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Synopsis

S.1 Introduction

The field of neutrino physics has made immense progress in the last decade,
which was initiated when the Super-Kamiokande experiment in Japan [1]
reported the evidence for oscillations in the atmospheric neutrinos. Afterwards
oscillations in the solar neutrinos were established by the SNO experiment
2], which solved the long-standing solar neutrino puzzle. Results from the
controlled source experiments KamLAND [3] and K2K [4, 5] provided further
confirmation of the oscillation phenomena. Various short baseline experiments

also probed the neutrino mixing parameter space in different regions.

There have also been experiments that indicated the presence of neutrino
mixing beyond three flavors. The first such experiment showing the positive
indication for the neutrino oscillation beyond the three-neutrino paradigm
was the Los Alamos LSND [6] experiment, but the KARMEN [7] experiment
strongly constrained the LSND parameter space. Currently MiniBooNE [§]
experiment at Fermilab has probed the entire LSND parameter region but has

not observed any neutrino oscillations.

If the controversial LSND claim is set aside for the moment, the current
knowledge about the neutrinos is that there are three neutrino flavors (v,, @ €
{e, 11, 7}), which mix to form three neutrino mass eigenstates (v;,7 € {1, 2, 3}).
These mass eigenstates are separated by Am?j =m? — m? where, m; ; denote
mass eigenvalues with 7, 7 € {1,2,3}. The two sets of eigenstates are connected
through v, = (Upnns)aiVi, Where Upyns is the Pontecorvo-Maki-Nakagawa-
Sakata neutrino mixing matrix [9, 10, 11, 12] in the basis where the charged

lepton mass matrix is diagonal. This matrix is parametrized as

UPMNS:P'U'Q7 <1>
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where
U = Us(023,0) Uiz(013,0) Ura(612,0) ,  Q = Diag{e ", e "2 1} . (2)

Here U;;(0;;, ;) is the complex rotation matrix in the i-j plane, 0 is the Dirac
CP violating phase, ¢; are the Majorana phases, and P is the flavor phase
matrix (Sometimes the flavor phases are called as the unphysical phases since
they do not play a role in the phenomenology of neutrino mixing or in neutrino
beta decays.) The current best-fit values and 3o ranges for these parameters
are summarized in Table 1.1. It is still not known whether the neutrino mass

ordering is normal (m; < ms < mg) or inverted (ms < m; < ms). Many

Best fit 30 range
Am2, [107°eV?] 7.65 7.05 - 8.34
|AmZ,| [10~3eV?] 2.40 2.07 - 2.75
sin? 5 0.304 0.25 - 0.37
sin? Oag 0.50 0.36 - 0.67

sin? 63 0.01 < 0.056

Table 1: The present best-fit values and 30 ranges of oscillation parameters
[13, 14, 15].

high precession oscillation experiments are going on and also being planned
in order to measure the neutrino oscillation parameters with higher accuracy
and to determine the neutrino mass ordering. Though the neutrino oscillation
experiments are not sensitive to the absolute neutrino masses, the current
bound from cosmology on the sum of the three neutrino masses is Y - m; < 1.5
eV [16]. The upcoming beta-decay experiments like KATRIN [17] will aim at

measuring the absolute neutrino mass scale.

Recently it has been pointed out [18] that with two or more sterile neutrinos,
having Am? ~ O(1) eV?, it is possible to satisfy both LSND and MiniBooNE
data simultaneously. Sterile neutrinos, with masses ~ 0.1 eV or higher and
obeying all the constraints from the terrestrial experiments, can also play
an important role in astrophysics and cosmology [19]. The matter enhanced
active-sterile neutrino transformation can have a great effect on r-process
nucleosynthesis in the core-collapse supernovae [20], and can also influence
the explosion dynamics [21]. Presence of sterile neutrinos can explain the

large observed velocities of pulsars [22]. The Chandra blank sky observations



also allow keV neutrinos to be viable dark matter candidates [23], which can
help in the production of supermassive black holes [24]. These are excellent
dark matter candidates in ¥MSM [25, 26, 27, 28] and can also explain masses
of active neutrinos and baryon asymmetry of the universe. Thus the main
requirements for the astrophysically and cosmologically relevant sterile neu-
trinos are that they be heavier than the three active neutrinos (m ~ 1-10 eV
or ~ keV) and that they mix weakly with the electron and muon neutrino (in

order to satisfy the MiniBooNE constraints).

