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Synopsis

Introduction

Protons and neutrons constitute 99.9% of the visible matter in our universe. Understanding
the nature and interactions of these particles or of the hadronic matter is one of the important
areas of research in fundamental physics. From the experiments at SLAC linear collider in
the early 1970 s, where high energy electrons were bombarded on proton targets, it was
observed that the scattering of the electrons were caused by point-like particles inside the
protons called partons. This also established the fact that the coupling constant that governs
the strength of interactions between these partons, now called quarks and gluons, falls with
increasing momentum giving rise to almost free partons at large momenta. Experimental
searches [1] for free quarks have so far yielded negative results. Thus they are confined to
hadrons at low energies. Quantum chromodynamics(QQCD) has been a successful theory that

can explain both these phenomena of confinement and asymptotic freedom.

If the hadrons are subjected to very high temperatures like that would have occurred
in the early universe or can occur in the Heavy-Ion colliders in the present time, one expects
that the quarks and the gluons would be liberated from them. The Heavy ion collision
experiments at Relativistic Heavy lon Collider(RHIC) at the Brookhaven National Labora-
tory have recently found promising signatures of an equilibrated state of matter called the
Quark-Gluon Plasma(QGP) formed from the melting of the hadrons at high temperatures.
Predicting the different phases of the strongly interacting matter at finite temperatures
and density theoretically is of great importance to understand the exciting results coming
form the RHIC and expected to come from the upcoming heavy-ion collider facilities at
LHC(ALICE experiment) at CERN, GSI in Germany and NICA in Russia. Currently large
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portion of the phase diagram of the strongly interacting matter is speculative and most of
it known from model calculations which fall in the same universality class as QCD or are

expected to be valid for low energy QCD.
Lattice Quantum Chromodynamics(LQCD) has so far provided the most reliable the-

oretical predictions for the thermodynamics of quarks and gluons important for the ongoing
experiments at RHIC, BNL and LHC, CERN. It involves discretizing the continuum QCD
Lagrangian on a spacetime lattice. All the operators become finite dimensional matrices and
different thermodynamic quantities can be computed in terms of the finite dimensional op-
erators. The lattice spacing acts as an ultraviolet regulator and the theory is finite. However
one has to perform a continuum extrapolation of the observables computed on the lattice to

mimic the real world and confirm that the renormalization is done properly.

One of the important predictions of LQCD is the existence of QCD critical point
at high temperature and small baryon density beyond which, at vanishing baryon density,
the transition from hadron phase to QGP becomes a crossover for two light and one heavy
quark flavour. The critical point seems to be associated with the chiral symmetry restoration
transition. It would be desirable to use fermions with exact chiral symmetry for lattice studies
on the critical point. Moreover the location, and even the existence of the critical point in
the phase diagram is expected [2] to depend crucially on Ny, as a result of the dependence
of the order of the chiral transitions on N;. The popular choices of the fermions employed
in simulations so far like the Wilson fermions, have no chiral symmetry on the lattice or the
staggered fermions, which have only a partial chiral symmetry. For the staggered fermions,
more often used in finite temperature and density QCD simulations due to this partial chiral
symmetry, even Ny is undefined. Of course, these issues are expected to become irrelevant
in the continuum limit of vanishing lattice spacing. But they are likely to affect the current
available lattice results, sometimes even qualitatively. On the other hand fermions with
exact chiral symmetry on the lattice like the Overlap [3] and Domain wall fermions [4] are
very expensive to simulate even on reasonably small size lattices. Apart from the advances in
both algorithms and the computer hardware, it would be important to look for improvements
of the chiral fermion operators for large scale QCD simulations. In view of the practical
importance of the applicability of chiral fermions in LQCD, the present thesis work addresses

the following issues:
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Whether chiral symmetry is intact when chemical potential is introduced. One of the
main conclusions of this work is that the chiral symmetry is not respected by the

existing chiral fermion operators at finite density.

Understanding the lattice discretization effects in the different thermodynamic observ-
ables computed using the exact chiral fermions on the lattice both analytically and

numerically.

Reducing these discretization effects for small lattices either by tree level improvement
or by appropriate choice of the irrelevant parameter present in the chiral fermion

operators.

Understanding the non-perturbative dependence of chiral anomaly on the fermion
chemical potential and its implications for guidance in the choice of lattice chiral op-

erators.

New and better ways of incorporating chemical potential in chiral fermion operators

which may preserve explicit chiral symmetry on the lattice.

Formulating suitable fermion operators at finite density with remnant chiral symmetry
that would allow for faster computation of thermodynamic quantities like the quark
number susceptibilities(QNS) to enable precise predictions for the QCD critical point
by computing higher order QNS.

Thermodynamics of Overlap fermions

The Overlap fermions [3] preserve chiral symmetry on the lattice by circumventing the famous

No-go theorem [5], sacrificing the ultralocality of the fermion operator. The non-locality of

the Overlap fermions makes its applicability for large scale QCD simulations difficult. It

would thus be important to study different thermodynamic observables on the lattice with

free Overlap fermions both analytically and numerically to understand the discretization

effects. One may attempt to reduce them by tree level improvements or by fine tuning

the irrelevant parameters in the Overlap operator. Also Overlap operators at finite fermion

density is still a nascent area of research. One of the main results of the thesis is that all
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existing Overlap operators break chiral symmetry explicitly on the lattice for finite chemical

potential.

We consider a lattice with N? sites and lattice spacing a along the three spatial direc-
tions and Nrp sites and lattice spacing ay along the temporal direction. The volume of the
box is V' = N3a* and the temperature of the system is 7' = (Nga4)~'. The Overlap Dirac

operator [3] has the following definition for massless fermions,

Vs Dw
Vs Dwys Dw

where sgn denotes the sign function. The naive discretization of the continuum Dirac op-

Doy =1+ y5s9n(vsDw) , sgn(vsDw) = (1)

erator on a lattice leads to the fermion doubling problem. One of the ways to remove the
doublers is to add a second derivative term with the naive Dirac operator which gives us the

Wilson-Dirac operator,

. 1+’Y4_|_1—”Y4

a a
_ T
Duley) = (4 w0y~ Lol - 1, 4 L g,
3
S dty 19,
- Z[U:([L’ - z)(sx—i,y 9 + 9 Ul(x)6x+;7y] (2)
i=1

where the U, are the gauge links that connects two adjacent sites on the lattice and is an
element of SU(3) colour group. The Dy, has a negative mass term M, which is an irrelevant
parameter of the Overlap operator. It needs to be restricted between 0 to 2 for simulating
a single quark flavour on the lattice. The Overlap operator satisfies the Ginsparg-Wilson
relation [6] ensuring exact chiral symmetry on the lattice. The corresponding energy density

can be obtained from the partition function,
7 = / DU e S&won det Dy, = (det D,y ), (3)

by taking derivatives with respect to the temperature:

T 9mZ(V,T)

TV oo |

We restrict ourselves to U = 1 here to focus on the ideal gas limit.

We [16] showed that the energy density can be expressed in terms of the functions g,
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f and d are given by,

— M —4+b, with

= cos(apy) + cos(apz) + cos(aps)

h3 + h3 + h3

= 4+ (M —4)*+2(M — 4)b+ ¢, with

c = Z 2 cos(ap;) cos(ap;) - (4)

i<j<4

QA = W
I

These functions g, d and f depend only on discrete spatial momenta p; , j =1-3. This enables

us to write down the aps; = w,-dependence of the energy density explicitly as,

2
cat = R Z [(g + coswy) +v/d + 2gcoswn}

pj,n
(1 — coswy,) sin? w, (g + coswy) (5)
d+2gcosw, (d+2gcosw,)(f + sin*w,)

The summation over the Matsubara frequencies w,, can be converted to a contour

integral [16] resulting in the energy density on the lattice to be,

4 T |

4—_
€a _N3Z[m:| eNTsinh71ﬂ+1+€3+€4’ (6)
pj

Unlike the case of Wilson or staggered fermions where only the physical poles at +i sinh™'y/f
contribute to the energy density, for the Overlap there are additional branch cuts that
contribute to the integrals. These are symbolically denoted as €3 and €¢4. Both the additional
lattice artifacts are M dependent. Judicious choice of M can minimize their contributions

to the energy density on the lattice.

In the continuum limit of @ — 0, the integration variable w = ap, can be traded for py,
pushing the branch points at £ + icosh_I% to infinity faster and hence the terms e3 and e,
vanish. Since the poles at 7 sinh™'y/f scale as @ in this limit, they continue to be enclosed in
the contour at a finite p, and contribute to the energy density giving the correct continuum
value, esp = Tm2T*/60.

The numerical estimates of different thermodynamics quantities were also studied, with

the aim of finding out,
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e the importance of the terms €3 and €, in it on lattices of practical sizes, and
e the role the irrelevant parameter M plays on finite lattices.

In particular, it would be good to know if there exists a range of the parameter M for which
the energy density converges to that of the continuum ideal Fermi gas on computationally
inexpensive, lattice sizes. The energy density for the Overlap fermions was estimated nu-
merically by summing over all the momenta. In general, the dimensionless lattice energy
density will be of the form,

B C(M) D(M)

E =AM —
SR ZAL A

(7)

where the coefficients A(M) and B are the usual vacuum and the 7% contributions respec-
tively and C'(M) and D(M) are finite lattice spacing artifacts. For each value of the aspect
ratio, defined as ( = N/Np and M, the energy density on the lattice was calculated as a
function of the Np. A(M) is the dominant contribution and its removal turned out to be a
tricky issue governed by the precision of our computations. This zero temperature part of
the energy density was calculated from Eq.(5) by taking Ny — oo and a large spatial extent,
keeping the lattice spacing finite. The resulting integral over w was done numerically for
each M to estimate the zero temperature contribution. Subtracting the zero temperature
part from the energy density and dividing the resultant € by egp was used to study the ¢
and Np dependence. For any fixed value of M, the ratio appeared to become independent
of ¢ for ¢ > 3 signalling the onset of the thermodynamic limit. For a fixed ( =5, the range
of 1.5 < M < 1.6 was found to be the favoured one because all the M-dependent terms were

seen to be minimum there.

The chemical potential is usually introduced as the Lagrange multiplier for the constant
conserved number in the Lagrangian. On the lattice the chemical potential is written as a
dimensionless quantity, /i = pay. Divergences were known to arise [7, 8, 9] for staggered and
Wilson fermions, if i was introduced naively as a coefficient of the conserved number. These
were eliminated by putting i as multiplying factors exp(ji) and exp(—/i) to the timelike links
Uy and U, 1 respectively in Eq.(2). A more general way to introduce the chemical potential is,
of course, to introduce functions K (/1) and L(f) in place of the factors exp(ji) and exp(—ji)
respectively such that K (1) = 1+ i+ O(4?) and L(ii) = 1 — i+ O(4?). It was shown [10]
that the quadratic divergences are avoided if K () - L(i) = 1.
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Constructing the conserved number operator for the Overlap Dirac fermions is not
easy due to its nonlocality [11] and the corresponding currents may not even be unique [12].
Instead of deriving the conserved number, an inspired guess for it could be made such that
it has the right continuum limit. One such proposal for introducing the chemical potential
for the Overlap operator is [13] to introduce it in the Dy, as one would for the usual Wilson
fermions:

Doy = 1+9"sgn(y’Dw (i) , (8)
where the timelike links Uy and U] respectively in Dy () are multiplied with exp(2/i). This,
of course, renders v; Dy (1) non-Hermitian, necessitating an extension of the usual definition
of the sign function. It was argued in [13] that the natural choice is to use the sign of the
real part of the eigenvalues of 5Dy, (j1) in the equation above. It is important to note that
the extended sign function it is not defined for purely imaginary eigenvalues. Numerical
simulations were performed [14, 15] for an ideal gas of Overlap fermions to show that in
the above way of introducing fi, one does not encounter any quadratic divergences at zero
temperature for M = 1. We [16] have extended the studies at finite p for different M values.
The optimum M range at finite density for which the observables like energy density and
susceptibility converge to the continuum results at reasonable lattice sizes is the same as
in the p = 0 case. Furthermore it has been shown [17] analytically that the divergences
in the thermodynamic observables are absent for the Overlap fermions for the same set of

conditions on K (f1), L(f1) as for the staggered fermion case.

A crucial difference is that the introduction of the functions K and L for the staggered
fermions still leaves the QCD action invariant under the chiral transformations due to the
locality of the action. On the contrary, one can easily check that one breaks the chiral
invariance in the case of the Overlap fermions by these functions K, L, or exp(£/). As

pointed out earlier, the Overlap operator satisfies the Ginsparg-Wilson relation [6]:

{75a Dov(o)} = Dov(o)%’)Dov(O)' (9)

Under the lattice chiral transformation defined by [18],

%DOU(O))w and 515:ia15(1—%D0v(0))75, (10)

the Overlap action at o = 0, >, V2[Dy(0)]4yth, remains invariant and thus have an

0 = iarys(1 —

exact chiral symmetry on the lattice. By construction, the D,, (/) also satisfy the following
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relation:
{757 Dov(/l)} = Dov(ﬂ)r%Dov(/l)' (11)

We have pointed out [16], that this condition is inadequate to ensure chiral symmetry on
the lattice since the action at finite chemical potential S =} Vu[Dow (1) 2yt is longer

invariant under Luscher transformations in Eq.(10). The variation given as,

55 =% 3 e [2D00 (11)15Don (1) = Dou(0)75Dou(2) = Don()35 Din 0] ., # 0.
Y

is of the O(a) and the symmetry is restored only in the continuum limit. One may argue
that by modifying the chiral transformations as,

S and 85 = iad(1 = 3 Do) (12)

oY =days(1 —
one would ensure that dS(g) = 0. Altering the symmetry transformations as above has

undesirable physical consequences, as discussed in detail in [19]. The main points are:

e Non-Hermiticity of v5D,, (1) makes the transformations nonunitary.

e The symmetry group itself changes with p, leaving no physical order parameter which
will characterize the chiral phase transition as a function of x. In contrast, the chiral
symmetry group remains the same at nonzero temperature and zero density, allowing
us to infer that vanishing of the chiral condensate would correspond to restoration of

the symmetry for the vacuum.

e The chiral anomaly is affected and is addressed in detail in the later part of this thesis.

Thermodynamics of Domain wall fermions

The use of the Overlap fermions for large scale QCD simulations is still limited. This is due
to the fact that for the interacting theory, computing the inverse square root of the Dirac
operator is quite expensive for the current lattice sizes in use. It would be therefore inter-
esting to explore other variant of fermions with exact chiral symmetry on the lattice namely
the Domain wall fermions. It was observed that a theory of fermions in a 5 dimensional

spacetime with a domain wall type mass term M(s) ~ tanh(ks), s being the coordinate
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along the fifth dimension, would have a massless mode localized on the domain wall when
the fifth dimension is infinite. Hence the 4-D chiral fermion localized on the wall is named
so. The lattice realization of this 4-D chiral fermions was first formulated by Kaplan [4] and
later refined by Shamir [20]. On a finite 5-D lattice of dimensions N* x N x Nj, there would
a tower of states with the lowest energy mode being the linear superposition of the left and
the right handed chiral fermion. There would always be mixing between the left and right
chiral modes on a finite lattice but this overlap between the states falls as ~ e 5 at zero
temperature [21]. In this section we try to address the following issues using Domain wall

fermions:

e Estimation of the value of Ny for which the mixing between the chiral zero modes
is minimum. Also it would be important to check whether the exponential fall-off of
the overlap between the chiral modes is valid also at finite temperatures by studying

different thermodynamic quantities.

e For small lattice sizes, could the cut-off effects be reduced in the Domain wall operator
such that we obtain results consistent with the continuum thermodynamic quantities
within 5 — 10%.

To obtain thermodynamical quantities of a 4-D chiral fermion on the lattice, we need to
divide out contribution of the heavy fermion modes which exist in the fifth dimension. This
was done by introducing a pseudo-fermion action [20] in the standard 5-D fermion action.
The fifth dimensional degrees of freedom can be integrated out to yield the Domain wall
operator [22, 23] for massless fermions on a N3 x Ny x Nj lattice with lattice spacings of a,

a4 and as in the three spatial, the temporal and the fifth dimension respectively, as
N,
Dpw =1— 75tanh(?5 In |T7)), (13)

where the transfer matrix 7' that communicates between the fermions on adjacent slices

along the fifth dimension;
as 1 as

and Py = ﬁ% are the chiral projectors. For the non-interacting fermions, the Domain wall

operator was diagonalized [24]. It is to be noted that M is the height of the domain wall on
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the lattice which is again fixed to be between 0& 2 for simulating one flavour quark on the
lattice. The energy density which is the temperature derivative of partition function was
shown to be [24],

2 Z (t/ 205 tu +ut’ —aq — (¢ — 2)93’)

‘T N3a*Nyp t T N + 2Ny, tu—(q—2)x

Pj;p4

(15)

where the quantities ¢, t,u and z are functions of d, f, g and ¢',t,u', 2" are their respective

a4 derivatives,

s? = d+2gcosw, , t =sy/s2—4(g+cosw,) +4, g=5*—2(g+ cosw,) + 2
t—q\™" t+q\"
u/xr = + /- , hs =g+ cosw, .
= (i) o)

In the above expressions a4 is set to a after evaluating the ay-derivative. It is difficult to
calculate the energy density given in Eq.(15) analytically. In the limit N5 — 0o, a5 # 0, the

energy density expression simplifies to the form,

al = — 1 Z 4hsy + 455 (1 4 52) + 255t 4 52t — 4ys% — 8hsss — 2yt — 2hst’
N3Ny £~ 2h2 + 252 + s4 + 52t — 4hss? — 2hst
2t 1
—— | = v 2 (R wa,p) . 16
t ) N3Ny > F(Rown.p) (16)

pjm
This expression can be computed analytically using the contour integral trick as was out-
lined for the Overlap fermions. However there are some major differences between the
non-analyticities of the function F(R,w,,p). As in the Overlap case [16], there are poles
at cos™'(—+/d — ¢%) = £ £+ isinh ' /f and branch cuts at £ 4 i cosh™ %(ii cosh™ %)
for % > 0(< 0). However in this case, there are additional(unphysical) poles and cuts at
at +icosh™ w; where w; = (d +4 — 49)/2(g — 2). Since the latter lie below the previous
branch cuts in the complex w plane we have to close the contour within the bounds set by
+icosh™ wy. The resultant energy density expression for the Domain wall fermions on a

finite lattice would be,
cat = %Z 4\/% + %G(M) x eNTsinhllﬁJr -

P

Due to a different functional form of F' and a different choice of contour, the corresponding

+€3—|—€4,

lattice correction terms es, €4 are different from the Overlap fermions, leading to different
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cut-off effects. This would change the value of the optimal M range for the Domain wall
fermions in which the effect of these cut-off effects is minimum. To find the optimal M
range, the energy density was computed numerically by summing over the discrete momenta
along the spatial and temporal directions. The zero temperature part of the energy density
was determined in the same way as was done for the Overlap fermions. Holding the physical
volume constant in units of 7" by keeping V3T = N/Ny = ( fixed, the continuum limit is
achieved when Np — oo. The thermodynamic limit is attained for { =4-5 for this fermion
operator too. The ratio €/egp become Ns-independent by N5 = 18, making it an optimum
choice for obtaining continuum results on the lattice. The optimum range of M is however
marginally shifted to 1.45-1.50 where the results obtained are within 3-4 % of the continuum

value on the smallest possible lattice of extent N > 10.

At finite density, we considered two quantities of study, first being Ae(f, T) = €, T') —
€(0,7T) and the quark number susceptibility at i = 0 using the Domain wall operator at finite
i [25]. We have showed analytically that no divergences exist for general choice of functions
K(p)&L(j1) satisfying K.L = 1 and K — L ~ 1. We estimated numerically Ae(u,T') for
u/T = N7 fixed at 0.5. No p? divergences were found in these quantities on a finite lattice,
as expected [7]. The deviation from the continuum limit was again seen to be small for the
same optimum range of 1.45 < M < 1.50 for both the observables, as obtained in the zero

chemical potential case.

The thermodynamic quantities computed with the Domain wall fermions have large
1/N2 corrections for small Ny. While we found that the continuum limit for various ther-
modynamic quantities can be approached faster by choosing the irrelevant parameter M in
the range 1.45-1.50, the correction terms for Ny =4-6 are about twice that of the Stefan-
Boltzmann result for such a choice of M too. To improve the convergence to the continuum
results for small Ny and even for M = 1.0 we added three-link terms to the Dy, inspired by
the attempts to improve the staggered fermions [26]. This amounts to replacing each v, by
(c14¢3/3)7,. The Wilson mass term, added to remove the doublers, is kept unchanged. The
modified Dy, operator is still y5-hermitian for arbitrary real values of the coefficients ¢; and
c3. The coefficients ¢;&c3 were fixed by demanding the dispersion relation for free fermions
in the continuum limit has no terms at O(a3p§?). This is satisfied for the values of coeffi-

cients ¢; = 9/8, ¢3 = —1/8. The ratio of quark number susceptibilities, x/xsp, computed
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using the above modified Domain wall operator, was studied as a function of 1/N2 . It was
observed that the contribution of the correction terms at Ny =6-8 reduced from ~ 45% for
the usual Domain wall operator to about 7-8 %. The improvements for the energy density

were quantitatively similar for the improved fermions.

This set of optimum parameters is anticipated to produce similar results in full QCD
simulations with chiral fermions. In presence of interactions, the optimum M range may

alter but we expect that such changes would not be drastic.

Anomaly and chiral fermions on the lattice

We have showed in this work, that in order to maintain the exact chiral invariance of the
Overlap and the Domain wall actions at finite density, one has to modify the chiral trans-
formation on the lattice to those given in Eq.(12). Apart from the unphysical consequences
mentioned earlier, it would also result in the chiral anomaly being pu-dependent on the lattice.
In view of this we wanted to study what happens to the chiral anomaly at finite temperature

and density non-perturbatively.

Anomalies arise when certain symmetries of the action at the classical level are vio-
lated when quantum corrections are taken into account. Chiral anomalies are a well-known
example of this phenomenon. The flavourless axial current of the fermions is classically
conserved but is violated at one-loop level, as was shown in the famous calculation of the
Adler-Bell-Jackiw(ABJ) triangle diagram [27, 28]. The anomalous contribution is a universal
feature of the theory and is independent of the ultraviolet regulator used for the quantum
theory. Fujikawa provided a new insight on chiral anomalies by showing that they arise due
to the change of the fermion measure under the corresponding transformation of the fermion
fields [29] in the path integral method.

The size of the coefficient of the chiral anomaly term may affect the order of phase
transition. Hence preserving the chiral anomaly in an interacting theory is important. If the
anomaly contribution is sizeable even at finite temperature [30], the chiral phase transition is
of second order, with critical exponents of the O(4) spin model, for the physically interesting
case of two massless flavour QCD (Ny = 2). One could expect a QCD-critical point in the

T — p plane for light quarks in that case. It is thus important to ascertain what change
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occurs in the anomaly in the presence of finite temperature and densities.

Perturbative calculations of the ABJ anomaly were reported earlier in the real time
formalism at finite temperature [31]. It turned out that the non-perturbative calculation
of the chiral anomaly was not done earlier for QCD at finite density. In the thesis, we
studied both the perturbative and nonperturbative aspects of the chiral anomaly at finite
temperature/density. The perturbative calculation was done in the imaginary time formalism
as this is directly related to the lattice calculations in the weak coupling. Firstly, we have
calculated the expectation value of the gradient of flavour singlet axial vector current of QCD
perturbatively in the presence of finite fermion density to check how the anomaly equation
is affected in the presence of a nonzero chemical potential. The lowest order diagrams are
the ABJ triangle diagrams. We have calculated the triangle diagrams at finite density. Our
starting point is the QCD Lagrangian in the Euclidean space with the finite number density

term:

L=—G(P+m)y— JTc FagFus+prat) (17)

where ) = ~,(0, — igA%T,) with T, being the generators of the SU(3) gauge group. The
ghost terms are not important in such a calculation as these do not directly couple to the
fermions. The inverse free fermion propagator is seen to acquire a y dependence and become
[if — m + py4] . The rest of the Feynman rules remain the same [34]. In order to find out
whether the chiral current j,5 = @E%ﬂg,w for massless quarks is conserved at finite density
in one-loop perturbation theory, we compute the quantum mechanical expectation value of

the derivative of the chiral current i.e. |

(Oudus) = —% /d4931d49323A<T{j5,A($)jp(931)ja(932)}>Ap(931)140(932) : (18)

where the expectation value of the time ordered product of the three currents at one-loop level
is the axialvector-vector-vector (AVV) triangle diagram or the ABJ diagram. Any deviation
of this quantity from its classical value would give us the anomaly. Using the Euclidean
space Feynman rules, the amplitude of the AVV triangle diagram can be computed. The
crossed diagram with the gluon legs exchanged among the two vector (VV) vertices, is also

considered as this process is quantum mechanically equally favored.

Denoting by A7 (ky, ko) the total amplitude and contracting it with ¢y, Eq.(18) can
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be written in the momentum space for massless quarks as,

BANT = (=) gPr[TOTY / A {75 L ~° L v —
==yt Y=k —ipy?

