)
where,
fi = (d=2)r
fo = (d—2)(d—23)
1\2,.2 TH\d—3\2 Ty 2(d=3)
fso = =2(¢n)r (1= (7)) = 2(d = 2){d ~ 3)° mb
t(t +1)3
+2(d — 3)2%
ad— U= =) pa oy sy (2,05

78 r2d
The solution to this equation is given by,

as(r) = Ce” — eg/e_gédr (2.255)
h
where F = — [ %dr. It is helpful to note that e? = r(d%?') and, e;—f = (:ld%;).

Now the first term in eq.(2.255), proportional to C', blows up at the horizon.
We will omit some details but it is easy to see that the second term in eq.(2.255)
goes to zero. Thus for a non-singular solution we must set C' = 0. One can then
extract the leading behaviour near the horizon of ay from eq.(2.255), however it

is slightly more convenient to use eq.(2.251) for this purpose instead. From the
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2.12 More Details on Asymptotic AdS Space

behaviour of the scalar perturbation ¢, and metric perturbation, b, in the vicin-
ity of the horizon, as discussed in the section on attractors in higher dimensions,
it is easy to see that

as(r) = Ag(rd_?’ - 7“?1,_3)27Jr2 (2.256)

where, A, is an appropriately determined constant. Thus we see that the non-
singular solution in the vicinity of the horizon vanishes like (7 — 7)) and the
double-zero nature of the horizon persists after including back-reaction to this
order.

Finally, expanding eq.(2.255) near r — oo (with C' = 0) we get that ay —
Const + O(1/r%=3). The value of the constant term is related to the coefficient in
the linear term for b, at large r in a manner consistent with asymptotic flatness.

In summary we have established here that the metric perturbation as vanishes
fast enough at the horizon so that the black hole continues to have a double-zero
horizon, and it goes to a constant at infinity so that the black hole continues to

be asymptotically flat.

2.12 More Details on Asymptotic AdS Space

We begin by considering the asymptotic behaviour at large r of ¢, eq.(2.114).

One can show that this is given by

1 L 1 L
¢1<T) — C+m[3/4 (ﬁ—) + C,m[,:g/él (ﬁ—) (2257)

2r2 212

Here I3/ stands for a modified Bessel function ' Asymptotically, I, o< r~2".

Thus ¢, has two solutions which go asymptotically to a constant and as 1/r3
respectively.
Next, we consider values of r, 1y < r < oco. These are all ordinary points

of the differential equation eq.(2.114). Thus the solution we are interested is

!Modified Bessel function I,,(r), K, (r) does satisfy following differential eq.

21 (2) + 21 (2) — (2% +v*)I(2) = 0. (2.258)
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well-behaved at these points. For a differential equation of the form,

d? d
P (=0, (2.259)

L) = e

all values of z where p(z),q(z) are analytic are ordinary points. About any
ordinary point the solutions to the equation can be expanded in a power series,
with a radius of convergence determined by the nearest singular point [? |.

We turn now to discussing the solution for as. The constraint eq.(2.110) takes

the form,
-1 2b 2rd 67b
202Vl + ay + (ag)'(rby) + ral, = Fﬁng% + adr?(0,¢1)* + —2( + L—f) + L—;
(2.260)
The solution to this equation is given by,
CLQ — — —/ fgd?" (2261)
where
2b2 27“;1;[ 67"b2

(7’ F) ~ 72 (2.262)

i = 2630, + (@) () + 5076 — a3 (0,01)7 — 2t
. We have set the lower limit of integration in the second term at ry. We want
a solution the preserves the double-zero structure of the horizon. This means ¢,
must be set to zero.

To find an explicit form for as in the near horizon region it is slightly simpler
to use the equation, eq.(2.109). In the near horizon region this can easily be

solved and we find the solution,
ag o (r — 1)@, (2.263)

At asymptotic infinity one can use the integral expression, eq.(2.261) (with
¢ = 0). One finds that f3 — r as r — 0o. Thus as — dor. This is consistent
with the asymptotically AdS geometry.

In summary we see that that there is an attractor solution to the metric
equations at second order in which the double-zero nature of the horizon and the

asymptotically AdS nature of the geometry both persist.
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Chapter 3

C- function for

Non-Supersymmetric Attractors

In this chapter, we present a c-function for spherically symmetric, static and
asymptotically flat solutions in theories of four-dimensional gravity coupled to
gauge fields and moduli. The c-function is valid for both extremal and non-
extremal black holes. It monotonically decreases from infinity and in the static
region acquires its minimum value at the horizon, where it equals the entropy
of the black hole. Higher dimensional cases, involving p-form gauge fields, and

other generalisations are also discussed.

3.1 Background

We begin with some background related to the discussion of non-supersymmetric
attractors.
Consider a theory consisting of four dimensional gravity coupled to U(1) gauge

fields and moduli, whose bosonic terms have the form,

S = % / d'eV=G(R—2g,;(00")(007) — fup (") F b, F # — L fu(¢') F s, P €77

(3.1)
Fi,,a =0,---N are gauge fields. ¢',i = 1,---n are scalar fields. The scalars
have no potential term but determine the gauge coupling constants. We note that
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3.1 Background

gij refers to the metric in the moduli space, this is different from the spacetime
metric, G, .

A spherically symmetric space-time metric in 3+ 1 dimensions takes the form,
ds> = —a(r)*dt® + a(r)2dr® 4 b(r)*dQ? (3.2)

The Bianchi identity and equation of motion for the gauge fields can be solved
by a field strength of the form,

. 1
F* = [*(Qu — fu@5) g5t A dr + Q1 sinfdf A do, (3.3)

where QF,, ()., are constants that determine the magnetic and electric charges
carried by the gauge field F%, and f is the inverse of fg.
The effective potential Vs is then given by,

‘/;ff(QSi) = fab(Qea - fachn)(er - fbdQ;in) + faszmQ?n- (34)

For the attractor mechanism it is sufficient that two conditions to be met.
First, for fixed charges, as a function of the moduli, V,.;; must have a critical

point. Denoting the critical values for the scalars as ¢' = ¢ we have,
0iVers(p) = 0. (3.5)

Second, the effective potential must be a minimum at this critical point. l.e. the

matrix of second derivatives of the potential at the critical point,
1 i
Mi; = 50:0;Ver(¢0) (3.6)
should have positive eigenvalues. Schematically we can write,

As discussed in [33], it is possible that some eigenvalues of M;; vanish. In this case
the leading correction to the effective potential along the zero mode directions
should be such that the critical point is a minimum. Thus, an attractor would
result if the leading correction is a quartic term, V,;p = Vopp(08) + Mo — ¢m)?,
with A > 0 but not if it is a cubic term, Vopr = Voyp(@h) + Mo — omr)>.
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3.1 Background

Once the two conditions mentioned above are met it was argued in [5] that
the attractor mechanism works. There is an extremal Reissner Nordstrom black
hole solution in the theory, where the black hole carries the charges specified by
the parameters, Q¢ ,Q., and the moduli take the critical values, ¢y at infinity.
For small enough deviations at infinity of the moduli from these values, a double-
horizon extremal black hole solution continues to exist. In this extremal black
hole the scalars take the same fixed values, ¢g, at the horizon independent of

their values at infinity. The resulting horizon radius is given by,

b = Verp(¢0) (3.8)

and the entropy is
1

In N = 2 supersymmetric theory, V.;; can be expressed, [34], in terms of a

Kahler potential, K and a superpotential, W as,
Vipp = eX[gIV, W (VW) + (W, (3.10)

where V,W = 0;W + 0; KW . The Kahler potential and Superpotential in turn

can be expressed in terms of a prepotential F', as,

N
K =—-InIm(}_ X"0,F(X)), (3.11)
a=0
and,
W = q,X*—p*0,F, (3.12)

respectively. Here, X® a = 0, --- N are special coordinates to describe the special
geometry of the vector multiplet moduli space. And q,, p® are the electric and
magnetic charges carried by the black hole .

For a BPS black hole, the central charge given by,

7 = X2, (3.13)
is minimised, i.e., V;Z = 0,7 + %@KZ = 0. This condition is equivalent to,

VW =0. (3.14)

!These can be related to Qeq, Q%,, using eq.(3.3).
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3.2 The c-function in 4 Dimensions.

The resulting entropy is given by
Spy = me|W |2 (3.15)

with the Kahler potential and superpotential evaluated at the attractor values.

3.2 The c-function in 4 Dimensions.

3.2.1 The c-function

The equations of motion which follow from eq.(3.1) take the form,
Ry — 29i;0,0'0,¢7 = fap (2F\F8* — 3G F  F)
=0 (V=Ggyo'd)) = iai(fab)F“WFb“"
+50i(fap) F it e
O (V=G(fur P + L fuFl ) = 0.
(3.16)
We are interested in static, spherically symmetric solutions to the equations
of motion. The metric and gauge fields in such a solution take the form, eq.(3.2),
eq.(3.3). We will be interested in asymptotically flat solutions below. For these
the radial coordinate r in eq.(3.2) can be chosen so that r — oo is the asymptot-
ically flat region.
The scalar fields are a function of the radial coordinate alone, and substituting
for the gauge fields from, eq.(3.3), the equation of motion for the scalar fields take

the form,
OiVers

ar(Gszgijar¢j): o2

(3.17)
where V. is defined in eq.(3.4).
The Einstein equation for the rr component takes the form of an “energy

constraint”,

a?v? -1 212 i j
5 = gz Vers(4)) + a’b7g,5(0,6")0,¢ (3.18)

Of particular relevance for the present discussion is the equation obtained for

—1+a%%+

R, — g—iiRtt component of the Einstein equation. From eq.(3.16), this is,

= —gi;0,0'0,¢’. (3.19)
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3.2 The c-function in 4 Dimensions.

Here prime denotes derivative with respect to the radial coordinate 7.
Our claim is that the c-function is given by,

o= iA('r), (3.20)

where A(r) is the area of the two-sphere defined by constant ¢ and r,
A(r) = mb*(r). (3.21)

We show below that in any static, spherically symmetric, asymptotically flat
solution, ¢ decreases monotonically as we move inwards along the radial direction
from infinity. We assume that the spacetime in the region of interest has no
singularities and the scalar fields lie in a singularity free region of moduli space
with a metric which is positive, i.e., all eigenvalues of the moduli space metric,
gij, are positive. For a black hole we show that the minimum value of ¢, in the
static region, equals the entropy at the horizon.

To prove monotonicity of ¢ it is enough to prove monotonicity of b. Let
us define a coordinate y = —r which increases as we move inwards from the
asymptotically flat region. We see from eq.(3.19), since the eigenvalues of g;; > 0,
that d*b/dy* < 0 and so db/dy must be non-increasing as y increases. Now for
an asymptotically flat solution, at infinity as r — oo, b(r) — r. This means
db/dy = —1. Since db/dy is non-increasing as y increases this means that for all

y > —o0, db/dy < 0 and thus b is monotonic. This proves the c-theorem.

3.2.2 Some Comments

A few comments are worth making at this stage.

It is important to emphasise that our proof of the c-theorem applies to any
spherically symmetric, static solution which is asymptotically flat. This includes
both extremal and non-extremal black holes. The boundary of the static region
of spacetime, where the killing vector % is time-like, is the horizon where a?> — 0.
The ¢ function is monotonically decreasing in the static region, and obtains its
minimum value on the boundary at the horizon. We see that this minimum value
of ¢ is the entropy of the black hole. We will comment on what happens to ¢

when one goes inside the horizon towards the end of this section.
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3.2 The c-function in 4 Dimensions.

For extremal black holes it is worth noting that the c-function is not V¢ itself.
At the horizon, where ¢ obtains its minimum value, the two are indeed equal (up
to a constant of proportionality). This follows from the constraint, eq.(3.18), after
noting that at a double horizon where a? and a® both vanish, V,;(¢}) = b%. But
more generally, away from the horizon, ¢ and V., are different. In particular,
we will consider an explicit example in section 3.5 of a flow from infinity to the
horizon where V. ;¢ does not evolve monotonically.

In the supersymmetric case it is worth commenting that the c-function dis-
cussed above and the square of the central charge agree, up to a proportionality
constant, at the horizon of a black hole. But in general, away from the horizon,
they are different. For example in a BPS extremal Reissner Nordstrom black
hole, obtained by setting the scalars equal to their attractor values at infinity,
the central charge is constant, while the Area is infinite asymptotically and mono-
tonically decreases to its minimum at the horizon.

It is also worth commenting that ¢’ can vanish identically only in a Robinson-

L. If ¢ is constant, b is constant. From, eq.(3.19) then ¢’ are

Bertotti spacetime
constant. Thus Vs is extremised. It follows from the other Einstein equations
then that a(r) = r/b leading to the Robinson-Bertotti spacetime. From this
we learn that a flow from one asymptotically (in the sense that ¢’ and all its
derivatives vanish) AdS, x S? where the scalars are at one critical point of V,z;
to an asymptotically AdSy x S? spacetime where the scalars are at another critical
point is not possible. Once the scalars begin evolving ¢’ will became negative and
cannot return to zero.

The c-theorem discussed above is valid more generally than the specific system
consisting of gravity, gauge fields and scalars we have considered here. Consider
any four-dimensional theory with gravity coupled to matter which satisfies the
null energy condition. By this we mean that the stress-energy satisfies the con-
dition,

T,,¢"C" = 0, (3.22)
where ¢ is an arbitrary null vector. One can show that in such a system the c-

theorem is valid for all static, spherically symmetric, asymptotically flat, solutions

!By ¢’ vanishing identically we mean that ¢’ and all its derivatives vanish in some region of
spacetime.
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3.2 The c-function in 4 Dimensions.

of the equations of motion. To see this, note that from the metric eq.(3.2), it
follows that,

1"

2b_
=
From Einstein’s equations and the null energy condition we learn that the lL.h.s

— RyG" + R,,G"" = —2a (3.23)

above is positive, since

— RyG" + R,,G"" =T,,("¢" >0 (3.24)
where (* = ((', (") are components of a null vector, satisfying the relations,
(¢H? = —G",(¢")*> = G™. Thus as long as we are outside the horizon, and

a? > 0, i.e. in any region of space-time where the Killing vector related to time
translations is time-like, b < 0 '. This is enough to then prove the monotonicity
of b and thus ¢. The importance of the null energy condition for a c-theorem was
emphasised in [7] 2,

In fact the c-theorem follows simply from the Raychaudhuri equation and
the null energy condition. Consider a congruence of null geodesics, where each
geodesic has (6, ¢) coordinates fixed, with, (¢,r), being functions of the affine

parameter, A\. The expansion parameter of this congruence is

dln A
9 —
dx -’

where A is the area, eq.(3.21). Choosing in going null geodesics for which

(3.25)

dr/d\ < 0 we see that ¥ < 0 at r — oo, for an asymptotically flat space-
time. Now, Raychaudhuri’s equation tells us that % < 0 if the energy condition,
eq.(3.22), is met. Then it follows that ¥ < 0 for all » < co and thus the area A
must monotonically decrease. The comments in this paragraph provides a more
coordinate independent proof of the c-theorem. Although the focus of this chap-
ter is time independent, spherically symmetric configurations, these comments
also suggest that a similar c-theorem might be valid more generally. The connec-
tion between c-theorems and the Raychaudhuri equation was emphasised in [35],

[36].

Tn fact the same conclusion also holds inside the horizon. Now t is space-like and r time-
like and T}, ¢*CY = 2a2bT > 0. Since a? < 0, we conclude that b" < 0. We will return to this

point at the end of the section.
2In [7] this condition is referred to as the weaker energy condition.

70



3.2 The c-function in 4 Dimensions.

In the higher dimensional discussion which follows we will see that the ¢
function is directly expressed in terms of the expansion parameter 9 for radial null
geodesics. The reader might wonder why we have not considered an analogous ¢
function in four-dimensions. From the discussion of the previous paragraph we see
that any function of the form, 1/97, where p is a positive power, is monotonically
increasing in r. However, in an AdS, x S? spacetime, ¥ — 0 and thus such a
function will blow up and not equal the entropy of the corresponding extremal
black hole.

It seems puzzling at first that a c-function could arise from the analysis of
second order equations of motion. As mentioned in the introduction, the answer
to this puzzle lies in the fact that we were considering solutions which satisfy
asymptotically flat boundary conditions. Without imposing any boundary condi-
tions, we cannot prove monotonicity of c¢. But one can use the arguments above
to show that there is at most one critical point of ¢ as long as the region of space-
time under consideration has no spacetime singularities and also the scalar fields
take non-singular values in moduli space. If the critical point occurs at r = r,,
¢ monotonically decreases for all » < r, and cannot have another critical point.
Similarly, for » > r,. From the Raychaudhuri equation it follows that the critical
point, at r,, is a maximum.

Usually the discussion of supersymmetric attractors involves the regions from
the horizon to asymptotic infinity. But we can also ask what happens if we
go inside the horizon. This is particularly interesting in the non-extremal case
where the inside is a time dependent cosmology. In the supersymmetric case
one finds that the central charge (and its square) has a minimum at the horizon
and increases as one goes away from it towards the outside and also towards the
inside. This can be seen as follows. Using continuity at the horizon a modulus

take the form in an attractor solution,

¢(r) — o ~ [r —rul® (3.26)

where « is a positive coefficient and ¢q is the attractor value for the modulus *.

'We are working in the coordinates, eq.(3.2). These breakdown at the horizon but are valid
for 7 > ry and also r < rg (where a? < 0). The solution written here is valid in both these

regions; for r = rgy we need to take the limiting value.
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Since the central charge is minimised by ¢, one finds by expanding in the vicinity
of r = ry, that the central charge is also minimised as a function of r !. In
contrast, the c-function we have considered here, monotonically decreases inside
the horizon till we reach the singularity. In fact it follows from the Raychaudhuri
equation that the expansion parameter ¢ monotonically decreases and becomes

—oo at the singularity.