In this thesis we explore the neutrino oscillation phenomenology, with fermions
beyond the standard model (SM), on two fronts. First, we study the effect of
the presence of one or more ~ eV—keV sterile neutrinos on the signals expected
at the upcoming long baseline experiments. Second, we examine neutrino mass
models where new fermions with masses ~TeV or higher participate through

the Type-IIT seesaw mechanism [29].

In the first part we find out the analytic expression for the survival and con-
version probabilities of the neutrinos when the ~ eV-keV sterile neutrinos are
present and examine some of the possible signatures of sterile neutrino mixing
on the signals at a neutrino factory setup with near and far detectors. We also
estimate bounds on the sterile neutrino parameters that can be obtained at

such long baseline experiments [30].

One of the most distinctive features emerging out of the current experimental
values given in the Table 1 is that the neutrinos are massive and the absolute
masses of neutrinos are orders of magnitude smaller than those of quarks and
charged leptons. In the framework of the SM, since there is no right-handed
neutrino, the neutrinos are massless at the tree-level. Moreover, because
of the presence of only one helicity state of the neutrino per generation,
neutrinos cannot have a Dirac mass even at loop level. So the only other
possibility is the lepton number violating Majorana mass term. But lepton
number is a symmetry of the SM, though accidental, and if that symmetry
is to be obeyed, Majorana masses also cannot be generated at loop level.
It can also be seen that the Planck scale (Mp) effect cannot introduce the
required neutrino mass in the SM as it can only generate a neutrino mass
~ O(viy /Mp) = O(107°eV), and hence cannot explain the atmospheric mass
squared difference. Hence generally the neutrino masses are incorporated at

the tree-level by adding new particles to the SM. The most favored mechanisms
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to generate such small neutrino masses are the so called seesaw mechanisms
which need the introduction of one or more heavy fields, while maintains the
SU(3)ex SU(2)rx U(1)y gauge group structure of the SM.

The low energy effective Lagrangian needed to explain the non-zero neutrino
mass can in general be expressed as a series of non-renormalizable operators,

the dominant one being the dimension-5 operator given as [31]

L = kslplpog <3)

where [;, and ¢ are respectively the lepton and Higgs doublets belonging to
the SM. Here k5 is the effective coupling which can be expressed in terms of
a dimensionless coupling as as k5 = as/A with A some high energy scale. In
this picture the SM serves as an effective theory valid up to the mass scale A,
which can be taken to be the mass of the lightest of the heavy fields. Such an
operator violates lepton number by two units and hence gives rise to Majorana
masses for neutrinos: m, ~ %/{51)2 , where v is the vacuum expectation value
of the Higgs field ¢ after spontaneous symmetry breaking. Taking v ~ 246

eV, a neutrino mass of ~ 0.05 eV implies A ~ 10* GeV if a5 ~ 1.

Since the neutrino mass is generated at the high scale while the neutrino
masses and mixing parameters are measured experimentally at a low scale, the
renormalization group (RG) evolution effects need to be included. The current
experimental data in Table 1 shows that in the neutrino sector two of the three
mixing angles are large, while the third one is small, which is rather different
from the quark sector where all three mixing angles are small. Because of the
large values of the two mixing angles, RG evolution of the neutrino masses and
the mixing plays an important role in the neutrino sector, which is not the
case with the quark sector. RG evolution will be even larger if the neutrinos

happen to be quasi-degenerate.

The effect of RG induced quantum corrections on leptonic masses and mixings
have been studied extensively in the literature [32, 33, 34, 35, 36, 37]. These
effects can have interesting consequences such as the generation of large mixing
angles [38, 39, 40, 41, 42, 43, 44], small mass splittings for degenerate neutrinos
[45, 46, 47, 48, 49, 50, 51, 52, 53], or radiative generation of 6,3 starting from a
zero value at the high scale [54, 55, 56, 57]. RG induced deviations from various
high scale symmetries and correlations with low scale observables have been

explored. Such effects can have significant contributions from the threshold

xii



corrections [58, 59, 60]. The RG evolution of the neutrino mass operator in
the SM and the Minimal Supersymmetric Standard Model (MSSM) in the
context of Type-I seesaw [59, 61, 62] and Type -II seesaw [63, 64] have been
studied in the literature. In the context of Type-III seesaw with degenerate
heavy fermions, the impact of the RG evolution on the vacuum stability and

perturbativity bounds of the Higgs Boson has been explored in [65].