(2m)
1 1
5 o p 5 P o
Y — — "+ — —
y—ipyt ' Y —F iyt Y—q—ipyt " Y — Ko —ipy?
1 1
5 P o
- y - , 19
R aTe z/—%—wvﬂ} 19)

with the tr (Tr ) denoting trace over colour (spin) indices. Suitable rearrangement of the
expression in Eq.(19), leads to 3 different terms as a function of powers of x in the numerator
of the above expression:

i) The term independent of p which gives us the result for the zero density case when a
cut-off regulator is used and conservation of vector current is imposed.

ii) term linear in p which vanishes using the above procedure, and

iii) term which is quadratic in x which vanishes identically by gamma matrix trace identities.
The vector current conservation condition and suitable method of regulating the the linearly

divergent integrals in Eq.(19) gives us the canonical result even for p # 0,

- 2
AN — —tr[T“Tb]%eaﬁ"”klakgﬁ . (20)

It is easy to generalize the same computation to nonzero temperatures. At finite tem-
perature, the temporal part of the momentum gets quantized as the well-known Matsubara
frequencies : py = (2n + 1)7T. Correspondingly, [ C;’% gets replaced by T , where
n = +1,4£2,...,+00. The sum over discrete energy eigenvalues, can as usual, be split as
a zero temperature contribution and the finite temperature contributions weighted by the
Fermi-Dirac distribution functions for the particles and antiparticles. The finite temperature
contributions would fall off to zero in the ultraviolet limit because these are regulated by the

distribution functions. Thus,

ar>p T 1 1
/ (2m)3 [klai [f(w) (eﬁ(ﬂ—u) +1 + eBUB+n) 1)} +{p. k1 < 0, k‘z}]

- drlp| T~ 1 1
= £t|ﬁ—>oo (271')3 |i(k:1 ﬁ)f(|]5]) (€ﬁ(|ﬁ_“) 1 + oBP+1) n 1) + {p> kl — 0, k2}:| — 0.

We [35] have applied the Fujikawa’s method of anomaly calculation in the path integral
formalism [29], to the finite fermion density case and derived the anomaly at 1 # 0 non-

perturbatively. In the presence of finite chemical potential, the Dirac operator in the action

XXiv



is changed from ) to ) — pyy = P(p). Under chiral transformation of the fermion fields,
the action still remains invariant as in the zero density case. This is due to the fact that
the 1 dependent term of the action anticommutes with ~v5: {vs, uv4} = 0. The fermion
measure again changes by the same Jacobian factor Trvys. The corresponding Trvys is now
evaluated in the space of eigenvectors of the new Dirac operator )(i). This is because the
measure is defined by the complete set of states of the Dirac operator which appears in
the action. Although P (u) has an anti-Hermitian and a Hermitian term, it can be shown
diagonalizable. Let ¢,, be an eigenvector of (0) with an eigenvalue \,,. Since (0) is anti-
Hermitian, {¢,,} form a complete set of orthonormal vectors. We defined two new vectors,

(m and v, as follows:

Gn(x,7) = &Ton(x, ), vh(x,7) = ¢ (x, T)e T, (21)

and showed that (,, is the eigenvector of )(u) with the same (purely imaginary) eigenvalue
Ams
E(N)Cm = AmGm (22)

and v] is the eigenvector of P (u)" with the eigenvalue \*, = —\,,,

vh DN (1) = =Anvl,. (23)

The sets of eigenvectors {(} and {v} are in one-to-one correspondence with the complete

set {¢}. Using the completeness relation for the latter,
D bm(@)el,(y) = 8"z —y) | (24)
it can be proved that
D Gnl@)vh(y) =Y dm(@)e™ e ol (y) d'x = 6 (x — y). (25)
Moreover, {(} and {v} satisfy the following normality condition,

/ ol (%, 7)o, 7) ' = / o e g dix = / o (%, D)ol 7) dix =1, (26)

leading to
U;rn(X, T>75Cm(xv T) = ¢Ine_uT75eHT¢m = (b;rn(xv T)75¢m(xu T) ) (27)
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Using these eigenvectors of (), the calculation of Trvs goes through in the same way as for
P(0) above. Since the new operator still anticommutes with s i.e {75, (1)} = 0, for each
eigenvector (,, with eigenvalue \,, there is an eigenvector v;(,, with the eigenvalue —\,,.
Thus the trace of 75 is zero for all nonzero \,,. In the basis of the zero modes of P(u), given

by ¢, and v}, the change in the fermion measure is given as,

/ng, d'z = / dz Z Vi ysCn = / dz Z Pl e yset Ty =1y —1n_. (28)

Thus the change in the fermion measure due to the chiral transformations is the same as in
the zero density case with no additional p dependent terms. Hence the anomaly is unaffected
in the presence of u even non-perturbatively. The definition of the vectors (,, and v,, in
Eq.(21) assumes that neither p nor 7 is infinite. The same assumption is also utilized in
various steps in Eqs.(25)-(28). Clearly at strictly zero temperature, this is not possible.
However, an infinitesimally small temperature suffices for the proof to go through. One then

takes the zero temperature limit.

The scaling of the eigenvectors, including the chiral zero modes, by the exp(dpur)
factors can be related to a nonunitary transformation of the fermion fields in the QCD

action in the presence of p, given by

’ -/ -

(0 (X’ 7_) = e”T¢(X> 7-) , Y (X’ 7_) = (X> T)e_w— ) (29)

which makes the action p-independent:
s= [dwd - = [ate e Pl e = [ax i @0

The fields ¢ and 1) at the same space-time point scale differently in the transformation in
Eq.(29) which is permissible in the Euclidean field theory since they are mutually indepen-
dent fields. The transformations in Eq.(29) are not unitary and thus not physical. It merely
relates the actions in two different physical situations of zero and nonzero p. We have shown
above that the transformation suggests how to extend the cancellation argument for nonzero
eigenvalues of the Dirac operator for 1 = 0 to the nonzero p case as well. Furthermore,
since the transformation commutes with both flavour singlet and nonsinglet chiral transfor-
mations, employing it as a prescription to introduce the chemical potential will likely lead

to a pu dependent action which has the same chiral invariance as for p = 0.
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By preserving the transformation in Eq.(29) on the lattice, one may expect to obtain
a lattice Dirac action at finite density for local operators. Considering the naive massless

fermion action on the lattice,

S = wa

V4 i Vi
- 2 x,y+4 + U4( ) 9 5m,y—21 - Z (Uj(y)g(sx,y-l—% - Ui(z)Eax,y—i>] ,lvby :

and replacing the ¢ and ¢ fields in the above action by v and 1)’ respectively, using the
lattice analogue of the transformation (29), we indeed obtain a fermionic action on the lattice

at finite density,

ZJ’; [%( _MUT( )6xy+4+e Ua(x )6xy 4) Z

i

( (Y), 47 — Ui(fv)5x7y_;)] Y, -
(32)

This fermion action is the same as proposed [7, 8] from the arguments of cancellation

0|2

=1

of spurious fi? divergences on the lattice. Unfortunately, the infamous fermion doubling
problem is related to the fact that the anomaly on the lattice is canceled exactly for such
naive fermions. The commonly used fermions on the lattice, like the Wilson and the staggered
fermions do not have flavour singlet U,4(1) chiral symmetry, and so there is no anomaly to
speak of. The Overlap fermion action however have an exact chiral symmetry on the lattice
and remains invariant under the Luscher transformation at zero temperature and density.
The change in the measure computed on the lattice due to the Luscher transformations was

shown to be related to the index of the fermion operator [36, 18, 37| ,
1
Tr [275(1 — §Dov)] = —Tr (v5Doy) = ny —n_ = 2 IndexD,, , (33)

where ny are right and left handed fermion zero modes respectively. We have previously
argued that the Bloch-Wettig version of the Overlap operator at finite density has no chiral
symmetry. Physical arguments were proposed as to why the transformation of the fermion
fields cannot be made p dependent as in Eq.(12) to keep the Overlap action invariant at
finite density. We now elaborate on the chiral anomaly argument. Under the transformations
in Eq.(12) the fermion measure changes by a Jacobian factor Tr [25(1 — 1/2D,,(1))]. The
anomaly equation —Tr (V5D (1)) = 2 IndexD,,(p) is still valid [25] on the lattice but the
relevant zero modes are now those of the D,,(u), and are thus p dependent, in contrast to

our continuum non-perturbative result.
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Since the Bloch-Wettig operator in Eq.(8) does not respect chiral symmetry, we ex-
plored the simpler and well defined Overlap operator at i # 0 which has chiral symmetry
violations at the same order in a, the lattice spacing. The Bloch-Wettig proposal [25] turns
out to couple i as the Lagrange multiplier for fermions on each slice of the fifth dimension.
This means that all the unphysical “bulk” modes are considered with the same weightage in
the partition function as the zero modes which eventually correspond to the massless quarks
in four dimensions. The subsequent cancellation of the bulk contributions using Pauli-Villars
fields to single out the contribution of a single chiral fermion thus becomes ;1 dependent on
the lattice. Motivated by this physical fact, we proposed to introduce the chemical potential
only to count the fermions confined to the domain wall [35]. The effective Overlap operator

then is given as,

Do)y = Do)y = g5z | 06+ DUFW)nya = (L= 1))y ] - (39)

Here D,, is the same Neuberger-Dirac operator of Eq.(1). The term containing the
chemical potential however, is not unique. Improved density operators could be used for
faster approach to the continuum limit, e.g., addition of three-link terms. We could have
chosen [i/4/ D‘T)VDW instead of i/M as the multiplying factor for the conserved number part.
All such choices of actions are constrained by the fact that these have the correct continuum
limit. However the finite lattice spacing errors in each of these operators would be different

and would affect the numerical results.

This operator too, breaks exact chiral invariance at the same O(a) as the Bloch-Wettig
proposal. As aresult, the anomaly equation on the lattice will unfortunately get i -dependent
corrections anyway. A significant difference may be the fact that the change in the measure
is ¢ independent for our proposal, as in the case of the continuum. It may therefore have
less severe corrections to the anomaly equation on the lattice. Moreover it is simpler and
easier to implement because one does not have to compute the sign function of a non-
Hermitian matrix, with its inherent ambiguities, as in the Bloch-Wettig way of incorporating

the chemical potential.

This way of incorporating chemical potential is completely general and can be used for
any fermion operator on the lattice. To find out the efficiency of the method we would be

using staggered fermions.The choice of staggered fermions was motivated from the fact that
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computation of quark number susceptibilities(QNS) using Overlap operator would be com-
putationally out of reach and that the staggered fermions have a remnant chiral symmetry

on the lattice. The QNS for two quark flavours is defined as,

o ) = Z&”j InZ(T, pru,g,m) zﬁ”j (Tr1n D(fiy,q, m))
Xij My fd) = vV aluzlufi - vV alui“ufi

: (35)

where Z is the QCD partition function.

The second order QNS computed using the staggered version operator in Eq. (34)
would have O(1/a?) terms which would diverge as the lattice spacing, a — 0. To remove
these artifacts, one has to perform a zero temperature simulation of the observable which
are otherwise absent in the standard prescription [7, 8]. The main advantage of this Dirac
operator is that it has term only linear in /i, hence second and higher order derivatives of this
operator with respect to p vanishes. In contrast, in the usual prescription, all derivatives of
the Dirac operator are finite. Each derivative comes with the inverse of Dirac operator in the
expression of QNS and the inversion is the most expensive step in a lattice calculation. Hence
we argued in [35], that considerable amount of time would be saved in computing higher
order QNS using the operator used here. The ratios of higher order QNS are important as
these provide us with an estimate of the location of critical point in the QCD phase diagram
by the Taylor series method [38].

To estimate the cut-off effects, the QNS were computed for free fermions on a 243 x 6
lattice using the operator in Eq.(34) with D,, replaced by Dgggered. The expressions for
Xno would have zero temperature O(a""*) lattice artifacts which have to be subtracted to
give physical values on the lattice. All such subtraction terms were computed on a 243
lattice with an infinite temporal extent. When compared with the results obtained from the
standard operator, the QNS computed with the operator in our work has smaller cut-off

effects as evident in Fig. (1).

The baryon number susceptibilities for two flavour QCD were computed using this
operator on a 24 x 6 lattice. In this work, all the QNS are computed at zero baryon density
so one does not encounter any “sign problem”. Also exact isospin symmetry was considered
hence, p, = pg = 3, where pup is the baryon chemical potential. Standard Wilson action
was used for the gluon sector and naive staggered fermion action for the fermion part. The

input pion mass used was 230 MeV. The details of the method and the configurations used
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Figure 1: The fourth order(left panel) and the sixth order QNS(right panel) for free fermions
as a function of 1/N% using the HK prescription and the subtraction method A detailed

below.

are mentioned in [39]. In order to estimate the zero temperature lattice artifacts, one
should ideally perform QCD simulations on a symmetric lattice of size 24* for each value
of the coupling constant. This may reduce the estimated gain in time. To remove such
terms without any additional computational cost, we propose the following two subtraction

schemes:

e A: subtracting the zero temperature value of yoo for free fermions computed by nu-
merically summing over the momentum modes on a 243 lattice with infinite temporal

extent.

e B: subtracting Y for free fermions computed numerically on a 24* lattice.

We expect that the free theory artifacts would approximately be similar in magnitude to that
in the interacting theory in the high temperature regime. Furthermore, the continuum QCD
is known to have no additional divergences dependent p and 7" perturbatively once the free
theory divergences are subtracted. One may expect this to hold true on the lattice as well.
This was evident in Fig. (2) where the ratio of x20/x20.s5 is independent of the subtraction
scheme at temperatures T' > T, T, being the crossover temperature. The method B however
gave smaller cut-off errors and consistent with those using improved fermion actions like p4
and Asqtad [40, 41]. The values of the fourth and sixth order susceptibilities were obtained
by performing similar subtraction by methods A & B. It was observed that both the methods
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Figure 2: The diagonal x20/X20s5(left panel) and off-diagonal y;;/7T?(right panel) as a
function of T'/T..

give results in reasonable agreement with the existing results(GG) for T' > T,. The difference
between the results at 1.927, between these two methods is at the level of the free theory cut-
off effects, emphasizing the fact that at such temperatures the QGP phase becomes almost

non-interacting.

The important observables that measure the strength of the interactions are the off-
diagonal susceptibilities. This is because these quantities are zero for the non-interacting
theory. Also the off-diagonal susceptibilities measure the correlations between the quasi-
particles in the QCD medium. The second order off diagonal susceptibility, xi1, should be
identical for both the operators used and provides a check for our results. The rapid drop of
X11 towards zero at T' > 1.27,, as in the right panel of Fig. (2) signify rapid decorrelation
among the quark flavours. As the different quark flavours become almost uncorrelated,
there would be no further subtraction required for the fourth order off-diagonal QNS. The
X22 1S a sensitive indicator of the critical point as it peaks sharply at 7., determined from
the Polyakov loop susceptibility, whereas the y3; remains close to zero for T' > T, again

signalling almost no correlation between the light quark flavours.

In order to asses these subtraction methods for 7' < 7., we need to estimate the
subtraction term for the interacting theory on a symmetric lattice, for each value of the
coupling constant. We expect that the operator used in our work would still be efficient for

continuum extrapolation for eighth and higher order QNS, which would be investigated in a
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future study.

Overlap fermions at finite chemical potential

In view of the non-locality of the Overlap operator, it would be desirable to introduce the
chemical potential by preserving the continuum symmetries on the lattice. External fermion
sources are introduced in the Overlap action, which are invariant under continuum chiral
transformations, to explicitly bring out the meaning of chiral symmetry in the Overlap
context. For motivating the procedure, the concept of the Overlap fermions at zero fermion
density is briefly outlined. If we have fermions in a five dimensional Euclidean spacetime with
a single domain wall profile, we can consider the fifth dimension as timelike and construct the
Hamiltonian H = ~5(D+M(s)), D being the four dimensional Dirac operator and s being the
time coordinate. If the domain wall in the fifth dimension is of the form M(s) = —M,s >0
and M(s) = A,s < 0, then the overlap between the ground states |+) and |—) of the two
many body Hamiltonians Hy = v5(D — M) and H_ = ~5(D + A), respectively, gives us a
chiral fermion for s — oo. This idea can be generalized on the lattice by replacing D by the
Wilson Dirac operator, Dy, and choosing A — oo. The resultant superposition between the
ground states of the lattice Hamiltonians gives the corresponding determinant of the Overlap

operator of Eq.(1). On a lattice of size n = N3 x Ny x N,, the many body Hamiltonian is a

B—-—M C
H+:
( ol —B+M)

with B,, = 3 Zizl (2640 — Upu(2)8y 040 — Ul (y)dy4—y) being the Wilson term and C,, =

2 H

%Zu 04 (Uu(2)8y 04 — Ul (y)0y0—p), the nearest neighbour hopping term and o being the

standard Pauli matrices in n-dimensions. The Hamiltonian can be diagonalized by the

(37)

with all the elements of U are n x n matrices. If d and u' be the creation operators

2n X 2n matrix,

unitary operator,

of the Hamiltonian H_ that create a fermion and an anti-fermion and d'f and u'f be the

corresponding ones for H, then the lowest states of H. for left and right handed particles
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are respectively,

)R = u/}];,Lnu/I];,Ln_l o 'ug,Lgug,Ll‘m (36)
and
|_>R7L = u}LLnuJ]r%,Ln_l T UE,LQUE,LJO) (37)

Introduction of chemical potential would require that the fermion number is conserved so it
should couple with a term that creates a chiral fermion on one side of the wall annihilates
corresponding fermion. The generating functional for the Overlap operator in terms of chiral

fermion sources g, at finite density is given as,
Z(En, €0y €0 s in) = (=R Em iR | ) (o€l b diinin ), (38)

For a vectorlike theory like QCD, pp = pug = p. On a lattice, many choices of the chemical
potential operator is possible for which the corresponding Dirac operators have the correct
continuum limit. The most naive choice is p = ii/2M. The left and the right chiral sectors
are distinctly separate in the partition function and the chemical potential term do not mix
these two sectors. The resultant partition function can be evaluated explicitly in terms of

sources to give us,

fo L en ¢
Z = /DUe_SG det avdet (1 + pBa") det ol det (1 — [ [ﬁofl]T) SRap TR [ap T —u
(39)
The term within the determinant could be written in terms of the standard Overlap operator

for the naive choice for u, as,

A

Dou(j2) = Doul0) + 55771(2 = D(0)). (40)

The term in the exponent can be formulated in terms of the standard four dimensional spinor

notation. The Lagrangian in presence of the sources then turn out to be,

_ Dy (0) Y4 -
L 7’(2—D0v(0)+2M n, n=Er &) (41)
We showed the following in this work,

e Under the global chiral transformation of the sources,

Erp— €9RER , Ep — Epe” 0 & = €VREL, § > Epe (42)
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the action remains invariant for massless source fermion fields. Thus the exact chiral
symmetry on the lattice for the Overlap operator is realized in the sense that the chiral

sources have the continuum chiral symmetry even on the lattice.

In terms of four dimensional gamma matrices, the action is invariant under the global

chiral transformation n — exp(—ivysp)n of the sources, since the inverse of the Overlap

N1
propagator anticommutes with s i.e., {s, (2_D5;U + %) }=0.

The Overlap operator can be diagonalized exactly for the free fermions. For the choice
of i ~ i, the quark number susceptibility at zero density computed from the partition
function in Eq.(39), has terms like 1/a? which diverge in the continuum limit. A
zero temperature subtraction has to be performed to remove such lattice artifacts
for continuum extrapolation. Point split [7] prescription which is popularly used to
remove such divergences on the lattice does not work for the Overlap fermions. A

suitable method to address the divergence issue is under study.

The Overlap determinant could also be derived from the domain wall formalism con-
sidering that the chemical potential couples to only the physical fermions localized on
the walls. If the unphysical bulk modes are integrated over and removed from the
physical partition function, the corresponding fermion operator thus obtained has the

same form as that in Eq.(40).
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Chapter 1
Introduction

Understanding fundamental building blocks of matter and the interactions between them
is a primary goal of theoretical physics. The visible matter around us comprises mainly of
protons and neutrons. They are themselves made up of even more basic particles called
the quarks and gluons. These particles carry a new quantum number called the colour
and their dynamics and interactions are described by a field theory known as Quantum
Chromodynamics(QCD). The quarks and gluons, collectively called partons, transform under
different representation of SU(3) colour group and hence carry specific colour charge. In our
world, the quarks are confined to form colour singlet hadrons at low energies. At very
high energies, the strength of the interactions between these particles become small due
to asymptotic freedom. These particles become almost free as observed from the Bjorken
scaling of the parton distribution functions in the electron proton collision experiments at
SLAC [1]. It is expected that at very high temperatures too, the hadrons would melt to form
a new equilibrated state of matter called the Quark Gluon Plasma(QGP). The conditions of
temperature and energy density in the very early universe within first 20-25 ps of the Big
Bang would have resulted in such a state to exist. Such conditions can also be recreated
in terrestrial laboratories. Signatures of such a phase have been apparently seen in the
heavy ion collision experiments at the Relativistic Heavy Ion Collider(RHIC) in Brookhaven
National Laboratory(BNL) [2]. Thus understanding the nature of the different phases of
QCD and the interactions is important both from the theoretical as well as practical point

of view. The different phases can be charted out in the space of the parameters of finite



temperature QCD which are the temperature and the chemical potentials corresponding
to the conserved quantum numbers. The baryon number is always conserved in nature.
Strangeness is also a conserved quantity but the strange particles are not present in the
initial stages of heavy ion collisions so the relevant intensive parameters which defines the
axes for the phase diagram are the temperature and the baryon chemical potential, 1. The
phase diagram of QCD has rich features. Much of it only known from models which have
the same symmetries as QCD. This is because the interactions between the particles are
strong enough that the perturbative techniques fail at these energy regime. Lattice QCD is
a non-perturbative technique that can give first principles predictions for the phase diagram.
In fact, the existence of the critical point at high temperatures and small baryon density
has been already predicted from lattice studies [3, 4]. This would set the reference for the
ongoing experimental searches for the critical point at RHIC in BNL and to start at FAIR in
GSI and NICA in Dubna. In a thermodynamically equilibrated system, one of the signatures
of the existence of the critical point is the divergence of the correlation length(§). Since in a
heavy-ion collision the equilibrated matter is formed in a finite volume for a finite time span,
the & cannot diverge. So higher moments of conserved charges like the baryon number can
be more sensitive to the existence of the critical point as these have a stronger dependence of
¢ [5]. Recently it was proposed that the ratios of moments of baryon number is a more useful
observable to measure as the finite volume effects cancel [6] allowing direct comparison of the
experimental observations with the lattice results. In the heavy ion experiments, the center
of mass energy +/s of the colliding nuclei is varied to scan a range of temperature and baryon
chemical potential. A non-monotonic variation of the ratios of moments of suitable quantity
like the proton number as a function of /s would indicate that the system has evolved
to the vicinity of the critical point. The ratios of moments of the net proton distribution
observed in the Au+Au collisions in the STAR experiment at RHIC, for /s = 19.6, 62.4
and 200 Gev [7] at mid-rapidity, are clearly in agreement with the lattice results [8] as well
as predictions from the models without a critical point. STAR measurements [7| have not
yet found any non-monotonicity in the behaviour of ratios of higher moments for pug < 200
MeV indicating that the critical point may not exist for this range of up. Recent STAR
results [9] on the ratios show a deviation from the Hadron Resonance gas model for /s < 39
GeV and there would be new set of data for /s = 19.6, 27 GeV which would allow for a

comprehensive understanding of the location of the QCD critical point.



The starting point for thermodynamic computations in QCD at finite temperature T

and density is the grand canonical partition function,
H —uN
Z=tr e T . (1.1)
where Hgep is the QCD Hamiltonian, N is the conserved baryon number operator and g
is the corresponding baryon chemical potential. The partition function can be expressed
as a path integral of the QCD action over a four dimensional Euclidean spacetime with a

compact temporal direction of extent 1/7,

Z:/men@eﬁ, (1.2)

where the S is the QCD action,

Wos ) 1 )
s—— [ ar [ [W) Fm) = LT oo — it | | (1.3)

with P = 7,(9, — igA4T*) and the field tensor Fos = 9o Ag — dsAq + ig[T* T"|A%AY. The
matrices T are the generators of SU(3) colour group satisfying the commutation relation
[T, T% = if®T,. The fermion fields transform as fundamental representation of the colour
gauge group SU(3), whereas the gauge fields transform as adjoint of the same group. In
addition, at finite temperature, the fermion and the gauge fields must satisfy anti-periodic
and periodic boundary conditions along the compact temporal direction respectively due to

the trace relation in Eq.(1.2),
Y@ T+ 1T) ==&, 7) , AL, 7+1/T)=AL(T, 7). (1.4)

Once the partition function is defined we need to look into the symmetries of the QCD
Hamiltonian to construct suitable order parameters to characterize the different phases of
the system. The QCD Lagrangian for massless quarks has a SUy(3) x SU4(3) x Uy (1)
chiral symmetry. The QCD vacuum breaks this symmetry dynamically to SUy (3) x Uy (1)
giving rise to Goldstone modes which are the pions and kaons. The order parameter for
this transition is the chiral condensate, (1)) which acquires a non-zero value in the hadron
phase and falls off to zero in the QGP phase. For finite quark masses however, it not an
exact order parameter and the transition is a crossover at high temperatures and almost

vanishing baryon number density. The pions are now the pseudo-Goldstone modes with

3



masses proportional to the square root of the quark mass. But considering the fact that
the light quark masses, m,, mq << Agcp, the light quark condensate is still a good order
parameter. The Uy (1) symmetry is anomalous [10, 11, 12] and there is no order parameter
corresponding to it. However there is always an axial Z4(3) flavour symmetry even in the
presence of anomaly. The magnitude of the anomaly term is important as it affects the phase
diagram qualitatively. From models which have same symmetries as QCD, it is known that
the chiral transition is of first order at low temperature and large baryon density ending in
a critical end point predicted as well from lattice studies. The existence of the critical point
depends crucially on the number of light quark flavours as well as on the anomaly term. From
the renormalization group study of the effective Lagrangian having same global symmetries
as QCD [13], it is known that for the physically interesting case of two flavour QCD, the size
of the anomaly term determines the existence of the critical point. If the anomaly does not
change significantly with temperature from its zero temperature value then the first order

line ends in a critical end point belonging to the O(4) universality class [13].

Lattice QCD is a first principle non-perturbative approach to study different aspects
of the QCD phase diagram. The Lattice approach [14] consists of discretizing the Euclidean
QCD Lagrangian on a discrete spacetime with N cells along each of the spatial dimensions
and N cells along the temporal direction with lattice spacing a. The physical volume of
the system is V = N3a¢® and the temperature is 7' = 1/(Nra). The derivatives that appear
in the kinetic terms are substituted by finite differences. The quantum fermion fields 1 sit
on each discrete spacetime point. The continuum gauge fields A, are replaced by directed
gauge links U, that join two adjacent lattice points. The gauge links are elements of SU(3)

colour group and are related to the gauge fields by the following relation,
Ulz)=P (eiaAz(X)Ta) . where z =na , (1.5)

where P denotes path ordering. To make the gauge fields dynamical we define a gauge
invariant term called plaquette that consists of product of gauge links on four adjacent sites
of the lattice.