3.3 The c-function In Higher Dimensions

We analyse higher dimensional generalisations in this section. Consider a system

consisting of gravity, gauge fields with rank ¢ field strengths, F'¢ a=1,---N,

mi--mg?

and moduli ¢*,7i = 1,---n, in p 4+ ¢ + 1 dimensions, with action,
1 A A 1
5= [#0/=G (R~ 20,(00990 - (o) F. P ). G20
K q!

Take a metric and field strengths of form,

p—1

ds* = a(r)? (—dt2 + Z dyf) + a(r)"2dr® + b(r)?dS, (3.28)
i=1

F* o= Qvu, (3.20)

Here ng and w, are the volume element and volume form of a unit ¢ dimensional
sphere sphere. Note that the metric has Poincare invariance in p direction, ¢, y;,
and has SO(q) rotational symmetry. The field strengths thread the ¢ sphere and
the configuration carries magnetic charge. Other generalisations, which we do
not discuss here include, forms of different rank, and also field strengths carrying
both electric and magnetic charge.

Define an effective potential,

Verr = fan(0) Q5 Q0. (3.30)

Now, as we discuss further in section 3.7, it is easy to see that if V.s¢ has a

critical point where 04 Vs vanishes, then by setting the scalars to be at their

IThe effective potential V, ¢# in the non-supersymmetric case is similar. As a function of r

it attains a local minimum at the horizon.
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3.3 The c-function In Higher Dimensions

critical values, ¢’ = ¢}, one has extremal and non extremal black brane solutions
in this system with metric, eq.(3.79). For extremal solutions, the near horizon

limit is AdS,+1 x S9, with metric given by eq.(3.83),

o 1P 2 2 R 0 2 o2
where
R — (qf;l) - (3.32)
_ p i
(b2 = Vers()- (3.33)

(P+q—1)(¢—1)

In the extremal case, using arguments analogous to [5] one can show that the
AdS, 41 x S? solution is an attractor if the effective potential is minimised at the
critical point ¢). That is, for small deviations from the attractor values for the
moduli at infinity, there is an extremal solution in which the moduli are drawn to
their critical values at the horizon and the geometry in the near-horizon region
is AdS,41 x S

We now turn to discussing the c-function in this system. The discussion is
motivated by the analysis in [7] of a c-theorem in AdS space. Our claim is that
a c-function for the system under consideration is given by,

1

CcC =

Here, ¢y is a constant of proportionality chosen so that ¢ > 0. A is defined by

A=A <bi) (3.35)

where A is defined to be,
A = In(abv 1), (3.36)

and prime denotes derivative with respect to r. We show below that for any static,
asymptotically flat solution of the form, eq.(3.28), ¢, eq.(3.34), is a monotonic
function of the radial coordinate.

The key is once again to use the null energy condition. Consider the R, G —

R,..G"" component of the Einstein equation. For the metric, eq.(3.28), we get,

a b
— RyG" + R, G =a® | —(p — 1); —ay| = T,.,C"¢, (3.37)

1" 1"
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3.3 The c-function In Higher Dimensions

where (¢!, (") are the components of a null vector which satisfy the relation,
(¢H? = =G™, (¢")? = G™. The null energy condition tells us that the r.h.s cannot
be negative. For the system under consideration the r.h.s can be calculated giving,

1" 1"

a b . .
— (=D — a7 = 29;50,6°0,¢". (3.38)

It is indeed positive, as would be expected since the matter fields we include
satisfy the null energy condition.
From eq.(3.38) we find that

di a2 .. [ g ¢’ AN
ar s lﬁgij¢¢+<p—1+(p—l)2><3)]’ (339

and thus, fi—‘f <0.

Now we turn to the monotonicity of c. Consider a solution which becomes

asymptotically flat as r — oo. Then, a — 1,b — r, as r — oo. It follows then
that A — 0t asymptotically. Since, we learn from eq.(3.39) that A is a non-
increasing function of r it then follows that for all » < oo, A>0. Since, a,b > 0,
we then also learn from, eq.(3.35), that A’ > 0 for all finite 7.

Next choose a coordinate y = —r which increases as we go in from asymptotic
infinity. We have just learned that dA/dy = —A’ < 0, for finite r. It is now easy

to see that

3—; - (p-1)—2 A4 1 dA (3.40)

bt dy A2 dr’
Then given that a,b > 0, ¢ > 0, and dA/dy < 0, Ccll—f < 0, it follows that de/dy < 0,

so that the c-function is a non-increasing function along the direction of increasing

y. This completes our proof of the c-theorem.
For a black brane solution the static region of spacetime ends at a horizon,

where a?

vanishes. The c-function monotonically decreases from infinity and in
the static region obtains its minimum value at the horizon. For the extremal
black brane the near horizon geometry is AdS,1 x S We now verify that for
p even the c function evaluated in the AdS,y; x S? geometry agrees with the

conformal anomaly in the boundary Conformal Field Theory. From eq.(3.31) we
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see that in AdS,4q x S9,

ad = 1/R (3.41)
1

b = L "R (3.42)
p

where R is the radius of the AdS,;. Then

Rp+q71 Rpfl
c X X
p+q+1 p+1
Gy Gy

(3.43)

where GXH*! G2 refer to Newton’s constant in the p+ ¢+ 1 dimensional space-
time and the p+ 1 dimensional spacetime obtained after KK reduction on the 59
respectively. The right hand side in eq.(3.43) is indeed proportional to the value
of the conformal anomaly in the boundary theory when p is even [37]. By choos-
ing o, eq.(3.34), appropriately, they can be made equal. Let us also comment
that ¢ in the near horizon region can be expressed in terms of the minimum value
of the effective potential. One finds that ¢ (Veff(gbé))%

values for the moduli are ¢' = ¢).

, where the critical

A few comments are worth making at this stage. We have only considered
asymptotically flat spacetimes here. But our proof of the c-theorem holds for
other cases as well. Of particular interest are asymptotically AdS,+; x S? space-
time. The metric in this case takes the form, eq.(3.31), as » — oo. The proof
is very similar to the asymptotically flat case. Once again one can argue that
A’ > 0 for r < oo and then defining a coordinate y = —r it follows that dc/dy is
a non-increasing function of y. The c-theorem allows for lows which terminate in
another asymptotic AdS, ;1 x S spacetime. The second AdS,;; x S? space-time,
which lies at larger y, must have smaller c¢. Such flows can arise if V. ;s has more
than one critical point. It is also worth commenting that requiring that c is a
constant in some region of spacetime leads to the unique solution (subject to the
conditions of a metric which satisfies the ansatz, eq.(3.28)) of AdS,1 x S9 with
the scalars being constant and equal to a critical value of V.

We mentioned above that our definition of the ¢ function is motivated by [7].

Let us make the connection clearer. The c-function in' [7],[39] is defined for a

! Another c-function has been defined in [38].
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spacetime of the form,

ds? = 24 Z N dy"dy” + d2?, (3.44)
=0, p
and is given by
Co
S — 45
€= (AJdzyr T (3:45)

Note that eq.(3.44) is the Einstein frame metric in p+1 dimensions. Starting with
the metric, eq.(3.28), and Kaluza-Klein reducing over the ) sphere shows that A
defined in eq.(3.36) agrees with the definition eq.(3.44) above and dA/dz agrees
with A in eq.(3.35). This shows that the c-function eq.(3.34) and eq.(3.45)are the
same.

The monotonicity of ¢ follows from that of A, eq.(3.35). One can show that
for a congruence of null geodesics moving in the radial direction, with constant

(0, ®), the expansion parameter 1 is given by,

a qg b
V= (E + Eg) . (3.46)
Raychaudhuri’s equation and the null energy condition then tells us that % <
0. However, in an AdS,;; x S? spacetime ¥ diverges, this behaviour is not
appropriate for a c-function. From eq.(3.35) we see that A differs from ¢ by
an additional multiplicative factor, a/ b»-7. This factor is chosen to preserve
monotonicity and now ensures that ¢ goes to a finite constant in AdS,;; x S9

spacetimes. A similar comment also applies to the c-function discussed in [7].

3.4 Concluding Comments

In two-dimensional field theories it has been suggested sometime ago [40, 41, 42]
that the ¢ function plays the role of a potential, so that the RG equations take

the form of a gradient flow,

o
g’

where ¢ is the Zamolodchikov c-function [43]. This phenomenon has a close

B =—

analogy in the case of supersymmetric black holes, where the radial evolution of
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the moduli is determined by the gradient of the central charge in a first order
equation. In contrast, the c-function we propose does not satisfy this property in
either the supersymmetric or the non-supersymmetric case. In particular, in the
non-supersymmetric case the scalar fields satisfy a second order equation and in
particular the gradient of the c-function does not directly determine their radial
evolution.

It might seem confusing at first that our derivation of the c-theorem followed
from the second order equations of motion. The following simple mechanically
model is useful in understanding this. Consider a particle moving under the force

of gravity. The c-function in this case is the height x which satisfies the condition
¥=—g, (3.47)

where ¢ is the acceleration due to gravity. Now, if the initial conditions are such
that £ < 0 then going forwards in time = will monotonically decrease. However,
if the direction of time is chosen so that > 0, going forward in time there will
be a critical point for x and thus x will not be a monotonic function of time. In
this case though there can be at most one such critical point.

While the equations of motion that govern radial evolution are second order,
the attractor boundary conditions restrict the allowed initial conditions and in
effect make the equations first order. This suggests a close analogy between radial
evolution and RG flow. The existence of a c-function which we have discussed in
this chapter adds additional weight to the analogy. In the near-horizon region,
where the geometry is AdS,+1 x 59, the relation between radial evolution and
RG flow is quite precise and well known. The attractor behaviour in the near
horizon region can be viewed from the dual CFT perspective. It corresponds to
turning on operators which are irrelevant in the infra-red. These operators are
dual to the moduli fields in the bulk, and their being irrelevant in the IR follows
from the fact that the mass matrix, eq.(3.6), has only positive eigenvalues.

It is also worth commenting that the attractor phenomenon in the context
of black holes is quite different from the usual attractor phenomenon in dynami-
cal systems. In the latter case the attractor phenomenon refers to the fact that
there is a universal solution that governs the long time behaviour of the sys-

tem, regardless of initial conditions. In the black hole context a generic choice
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of initial conditions at asymptotic infinity does not lead to the attractor phe-
nomenon. Rather there is one well behaved mode near the horizon and choosing
an appropriate combination of the two solutions to the second order equations
at infinity allows us to match on to this well behaved solution at the horizon.
Choosing generic initial conditions at infinity would also lead to triggering the
second mode near the horizon which is ill behaved and typically would lead to a
singularity.

Finally, we end with some comments about attractors in cosmology. Scalar
fields exhibit a late time attractor behaviour in FRW cosmologies with growing
scale factor (positive Hubble constant H). Hubble expansion leads to a friction

term in the scalar field equations,
b+3Ho+ 9,V =0. (3.48)

As a result at late times the scalar fields tend to settle down at the minimum of
the potential generically without any precise tuning of initial conditions. This is
quite different from the attractor behaviour for black holes and more akin to the
attractor in dynamical systems mentioned above.
Actually in AdS space there is an analogy to the cosmological attractor. Take
a scalar field which has a negative (mass)® in AdS space (above the BF bound).
This field is dual to a relevant operator. Going to the boundary of AdS space
a perturbation in such a field will generically die away. This is the analogue of
the late time behaviour in cosmology mentioned above. Similarly there is an
analogue to the black hole attractor in cosmology. Consider dS space in Poincare
coordinates,
ds* = e + t3da? (3.49)
#2 o
and a scalar field with potential V' propagating in this background. Notice that
t — 0 is a double horizon. For the scalar field to be well behaved at the horizon,
as t — 0, it must go to a critical point of V', and moreover this critical point will
be stable in the sense that small perturbations of the scalar about the critical
point will bring it back, if V” < 0 at the critical point, i.e., if the critical point

is a maximum. This is the analogue of requiring that V,¢; is at a minimum for
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attractor behaviour in black hole !. It is amusing to note that a cosmology in
which scalars are at the maximum of their potential, early on in the history of

the universe, could have other virtues as well in the context of inflation.

3.5 V. Need Not Be Monotonic

In this section we construct an explicit example showing that Vs as a function
of the radial coordinate need not be monotonic. The basic point in our example
is simple. The scalar field ¢ is a monotonic function of the radial coordinate, r,
eq.(3.2) . But the effective potential is not a monotonic function of ¢, and as a

result is not monotonic in 7.

02

Vgt (@

01

Figure 3.1: The effective potential Vs; as a function of ¢

We work with the following simple V¢ to construct such a solution,

Vesgr = Voot %mQ(gb — ¢01)?, ¢ < da (3.50)

'The sign reversal is due to the interchange of a space and time directions.
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3.5 V.t Need Not Be Monotonic

1

Verr = Vo2 — §m2(¢ — ¢02)%, ¢ = b (3.51)

At ¢, the potential is continuous, giving the relation,

Vo2 = Vou + %mZ(éf) — ¢01)* + %mZ(Gb — ¢02)° (3.52)

We will take the potential as being specified by Vi1, do1, doz, Ga, m? with Vi, being
determined by eq.(3.52). The effective potential is given in fig. 1. Note that with
a minimum at ¢o; and a maximum at ¢ge, Ve, is a non-monotonic function of ¢.
Note also that the the first derivative of the potential has a finite jump at ¢ = ¢,.
Since the equations of motion are second order this means the scalar fields and
the metric components, a, b, and their first derivatives will be continuous across
¢q. The finite jump is thus mild enough for our purposes.

The attractor value for the scalar is ¢g;. By setting ¢ = ¢¢;, independent of
r, we get an extremal Reissner Nordstrom black hole solution. The radius of the

horizon, rg in this solution is given by
% = Vou. (3.53)

This solution is our starting point. We now construct the solution of interest
in perturbation theory, following the analysis in [5], whose conventions we also
adopt. For the validity of perturbation theory, we take, ¢, — ¢91 < 1, and also
o2 — ®o1 < 1. The non-monotonicity of the potential then comes into play even
when the scalar field makes only small excursions around the minimum ¢g;. In
addition we will also take, % < 1, it then follows that % < 1

We construct the solution for the scalar field to first order in perturbation
theory below. In the solution the scalar field is a monotonic function of . This
allows the solution to be described in two regions. In region I, ¢g; < ¢ < @, it

is given by,

¢ = ¢or+Alr—ru)®, (3.54)

1 4m?2
= - 1+——-11. .
a = 3 < tz ) (3.55)
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3.5 V.t Need Not Be Monotonic

And in region II, ¢ > ¢, it is given by,

¢ = G+ Bi(r—ryg) T + By(r —ry) %), (3.56)
1 4m?
= S\ 1ty/l=—3 3.57
M 5 ( + ) ) ; ( )
1 1 1 4m? (3.58)
Y2 = 5 2] .

The boundary between the two is at r,, where ¢ = ¢,, and ¢ and its first derivative
with respect to r are continuous. The continuity conditions allow us to solve for
By, Bs, in terms of A, and also determine r, in terms of A. The solution is thus
completely specified by the constant, A. r, satisfies the relation,

(1 ) _) (00— om) (3.50)

Ta

We will omit some details of the subsequent analysis. One finds that as long

as

(&3

(¢a — o1) <A< (%) n (¢a — P01), (3.60)

Y2
the scalar field monotonically evolves with r and transits from region I to region
IT as r increases. Now we see from eq.(3.56) that if By + By > 0, ¢(r — 00) > dpe.
This ensures that V. is not a monotonic function of r. It will first increases and
then decreases as r decreases from oo to rgy. The condition, By + By > 0, gives
rise to the condition,

[1 — (1 — T_H)"/lf"/Q]

(¢02 - ¢a) <« [’71 ,}/2( Ta )’Yl ’YQ] (¢a - gbOl)' (361)

Having picked a value of A that lies in the range, eq.(3.60), we can then determine
r, from eq.(3.59). As long as ¢gs is small enough and satisfies condition eq.(3.61)
we see that the asymptotic value of ¢(r — 00) > ¢go. It then follows, as argued
above, that in the resulting solution V.;; is not a monotonic function of r.

We end with three comments. First, we have not obtained the the corrections
to the metric components a, b in perturbation theory here. But this can be done
following the analysis in [5]. One finds that the corrections are small. Second,

the c-function is of course monotonic as a function of the radial coordinate in
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3.6 More Details in Higher Dimensional Case

this example too. The area of the extremal Reissner Nordstrom black hole mono-
tonically decreases and this is true even after including the small corrections in
perturbation theory. Finally, we have not obtained the effective potential above
starting with gauge fields coupled to moduli. In fact, for dilaton-like couplings,
the simplest example we have been able to construct, where V. ;¢ has multicritical
points with some minimal and maxima, involves two moduli, a dilaton and axion,
and two gauge fields. Our discussion above has a close parallel in this case as
well (with both dilaton and axion excited) and we expect, by dialling the charges
and couplings, that the analogue of condition eq.(3.61) can be met leading to

solutions where V¢, evolves non-monotonically with the radial coordinate r.

3.6 More Details in Higher Dimensional Case

The equations of motion that follow from the action, eq.(3.27), are,

Ry = 20,0:0,9; - g'f“be)Fg)\ Fb/\ ..... B (p+q 1)q' w/fab(@) gu....Fb feee
ﬁau(,/_gaqui) — 4q'a fab(cbz) .Fb L.

Ou(V=GC fu(di) F") = 0.
(3.62)
Substituting for the gauge fields from eq.(3.29) we learn that Ry = ( —1) Ry,
which yields the equation,

12 lbl " r ! / "

pb? (pa + % +aa ) = (¢g—1) ((q— 1)~ (p+1Dabab — a? ((q— 1)b 2+ bb ))
(3.63)
where we have computed the curvature components using the metric, eq.(3.28).

The R,, —

G’TT Rtt component of the Einstein equation gives

al/ qb Z ‘

Also the R,, component itself yields a first order “energy” constraint,

(p(p—1)bza/2—|—2pqaba/bl+q(q—1)(—1—|—a2b/2)) = 2a%b°;;0,0'0,¢" Ve (di)b™ 2a=1)
(3.65)
where Vg is defined in eq.(3.30).