Here we study the RG evolution of the neutrino masses and mixing in the Type-
IIT seesaw with non-degenerate heavy fermions [29] and discuss the salient
features through an illustrative example. Then the RG evolution of all these
parameters is studied in the effective low energy theory. Analytical expressions
for the evolution of these parameters are obtained through an expansion in the
small parameter 03 [34, 35]. However, some subtle issues are present when
013 = 0 is reached, either at the high scale or during the evolution. We try to
analyze the problem for a better understanding and also present an alternative
formalism [57]. Then for the class of neutrino mass models with 6,3 = 0 at
the high scale, we calculate the maximum value of ;3 that can be generated
through the RG evolution. This gives correlated constraints on #;3 and the
lightest neutrino mass mg, with the SM serving as the low energy effective

theory.

S.2 Signature of sterile neutrinos at long base-

line experiments

S.2.1 Analytic computation of probabilities

Motivated by the concept of sterile neutrinos important in astrophysics and
cosmology, we consider the sterile neutrinos with masses ~ 0.1 eV or higher.
With only one sterile species present, the neutrino mixing matrix becomes
a 4 x 4 matrix Uy, instead of Upyns defined in Eq. (1.1), and is given as
Uy = Uy.QQ4 with

Q4 = Diag(e_i¢l7 €_i¢27 e_i¢37 1) ) (4)
Uy = Uis(014,614) Uss(654,0) Usg(Oa4, 024) Uas(623,0) Urz(613, d13) Ur2(012,0) ,
(5)

xiil



Synopsis

where U;;(0;;,0;;) is the complex rotation matrix in the i—j plane and Q)4 is the
Majorana phase matrix, which will not contribute to the neutrino oscillations.
Here we do not write the “flavor phases” explicitly. The limit when the sterile
neutrino is completely decoupled — or when it does not exist — is obtained
simply by setting 614,024,634 — 0 and ¢3 — 0 so that Uy — Upyns, apart

from the unphysical “flavor phase” part.

We expect 014, 024 and 634, the mixing angles involving the sterile neutrino, to
be small due to the constraints from the short baseline appearance [7, 8, 66, 67]
and disappearance [68] experiments. The atmospheric neutrino data restrict
the deviation of fy3 from maximality to be small [69], and the CHOOZ data
[70] combined with solar, atmospheric and KamLAND experiments constrain
613 to be less than 0.2 rad at 30 C.L. [13, 14, 15]. Hence one can write

T
013 = x13\, O3 = 1 +x23A O = xuA, Ou = xuA, O = xur, (6)

where A = 0.2 is an auxiliary small parameter and all the y;; are O(1)
quantities. In the long baseline neutrino experiments of typical energy E ~
O(GeV), owing to the small value of Am2 L/(4E), the oscillations due to Am?
do not have enough time to develop, and the effect of Amé may be viewed as

a perturbation to the dominating Am?2, oscillations. Hence we can define
Am3, /Am3, = n)\? . (7)

Note that 7 is positive (negative) for the normal (inverted) neutrino mass

ordering.

When neutrinos pass through the earth matter, there are matter effects that
give rise to an effective potential V, = v/2GpN, for the electron neutrino as
compared to the other neutrinos by virtue of the its charged current forward
scattering interactions. Here G is the Fermi constant and N, is the number
density of electrons. In addition, all the active neutrinos also get an effective
potential V,, = —GrN,,/v/2 compared to the sterile neutrino by virtue of their
neutral current forward scattering reactions. Here N,, is the number density of
neutrons. For anti-neutrinos, the signs of V, and V,, are reversed. The effective

Xiv



Hamiltonian in the flavor basis is then

—Am3, 0 0 0 Ac+4, 0 0 0
1 0 0 0 0 A, 0 0
Hp~ — |U uj + "
YN e 0 0 Amd 0 0 0 A, 0
0 0 0 Am?3, 0 0 0 0
(8)

where A,y = 2EV,(n), and Uy is the mixing matrix in vacuum, whose form
is given in Eq. (2.2). Let H; be diagonalized by a unitary matrix U, to
give the diagonal matrix Hp. If we assume that the density encountered by
the neutrinos during their passage through the earth is a constant, the flavor

conversion probabilities may be written as

> U] U5 e ["%] |

i

, (9)

P.g=P(vy — 1) =

where m; are the effective masses of the interaction eigenstates in matter. This
approximation is valid as long as the neutrino trajectories do not pass through
the core, and the neutrino energy is not close to the #,5 resonance energy in
the earth.