Up = Up(2)U,(z + p)Uj(x +v)UJ(x) (1.6)

In the continuum limit the value of the plaquette is given as,

Up = e@Fas, (1.7)



The kinetic term on the lattice for the gauge field is thus

Se=8Y [1— %Re TeUp] , B = % . (1.8)
P

The derivative terms on the lattice can be written in a gauge covariant way with the gauge

links such that under SU(3) rotation of the fermion fields, the Lagrangian remains invariant.

FuDyte = D) [Un@)dry = UL0)0s] 010) - (19)

The naive discretization of the fermion action leads to the fermion doubling problem. This
is related to the fact that the lattice propagator for free massless fermions has a pole not
only at the point where p, = 0 but also at the points p, = 7/a, in the momentum space.
Thus for a four dimensional lattice, there are 2* = 16 such poles out of which one of them
correspond to the physical fermion and the rest 15 of them are lattice artifacts because we
would think that in the continuum limit only the pole at p, = (0,0,0,0) should survive.
All these fermions corresponding to the additional poles contribute equally to the different
observable quantities. In an interacting theory these species can interact with the gauge
fields and cause spurious effects in the different observable quantities. Thus one needs to
remove the contribution of the doublers at the operator level itself. The origin of this problem
is related to the famous 'No-go’ theorem by Nielsen and Ninomiya [15]. It states that the
massless lattice fermion operator D(p) in the momentum space representation, cannot satisfy

the following relations simultaneously,
e D(p) is a periodic, analytic function of p,, ;
o D(p)ox ypupy for alp,| << 1;
e D(p) is invertible everywhere except at p, = 0;
e {7, D(p)} =0;

The first two conditions ensure that the fermion operator in the coordinate space is ultralocal
and has the correct continuum limit. The third condition ensures that spectrum is doubler
free and fourth implies exact chiral symmetry on the lattice. To remove the doublers, different
procedures are followed on the lattice giving rise to different fermion operators. The most

commonly used lattice fermion operators are discussed below:



e Wilson fermions
A popular method suggested by Wilson [14] was to add a dimension five operator
a@qub to the naive fermion action, where [ is the double derivative term on the
lattice. This double derivative term mixes left and right fermion modes and hence
breaks chiral symmetry explicitly on the lattice. In the continuum limit, a — 0, the
doublers become infinitely heavy and decouple from the spectrum. The Wilson fermion

action can be written in terms of effective coupling k = 1/(8 4+ 2ma) as,

S = S Gl o)) o) ==

Dy = 251, y— K Z 1 — ) Uu(2) 0244y + (Y + 1)U;(y)5x—/l,y)} :

(1.10)

where the coordinates x = na and y = n’a. The two couplings of the theory are the
[, the inverse of the gauge coupling and the hopping parameter x. The quark mass in
the interacting theory can be defined as ma = 1/k — 1/k.. The quark masses are no
longer protected from additive renormalization as its value at different gauge coupling
depends on both x and k.. It is due to this reason that simulations at very small quark
masses are difficult as the quark propagator may become singular. To suppress the
contribution of these so called exceptional configurations, one has to either work with
heavy quark masses or use large lattice volumes. Moreover the chiral order parameter
(1), has large additive correction due to chiral symmetry breaking and one has to do

a fine-tuning to get the correct continuum limit.

e Staggererd fermions
The doublers contribute from each corner of the Brillouin zone so one of the method
to suppress the doubler contribution is to reduce the Brillouin zone itself. This can be
achieved by spin-diagonalizing the spinor fields. This method was originally suggested
by Kogut and Susskind and these fermions are called the staggered or the Kogut-

Susskind fermions [16]. The free fermion action can be written as,

SKS—ZX Uu(n)x(n+ p) = Ul(n — p)x(n — p)) + max(n)] , (1.11)



where a@ =1-4 and the x,(n) are one-component spinors. These one-component fields
are obtained from the four component Dirac spinors through suitable diagonalization
ni . no

in the spin space. Unitary matrices of the form 7'(n) = 77" 752v5*v;* can diagonalize

the four dimensional spinors such that

Y(n) =T(n)x(n) . ¥(n) =x(m)T"(n) (1.12)

where,
THn)yT(n+ p) = (=1)mtnettmes = g (n)T. (1.13)

and Z is the identity matrix. For four dimensional spinors there were 16 flavours of
fermions on the lattice due to doubling. For these one dimensional counterparts the
doubling would be minimized to four. This could be explicitly shown by reconstructing
the four dimensional fermions from these one component species. The construction for
free fermions is simpler and is outlined here. For the interacting theory this procedure
could be generalized suitably. The staggered fermions are defined on a 16 dimensional
hypercube with the origin at 2N. Collecting the fermions from the edges of the Brillouin
zone to form the four dimensional species 1o (N) = 1/83° To(p)xa(2N + p), the

fermion action can be rewritten as,
- 1 A 1 R
Sks =Y _¥(n) {ma(I@I) + 5(% ®1)0, + 1(75 ® tuts)U| (n) . (1.14)
M

The matrices ¢, and ¢5 are similar to the v matrices except that these are in the flavour
space. The (i ,Ij are the gauge covariant first and second derivative lattice operators
respectively. On a finite lattice and for massless fermions the action is invariant under

the following U(1) transformations of the fermion fields:
v=e% | o =elPHly (1.15)

The action thus has a remnant U(1) x U(1) chiral symmetry which in the continuum
limit gives the full U(4) x U(4) symmetry. This feature of staggered fermions make
it suitable for studying the chiral restoration transition of QCD at finite temperature.
However both spin and flavour quantum numbers are not defined on the lattice and
these issues may be important for determining the order of phase transition on the

lattice.



e Querlap fermions
When one tries to regulate an anomaly free quantum field theory of chiral fermions one
requires an infinite set of Pauli-Villars fields. The same is true for non-perturbative
regulator like the lattice. One way to realize a chiral fermion on the lattice is through
the Overlap formalism developed by Narayanan and Neuberger [17]. In this formalism,
the infinite set of flavours can be visualized as bulk modes of a five dimensional theory
with an infinite extent along the fifth dimension and a “domain wall like” five dimen-
sional potential. The determinant of the chiral fermion operator, called the Overlap
operator, is the superposition between the ground states of the two many body Hamil-
tonians defined on either side of this domain wall. The form of the 4D Overlap operator
on the lattice, first derived by Neuberger [18] is,

Hyw

VH

where sgn is the matrix sign function and Dy, is the standard Wilson-Dirac operator

Doy =14+ vssgn(Hw) , Hy = vDw , sgn(Hw) =

(1.16)

with a parameter M,

y 1
DW = Z [?M(Uu(x)émﬂl,y - U;E(y)ém—ﬂ,w - §(U,u(x>5w+ﬂ,y + U;E(y>5w—ﬂ,y) +(4_M)5m,y

I

(1.17)
The M is an irrelevant parameter of the Overlap operator which can be tuned to a
specific range of values corresponding to different flavours of quarks on the lattice [19].
It has to be fixed between 0-2 for simulating one flavour of massless quark on the
lattice. The sign function involves inverse square root of Hy, so it is a matrix that
has non-zero entries for all pairs of lattice sites. But it was proved analytically that
the Overlap operator falls off exponentially in the position space under the assumption
of sufficiently smooth gauge link variables |1 — U| < 1/30 [20]. This ensures that
the quantum field theory to be designed with the Overlap fermions is not plagued
with problems of causality violating interactions present in non-local theories. One of
the most important property of this operator is that it satisfies the Ginsparg-Wilson
relation [21],

{75>Dov} - aDov’YE)Dov- (118)

which allows one to define chiral symmetry on the lattice. It was originally derived

starting with a fermion theory with continuum chiral symmetry and performing a
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renormalization group transformation to know the fate of the symmetry relation on a
finite lattice. Luscher showed that by defining the chiral transformation on a lattice

s 22],
) = iays(1 — 2Dov)¢ and 6 = iar)(1 — Ov)% , (1.19)

and using the Ginsparg-Wilson relation, the Overlap action has an exact chiral sym-
metry. All the previously described fermion actions are ultralocal having upto second
derivative terms in the fermion operator. For the Overlap fermions, the ultralocality
condition is sacrificed to preserve exact chiral symmetry on the lattice in accordance
with the Nielsen-Ninomiya theorem. The advantage of Overlap fermions is that these
have an exact chiral and flavour symmetry on the lattice. But since the operator in-
volves a matrix sign function, its numerical implementation is computationally more

expensive.

Domain wall fermions

In a five dimensional spacetime, if we consider a theory of massless fermions interact-
ing with each other through the gauge fields that has no component along the fifth
dimension then one can have four dimensional chiral fermions by choosing a suitable
mass profile along the fifth dimension. In particular if the mass profile is like that of
a domain wall sitting at the origin of the fifth dimension then it can be shown that
the chiral fermion is localized on the domain wall for infinite extent of the fifth di-
mension. This idea of obtaining a 4D chiral fermion of definite handedness from a five
dimensional theory was first proposed by Kaplan and extended to the lattice [19]. If
the fifth dimension is finite then there would be a mixing between the left and the
right chiral modes. The same is true on the lattice. On a finite 5-D lattice of di-
mensions N? x Ny x Ns, there would a tower of states with the lowest energy mode
being the linear superposition of the left and the right handed chiral fermion. One can
remove the contribution of the bulk five dimensional modes by using pseudofermions
in the partition function leaving only the contribution of the lowest state which is
called the Domain wall fermion. The advantage of using these lattice fermions is that,
for sufficiently smooth gauge field configurations, the overlap between the left and the
right handed states fall exponentially with the number of sites N5 along the fifth dimen-

sion [23]. Thus the chiral and continuum limits are separated with the chiral symmetry

9



now independently tuned by controlling the number of sites along the fifth dimension,
Ns. For sufficiently large extent along the fifth dimension, exact chiral symmetry is
realized even for a finite lattice spacing. Due to these attractive features and being
computationally less expensive than the Overlap fermions it is being recently used for

large scale finite temperature QCD simulations [24].

At finite baryon density one has to work in the grand canonical ensemble. On a lattice,
a conserved number density can be constructed for the Wilson and the staggered fermion
operators. For the Overlap operator, the conserved currents are not unique [25] and even
undefined due to which a suitable conserved charge cannot be defined [26]. Naively adding
a N term to the lattice Dirac operators leads to a spurious p?/a? term in the expression of
the energy density, that diverge in the continuum limit. Such divergences are not observed
only on the lattice. It was noted earlier [27] that if the number operator in the continuum
field theory is not properly normal ordered then the contribution of the infinite number of
fermions in the filled Dirac sea would lead to such divergences in thermodynamic quantities
like energy density and the quark number susceptibility. To avoid such divergences on lattice,
the chemical potential can be introduced as exp(£pa) factors multiplying the forward and
backward temporal gauge links of the lattice Dirac operator respectively [28, 29]. In fact this
method is not unique [30, 31]. One can use the functions [31] f(ua) and g(pa) multiplying
the forward and backward temporal gauge links and satisfying the following properties,
f(ua) - g(pa) =1 and f(pa) — g(pa) = pa + O(a?) in the lattice fermion operators leading

to the removal of the divergent terms in the various thermodynamic quantities.

Once the partition function is known different thermodynamic quantities can be con-
structed in terms of the derivatives of the partition function with respect to different intensive
quantities. Finally to make predictions relevant for the experiments one has to perform a
continuum extrapolation of the lattice results. To take the continuum limit i.e a — 0, one
has to increase the size of the lattice such that the physical quantities like the temperature
is kept fixed. From asymptotic scaling relation, the variation of the bare coupling constant
with the lattice spacing is known so taking continuum limit is equivalent to taking g — oo.
In presence of finite quark masses the continuum limit has to be taken along the line of
constant physics. This is ensured by maintaining the ratios of hadron masses to be constant

while varying the coupling constants of the theory namely the gauge coupling and the quark
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masses. For the composite operators like the (1)), there could be large additive corrections
due to the finite lattice spacing if chiral symmetry is not realized exactly on the lattice.
One has to do a fine-tuning of the lattice results to get the correct continuum limit. Hence
for studying the thermodynamics near the critical point on the lattice one should have the
correct flavour content as well as a well defined order parameter with the correct symmetries.
For Wilson fermions, there is no chiral symmetry to begin with and hence there is no order
parameter on the lattice. The chiral symmetry is broken at the order ‘a’, the finite lattice
spacing. It is therefore very difficult to perform a simultaneous chiral and continuum extrap-
olation. The various low energy theorems like the Gell Mann-Oakes-Renner relation are not
satisfied on the lattice. For the staggered fermions there is a remnant chiral symmetry but
the spin and flavour symmetries are broken explicitly. The anomalous Ward identities are
not satisfied on the lattice making the definition of anomaly ambiguous. For both the cases it
is important to appreciate that the difficulties arise due to the coupling of the chiral and the
continuum limits. Though these issues would be irrelevant in the continuum limit, it could
affect the current lattice results on the critical point significantly. Current lattice results
on the critical point use the staggered fermions [3, 4]. It is therefore important to consider
fermions with exact chiral symmetry on the lattice to define a correct order parameter with

the right symmetries.

Using fermions with exact chiral symmetry on the lattice to study QCD thermody-
namics is computationally quite challenging. For the Overlap fermions, one has to compute
the sign function of a large matrix. Though considerable progress has been made in defining
matrix sign function in terms of rational polynomials, there are difficulties like the occur-
rence of nested iterations in inverting the operator and implementing topology changing
transitions in the simulations. Domain wall fermions have exact chiral symmetry only when
the fifth dimensional extent is infinite so the computational cost increases in making the
fiftth dimension sufficiently large to reduce the mixing between the chiral states. The lattice
cut-off effects for different thermodynamic quantities computed on small lattices currently in
use for QCD simulations, are similar is magnitude for the Wilson/staggered and the chiral
fermion operators [32]. Using the present resources it seems difficult to perform continuum

extrapolation with the chiral fermions.

In this thesis we would like to investigate the different properties of the chiral fermion

11



operators on the lattice and address various issues regarding their applicability for QCD

simulations. The main issues that we tried to look upon in this work are,

e The study of chiral symmetry restoration and the critical point involves probing regions
of the phase diagram at finite baryon chemical potential. There has been recent pro-
posal for incorporating finite chemical potential in the Overlap/Domain wall fermion
operators [33, 34]. We show in our work that all such operators do not have the exact
chiral symmetry on the lattice at finite density due to which the chiral order parameter

cannot be defined uniquely.

e The thermodynamic quantities computed using the chiral fermions have large lattice
cut-off errors for lattice sizes currently used for the QCD computations. Through tree
level itmprovements and suitable fine-tuning of the irrelevant parameter in these oper-
ators we have reduced the cut-off effects for the ideal gas of fermions to a few percent
level on computationally inexpensive lattice sizes. We expect that these improvements
would work for full QCD as well in the high temperature regime when the ideal gas
limit is approached. Moreover the corrections to the optimum range of the irrelevant
parameter due to interactions is expected to be not so drastic though an explicit check
has to be done for full QCD.

e The magnitude of the chiral anomaly term determines the nature of phase transitions
in QCD. It is important to have an estimate of this anomaly term at finite temperature
and density. We have showed non-perturbatively in continuum QCD that there are
no corrections to the anomaly equation due to presence of a finite chemical potential.
We have also used perturbative imaginary time formalism technique to show that the
anomaly equation has no finite temperature and density correction terms. We expect
that the chiral anomaly of the theory of Overlap fermions at finite chemical potential,
should be independent of fermion density effects. This allows us to motivate for new

or perhaps better chiral fermion operators at finite density.

e In the generating functional of the 4D Overlap fermions, the operator in the fermion
determinant is not the inverse of the propagator that is sandwiched between the source
terms in the exponent. This is one of the important features of a chiral gauge the-

ory. Hence it is important to understand methods to introduce chemical potential
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in Overlap formalism and the meaning of chiral symmetry in this context. We look
into incorporating the quark chemical potential in the Overlap operator from the first
principle Hamiltonian formalism. A suitable conserved number operator is defined in
terms of the many body operators. The meaning of the chiral symmetry is evident
in terms of the massless fermion source terms included in the action level. We show
that under chiral transformation of the source fields the action remains invariant in
presence of finite chemical potential and hence exact chiral symmetry is realized even

on a finite lattice.

If a critical point exist in QCD, then the second order quark number susceptibil-
ity (QNS) would diverge at that point. The second order QNS can be expressed as a
Taylor series in pug/T, where pp is the baryon chemical potential, then the radius of
convergence of the series would give the location of the singularities like the critical
point. The radius of convergence estimates require ratio of different higher order QNS.
On a finite lattice however there are no divergences but at the critical point all terms
of the series would be positive and their corresponding ratios would all be equal. Ac-
curate estimation of the radius of convergence require us to compute QNS of higher
orders beyond the current state-of-the-art of eighth order QNS [3]. Motivated from
our efforts of prescribing suitable chiral fermion operators at finite density, we propose
a staggered fermion operator at finite density which would allow us to compute higher
order QNS with considerably reduced computational effort in the QGP phase. In ad-
dition such operators have reduced cut-off effects which allow for a better estimation

of the radius of convergence.

The thesis is organized as follows: In chapters two and three we discuss about the ther-

modynamics of the Overlap and the Domain wall fermions and discuss about the reduction

of lattice artifacts by either fine tuning of the irrelevant parameter M or through tree level

improvement of the operators itself. We show how the existing Overlap and Domain wall

fermion operators break chiral symmetry explicitly on the lattice. In chapter four we dis-

cuss about both the perturbative and nonperturbative fate of the chiral anomaly at finite

fermion density in the continuum. This motivates us to define new Overlap and Domain

wall fermion operators on the lattice which would allow for faster computation of the quark
number susceptibilities(QNS) on the lattice. Finally in the fifth chapter of the thesis we
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show a method of introducing the chemical potential in the Overlap formalism by respecting

chiral symmetry on the lattice in the Hamiltonian method.
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Chapter 2

Thermodynamics of ideal Overlap

fermions

2.1 Introduction

The equation of state of QCD seems [35] to exhibit robust features as one changes the number
of light quarks, N; but the order of the phase transition and the transition temperature 7,
seems [36] to depend on it crucially. The location, and even the existence of the critical point
in the pp —T phase diagram is expected [37] to depend on Ny, as a result of this dependence
of the order of the transitions on Ny. Since the transition seems to be associated with the
restoration of the spontaneously broken chiral symmetry at high temperatures, it is very

important to study it using fermions having exact chiral symmetries on the lattice.

In view of the experimental relevance of these issues, it would clearly be ideal to employ
fermions with exact chiral symmetry on lattice for investigations of the QCD thermodynam-
ics. As is well-known by now, the Overlap fermions [17] have such good chiral properties
even on the lattice. The corresponding fermion operator respects chiral symmetry at the
expense of not being ultra-local, making the corresponding computations rather expensive.
Advances in both algorithms and the computer hardware may have brought such investiga-
tions closer to reality today. We would like to investigate the thermodynamics of the free
Overlap fermions with an aim to examine its continuum limit both analytically and numer-

ically. For practical reasons, we investigate numerically whether the irrelevant parameter
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M in the operator can be tuned optimally to recover the continuum results on the small-
est possible lattice size. These predictions can be used in full QCD simulations with such
fermions to do the finite temperature calculations faster. We also comment on the recent
efforts to introduce chemical potential in the Overlap fermion operator and show that the

chiral symmetry is not respected by this operator.

2.2 Zero chemical potential

The Overlap Dirac operator [17] has the following form for massless fermions on asymmetric

lattice with spacing a and a4 in the spatial and temporal directions:

Dy, = 1+ vs8gn(vsDw) (2.1)

where sgn denotes the sign function which is defined as,

Hyy
sgn(Hw) = —=— , Hw = sDw , (2.2)
vV Hy
and
a a . Lty 1=
Dy (x,y) = 3+ a_4 — M)dy,y — a_4[Ul(x - 4)5m—21,y 9 9 U4(x)6m+21,y]
3
. I+% 1—7
- Z[U:([L’ - z)(sx—i,y 9 + 92 Ul(x)éx—i-%,y] (23)

i=1
is the standard Wilson-Dirac operator on the lattice but with a negative mass term M € (0, 2)
for simulating one flavour quark on the lattice. The Overlap operator satisfies the Ginsparg-
Wilson relation [21] and has exact chiral symmetry on the lattice. For evaluating different

thermodynamic quantities we need to evaluate the partition function,
Z(V,T) = / DUe ¢ detD,, . (2.4)

The expression for energy density and pressure can be obtained from the partition function,

by integrating the quark-antiquark fields :
T> 0In Z(V,T)

€ = 7 3T o and
OlnZ(V,T)
P =1T———" 2.
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where the spatial volume V = N3a@® and the temperature T' = (Nray)~! for an N? x Ny
lattice. We restrict ourselves to U = 1 here to focus on the ideal gas limit. The sign function
for a matrix can be defined in terms of its eigenvalues, which allows us to express the energy

density as,

ol An
N3a3NT 0&4 a N3a3NT 0&4 a

At

where the chiral nature of the eigenvalue spectrum in the free case was used in the last
line. The eigenvalues of the free Overlap operator in the momentum space can be easily
worked [38, 39] out to be

sgn (M) hs +ivh?

Ae=1-— , 2.7
: N 27
where the variables h above are given by
i a
hs = M — Z(l — cos(ap;)) — a—(l — cos(aqpy))
j=1 !
h; = —sin(ap;) where j =1,2,3
a .
hy = ——sin(a4ps)
Qy
R = hi+hi+hi+hi s=h>+h}. (2.8)

From the (anti)periodic fermion boundary conditions in the (time) space directions, the

discrete p,’s appearing in the equations above are seen to have the following allowed values

2 .
ap; = M’nj:0’“’(]\7—1),]':1,2,3811(:1

N
2n+1)m

apy = wp=-—-——"—n=0,..,(Np—1) (2.9)
Nr

The variables h; are all real. Furthermore, a simple algebra shows that (h? + h2) > 0 for
all ranges of interest for M, a and ay. Since the sign term in Eq.(2.7) is thus a constant, it
does not contribute to the derivative in Eq.(2.6); it merely provides the overall sign for the
energy density. Choosing sgn@/ﬁh%) = 1, the energy density becomes
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2 Ohs s <h4% + hs%)

Oay Oay

¢ - Z das h2+h2
N3a3NT o \/Wh% - h5

j,P4

h20hs

2 oan hsf@%
- 24 s (Jh2 b2+ h
N33 Ny Z n2(h2 + 12) ( + hg + hs)

Pj,p4

where the summations are over all the discrete sets of momenta on the lattice. The derivatives

in the expression above are seen to be

0h4 h4 0h5 a
=——, —=_—_(1- 2.10

5o = o o = (1 cos(apy) (2.10)

Similarly pressure P can be computed by taking partial derivative with respect to a, holding

a4 constant to obtain

—2 e B
P = X g h? + hZ + hs) . 2.11
3N3a2a4NTp‘p4 h2(h? + h2) (\/ 1* + hi + hs) (2.11)
The derivatives in the expression for pressure are
oh hy Oh 1
4 5 = — (1 — cos(asps)) (2.12)

da  a ' Oa ay
Substituting the derivatives in Eq.(2.10) and Eq.(2.11), one finds the expected ideal gas
equation of state e = 3P, valid for all values of a and ay. We shall therefore focus in the
remainder only on the energy density for free Overlap quarks on the lattice and evaluate it

by setting a4 = a. We introduce the functions g, f, d and ¢ defined as,

g = M —4+0b, with

b = cos(apy) + cos(aps) + cos(aps)

f o= M +h3+h3

d = 44 (M —4)*+2(M —4)b+ ¢, with

c = Z 2 cos(ap;) cos(ap;) - (2.13)

i<j<4
such that the h's can be written in terms of the above functions as,
hs = g+ cosw,
h* = f+sin*w,
h?>+h: = d+2gcosw, , (2.14)
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It may be noted that the g, d and f depend only on spatial momenta p; and enable us to

write down the w,-dependence of the energy density explicitly:

2
cat = N, 2 [(g + coswy,) +v/d+2g coswn]
(1 —coswy,) sin® wy, (g + cos wy,)
" (2.15)
d+2gcosw, (d+2gcosw,)(f+ sin”wy,)
2.2.1 Analytic results
The summation over all Matsubara frequencies w,, = W can be done using the standard

textbook [42] method of contours in the complex w-plane. Before we show the details of the
energy density calculation, let us list certain useful relations amongst the quantities g,d,b

and ¢ introduced in Eq.(2.13), (which will be useful for the calculations below) :

e Since cos(ap;) < 1 for any j, g <0 for M < 1,
e >+ f+1=d=d>0,since fis a sum of squares,
o B?/4g* — f—1=(g>—f—1)?/29° = d*/29°> > 1 + f,

° cosh_1% > sinh™*y/f. This follows trivially from the line above. Since % > (1+f),
it follows % > V1I+f( % < =1+ f, for g < 0). Noting that cosh(sinh™'\/f) =
V1+ f, one has cosh_l(%) > sinh™'/f (cosh_l(%) < —sinh™'/f for g < 0).

The last line justifies the drawing of the contour in Figure 2.1 by avoiding the poles/cuts
at +i cosh_l(%). For a general function F(w), which depend on variables p;, but this

dependence will not be shown explicitly below, the frequency sum therefore is,

;—Z;F(wn) :/ﬂ_?r_“ F(w)dw +/7r *“ F(w)dw (2.16)

e einT + 1 e einT + 1 9

where the integrals are evaluated on the contour lines running parallel to the real axis. The

second integral can further be re-written as

/_ " L) / ™ Plw)ds - / T _Flw)de (2.17)

. N - i N .
T+1i€e eWT + 1 —m+ie —m+ie e 4 1
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Figure 2.1: The choice of contours for evaluating the w-sum in Eq.(2.15). The dashed lines
represent branch cuts. The crosses denote the Matsubara frequencies w,, while the filled

circles denote the poles of F'(w).