The equation of motion of the scalar field is given by,
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3.7 Higher Dimensional p-Brane Solutions

apflaﬂ/eff
4be )
Setting ¢ = ¢}, where ¢} is a critical point of V,;; one finds that AdS,;1 x S

is a solution of these equations with metric, eq.(3.31).

O, (a"1090,g;;47) = (3.66)

3.7 Higher Dimensional p-Brane Solutions

Fixing the scalars at their attractor values, as described in section 4, we are left

with the action
1 D / 1 a 2

where f,, has been diagonalised and the attractor values of the scalars have been
absorbed into the a redefinition of the gauge charges, Q*. We denote the new
charges as Q°.

To find solutions, we can dimensionally reduce this action along the brane

and use known blackhole solutions. To this end take the metric

ds* = Mds® + ef(ﬁ)’\pdgf (3.68)
trwi,...,w ; ;
where
2(p—1
Aoy 2= (3.69)
q(p+q—1)
then
~ ~ 1 -

R = e (R — N V?p — §(Vp)2) (3.70)

where R and V are respectively the Ricci scalar and covariant derivative for ds?.
The coefficient, A\, has been fixed by requiring that, we remain in the Einstein
frame, and that the kinetic term for p has canonical normalisation. Upon ne-

glecting the boundary term, the action becomes

S = %/d«m)x\/—ié {R - % (W)z _ leﬁp; (F&))z} (3.71)

q!
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3.7 Higher Dimensional p-Brane Solutions

where
B=—(g—1DA (3.72)
The black hole solution to eq.(3.71) is [17, 44]:
4 = (£ (F) VA 4 (£ ()7 du 4 (£t (3.73)
M= (f)7 (3.74)
fo = <1 - (%)“) (3.75)
where 2p— 1)
. 2(p—
¥y = (q—1p (3.76)
with
o= Q%, (3.77)
Sy - Mam et 819

a

Using eq.(3.68) we find the solution to the original action, eq.(3.67), is

ds> = (f) (— (fi) dt* + dy2) +(fefo) U+ utdQE (3.79)

fo
So finally, the extremal solution is
ds® = ()7 (—df? + dy?) + (f) 72 du? + u?dQ? (3.80)

f= <1—<%H)ql> (3.81)

where by = u4. Now we take the near horizon limit,

u — by +eR (%)p : (3.82)

with ¢ and y rescaled appropriately, which indeed gives the near horizon geometry
AdSerl x S

i = Caea?) + a0 3.83
$° = g (2d +dy?) + 5 dr® + bpdy (3.83)
where
p

= — .84
R (q—l)bH (3.84)

and ) .
‘/eff: (p+q_p)(q_ )(bH)Q(qfl). (385)
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Chapter 4

Rotating Attractors

In this chapter, we prove that, in a general higher derivative theory of gravity
coupled to abelian gauge fields and neutral scalar fields, the entropy and the near
horizon background of a rotating extremal black hole is obtained by extremizing
an entropy function which depends only on the parameters labeling the near hori-
zon background and the electric and magnetic charges and angular momentum
carried by the black hole. If the entropy function has a unique extremum then
this extremum must be independent of the asymptotic values of the moduli scalar
fields and the solution exhibits attractor behaviour. If the entropy function has
flat directions then the near horizon background is not uniquely determined by
the extremization equations and could depend on the asymptotic data on the
moduli fields, but the value of the entropy is still independent of this asymptotic
data. We illustrate these results in the context of two derivative theories of grav-
ity in several examples. These include Kerr black hole, Kerr-Newman black hole,
black holes in Kaluza-Klein theory, and black holes in toroidally compactified

heterotic string theory.

4.1 General Analysis

We begin by considering a general four dimensional theory of gravity coupled to

a set of abelian gauge fields A,(f) and neutral scalar fields {¢} with action

§= [ d'z\/—detgl, (4.1)
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4.1 General Analysis

where y/— det g L is the lagrangian density, expressed as a function of the metric
Guv, the scalar fields {®,}, the gauge field strengths FSJ = GHAl(,i) - 8,,Aff), and
covariant derivatives of these fields. In general L will contain terms with more
than two derivatives. We consider a rotating extremal black hole solution whose
near horizon geometry has the symmetries of AdSs, x S'. The most general field
configuration consistent with the SO(2,1) x U(1) symmetry of AdSy x S* is of

the form:

2
ds® = g, datdz” = v,(0) (—r2dt2 + %) + % dO? + 32 vy(0)(do — ardt)?
O, = uy(0)
1 7 v
5 Fdat A da” = (e; — aby(0))dr A dt + 9ab;(0)d6 A (dp — ardt) , (4.2)

where «, ( and e; are constants, and vy, vs, us and b; are functions of 6. Here ¢
is a periodic coordinate with period 27 and 6 takes value in the range 0 < 6 < 7.
The SO(2,1) isometry of AdS; is generated by the Killing vectors[8]:

Ly = 0, Ly = t0 — r0,, Ly =(1/2)(1/r* + )0, — (tr)0, + (a/r)0y .
(4.3)
The form of the metric given in (4.2) implies that the black hole has zero tem-
perature.
We shall assume that the deformed horizon, labelled by the coordinates 6 and

¢, is a smooth deformation of the sphere.! This requires

wl6) = 4+ 0(") for 00
= (m—0+0((r—0)*) forf~n. (4.4)

! Although in two derivative theories the horizon of a four dimensional black hole is known
to have spherical topology, once higher derivative terms are added to the action there may be
other possibilities. Our analysis can be easily generalized to the case where the horizon has the
topology of a torus rather than a sphere. All we need is to take the 8 coordinate to be a periodic
variable with period 27 and expand the various functions in the basis of periodic functions of 6.
However if the near horizon geometry is invariant under both ¢ and 6 translations, then in the
expression for L_; given in (4.3) we could add a term of the form —(vy/r)dy, and the entropy
could have an additional dependence on the charge conjugate to the variable «. This represents
the Noether charge associated with € translation, but does not correspond to a physical charge
from the point of view of the asymptotic observer since the full solution is not invariant under
0 translation.
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4.1 General Analysis

For the configuration given in (4.2) the magnetic charge associated with the ith

gauge field is given by

/ d0doFy,) = 21 (b;(m) — b;(0)) . (4.5)

Since an additive constant in b; can be absorbed into the parameters e;, we can
set b;(0) = —p; /4. This, together with (4.5), now gives
pz Di
O=-L  bm=L (16)
Requiring that the gauge field strength is smooth at the north and the south

poles we get

bi(0) = —f—;+0(92) for 6 ~ 0

= Z40(m—0)) forfr. (4.7)

Finally requiring that the near horizon scalar fields are smooth at the poles gives

us(0) = us(0) +0(0* ford~0
= uy(m) + O((r — 0)*) for ~nx. (4.8)

Note that the smoothness of the background requires the Taylor series expansion
around ¢ = 0, 7 to contain only even powers of 6 and (7 — ) respectively.

A simple way to see the SO(2,1) x U(1) symmetry of the configuration (4.2)
is as follows. The U(1) transformation acts as a translation of ¢ and is clearly
a symmetry of this configuration. In order to see the SO(2,1) symmetry of this
background we regard ¢ as a compact direction and interprete this as a theory in
three dimensions labelled by coordinates {x™} = (r, 6, t) with metric g, vectors

a%) and Ay, (coming from the o-m component of the metric) and scalar fields @y,
Y = gpp and y; = A . If we denote by f and fmn the field strengths associated
with the three dlmensmnal gauge fields a') and a,, respectively, then the back-

ground (4.2) can be interpreted as the following three dimensional background:
nE m g on 20 dr° 2 102
ds = gmpdx™dz™ = v (0) | —rdt* + > | +67do
r

(I)s = us<¢9), Z/} = 52 U2<‘9)> Xi = bl(‘g) )
1 .4 1
S Fide™ Nda" = eidr Ndt, S frnda™ A da" = —adr Adt. (4.9)
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4.1 General Analysis

The (r,t) coordinates now describe an AdS, space and this background is mani-
festly SO(2, 1) invariant. In this description the Killing vectors take the standard

form
L1 = 315, LO = t@t - Tar, L*l = (1/2)(1/7’2 + t2)8t — (t'r’)ar . (410)

Eq.(4.9) and hence (4.2) describes the most general field configuration consis-
tent with the SO(2,1) x U(1) symmetry. Thus in order to derive the equations
of motion we can evaluate the action on this background and then extremize
the resulting expression with respect to the parameters labelling the background
(4.2). The only exception to this are the parameters e; and « labelling the field
strengths. The variation of the action with respect to these parameters do not
vanish, but give the corresponding conserved electric charges ¢; and the angular
momentum J (which can be regarded as the electric charge associated with the
three dimensional gauge field a,,.)

To implement this procedure we define:

Fla, B, & v1(8), va(6), @(6), b(6)] = /d&dqﬁ«/— detg L. (4.11)

Note that f is a function of o, 3, e; and a functional of v1(0), v2(0), us(f) and
b;(0). The equations of motion now correspond to

of _, 9f _, 9f _ of of of of

oa =" ag =" =0 - -0

de; T Su(0) T 7 Sw(0) 7 duy(6)

Equivalently, if we define:

8[Jaff7@,57501(9)7712(9)717(‘9)7 5(0)] =27 (JCY + (7 €— f[a7ﬂa 5,01(9)7?)2(9)717(9)» (0)])

(4.13)
then the equations of motion take the form:
o0& o0& 0¢& o€ o0& o0& o€
90~ o3 O e =0 sui(0) 0, Sua(0) 0 Sus(0) 0 ob;(6)
(4.14)

These equations are subject to the boundary conditions (4.4), (4.7), (4.8). For

formal arguments it will be useful to express the various functions of # appearing

LOur definition of the angular momentum differs from the standard one by a — sign.
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4.1 General Analysis

here by expanding them as a linear combination of appropriate basis states which
make the constraints (4.4), (4.7) manifest, and then varying € with respect to the
coefficients appearing in this expansion. The natural functions in terms of which
we can expand an arbitrary ¢-independent function on a sphere are the Legendre

polynomials Pj(cos#). We take

v1(0) = Zﬁl(l) P(cosf), wvy(0) =sin®0 +sin* Z U9(1) P(cos ),
1=0 =0
uy(0) = ; (1) Pi(cos0), bi(0) = —f—; cos 0 + sin® 0 ;5@(1) Py(cos) .
(4.15)
This expansion explicitly implements the constraints (4.4), (4.7) and (4.8). Sub-

stituting this into (4.13) gives € as a function of J, ¢;, «, B, e;, v1(l), v2(1), us(l)
and b;(1). Thus the equations (4.14) may now be reexpressed as

oe o€ o€ 08 0¢ oc e
R A S 1 () R T A7) B A () R
(4.16)

Let us now turn to the analysis of the entropy associated with this black
hole. For this it will be most convenient to regard this configuration as a two
dimensional extremal black hole by regarding the # and ¢ directions as compact.
In this interpretation the zero mode of the metric g,z given in (4.9), with o, 5 =

r,t, is interpreted as the two dimensional metric h,3:

1 T
hag = 5/0 df sin¢9/g\a5, (417)

whereas all the non-zero modes of g, are interpreted as massive symmetric rank

two tensor fields. This gives
hapdz®da® = vy (—r?dt* + dr?/r?), v; = 01(0). (4.18)

Thus the near horizon configuration, regarded from two dimensions, involves AdS5
metric, accompanied by background electric fields f(% and f.3, a set of massless
and massive scalar fields originating from the fields us(0), vo(0) and b;(6), and a

set of massive symmetric rank two tensor fields originating from v;(6). According
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4.1 General Analysis

to the general results derived in [45, 46, 47, 48], the entropy of this black hole is
given by:
582
Spy = =81 (SRT \/m> (4.19)
rirt
where ngw is the two dimensional Riemann tensor associated with the metric
has, and 8@ is the general coordinate invariant action of this two dimensional
field theory. In taking the functional derivative with respect to Ragys in (4.19)
we need to express all multiple covariant derivatives in terms of symmetrized
covariant derivatives and the Riemann tensor, and then regard the components
of the Riemann tensor as independent variables.

We now note that for this two dimensional configuration that we have, the
electric field strengths fc(yg and f,p are proportional to the volume form on AdS,,
the scalar fields are constants and the tensor fields are proportional to the AdS,
metric. Thus the covariant derivatives of all gauge and generally covariant tensors
which one can construct out of these two dimensional fields vanish. In this case
(4.19) simplifies to:

oL@
SBH = —87 vV — det h &Rﬁ \V4 —hm« htt (420)

rtrt

where v/—det h L is the two dimensional Lagrangian density, related to the

four dimensional Lagrangian density via the formula:
V—deth£® = /d&dqﬁ\/— detg L. (4.21)

Also while computing (4.20) we set to zero all terms in £ which involve covari-
ant derivatives of the Riemann tensor and other gauge and general coordinate
covariant combinations of fields.

We can now proceed in a manner identical to that in [6] to show that the
right hand side of (4.20) is the entropy function at its extremum. First of all
from (4.18) it follows that

Rg‘%T)’t =V =V _hrrhtt . (422)

Using this we can express (4.20) as

£,(2)
Spr = —8m v —det haaRﬁRy(ﬂ?»t . <4'23)

rirt
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Let us denote by L(2 a deformation of £ in which we replace all factors of
Rt(fﬁ'y(S for o, 8,7,0 = r,t by )\Rag,ﬂ;, and define

2= v—deth L, (4.24)
evaluated on the near horizon geometry. Then

oL o) OLC

)
N2 Sy o0 =4/~ deth R . (4.25)
EN o3y 5R rirt 8R
aﬁfy(s rtrt
Using this (4.23) may be rewritten as
af@)
= —2mA—2 : 4.2

Spi TN e (4.26)

Let us now consider the effect of the scaling
A—sA, e —se, a—sa, U1(l) = sv(l) for 0<[< o0, (4.27)

under which A\ R®) ofys S 2\ Rfﬁ% Now since £ does not involve any explicit
covarlant derivatives, all indices of h®® must contract with the indices in fc(yg,
fap, R aﬁ,ﬂ; or the indices of the rank two symmetric tensor fields whose near
horizon values are given by the parameters v;(l). From this and the definition of
the parameters e;, v1(l), and « it follows that Lf) remains invariant under this
scaling, and hence f§2) transforms to s fiz), with the overall factor of s coming

from the /— det h factor in the definition of f)(\Z). Thus we have:

o1 8f§2) af - @
A o +e; 86i +lz:v1 61}1 N (4.28)

Now it follows from (4.11), (4.21) and (4.24) that
Flo 8,6, 01(0),02(6), 5(0), 50)] = 12, (4.29)
Thus the extremization equations (4.12) implies that

o1y . oy, on
061- v Ja ’ 851(1)

=0, at A=1. (4.30)

91



4.1 General Analysis

Hence setting A = 1 in (4.28) we get

o2 .
A gﬁ = e = Jat [\ = —eiq— Jot [l 5.8 01(6), va(0), 7(0). 5(6)].
_ (4.31)

Eqgs.(4.26) and the definition (4.13) of the entropy function now gives
Spn = € (4.32)

at its extremum.

Using the fact that the black hole entropy is equal to the value of the entropy
function at its extremum, we can derive some useful results following the analysis
of [6, 49]. If the entropy function has a unique extremum with no flat directions
then the extremization equations (4.16) determine the near horizon field configu-
ration completely and the entropy as well as the near horizon field configuration
is independent of the asymptotic moduli since the entropy function depends only
on the near horizon quantities. On the other hand if the entropy function has flat
directions then the extremization equations do not determine all the near horizon
parameters, and these undetermined parameters could depend on the asymptotic
values of the moduli fields. However even in this case the entropy, being inde-
pendent of the flat directions, will be independent of the asymptotic values of the
moduli fields.

Although expanding various #-dependent functions in the basis of Legendre
polynomials is useful for general argument leading to attractor behaviour, for
practical computation it is often more convenient to directly solve the differential
equation in #. For this we shall need to carefully take into account the effect of

the boundary terms. We shall see this while studying explicit examples.
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4.2 Extremal Rotating Black Hole in General Two Derivative Theory

4.2 Extremal Rotating Black Hole in General

Two Derivative Theory

We now consider a four dimensional theory of gravity coupled to a set of scalar

fields {®,} and gauge fields A,(f) with a general two derivative action of the form:'

d*r\/—detg L, (4.1)

L= R=hyy(8)g"0,P,0,®,— f;;(®)g" 9" F\) ——ﬁj( ) (v/—det g) ' FDFD)

(4.2)
where €77 is the totally anti-symmetric symbol with €% = 1 and h,, fi; and
ﬁj are fixed functions of the scalar fields {®,}. We use the following ansatz for

the near horizon configuration of the scalar and gauge fields?

ds® = Q(0)2e®O (—r2dt* + dr’ /r? + (2d6?) + e 2D (dg — ardt)?

O, = uy(0)

1. ,

§F,§deﬂ Adx? = (e; — aby(0))dr A dt + Ogbi(0)dO A (dp — ardt) , (4.3)

with 0 < ¢ < 27, 0 < 0 < 7. Regularity at § = 0 and ¢ = 7 requires that

Q(h)e?® — constant as § — 0,7, (4.4)
and
8O P sing -1 asf —0,7. (4.5)
This gives
1
Q(Q) — Ay sin 9, ew(e) — m, as 0 — 0,
1
Q) — apsinfh, e’ ————  asf o, (4.6)

VBasinf’

where ag and a, are arbitrary constants. In the next two sections we shall describe

examples of rotating extremal black holes in various two derivative theories of

'In the rest of the chapter we shall be using the normalization of the Einstein-Hilbert term

as given in eq.(4.2). This corresponds to choosing the Newton’s constant Gy to be 1/167.
2This is related to the ansatz (4.2) by a reparametrization of the 6 coordinate.
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4.2 Extremal Rotating Black Hole in General Two Derivative Theory

gravity with near horizon geometry of the form described above. However none
of these black holes will be supersymmetric even though many of them will be
found in supersymmetric theories.