It can be checked that the Rayleigh-Schrodinger perturbation theory in the
small parameter A can be used in this framework to calculate m; and U,,,
correct up to any required order in A. Here we will calculate the probabilities
accurate up to O(A\?). The neutrino flavor conversion (or survival) probabilities

for an initial v, correct up to O(A\?), may be written as

H2<Ae — A32)
(A — Agy)?
P

[ COS2 A32 + 4933 SiIl2 A32 — A21 SiIl2 912 sin 2A32

Oz A(A, — Agy) sin 2A
m{+ e(Ae — Asg) sin 2A3,

—2A35 cos Agg sin A, sin(A, — Agy) }
—20934 COS2 A32 + 2924934An COS 524 sin 2A32 + O()\g) y (11)

PMT ~ SiIl2 Agg — 4053 sin2 Agg + Agl SiIl2 012 sin 2A32

s A(A, — Agy) sin 2A
m{— e( e 32)5111 32

235 sin Agy cos A, sin (A, — Asp)} — (05, + 63,) sin? Asy
—924934 <2An COS 524 + Sil’l 524) sin 2A32 + O()\3) s (12)

Bhie 20153, 2 +O(N), (10)

Q

Q

+
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where we have defined the dimensionless quantities A;; = Amy;L/(4F) and
Acpn = AenL/(4F) for convenience. To arrive at these simple expressions for
the probabilities given in Egs. (2.15)—(2.17), which also provide with important
physical insights, we have used the following approximations. We assumed that
the neutrinos travelled through a constant matter density and then (taking
the density of the Earth mantle ~ 5 gm/cc) |A.,| < |Am3,| through out
the energy range 1 — 50 GeV. Also since |Am2,| < |[Am3,| and |Am3,L/E| ~
O(1), for the experimental set-ups under consideration we have |[Am32,L/E| >
1 and the oscillating terms of the form cos(Am3,L/E) may be averaged out.
However, these analytic expressions are not expected to be valid in the 63
resonance region where A, &~ Ay, or for large L/FE where Ay, would become
O(A) and higher order terms in Ay are to be taken into account. The validity
and limitations of these approximations have been checked with the exact
numerical simulations. Probabilities for the antiparticles are obtained simply
by replacing A., — —A., and d;; — —d;;. As can be seen, only one CP
violating phase d94 contributes to the CP violation in these channels up to

O(\2).

For an initial v, beam, the relevant neutrino flavor conversion probabilities are

in2 (A, — As)
P o~ 1-42 a2 (Be=8n) op | goey 13
137232 (A, — A 14 (A”) (13)

in? (A, — A
P, ~ P~ 20%A? s (A = Asz) o (y3y (14)

2 (A — Agy)?

where we have used the same approximations as above. Thus only P,. bears
the signature of the sterile neutrino at this order and the contribution is CP

conserving.

S.2.2 Signatures at long baseline experiments

In order to demonstrate the capability of future long baseline experiments
in distinguishing the sterile neutrino contribution to the neutrino flavor con-
version probabilities, we choose a typical neutrino factory setup [71], with a
0.5 kt “near” detector 1 km away and a 50 kt “far” detector 7000 km away,
with the charge identification capability. We implement the propagation of
the neutrinos through the earth using the PREM profile [72] and take care

of the detector characteristics using the General Long Baseline Experiment

Xvi



Simulator (GLoBES) [73, 74]. The energy range is chosen to be 10-50 GeV,

where the analytic expressions are valid for the chosen baseline of 7000 km.

We study the asymmetries A,;)(F) and the integrated asymmetries /TH(T)
defined as

far —far
foaar(E) NM (E)
N N (B >15GeV) NY (E > 15GeV
A (B) = ulr ) N L )
Nper(E > 15GeV) N7 (E > 15GeV)

where N, (N,) is the number of /= (¢*) observed at the near or far detector.
Here the events observed in the near detector act as a normalizing factor,

and help in canceling out the systematic errors due to fluxes, cross sections
2 0.005, the

~Y

and efficiencies in each energy bin. It is found that for 654634
sterile contribution to neutrino conversions can be discernible from the three
neutrino mixing results at 30 C.L. in the worst case scenario. If the value of
0,3 is bounded further, the reach of neutrino factories for the sterile mixing
is enhanced. In addition, the actual value of 0,3 also affects the discovery
potential of sterile mixing. Since the asymmetries depend on the sign of Am3,,

sterile mixing can also distinguish between the two mass orderings.