The summand F(w) in Eq.(2.15) can be split in to two terms,
Fw) = Fi(w) + Fa(w)

with
(1 —cosw) sin® w(g + cosw)
d+2gcosw  (d+2gcosw)(f + sin®w)

Fi(w) = ( ) % (g + cosw) | (2.18)

and

Fr(w) = ( (1~ cosw) + sin? w(g + cosw) ) X y/d+2gcosw . (2.19)

d+2gcosw  (d+2gcosw)(f + sin®w)

Both the functions F; have a finite number of poles at w = =i sinh™'/f and +mr +
i sinh™'y/f, where m is an integer. Furthermore, F} has poles for % > 0at w=+kr £+
i cosh_li while F, has branch points at the same locations. Similarly, for % < 0 the poles
(branch points) of F} (Fy) are at i—icosh*%. In the rest of the complex w plane both the
functions are analytic. In view of these properties the contours in Eq.(2.16) can be deformed
to the contours shown in Figure 2.1. We chose each contour such that it lies below (above)

the cut in the upper (lower) half of the plane. As shown above, cosh_I% > sinh™'/F.
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Defining therefore 2n = cosh_1% — sinh™'\/F with n > 0, the lines 3 and 4 are drawn
through the points F(i sinh~*\/f + in) respectively to avoid the cuts shown in Figure 2.1.

Consequently, the frequency sum in Eq.(2.16) becomes

27 Res F _ Res F(w)
N—TZF(%) = —2mi ) c szT_l_l +2mi Y N 11

n Im w>0 Im w<0

F(w)dw F(w)dw e
—_— —_ F(w)dw .
/3 et +1 " /4 emiNT 41 " /—ﬂ-i-ie ()

The line integrals along the vertical lines through 7 and —7 cancel each other due to the
periodicity of the function F(w). Indeed, in general for any function G(w) satisfying the
property, G(m+in) = G(—m+1n), the sum of integrals of G(w) along opposite vertical paths

of equal length through —7 and 7 is identically zero.

The residues of the function Fj »(w) at the poles w = +i sinh_lx/f are 1R, and iR,

respectively where

i
21+ f

Our choice of the contour also ensures that the poles at 4+ 4 4 sinh™*/f do not

Ri=Ry= (2.20)

contribute to the energy density. By taking the limit Ny — oo on the lattice, on finds
that the last term of Eq.(2.20) gives the quartically divergent vacuum contribution in the

continuum limit. Defining the physical energy density by subtracting it off, we have,

4 v/ 1
4__
“ —N3Z|i\/1—|-f:| 6NTsinh*1\/T_|_1+€3+€47 (221)
bj

where €3, €4 terms come from from the line integrals 3 and 4 in Figure 2.1 respectively. Their

explicit Np dependence indicates that they contribute to the energy density on the lattice.

However, they do not do so in the continuum limit, as we shall see below.

In order to take the continuum limit of @ — 0, we let N, Ny — oo such that T and VT3

is kept constant. Each summation over momenta is replaced by an integral in this limit:
1 a [
— — — dp;. 2.22
OIS I 2.2
J

Further the integration variable w = ap, can be traded for p4, pushing the branch points at

+m+ icosh_I% to infinity faster than the contours 3 and 4 are pushed. The line integrals.
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and hence the terms e; and e, vanish. Since the poles at i sinh™'/f scale as a in this limit,
they continue to be enclosed in the contour at a finite p, and do contribute to the energy
density. This can be explicitly checked algebraically by taking the limit of the Eq.(2.21) to

obtain the expression for the continuum energy density as,

3
2 E T2
_ 9 | =7t 2.2
o (27r)3< /EdpjueE/T) 60~ (2:23)

where E = \/p? + p3 + p3 is the energy of the massless quarks.

2.2.2 Numerical results

In this subsection we investigate the lattice energy density of the Eq.(2.15) numerically by

summing over all the momenta. The objectives in this section are:

e to estimate the importance of the terms €3 and €4 in it on lattices of practical sizes,

e to find out the role M plays on finite lattices since €3 and €4 are functions of M.

In particular, it would be good to know if there exists a range of the irrelevant parameter
M for which the energy density converges to that of the continuum ideal Fermi gas on
reasonable, i.e. computationally inexpensive, lattice sizes. This would mean that we would
be looking for a range of M for which e3 and ¢4 are minimized. Since we have shown the
existence of the continuum limit for the entire allowed range of M in the previous subsection,

it is clear that a sufficiently fine lattice must eventually yield the correct result for any M.
In general, the dimensionless lattice energy density will be of the form,

B C(M)  D(M)
Ny Np o ONp

E=AM) + (2.24)

where the coefficients A(M) and B are the usual vacuum and the T* contributions, while
C(M) and D(M) are finite lattice spacing artifacts. For each value of M and aspect ratio,
defined as ¢ = N/Nr, the energy density on the lattice was calculated as a function of the
Nr. Clearly A is the dominant contribution and its removal turned out to be a tricky issue
governed by the precision of our computations. Fitting the above form to obtain C' or D

was therefore not feasible. The zero temperature part of the energy density was calculated
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from Eq.(2.15) by taking Ny — oo and a large spatial extent, keeping the lattice spacing
finite. The resulting integral over w was done numerically for each M to estimate the zero
temperature contribution. Subtracting the zero temperature part from the energy density
and dividing the resultant € by egp gives us a ratio which we employ for further studies.
In the left panel of Figure 2.2, the ratio €¢/egp is shown as a function of Ny for M = 1.55
and various aspect ratios (. A mild dependence on ( is visible for lower values but in each
case the curve approaches to unity by Ny = 12, signalling the onset of continuum limit. For
¢ > 3, the results are within 3-4% of each other signalling the onset of the thermodynamic
limit. In the right panel of Figure 2.2, the M-dependence of the same ratio is shown for

18 ‘ ‘ ‘ ‘ ‘ ‘ 2 ‘
=2 M=04 ——
=3 181 A =5 M=0.8 ——

16 t=4 —— 8 M=1.00 ——
=5 — 161 M=1.40
14 : [ M=1.50
: 1al | M=1.55 ——
: I M=1.60 ——
12+ , 12l I N M=1.65 —
o o | N — — ]
S 1t g S 1 i —
o8 | | 08 /o
0.6
06 | i
04 |
041 1 02| /)
/o
/
02 L L L L L L 0 A e L L L
0 5 10 15 20 25 30 35 0 5 10 15 20 25
NT NT

Figure 2.2: The variation of the ratio €¢/egp with Ny for M = 1.55 and ¢ = 2 — 5(left) and
the variation of the ratio €¢/esp with Ny for different M and ¢ = 5(right).

a fixed ¢ = 5 for the range 0.4 < M < 1.65. A range of 1.5 < M < 1.6 emerges as the
favoured one because all the M-dependent terms are seen to be minimum there and hence
the continuum limit is reached faster. On smaller lattices with N = 4 — 8, the lattice results
are seen to be 1.6-1.8 times larger in this range of M. For other values of M, the continuum
limit is seen to be approached slowly; even an Np = 25 seems not enough. For larger M,
we also observed oscillations as Np changed between odd and even, limiting our effort to
increase the M-range further. The values of €¢/egp for Ny = 4 — 16 and different M are

tabulated in Tables 2.1, 2.2 for easy reference.

In order to estimate the size of the 1/N2 correction term for different values of M, the

same ratio is plotted as a function of 1/N2 in the left panel of Figure 2.3. From the plot,
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Table 2.1: €/egp values for different. M for { = 2
Np || M=1.0| 1.50 | 1.55 | 1.60 | 1.65
4 0.630 | 1.453 | 1.571 | 1.697 | 1.828
1.194 | 1.606 | 1.690 | 1.792 | 1.914
1.316 | 1.355 | 1.383 | 1.431 | 1.506
10 1.268 | 1.158 | 1.150 | 1.156 | 1.186
12 || 1.206 | 1.078 | 1.054 | 1.036 | 1.033
14 || 1.160 | 1.060 | 1.032 | 1.004 | 0.983
16 || 1.129 | 1.061 | 1.037 | 1.008 | 0.979

it is evident that the correction terms become insignificant very fast for 1.50 < M < 1.60
and the continuum limit is reached within 2-3 % already for Ny = 12 whereas for M = 1
they are relevant even for Ny > 12. Of course, the continuum extrapolation for M = 1.0 is
easier than for 1.50 < M < 1.60 due to the nonlinearities present for the latter. However,
the energy density for at least three different lattice sizes with Ny = 10,12, 14 need to be
computed for such an extrapolation. On the other hand, although the extrapolation for
1.50 < M < 1.60 is difficult due to the complex variation seen in the left panel of Figure 2.3,
the deviation from the continuum value is within the typical accuracy range of the current
lattice results, making it an optimal range for simulations. It should also be noted that the
corrections for the Overlap fermions for M ~ 1.55 for Ny < 12 are smaller than compared to
the Wilson and the staggered case [32] as well. Ref. [32] deals with p/psp which we showed

above to be identical to the €/egp for the Overlap ideal gas.

Filled squares in the right panel of Figure 2.3 show the percentage average deviations of
the ratio from unity due to lattice artifact terms as a function of M for large Ny values(Np >
18). It shows marginal dependence on M for M < 1.2 but the deviation itself is about 5-6
%. For larger M, the data show a dip, indicating clearly that the thermodynamics of free
fermions favours the optimum value of M to lie between 1.50-1.60, with a deviation of only

about 2.5 % or lower.

Comparing our results with other studies of thermodynamics of free fermions done

with improved actions [40] and also with Overlap fermions (M = 1) in 2-D [41] as well
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Table 2.2: €¢/egp values for different. M for ( =5
Np | M=1.0 | 1.50 | 1.55 | 1.60 | 1.65
4 0.561 | 1.342 | 1.450 | 1.563 | 1.681
1.141 | 1.563 | 1.644 | 1.742 | 1.857
1.272 | 1.319 | 1.350 | 1.399 | 1.475
10 || 1.228 | 1.122 | 1.116 | 1.124 | 1.157
12 || 1.167 | 1.041 | 1.018 | 1.001 | 1.002
14 || 1.123 | 1.023 | 0.996 | 0.969 | 0.950
16 || 1.092 | 1.025 | 1.001 | 0.972 | 0.944

as in 4-D [39, 32|, we find that i) there are larger deviations in higher dimensions and ii)
the oft-favoured choice of M = 1 favours rather poorly on finite lattices. Indeed, one can
significantly reduce the corrections to the energy density of Overlap fermions due to the

lattice artifacts with a proper choice of M.

2.3 Nonzero chemical potential

The chemical potential is usually introduced as the Lagrange multiplier to investigate ther-
modynamics at constant conserved number. Constructing the relevant number operator for
the Overlap Dirac fermions is not easy due to its nonlocality [25] and may even be not
unique [26]. Instead of deriving the conserved number, one may make an inspired guess for
it such that it has the right continuum limit. One such proposal for introducing the chemical
potential for the Overlap operator is [33] to introduce it in the Dy as one would for the

usual Wilson fermions:
Doy = 1+7°sgn(y"Dw (1)) (2.25)

where the chemical potential i = pays appears only as multiplying factors exp(ft) and
exp(—/i) to the links Uy and U] respectively in Eq.(2.3). This, of course, renders ~5 Dy (1)
to be non-hermitian, necessitating an extension of the usual definition of the sign function.
The natural choice [33] was to use the sign of the real part of the eigenvalues of 5Dy (p) in

the equation above. It is important to note that the extended sign function is not defined
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Figure 2.3: The variation of the ratio €/esp with 1/N# for different M > 1 and ¢ = 5.
The plusses, crosses, stars, boxes and triangles denote M=1.0, 1.50, 1.55, 1.60 and 1.65
respectively(left) and the estimated finite lattice spacing corrections for the energy density

and susceptibility at g = 0 in percentage as a function of M (right).

for purely imaginary eigenvalues. Numerical simulations were performed [39] for an ideal
gas of Overlap fermions to show that the above way of introducing i does not encounter
any quadratic divergences at zero temperature for M = 1. Such divergences were known to
arise [28, 30] for staggered and Wilson fermions, if 4 was introduced naively as a coefficient of
the conserved number. These were eliminated by the choice of the exp(=£/) factors. A more
general way to introduce the chemical potential is, of course, to introduce functions K (/1) and
L(j1) in place of the factors exp(j1) and exp(—/i) respectively such that K (1) = 1+ i+ O(4?)
and L(fi) =1 — i+ O(ji?), It was shown [31] that the quadratic divergences are avoided if
K(p) - L(p) = 1.

Here we follow that idea and introduce chemical potential in the Overlap Dirac operator
through the K and L factors in Dy, and study where the condition to eliminate the quadratic

divergences remains the same. Introducing

K (i) — L)

5 = Rsinh6
w = Rcoshf , (2.26)

one can follow through the steps of the previous section to find that the free Overlap operator

in the momentum space can again be written in terms of the h; of Eq.(2.8) but with hy and
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hs changed to :
’ a
hs = M — E (1 —cos(ap;)) — —(1 — Rcos(asps — i6))

a
j=1 :

hy = ——Rsin(asps — i) . (2.27)

Qg

The energy density in presence of finite chemical potential is defined as

1 Jln det D 2 Aln(A;A-)
- _ 2.2
e(p) N3a3Nyp ( Oay )a7a4u N3a? Ny ( Oay s (2.28)

In the following we assume that the sign function is always defined and is +1, as for the

i = 0 case. We shall comment on this assumption later. The energy density is obtained

using Eq.(2.28) and setting a = ay.

2
4 _ , .
ea” = NN, ;,,Z; [g + Rcos(w, — i0) + \/dgr + 29 R cos(w, — 19)] (2.29)
1 — Rcos(w,, — i) N R?sin®(w,, — i0)(g + R cos(w,, — i0))
dr + 2gRcos(w, — i)  (dr + 2gR cos(w, — i0))(f + R2sin?(w, — if))

The summand in the Eq.(2.29) has the same functional form as that in Eq.(2.15). Indeed
the only changes are: dr = f + g*> + R? replaces d of Eq.(2.13), w — w — if and the
factor R multiplies each sine/cosine term. Comparing Eq.(2.27) with Eq.(2.8), and using
the expression for the pressure given in Eq.(2.11), one again finds that the equation of state
e = 3P also holds in the presence of a chemical potential, . An additional new physical

observable that can be computed is the number density, defined as,

. 1 (E%ndetD) (2.30)

~ N3a3Ny i

In terms of h’s the previous expression can be calculated explicitly,

—2i , , gRcos(w, —i0) + R* + f
N R n — 10
e N3Nrp Z [ sin (wn — 16) x <(dR + 2gR cos(w,, — i0))(f + R2sin®(w,, — i0))

pj,n

X (g + Rcos(wy, — i) + v/dg + 29 R cos(w, — zé’))}

—2i ,
- pzn Fy(R,w, —if) . (2.31)
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It can be shown that the condition to obtain the correct continuum values of € = p? /47>
and n = p?/37? are the expected ones, K (i) — L(j1) = 2fi+O(fi?). The details are mentioned
in this thesis [43]. The earlier work [31] on staggered fermions employed the exact number
density on the lattice which is not the case for the Overlap fermions here. That one obtains
still identical conditions in both the cases suggests that it is indeed the behaviour near
the continuum limit which dictates these conditions. Finally, using the same techniques to
evaluate the Matsubara frequencies sum, the energy density at non-zero temperature and
chemical potential can be computed analytically. Further details are again given in the

thesis [43]. The final expression is,

+ €3 + €4y

ea4:lZ[\/7 —— 1A + v/ — 1A

N3 o VIF femh ™ Vi-iNr 1 /T4 feGinh™ Vi+i)Nr 4]
(2.32)

The terms e, and €4, are contributions of the line integrals below the branch cuts. We

would be investigating the M dependence of these quantities €3, and €4, numerically in Sec.

2.3.2 to check how the optimum range of the parameter M changes in the presence of p.

2.3.1 Loss of chiral invariance

Another crucial difference is that the introduction of the functions K and L for the staggered
fermions still leaves the action invariant under the chiral transformations due to the locality
of the action. This is true for the full theory, i.e., even after the link variables , U} are
restored. On the contrary, one can easily check that one breaks the chiral invariance in the
case of the Overlap fermions by these functions K, L, or exp(£/i). As defined in Eq.(1.19),
the chiral transformation involves D,, (1 = 0), while the action for u # 0 for the Overlap
fermions has D,,(j1) of the Eq.(2.25). By construction, the latter does satisfy the Ginsparg-
Wilson relation [21] with the p-dependent Overlap Dirac operator on both sides :

{75, Dov(f1) } = Dou(f1) 5 Do (f1) - (2.33)

Unfortunately though, it is not sufficient to guarantee invariance under the chiral transfor-

mation in Eq.(1.19), as it does not have any pu-dependence. Indeed, the variation of action
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under the chiral transformation of Eq.(1.19) is

08 =i Z ,QE:(: [75Dov(,&) + Dov(ﬂ)%’) - 1Dov(o)’%l)ov(ﬂ) -

2
x?y

Dov (ﬂ)%’)Dov (0)} xywy )

N | —

which clearly does not vanish on a finite lattice in spite of Eq.(2.33). One may alternatively

propose modified chiral transformations,

1 = i0s(1 — 5 Do) and 66 = i (1 — 5 Doul))s (2.34)

which will ensure S = 0. Furthermore, altering the symmetry transformations as above
has undesirable physical consequences [63] which are outlined below. Non-Hermiticity of
V5 Doy(pt) makes the transformations nonunitary. The symmetry transformations should
not depend on the intensive thermodynamic quantity p, which is a tunable parameter of
the physical system. The symmetry group itself changes with pu, leaving no physical order
parameter which will characterize the chiral phase transition as a function of p. In contrast,
the chiral symmetry group remains the same at nonzero temperature (and zero density),
allowing us to infer that vanishing of the chiral condensate would correspond to restoration

of the symmetry for the vacuum.

2.3.2 Numerical results

We compute the sums over all momenta in Eq.(2.32) to find out the importance of lattice
artifacts in form of the terms €3, and ey, resulting from the line integrals 3 and 4, and
to look for the role of M. The focus here is, of course, on the chemical potential. We
therefore consider two observables here. One is the change in the energy density, Ae(u,T) =
€(pr, T) — €(0,T). In continuum it is given by,

Ae(p,T)  p 1

Th T qpert o7 (2.35)

The other quantity we consider is the quark number susceptibility at 4 = 0. For the free

Overlap fermions, it is given for any i by

1 d*Ilndet D
X - N3CL2NT ( 8/12 )a4 ) (236)
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which can be worked out to be

2 — (h?hy + hahs cos(aps — ij1)) u v

s*(s — hy)? s?(s—hs)|

Pj,P4

where u and v are in the expression above are

8}1,4 8}1,5 2 Js 8h5
— 9(s— gre _
u (s h5)(h48ﬂ+h50ﬂ)+8(8ﬂ 8,&)’
ah4 2 2 N ahs N . . N
v o= oh (2h3 + h* + hycos(apy — ift)) + hy oh cos(apy — ift) + thyhssin(apy — iji) ,
and
s2=h*+hi. (2.38)

Again in the continuum, the susceptibility is known to be

2 2
7 [
==+ —. 2.39

Our computations for the energy density were performed keeping the ratio r = u/T =
N7 fixed, yielding a constant Ae/T* in the continuum from Eq.(2.35). Our choices of r
were restricted by the fact that on lattices with odd Ny, eigenvalues of v5 Dy (/1) can turn
purely imaginary for sufficiently large fi. This is related to the fact that (v5 Dy )75 Dy has

h* + h? as eigenvalues and

Re (h* + h3) = g> + 1+ f + 2gcosw coshji
Im (h* + h?) = 2gsinw sinhfi . (2.40)

has zero imaginary part at w = 7 with negative real part for u > p.. The sign function is
undefined for such cases. Indeed, in the interacting case it may even be possible to get such
purely imaginary argument of the sign function of the Overlap Dirac operator for all Np.
From the plots of the ratio of the Ae/T" on the lattice and in the continuum (Eq.(2.35)),
shown in Figure 2.4 we again conclude that the continuum limit is reached for Ny > 12 for
both the cases for essentially all M, with the 1.5 < M < 1.6 region displaying the smallest
deviations in the region Ny > 12 as in the i = 0 case. Moreover the results for Ae again
appear about 1.6-1.8 times larger on the lattices with Ny = 4 — 8 while the susceptibility

is close to twice the continuum result. In the left panel of Figure 2.5, we display the ratio
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Figure 2.4: The variation of the lattice Ae/T* with 1/N2 for ji = 0.5/Nr(upper panel) and
it = 0.8/Nr(lower panel).

of x(;r = 0,T) on the lattice with the corresponding continuum value from Eq.(2.39). One
sees again a similar pattern as for the energy density. As in Eq.(2.24), the susceptibility
calculated on the lattice will also have a form,

_ B . CX(M) N DX(M) N
- N2 N2 NS T

x(0) (2.41)

where the only difference is the absence of a constant term like A. Keeping only the first
term, one will again get the effective BX to become M-dependent; its deviation from 1/3
will be a measure of the finite lattice spacing effects. The filled circles in the right panel of
Figure 2.3 display these artifact effects as a function of M which were obtained by assuming
a constant behaviour in the range 18 < Ny < 32. The absence of a dominant term like
A in the equation above allowed us to re-do the fit with the inclusion of the next term for
each M. We found that the resultant BX is already M-independent and close to 1/3 in each
case. Moreover the CX changed with M substantially and was smallest for M = 1.6. From
all these fits, it also emerged that by Ny = 64 the contribution of the CX-term becomes
negligible. The right panel of Figure 2.5 exhibits the results of our attempt to verify this by
extending the computations to larger lattices. We find a convergence to the continuum result
irrespective of the value of M from lattice sizes of 320 x 64. Note that one finds very similar
effects of finite lattice spacing for both the susceptibility and the energy density at = 0 in

the right panel of Figure 2.3, with M ~ 1.6 emerging as a good choice for calculations on

31



2.4 ‘ ‘ ‘ ‘ ‘ ‘ 1.08 — ‘
M=1.00
M=1.55 —<— =5 =5
2.2 F M=1.60 —6— 1.02 [X % % _
M=1.65 —&— W ® = 5
2t A
0.96 (- o A
18 |
o g 090 -
£z 2 A
5 16} 3 M=1.30 +
= X o84 [© M=155 X
14 | M=1.60 X%
M=165 [
0.78 . M=1.70
12 | a M=175 O
M=1.85 4
1 072 |
0.8 ‘ ‘ ‘ ‘ ‘ ‘ 0.66 L ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 001 002 003 004 005 006 0.07 15 20 25 30 35 40 45 50 55 60 65
N2 N
T T

Figure 2.5: The variation of x(0)/xsp vs 1/NZ(upper panel) and vs Nr(lower panel) for
different M and ¢ = 5.

lattices with small Nt due to smallest contribution from the correction terms.

2.4 Massive Overlap fermions

While we restricted ourselves to the thermodynamics of massless Overlap fermions, most
of our treatment goes through for the massive fermions as well. In this section we outline
this for the u = 0 case. For the sake of novelty, we use an alternative way of doing the

computation. The Overlap operator for fermions of mass m is written as,

ma ma
Dopy=(1+-—)+(1—-— *Dw) . 2.42
The eigenvalues of the Overlap-Dirac operator change from Ay in Eq.(2.7) to Ax — Ay(1 —

ma/2M) + ma/M. As a result the energy density modifies from Eq.(2.10) to

0 — 2 Z O[(hzg_;lz — h5h4g—Zi> (2 43)
N3a*Np £~ (2 + h2)(y\/h? + h3 — ahs) ’
where
m2a? m2a?
a:2<1—4M2) and 7:2<1+4M2).
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Substituting the values of hy, hs and their derivatives, one obtains

2 1- n in’ n in’ n n
gl o 20 Z{( (1 — coswy)(f + sin”w,) + sin® w, (g + coswy,)

- N3Ny d + 2g coswy,)(y2(d + 2g cos wy,) — a2(g + coswy,)?)

pj,n

X [7 d + 2gcosw, + a(g + cos wn)] . (2.44)

Note that setting m = 0, reduces a = ~. Substituting in the equation above, and using the

relation d = ¢ + f + 1, it becomes identical to the expression in Eq.(2.15), as expected.

One can again use the same contour method for evaluating the energy density. By
comparing with Eq.(2.15), the functions F and F» can be identified as the two terms obtained
by removing the second pair of brackets of Eq.(2.44). The poles (and branch cuts) of these
functions can be seen to be the same except that the poles defined by w = +i sinh™*/f are
now given by

cosw=y=£z, (2.45)

where y and z are defined as

y =9 (Zé—i - 1) (2.46)

z = %\/92<z—z—1)+f+1. (2.47)

We outline below that z —y > 1, making abs(cosw) > 1 or w purely imaginary. The pole

w = icosh™ ' (y+ z) lies on the imaginary axis while that for w = icosh™" (3 — z) lie on parallel

lines shifted by +n. The following three properties are important for further calculations:

e y > (0 since 7 > a.
oLet&zZ—z—l,Where§>O.

e A little algebra shows that 22 — (y+1)? = £[(¢g—1)? + f] + f > 0 which in turn implies
the relation z —y > 1.

The choice of contour can be made similar to that in Figure 2.1, allowing only the pole at
w = icosh™!(y + 2) to contribute to the energy density. Setting m = 0, it is easy to verify

that this approach also yields precisely the result in Eq.(2.21) by selecting the contour as in
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the upper half plane of Figure 2.1. Its analog for m # 0 by can be obtained by computing the
residue at the pole defined by Eq.(2.45). The full expression is quite complicated, we only
indicate how the results in the continuum limit arise. The pole positions can be computed
to be

cosw=a; =1+ 5 , (2.48)
and denoting by m’ = m(M — 2)/M
2/, 2
COSW = (g = — (1 + M) ; (2.49)

where p? = p? + p3 + p3. The pole at oy has, at order a, the residue

/2 2
Res Fi(aq) = iw
All the other poles, including the poles at s, and the branch cuts do not contribute to

the contour integrals, as seen in Figure 2.1. Therefore the energy density in the continuum

comes out to be the same as in Eq.(2.23) but with E = \/m?2 + p? + p2 + p?