Using (4.2), (4.3) and (4.5) we get

€ = 2r(Ja+q-€— /d@dqb\/—detgL)
= 2nJa+2nG-€— 4n® / do {29(0)151(9’(9))2 —2Q(0)5 — 29(0)3 1 (¢ (6))?

+1a29(9)‘1ﬁ6‘4¢(9) — B0 e ((0) ), (D) (6) + 4T3 ((8)) (e — by (6))1(6)

2
+2f3;(@(0)) {BO) e (e; — abi(0))(e; — ab;(0)) — B71Q0)e* Db (0)Y(0) }
4872 [9(9)2621“9) sin 0(v'(8) + 200(6)/Q(0))] . . (4.7)

The boundary terms in the last line of (4.7) arise from integration by parts in
Jv/—detgL. Eq.(4.7) has the property that under a variation of Q for which
002/ does not vanish at the boundary and/or a variation of ¢ for which d%
does not vanish at the boundary, the boundary terms in §€ cancel if (4.6) is
satisfied. This ensures that once the € is extremized under variations of ¥ and €2
for which 9 and €2 vanish at the boundary, it is also extremized with respect to
the constants ag and a, appearing in (4.6) which changes the boundary values of
Q2 and 1. Also due to this property we can now extremize the entropy function
with respect to 8 without worrying about the constraint (4.5) since the additional
term that comes from the compensating variation in 2 and/or ¢ will vanish due
to © and/or 1 equations of motion.

The equations of motion of various fields may now be obtained by extremizing
the entropy function € with respect to the functions Q(0), 1¥(0), us(8), b;(0) and

the parameters e;, o, (3 labelling the near horizon geometry. This gives

47 (0)/U0) + 207 ((0)/20))° — 26— 257 (W(0))* — 5a’20) 25O
— 5 ((0)) 1 (0)0 (0
25((0)) {~B9AO) 2¢O e; — abi(6))(e; — ab;(0)) — 5O (0)1;(0))

—0, (4.8)
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46710(6 W( )+4ﬁ‘19’(9)¢’(0) —22°Q(0) ! B
+2f;(i(0)) { —282(0) e > (e; — ab;(0))(e; — ab;(0)) —2871Q(0)e> Db (0)V(6) }
=0, (4.9)

2(5*9(6)71 S(@0)u,(0)) — B71QO)O,has ((0) )y () (6)

+20, fi;(1(0)) {BUO) e (e; — abi(0))(e; — ab;(6)) — B 0)e™ b (0)V;(6) }
+40, [ ((0)) (e; — abi(6))V;(6)

=0, (4.10)

40 fy((0)Q0) O (c; — aby(0)) + 45" (£,(@(6) QA O (0))'
40, ], ((0))1d,(0) (e; — ab;(6)) = 0, (4.11)

g = 8 / 40 [ £5((0))3520) e O (e — aby(0)) + T @@)(0)] , (4.12)

J = o / "6 [aQ6) B ) — 431, ((6)(6) e e, — aby(6))by (6)

T ONAGUAGIR (4.13)
/ d01(6) =0, (4.14)
16) = ~20(6) 5 (C/(6)) — 260) + 20)5 (W ()" + 50%0(6) e O
+4” 2Q( ) 5(U(0))u; (0)u(9)
+2£;((0)) {Q0) e 2O (e; — abi(0))(e; — ab;(0)) + B2Q0)e* D (0)V(6)} .
(4.15)

Here / denotes derivative with respect to #. The required boundary conditions,
following from the requirement of the regularity of the solution at # = 0, 7, and

that the magnetic charge vector be p, are:

pz Pi
bi(0) = -~ bilm) =, (4.16)
Q(h)e?® — constant as § — 0,7, (4.17)
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B P sing —1 asf —0,7. (4.18)
us(#) — constant as  — 0, 7. (4.19)

Using eqs.(4.8)-(4.11) one can show that
r'®) =o. (4.20)
Thus 1(#) is independent of 6. As a consequence of eq.(4.14) we now have
I(6)=0. (4.21)
Combining eqs.(4.8) and (4.21) we get
Q' +p°Q=0. (4.22)
A general solution to this equation is of the form
Q=asin(B0+0), (4.23)

where a and b are integration constants. In order that €2 has the behaviour given

in (4.6) for # near 0 and 7, and not vanish at any other value of §, we must have
b=0, g=1, (4.24)

and hence
Q(0) = asind. (4.25)

In order to analyze the rest of the equations, it will be useful to consider the

Taylor series expansion of u,.(f) and b;(f) around 6 = 0, 7
1
u(0) = u,.(0)+ 5022/;(0) +

w(®) = uplm) - o(6— mul )+

2
bi(0) = b,~(0)+%92bg’(0)+...
bi(0) = bi<w)+%<9—w)25;/<ﬁ)+..., (4.26)

where we have made use of (4.7), (4.8). We now substitute (4.26) into (4.11) and
study the equation near # = 0 by expanding the left hand side of the equation
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4.2 Extremal Rotating Black Hole in General Two Derivative Theory

in powers of # and using the boundary conditions (4.6). Only odd powers of
are non-zero. The first non-trivial equation, appearing as the coefficient of the
order 6 term, involves b;(0), b/(0) and b/”(0) and can be used to determine b/ (0)
in terms of b;(0) and b7(0). Higher order terms determine higher derivatives of
b; at § = 0 in terms of b;(0) and b7(0). As a result b/(0) is not determined in
terms of b;(0) by solving the equations of motion near § = 0 and we can choose
b;(0) and b7(0) as the two independent integration constants of this equation. Of
these b;(0) is determined directly from (4.16). On the other hand for a given
configuration of the other fields, b7(0) is also determined from (4.16) indirectly
by requiring that b;(7) be p;/4m. Thus we expect that generically the integration
constants associated with the solutions to eqs.(4.11) are fixed by the boundary
conditions (4.16).

Let us now analyze eqs.(4.10) and (4.21) together, — eq.(4.9) holds automati-
cally when the other equations are satisfied. For this it will be useful to introduce

a new variable

7=In tang : (4.27)
satisfying ; X
-
— = . 4.28
dg  sind (4.28)

As 6 varies from 0 to m, 7 varies from —oo to co. We denote by - derivative with

respect to 7 and rewrite eqs.(4.10) and (4.21) in this variable. This gives

20 (hy (@) 1) — 020y (@) iyisg + 400, fi; () (e — aby)b;
—|—28¢fzj<ﬁ) {6721!}(62‘ - Oébi)<€j — Oébj) — 0J2€2wi)lj)j} = 0, (429)

and

—2a2+2a2¢2+%a264w+a2hrs(ﬁ)uru5+2fij(ﬁ) {e*w(ei —ab;)(e; — abj) + aQezwbil}j} =0.
(4.30)

If we denote by m the number of scalars then we have a set of m second order

differential equations and one first order differential equation, giving altogether

2m + 1 constants of integration. We want to see in a generic situation how many

of these constants are fixed by the required boundary conditions on « and 1. We

shall do this by requiring that the equations and the boundary conditions are
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4.2 Extremal Rotating Black Hole in General Two Derivative Theory

consistent. Thus for example if ¥, {b;} and {u,} satisfy their required boundary

conditions then we can express the equations near § =0 (or § = ) as:

202 (hystis) ~ 0, (4.31)
and
—2a% + ahygi s + 20%0% ~ 0. (4.32)

Here h,., are constants giving the value of h,(@) at @ = @(0) (or @ = @(r)). Note
that we have used the boundary conditions to set some of the terms to zero but
have kept the terms containing highest derivatives of ¢ and u, even if they are
required to vanish due to the boundary conditions. The general solutions to these

equations near # = 0 are

ug(0) ~cs + v, Y()~c—74/1— %ﬁrsvsvs. (4.33)

where ¢, v, and ¢ are the 2m + 1 integration constants. Since 7 — —oo as
0 — 0, in order that u, approaches a constant value uy(0) as § — 0, we must
require all the vy to vanish. On the other hand requiring that 1 satisfies the
boundary condition (4.18) determines ¢ to be —In(24/a). This gives altogether
m + 1 conditions on the (2m + 1) integration constants. Carrying out the same
analysis near # = m gives another (m + 1) conditions among the integration
constants. Thus the boundary conditions on « and ) not only determine all
(2m + 1) integration constants of (4.29), (4.30), but give an additional condition
among the as yet unknown parameters a, o and e; entering the equations.

This constraint, together with the remaining equations (4.12) and (4.13), gives
altogether n + 2 constraints on the n + 2 variables e;, a and «, where n is the
number of U(1) gauge fields. Since generically (n+2) equations in (n+2) variables
have only a discrete number of solutions we expect that generically the solution
to eqs.(4.8)-(4.19) has no continuous parameters.

In special cases however some of the integration constants may remain unde-
termined, reflecting a family of solutions corresponding to the same set of charges.
As discussed in section 4.1, these represent flat directions of the entropy function
and hence the entropy associated with all members of this family will have iden-

tical values. We shall now give a more direct argument to this effect. Suppose
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as we go from one member of the family to a neighbouring member, each scalar
field changes to
ur(0) = u,(0) + ou,(0), (4.34)

and suppose all the other fields and parameters change in response, keeping the

electric charges ¢;, magnetic charges p; and angular momentum fixed:
Q—>0Q4+060, Y—=Yv+6Y, b — b+ db;,
e — e +0e;, a—a+oa, [—F+05. (4.35)

Let us calculate the resulting change in the entropy €. The changes in e;, o, 3
do not contribute to any change in &, since 9.,€ =0, 9,€ = 0 and J3€ = 0. The
only possible contributions from varying 2, ¢, b;, u, can come from boundary
terms, since the bulk equations are satisfied. Varying € subject to the equations

of motion, one finds the following boundary terms at the poles:
08 = 87 |37 Uhnguldu, — 2fis(ei — ab)db; + 25 {57060} o,
A7 (20718 + 20080 + 6( + 20)) ] (4.36)

Terms involving db; at the boundary vanish since the boundary conditions (4.16),
(4.26) imply that for fixed magnetic charges db; and b, must vanish at § = 0 and
0 = m. Our boundary conditions imply that variations of {2 and 1 at the poles

are not independent. From the boundary condition (4.5) it follows that
5Q = —2Q01) (4.37)
at = 0, 7, while from (4.6) one can see that at the poles
' =0. (4.38)
Combining the previous two equations gives
QY = —2Q'0¢ (4.39)
at the poles. If we vary just 2 and 1 one finds

Som€ = 8mB71 [2071Q60 + 2000y + 6() + 295 -
— 8w B A5 4 20060 + '6Q + 209V]) =0
= 0. (4.40)
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Finally, the boundary terms proportional to du, go like,

5al [Qh,,su;éus]z. (4.41)
Since 2 — 0 as § — 0,7, these too vanish. Thus we learn that the entropy is
independent of any undetermined constant of integration.

Before concluding this section we would like to note that using the equations
of motion for various fields we can express the charges ¢;, the angular momentum
J as well as the black hole entropy, 1.e. the value of the entropy function at its
extremum, as boundary terms evaluated at § = 0 and # = 7. For example using

(4.11) we can express (4.12) as
8T x f=n
G =— [fijﬁewb; — fijle; — abj)]9:0 (4.42)
Similarly using (4.9) and (4.11) we can express (4.13) as

b=r  ge;

4 -
J= ;ﬂ [mz/ — Qf;; e b, + fisbile; — abj)} (4.43)

0=0 20

Finally using (4.8), (4.9) we can express the entropy function € given in (4.7) as

Q/ O=m
& = 8r? {—QQ' + Q% sin 6 (@Z)’ + 25)} (4.44)
6=0

Using eq.(4.25) and the boundary conditions (4.6) this gives,
& = 167%a (4.45)

Using eqs. (4.3) and (4.25) it is easy to see that € = A/4Gy where A is the area
of the event horizon. (Note that in our conventions Gy = 1/16m). This is the

expected result for theories with two derivative action.

4.3 Solutions with Constant Scalars

In this section we shall solve the equations derived in section 4.2 in special cases

where there are no scalars or where the scalars u,(f) are constants:

@(0) = iy . (4.1)
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In this case we can combine (4.9), (4.21), (4.24) and (4.25) to get

2

sin® 0(y" + (¢')?) + sin @ cos Oy — f—aQe"w —-1=0. (4.2)

The unique solution to this equation subject to the boundary conditions (4.18)

1S:
—2¢(0) 2a SiIl2 (9 (4 3)
e = . .
2—(1-+/1-a?)sin’f

We now define the coordinate £ through the relation:

2 «
=—"tan ' [ ————cosb ) , 4.4
= =2 tan (g cost) (4.4
so that 50
As 0 varies from 0 to m, £ varies from —&; to &y, with &, given by
1.
= —sin " «. (4.6)
a
In terms of this new coordinate £, (4.11) takes the form:
d2
d—gz(ei —ab;(0)) + a®(e; — abi(0)) = 0. (4.7)
This has solution:
(e; — ab;(0)) = A;sin (e + B;) (4.8)

where A; and B; are integration constants. These can be determined using the

boundary condition (4.16):

A;sin(—aéy + B;) = ¢; + ali , A;sin(aép + B;) = ¢, —a—. (4.9)
47 47

This gives

4re; 4re;
B, = tan ' -——'tan(a = tan! (—72 ) ,
( ap; ( &))) piv1— a?

2 2,2 1/2 2 2\ 1/2
A = ‘. a,%’ S S . (4.10)
cos?(a&y) 1672 sin”(ady) 1—a? 1672
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Using (4.42) we now get:

q; = 1671'2 (fw(ﬁo) sin Bj — ﬁ](ﬁo) COS B]> Aj =167 Z {fw(ﬁO)\/% + fz]( ) 57]_[_}

(4.11)
This gives A;, B; and ¢; in terms of a, «, 1y and the charges ¢, p, J.
Substituting the known solutions for ©(6), 1(6) and b;() into eq.(4.21) and
evaluating the left hand side of this equation at § = /2 we get

avl1—a?= wa (tp)A;Aj cos(B; — Bj) wa {p@p] G } .

1672 1—a?
(4.12)
On the other hand (4.43) gives

J = 8raa. (4.13)

Since A;, B; and e; are known in terms of a, «, iy and ¢, p, J, we can use (4.12)
and (4.13) to solve for a and a in terms of uy, ¢, p'and J. (4.45) then gives the

black hole entropy in terms of iy, ¢, p'and J. The final results are:

J? + Veys(to, 4, p)?
_ Jﬁ — a:\/ + Ve (o, 4, D) | (4.14)
V2 + Vegs(to, €, D)? 8
and
Spy =27 \/J2+Veff(ﬁo,fﬁﬁ)2, (4.15)
where
Veff(ﬁoa(j;ﬁ) = f ( )q@%"‘ fw(uo)pzpj (4.16)

is the effective potential introduced in [5]. Here f” (tlp) is the matrix inverse of
fij (UQ) and
G = ¢i — 4 fi (o) p; - (4.17)

Finally we turn to the determination of . If there are no scalars present in the
theory then of course there are no further equations to be solved. In the presence
of scalars we need to solve the remaining set of equations (4.10). In the special
case when all the f;; and ﬁj are independent of u these equations are satisfied by

any constant u = uy. Thus uj is undetermined and represent flat directions of the
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entropy function. However if f;; and ]?;j depend on u then there will be constraints
on uy. First of all note that since the entropy must be extremized with respect to
all possible deformations consistent with the SO(2,1) x U(1) symmetry, it must
be extremized with respect to uy. This in turn requires that #y be an extremum
of Vess(to, ¢, P) as in [5]. In this case however there are further conditions coming
from (4.10) since the entropy function must also be extremized with respect to
variations for which the scalar fields are not constant on the horizon. In fact in
the generic situation it is almost impossible to satisfy (4.10) with constant (6).
We shall now discuss a special case where it is possible to satisfy these equations,
— this happens for purely electrically charged black holes when there are no F' F
coupling in the theory (1.e. when ﬁj(ﬁ) =0).! In this case (4.10) gives

T e; e;
Bi=5, Ai=——F1v=—F, 4.18
2 cos(aép) V1 —a? (4.18)

and eqgs.(4.11), (4.8) give, respectively,

1 . 1—a2 ..
A = (i Vas VT i 41
1
(e; — abi(0)) = A; cos(af) = 16—7rf I(tp)g; cos(ag)
1 L. 2V/1—a2+ (1 —+1-a?)sin*0
= L piag, ( 2)sn by 00)
167 2—(1—+v1—a?)sin“ 6
If following (4.16) we now define:
1 .
2N T L (P

then substituting the known solutions for 2 and ¢ into eq.(4.10) and using (4.20)

we can see that (4.10) is satisfied if the scalars are at an extremum g of V.,

Le.
O Vers(to, q) = 0. (4.22)
With the help of (4.19), eq.(4.12) now takes the form:
T ij (= 1 ~
avl—a?= 2567T2fj(u07@%%’ - Vers(to, ) , (4.23)

1Clearly there are other examples with non-vanishing p; and/or ﬁ-j related to this one by

electric-magnetic duality rotation.

103



4.3 Solutions with Constant Scalars

Using (4.13), (4.23) we get

J \/J2 Vers (o, @))*

, S , (4.24)
\/J2 eff Uo#f))
T? + (Ve (tio, )
Q \/ Vers sin 0,
8
2 4 — 2\ 2
6721& — 1 (J (‘/eff(u(]?q_)) )Sln 9 , (425)

Am (1 + cos?6) \/ﬂ eff(uo,q_)) +Veff(ﬂ’0,cj)sin20

) 2‘/eff+(@/¢]2+v2 —‘/eff)SiDQQ (4 26)

1 ..
(ei = bi(0)) = —=—f" (tio)gy
167 2\/J2+V62ff \/J — Vipg)sin® @

Eq.(4.45) now gives the black hole entropy to be

SBH :27T\/J2+(‘/eff(ﬁ0,(f)>2. (427)

We shall now illustrate the results using explicit examples of extremal Kerr

black hole and extremal Kerr-Newman black hole.