If we have a 50 kt detector that can detect e~ /et and identify their charge,
we can use the observable R.(FE) and integrated quantity Re

Nir(E) ~ N (E > 25GeV)
Re(E)= ———-, R.=-—"5 , 16
(E) Npear(F) Nrear ([ > 25GeV) (16)
for detecting the sterile neutrino contribution. In this case for 614 = 0.06,

the sterile mixing signals can be clearly discerned at 30 C.L. in worst case
scenario. If the bound on 6,3 becomes stronger, even smaller values of 6,4 may
be identified, while an higher actual value of ;3 helps in the identification of
sterile mixing even at lower #14. No difference between the two hierarchies, or

between v, and 7., is expected.

S.2.3 Generalization to any number of sterile neutrinos

Currently it has been proposed that two or more sterile neutrinos with Am?l ~
1 eV (j > 3) and |Ue;U,j] ~ O(0.01-0.1) are consistent with all data [18]. It is

Xvil
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therefore desirable to extend our formalism to more than one sterile neutrinos.
The analytical treatment in Sec. S.2.1 for the case of one sterile neutrino may
be generalized easily to any arbitrary number n of sterile neutrinos. The

(34 n) x (3 4+ n) mixing matrix Us;,, may be written in the block form as

UAA]SXS [UAS]?)Xn _
< USA s [USS]sn ) =Ww-v

WA 53 W50 VA% 505 [0 Jsxn
, (A7)
where V44 is the standard mixing matrix for three active neutrino flavors, and

Z/{3+n

[
[
[
[

WSA]nX?) [Wss]nxn [ 0 ]n><3 [Vss]nxn

V59 is the matrix that mixes the n sterile neutrinos among themselves and
hence can be chosen to be identity matrix. The matrix ¥V parametrizes the
mixing between active and sterile states. In addition, we assume that all the
active-sterile mixing is small [18]. This allows us to write W45 = AX45. Up

to O(A?), the unitary matrix YW may be written in its most general form as

AXA],
Xn
(XAS)TXAS

XAS(XAS)T
[I N

W= [~ A(X49)1] LX3 +OMN) . (18)

Finally using the same approximations and assumptions as in Sec. S.2.1, the

sterile contribution to the CP violation up to O(A\?) becomes

P — Py = (P — Pip)s, + 4Re[W™S(WHHTA, sin 243, ,  (19)
Py — Pur = (Pu — Pair)s, — 4Re[WTI(WH)T]A,, sin 243,

— 2Im[W™ (WH5)1] sin 2As,, (20)

for an incident v, beam, while the only sterile neutrino contribution is in P,

for an incident v, beam, as before, and is given by

n2 (Ae — Agg)
(A — Agy)?

Po 1 463,02, —2WES(WS) ]+ 003 . (21)
As a result, the bounds obtained on 64, 094, 034 and d94 in the 4-neutrino anal-
ysis can be directly translated to bounds on the combinations [WWeS(We%)f],
(WHS(WHHT], WS (W™5)T] as well as the real and the imaginary parts of
(Wrswes)i].

XViil



S.3 RG evolution: Type-III seesaw scenario

S.3.1 The Type-III seesaw model and the effective low
energy theory

In Type-III seesaw model three heavy fermions are added to each family of the
SM. These fermions have zero weak hypercharge. However, under the SU(2),
gauge, they transform as a triplet in the adjoint representation. For the sake
of simplicity, we define the quantity ¥ = g + X%, where ¥y is the SU(2),,

triplet given as

_(E S
ER:( S —2%/ﬁ>’ )

and X% is the CP conjugate field. Clearly, ¥ also transforms in the adjoint
representation of SU(2).. Note that though formally ¥ = X, the individual
elements of > are not all Majorana particles. The neutral components are

indeed Majorana spinors, while the others are charged Dirac spinors.
Introduction of the fermionic triplets ¥ introduce new terms in the Lagrangian

to give

L = Lou+Ls, (23)
EZ = EZ,kin + EE,mass + EZ,YuImwa ) (24)

with

Lspin = Tr[Xily],
1 —
LE,mass = _QTI[EMZZ] 5
EZ,Yukawa = —EﬁYgEgjL h.c.. (25)
Here ¢ is the completely anti-symmetric tensor in the SU(2), space. My is
the Majorana mass matrix of the heavy fermion triplets and Y5, is the Yukawa

coupling. The covariant derivative of the triplet X is defined as D, = 0,% +
ig2[W,, X], where g, is the SU(2), gauge coupling.