2.5 Summary

Investigating the thermodynamics of QCD on lattice with fermions which possess both the
chiral symmetry and the flavour symmetry relevant to our world has important consequences
for both the experimental aspects of the heavy ion collisions and the theoretical aspects of
the up — T phase diagram. Staggered fermions used in the bulk of the work so far are not
adequate to resolve some of these issues. Overlap fermions, while computationally more

expensive, may prove better in such studies in near future.

We have presented analytical and numerical results on the thermodynamics of free
Overlap fermions in 4-D both for zero and numerical results for nonzero (baryonic) chemical
potential by varying the irrelevant parameter M. From the energy density computed on the
lattice in these cases, we showed that the expected continuum limit is reached. Considering
the recently proposed Overlap action [33] for nonzero p, we demonstrated numerically that
the p?-divergence in the continuum limit is avoided for the choice exp(4i). However, the

chiral invariance of the action is lost for nonzero u on a finite lattice.
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While the sign function in the free Overlap Dirac operator remains a constant in com-
putations for u = 0, we pointed out that it becomes undefined on lattices with odd number
of temporal sites for u > ., where the value of u. depends on M. Our numerical computa-
tions were restricted to smaller p-values. The numerical results were mildly dependent on the
aspect ratio of the spatial and temporal direction but changed significantly as a function of
the irrelevant parameter M of the Overlap Dirac operator. For the choice of 1.5 < M < 1.6,
both the energy density and the quark number susceptibility computed for p = 0 exhibited
the smallest deviations from the ideal gas limit, as seen in Figure 2.3. As seen from Fig-
ures 2.2, 2.4 and 2.5, lattice results approximate the continuum well for lattices with 12 or
more temporal sites, with typically a factor ~ 1.8 larger results for smaller lattices with 6-8
temporal sites. We expect that M being an irrelevant parameter will not be affected much
due to quantum corrections in the interacting theory and it would be interesting to check

whether the optimum M-range is still the same in the presence of gauge fields.
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Chapter 3

Thermodynamics of ideal Domain

Wall fermions

3.1 Introduction

Kaplan [19] proposed a way to define 4-D fermions with exact chiral symmetry on a five-
dimensional (5-D) lattice with a mass term M in the form a step function(domain wall) and
with an infinite extent along the fifth dimension. The massless 4-D fermions are obtained
localized on the wall, and are hence known as the Domain wall fermions. On a finite lattice
needed for numerical simulations, however, fermions of both chiralities exist with an expo-
nentially small overlap between the respective chiral states [23] for sufficiently smooth gauge
field configurations. Currently, the most popularly used fermions in QCD simulations at
finite temperatures/densities are the staggered fermions which have only a remnant chiral
symmetry on the lattice. Moreover, they explicitly break spin and flavour symmetries. The
full chiral symmetry for these fermions is recovered only in the continuum limit, i.e., in the
limit of vanishing lattice spacing. In spite of the (exponentially small in N5, the number
of sites in the fifth dimension) chiral violation on the lattice, the Domain wall fermions are
more promising than the staggered fermions due to their exact flavour and spin symmetry
on the lattice. Moreover for the Domain wall fermions, the chiral and continuum limits are
clearly disentangled, with the chiral symmetry depending on the suitable tuning of N5. On

the other hand these are more expensive to simulate as the computational cost increases
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linearly with N5. One has to optimize N5 and M for full QCD simulations. In order to gain
insights on ways to minimize the lattice cut-off effects, we study various thermodynamic
quantities of free Domain wall fermions as a function of M and N5 with an aim to optimize
the irrelevant lattice parameters for faster convergence to their continuum values. We find
that by adjusting the domain wall height M in the range 1.45 — 1.55 rather than the fre-
quently used choice of M = 1.0, a faster convergence to the continuum results for both finite
and infinite values of Ny is achieved. However, the cut-off effects are seen to be quite large
on small lattices with temporal extent of 6-8 where most of the current QCD simulations are
being done. We therefore examine modifications of the domain wall, as well as the Overlap

kernel to minimize such corrections for small lattice sizes.

The chapter is divided into four sections. In section 3.2, we compute the energy
density of free domain wall quarks on the lattice analytically and verify that it yields the
correct continuum limit. In section 3.3, the same quantity is computed numerically and
the various lattice parameters for which the convergence to the continuum is fastest are
estimated. In section 3.4, we repeat the calculations of energy density in the presence of
chemical potential and susceptibility and confirm that this optimum M-range does not shift
significantly. In section 3.5, we propose a method of reducing the lattice cut-off corrections
to thermodynamic quantities on small lattice sizes, computed using both the chiral fermions,
namely the domain wall at infinite N5 and the Overlap fermions. This helps in faster
convergence to the continuum results even for M = 1.0 which is significantly different from

the optimal M-range.

3.2 Energy Density of Domain wall fermions

The Domain wall fermions [19] in the continuum are defined on a 5-D space-time with the
mass term in the fifth dimension in form of a domain wall ¢(M) = M tanh(s), s being the
coordinate in the fifth dimension. This helps in localizing a fermion of definite chirality on

the domain wall. The Domain wall operator in the continuum is given as,

4
Dpw = Z YuOu + 7505 + ¢(M). (3.1)

p=1
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The massless fermion modes in 4-D are obtained when the following conditions are simulta-

neously satisfied.
4
N 7B =0 . (505 + (M) = 0.
pn=1

It was shown that only one normalizable solution exist, bounded to the wall at s = 0 where
the ¢(M) changes abruptly. The corresponding analog of the domain wall term on the lattice
is of the form

¢(M) = MO(s) (3.2)

On the lattice we do not get a single massless mode by discretizing Eq. (3.1). This is
because the lattice regulator is anomaly free, so massless fermions of both handedness exist
on the lattice. A Wilson term is needed to spatially separate the left and the right handed
fermions in the Hth dimension by localizing them on the domain wall and the anti-domain
wall respectively which are separated from each other by the lattice extent in the fifth
dimension N5. To obtain thermodynamical quantities of free fermions with exact chiral
symmetry on the lattice in 4-D, we need to divide out contribution of the heavy fermion
modes which exist in the fifth dimension. This is done by subtracting a pseudo-fermion
action [44] from the standard 5-D action. Following Shamir [44], the Domain wall fermion
action on a N? x Ny x Nj anisotropic lattice with lattice spacings of a, a4 and as in the

three spatial, the temporal and the fifth dimension respectively can be written as,

Ns
SDW = Z Z@E(Ia S)DDW('Ia S;x/,sl,ﬂ,mq)w(lj,sl) (33)

s,8'=1 x,x’

N5
=3 S i, s) [— (%DW(I,:C’, i) + 1) So + (P-0y so1 + Piby 1) 5] W, s),

s,s'=1 x,x’

with the boundary conditions

P_pngp1 = —=mgP 1, Pitpg = —mgPyipn, (3.4)

1
where Py, = %

are the chiral projectors and m,, is the bare quark mass in lattice units. Dy
is the Wilson-Dirac operator defined on a 4-D lattice. The volume of the system is V = N3a3
and T'= 1/(Nray) is its temperature. The chemical potential pay = i is usually introduced

as a Lagrange multiplier corresponding to the conserved number density in the expression

38



for the Lagrangian. For the Domain wall fermions we do not have a good prescription for
obtaining the conserved number density. Following Bloch and Wettig [34], we incorporate
the chemical potential in Dy, but in a general form using the functions K and L [31] defined

below. These multiply the 1 + 4 factors in the Wilson-Dirac operator leading to,

1 , 11—~
(UT(x’) 5, s+ Ua) 2%59”,_5)

Dw(l',l'/,,a) == Z

a a ) 1+ 1-
+ <3 + — = M) 592,32’ - CL_ (K(M)Ul(x/)Twéxx+4 + L( )U4( ) 2745:(:,:0’—21) :

(2]

In this chapter we consider the non-interacting fermions, i.e., U,(z) = 1. Introducing R and
0 by

K(i) + L(f K (i) — L(j

M = Rcoshd M = Rsinh @ | (3.5)
the free Wilson-Dirac operator in Eq.(3.5) can be diagonalized in the momentum space in
terms of the functions,

h; = sinap;, hy = —aiRsin(a4p4 —1i0) (3.6)
4

3
hs = M — Z(l — cosap;) — ﬁ(1 — Rcos(aypy — i0)).
=1 “

such that
w (P, pa) th — hs. (3.7)

To study thermodynamics of fermions one has to necessarily take anti-periodic boundary
conditions along the temporal direction. Assuming periodic boundary conditions along the

spatial directions we obtain

2
ap; = 7]’\; n;=0,.,(N—1),j =123 and
2 1
apy = wn:(nNJ,n:O,..,(NT—l) (3.8)
T

It is to be noted that M, the height of the domain wall on the lattice, is bound to 0 < M < 2
to simulate one flavour quark on the lattice. To suppress the heavy mode contributions and
recover a single chiral fermion, pseudo-fermion fields are introduced which have the same

action but with m, = 1 i.e with anti-periodic boundary condition in the fifth dimension [23].
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The fifth dimensional degrees of freedom can be integrated out to yield an effective Domain

wall operator [18, 45]

Dpw(my,) R R 1—TNs
—— T 1 1-— S — 3.9
Dow() Mt =) (3:9)
where the transfer matrix 7" is
as _1 as
T=(1+ ;’75DWP+) (1- ;75DWP—)- (3.10)

Since T can be shown to be Hermitian for i = 0, and therefore has real eigenvalues, T™5 has

1-TNs
14TNs

the Domain wall operator can be expressed in the form of a tanh function as in Eq.(3.11).

n

only positive eigenvalues for even Ns. Introducing [45] a notation |T'|, the function

Dpw (1)

N
—=1+m,— (1 —n tanh(— In |T7)). A1
Do = 1y = (1 =g )ygtanh( 5 In 7)) (3.11)

The above derivation of the effective domain wall operator assumes that 1 4+ 75 does not
have any zero eigenvalues. For if it does, then the contribution of the heavy modes is zero.
If X\ be an eigenvalue of T, then this assumption requires that

2n+1)m .

In\#i N

(3.12)

This is clearly true for ji = 0 for even the interacting fermions where 7" is Hermitian and thus
any A is real. However, once chemical potential is introduced in the Wilson-Dirac operator,
as above, Dy and T are not Hermitian any longer for the free fermions themselves, leaving

open the possibility that this condition will not be met.

It is easy to see that three distinct limits are of interest in which we should compute the

various thermodynamic quantities for massless domain wall operator. These are as follows:

1. N5y — 00, a5 # 0, where one obtains exact chiral fermions for m, = 0,

2. N5 — o0, a5 — 0 such that the Ly is finite, where L5 = Nsas, leading to an approximate

form for the Overlap fermions [34, 17], and

3. N5 = finite, a5 = finite, corresponding to the form of Domain wall operator directly

relevant for practical simulations on the lattice.
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3.2.1 N5 — 00, a; ;é 0

In this limit, the tanh function in Eq.(3.11) becomes sign function and the resultant effective

Domain wall operator is given as
D, = 1+ 10y — (1 = 1itg)y55gn(In |T)) (3.13)

The operator T" has an explicit a5 dependence as shown in Eq.(3.10). For m, = 0, this form
of the Domain wall operator satisfies the Ginsparg-Wilson relation [21]. Indeed, it is just
like the Overlap operator, but with a different argument of the sign function. The operator
T is not Hermitian in presence of i and hence the sign function has to be defined carefully.
We follow the definition as in Bloch and Wettig [34]. The finite size corrections to various
thermodynamic quantities computed with this lattice operator are expected to be different
from the Overlap case. For this type of Ginsparg Wilson fermion too the introduction of
chemical potential necessarily leads to chiral symmetry breaking [46] on the lattice because
the action in presence of ji is not invariant under the chiral transformations [22] on lattice.
Like in the case of the Overlap fermions, chiral symmetry is exactly realized for these wall

fermions only in the absence of chemical potential.

The energy density e of the Domain wall fermions in the chiral limit is evaluated
from the partial derivative with respect to inverse temperature, of the partition function,
Z = Det(Dch{,). This is equivalent to taking a partial derivative with respect to a4 on a

lattice of fixed size Np. The energy density,

1 0
=—————[=—InZ . 3.14
‘ N3a? Ny <8a4 . )aﬂ ( )

can be evaluated analytically in terms of the quantities ¢,s,t and s',t defined below in
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Eq.(3.15), where the dash denotes the a4-derivative of the respective quantities. Defining
4
W= > kPSS =h+h,
i=1

t = sm, q=s>—2h5+2,

a = g—Zj = %Rsin(a4p4 —i0) ,

v o= g—Zi = a%l(l — Rcos(aspy — i6))

g = Mhathy 1‘ MYy %t L 25 = 27) - 21) (3.15)

one has,

€a

s 1 Z Ahsy + 455 (14 %) 4 285t + s>t — 4ys> — 8hgss — 2yt — 2hst’
N3Ny 2h2 + 252 + st + s%t — 4hss® — 2hst

pjn

+27t) = N%NT WZ;F(R, W ) - (3.16)
In all the equations above and in the following subsections, as is set to unity in the units
of a. Furthermore, setting ay, = a after evaluating the as-derivatives, the summation over
the discrete Matsubara frequencies can be evaluated analytically by the standard contour
integral technique or numerically by explicitly summing over them and the momenta p;.
For the former, we need to determine the singularities of the summand F' in Eq.(3.16). We

outline below briefly the results one obtains for the zero and finite temperature cases.

T =0, u+#0: Inorder to obtain a general condition for eliminating the spurious ji%-
divergences, we first calculate the energy density at zero temperature in the limit Ny — oo
at finite a. The frequency sum 1/Ny >~ in Eq.(3.16) gets replaced by the integral o= |7 dw
in this limit. Subtracting the vacuum contribution corresponding to it = 0,i.e. R =1,0 =0,
the energy density at zero temperature is given by

1 T .
e&;m;[/_WF(R,w—ZQ)dw—/

’ F(w)dw} : (3.17)

—Tr

For brevity, we suppress from now on the explicit p;-dependence of the function F' although

we retain the overall sign to remind of it. Choosing the contour shown in Figure 3.1, the
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Figure 3.1: Contour chosen for evaluating the energy density for nonzero value of chemical
potential at zero temperature. The thick line indicates the Matsubara frequencies while the
filled circles denote the poles of FI(R,w).

expression above can be evaluated in the complex w-plane as

1
4 _
c«a = 7TN3Z
pPj

_ /__W_MF(R, w)dw — /7r F(w)dw} . (3.18)

m —T

—T

2mi » Res F(R,w;) — / F(R,w)dw — / F(R,w)dw
i T—10

s

The second and fourth terms cancel since F' satisfies F'(R,w + in) = F(R, —m + in). Hence,
we obtain

~ ™

eat = # ; {27#%1@ (M - \/}) +/ F(R,w)dw —/

’ F(w)dw} , (3.19)
where -iR; is the residue of the function F(R,w) at the pole —i sinh™!(y/f/R). Tt is clear
from Eq.(3.19) that the condition R = 1 cancels the integrals, yielding the canonical Fermi
surface form of the energy density. For R # 1, there will in general be violations of the
Fermi surface on the lattice. Moreover, in the continuum limit @ — 0, one will in general
have the p2-divergences for R # 1 in the energy density. The condition to obtain the correct

continuum values of € = p*/47? turns out to be K(i1) — L(i) = 21 + O(4?). That this
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effective Domain wall fermion satisfy the same condition as the Overlap [46] suggest that
such condition may be generically true for Ginsparg-Wilson fermions. Also that one obtains
identical condition in the staggered case [31] suggests that the behavior near the continuum
limit dictates this condition. Note also that the form used by Bloch and Wettig [34], namely,
exp(£p) for K, L, also satisfies the condition R = K - L = 1.

T #0, i =0 : In order to choose the appropriate contour in the 7" # 0 case, note
that the function F(R = 1,w,) at i = 0 has poles at cos™'(y/d — g2) = Fisinh™'/F.
These turn out to contain the physical poles in the continuum limit. As in the Over-
lap case[46], there are poles at cos_l(—M) = 47 + isinh~'y/f and branch cuts
at +m & icosh ™' & 3¢ (Ficosh™ ! d) for % > 0(< 0). However in this case, there are addi-
tlonal(unphysmal) poles and cuts at at +icosh™" w; where w; = (d +4 — 4¢)/2(g — 2). The
definitions of the quantities d, f,g are the same as defined in the previous chapter. Unlike in
the Overlap case, however, the contour is not closed just above and below the branch cuts
at Fr +icosh™! % for % > 0, but over and below the additional poles at F7i cosh™* w;. This
pole moves to infinity in the a5 — 0 limit or the Overlap limit and hence do not contribute to
the Overlap energy density on the lattice. The contour chosen for evaluating the frequency
sum shown in Figure 3.2, is thus slightly different from that chosen for Overlap fermions.

The residue of the pole enclosed by the contour for F' comes out to be,

Vi VIET-1
RE AV

with the first term yielding the continuum value of the energy density in the limit of vanishing

G(M). (3.20)

lattice spacing a. The energy density expression comes after performing the contour integral

comes out to be,

f \/1 f—1 1
N3 Z \/ﬁ f(l T+ f) G(M) X eNTsinhflx/f +1

which again turns out to be similar to the Overlap case. Due to a different functional

+€3—|—€4,

form of F' and a different choice of contour, the corresponding lattice correction terms €3, 4
which are the line integrals of F' along lines 3,4 in the Figure 3.2, are different, leading to
different finite size corrections. In the continuum limit the unphysical poles and branch cuts

are pushed to infinity and the values of €3, €4 vanish, leaving only the contribution of the

44



®;cosh™w,
4
') ® isinh~! VT C’
2
- (s
<
1
*) o —isinh ' /F C’
3
® —icoshtuw

Figure 3.2: Contour chosen for evaluating the energy density at finite temperature. The

crosses indicate the Matsubara frequencies while the filled circles denote the poles of F'(j,w).

physical poles to the energy density: In the square bracket, only first term gives the usual
continuum expression with the other term vanishing as a — 0. The same treatment goes
through in presence of ji only the contour has to be shifted along the imaginary w plane by
an amount dependent on ji with the position of the poles in the complex w-plane remaining

unchanged.

3.2.2 Ny —> , a5 — 0 , Ls = Nsas = finite

In the case when the lattice spacing in the fifth direction a; — 0 and the number of sites

N5 — oo such that Ls = Nsas is finite, the effective Domain wall operator reduces to

L
Dpw = (14 my,) + (1 — mq)f’tanh(?%?’pw) (3.21)
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Starting from the above expression we recover the Overlap operator when Ls — oco. With

this effective Domain wall operator, the energy density can be evaluated [47] as,

. Z 4sinh[*22]((—hahso + h*y) cosh[*£5] + (hyhsa + (A2 + s%)y + 2hs55%t)
“ = sN3Np(h? + (s + hZ) cosh[2s L]

pj,n
x cosh(2£5) — 2ssinh[2£2](h#t + hsy + (h*t + hya + 2hs(hst + 7)) cosh[sLs)))
—2hsssinh[2sLs]) ’
(3.22)

where o and ~ are the same as defined previously and ¢ is now defined as,

(—sin? apy + hsy)(— tanh L258 + Lgssechz%)
b= s2 tanh Ls¢ . (32
2

It was checked that the Overlap energy density is obtained back when Ls; — oco. We use the

expression above for our numerical work presented in section III.

3.2.3 Finite N5 and a;

While performing Monte Carlo simulations with Domain wall fermions one needs to work on
lattices with finite number of sites in the fifth dimension. For finite N5, the chiral symmetry
is broken and it is important to ascertain the dependence of the correction terms with Ns.
Evaluating the matrix tanh(N;/21n|T|) in Eq.(3.11) various thermodynamic quantities of
free Domain wall fermions on the lattice can be evaluated. The energy density in the massless

limit then is

/

2 t 2Nsq, tu +ut —axq — (¢ —2)a
e’ Z(—+ - u tut Z g ~ (g >x) (3.24)

~ N3Ny t " 22Natl 4 oNay tu— (q—2)z

pj,n

where the quantities u, ¢t and x are functions of h’s defined in Eqgs.(3.6,3.15) defined as,

oo (Lma)T (e T (T ()T (3.25)
\hy—1 1— hsy T\ —1 1 — hs ‘ '
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The partial derivatives of the above variables are represented as the same variables with a

dash, and are functions of h’s, a and 7.

q =2ss — 27, (3.26)
W (=N d at=a)] (e YT [ 4d At

Ny \hs—1 hs— 1 (hs — 1) 1= hs 1—hs  (1=hs)?]
@ =g\ —d At-@)] (tHa \TT [ 44 L o(t+a)

Ny \hs—1 hs— 1 (hs — 1)2 1—hs 1—hs (1= hs)?

Again, we shall use these expressions for obtaining the numerical results presented below

where we also show the results for quark number susceptibility. The same set of formulae as
in Eq.(3.26) remain valid for the calculation of susceptibility where o and «y are replaced by

the derivatives «,, and 7, with respect to i, defined as,

o, = Ohy _ ia cos(a ifL) _ s
”_8ﬂ_a4 4P4 ijﬂ_&ﬂ

= —thy(for number density) (3.27)

3.3 Numerical results at zero density

3.3.1 N5 = 00, a5 = 1

The goal of our numerical study is to find the optimum range of M for which the finite lattice
spacing corrections are minimum and compare it with that for the Dirac-Neuberger case [46].
We do this in the chiral limit and set /m, = 0. The lattice energy density given by Eq.(3.16)
was computed numerically by summing over the momenta along the spatial and temporal
directions. The zero temperature part of the energy density was determined in the limit
Np — oo on a lattice with a very large spatial extent N by numerically evaluating the ap, = w
integral. Holding the physical volume constant in units of 7" by keeping V3T = N/Np = ¢
fixed, we define the continuum limit by Ny — oo. The thermodynamic limit is then achieved
in the limit of large (. We first determine the acceptable range of ( by looking for (-
independence. The e obtained by subtracting the zero temperature part from the lattice
energy density expression was normalized by its continuum value egp. Figure 3.3 displays
the ratio €/egp as a function of Ny for different values of ¢ at a fixed M = 1.50. One notices
that for ¢ > 3 the energy density plots lie on top of each other, suggesting the thermodynamic
limit to have reached by ( = 4 — 5. In order to highlight the deviations in the continuum
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Figure 3.3: The ¢ dependence of the energy density of Domain wall fermions for M = 1.50,
a; = 1 and in the limit N5 — oo and the variation of energy density of Domain wall fermions

with M in the limit N5 — oo and a5 = 1.

limit, the same ratio is exhibited for different M values for ( = 4 in Figure 3.3 as a function
of 1/N2 for a range of Ny likely to be used in simulations. We choose to define the optimum
range of M as the values of M for which the thermodynamic quantities are within 3% of
the continuum values for the smallest possible Nr. One sees from the Figure 3.3 that the
order 1/N% corrections are minimum for M between 1.45-1.50 and N > 12. The correction
terms for M = 1 are linear in 1/N2 for Ny > 10 and are about 20% of the continuum value
even for Ny = 12. This is similar to that reported earlier for the Overlap fermions [46].
Though the continuum extrapolation with M = 1 is easier due to the linear functional form,
it is computationally expensive, needing simulations at more values of N, each greater than
10. Thus M =1.45-1.50 seems to be an optimum range for lattice simulation of the energy
density of domain wall fermions. We have found that odd N7 will give similar results, for
both optimum M and in the continuum limit. For small values of N however, there are
perceptible oscillation in the values of €¢/egp for odd and even values making the continuum
extrapolation difficult. We have also varied the lattice spacing along the fifth dimension as
to find out how the cut-off dependent terms change with it. The correction terms to the
energy density for as = 0.5a at small lattice sizes Ny < 10 are indeed larger than that for
as = a for the above mentioned optimum range but for Ny > 12 such terms are again within

2-3% of the Stefan Boltzmann value. The optimum M range for which the lattice artifacts
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Figure 3.4: The variation of energy density on lattice with Ny for Domain wall fermions for
different L5, as shown by the respective labels, and M = 1.55 and the variation of energy

density on lattice with 1/N2 for Domain wall fermions for Ls = 14 and different M.

are minimum shifts to 1.50-1.60. Thus there is a marginal dependence on as for Ny > 10.
Reducing a5 further does not increase the range much as we demonstrate in the plot for

as; — 0 in Figure 3.4.

3.3.2 Ny —> , a5 — 0 , Ly = finite

Next we investigated the limit N5 — oo, a5 — 0 such that Ls = finite in order to estimate
numerically the value of L5 for which we recover the Overlap energy density starting from
Eq.(3.22). As can be observed from Figure 3.4, Ls-independent results are obtained for
Ls > 14 for M = 1.55. This was also the case for a range of M around this value. For
L5 < 10 the convergence towards the egp value was seen to be very slow for all M and we
find that the continuum value is not reached even for lattice size as large as Ny = 32. Figure
3.4 displays the results as a function of 1/N2 for Ly = 14 and various values of M indicated
on it. The deviations from the continuum for such Lj are less than 3 % for the range of M

between 1.50-1.60, in agreement with the Overlap results [46].
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Figure 3.5: The variation of energy density on lattice with 1/N2 for domain wall fermions

at a) different N5 for M = 1.50 and b) N5 = 18 for different M.