4.3.1 Extremal Kerr Black Hole in Einstein Gravity

We consider ordinary Einstein gravity in four dimensions with action

d*z/—det g L, L=R. (4.28)

In this case since there are no matter fields we have V.rs(tp,q) = 0. Let us
for definiteness consider the case where J > 0. It then follows from the general

results derived earlier that

J
=1 = 4.29
o=1 a=2. (1.29)
J J sin%6
O =— 0, - T 7 4.
8T sin ¢ A7 1+ cos2 6’ (4.30)
and

Thus determines the near horizon geometry and the entropy of an extremal Kerr

black hole and agrees with the results of [8].
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4.3.2 Extremal Kerr-Newman Black Hole in Einstein-Maxwell

Theory

Here we consider Einstein gravity in four dimensions coupled to a single Maxwell
field:

1
§= [ d*z\/—detgl, L=R- ZF,WFW. (4.32)

In this case we have f;; = i. Hence f'' =4 and

2

. q
Vs (i, @) = L. 4.33
7 (0, @) = o~ (4.33)
Thus we have
J2 + (q2/87)?
a= J : a= 8( /8n) . (4.34)
J? + ((]2/87r)2 T
2asin’ 0
Q =asiné, e = a5 (4.35)

1+ cos? 6 + ¢2sin® 6/ <8m/ J? + (q2/87r)2)
Spy = 2m\/ J? + (¢2/87)°. (4.36)

The near horizon geometry given in (4.34), (4.35) agrees with the results of [8].
Comparing (4.24)-(4.27) with (4.34)-(4.36) we see that the results for the

general case of constant scalar field background is obtained from the results for

and

extremal Kerr-Newman black hole carrying electric charge ¢ via the replacement

Qeff = \/871’ ‘/eff(l_ZOa(D . (437)

of ¢ by geys where

4.4 Examples of Attractor Behaviour in Full Black

Hole Solutions

The set of equations (4.8)-(4.13) and (4.21) are difficult to solve explicitly in the
general case. However there are many known examples of rotating extremal black

hole solutions in a variety of two derivative theories of gravity. In this section
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we shall examine the near horizon geometry of these solutions and check that
they obey the consequences of the generalized attractor mechanism discussed in

sections 4.1 and 4.2.

4.4.1 Rotating Kaluza-Klein Black Holes

In this section we consider the four dimensional theory obtained by dimensional
reduction of the five dimensional pure gravity theory on a circle. The relevant
four dimensional fields include the metric g, a scalar field ® associated with the
radius of the fifth dimension and a U(1) gauge field A,. The lagrangian density
is given by

L = R —2g"9,88,® — V3 g g" F, F,y . (4.1)

Identifying ® as ®; and A, as AE}) and comparing (4.2) and (4.1) we see that we
have in this example
hfll = 2, f11 = 62\/54) . (42)

Suppose we have an extremal rotating black hole solution in this theory with
near horizon geometry of the form given in (4.3). Let us define 7 = Intan(0/2)

as in (4.27), denote by - derivative with respect to 7 and define
x(0) =e—ab(d). (4.3)

Using (4.24) and (4.25) we can now express appropriate linear combinations of
eqs.(4.9) - (4.11) and (4.21) as

2

. ot . .
@D:@e Wl — - 9? (4.4)
b 4 /3250 {e7Ya* —a?e®*} =0 (4.5)
a2a_262‘/§q)_2’px + ((32\/56“2%‘() =0. (4.6)

1 .
—2a2+2a2¢2+§a26_4¢+2a2<b2+2 {62‘/%_2’”)(2 + a2a_262*/§¢+2¢>‘<2} =0. (4.7)

Refs.[9, 10, 50] explicitly constructed rotating charged black hole solutions in this
theory. Later we shall analyze the near horizon geometry of these black holes in

extremal limit and verify that they satisfy eqs.(4.4)-(4.7).
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Next we note that the lagrangian density (4.1) has a scaling symmetry:
D4\ F,—e VPE,. (4.8)

Since the magnetic and electric charges p and ¢ are proportional to Fy, and
0L /OF,; respectively, we see that under the transformation (4.8), ¢ and p trans-
forms to e\/gAq and e_\/g)‘p respectively. Thus if we want to keep the electric and
the magnetic charges fixed, we need to make a compensating transformation of
the parameters labelling the electric and magnetic charges of the solution. This
shows that we can generate a one parameter family of solutions carrying fixed

electric and magnetic charges by using the transformation:

O D+N F,—e VP, Q—eVPQ, PP, (4.9)

g

where ) and P are electric and magnetic charges labelling the original solution.
This transformation will change the asymptotic value of the scalar field ® leaving
the electric and magnetic charges fixed. Thus according to the general arguments
given in section 4.1, the entropy associated with the solution should not change
under the deformation (4.9). On the other hand since (4.8) is a symmetry of the
theory, the entropy is also invariant under this transformation. Combining these

two results we see that the entropy must be invariant under
Q—eVPQ, P—eVp. (4.10)

Furthermore if the entropy function has no flat direction so that the near horizon
geometry is fixed completely by extremizing the entropy function then the near
horizon geometry, including the scalar field configuration, should be invariant

under the transformation (4.9).

4.4.1.1 The black hole solution

We now turn to the black hole solution described in [9, 10, 50]. The metric
associated with this solution is given by

ds* = —%(dt —wdg)? + Y ﬁ,fdaQ + /[ f, 0% + Aivgfpfq sin 0dp? (4.11)
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where
P (p—2Mk) (G — 2Mk)
f, = r*+ajcos’0+r(p—2Mg) + e 5
5/ (2 — AMZ) (@ — A2
/0 i) (4 Bk o (4.12)
2+ q) My
. q (p—2Mk)(q—2Mg)
f, = 7’2+a§(0052«9+7’(q—2MK)+ﬁ+q 5
i/ (72 — 4MZ) (§° — 402
1v/ ~K) (~q i) K cos (4.13)
2(6 +q) My
pq + AME)r — My (p — 2My)(G — 2M
wo o= \/157@(])qjL 3l 2(539(7)& )G ) X/[I; sin”6 (4.14)
A = r* —2Mgr +aj (4.15)
A = 1 —2Mgr + a% cos® 0. (4.16)

My, ag, p and ¢ are four parameters labelling the solution. The solution for the

dilaton is of the form

exp(—4®/v/3) = %.

The dilaton has been asymptotically set to 0, but this can be changed using the

(4.17)

transformation (4.9). Finally, the gauge field is given by
Q ( —QMK) 1 [037¢ qg (]52—4]\/[}2()
=— — |+ = — cos 4.18
Iy ( 4/ 2 2Mi | 4(+9) 418)

P
A, = ——
¢ 47

1
—équl sin? 6

cosh — 1 a2 sin? 6 cos f
q K

\/,
ak [p(G>—4ME)
My \ 4(F+q)°

[(P +q)(pr — Mg (p — 2Mk)) + Q(ﬁQ - 4M12<)}
(4.19)

where () and P, labelling the electric and magnetic charges of the black hole, are

given by,
G5(G% — AM?
Q? = 4rx (J(Q(p 3 i) (4.20)
S(=2 4M2
P2 _ 4 % (4.21)
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The mass and angular momentum of the black hole can be expressed in terms of

My, ag, p and G as follows:!
M = 4n(G+p) (4.22)

12 b4 + 4M3E

J = A7 ax (pq) G

(4.23)

4.4.1.2 Extremal limit: The ergo-free branch

As first discussed in [10], in this case the moduli space of extremal black holes
consist of two branches. Let us first concentrate on one of these branches cor-
responding to the surface W in [10]. We consider the limit: Mg, ax — 0 with
ax /Mg, G and p held finite. In this limit ¢, p and ax /Mg can be taken as the
independent parameters labelling the solution. Then (4.20-4.23) become

M = 4 (G+p) (4.24)
~3
g
Q = 4 TP (4.25)
~3
P2 o= 4r L (4.26)
(G+p)
aK (15(.7)3/2 aK
J=4 — 2K 1pq|. 4.27
"Mk pra Mi O 420

For definiteness we shall take P and ) to be positive from now on.
In this limit A, Z, fps fq» w and A, become

A=A=? (4.28)
2 ~ 152(.? ax
fp = T +p’l“+m ]_—M—KCOSQ (429)
~2~
fo = +ar+ % (1 + X/[—I; Ccos (9) (4.30)
o — (]3(])% ax sin?0 _J S (4.31)

20+ G Mx v 8t 1

'In defining the mass and angular momentum we have taken into account the fact that we
have Gy = 1/16w. At present the normalization of the charges @ and P have been chosen
arbitrarily, but later we shall relate them to the charges ¢ and p introduced in section 4.2.
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A = —% - <(r—|— g) +% (%) pcose) (4.32)

Ay = —% [cos@—l— %fqlsiHQG (;&—Z) (ﬁ—?—(j) ((ﬁ+d)r+§ﬁ)] (4.33)

In order that the scalar field configuration is well defined everywhere outside

the horizon, we need f,/f, to be positive in this region. This gives

This in turn implies that the coefficient of g4, being proportional to A avare
remains positive everywhere outside the horizon. Thus there is no ergo-sphere
for this black hole. We call this branch of solutions the ergo-free branch.

4.4.1.3 Near horizon behaviour

In our coordinate system the horizon is at » = 0. To find the near horizon

geometry, we consider the limit

r— s, t— st s—0. (4.35)

Metric The near horizon behaviour of the metric is given by:

g5t — (dt — 2de)? + v,(0) I 36?4 sin 0do? (4.36)
o (0) r ! r? '
with
v1(0) =lim+/fpfy = L VP2Q? — J2cos?f b= S sin?@ . (4.37)
r—0 ¥ P8y ’ 8

By straightforward algebraic manipulation this metric can be rewritten as

2 a2 2
, a°sin“0 N2 9 o dr 9
_ _ — — 4.
ds (0 (dp — ardt’)” + v,1(0) ( redt’” + 2 +db ) (4.38)
with

t'=t/a, (4.39)

1
a=—/P?2Q?— J?, (4.40)

s

a=—J/\/PQ2— J?. (4.41)
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® 9=0 ® o=7 ® 6=%
0.4 04 0.4
02 0.2 0.2
=—4 6 8 r r
-0.2 -0.2 -0.2
-04 -04 -04

Figure 4.1: Radial evolution of the scalar field starting with different asymptotic
values at three different values of . We take P = Q = 44/, J = 167/3 for
®,, =0, and then change @, and P, @) using the transformation (4.9).

Gauge fields Near the horizon the gauge fields behave like

1 2 1 1 1 — 12
— Fdxtdx” = ay/m dr A dt' + ——= Psin QM
2 Q (1+ pcosh) 4\ /7 (1+ pcosb)
(4.42)
where
_J (4.43)
= PO )
Scalar Field In the near horizon limit the scalar field becomes
P\3 PQ — Jcosf
e—A®/V3 _ (EY* PQ— Jcost (4.44)
r=M Q) PQ+ Jcosb
Entropy Finally the entropy associated with this solution is given by
SBH = 47T/d¢9d(]5\/g99 9oy = 167T2CL = 271'\/ P2Q2 - J2 . (445)

We now see that the entropy is invariant under (4.10) and the near horizon

background, including the scalar field configuration given in (4.44), is invariant
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()
0.3
0.2
0.1
2 n 2r 0
-0.2
-03

Figure 4.2: Scalar field profile at the horizon of the Kaluza-Klein black hole. We
take P = Q = 4y/m, J = 167/3 for ®,, = 0, and then change ®,, and P, @
using the transformation (4.9). The figure shows that the scalar field profile at

the horizon is independent of ®.

under the transformation (4.9).! This shows that the near horizon field configu-
ration is independent of the asymptotic value of the modulus field . This can
also be seen explicitly by studying the radial evolution of ® for various asymp-
totic values of ®; numerical results for this evolution have been plotted in fig.4.1.
Fig.4.2 shows the plot of ®(#) vs. 6 at the horizon of the black hole.

4.4.1.4 Entropy function analysis

The analysis of section 4.4.1.3 shows that the near horizon field configuration is

precisely of the form described in eq.(4.3) with

.2

Q) = asing, e 2O = S a”sin” 0 , e—ab(f) = 2V ! )

VP2Q? — J2cos? 0 Q@ (14 pcost)

2
P\3 PQ — Jcost 1 J

—4®/v3 _ [ L — — /P202 — J2 S

‘ <Q> PO+ st ‘e V@« VP — 2
(4.46)

L As described in eqs.(4.48), (4.49), the charges g, p are related to the parameters @, P by
some normalization factors. These factors do not affect the transformation laws of the charges
given in (4.9), (4.10).
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We can easily verify that this configuration satisfies eqs.(4.4)-(4.7) obtained by
extremizing the entropy function.

Using eq.(4.16) with values of hy; and fi; given in (4.2) we get

_ 1 e — ab(m e—« = PQ
and
p=—"" (e~ ab(m)) — (e~ ab(0))] = VT P. (1.48)
Eq.(4.42) now gives
8t | e2V3l
9= [ g ] =47 Q. (4.49)

Finally the right hand side of eq.(4.43) evaluated for the background (4.46) gives
the answer J showing that we have correctly identified the parameter J as the

angular momentum carried by the black hole.

4.4.1.5 The ergo-branch

The extremal limit on this branch, corresponding to the surface S in [10], amounts
to taking

in the black hole solution. Thus we have the relations

G9(G% — AM? p(p2 — 4M? pG + 4M?
Q2:4ﬂu’ p2:4ﬂu’ J=14 ,/~~IM'
(P+4q) (P+q) (P+q)
(4.51)
In order to take the near horizon limit of this solution we first let
r—1r+ Mg (4.52)

which shifts the horizon to 7 = 0. Near the horizon A, A and w become

A = r? (4.53)
A = —MZsin?6+ 0(r?) (4.54)
w = —/Gp(1+ar)+0(r?) (4.55)
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with .
pq + AM},
20+ Mz~

Note that A changes from being positive at large distance to negative at the

(4.56)

w =

horizon. Thus gy changes sign as we go from the asymptotic region to the horizon
and the solution has an ergo-sphere. We call this branch of solutions the ergo-

branch. Using eqs.(4.53)-(4.56) we can write the metric as

M2 sin® 2 dr? 2
ds? =SB (at+ /Gp(1+ ar)do) + fpfq< ; +d02—]\2—?{d¢2) oo

NP =
(4.57)

where - - - denote terms which will eventually vanish in the near horizon limit that

we are going to describe below. After letting
¢ — ¢ —1t/\/qp (4.58)
and taking the near horizon limit
r— s, t— st s—0, (4.59)

the metric becomes

M?Z sin’ 6 dr? r?
ds? = — B~ —(\/qpdop — wrdt)? + v, (0 (— + do* — dt2) 4.60
Ul(‘g) ( qp ¢ ) 1( ) r Gp ( )

where
v1(0) = }}_I% Vv fa- (4.61)
Finally rescaling

t— Mg /apt (4.62)

the metric becomes of the form given in (4.3) with

M2 pGsin® 0
Q) = Mg~+/pq sin 6, e_Zw:%, a= Mg w. (463)
1

Using eqs.(4.56) and (4.51) we find that

J 1l = . _ (J? — P2Q?)sin* 0
=_—-— Q = — J2 j— P2 2 9 21/1 — X
@ /]2 — p2Q)?’ 87 @ sind, e 647201 (0)
(4.64)
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Figure 4.3: Radial evolution of the scalar field for an ergo-branch black hole
starting with different asymptotic values at five different values of . We take
P=Q =27 and J = 47/2 for ., = 0, and then change ®,, and P, Q using

the transformation (4.9).
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The scalar field ® becomes in this limit

AR/ = §?, (4.65)

where f, and f; now refer to the functions f, and f, at the horizon:

e

cor p+a : 26+
(4.66)
= (5 ~ 52 2\ (72 2

p+q 2 2(p+q)
(4.67)

The near horizon gauge field can also be calculated by a tedious but straight-
forward procedure after taking into account the change in coordinates described

above. The final result is of the form given in (4.3) with

e —ab(f) = Micv/pa (1 P Q sin? + P \/g Cos ) : (4.68)

Wk \24
This gives
_1 e — ab(m e—a = — o
p == [(e ~ab{m) ~ (¢~ ab(0))] = V7 P, (4.70)
and /i ﬂ
1= %T lesineb] =4vrQ. (4.71)

Finally, the entropy associated with this solution can be easily calculated by

computing the area of the horizon, and is given by

SBHZQTI'\/ JQ—PQQQ. (472)

We have explicitly checked that the near horizon ergo-branch field configurations
described above satisfy the differential equations (4.4)-(4.7).
The entropy is clearly invariant under the transformation (4.10). However in

this case the near horizon background is not invariant under the transformation
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) -

15 —05
03

1k —0.

—0.2

0.5 —0.1
—0
—-01
—=-0.2
—-0.3
—-04
—-05

Figure 4.4: Scalar field profile at the horizon for a black hole on the ergo-branch
for different asymptotic values of ®. We take P = Q = 2y/7 and J = 4m+/2 for
®,, = 0, and then change ®., and P, @) using the transformation (4.9). Clearly

the scalar field profile at the horizon depends on its asymptotic value.