In the low energy limit of the extended SM, we have an effective theory which

will be described by the SM Lagrangian with the additional operators obtained

XX
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g
lLb

Figure 1: The effective vertex x at an energy p < M, after all the heavy
fermions have been decoupled from the theory. f,g € {1,2,3} are the
generation indices. The SU(2), and generation indices for ¥ are not shown
explicitly since they are summed over.

by integrating out the heavy fermion triplets added at high scale. The lowest

dimensional one of such operators is the dimension-5 operator
—f .
L. = Ky, (zg a@ap) ((bTalétl%) the., (26)

where £ is a complex symmetric matrix with mass dimension (-1). Generation
indices f, g € {1,2,3} are shown explicitly and a, b, ¢, d € {1,2} are the SU(2),

indices.

The relevant diagrams in the complete theory giving rise to the effective
operators in the low energy limit are shown in Fig 1. The “shaded box”
on the left hand side represents the effective low energy vertex x, and the

equality in the figure is obtained with the identification

K=2Yy Mg'Ys . (27)

S.3.2 Radiative corrections in Type-III seesaw
Sequential decoupling of heavy fermions

Let us consider the most general case when there are r triplets having masses
My < My < --- < M,_y < M,. Above the heaviest mass M, , all the r-triplets
are coupled to the theory and will contribute to the neutrino mass through

seesaw mechanism. Below the lowest mass M, all the heavy triplets will get

XX
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decoupled and will contribute through the effective low energy operator. In
between, in the energy range M, > pu > M, _1, triplets with masses M,—M,
are already decoupled, while the lighter triplets with masses M;—M,,_, are still

coupled and the effective mass of the neutrinos will be given as

n 2 (n)
8, = _UZ (% + 2@) , (28)

where Q = Vil Mg' Y. Here Yy is the Yukawa matrix for the coupled triplets.

Appropriate matching condition is to be applied at the threshold p = M,,_;.

Dimensional regularization and renormalization: The (-functions

We use the dimensional regularization and the minimal subtraction scheme
for renormalization. However, the final results will be independent of the
particular regularization as well as the renormalization scheme used for the
calculations. All the calculations are done in the general renormalizable Ry
gauge, and the GUT normalization of the gauge couplings has been used
[32]. Finally, functional differentiation method as in [75] is used to find the [

functions.

Since the fermion triplets have non-zero SU(2), charge, they will affect the RG
evolution of the gauge coupling go via 167%3,, = bags, where by = —19/6 +
4(n —1)/3, showing that the sign of by changes for n > 3. Also, one can check
that addition of fermion triplets shifts the g;-gs intersection to higher energy
scales, and the go-g3 intersection to lower energy scales, as can be seen from

Fig. 2 and thus can facilitate gauge coupling unification.

The running equations of the Yukawa couplings Y, and Ys are given as

3 15m). ) 9 9

1678y, = Yo (5YYot YiVo+T ——gi — 203 ) , (29)
2 2 4 4
5! Hn).(n) 9 33

1671'255/2 = YE (51/;}/6 + §Y£§YE + T — 2—ng — Zg%) s (30)

(n),(n)
where T' = Tr [YJYe + SYZT:YE +YlY, + YdTYd )
Separating the components of different chirality, the running of the Majorana

xxi
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1.3 :
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Figure 2: The solid (red) line and the dashed (green) lines show the energy
scale variations of g; and g3 respectively in the SM, which is unaffected in
Type-IIT seesaw. The dotted (blue) line gives the SM running of g,, while
dot-dashed (magenta), dot-dot-dashed (sky) and densely dotted (black) lines
show the running if there were one, two or three fermion triplets respectively.

mass matrix is obtained to be

9 (n) (n)Jr (n) (n)T T )
167" Oy, = <YEY2>ME + ME( YEY2> — 12¢5My; . (31)

The gauge coupling term produces a large running of My, a distinctive feature

of Type-III seesaw over Type-I.