3.3.3 Finite N; and a5 =1

The case of finite N5 with a5 = 1 is clearly of most interest for practical simulations with
dynamical fermions. Earlier numerical studies for free Domain wall fermions [48, 32] em-
ployed M = 1.0 and found somewhat slow convergence of various thermodynamic quantities
towards their continuum values. We intend to check whether tuning the value of M results
in a faster convergence. For that purpose we have computed the energy density expression
for finite N5 and a5 = a in Eq.(3.24) by summing over all the discrete momenta. We display
those results for €/egp in Figure 3.5. The Figure 3.5a shows the results for a series of N5 and
a fixed M = 1.5. The results are seen to become Ns-independent by N5 = 18, making it an
optimum choice for obtaining continuum results on the lattice. The Figure 3.5b shows the
M-variation for N5 = 18. The general trend is clearly the same as above with M =1.45-1.50
emerging as the range for which the Stefan-Boltzmann limit is reached to within 3-4% for
N7 > 10. Interestingly, N5 = 18 seems to mimic the N5 — oo limit quantitatively rather
well as can be seen by comparing the plots in Figure 3.5. Also the values of €¢/egp in the

chiral limit, N5 — oo are within 1-2% of the N5 = 18 values
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3.4 Numerical results at finite density

It should be noted that in this case 7" is no longer Hermitian but as long as the condition
given in the Eq.(3.12) is satisfied the effective operator in Eq.(3.16) is well defined. We shall
restrict the range of i to ensure that it is so. We choose K and L to be e*# respectively in
our numerical computations as suggested in [34]. Our aim again is to find the optimum M
for which the continuum results are obtained with least computational effort, and compare
it with our the range obtained from the energy density above. We consider two observables
here. One is the change in the energy density due to nonzero p: Ae(u,T) = €(u, T)—€(0,T).
In the continuum limit this is

Ae(p, T) — pt N 1
T Ax2T4 0 2T

(3.28)

Another observable we studied was the quark number susceptibility at i = 0. It is defined

1 0%Indet D
— 2
X N3a2NT< o ) ’ (3.29)

for any [ by,

and in the continuum is given by Eq.(2.39). We will focus on x(0) here due to its importance
in the applications to the heavy ion collisions. We estimated numerically Ae(p, T') for p/T =
(Nt fixed at 0.5. The Figures 3.6a and b display our results for this observable in the units
of T* for N5 = oo and 18 respectively for the M values indicated. The horizontal line in
each case shows the expected result in the continuum limit from Eq.(3.28). From the Figures
3.6a and b it is evident that there are no u?/a? divergences on the lattice, as expected. The
deviations from the continuum limit are due to the M dependent finite size effects. These
correction terms are again seen to be small for the same optimum range of 1.45 < M < 1.50
for both the cases, as obtained in the zero chemical potential case in section 3.2. The Nj
dependence of the quark number susceptibility at 4 = 0 is plotted in Figure 3.7. It too
exhibits a convergence to the infinite N5 results for N5 > 16, indicating that N5 = 18 can
again be used safely to approximate the infinite N5. Figure 3.7 shows the M-dependence
of the quark number susceptibility at ji = 0. The N5 = 18 plots show small deviations
from the Stefan-Boltzmann value of 1/3 for 1.45 < M < 1.55 range and for Ny > 10.
Recent computations of this susceptibility [49] for the interacting Domain wall fermions

were performed with M = 1.8. Of course, one expects some shift in M due to additive
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renormalization in presence of gauge interactions. The change should however be small for
large enough temperature and small gauge field coupling constant where one expects those
computations to approach the free quark gas results. In all our plots we find that for the
optimum M range, the deviations from the ideal gas results at smaller Ny =4-8 are quite
significant but with a relative mild M-dependence for M > 1.4. Thus a slightly larger value
of M than the optimum range we found may not change the finite size effects drastically
for small Np. What one does need to be careful about though is the extrapolation to the
continuum limit. For the optimal range of M and Ny > 10, the smallness of corrections

compared to other errors in the computations may make it a less important issue.

3.5 Improvement of the chiral fermion kernels

In the previous sections we observed that the fermions with exact chiral symmetry on the
lattice have large 1/N# corrections for small Ny. While we found that the continuum limit
for various thermodynamic quantities can be approached faster by choosing the irrelevant
parameter M in the range 1.45-1.55, the correction terms for Ny =4-6 are about 50% of
the Stefan-Boltzmann result for Domain wall fermions (Figure 3.5) and about the same
magnitude as the continuum values for Overlap fermions [46] for such a choice of M too.
Here we describe our attempts to improve the convergence to the continuum results for small
Nr and even for M = 1.0. Having the option of the choice of M = 1.0 may be useful since
it has been noted previously [23, 50] that the residual mass for such a choice of M is zero

for a range of N5 at the tree level.

3.5.1 Domain wall kernel

The Domain wall operator given in Eq.(3.11) is a matrix-function of the Wilson-Dirac op-
erator as in Eq.(3.5). It is clear that its improvement may lead to a better Domain wall
operator, or indeed even a better Overlap operator, one is looking for. Inspired by the at-

tempts to improve the staggered fermions in the so-called Naik-action [51], we add three-link
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terms to the Dy, as below.

j=1 2 2
o (o 1A am 1— e a
Ay <U4( ) 2 6m z'+4 + U4([L’) 2 6m m’—4) + (3 + ta M) 55(; x’
3
&7 ] a 3% (1
) ]; TJ (U] (x/>5gc x'+3) U] (x)(sm,m’—Zﬁ) ;47 <U4 (x/>5ac x'4+3; T U4(Sl?)5x’x/_34)

(3.30)

It is clear that the modification amounts to replacing each -, by (¢1 + ¢3/3)7, in the non-
interacting case. The Wilson mass term, added to remove the doublers, is kept unchanged.
Note that the modified Dy-operator is still vs-hermitian for arbitrary real values of the
coefficients ¢; and c3. The new domain wall operator can therefore be derived in the same
way as Eq.(3.11) was obtained. We fix the coefficients by demanding the dispersion relation
for free fermions on the lattice to be the same as in the continuum up to O(a4p§). We find
that all the terms at O(a3p§’-) are eliminated for the coefficients ¢; = 9/8, ¢3 = —1/8. We
employ them below for the calculation of the thermodynamic quantities.

Following [52], we use K3(fi) = K3(j1) and Lz(fi) = L3(f1) for introducing /i for the 3-
link terms in the modified Domain wall operator. The ratio of quark number susceptibilities,
x(0)/xsp, computed using the modified Domain wall operator in presence of ji, is plotted
as a function of 1/N# as in Figure 3.8 along with that for the unimproved Domain wall
operator of Eq.(3.11). We used M =1, ( = 4, N5 = 18 and a5 = 1 for this computation.
One clearly notices that the large correction terms (~ 45%) at Ny =6-8 for the usual Domain
wall operator go down to about 7-8 %. Indeed, the size of corrections go down further as Np
increases. Similarly, the energy density of such improved fermions also exhibited smaller,

about 15-5%, deviations from the continuum for Ny =6-10, as compared to about 30 % in
the Figure 3.5b.

3.5.2 Overlap kernel

From section II, we know that the Overlap operator can be derived as a special limiting case

of the Domain wall operator. It would be thus interesting to check how the improvement
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Figure 3.8: The susceptibility of improved and the conventional Domain wall fermions(left

panel) and Overlap fermions(right panel) at M = 1.0 as a function of 1/N2Z.

in the Wilson Dirac operator in Eq. (3.30) fairs in the Overlap case. For that purpose we
compute the quark number susceptibility for non-interacting fermions on a N3 x Ny lattice
numerically with the corresponding improved Overlap operator. The x/xsp does have lower
1/N2 corrections for Ny = 6,8 than for the conventional Overlap operator with M = 1
as shown in Figure 3.8. We also observe a faster approach to the continuum result with
such improved Overlap operator than with the Neuberger Overlap operator even with opti-
mum M = 1.55 reported in [46]. Another advantage is that the thermodynamic quantities
calculated from this improved operator are free from oscillations at odd-even values of Np
exhibited [46] by the usual Overlap operator. The improvement in the energy density is
marginal up to Ny = 8 but substantial for Ny = 10 onwards. Similar improvement for 2-D
Overlap kernel by replacing the Wilson Dirac operator with different hypercubic operators

was observed in [53].

3.6 Summary

Since the chiral violations vanish exponentially with the number of sites Nj in the fifth di-
mension, the Domain wall fermions offer a more practical alternative to the Overlap fermions
and yet have exact flavour and spin symmetry. We have computed the energy density and

susceptibility at zero chemical potential of such fermions numerically for both finite and
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infinite N5. The chiral symmetry is exact in the latter case and a choice M between 1.45-
1.50 allows faster convergence to the continuum results. The optimum M range is different
from the Overlap fermions because of the presence of additional poles and branch cuts. We
have also verified analytically that the energy density has the correct continuum value in the
chiral limit. Varying the number of lattice sites in the fifth dimension, we have shown that

N5 = 18 is sufficient to restore chiral symmetry.

We found that introducing chemical potential i in domain wall operator leads to chiral
symmetry breaking even for infinite N5. But if we do allow that, there exist a large class
of functions K(f1) and L(f1), with K(f) - L(1) = 1, for which there are no fi-dependent
divergent terms in the physical observables. From the numerical evaluation of the energy
density in presence of i , we conclude that the optimum range of M remains the same. The
lattice cut-off effects are however very large for small Ny = 4-8. By systematically removing
the dominant correction terms to the continuum value of the chiral fermion operators we
have achieved a faster rate of convergence to the continuum as well as smaller magnitude of
1/N# corrections for small lattice sizes even for M = 1.0. This set of optimum parameters is
anticipated to produce similar results in full QCD simulations with chiral fermions though

an explicit check needs to be done.
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Chapter 4

Anomaly at finite density and chiral

fermions

4.1 Introduction

Chiral anomalies arise in a theory of massless fermions interacting with the gauge fields.
The flavourless axial current of the fermions is classically conserved but is violated at one-
loop level, as was shown in the famous calculation of the Adler-Bell-Jackiw(ABJ) triangle
diagram for the U(1) case [10, 11]. The anomalous contribution is a universal feature of the
theory and is independent of the ultraviolet regulator used for the quantum theory. Fujikawa
provided a new insight on anomalies by showing that they arise due to the change of the
fermion measure under the corresponding transformation of the fermion fields [12] in the path
integral method. For the physically interesting case of two massless flavour QCD (N; = 2),
the order of the chiral phase transition depends [13] on the size of the coefficient of the chiral
anomaly term. It is of second order, with critical exponents of the O(4) spin model, if the
anomaly contribution is sizeable at finite temperature. One could expect a QCD-critical
point in the T" — pup plane for light quarks in that case. In view of this, it is important
to ascertain what change occurs in the anomaly in the presence of finite temperature and

densities.

In this chapter we would be addressing both the perturbative and nonperturbative

aspects of the chiral anomaly at finite temperature/density. In Sec. 4.2, we compute the
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triangle anomaly in the imaginary time formalism of thermal field theory. This method has
the advantage that it can be linked to the weak coupling lattice calculations. Lattice QCD
deals with the imaginary time Euclidean propagators, and hence anomaly calculation in the
Euclidean space-time would be directly relevant for numerical studies. In Sec. 4.2.2, we
extend Fujikawa’s analysis to finite density in the continuum. We show that the anomaly
equation arising due to the change in the measure of the functional integrals under chiral
transformation of the fermion fields remains the same at nonzero densities as well. We extend
these considerations in Sec. 4.3 to the case of fermions with exact chiral invariance on the
lattice. We propose a lattice Overlap Dirac operator with a term linear in the chemical
potential p, i.e., similar to the continuum and also suggest a way to get rid of the spurious
divergences in the thermodynamic quantities. This method of introducing chemical potential
is completely general and can be used for the staggered fermions as well. Its potential to
handle higher order terms in the Taylor expansion in chemical potential p in full QCD is

shown using the staggered fermions for 7" > T..

4.2 Anomaly at T'=0 and p # 0 in continuum

4.2.1 Perturbative calculation

In this section we calculate the expectation value of the gradient of flavour singlet axial
vector current of QCD perturbatively in the presence of finite fermion density to check
how the anomaly equation is affected in the presence of a nonzero chemical potential. The
lowest order diagrams are the ABJ triangle diagrams shown in Figure 4.1. It is well-known
that the higher order diagrams do not contribute to the anomaly equation at zero density,
neither do other diagrams like the square and pentagon diagrams. We therefore compute
only the triangle diagrams at finite density. Our starting point is the QCD Lagrangian in the
Euclidean space with the finite number density term as defined in [54]. In order to maintain
consistency with the lattice literature, we have however chosen the Dirac gamma matrices

to be Hermitian:

L= 0P +m)— 5T FusFus+ it (4.1)
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Figure 4.1: The ABJ triangle diagram(left panel) and its crossed counter part(right panel).

where ) = v,(0,—igA%T,) with T, being the generators of the SU(3) gauge group. The ghost
terms are not important in such a calculation as these do not directly couple to the fermions.
The v5 = 1727374 is also Hermitian in our case. The inverse free fermion propagator is seen
to acquire a p dependence and become [if — m + uvyy] . In order to find out whether the
chiral current j,; = 12%751# for massless quarks is conserved at finite density in one-loop
perturbation theory, we compute the quantum mechanical expectation value of the derivative

of the chiral current i.e. ,

(Ouus) = —% /d4931d49328A<T{j5,A($)jp(931)ja(932)}>AP(I1)AJ(9«“2) : (4.2)

where the expectation value of the time ordered product of the three currents at one-loop level
is the axialvector-vector-vector (AVV) triangle diagram shown in Figure 4.1. Any deviation
of this quantity from its classical value would give us the anomaly. Using the Euclidean space
Feynman rules, the amplitude of the AVV triangle diagram can be computed. The crossed
diagram is the one with the gluon legs exchanged among the two vector (VV) vertices, and

it corresponds to the process which is quantum mechanically equally favored.

Denoting by A7 (ky, ky) the total amplitude and contracting it with ¢, Eq.(4.2) can
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be written in the momentum space for massless quarks as

d*p 1 1
ANT = (=i)g*te[T°T" / Tr { ° — —
» (=i)g T (2m)* T d— it T —ant
1 1
_ 5 o P
Y= Wt

; 1 ) 1 | ) 1
y —— — " — — —
Y—q—ipyt " Y — My —ipy Y—ipyt oy — Mo — iy

with the tr (Tr ) denoting trace over color (spin) indices. Combining further the first (second)

N 7| (4.3)

term of the AVV diagram and the second (first) term of the corresponding crossed diagram
respectively, we rewrite the contracted amplitude in terms of functions fi(p, k1) and fa(p, ko),

4

BANT = (i) tr[T“Tb]gz/ d’p [fo(p — k1, ka) — fo(p, ko) + fi(p — ko, k1) — fi(p, k1)l

(2m)*
(4.4)
where the function fi(p, k1) is defined as,
Y — i Y= —ipvs
flp k) = Tr | : o =—~°
S (s =P+ (py— ks — i) + (5~ k)2
- 4e2PPp k15 — 4ipe'Prky g (45)
((pa — i) + P2)((pa — bna — ip)> + (P — k1)?) |

since Tr [y’pA7pH*] = 0. fo can be obtained by substituting ky for k; and interchanging
the indices p and o in Eq.(4.5). We will use below a common notation f for denoting either

in order to sketch the proof further. Although the numerator of Eq.(4.5) has terms up to

4,}/0,}/4,}/;)] ~ €4U4p

and therefore vanish. In order to further evaluate the right-hand side of Eq.(4.4), we note

quadratic order in p, it should be noted that the p? terms are ~ p*Tr [y5y

that the integrals are linearly divergent and hence must be regulated by introducing a cut-
off scale, A. This procedure must be carried out in a gauge invariant manner such that the

vector currents are conserved. In momentum space this amounts to
klpA’\p"(kl, ko) = ko A7 (ki ko) =0 . (4.6)

We follow the usual text book [55] method to impose these conditions above and compute
the anomaly. In order to highlight the differences due to the p # 0 terms, we sketch below
the evaluation of just the relevant part of Eq.(4.4). Expanding the first term and combining
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it with the second, we rewrite the first two integrals as,

‘ A d4p 1 5
Al_l)rfoo ; W —]{71#8“]“2—1-§k1uklya“a,,f2+0(]€) y (47)

where the derivatives are in the momentum space. The first term of the above integrand can

be written as a surface integral using Gauss law,

A 4 273
) d*p o kA F(A R)27mRA
A @ikl (ko) = lim =R
~ lim i Aak}x#kw — %EMﬁpkluk?B AuAg
Aroo | (1 — Z%)z F1)((1— kz4{§riu)2 + ([\ _ X2)2) SmZA4
E(Xﬁapklal{ag
= (4.8)

where we uses the isotropy condition, A, A,/A? = g,,/4. Tt is clear that the second term of
the integrand in Eq.(4.7) when similarly integrated leads to the gradient of f(p, ks) at the
Fermi surface of radius A, and therefore vanishes as O(). Hence this term, and the higher
derivative terms, do not contribute in the limit when the cut-off is taken to infinity. The
other two terms of Eq.(4.4), as well as the vector current conservation condition Eq.(4.6),

can be similarly shown to be p independent, leading to the canonical result even for p # 0 :

- 2
%AMU:—uwwﬂggaw%mbﬁ. (4.9)

We have thus shown explicitly that the anomaly equation has no corrections due to
nonzero f or, equivalently, at nonzero finite density. It is easy to generalize the same compu-

tation to nonzero temperatures. At finite temperature, the temporal part of the momentum

_ (Cn+)7
o B

where n = £1,+2, ..., +00. The sum over discrete energy

gets quantized as the well-known Matsubara frequencies : py
d
7 P4 gets replaced by %Z

. Correspondingly,

oo 21 n
eigenvalues, can as usual, be split as a zero temperature contribution along with the finite
temperature contributions weighted by the Fermi-Dirac distribution functions for the parti-
cles and antiparticles. Note that the finite temperature contributions will fall off to zero in

the ultraviolet limit because these are regulated by the distribution functions. Thus,

P [ 1 1
/ (2m)3 {kla" [f(m (eﬁm—m 1 et ¢ 1)} +{p. k1 0, k‘z}]

o aalpl [ 1 !
B \ﬂllg-loow {(kl PR (eﬁﬂﬁ—m 1 e ¢ 1) tloheo kz}} v
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Such perturbative calculations of the ABJ anomaly were reported earlier in the real time
formalism at finite temperature and at both zero [56] and nonzero [57, 58] fermion densities
as well as for finite density in Minkowski space-time [59]. We have shown above that these
calculations are possible using the imaginary time formalism as well. An imaginary time
calculation is useful as this can be generalized to weak coupling calculations in lattice gauge

theory.

4.2.2 Nonperturbative calculation

The chiral anomaly in the path integral formalism can also be looked upon as arising due
to the change of the measure under chiral transformation of the fermion fields [12]. In this
section, Fujikawa’s method of anomaly calculation in the path integral formalism, at zero
temperature and zero fermion density, is extended to the finite fermion density case. But
before analyzing the finite density problem, the method for p = 0 is summarized to point
out the differences that would arise in the finite density case. The partition function for
massless fermions interacting with SU(N) gauge theory can be written in Euclidean space
as

7 = / DYDY[DA,Je~ J x PPo=Svm / DYDY[DA,]e> (4.10)

where Sy = 1/2 [d'z [Tr Fog(z)Fap(x) + 1/§(f“AZ)2} is the free Yang-Mills action with
appropriate gauge fixing f*Aj, = 0. The action for the ghost term is included within the
gauge field measure and hence denoted within square brackets. This is justified since we
are interested in the change of the fermion fields under chiral transformations and the ghost
fields do not interact with the fermions. Under the infinitesimal local chiral transformation

of the fermion fields, given by

0p(z) = ia(z)ysp(z) and 0(z) = ia(z)d()ys (4.11)

the action changes as S — S — i [ d*z a(x)d,j¢. The measure changes as a result of the

transformation of the fermion fields. The change of measure is,

DYDY’ = wamﬂ%l = Dy Dype 2/ dhx alTr (4.12)

where Tr stands for the trace over the spin and the color space. This trace can be computed

using the eigenvectors of the operator /), since it is an anti-Hermitian operator. It has purely
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imaginary eigenvalues and the corresponding eigenvectors form a complete orthonormal ba-
sis. Splitting the trace computation into two parts, the trace over the nonzero eigenvalues
can be done easily as follows. Since {75, P} = 0, for every eigenvector ¢,, with nonzero
eigenvalue \,, # 0, there is a corresponding eigenvector y5¢,, with eigenvalue —\,,. Thus
for each finite \,, , o= = ¢, £ V50, are eigenvectors of 5 with eigenvalues +1. Since trace
is independent of the basis vectors we can also compute the trace of 5 in the ¢ basis.
One obtains zero as the result since there are equal number of ¢ respectively. For the zero
eigenmodes, /) and 75 commute hence each zero mode has a definite chirality, leading to
a +1 contribution for those with v5¢,, = ¢, and a -1 for the opposite chirality. Hence the
complete evaluation of the trace gets a nonzero contribution corresponding to the difference

between number of the two chiralities:

/d4x Trys = /d%Z(Z)IL%(ﬁn =n,—n_. (4.13)

Chiral Jacobian in the presence of p

The presence of finite chemical potential, i, in the action can be described as an effective
change of the Dirac operator from P to ) — uvy, = P(u). Under the chiral transformation
given in Eq.(4.11) the action still remains invariant as in the zero density case. This is due
to the fact that the p dependent term of the action anticommutes with ~vs5: {75, uy4} = 0.
Under the transformations given in Eq.(4.11) the fermion measure changes again by the same
Jacobian factor Trvys. The corresponding Trvs is now evaluated in the space of eigenvectors
of the new Dirac operator P(u). This is because the measure is defined by the complete
set of states of the Dirac operator which appears in the action. Although P(u) has both an
anti-Hermitian and a Hermitian term, it is still diagonalizable. Consider an eigenvector ¢,,

of P(0) with an eigenvalue \,,. Let us define two new vectors, (,, and v,, as follows:

Cn(x,7) = e on(x,7) an(x, T) = gbjn(x, T)e HT . (4.14)

It is easy to check that (,, is the eigenvector of P(u) with the same (purely imaginary)

eigenvalue \,,,

P()Cm = AmCom (4.15)
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and vl is the eigenvector of (i) with the eigenvalue \*, = —\,,,
ol DY () = =Anof,. (4.16)

Note that the sets of eigenvectors {(} and {v} are in one-to-one correspondence with

the complete set {¢}. Using the completeness relation for the latter,
> dml@)ol,(y) ="z —y), (4.17)

we note that

Y @)l (y) = ) (@)™ e ol (v) = 6'(x —y) - (4.18)

Moreover, {(} and {v} satisfy the following normality condition,

/ vl (%, 7)Cn(x,7) dia = / ol e et dix = / Ol (X, T)pm(x,7) d*x =1, (4.19)

leading to
U;rn(x7 T)75Cm(xv T) = (b;rne_w—f%ew—(ém = ¢1Tm(x7 T)’)/5¢m(X, T) ) (420)

Using these eigenvector spaces of (1), the calculation of Trvys goes through in the same way
as for J0(0) above. Since the new operator still anticommutes with 5 i.e {75, P(u)} = 0,
for each eigenvector (,,, with eigenvalue \,, there is an eigenvector v5(,, with the eigenvalue
—Am- Thus the trace of 75 is zero for all nonzero \,,. In the basis of the zero modes of D (u),

given by ¢, and v, the change in the fermion measure is given as,

/d4x Trys = /d4x Zvl%cn = /d4:c Z Pl e M yse T g, =ny —1n_. (4.21)

Thus the change in the fermion measure due to the chiral transformations is the same as in
the zero density case with no additional x dependent terms. Hence the anomaly is unaffected
in the presence of . Some remarks on the proof may be in order. The definition of the
vectors (,, and vy, in Eq.(4.14) assumes that neither p nor 7 is infinite. The same assumption
is also utilized in various steps in Eqs. (4.18)-(4.21). Clearly at strictly zero temperature,
this is not tenable. However, an infinitesimally small temperature suffices for the proof to
go through. Moreover, since the result is finally pu-independent, we expect the result to be

valid at zero temperature, although our proof is valid only in the limit of zero temperature.
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The scaling of the eigenvectors, including the chiral zero modes, by the exp(£ut) factors
can be related to a nonunitary transformation of the fermion fields in the QCD action in the

presence of p, given by
V' (x,7) = efY(x,7) , U (x,7) =P(x,T)e I, (4.22)

which makes the action p-independent:
s= [dad -y = [ate e Pl emo = [dxipu. (@23)

Note that the fields ¢» and 1) at the same space-time point scale differently in the trans-
formation in Eq.(4.22) which is permissible [60] in the Euclidean field theory since they are
mutually independent fields. Let us also emphasize that the transformation in Eq.(4.22) is
not unitary and thus not physical. Indeed, it merely relates the actions in two different phys-
ical situations of zero and nonzero p. One clearly cannot employ it in the evaluation of the
partition function due to its nonunitary nature. We have shown above that the transforma-
tion suggests how to extend the cancellation argument for nonzero eigenvalues of the Dirac
operator for 1 = 0 to the nonzero u case as well and is thus useful. Furthermore, since the
transformation commutes with both flavour singlet and nonsinglet chiral transformations,
employing it as a prescription to introduce the chemical potential will necessarily lead to a
it dependent action which has the same chiral invariance as for © = 0. Whether this way to
introduce the chemical potential in any theory is the only way to do so without affecting its

chiral invariance would be interesting to explore; we conjecture that this is the case.

4.3 Anomaly on the lattice at finite density

The above discussion of the anomaly in the continuum suggests a way to introduce the
chemical potential on the lattice. By preserving the transformation (4.22) on the lattice, one
may expect to maintain the anomaly to remain p independent on the lattice as well. Let us

consider the naive massless fermion action on the lattice,
3
§ == |UN) Gy = Ual@) 50yt 3 (U 0)0i = Ui<$>5z,y—%)] v
v - (4.24)
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Replacing the 1 and 1) fields in the above action by ¢ and ¢ respectively, using the lattice
analogue of the transformation (4.22), we indeed obtain a fermionic action on the lattice at

finite density,

— Z O e P UL(y 2 5X i —e"Uy(x Opyit Z i (U1L )0y yai — Ui(X)éx,y—i>] Q/J;J .
(4.25)
with a4 being the lattice spacing in the temporal direction. Unfortunately, the infamous
fermion doubling problem is related to the fact that the anomaly on the lattice is canceled
exactly for such naive fermions. The commonly used fermions on the lattice, like the Wilson
and the Kogut-Susskind fermions do not have a flavour singlet U,(1) chiral symmetry, and
so there is no anomaly to speak of. Nevertheless, we note that a similar transformation for

such fermions does lead to the action popularly used for nonzero chemical potential [28, 29].