(4.9). One way to see this is to note that under the transformation (4.10) the
combination M2pg = (J? — P2Q?)/647? remains invariant. This shows that
M cannot remain invariant under this transformation, since if My had been
invariant then pg would be invariant, and the invariance of J given in (4.51)
would imply that p + ¢ is also invariant. This in turn would mean that Mg, p
and ¢ are all invariant under (4.10) and hence P and ) would be invariant which
is clearly a contradiction. Given the fact that My is not invariant under this
transformation we see that the coefficient of the sin? 6 term in f, and f, are not
invariant under (4.10). This in turn shows that 1, and hence the background
metric, is not invariant under the transformation (4.9). This is also seen from
figures 4.3 and 4.4 where we have shown respectively the radial evolution of
the scalar field and the scalar field profile at the horizon for different asymptotic
values of ®. Nevertheless several components of the near horizon background, e.gq.
2(0) and the parameters « and e do remain invariant under this transformation,
indicating that at least these components do get attracted towards fixed values

as we approach the horizon.
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4.4.2 Black Holes in Toroidally Compactified Heterotic
String Theory

The theory under consideration is a four dimensional theory of gravity coupled
to a complex scalar S = 57 4+ 155, a 4x4 matrix valued scalar field M satisfying

the constraint

MLM" =L, L= 0 L , (4.73)
L 0

and four U(1) gauge fields A,(f) (1 <4 < 4).! Here I, denotes 2 x 2 identity

matrix. The bosonic part of the lagrangian density is
1 - 1
L = R-3 9" S520,508,8 + gg“”TT(GMML&,ML)

J= po v po

1 . L1 N
-1 S29" 9" F)(LML); FD) + 75 g9 FOLG Y (4.74)

where

Flom — % (v/=det g)~terr FO. (4.75)
General rotating black solution in this theory, carrying electric charge vector ¢
and magnetic charge vector p, has been constructed in [11]. Before we begin
analyzing the solution, we would like to note that the lagrangian density (4.74)
is invariant under an SO(2,2) rotation:

M —QMQT, FY - Q. FY (4.76)

j124 )= py

where (2 is a 4x4 matrix satisfying
QLT = L. (4.77)

Thus given a classical solution, we can generate a class of classical solutions using
this transformation. Since the magnetic and electric charges p; and ¢; are pro-
portional to F, 9(;) and 0L/ 8F,§f) respectively, we see that under the transformation
(4.76), p; — Qujp;, ¢ — (QT);jlqj. Thus if we want the new solution to have the

same electric and magnetic charges, we must make compensating transformation

I Actual heterotic string theory has 28 gauge fields and a 28x28 matrix valued scalar field,
but the truncated theory discussed here contains all the non-trivial information about the
theory.
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in the parameters labelling the electric and magnetic charges. This shows that
we can generate a family of solutions carrying the same electric and magnetic
charges by making the transformation:

M — QMQT, FO QijF(j) Qi — QZT'Q]" P — Q;IPJ ) (4'78)

pv pv J

where Cj and P are the parameters which label electric and magnetic charges
in the original solution. This transformation changes the asymptotic value of
M leaving the charges unchanged. Thus the general argument of section 4.1
will imply that the entropy must remain invariant under such a transformation.
Invariance of the entropy under the transformation (4.76), which is a symmetry

of the theory, will then imply that the entropy must be invariant under
Qi — 0LQ;, Pi— QP (4.79)

On the other hand if there is a unique background for a given set of charges then
the background itself must be invariant under the transformation (4.78).

The equations of motion derived from the lagrangian density (4.74) is also
invariant under the electric magnetic duality transformation:

aS+b
_
cS+d’

where a, b, ¢, d are real numbers satisfying ad — bc = 1. We can use this transfor-

F{) — (cSy+ d)F{) + ¢Sy (ML) FY) (4.80)

[T

mation to generate a family of black hole solutions from a given solution. From
the definition of electric and magnetic charges it follows that under this transfor-

mation the electric and magnetic charge vectors ¢, p’ transform as:
q— (aqg — bLp), p— (—cLg+dp). (4.81)

Thus if we want the new solution to have the same charges as the old solution we
must perform compensating transformation on the electric and magnetic charge
parameters Cj and P. We can get a family of solutions with the same electric
and magnetic charges but different asymptotic values of the scalar field S by the
transformation:

aS+b ‘ . ~n = . .
= oy Fw o (@SiHdFDveSy (ML) E), Q= dQ+bLP, P:cL)QmP-
4.82
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Arguments similar to the one given for the O(2,2) transformation shows that the

entropy must remain invariant under the transformation
G —dG+bLP, P — cLQ+aP. (4.83)

Furthermore if the entropy function has a unique extremum then the near horizon

field configuration must also remain invariant under the transformation (4.82).

4.4.2.1 The black hole solution

Ref.[11] constructed rotating black hole solutions in this theory carrying the fol-

lowing charges:

0 Py
_ | @ 10
Q4 0

These black holes break all the supersymmetries of the theory. In order to describe

the solution we parametrize the matrix valued scalar field M as

G —G'B
M= (BG1 G—BGIB) (4.85)

where GG and B are 2 X 2 matrices of the form
Gu G 0 B
G= , B = . 4.86
(G12 G2 —Biz 0 (486)
Physically G and B represent components of the string metric and the anti-

symmetric tensor field along an internal two dimensional torus. The solution is

given by
o - (r + 2msinh®d,) (r + 2msinh®dy) + [?cos6
b (r + 2msinh®83) (1 + 2msinh®8,) + [2c0s20’
G 2mlcosf(sinhdzcoshd,sinhd;coshdy — coshdgsinhdscoshdysinhos)
12 — . 2 . 9 )
(r 4+ 2msinh?63) (r + 2msinh®dy) + [2cos?6
G (r + 2msinh®d3) (r + 2msinh?d;) + [2cos0
2 (r + 2msinh®83) (1 + 2msinh®8,) + [2c0s20’
B — _ 2mlcosf(sinhdzcoshdscoshdysinhdy — coshdzsinhdysinhdy coshds)
2 (r + 2msinh®d3) (r + 2msinh®d,) + (2cos26 ’
Az
ImS =

(r + 2msinh®03) (1 + 2msinh®dy) + 12cos20’
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2 2.2 2 L2
9 1, 7 =2mr+["cos’l dr 5 sin“f .19
ds* = Az[— A dt” + 7‘2—2—?717“4-12 + df* + T{(T + 2msinh?43)
X (r -+ 2msinh®6,) (r + 2msinh®6; ) (r 4+ 2msinh?8,) + 1%(1 + cos?0)r? + W
4ml

+ 2mil*rsin®0}d¢?® — T{(cosh53005h54cosh51cosh(52
— sinhdssinhd,sinhd;sinhds)r 4 2msinhdssinhd,sinhd;sinhd, }sin®0dtde)],

where

A = (r+2msinh®8s)(r 4+ 2msinh?6,)(r 4+ 2msinh?8;)(r + 2msinh?s,)
+  (21%r% + W)cos?0),

W = 2ml*(sinh®3 + sinh®04 + sinh®0; + sinh?dy)r
+ 4Am?? (2coshdzcoshdcoshdy coshdasinhdssinhdsinhdgsinhdy
—  2sinh?d3sinh?6,sinh%d;sinh?ds — sinh?d,sinh2d;sinh?6,
—  sinh?§3sinh?6;sinh?dy — sinh?d3sinh?6,sinh%8, — sinh25gsinh254sinh251)
+  I*cos?d. (4.88)

a, m, 41, 0, 93 and &, are parameters labelling the solution. Ref.[11] did not
explicitly present the results for Re S and the gauge fields.
The ADM mass M, electric and magnetic charges {Q;, P;}, and the angular

momentum .J are given by:!

M = 8x m(cosh251 + cosh?8y + cosh?d5 + cosh254) — 167 m,
@ = 4271 m coshd, sinhdq, Q4 = 421 m coshdasinhdg,
P, = 4V27m coshdssinhds, P3 = 4v/27 m coshd,sinhdy,
J = =167 Im(coshd;coshdycoshdzcoshd, — sinhd;sinhdysinhdszsinhd, f4.89)

The entropy associated with this solution was computed in [11] to be
4 4

4 4
Spu = 3212 [mQ(H cosh 0; + H sinh §;) + mvm? — l2(H cosh §; — H sinh 5,)} )
i=1 i=1 i=1 i=1

(4.90)
As in the case of Kaluza-Klein black hole this solution also has two different
kinds of extremal limit which we shall denote by ergo-branch and ergo-free branch.

The ergo-branch was discussed in [11].

n defining M and J we have taken into account our convention Gy = 167, and also the
fact that our definition of the angular momentum differs from the standard one by a minus

sign. Normalizations of Cj and P are arbitrary at this stage.
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4.4.2.2 The ergo-branch

The extremal limit corresponding to the ergo-branch is obtained by taking the
limit [ — m. In this limit the second term in the expression for the entropy

vanishes and the first term gives

SBH =27 \/J2+Q2Q4P1P3. (491)

Now the most general transformation of the form (4.79) which does not take the

charges given in (4.84) outside this family is:

e’ 0 0 0
0 € 0 0
Q= 0 0 e 0 , (4.92)
0 0 0 e*
for real parameters v, 3. This gives
PL—e P, Py—e'P;, Qy—e’Qy Qi—e Q. (4.93)

On the other hand most general transformation of the type (4.83) which keeps

the charge vector within the same family is
a b a 0
(= )= (z 2. ass

Pi—aP, P3y—aP; Qy—a'Qy Qi—a Q. (4.95)

This gives

It is easy to see that the entropy given in (4.91) does not change under the
transformations (4.93), (4.95).!
After some tedious manipulations along the lines described in section 4.4.1.5,

the near horizon metric can be brought into the form given in eq.(4.3) with

1 . _ 1 . _
Q= 8—7T\/J2+Q2Q4P1P3 sin g, e = @(J2+Q2Q4P1P3) sin® g A71/2,
J

o= ,
\/J2+Q2Q4P1P3

LAs in (4.48), (4.49), the parameters P, Q are related to the charges p, ¢ by some overall

(4.96)

normalization factors. These factors do not affect the transformation laws of the charges given
in (4.93), (4.95).
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where A has to be evaluated on the horizon » = m. We have found that the near
horizon metric and the scalar fields are not invariant under the corresponding
transformations (4.78) and (4.82) generated by the matrices (4.92) and (4.94)
respectively, essentially due to the fact that A is not invariant under these trans-
formations. This shows that in this case for a fixed set of charges the entropy

function has a family of extrema.

4.4.2.3 The ergo-free branch

The extremal limit in the ergo-free branch is obtained by taking one or three of
the ¢;’s negative, and then taking the limit |0;| — oo, m — 0,1 — 0 in a way that
keeps the @);, P; and J finite. It is easy to see that in this limit the first term in

the expression (4.90) for the entropy vanishes and the second term gives!

SBH =27 \/-JQ — Q2Q4P1P3 . (497)

Again we see that Sy is invariant under the transformations (4.93), (4.95).

On the ergo-free branch the horizon is at » = 0. The near horizon back-
ground can be computed easily from (4.87) following the approach described in
section 4.4.1.3 and has the following form after appropriate rescaling of the time

coordinate:

1 2
ds? = 8—\/—Q2Q4P1P3 — J2cos2 0 <—r2dt2 + d% - dez)
T T

1 — PPy — J?

— QeQuli By = J sin? 0 (dp — ardt)?, (4.98)

8 \/—Q2Q4P1P3 - J2 COS2 0

@Q20Q4s J?cos?d
ImS =,|— — , 4.99
\/ BPy (P (4.99)
= Jcost | Q) Q- Jcos 6
= | — = — —_— == | — B =
G )Pl ; G2 Py |0l G Ak 12 PO,
(4.100)
where

o =—J/\/—QyQ.PP; — J?. (4.101)

'Note that the product Q2Q4P; Ps is negative due to the fact that an odd number of §;’s

are negative.
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It is easy to see that the background is invariant under (4.78) and (4.82) for

transformation matrices of the form described in (4.92) and (4.94).

4.4.2.4 Duality invariant form of the entropy

In the theory described here a combination of the charges that is invariant under
both transformations (4.79) and (4.83) is

D = (QIQB + Q2Q4)<P1P3 + P2P4> (lel + QQPQ + Q3P3 + Q4P4)2 . (4102)

1
4
Thus we expect the entropy to depend on the charges through this combination.

Now for the charge vectors given in (4.84) we have
D = QsQu PP . (4.103)

Using this result we can express the entropy formula (4.91) in the ergo-branch in

the duality invariant form[11]:
SBH:27TVJ2+D. (4104)

On the other hand the formula (4.97) on the ergo-free branch may be expressed

as

SBH =27 V —J2 —D. (4105)

We now note that the Kaluza-Klein black hole described in section (4.4.1) also

falls into the general class of black holes discussed in this section with charges:

P

Q
Q=12 8 ,  P=V2 (4.106)
0

o O O

Thus in this case
D = —P%Q*. (4.107)

We can now recognize the entropy formulee (4.45) and (4.72) as special cases of
(4.105) and (4.104) respectively.
Finally we can try to write down the near horizon metric on the ergo-free

branch in a form that holds for the black hole solutions analyzed in this as well
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as in the previous subsection and which makes manifest the invariance of the back-
ground under arbitrary transformations of the form described in (4.78), (4.82).
This is of the form:

1 dr?
ds® = —+/—D — J2cos20 <—T2dt2 + % + d02)
81 r

+1 —-D—J?
87 /=D — J2cos2 6

sin? 0 (d¢ — ardt)?, (4.108)

where ;
Q= ———. 4.109
5 ( )

(4.38) and (4.98) are special cases of this equation.
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Chapter 5

Extension to black rings

In this chapter, we study the entropy of extremal four dimensional black holes and
five dimensional black holes and black rings is a unified framework using Sen’s
entropy function and dimensional reduction. The five dimensional black holes and
black rings we consider project down to either static or stationary black holes in
four dimensions. The analysis is done in the context of two derivative gravity
coupled to abelian gauge fields and neutral scalar fields. We apply this formalism

to various examples including U(1)® minimal supergravity.

5.1 Black thing entropy function and dimen-

sional reduction

We wish to apply the entropy function formalism [6, 49], and its generalisation
to rotating black holes [51], to the five dimensional black rings and black holes —
black things. These objects are characterised by the topology of their horizons.
Black ring horizons have S? x S! topology while black holes have S? topology.

We consider a five dimensional Lagrangian with gravity, abelian gauge fields,
FT. neutral massless scalars, X°, and a Chern-Simons term:

1
S =
167TG5

/ dPr\/—g (R—hST(X)aMXSaﬂXT— fri(X)ELF7 W —cp e Fl FI AR ) ,
(5.1)
where ¢/ is the completely antisymmetric tensor with €"*%¢ = 1/,/—g. The

gauge couplings, fr;, and the sigma model metric, hgr, are functions of the
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5.1 Black thing entropy function and dimensional reduction

scalars, X°, while the Chern-Simons coupling, c;;x, a completely symmetric
tensor, is taken to be independent of the scalars. The gauge field strengths are
related to the gauge potentials in the usual way: F! = dA”.

Since the Lagrangian density is not gauge invariant, we need to be slightly
careful about applying the entropy function formalism. Following [52] (who con-
sider a gravitational Chern-Simons term in three dimensions) we dimensionally
reduce to a four dimensional action which is gauge invariant. This allows us to
find a reduced Lagrangian and in turn the entropy function. As a bonus we will
also obtain a relationship between the entropy of four dimensional and five di-
mensional extremal solutions — this is the 4D-5D lift of [53, 54] in a more general
context.

Assuming all the fields are independent of a compact direction ¢, we take the

ansatz'
ds* = w g, datds” + w?(dy + Agdx“)Z, (5.2)
Al = Alda" + o' (a#) (dp + Apda') (5.3)
5 = dY(aM). (5.4)

Whether space-time indices above run over 4 or 5 dimensions should be clear

from the context. Performing dimensional reduction on ), the action becomes

1 5 s B\ 17 jpv (B v i ]
5= i6oc / &/ g (R—hst(CIJ)(‘)(b D' — [ (D) Fl FI 1 — [ (&) ﬂFWFC{ﬁ>
(5.5)
where ([ dy)Gy = G5, F' = (F°, FT), F* = dA°, ®* = (w,a’, X°) and
0 J
1,3 L, M L
[ 0 tw +wfmia a’ wfa (5.6)
I wfrra wfry
0 J
. K, L, M K, L
fi = 0 4exrpma I((z S derira i (5.7)
I 6C]KL(1, a 126]JKQ
hys = dlag( %U}_Q,QIUf[J, hrs ) (58)

'For simplicity, we will work in units in which the Taub-Nut modulus is set to 1.
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5.2 Algebraic entropy function analysis

The index, i, labelling the four dimensional gauge fields, runs over 0 and {/}. The
additional gauge field, A° comes from the off-diagonal part of the five dimensional
metric while the remaining ones descend from the original five dimensional gauge
fields. The index, s, labelling the four dimensional scalars, runs over 0, {I}
and {S}. The first additional scalar w, comes from the size of the Kaluza-Klein
circle. Then next set, which we label af, come from the t-components of the
five-dimensional gauge fields and become axions in four dimensions. Lastly, the
original five dimensional scalars, X°, descend trivially. Finally, notice that the
coupling, fzj(q?), is built up out of the five-dimensional Chern-Simons coupling
and the axions.

In the next two sections we shall consider what happens when the near-horizon
symmetries are AdSy x Sy x U(1) or AdSy x U(1)?, where the U(1)’s may be non-
trivially fibred. Firstly, we will look at black things with a higher degree of
symmetry, namely AdS; x Sy x U(1). Upon dimensional reduction we obtain
a static, spherically symmetric, extremal black hole near-horizon geometry —
AdS; x Sy — for which the analysis is much simpler. The entropy function
formalism only involves algebraic equations. After that we will look at black
things whose near horizon symmetries are AdS; x U(1)? in five dimensions. After
dimensional reduction, we get an extremal, rotating, near horizon geometry —
AdSy x U(1) — for which the entropy function analysis was performed in [51].

For this case, the formalism involves differential equations in general.

5.2 Algebraic entropy function analysis

In this section, we will construct and analyse the entropy function for five dimen-
sional black things sitting in Taub-NUT space with AdSs x Ss x U(1) near horizon
symmetries (with the U(1) non-trivially fibred). Once we have an appropriate
ansatz, it is straight forward to calculate the entropy function. We will apply
the analysis to static black holes with AdSy x S? horizons and black rings with
AdSs x S? horizons. We will see that these black rings are in some sense dual
to the black holes. We will then consider Lagrangians with real special geometry

and study to the case of U(1)? super-gravity in some detail.
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5.2 Algebraic entropy function analysis

5.2.1 Set up

Before proceeding to the analysis we need to establish some notation and consider
some geometry.