As seen from Eq. (3.36), the RG evolution of the light neutrino mass matrix

I(Iﬁ,, is controlled by the evolutions of both % and @, which are given by
167°8, = a.t+PTP+%P, (32)

()
with x = k,Q and P,, «, are functions of Ys, Y., T', A, g; and g in general.

We have calculated P, a, explicitly and obtained them to be

3m,m 3
Po=SWYe—SYIY. 0 aw=2T+A 363, (33)
3m,m 5 9 9
Py = SViVe + 2VTY, =2T — —g! — 505 - 4
QT giutuTgtete 5 aQ 101 2% (34)

xxil
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S.3.3 RG evolution of neutrino masses and mixing an-

gles: Illustrative example

Using the beta-functions given in Egs. (3.58), (3.59) and (32), we determine the
running of the neutrino masses, mixing angles and phases, using a procedure
similar to that in [34, 61]. In a basis where Y, is diagonal, Upyns = U,
with Upyns defined in Eq. (1.1). A subtle point is that even if we start with
a diagonal Y, at the high scale, the YZTYZ term in Eq. (3.58) will generate
off-diagonal terms and the neutrino mixing matrix will be given as Upyng =
UlU,, where U, is the unitary matrix that diagonalizes Y]Y, by a unitary

transformation.

We numerically calculate the RG running for some typical parameter values,
including the impact of running between the thresholds. We consider three
triplets to be present with masses M; < M, < Mjs. In Fig. 3.5, we illustrate the
RG evolution of parameters when the neutrino masses are quasi-degenerate.
From the top left panel it is observed that the running of 63, 6;3 is substantial
between the thresholds. It should be noted that though the running of 6,5,
being proportional to 1/ Amé, is expected to be large, in this case ¢, running
is quite small owing to the special choice of Majorana phases |py — ¢1| ~ 90°
for the quasi-degenerate neutrinos. It illustrates that Majorana phases play an
important role in the RG evolution of neutrino parameters. The Dirac phase,
which was chosen to vanish at pg, is generated by the RG evolution. The
running of Dirac as well as Majorana phases is thus also substantial between
the thresholds, as can be seen from the top right panel. The right hand bottom
panel of Fig. 3.5 shows the evolution of mg = \/m, the effective
neutrino mass measured in the Tritium beta decay experiments [17], as well
as mee = | Y_; U2m;], the effective neutrino Majorana mass in the neutrinoless
double beta decay. The large running of these masses suggests that, even if
the beta decay experiments were to bound mgs to < 0.3 eV, or the neutrinoless
double beta decay experiments were to bound m.. to < 0.1 eV, the value of

my generated at the high scale can still be substantially larger.

As can be observed, the running of masses is quite substantial in Type-III
seesaw. It has also been checked that the values of mg required to cause
substantial running of mixing angles may be quite small. The Majorana phases
also play an important role in determining the nature of running of the different

parameters. However the exact dependence on the value of mg, mass thresholds
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Figure 3: RG evolution of mixing angles, mass squared differences, and
CP violating phases, for quasi-degenerate neutrino masses and normal mass
ordering. The values of parameters at the high scale have been chosen such that
the Am?’s and g, at the low scale are reproduced. Note that for the Majorana
phases ¢;, the regions (0° — 180°) and (180° — 360°) should be identified with
each other.

and CP violating phases needs to be studied in further detail for a better

understanding of the allowed neutrino parameter space at high energies.

S.4 RG evolution of neutrino mixing: The sub-
tlety at 913 =0

S.4.1 Apparent singularity in 4 and evolution in the
complex U3 plane

When one writes down the analytic expressions for the evolution equations for

the neutrino masses, mixing angles and phases, it is seen that for a quantity
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X € {m;,,, $;}, the evolution can be written as
X = Ax + O(b13) , (35)

where dot represents the derivative with respect to ¢t = In(u/GeV)/(1672).
Here Ay is independent of 63, but is a function of m;, 615, 093, ¢; in general,