The Overlap operator at zero fermion density has exact chiral invariance on the lattice
as was discussed in detail in chapter 1. At zero temperature and density, the change in
the measure computed on the lattice due to the Luscher transformations was shown to be

related to the index of the fermion operator [61, 22, 62] ,

1
§Dov)] = —Tr (v5Dpy) = ny —n_ = 2 IndexD,, , (4.26)

where n are right and left handed fermion zero modes respectively.

Tr [275(1 —

Bloch and Wettig [33] proposed a method to incorporate the chemical potential in the
Overlap operator It should be noted that the resultant action does not have the property
of eliminating the p-dependence by any transformation like Eq.(4.22) due to the nonlocal

nature of D,,.

We have earlier pointed out [46] that the action S = - Ve[ Dow ()] 2ythy is not
invariant under Luscher’s chiral transformations of Eq.(1.19). The chiral symmetry violation
is of the O(a) and hence the symmetry is restored only in the continuum limit. In that case,
the equation —Tr (5 D,, (1)) = 2 IndexD,,, (1) is valid [33] on the lattice even in the presence
of p, since the fermion measure changes under these transformations by a Jacobian factor
Tr [27v5(1 —1/2D,,(1))]. However that the relevant zero modes are now those of the D,, (1),
and thus p dependent, in contrast to our continuum result of the previous section. Moreover
altering the symmetry transformations has undesirable physical consequences [63], discussed

in detail in the second chapter.
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4.3.1 A simple proposal

It is well-known that the Overlap fermion operator can be obtained [18, 45] from the five
dimensional domain wall fermions in the limit of infinite extent of the fifth dimension. The
Bloch-Wettig proposal above was also shown to arise [34] in this way. It turns out that the
chemical potential, p enters in their action then as the Lagrange multiplier for the number
of fermions on each slice of the fifth dimension. This means that all the unphysical “bulk”
modes are considered with the same weightage in the partition function as the zero modes
which eventually correspond to the massless quarks in four dimensions. The subsequent
cancellation of the bulk contributions using Pauli-Villars fields to single out the contribution
of a single chiral fermion thus becomes p dependent on the lattice. Motivated from physical
consideration, we propose to introduce the chemical potential only to count the fermion
confined to the domain wall. Integrating out the fermions in the fifth dimension, one is led
to the following action, which one would have written down naively to add a number density

term :

. ajfi
Doy(t)ay = (Dov)ay — 2ay M (74 + 1)U1(y)5m,y+4 —(1- 74)U4($)5m,y—4] . (4.27)

Here D, is the same Neuberger-Dirac operator of Eq.(2.1), and /i1 = uay is the chemical
potential in lattice units. As usual, the volume of the system is defined as V = N3a® and
the temperature is 7' = 1/(Nray) on a N3 x Np lattice with lattice spacings a and ay in
spatial and temporal directions respectively. The term containing the chemical potential is
not unique. Improved density operators could be used for faster approach to the continuum
limit, e.g., addition of three-link terms. One could have chosen [i/s instead of i/M as the
multiplying factor for the conserved number part. All such choices of actions are constrained
by the fact that these have the correct continuum limit. However the finite lattice spacing
errors in each of these operators would be different and we comment below on how they may

affect the numerical simulations.

Note that our proposal, too, will break exact chiral invariance at the same O(a) as the
Bloch-Wettig proposal. As a result, the anomaly equation on the lattice will get p -dependent
corrections anyway. A significant difference may be the fact that the change in the measure

is p independent for our proposal, as in the case of the continuum. We persist with it in the
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following, nevertheless, as it is simpler and easier to implement. Principally, this is due to
the fact that one does not have to compute the sign function of a non-Hermitian matrix, with
its inherent ambiguities, as in the Bloch-Wettig way of incorporating the chemical potential.
The non-Hermitian sign function is numerically also more expensive to simulate for the full

interacting case, whenever that becomes more practical.

For noninteracting fermions the U, = 1 and the above Neuberger-Dirac operator with
the chemical potential term can be diagonalized in momentum space in terms of the functions,
h's defined in Eq.(2.8) such that D,, (/1) can be written as,

4

h
Doy (P pa, 1) =1 — E i— — — —
— S s as M

(4 cos(asps) — i sin(asps)] - (4.28)

The above operator given by Eq.(4.28) can be shown to have correct continuum limit. The
number density can be calculated at zero temperature by the contour integral method as
was discussed for the Bloch-Wettig version of the Overlap fermions at finite p in [46]. The
major difference one finds is the expected p/a?-divergence (u?/a*-divergence) in the number
(energy) density in the continuum limit of @ — 0. What is perhaps not widely appreciated
from such calculations is that the leading term, corresponding to the Stefan-Boltzmann limit,
also changes by a finite computable part. In the next section, we show through numerical

evaluations of the sums, how one can deal with these problems.

4.3.2 Numerical results

We compute two thermodynamic quantities of relevance to the above discussion as well
as to the heavy-ion collision experiments: the change in the energy density due to the
chemical potential, Ae(u,T) = e(u,T) — €(0,T) and the quark number susceptibility at
zero chemical potential, x(0). These thermodynamic quantities are computed by taking

appropriate derivatives of the partition function Z = det D,,,

1 0%Indet D,, . 1 Olndet D,,
X(O):Ns 2N, ERE ’ E(M):_N?’ 3N, 0
a T H aq,i1—0,a40=a a T a4 ANT, as=a
(4.29)

The quantities computed on the lattice are expected to have a A? ~ 1/a? dependence

on the lattice for the D,, defined in Eq.(4.28). In order to eliminate these spurious A?
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Figure 4.2: The energy density(left panel) and quark number susceptibility (right panel)as

a function of 1/NZ for M values as indicated for ¢ = 4.

terms, we follow the same prescription which was used for the energy density computation
at zero temperature (which diverges as A* ). We compute these thermodynamic quantities at
zero temperature and subtract them from the corresponding values computed on the lattice
at nonzero temperatures. The zero temperature values were computed numerically on a
lattice with a very large temporal extent Ny and fixed a4 such that T = 1/(Nrays) — 0.
The Matsubara frequencies then become continuous and hence could be integrated upon

numerically.

Figure 4.2 displays the subtracted results for Ae(u, T) for r = pu/T = Ny = 0.5 and
x(0). The former is displayed in units of 7% and has the value 0.127 for r = 0.5 in the
continuum limit, while the latter is normalized to the ideal gas value (72/3). The M values
are as indicated along the symbol used. The subtraction constants had to be computed
separately for energy density and susceptibility. From a comparison of the plots with the

corresponding ones [46] for the Bloch-Wettig case, we find that

e there are no leftover effects of divergences after the zero temperature subtraction,

e there are no oscillations for odd-even values of N,

e the M-dependence is much less pronounced, and

e the scaling towards the continuum value is linear with the possibility of an easier
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extrapolation.

We also computed the susceptibility using the Wilson fermions and compared the
results with those above. We found that for Ny = 6 the cut-off effects of the Wilson
operator are about 21% larger than the M = 1.60 Overlap result shown in the right panel of
Figure 4.2. The difference reduces to about 3% at Ny = 10. Beyond N7 = 10, the approach
to the continuum limit is almost identical for both the operators. The Wilson fermions have
no chiral symmetry even for 4 = 0, which may make them less favored for the QCD critical

point searches which are pivoted around the p = 0 transition.

We have also checked that there are no other divergent terms of the form O(a™") with
n > 2 in the number density, by calculating the fourth-order susceptibility since odd orders

of susceptibilities vanish at ;1 = 0. At zero chemical potential, the fourth-order susceptibility

1 d*Indet D

(4) . ov

X(0) = < - ) (4.30)
N3Np out 144,70

A term O(a™*) in the number density will show up as a divergence in this susceptibility,

is given by,

and will need a subtraction too. From Figure 4.3, where we display our results for x(*(0)
for M = 1.5, we can conclude that there are indeed no divergences to be seen in the large
Np limit. The normalization in this case is also the expected continuum value. It is not
identical to the Stefan-Boltzmann value of 2r~2. Using the contour integral method it can
be easily shown to be . (0) = 2/m%(1+41/4), with the additional factor of 0.25 coming from
the term usually cancelled in the usual prescriptions [28, 29, 30, 31]. We have found the
convergence to the continuum value to be strongly M dependent and unfortunately very slow
for all values of M, as seen in the plot B of Figure 4.3. Introducing the chemical potential by
choosing [i/s as the coefficient of the number density term in Eq.(4.27), instead of the i/M
we used, achieves a milder M dependence and a faster convergence towards the continuum.

Perhaps improving the number density term can achieve a still faster convergence.

4.3.3 A new proposal for QCD critical point via Taylor expansion

Inspired by the above experience of dealing with the number density in the linear form,
as in Eq.(4.27), we make a proposal valid for all lattice fermion operators. Because of the

infamous sign problem for the fermion determinant with nonzero chemical potential, it has
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Figure 4.3: The variation of the ratio of the fourth order susceptibility and the corresponding
continuum value as a function of 1/N2 for ¢ =4, M = 1.5 for the A) ji/s and B)ji/M way

of incorporating the chemical potential.

been proposed to look for the QCD critical point [64] by looking for the radius of convergence
of the Taylor expansion [65, 64] of the second order baryon susceptibility, s in powers of
pup/T . This xg0 is expected to diverge at the critical point. On a finite lattice however
there would be no divergence, only one would observe that the terms of the series are all
positive and equal in magnitude. The finite radius of convergence of the series would give
as an estimate of the critical point. The radius of convergence estimates require ratios of
higher order quark number susceptibilities(QNS). Computations have been done up to the
eighth order so far [64, 3|, with lattice spacing 1/a ~ 1200 MeV and pion mass quite close
to the realistic one, M, = 230 MeV. Extending these calculations to higher order is both
necessary and desirable to confirm the results already obtained. Our proposal can permit
such an endeavor. We denote M (u) to be any generic lattice fermionic operator with the

chemical potential p:

Sp =Y W(@)M(u;2,y)¥(y) = > U(z)D(x,y)¥(y) + pay_ N(x,y) (4.31)

x?y

Here D can be the staggered, Overlap, Wilson-Dirac or any other suitable fermion
operator, and N(z,y) is the corresponding point-split and gauge invariant number density.

Eq.(4.27) provides a concrete example of the above for the Overlap fermions. Any improve-
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ments in the fermion operator D or the number density N are generically included as long

as the classical continuum limit is the same and p appears linearly.

It is easy to see that only the first derivative of M with p is nonzero. All others are
zero. Thus denoting by M’ the first derivative of M with respect to p and adding more

primes in the superscript for successively higher orders,

M =Y N(zy), ad M =M"=M".=0, (4.32)
z,y

for our proposal to incorporate p in contrast to the popular exp(4pua) prescription where all

derivatives are nonzero:

M =M"..=Y N(zy) and M'=M"=M""..#0. (4.33)
z,y

As a consequence, the various nonlinear susceptibility expressions, or equivalently the
expressions for Taylor series coefficients, are a lot simpler and have a lot fewer terms. For
example, let us write down a fourth-order coefficient [by combining Eqs.(A.4), (A.7) and
(A.8) of [64]] :

@_T

XU =1 (4.34)

2
<O1111 + 60112 + 4043 + 309 + (94> — 3<011 + O2>

Here the notation O;;..; stands for the product, O;0; - - - O;. The expressions for O,, n=1,4

for our proposal above are,

O, = Tt M ' M, (4.35)
O, = —Tr M'M'M*M',

O3 = 2Tr (MM,

O, = —6Tr (M "M,

in contrast with those for the usual case given in [64] :

O, = Tr M'M', (4.36)
Oy = —Tr M'M'M7'M' +Tr M~'M",

O3 = 2Tr (MM —3Tr M*M'M*M" +Tx M*M",

O, = —6Tr (MM +12Tc (MMM 'M" -3 Tr (M *M")?

— 4Tr M*M'M*M" +Tr M*M".
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The eighth-order term needs Og, which has 18 terms in the usual case whereas it will simply
be Og = —5040 Tr (M~ M’)® for our proposal. The number of matrix inversions required to
compute the higher order susceptibilities is also drastically reduced in this way of incorpo-
rating the chemical potential. Each derivative comes with the inverse of Dirac operator in
the expression of QNS, and the inversion is the most expensive step in a lattice calculation.
Hence as argued in [47], considerable amount of time would be saved in computing higher
order QNS using the operator used here. For the eighth-order susceptibility computation
we need to compute only eight matrix inversions as compared to the twenty required in the
standard prescription, thus saving 60% of the computer time. For higher order susceptibil-
ities, the number of matrix inversions is reduced by at least half, enabling us to compute
even higher orders of the Taylor series of thermodynamic quantities and thus constrain the

radius of convergence and allow for a precise estimation of the critical point.

Of course, there is a price to pay, and we would be demonstrating in the next section
that it is not very big. All the coefficients that one evaluates this way will have the remnants
of the terms which are otherwise eliminated by the usual prescriptions [28, 29, 30, 31]. It
has been seen that in all such methods the artifacts once eliminated from the free theory by
suitable change in the fermion action, do not appear in the interacting theory. We expect
that the free theory artifacts are the dominant ones appearing in the expressions of higher
order QNS computed in QCD as well with the fermion operator where p enters linearly.
Removal of the free theory artifacts will give us physical results for higher order QNS in the
interacting theory. To check the validity of this proposal we use staggered fermions in the
subsequent work. The choice of the staggered fermions is motivated from the fact that it has
a remnant chiral U(1) symmetry on the lattice and also easier to implement on the lattice.

The staggered fermion operator at finite density that we would be considering is,

D(pt)zy = D(0)y + %m(z) [Ul ()0, yrd + Us(x)0, 3| »malz) = (=1)" 77278 (4.37)

The QNS for two quark flavours is defined as,

T 8”7 In Z(T> Mo, d, m) _ Z ai—l_j <TT In D(,uu,d, m)>

Xij(ﬂmﬂd):_ - —
4 Opi, 1) 4 Opi, 1)

, (4.38)

where Z is the QCD partition function. The Dirac operator used in this work, has a term

linear in u, hence second and higher order derivatives of this operator with respect to p
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vanishes. All the QNS are computed at zero baryon density so we do not encounter any

“sign problem”.

4.4 Results for Quark number susceptibilities

4.4.1 Free Theory

The different orders of quark number susceptibilities can be computed analytically for the
free fermions. It is important since it allows us to have an estimate of the possible cut-off
effects in the QNS and compare with the existing methods. In this case the staggered Dirac
operator in presence of ji = pa, can be written as,
3
D(p) = ZZ njsin(ap;) + na(sinasps + ift cos agpy) + 1My (4.39)
j=1
The susceptibilities can be calculated using Eq.(4.38). For example the number density

expression on the lattice is of the form,

3 1 Z (sinwy, + /1 cos wy, ) cos wy,

= 4.40
N3Np f 4+ (sinw, + ificosw,)? ( )

na

where f = sin? ap; + sin® ap, + sin? aps + mg. The above expression can be evaluated by the
standard trick of converting the sum over energy eigenvalues to a contour integral. In this
method,

5 i ™0 dw \/1 — [i2sin w cos(w — i) il dw
N3 ~ o N3 Z

e N3 —m+i6 2m f + ( )Slﬂ2w —7+16 27T
—m+i0
: e ==L
N3 Z [f 46
. . " dwsinw(cosw + ifisinw)
= mzﬁ: l—zZReszduest/_W% (= D snw ] , (4.41)

where F'(w) is the integrand appearing in the expression of number density and tanf = [
The second term in the last expression does not exist for the standard prescription [28]. This

additional term gives rise to lattice artifacts in the expressions of number density which are
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absent in the standard prescription upto O(j2%). The integral can be evaluated exactly for

mg = 0 as,
125
T RN EYCe) VI BV ik ) i
372 6m2 24m2 7 3722 3! 72 5! 72
(4.42)

where the terms in the square bracket are the additional zero temperature contribution aris-
ing in our method that are absent in the standard prescription. In the zero temperature
limit and for a fixed lattice spacing, the number of sites in the temporal direction, Ny — oc.
The energy eigenvalues are no longer quantized and are continuous in the range [, 7]. The

energy sum converts into an integral. The zero temperature values of the different suscep-

tibilities can be explicitly evaluated on a finite lattice by integrating over the continuous

1 | f
e zp: (1 - W) : (4.43)

energy modes as,

X20 = —

3 3+2f | f
X4o——4N3§ﬁ:<2—1+f,/1+f>, (4.44)
15 15 +20f + 82 f

XGO——W ﬁ (2— 4(1+f)2 1—|—f> , (4.45)

To estimate and compare the cut-off effects, we compute the QNS for free fermions on
a 243 x 6 lattice using the operator in Eq.(4.37). The expressions for x,o would have zero
temperature O(a"*) lattice artifacts which have to be subtracted to give physical values
on the lattice. These zero temperature artifacts given in Eqs.(4.43), (4.44), & (4.45) are

evaluated numerically by summing over the momentum modes.

When compared with the results obtained from the standard Hasenfratz-Karsch(H-K)
operator, the QNS computed with the operator in Eq.(4.37) have smaller cut-off effects as

evident in Figure 4.4.
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Figure 4.4: The comparison of fourth order (left panel) and the sixth order susceptibility
(right panel) computed using the standard H-K method and the operator in Eq.(4.37).

4.4.2 N;=2QCD

In this section we compute the baryon number susceptibilities for two flavour QCD on a
243 x 6 lattice. Wilson action is used for the gluon sector and for the fermion sector we have
used the staggered fermion operator as given in Eq.(4.37). We would be considering exact
isospin symmetry, therefore p, = pg = 3up, where ppg is the baryon chemical potential. For
lattice simulations, one need to set the temperature scale. First, the variation of the Polyakov
loop susceptibility is studied as a function of the bare coupling constant for fixed m/T, = 0.1.
The value of the coupling constant at which the susceptibility of the bare Polyakov loop
peaks, is labeled as g.. The scale was set by measuring the plaquette values at T" = 0, to
extract a renormalized gauge coupling o, in M S scheme. Once it is done then the lattice
spacing can be expressed in terms of the renormalized coupling. This would allow conversion
of lattice spacing a into a physical length scale in order to extract T./Azzg [66]. In order to
estimate zero temperature lattice artifacts, one should ideally perform QCD simulations on a
symmetric lattice of size 24* for each value of the coupling constant. But then the estimated
gain in time could be reduced in generating configurations on the symmetric lattice. To
remove such terms without any additional computational cost we propose the following two

subtraction schemes:

e A: We subtract the zero temperature value of xoo for free fermions computed by nu-

merically summing over the momentum modes on a 243 lattice with infinite temporal
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extent.

e B: We subtract yao for free fermions computed numerically on a 24* lattice.

We expect that the free theory artifacts would approximately be similar in magnitude to that
in the interacting theory in the high temperature regime. This is motivated from the fact
that we know in the perturbative regime that there are no additional divergences appearing
at finite temperature and density in the expression for pressure. This is evident from the right
panel of Figure 4.5, where the ratio of xa20/x20,s5 is independent of the subtraction scheme
at temperatures T' > T., where the SB value was computed on a finite lattice. In the left
panel of Figure 4.5, the values of Yy using the method A are consistent with the existing
results computed using H-K prescription which we label as GG [3]. The method B gives
smaller cut-off errors and consistent with those using improved fermion actions like p4 and

Asqtad [67, 68]. For T' < T, the results from the methods A and B are consistent with each
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Figure 4.5: The second order QNS(left panel) and the ratio of x20/X20,55(right panel) as a
function of T'/T..

other but do not agree with the GG results within errorbars. So the results are prescription
dependent in this phase. Henceforth we would be only investigating the properties of the
higher order susceptibilities for 7" > T, only. We would be following the subtraction scheme
A, since the free theory divergences are accurately determined in this method. The ratio
of x4p normalized by the corresponding SB value on the lattice is shown in the left panel
of Figure 4.6. From the free theory plots we know that the Ny = 6 SB value computed

using method A is about 1.8 times smaller than the corresponding HK result. Hence the
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susceptibility from continuum value 0.3(right panel) as a function of 7/7..

ratio x4p/X4p,sp has visible dependence on the subtraction scheme near the vicinity of
T.. At the highest temperatures, the results are closest to each other implying that the
interacting theory results are close to the free theory ones. This is also evident from the plot
of x4p in the interacting theory. The SB value referred here is the continuum value. The
deviation from the continuum theory at the highest temperatures is of the same magnitude
as observed for the free theory implying that at these temperatures the QGP consists of
almost non-interacting quark quasi-particles. The sixth and eighth order susceptibilities are
also prescription independent as seen in Figure 4.7. The rapid fall of these quantities towards

zero again confirm the non-interacting quasi-particle nature of QGP at T' > 1.57T..

The off-diagonal susceptibilities measure the correlations between the quasi-particles
in the QCD medium. It also gives an estimate of how strongly interacting the medium is
because these quantities are zero for ideal fermi gas. The lowest off-diagonal susceptibility
is y11 which measures the correlation between the u and d quarks in the medium. The xi;
should be identical for both the operators used and provides a consistency check for our
results. The rapid drop of yi; towards zero at T" > 1.27, signify rapid decorrelation among
the quark flavours(Figure 4.8). This indicates that the quasi-particles in this phase are not
composite particles but carrying the quantum number of quarks. This would imply that
no new terms would arise due to correlations between the flavours, and there would be no
further subtraction required for the fourth order off-diagonal QNS shown in the right panel

of Figure 4.8. The yo is a sensitive indicator of the critical point as it peaks sharply at T,
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Figure 4.7: The sixth (left panel) and the eighth order(right panel) baryon number suscep-
tibility as a function of T'/T..

the same point at which the Polyakov loop susceptibility peaks whereas the y3; remains close

to zero for T' > T, again signaling almost no correlation between the light quark flavours.

Next we check the ratios of susceptibilities. These ratios are important for estimating
the radius of convergence of the Taylor series of ya9. From the Figure 4.9 it is evident that
ratios of both diagonal and off-diagonal susceptibilities are quite robust and independent of
the prescription for a range of temperatures T > T,.. This would imply that the radius of
convergence estimates using method A would be similar to that computed in GG. It would

be interesting to check whether the same conclusions are valid for T' < T..

4.5 Summary

We have shown perturbatively from the computation of the triangle diagrams at zero tem-
perature that the anomaly equation does not have any finite density correction terms. We
have extended our calculations to the nonperturbative case where we have used Fujikawa’s
method to show that the anomaly relation is unaffected in the presence of a finite chemical
potential. This has an important implication for the lattice field theory in designing the
lattice Dirac operator for nonzero p: it should lead to a p-independent anomaly relation on
the lattice. The recent Bloch-Wettig proposal for chiral fermion operators at finite density

violates the chiral invariance on the lattice itself. While a p-dependent modification of the
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Figure 4.8: The second order(left panel) and the fourth order(right panel) off-diagonal QNS

as a function of T'/T..

chiral transformation can restore the chiral invariance, it leads to a u-dependent anomaly
relation unlike in the continuum theory. Such a modification has other physical consequences
discussed in [63].

We have proposed a physically more justified way of introducing g in the Overlap
Dirac operator. In this method the chiral symmetry is explicitly broken as well, but the
contribution to the anomaly relation from the measure is likely to remain p independent,
with the lattice corrections to the anomaly relation falling off as a power law in the continuum
limit. It has the expected p?/a’-type divergences in the continuum limit. We showed how a
simple subtraction scheme can take care of them in the free case. This prescription is easily
generalizable for other lattice fermion operators as well. We have computed the baryon
number susceptibilities for two flavour QCD using the staggered Dirac operator given in
Eq.(4.37). We have suggested two methods for removing these artifacts for 7' > T,, which
would allow for faster computation of these quantities than the conventional method. It
has the advantage that the number of fermion matrix inversions goes down drastically when
computing the higher order quark number susceptibilities. The higher order susceptibility
computations are clearly important to accurately locate the critical point in the T-up phase
space for QCD. Our proposal would save much of the computational effort required for
obtaining higher order susceptibilities, even for the staggered fermions. These methods
however, are not expected to work for T" < T, and we have to estimate the subtraction term

for the interacting theory on a symmetric lattice for each value of the coupling constant.
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But we expect that the operator used in our work would still be efficient for continuum

extrapolation for eighth and higher order QNS, which we would like to check in a future

study.
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Chapter 5

Overlap fermions at finite chemical

potential

5.1 Introduction

Introducing chemical potential in the Overlap operator in the Lagrangian formalism has the
main problem that a conserved number density cannot be defined. This has to do with
the non-linearity of the Overlap operator. One way to circumvent this problem is to look
at the Overlap operator [17] as a superposition between the ground states of two many
body Hamiltonians. In this method one can construct suitable number density operators in
terms of the many-body creation and annihilation operators. The chemical potential can be
coupled to such number density term. Standard Overlap operator at finite density [33] do
not have exact chiral symmetry on the lattice. In the Hamiltonian method by introducing
external chiral sources we elucidate the meaning of explicit chiral invariance of the Overlap

operator at finite density.

In Sec. 5.2 we review the Hamiltonian formalism for Overlap fermions at zero chemical
potential. In the subsequent sections we motivate how to introduce the chemical potential in
this formalism and show that the Overlap partition function with massless fermion sources
has exact chiral invariance even at finite p. In the last section of this chapter we show that
different methods of introducing p in the Overlap operator lead to p?/a* lattice artifact in

the expression of free energy and discuss two proposals to remove these unphysical terms on
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the lattice for full QCD simulations.