We either use p°, to denote the Taub-NUT charge of the space a black ring
is sitting in, or pY, to denote the charge of a black hole sitting at the center of
the space. In each case the U(1) will be modded out by either p° or p°. Unlike
the black hole, the black ring does not carry Taub-NUT charge. Since we are
only looking at the near horizon geometry, the only influence of the charge on
the ring will be modding the U(1). We can impose this by hand. To encode
asymptotically flat space we simply set the Taub-NUT charge to 1 in both cases.
To present things in a unified way, we include p° and p° in the formulae below.
Given this notation, when we consider black rings, we must remember to set
p° = 0 and mod out the U(1) by p. When considering black holes, p° is non-zero
and, since we do need to mod out by hand, we set p° = 1.

For black holes, we can fibre the U(1) over the S? to get S*/Z,0 while for the
rings it will turn out that we can fibre the U(1) over the AdSs to get AdSs/Zs.
These fibrations will only work for specific values of the radius of the Kaluza-
Klein circle, w, depending on the radii of the base spaces, S? or AdS?, and the

Y respectively.! Even though we start out treating w as an

parameters, p° or e
arbitrary parameter, we will see below that the “correct” value for w will pop out
of the entropy function analysis. The fibration which gives us S? is the standard
Hopf fibration and the one for AdS, which is very similar, is discussed towards
the end of section 5.4. The black ring and black hole geometries are schematically
illustrated in figure 5.1 and 5.2.

Now, to study the near horizon geometry of black things in Taub-NUT space,
with the required symmetries, we specialise our Kaluza-Klein ansatz, (5.2-5.4),
to

ds* = w! {vl (—'r’th2 + i—f) + vy (dﬁ2 + sin? 9d¢2)
+w? (dw + e rdt + p° cos (9d¢)2 , (5.1)
AT = elrdt + p!cosfdg + ol (d@/} + e rdt + p° cos ngb) , (5.2)

Le0 is conjugate to the angular momentum of the ring
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5.2 Algebraic entropy function analysis

¥ = P, (5.3)

where the coordinates, # and ¢ have periodicity m and 27 respectively. The
coordinate 1 has periodicity 47 for black holes and 47 /p° for black rings. This
ansatz, (5.1-5.3), is consistent with the near horizon geometries of the solutions
of [55, 56, 57, 58] as discussed in section 5.4.

Now that we have an appropriate five dimensional ansatz, we can construct the
entropy function from the dimensionally reduced four dimensional Lagrangian.
From the four dimensional action, we can evaluate the reduced Lagrangian, f,
evaluated at the horizon subject to our ansatz. The entropy function is then
given by the Legendre transformation of f with respect to the electric fields and
their conjugate charges.

The reduced four dimensional action, f, evaluated at the horizon is given by

1 47
/Hdﬁdqb\/—g4L4 = — (ﬁ0G5) /Hdﬁd(b\/—g4£;4. (5.4)

167

f - 167TG4

The equations of motion are equivalent to
f,vlzf,vng,w:fﬁ:fj:o; (55)

f,ei = quu (56)
where ¢! = (e e!) and ¢; are its (conveniently normalised) conjugate charges.

We choose the the normalisation N = 47 /p°G5 = 1/G4. Using the ansatz, (5.1),

we find

2 v
= (pOG5) {”l =2 = (§' 0+ wfu (' +pla)(p +pla’)

+% (iw?’(eO)Q +wfu(e[ 4 e a[)(eJ+60 aJ)) }
1

48
+ (pog ) CIIK {pleJaK + %(poef i eopl)aJaK + %poeoalaJaK} (5.7)
5

while (5.6) gives the following relationship between the electric fields e’ and their

conjugate charges ¢;:

qr — fljpj = <Z—j) wfr(e’ +e’a’), (5.8)
Q@ — fop’ —d'qr = (Z—?) (dw’e”), (5.9)
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5.2 Algebraic entropy function analysis

where, p' = (p°, p!) and fij is given by (5.7). The entropy function is the Legendre

transform of f with respect to the charges ¢;:
& = 2n(Nge' — f). (5.10)

In terms of € the equations of motion become

871)1 = 8,1}2 = 87,“} = 876 = 8’5 = 876»: 0_ (5‘11)
Evaluating the entropy function gives
; 472 Uy
€ =2m(Ng ei—f):ﬁOG5 {UQ_U1+U_2‘/eff}a (5.12)
where we have defined the effective potential
Verp = Y44, + 0P (5.13)

where f;; is given by (5.6), the shifted charges, ¢;, are given by
4% = 4i— ﬁjpj, (5.14)
and [, the inverse of f;;, is given by

0 J
» -3 Ao=3,J
Fil = 0 < 4w 4w~"a ) ’ (5.15)

I\ —dw=3al w™f7 +4w3ala’
where f7 is the inverse of fr;. More explicitly, the effective potential is given by
Ve = 2 (0°)? + 4w (qo — fo;(@)p" — o’ (ar — fr;(@)p))?
tw fr(X) (0" + a'p")(p” + a”p")
+w ™ (X)) (qr — f@)p*)(as — Fn(@)p), (5.16)

5.2.2 Preliminary analysis

While the effective potential V. is in general quite complicated, the dependence
of the entropy function, (5.12), on the S? and AdS? radii is quite simple. Ex-
tremising the entropy function with respect to v; and vy, one finds that, at the

extremum,
42
€= ]50—G5Veff‘8V=Oa (5.17)
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5.2 Algebraic entropy function analysis

with
v1 = vy = Vesslov—o, (5.18)
where the effective potential is evaluated at its extremum:
a{wm}veff =0. (5.19)

As a check, we note that, the result, (5.17), agrees with the Hawking-Bekenstein

entropy since,

An (1%2 vZ)
S:4G5: 1Gr =C. (5.20)
Also, the result, (5.18), tells us that the radii of the S? and AdS? are equal with
the scale set by size of the charges.
Finding extrema of the general effective potential, V., given by (5.16) may
in principle be possible but in practice not simple. In the following sections we

consider simpler cases with only a subset of charges turned on.

5.2.3 Black rings

We are now really to specialise to the case of black rings. As discussed at the
beginning of the section, for black rings, we take p® = 0 so that our AdS, x U(1) x

S? ansatz' becomes

2

ds* = w! {vl (—ngtQ + d%) + vy (d6” + sin® 0d¢®) | + w? (dip + €° Tcit})%l)
r

Al = elrdt + p'cosOdp + o’ (dw + €° rdt) , (5.22)

¥ = (5.23)

In this case the gauge field (or in 4-D language the axion) equations simplify
considerably and it is convenient to analyse them first. Varying f with respect
to @ we find

drs(e’ +e%a’) =0 (5.24)

Tt will turn out that once we solve the equations of motion, the value of w is such that the
geometry is AdS3 x S2.In section A, we have discussed the near horizon geometry of supersym-

metric black ring solution.
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5.2 Algebraic entropy function analysis

22" Black ring in Taub-NUT
Dimensional Reduction

on S'of Ring
0 ! .

Naked KK monopole Black hole

S ﬂ

Figure 5.1: A Black ring away from the center of Taub-NUT is projected down to
a black hole and naked KK magnetic monopole in four dimensions. The angular
momentum carried in the compact dimension will translate to electric charge in
four dimensions. An AdS? x S? x U(1) near horizon geometry will project down
to AdS? x S%. On the other hand, an AdS? x U(1)? will go to AdS? x U(1).

where d;; = wfry + 12cr7xp™. Assuming d;; has no zero eigenvalues, (5.24)

implies that the electric field F/ is zero. Using (5.8,5.14) this in turn implies
qA] = 07

9 = dqo— %CIJQIQJ (5-25)
a* = Mgy, (5.26)

where ¢/ is the inverse of 12¢;;xp®. Notice that ¢!’ is equal to the inverse of

f L (a®) with a® replaced by p. Now the effective potential becomes

Verr = wfrp'p” + (4w™?) (o). (5.27)

Using 0, Vesr = 0 we find

1242
4 0
= 5.28
wt = 20 (529
where we have defined the magnetic potential, Vi, = fr;p'p’. So
4
Vers = 30V = 16w (Go)? (5.29)
Eliminating w from € we find
87'['2 ~ 4 3
€= 150—G5 Qo(3Vm)2. (5.30)
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5.2 Algebraic entropy function analysis

Finally we note that

eow? = vjw ! (5.31)

which, we see by comparison with (5.36), means that we have a S? x AdSs/Zo

near horizon geometry.

5.2.3.1 Magnetic potential

Now we study an example in which the magnetic potential, V), has a simple form.
We consider the 11-dimensional supergravity action dimensionally reduced on 7'
to give 5-dimensional U(1)3 supergravity. In this case the action is of the form
(5.1) with 2f;; = hyy = %diag((Xl)*Q, (X372 (X3)7?), and cryx = lersx|/24.

We assume the X! are subject to the constraint
X1X2x3 =1 (5.32)

so that the T has constant volume.

Evaluating the effective magnetic potential and imposing the constraint (5.32)

gives
_ i ‘_1 (p1)2 (p2)2 2/ vIN2/ v21\2
Vo= fu'y’ = 5 (G + s + PPOCPOCR) 639)
which has the extrema
N3 _ (p1)2 213 _ (p2)2
(X)° = o (X7)” = L (5.34)

so the value of V), at the extremum is

3 2
Vi = Z(p1p2p2)3- (5.35)

Solving for the axions we find

1 2 3
—plqr + pPge +
ol = CUqJ _ P TP qTPas (5.36)
p*p?
with a? and a® given by cyclic permutations which in turn gives

Liplqr)? — (p")2(qr)?

. p'ar) (p')*(ar)
do=qo0— 2 v (5.37)
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5.2 Algebraic entropy function analysis

So finally
87 R
& = e do(2Var)3/2. (5.38)
872 N N N
= 5.0 \/ q@p°p'p?*p* + (p")?(9:0°)% — 5 (p'q1p°)? (5.39)

where we have reintroduced a factor of p° by redefining the normalisation of ¢ to

be N =47 /G5.

5.2.4 Static 5-d black holes

Black hole at the center of

5
X Taub-NUT Dimensional Reduction
via Hopf fibration
pO s pO- r
Black hole
-y

Figure 5.2: A black hole at the center of Taub-NUT caries NUT charge. Using the
Hopf fibration it can be projected down to black hole carrying magnetic charge.
A spherically symmetric black hole with near horizon geometry of AdS? x S? will
project down to an AdS? x S2?. On the other hand, a rotating black hole with a
AdS? x U(1)? geometry will go to AdS? x U(1).

We now consider five dimensional static spherically symmetric black holes.
Since they are not rotating we take e = 0. This is in some sense “dual” to
taking p° = 0 for black rings. To examine this analogy further, we will relax the
natural assumption of an AdSy x S% geometry to AdS, x S? x U(1). We will see
that the analysis for the black holes is very similar to the analysis of the black
rings with the magnetic potential replaced by an electric potential. Once we solve

the equations of motion we recover an AdSy x S? geometry via the Hopf fibration.
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This is analogous to the black ring where we got AdS3 x S? with the U(1) fibred
over the AdS, rather than the S2.

With €® = 0, our ansatz becomes

d 2
ds® = w™! {vl (—TthQ + T—Z) + vy (d6? + sin® 0de®) | + w” (d + p° cos 6.(155)1?0,)
Al = elrdt + p'cosOde + o’ (dz/J + pY cos quﬁ) , (5.41)
% = wud. (5.42)

In this case the gauge field equation becomes
dry(p” +pPa?) =0 (5.43)

where J[J = wfr;—12cr ke, Assuming JIJ has no zero eigenvalues, (5.9,5.14,5.43)

now imply,
do—a'gy = 0 (5.44)
a® = —p"/p°, (5.45)
G = qr+6crxp’p™ /p° (5.46)

and the effective potential becomes

Vers = (0°)(po)? +w™ ' fdrdy. (5.47)
Using 0, Vesr = 0 we find
4
t= Lf (5.48)
3%
where we have defined the electric potential Vi = f9§;q;. So
4
Veps = qw™ Vg = w’(p’)? (5.49)

3

Eliminating w from € we find

471'2 3
€= G—5\/P0(§VE)2- (5.50)

We note that, analogous to the ring case where we had e2w? = vyw™!,

paw? = vow ™! (5.51)

which, via the Hopf fibration, gives us an AdSs x S®/Z,0 near horizon geometry.
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5.2 Algebraic entropy function analysis

5.2.4.1 Electric potential

As we did for the black ring, we taking the 11-dimensional supergravity action di-
mensionally reduced on T° to give 5-dimensional U(1)? supergravity. Extremising
Ve we find

872

E = — 11G2 G- 5.52
G Poq19243 ( )

= 2my/po (o + 1020 /0°) (@2 + 10'02/0°) (s + 19202/0°)  (5.53)

5.2.5 Very Special Geometry

We now consider N = 2 supergravity in five dimensions corresponding to M-
theory on a Calabi-Yau threefold — this gives what has been called real or very
special geometry [59, 60, 61, 62, 63, 64, 65] The case of T, considered above,
is a simple example of very special geometry. Some properties of very special

geometry which we use are recorded in section 5.5.

5.2.5.1 Black rings and very special geometry

From the attractor equations, for a black ring governed by V,;, we have the
equation
O;Var = 0;(Hryp"p”)special : lower : 2L9;(pip”) = 0 (5.54)

These equations have a solution

This condition follows from one of the BPS conditions found in [13]. From (5.54)

we now have

i (pip") = di(pr)p’ (5.56)
BPS : anz O (X1)p! (5.57)

special : covariant —2\Hp;p'0;(X7) (5.58)

special : lower — —Ap;0;(X7) (5.59)

BPS :anz ~NX;0,(X7)X : norm : 20 (5.60)
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5.2 Algebraic entropy function analysis

We can fix the constant A using (5.38) which gives
br

Xr= (5.61)
(%CIJKPIPJPK)%
so finally we get for X7,
x'=_—7 S (5.62)
(sCrixp'p’pk)s
and
3
Vilov=o = Hpp'p? = NMH; XX = 5)\2 (5.63)
3 /1 3
= 3 (ECIJKPIPJPK) (5.64)

This is the supersymmetric solution of [13] derived from the BPS attractor equa-
tions.
Notice that (5.57) can be rewritten as extremising the magnetic central charge,
I = Xp:
0i(X)p' =0,Zy =0 (5.65)

So we see that 0;V; = 0 together with the BPS condition (5.55) implies Z);
extremised. The converse is not necessarily true suggesting there are non-BPS

black ring extrema of Vj; — this is discussed below.

5.2.5.2 Static black holes and very special geometry

The analysis for these black holes is analogous to the black rings. From the at-

tractor equations for a static black hole, governed by Vg, we will get the equation:

0V = 0:(H" G14y) = $0:(¢"4r) = 0 (5.66)
This will have similar solutions
le
X! = - A (5.67)
(50’ q7q%)s

Similarly, extremising the electric central charge Z, of [13] together with the BPS
condition implies Vg is extremised. The converse is not necessarily true suggesting

there are non-BPS black hole extrema of Vg as noted in [66].
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5.2 Algebraic entropy function analysis

5.2.5.3 Non-supersymmetric solutions of very special geometry

In 4 dimensional N = 2 special geometry we can write V¢ or the “blackhole

potential function” as [67]
Ve = |Z|* + |DZ|%. (5.68)

As noted in [67] and [5] (in slightly different notation), for BPS solutions, each
term of the potential is separately extremised while for non-BPS solutions Vg
is extremised but DZ # 0. It is perhaps not surprising that a similar thing
happens in very special geometry. In five dimensions, the potential functions are

real functions roughly of the form
V=2"+(DZ)%. (5.69)

where the inner product is with respect to Hy .

In fact, this generalisation of the non-BPS attractor equations to five dimen-
sional static black holes has already be shown in [66] using a reduced Lagrangian
approach.

The electric potential Vg can be written

Vi = H" 4,4, = H (D Z)(D;Z5) + 2(Zg)*. (5.70)

%
Solving D;Vg = 0 we find a BPS solution, DIZ £ = 0, and another solution
2H1;%5 + DDy 25 = 0. (5.71)
Similarly the magnetic potential V}; can be written
Vi = Hyp'p’ =123, + H D ZyD;Zy (5.72)
and solving D;V); = 0 we find a BPS solution, D;Z,; = 0, and another solution

YHyyZn + DiDyZy = 0. (5.73)

Presumably, on can obtain some five dimensional non-SUSY solutions by lift-
ing non-SUSY5s5d solutions in four dimensions which have AdS, x S? near hori-

zon geometries using the 4D-5D lift. Furthermore the analysis of [5] should go
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5.2 Algebraic entropy function analysis

through so that for such solutions to exist we require that extremum of Vs is a
minimum — in other words the matrix

P Very

935907 |, " (5.74)

should have non-zero eigenvalues.

5.2.5.4 Rotating black holes

We now consider the case of black holes which break the AdS, x S? symmetries of
the static black hole only partially down to AdSy x S? x U(1). Following section

C, the ansatz for the near horizon geometry is given by,

d 2
ds® = w™! {vl (—rzdt2 + T—Z) + vy (d6” + sin® 0de®) | + w? (dip + € rdt + p° cos 6.(155)7?5,)

A = e'rdt+a' (dv+ e rdt + p° cos0dg)

ol = !
and let f = f1;(®') and ¢ = 12¢y;;. This gives us the effective potential
Verr = 30’ (") +4w™> (o — 5¢(a')’ = (") q)* +w f (@) (0°) 2+ (wf) "'t (5.78)

Extremising V.¢; we find that we require ¢; < 0 and

A ,/2‘]1 (5.79)

|
w = (2)5(lagi| + 3¢°) (5.80)
|a!

f o= (5.81)

with

8 [9la 130
Verflov=o = Vi = 3\ w + 2p°¢° (5.82)

Interestingly, this relatively simple effective potential has two extrema with
different values of the entropy at each extremum. For both extrema to exist we
require |a'q| > 3|¢°|.

We note that, [68], which recently appeared, discuss rotating black holes in

very special geometry.
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5.3 General Entropy function

We now relax our symmetry assumptions to AdSy x U(1)?, taking the following

ansatz

ds* = w(0)Q*(0)e*"? (—ertQ + d—rj + ﬁ2d02) +w ' (0)e O (dg + eyt
+w?(0)(dvp + egrdt + bo(0)dg)? (5.2)

Al = elrdt +b'(0)(dg + egrdt) + a' (0)(dy + egrdt + by(0)de) (5.3)

o° = u(0). (5.4)

Now, using (5.5) and then following [51], the entropy function is

& = 27T(J¢6¢+(7'5—/d&d¢\/—detgﬁ;4)

2

= 2mJyey +21q - € — =

[ a0 200025 @10) ~ 200005 - 2000)57 (¥ 0}

PoGs
+%0429( ) Be= O — BH(0) ho ((6) Jus (0)(8) + 435 (10(6)) (e — abi(6))b}(6)
+2;5(@(0)) {80 e O (e — abi(0))(e; — ab;(0)) — B71Q0)* Vi (0)0;(0) }
;(]25 [Q(0)%¢> @ sin 0(V'(6) + 20(0) /2(0))] . - (5.5)

where fi;, ﬁ-j,hm and u® related to five dimensional quantities as discussed in
section 5.1. Now extremising the entropy function gives us differential equations.

Using the near horizon geometry of the non-SUSY black ring of [69], which
we evaluate in section 5.7, we find that the entropy function gives the correct

entropy.

5.4 Supersymmetric black ring near horizon ge-

ometry

Here, we will consider the black ring solution of [56], and find the near horizon
limit of the metric and the gauge fields. This will enable us to compare with the

charges defined in Section 3.1.
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5.4 Supersymmetric black ring near horizon geometry

The metric is

ds® = —f2(dt + w)* + f1ds*(My), (5.6)
where 0 )
S =1t @) - (e =) (5.7

R dy? dz?
ds?(RY) = EE {yﬂ_ - (= 1y + _xxz T (1- x2)d¢2} (5.8)

and w = wy(x, y)dY + wy(z, y)de with

wy = ——(1—x)[3Q—q2(3+x+y)}, (5.9)

8R2
wy = §q(l+y) 1=y BQ-B+z+y)] .

9 +@

The gauge field is expressed as,

V3

A= f(dt+w)—g((1+x)d¢+(1+y)d¢)}. (5.10)

The ADM charges are given by

3
M = EQ? ‘]¢ SG (BQ_Q)
Jy = SG q(6R* +3Q — ¢*). (5.11)

Near Horizon Geometry

In these coordinates, the horizon lies at y — —o0. To examine the near horizon
geometry, it is convenient to define a new coordinate r = —R/y (so the horizon

is at 7 = 0). Then consider a coordinate transformation of the form

dt = dv— B(r)dr,

dp = d¢' — C(r)dr, (5.12)
dp = dy' —C(r)dr, (5.13)

where 5 B o
B(r)="Z2+—""+B,  Clr)=-—"+Co (5.14)
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5.4 Supersymmetric black ring near horizon geometry

where By = ¢°L/(4R) and Cy = —q/(2L), with
L= \/3 {M—RQ} (5.15)

4q?
and
By =(Q+2¢%)/(4L) + L(Q — ¢*)/ (3R?)
Co = —(Q — ¢*)*/(8¢°RL?)
By = ¢°L/(8R*) +2L/(3R) — R/(2L) + 3R*/(2L?) + 3(Q — ¢*)*/(16¢° RL?)

The metric (5.8) becomes

ds* = — 12;’1’4 dv® + %dvdr + %ijede
AR g 3
q
+ 2 [g_][% cosf + 32(15 + O QQ;)E;)RR; — 2L2)}d’rdd/
LAy qzz [dQQ +sin?6 (dg' — dgu’)?} +o (5.16)
and the gauge field (5.10) becomes:
A = ? [f(varw')—g((1+x)dgb’+(1+y)d¢’) (5.17)
- (fB +C {fw¢ + fwy — g(1 +1) - g(l - ?)}) dr} (5.18)
with W' = wydy)’ + wyd¢’ In the limit of small r
[o= ! (5.19)

Lt a(fy = for) + fir™! + for™?

= 7 (Al (7 =1l = A7) £+ 0/())(5.20)

where fi = (Q — ¢*)/2R? and f, = ¢*/4R?. Expanding w in the limit of small r,

we have,

vy = {_q3(1—$2)}}+{Q(wq2+3q2—3Q)(1—w2)} (5.21)

SR r SR2
3 3 3 3
¢cR) 1 xq 3q 3Qq | 1 q 3qR | 1
= 1 o T L T T (522
“o { 8}r3+{8+8 s [t sk 2 fr 0%
3 3
r¢® 3¢ | 3Qq 3¢
— — = 5.23
+{ SR2 8R2+8R2+2} (5.23)
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5.4 Supersymmetric black ring near horizon geometry

Expanding out the gauge field (neglecting some terms which can be gauged away)

we obtain:

A = ?{— [g+%+0(7ﬂ)} dy' + [—%(:C+1)+O(r)] dx

+ [%rz + O(r3)} dv+ [c,ar + O(r?)] dr}

where Y = ¢ — 1) and

L(R?*(2R* — 3) ¢* + (—4QR°® + 6QR* + 2) ¢* + Q*R* (2R* — 3))
2q>?

Cr =

Finally taking the near-horizon limit r = eL7/R, v = 0/¢, € — 0 we obtain

Az—? {quQ} dw'—@(erl)dX (5.24)
q 4
So comparing (5.24) with (5.2) we get
P o VB[ Q
L Vi a--G--Y [wﬂ (5.25)

Taking the same near horizon limit for the metric we obtain
2 AL, 2 m € 2 ) 2
ds® = 2dvdr + —rdody’ + L*dy'™ + x [d@ + sin” Ody } (5.26)
q

Let us for the moment consider the metric for constant § and y. If we perform

the coordinate transformation

dr
Ay = i — %? (5.27)
2 dr
di = dt+ qu_Z (5.28)
we get
4L 2 dr
ds? = iy + L2dy? + qu,»_Z (5.29)
Letting
dt = dt’ + gdw (5.30)
we obtain the more familiar form of BTZ
4L 2dr
ds? = —rdtdp + (L + 217y + qzr—z (5.31)
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5.5 Notes on Very Special Geometry

Now we define

l= q ry=1L (5.32)
Fe T Gt (5.33)

2ry

we get the standard form of the BTZ metric

ds? = —%dﬂ + %ii)dr? + 2 (d& o z;ﬁ ohs')2 (5.34)
Returning to (5.29) and letting
t=1*1/4 and " = [/2L (5.35)
we obtain . 2 2
ds* = 2 I° <—f2d72 + 7) oy (do + O7dr)* (5.36)

5.5 Notes on Very Special Geometry

Here we collect some useful relations and define some notation from very special

geometry along the lines of [13, 66], which are used in section 3.3.
e We take our CY3 to have Hodge numbers hb! with theindex I € 1,2, ..., hbL.

e The Kihler moduli, X! which are real, correspond to the volumes of the

2-cycles.
e (K are the triple intersection numbers.

e The volumes of the 4-cycles €; are given by
X; = %CI XTI XK (5.37)
e The prepotential is given by
V= éCUKXIXJXK =1 (5.38)

e The volume constraint (5.38) implies there are n, = h'' — 1 independent

vector-multiplets.
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5.5 Notes on Very Special Geometry

denote the independent vector-multiplet scalars as ¢?, and the correspond-
ing derivatives 0; = a%i'
The kinetic terms for the gauge fields are governed by the metric

Hpy=-310,0,nV|,_, = —3(Cryx X" = X/X,) , (5.39)

where we use the notation for derivatives: 9; = %.
The electric central charge is given by

Zp = X"qr. (5.40)

We generalise this to
Zy = X4, (5.41)

The magnetic central charge is given by

Iy = Xpp'. (5.42)
From (5.37) it follows that
X X'=3, (5.43)
SO
X0, X; =0, X"X;=0. (5.44)

which in turn together with (5.39) gives
X; = 2H ;X7 (5.45)
X = —2H;;0,X7 . (5.46)
As suggested by, (5.45) , we will use 2H;; to lower indices, so for example,
pr=2Hp’, (5.47)
which in turn implies we should raise indices with %H L.
¢' = 5H"q, (5.48)

where H'’ is the inverse of Hy;.
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5.6 Spinning black hole near horizon geometry

e In order to take the volume constraint (5.38) into account, it is convenient

to define a covariant derivative Dy,
D[f = (81 - é(&[ IHV)|v21)f. (549)

Rather than extremise things with respect to the real degrees of freedom

using 0;, we can take covariant derivatives.

5.6 Spinning black hole near horizon geometry

In this section, we will obtain the near horizon geometry of the rotating black holes
mentioned in Section 3.3.4 , which break the AdS; x S3 symmetries of the static
black holes, partially down to AdSy x S? x U(1). We consider supersymmetric

black holes in Taub-NUT [70] whose near horizon geometry can be written [54] :

ds? = —Q7%(rdt+ J(di + p° cos0dep))* + pOQi—f + p°Q(db? + sin® AdgH0)
+Z%(d¢+p0 cos 0dg)? (5.51)
A = %( dt + J(d + p° cos 0de)) (5.52)

letting dt — dty/p°Q3 — (Jp°)2, one can rewrite the metric as

2
ds® = (Veff)w_1 (—ngtZ + d% + d#? + sin? 0d¢2) +w?(dip +p° cos Odd + ePrdt)?
r

(5.53)
which agrees with 5.75. Here,
Vers = \/p°Q% = (Jp°)? (5.54)
w = Vel (5.55)
P'Q
7,,0)2
et = _Up) (5.56)
Vers
and the gauge field as
A = erdt + a(dy + e"rdt + p° cos 0de) (5.57)
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5.7 Non-supersymmetric ring near horizon geometry

where
V3pPQ?
e = (5.58)
2Very
V3pJ
- 55 (5.59)

5.7 Non-supersymmetric ring near horizon ge-

ometry

In section 4, we construct the general entropy function for solutions with near
horizon geometries AdSy x U(1)?. Here, we begin with non-supersymmetric black
ring solution of [69], and show that it falls into the general class of solutions
mentioned in Section 4. Then we also evaluate the entropy of the black ring by

extremizing the entropy function. We consider the action

1 1 1
I= /\/—g (r- L A, FosFs) (5.1)

, 1 H()F() 0
s ) 7 Fo 2+ 4)

h(z,y) F(x)H(x)H ()’ (5.2)

LB Gl , dy* | da? G(z) >

<x—y>2[ FHEGE " ~ 0w T ow T FoHEEE )

The functions appearing above are defined as

F)=1+X, GE=0-&)01+rg), HE=1-p (53

n
and )

) = 1+ s e (e =)

A+ 1) (5.4)

with

s = sinh « ¢ = cosh « (5.5)

148



5.7 Non-supersymmetric ring near horizon geometry

The components of the gauge field are

Al = V3c¢/hs, (5.6)
A, = 3 Z y)s [Cfsgc;(;)h) & CM%} , (5.7)
%::_%ﬁuzﬂﬂégg_“%%§Q’ (5.8)
C) :e\/A(Hu)g, c, :e\/ﬂ(my)i—z (5.9)

A choice of sign € = 41 has been included explicitly. The components of the
one-form A% = A?p dy + Ag) d¢ are

Al(y) = R(1+ y)c[FCg;) - 2?;) 52} (5.10)
Ad(x) = =-R L=o Abp s (5.11)

F(x)H(x) 1+ A

The coordinates x and y take values in the ranges
—1<z<1, —o<y<-—1, <y <oo. (5.12)

The solution has three Killing vectors, d;, 0y, and 04, and is characterized by
four dimensionless parameters, A, u, « and v, and the scale parameter R, which
has dimension of length.
Without loss of generality we can take R > 0. The parameters A, u are
restricted as
0<A<T, 0<u<l. (5.13)

The parameters are not all independent — they are related by

= 5.14
1A T 14 (5.14)
1+Xx /1 271 °
Ry (L N R (5.15)
1—A 1—v 1—u
which, in the extremal limit, v — 0, implies
3 2
o HBH ) (5.16)
1+ 3u?
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5.7 Non-supersymmetric ring near horizon geometry

and 5
s = Z(mﬂ —1) (5.17)

To avoid conical defects, the periodicites of ¢) and ¢ are

Ay = A¢ = 21v1 — A1+ p)?. (5.18)

5.7.1 Near horizon geometry

In the metric given by (5.2),there is a coordinate singularity at y = —1/v which
is the location of the horizon. It can be removed by the coordinate transforma-
tion [69]:

—Fy)H(y)’ V—Fy)H(y)?
dt = dv + AY dy, dp = dy — dy. (5.19
Letting, v — 0, making the coordinate change
R
x = cosf, Yy=—-————, 5.20
Vo 520
and expanding in powers of r, the metric becomes
AF(z)H (x)
2 = | ")+ A 2 21
ds [ ACE ] (dv + cy(Rdy’) + Ayg()do) (5.21)
+[H (2)K (2)] (—=Fdy"? + 2uRdy'dF + 1> R*d6?) (5.22)
2
p K () 202 2
+ [7H($)2F($)} Rsin” 0dg” + . .. (5.23)
where Ol 3820
cw:c< ;\\C + S'u ”) (5.24)
and
K(z) = F(z) + s°(1 + \/p) (5.25)

and we have neglected higher order terms in r which will disappear when we take

the near horizon limit below. Letting

Y = Y +v/Rey (5.26)
u = v/Reye (5.27)
ro= €r (5.28)
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5.7 Non-supersymmetric ring near horizon geometry

and taking the near horizon limit, ¢ — 0, the metric becomes

ds* = [...](=r*du® + 2uRdudr + p*R*d6?) (5.29)
+[. . ] R?*sin® 0dp? (5.30)
[ J(ey(RAY) + AY(x)dg) (5.31)
Now we let
Rd
du = du' +227 (5.32)
T
ul
t = — 5.33
R (5.33)

Now we use the periodicities of ¢ and @Z) to redefine our coordinates,

dé — Ldo (5.34)

dip — == (5.35)

where L = /1 — A(1 + u)*? Now the metric reduces to (5.1) ,

2
ds® = wH(0)Q%(6)e*® (—r2dt2 + ‘% + 52d92) +w (0)e YD (de + efbdib

+w?(0)(dp + egrdt + bo(0)dg)? (5.37)
Al = elrdt +b(0)(do + egrdt) + a' (0)(dyp + eordt + bo(0)do) (5.38)
where,
L2
Q= M?’/W/??cw?’ sin 6 (5.39)
3,,3/2\1/2 3 12
o2 _ L= N2 cy R° sin” 0 (5.40)
2H ()3/2F (x)1/2
e, =10
=0

LAF(z)H (z) cyR

w= R (5.41)
AY%(cos 6
0(g) = el°®0) ziw - ) (5.42)
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5.7 Non-supersymmetric ring near horizon geometry

The expression for the gauge fields reduce to,

Al =0 (5.43)
V3Rs [ C\(¢? — h)c? 3c2—h
Ao = S8 (AGHE a8 e
V3Re(1 + cos ) Cs? (3¢* —2h)
AL = b(6) + a (O)1°(0) = — — Cp——
b (0) +a"(6)b°(6) h (1—|—)\cose Ml—,LLCOSG)
(5.45)

and the expression for b is,

b(0) = — V3Re(1 + cos ) Cys* (3¢ —2h)
B h 1+ Acosé "1 — pcosf
V3Rs [ Cy(c* — h)c? ) AjY(cos )
where 0 ) cosf
+ 1) cos
S R L g A4
h e 1+ Acosf (5.47)

Then using the entropy function(4.5), the entropy of the non-supersymmetric

black ring can be expressed as,

€ = 8P\ L2 ey R? (5.48)
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Chapter 6

Conclusions

In this thesis, we have demonstrated that the attractor mechanism is indepen-
dent of supersymmetry. We have shown that, it works for non-supersymmetric
black holes both non-rotating and rotating and also works for black rings. For the
spherically symmetric, static black holes, we have also demonstrated the stability
of attractor in terms of an effective potential. In other cases, we assume such a

stable attractor exists.

1) By studying the equations of motion directly we have shown that the at-
tractor mechanism can work for non-supersymmetric extremal black holes [5].
Two conditions sufficient for this are conveniently stated in terms of the effective
potential involving the scalars and the charges carried by the black hole. We also
obtained similar results for extremal black holes in asymptotically Anti-de Sitter

space and in higher dimensions.

2) We have presented a c-function for spherically symmetric, static and asymp-
totically flat solutions in theories of four-dimensional gravity coupled to gauge
fields and moduli [71]. The c-function is valid for both extremal and non-extremal
black holes. It monotonically decreases from infinity and in the static region ac-
quires its minimum value at the horizon, where it equals the entropy of the black
hole. We also generalized this result to higher dimensional cases, involving p-form

gauge fields.
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3)We have proved that, in a general higher derivative theory of gravity cou-
pled to abelian gauge fields and neutral scalar fields, the entropy and the near
horizon background of a rotating extremal black hole is obtained by extremizing
an entropy function which depends only on the parameters labeling the near hori-
zon background and the electric and magnetic charges and angular momentum
carried by the black hole [51]. We have illustrated these results in the context of
two derivative theories of gravity in several examples. These include Kerr black
hole, Kerr-Newman black hole, black holes in Kaluza-Klein theory, and black

holes in toroidally compactified heterotic string theory.

4) We have constructed the entropy function for 5D extremal black holes and
black rings [14]. We considered five dimensional extremal black holes and black
rings which project down to either static or stationary black holes. This is done in
the context of two derivative gravity coupled to abelian gauge fields and neutral
scalar fields.

We have demonstrated the existence of attractor mechanism for extremal, non-
supersymmetric configurations. These results should help us in a microscopic

understanding of the entropy of non supersymmetric extremal black holes.
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