5.2 Review of Overlap formalism at zero fermion den-
sity

If we have fermions in a five dimensional Euclidean spacetime with a single domain wall
profile, we can consider the fifth dimension as timelike and construct the Hamiltonian ‘H =
vs(D + M(s)), D being the four dimensional Dirac operator and s being the coordinate
along the fifth dimension. If the domain wall in the fifth dimension is of the form M(s) =
—M,s >0 and M(s) = A,s < 0, then the overlap between the ground states |[+) and |—)
of the two many body Hamiltonians H, = v5(D — M) and H_ = (D + A), respectively,
gives us a chiral fermion for s — co. On a lattice the continuum Dirac operator is replaced

by the lattice Dirac operator, which in the Weyl notation is given as,

B C

In the above equation, B is the Wilson term to remove the doublers and C' is the nearest

neighbour hopping term given as,
1
B = 52(2—TM—TJ)
o
1
C = 52% (T, — T7)
m
(Tuo)(x) = Uu(x)¢(z + f1)

with o matrices are in d = 4.

(0 1) (0 —i) (1 0 ) (z o)
o1 = ;o= | e — e . (5.1)
1 0 1 0 0 —1 0 1

The Hamiltonian is now denoted as H, = ~vsDw. H, is a 2n x 2n matrix where n =
3 x N3 x Ny and the gauge field is in the zero topological sector. The overlap formalism
is designed to work in all topological sectors and this is one of the important features of

the formalism. But, we can restrict ourselves to the zero topological sector to simplify the
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discussion. All results can be trivially extended to all topological sectors. Also we would be
considering the partition function at fixed gauge field background in this chapter. Let the

Dirac Hamiltonian be diagonalized by a matrix U,
H,U =UA, (5.2)
with

and A > 0 for all i. On a lattice the parameter M in the Hamiltonian 7, is chosen to be
between 0 & 2 on the lattice and H is denoted as H,,. The parameter A in H_ is usually
chosen to be oo [69] and for this choice H_ ~ 7;. These Hamiltonians can be expressed in

the second quantized form in terms of creation and annihilation operators,

HR,L = _aJ}r{,LHwaR,L ) FR,L = —GEL%@R,L . (5-4)

with apg, L,ak ; obeying canonical anti-commutation relations separately for the R and L
sets. The H is not diagonal in the basis of the operators a and a unitary matrix can provide

suitable rotation to the basis in which H, is diagonal,
br =Ulag, (5.5)

and it follows that bg 1, b}L ;, also obey canonical anti-commutation relations. We can write
) U
brr={ M| arL = Sl (5.6)
dR7 L dR,L

n n
!/ — g/
Hrp=-— Z )‘;rul%Liu;iLi + E pr d;z,Li R (5.7)
i—1 i=1

then

Let |0) be the vacuum state that is annihilated by all the destruction operators. Then the

lowest state of Hp f is

|+>R7L = u/IirLLnu/IJ:ri,Ln_l e u/IJ:ri,LQU/IJ:rLLl |O> (58)
In addition,
|_>R7L = uTR,LnuTR,Ln_l e u]IL:i,LguTR,LJO) (59)

84



is the lowest state of I'p . It is to be noted that we are working in a fixed gauge field
background for which such states are defined. The generating functional for a vector like

theory with massless fermions is the overlap between these two lowest energy states [69],
= 3 t g
Z(Er, &1, &Ry E1) = R{—|€mIPTER R| ) pp (]etrdntoren| ) (5.10)

The sources, &g, &1, £r and &7 are all Grassmann variables and they anti-commute with the

fermionic operators. The properties of the generating functional are listed below,

e The phase choice for |+)gr are tied together since they are the ground states of
identical many body operators. The same is true for | =) . Therefore, the generating
functional is unambiguous and does not not depend upon the phase choice present in

the unitary matrix, U, that diagonalizes H,,.

e [t does not depend on the ordering of the operators since the two terms in the exponent

commute with each other in both factors.

e dr and u% are the propagating degrees of freedom in the first factor since (—|ug and

<—|dE are both zero. The converse holds for the second factor.

e In the absence of sources, it gives the fermion determinant for massless fermions as
r{—|H)r L{+|-)z = det adet . (5.11)
where we have used (5.5) and an identity derived in [70].

e The generating functional is invariant under global chiral transformations:
Er— €97ER; Ep — Epe Ry £ — €PREL; €L — e (5.12)

e The propagator for the right-handed and left-handed fermions are

(] jurl =) L
r{+=)

R<_|UJI[%dei|+>R

Gj =
f r(—|H)r

. GY = (5.13)

and they obey the relation
Gl =Gy, (5.14)



Since the propagators of left and right handed fermions in the last item above are
related by hermitian conjugation as opposed to anti-hermitian conjugation, our definitions
are for the hermitian Dirac operator obtained by a multiplication of the conventional anti-
hermitian Dirac operator by v5. This is a consequence of defining the generating functional
for the left-handed fermions the way we did as opposed to the way it is defined in [69] where

the highest states of the two many-body Hamiltonians were used.

The generating functional can be written in the operator form as,
z F B F Ta 1)t
Z(Er, Er, Er,Er) = [€5RP9ER det a} [e&[ﬁo‘ e det aT] . (5.15)

The derivation of the above expression was detailed in [69]. The main steps in the above
derivation is outlined for completeness and would be referred to in the derivation for the
finite density case in Sec. 5.4. We can express the exponent of Eq.(5.10) in terms of new
operators QF as,

Erdp + Eruly = Qp + QF (5.16)
where

Qr = Er(6 ) dp + Erufa™;  Qp = —~Er(y0 ) ur — Erdpfa, (5.17)

and we have used Eqgs.(5.3), (5.5) and (5.6). Since we can also write Q7, as

Qf = &rdr + Erul, — Q (5.18)
it follows that
@ QF] = —Er (Ba™ = (v071)1) ér, (5.19)
Using the identity
B = eABemalA Bl (5.20)

where [A, B] is a c-number, we can show that the exponent in Eq.(5.10) is

ef_RdR'f‘“}rng _ eQEeQﬁeéfR(ﬁa*—(’Yfrl)T)ﬁR. (5.21)
Since
- +
r(—e®n = p(=|;  €%r|+)r = |+)n, (5.22)
it follows that
R<_|€5_RdR+“}r?5R‘_|_>R — e%E_R(Bofl—(w*l)T)ﬁRR(_|+>R — (£rRBaTER ot a, (5.23)
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and we have used the unitarity property UTU = 1 to show

(yoHT + Ba~t = 0.

(5.24)

For the left handed sector we can similarly follow the above steps to get an expression of the

overlap in terms of the left handed fields,

Erdl + Epup = Qp +QF

where

QF =&n(a Y + SLd,LT(S_l; Q; = —&0(Ba Ny, — fLUTLWS_l,

and we have used Eqgs.(5.3), (5.5) and (5.6). Since we can also write Q7 as

QL = deTL +&ur — Qf

it follows similarly as for the right handed sector that

[Q27 QZ] = _EL ((5a_1)T - /76_1) £L7

and
eELdTL-i-ELUL _ eQJLreQZ e%E_L ((5071)1_7571)& '

Since
L{+]e9r = (+]; €% |=) =1,

the determinant for the left handed chiral fermions can be simplified to be,

p{Hesrd )y = b (Bam =0 e )y = efrBaTe get o,

5.3 The massless Overlap Dirac operator

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

For the numerical implementation of the overlap formalism, it is important to express the

determinant in Eq.(5.15), in terms of an effective Dirac operator. In principle, one has

to perform an exact diagonalization of H,, which is needed for the computation of U and

Eq.(5.15). But there exists an Overlap Dirac operator for vector like theories [18] which can

represent the overlap determinant. Considering the unitary operator,
V = vy5sgn(Hy).
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It follows from Eqs.(5.2) and (5.3) that,

1 0 1— 0
En VU Y : _VU = 7 , (5.33)
2 0 0 2 B0

1=V [0 —(BaY)
Go= 13 = <5a_1 . ) , (5.34)

is the massless Overlap Dirac propagator. Since [69] the unitary operator U has the property
that

and therefore

det o

detU = —— 5.35
¢ det o ’ (5:35)
we have the identity,
det avdet o' = det & det 6, (5.36)
and therefore,
1
det adet o = det —; V. (5.37)
The massless Overlap Dirac operator is given by
1+V
p,— % (5.38)
2
Our generating functional in Eq.(5.15) can be written as
Z(£,€) = det D, =G0t (5.39)

We can use Eqs.(5.34) and (5.37) along with an efficient implementation of V' to compute the
generating functional. One essential ingredient of the overlap formalism is that the operator
appearing in the determinant in Eq.(5.37) is not identical to the operator used to compute

the propagator in Eq.(5.34). This is a generic feature of the chiral fermions.

5.4 Introduction of the chemical potential

Consider the generating functional

Z(Eny &y Eny €1 iy fin) = p(—| SRR Emehtubindn) L) o) (4 |oSrdi 4 —diinu |y, - (5.40)
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where fig(pr) and fip(pr) are operators that parametrically depend on the chemical poten-

tials, pugr and pr.

In order to obtain a formula for the generating functional in terms of the determinant

of the many body operators, we start by noting that
/dCRdC'Re_CR/leR_CRuI{‘FCRCR — 6uJ1r;»,lleR (5‘41)

and

/dCLdCLe_CLﬂLuL_CLdTL_CLCL — e_dzllLuL. (5‘42)

Therefore,

Z(Er, €L, Ery €Ly iry pr) = detadet ol
/dCRdCRfBCRCRJ’(ER_CRﬂR)ﬁQ1(§R—CR)
/dC_LCLe_C_LCL'i'(EL_C_LﬁL)[Ba1]T(§L_CL)
= detadet (1+ apBa") detal det (1 e [ﬁa_lr>

= 1 D S
R TR 8 L s 1) (5.43)

The generating functional is invariant under the chiral transformation given in Eq.(5.12)
since the introduction of the chemical potential does not mix the two chiral sectors. To be

consistent with the continuum definition of the chemical potentials, we require

ar(0) =05 fig(p) = —jih(—p). (5.44)

The fermion determinant is not real and positive for a real quark chemical potential, ur =

[, = p, but it is real and positive for an isospin chemical potential, ur = —py = pu. These

are standard properties in the continuum correctly reproduced in the overlap formalism.
There are several choices for fig(p) which would be addressed in detail when we analyze

the thermodynamics of free fermions.
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5.5 The massless Overlap Dirac operator with a chem-

ical potential

Let the operator containing the quark chemical potentials be denoted as,

0
A
fr 0

. Using Eqgs.(5.34) and (5.37) it can be deduced that the determinant part in the Eq.(5.43)

can be expressed in terms of the sign function without diagonalizing the operator U,

1 1-—
det avdet o det (1 + /fLRﬁOé_l) det (1 —fiL [ﬁa_lr> = det l _;V N -

2
14+V 1-V
= — 1+ N——| . A4
det 5 det[ + 1+V] (5.45)
The propagator can also be expressed in terms of four dimensional operator as,
o 1+V -
Go(fir, i) = [m + N} : (5.46)

The partition function for the Overlap fermions in presence of a finite chemical potential is
thus,
Z(8, & fim, fi) = det Dy(fip, fi) e~ i Celinin)e, (5.47)

5.6 Thermodynamics of free fermions at finite density

In order to work out the energy density and quark number susceptibility for free massless

quarks, it is best to work in momentum space since the corresponding fermion Hamiltonian

can be diagonalized exactly. Let us assume that we have converted to creation and annihila-

tion operators in momentum space by the appropriate unitary transformation. We will work

on a N3 x Ny lattice. The allowed discrete spatial momenta are py, in the range [—m, 7|. The
(2n+1)m

Matsubara frequencies in the N direction are w,, = N n = 0,---,Npr—1 and we will

assume that Np is even. The hermitian Wilson-Dirac operator for a fixed momentum takes

“h
Ho=|( " °© (5.48)
CJr h5

the form



where

c= ZZ O Sin pg. — sin wy,;
k
ccl =cle = Z sin? py, + sin® w,. (5.49)
k

The positive eigenvalues come in one doubly degenerate pair, A\ = y/h? + ccf, per momentum

block and the corresponding pair of orthonormal eigenvectors are

- ( ‘ ) . (5.50)
2AA + hs) \X+ hs

Note that A and hs are even functions of w,, at a fixed p,. Assuming a vector like chemical

0 n(p, wy)
N = , 5.51
(—m(—u,wn) 0 ) >0

per momentum block where n(0,w,) = 0. We write,

potential, we write

(i, wn) = np(p,wy) + ing (@, wy) (5.52)

where n,.; (4, w,) are both real functions. The free energy density is given by

1
F(u, Np)a* = N zpj {—2In(2\) +In(¢*+n)} , (5.53)
n,Pr
where
g = A— h5 + n(:ua wn)n*(_:ua wn)()‘ + h5) - [n(:ua wn) + n*(_,u> wn)] sin Wn (554)
and
3
h=[n(pw,) =0 (—pw)? f . f=) sin’p. (5.55)
k=1
The quark number susceptibility,
2
N (5.56)
ou?
n=0
can be evaluated to be,
1 4(¢* = r?) (sin® w, — f) — 4v(X — hs) sinw,
2 _
xa’ = e > (5.57)

(A — hs)? ’

n,Pk
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— i 7w :78nr(u,wn) o o(w :M
S0 | T T | T T

p=0 p=0 n=0

(5.58)

The sum over n can be non-zero only if 4(¢> — r?) is an even function of w, and v is an odd

function of w,,. The two choices we have made are,

1 |ipa local
n(p,wy) = —— : (5.59)
M | sinw, — sin(w, —ipa) H-K
For the local case,
1
For the H-K case, )
q:coswn. F— 0 v sin wy, (5.61)

oM - 2M
We can make a modification to the H-K insertion such that v = 0 but keep ¢ to be the same.

This corresponds to

ar(p) = ﬁ sinh %(Tzl +TH = n(p,wy) = ﬁ cos wy, sinh %. (5.62)

Keeping only the forward derivative will result in

n(p,wy,) = ﬁei“’” sinh %, (5.63)
with '
COS Wy, sin wy,
ke T el PRV} 64
9= " s V=0 (5.64)

This leads us to consider the restricted class of operators,

~J Z : /J/CL j ] Z ’l”OJ'rL 3 /J/CL
,LL%(,LL) = M sinh 7Ti = n’ (,u, wn) = M@ J¥n ginh 7, (565)
with ‘ o .
COS JWy, sin jwy, 9 5  COS2jwy,
= : S : =0: —rt =" 5.66
This motivates us to study the quantity I; related to the quark number susceptibility,
1 cos(jwy) (sin®w, — Zi:l sin® py,)
I;(Np, M) = NN, A2 O =) , Jj = even , (5.67)
Pk
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Figure 5.1: The energy density(left panel) and the [;(right panel) for the Overlap fermions

as a functions of 1/N? for different M.
and we conjecture that

L;(Np, M) = I;(00, M) + —= + O (N7 ). (5.68)

3N2

where [;(co, M) is the additional zero temperature lattice artifact that diverges in the con-

tinuum limit, appearing in our formalism.

The computations of the energy density and the quark number susceptibility, which
is related to the quantity I;, were done for the free fermions to check their dependence
on the irrelevant parameter M. As discussed earlier for the free theory computations, the
ratio & = V3T = N/Np was fixed for each thermodynamic quantity. When this ratio
tends to infinity, the thermodynamic limit is recovered. In numerical simulations, £ = 4
approximates the thermodynamic limit quite well in this case too. Then taking the large Ny
limit ensures continuum limit. The energy density was computed on the lattice using the
local method of inserting p. The zero temperature values of the energy density and I;, were
computed on a lattice of the same volume and an infinite temporal extent. These subtracted
values normalized by the corresponding Stefan-Boltzmann values, are shown as a function of
1/N2Z for different values of the irrelevant parameter M in Figure 5.1. The thermodynamic
quantities have a smoother approach towards the continuum limit with the cut-off errors

significantly less than the staggered and even the Bloch-Wettig fermions.
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5.7 Summary

We have discussed the problem of introducing the chemical potential within the overlap
formalism. In this formalism the chemical potential is coupled only to the physical chiral
fermions and the overlap definition of the topological charge is unaffected by the value of
1 on the lattice. A large class of number density operators can be coupled to the chemical
potential. Each one of them results in a divergent quark number susceptibility but all of
them have the correct continuum limit after the divergent contribution is subtracted. For
full QCD the quark number susceptibility can be computed by taking the difference between
its value on a finite temperature lattice and zero temperature lattice for the same value of
lattice gauge couplings and lattice quark masses [47]. This will remove the zero temperature
divergences and enable a proper study of the fluctuations close to the transition temperature.

We can also consider the linear combination,
fir(i) = itk (). (5.69)
j=1

The associated free fermion quark number susceptibility for this choice of the number density
operator will be
X(Np, M) = > ¢jiei, I,y (N, M). (5.70)

Ji,J2=1

_1_
3NZ

> =1 (5.71)

In order to have no divergence, we need to tune the coefficients, c;, such that

As per the conjecture in (5.68), the quark number susceptibility will give the correct

behavior as long as

Z 1 CinLjy 44, (00, M) = 0, (5.72)

J1,J2=1
and this is only one condition and we have infinite number of coefficients. Therefore, we can
find a large class of number density operators that have the correct finite behavior in the
free fermion limit. Addition of gauge fields cannot give rise to new divergences as long as all
couplings and masses are properly renormalized. ¢; = a and ¢3 = (1 — «) can be used with

« chosen to cancel the free fermion divergence. This will provide one good choice for the
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number density operator in the full interacting theory. The disadvantage in this approach is
that one has to tune a to cancel the divergence.

Dynamical simulations of Overlap fermions are currently being performed both at zero
temperature [72] and finite temperature [73]. It would be interesting to compute the quark
number susceptibility in such simulations using the operators presented in this work and

compare them with the complimentary approach of [33].
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Chapter 6
Conclusions

In the recent years, the lattice QCD results on the location of the critical point in QCD
phase diagram using Taylor expansion of the baryon number susceptibility [3, 4], are begin-
ning to converge. The accurate theoretical estimation of the critical point has gained more
importance in view of the fact that there are dedicated large scale experimental facilities in
Brookhaven National laboratory(BNL), USA especially aimed at the critical point search.
There are also future experiments to start at FAIR, GSI, Germany and at NICA, Russia
designed for this purpose. Current theoretical predictions on the critical point are obtained
using staggered fermions which have partial chiral symmetry but explicitly broken flavour
and spin symmetry on the lattice. The existence of the critical point needs two light quark
flavours and correct magnitude of the anomaly term. It is associated with the restoration
of chiral symmetry. To make a more precise prediction for the critical point, which can be
put to test experimentally, it is desirable to use fermions with exact chiral symmetry as well
as having the correct anomaly on the lattice. It would thus be important to understand
whether the existing Overlap and Domain wall fermion operators [33, 34] at finite baryon
chemical potential have exact chiral symmetry on the lattice. As discussed in the introduc-
tory chapter, it is computationally very expensive to implement the chiral fermion operators,
like the Overlap operator, for lattice QCD simulations. The aim of this thesis work was to
understand the different aspects of QCD at finite temperature and density with the chiral

fermion operators on the lattice.

In the second chapter of this thesis, we studied the thermodynamics of free Overlap
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fermions finite temperature and density. We derived analytically the possible cut-off effects
of the Overlap operator at the tree level by computing thermodynamic quantities of the free
Overlap fermions. The branch cuts in the expressions of different thermodynamic quantities,
which are absent for the commonly used Wilson/staggered fermions, give rise to additional
cut-off effects on a finite lattice. Though these terms do not contribute in the continuum
limit, these may have sizeable effects on reasonably small lattice sizes. These cut-off effects
can be minimized by a suitable choice of the irrelevant parameter M present in the Overlap
operator. We have shown numerically that by fine tuning the value of M in the range 1.50-
1.60, it is possible to reduce the deviations due to the finite lattice cut-off effects to within
3-4% of the continuum, on reasonable lattice sizes for both at zero and finite fermion density.
Our results are only at the tree level. Since M is an irrelevant parameter, we expect that it
would not be changed drastically in full QCD. It would be nevertheless interesting to check
how much this optimum M range would change in presence of interactions. Unfortunately we
also found that the existing Overlap operator at finite density (Bloch-Wettig operator) [33]
does not have exact chiral symmetry on the lattice. The chiral symmetry gets broken at
order a and no exact order parameter can be defined on the lattice. If one changes the
symmetry transformations to restore exact chiral invariance on the lattice, these become p
dependent. This leads to unphysical consequences like the non-unitary transformation of
fermion fields and dependence of the topological charge on i, which is discussed in detail in

chapter four.

In the third chapter, we studied analytically as well as numerically, the thermodynamics
of free Domain wall fermions, both at zero and finite fermion density. We have shown that
if the number of sites along the fifth dimension N5 > 18, we recover a single chiral fermion
on the lattice. We have found out analytically that there are additional pole and branch cut
contributions to the thermodynamic quantities for Domain wall fermions. These quantities
are M dependent and the optimum M range for the Domain wall fermions for which lattice
results were within 3-4% of the continuum was found to be 1.45 < M < 1.50. It was
also shown that Domain wall fermion operator for Ny > 18, does not have exact chiral
symmetry at finite chemical potential. as may be expected. One can also perform tree level
improvement of the Wilson-Dirac operator appearing in the argument of the sign function in

the Overlap operator. Similar improvements are shown to work for the Domain wall fermions
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as well. In this chapter we have demonstrated that through tree level improvements one can
reduce the cut-off effects of the thermodynamic quantities of chiral fermions, to within 10%

for lattice sizes of Ny = 6 commonly used for full QCD simulations.

In the fourth chapter, we used the non-perturbative Fujikawa’s method, to prove that
the flavour singlet axial anomaly has no additional p-dependent contribution in the con-
tinuum. In addition, we have also checked there are no finite temperature and density
corrections to the chiral anomaly even perturbatively, using the imaginary time formalism.
This result is in agreement with the existing results on chiral anomaly at finite 7" and u using
the real time formalism [57, 58, 59]. This implies that the topological charge of the chiral
fermions at finite density is p-independent in the continuum. The chiral fermion operators
on the lattice at u = 0, have all those properties that any chiral fermion operator would
have in the continuum. It is well known that the Overlap fermions have a lattice analog
of chiral transformation called Luscher transformation [22] under which the action remains
invariant. These also satisfy the index theorem on the lattice [61]. We would expect that the
Overlap operator at finite p should have the topological charge independent of i as in the
continuum. We have showed that in order to maintain chiral invariance of the Bloch-Wettig
Overlap operator at finite i, the topological charge should be explicitly p dependent unlike
in the continuum. We tried to motivate a physically more appropriate method of introducing
the chemical potential in the Overlap fermion operator. The chemical potential is coupled
to only those physical fermions that are confined on the 4D domain-wall. This amounts to
adding a uN term to the Dirac operator, where N is the point-split number density operator.
Under the Luscher transformation, the path integral measure remains independent of u as
in the continuum but the action no longer remain invariant. This method of introducing
chemical potential can be generalized to other lattice fermion operators as well. In this
prescription however, there would be additional lattice artifacts of order O(a"~*) appearing
in the expression of the quark number susceptibilities(QNS) x,,, which has to be removed to

obtain the correct continuum limit.

Since a full QCD computation with the Overlap fermions would be expensive, we
have used staggered fermions to compute higher order QNS for two flavour QCD using this
method. It was aimed at checking whether these lattice artifacts can be effectively removed

by subtracting the free theory contribution since we expect no additional divergences to

98



appear in a renormalized theory. We have shown that for T' > T,, these artifacts have
dominant contribution from the free fermions and removing them gives us results which are in
reasonable agreement with the existing results obtained using the standard prescription [28].
It remains to be checked whether the values of QNS for 7" < T, obtained using the free theory
subtraction scheme are in agreement with the standard prescription or with the subtraction
scheme where these artifacts are computed on a large symmetric lattice of the same volume
and at each gauge coupling. Currently the main challenges in estimating the higher order
QNS are computing large number of inverses of the Dirac operator that increases with the
successive order of the QNS and delicate cancellation between different terms at each order
to give correct values of QNS on the lattice. In this method, the number of matrix inversions
are reduced drastically, compared to the standard prescription [28] since u appears linearly
in the action. This would allow us to extend the computations of the QNS to the tenth
or even twelfth order. Moreover the cut-off effects in the expression of the QNS computed
using our method are considerably reduced compared to the standard method, allowing for

more precise estimate of the radius of convergence.

In an attempt to construct an Overlap operator at finite density which has exact chiral
symmetry, we have used the first principle Hamiltonian formalism in presence of fermion
sources. Here, the determinant of the Overlap operator can be expressed as a superposition
of the ground states of two many body Hamiltonians. In the fifth chapter, we have shown
that appropriate number operators can be constructed on the lattice in terms of the many
body creation operators, which can be coupled with p. The chiral fermions can be created
from the ground states of the two many body Hamiltonians and introduced as Grassmann
source terms at the action level. The action in terms of these massless fermions remain
invariant under the chiral transformation of sources even in the presence of finite chemical
potential. This is the most important result of the fifth chapter. We have constructed
partition functions of the Overlap fermions at finite p with exact chiral symmetry, which
can be used to compute different thermodynamic quantities. The second order susceptibility
computed using these operators have O(1/a?) artifacts and we have suggested two methods

to remove these lattice artifacts to get physically relevant value for full QCD.

To summarize, in this thesis we have shown that the existing Overlap and Domain

wall fermion operators do not have exact chiral invariance at finite density. We have proved
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non-perturbatively that in the continuum QCD, the flavour singlet axial anomaly remains
the same even if we turn on a finite u. This allowed us to motivate for better methods of
introducing chemical potential in the lattice chiral fermion operators. We have introduced
the chemical potential in the Hamiltonian formalism and tried to understand the meaning of
chiral symmetry in the context of Overlap fermions at finite p in terms of the external fermion
sources. Through extensive studies of the thermodynamic quantities of free Overlap/Domain
wall fermions, we have tried to understand the cut-off effects of these operators on the lattice.
We have shown that it is possible to reduce the cut-off effects through tree level improvement
of the Dirac operator or by suitable fine tuning of the irrelevant parameter M present in

these operators.
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