while only A;3 depends on ¢ also. The evolution of ¢ formally takes the form

5= Do As 4+ O(013) , (36)
013

and thus the derivative of § formally diverges at vanishing 6;3, indicating an
apparent singularity. This is an unphysical singularity: all the elements of the
mixing matrix Upyng evolve continuously, and the peculiar evolution of § is
related to the fact that ¢ is undefined at 613 = 0. This argument is in fact
used in [34, 35] to assert that Ds identically vanishes when 613 = 0, which in
the effective theory leads to the condition

my cos 2¢1 — (1 + ()msg cos2¢y — (mg

to =
0 my sin 2¢1 — (1 4 ()mg sin 2¢,

, (37)

where ( = AmZ/Am?,,. While this prescription for choosing § at i3 =
0 works practically when one starts with vanishing 63, a few conceptual
problems remain. First, when ;5 = 0, the value of § chosen should not make a
difference to the RG evolution since 4 is an unphysical quantity at this point.
Secondly, it is not a prior: clear whether the prescription would work when
013 = 0 is reached during the process of RG evolution, which seems like fine
tuning. The problem also propagates to the evolution of 6,3, since it depends
in turn on 0. The evolution of all the other quantities, viz. 615, 093, m;, @; is
independent of § up to O(6Y;) [34, 35], so these quantities do not concern us

here.

In order to understand the nature of the apparent singularity in ¢, we explore
the RG evolution of the complex quantity U.; = sinf3e~. We start with
three representative values of § at the energy scale g = 102 GeV, with the
other parameters chosen such that 613 < 1073 at u ~ 10° GeV. The left panel
of Fig. 4.1 shows the evolution in the complex U.3 plane. It is seen that fine

tuning is needed to reach 613 = 0. But as the limit is reached, the value of
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Figure 4: The left panel shows the evolution in the Re(U.3)-Im(U,.3) parameter
plane, whereas the right panel shows the corresponding evolution in the 636
plane. The values of the parameters chosen at o = 1012 GeV are: tan 3 = 50,
mo = 0.0585 eV2, Am2 = 4.22 x 107° eV2, Am2,,, = 3.91 x 1072 eV2, 0, =
32.84°, 093 = 43.71° and 613 = 0.014 rad. The Majorana phases are taken to
be ¢; = 58.9° and ¢ = 159.15°. The Dirac CP phase is 124.0° for case A
(violet, dash-dotted line), 128.447° for case B (red, solid line) and 133.0° for

case C (green, dashed line).

at the origin is well-defined by

d
N _ . . . %Re(ueg)
cot 50 = lim I U = lim W
Re(Ug3)—0 Re(Ug3)—0 @
Im(Ueg)—0 m(Ues) Im@Uoa)—o  dt m(Ues)

__mycos 201 — (1 + ()mgy cos 2¢9 — (Mg (38)
o my sin 2¢; — (1 + ()mq sin 2¢. ’

where 6 = 27 — § and we have used L’Hospital’s rule to compute the limit.

This gives the value of cot §y which is the same as that prescribed in [34, 35].

S.4.2 RG running in the new basis P;

The net evolution of #3 and § as functions of the energy scale is shown in
the top panels of Fig. 4.2. Though the origin of the discontinuity in ¢ in the
scenario B is well-understood now, it is important to have a clear evolution of
parameters that reflect the continuous nature of the evolution of elements of
Upmns. The evolutions of (Re(Ue3), Im(Ue3)) and (Jep, Jip) are shown in the
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bottom panels of Fig. 4.2, where the quantities Jep, Jip are defined as

Jop = = sin 615 cos 0y sin Oas cos Oag sin O3 cos® O3 sin d | (39)

DO =D =

Jep = = sin B, cos 015 sin Baz cos Bas sin 013 cos® f13 cos J . (40)

As can be seen, the evolutions of (Jep, Jip) are very similar to those of
(Re(Ues),Im(U,3)) and more importantly are continuous at every point includ-
ing 613 — 0. Calculations show that the RG evolution equations for (Jep, J&p)
can be written in the same form as in Eq. (35), with Ay being a function of
012, O23, m;, ¢i, Jop, Jip and independent of §. We also choose to write
the RG evolution for #%; instead of #;3 and this quantity turns out to have a
nonsingular behavior at 613 = 0. Since 613 > 0 by convention, the complete

information about 6,3 lies within 6%;.
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Thus the evolution equations in basis P; = {m;, 012, 023, 035, ¢i, Jop, Jop} are
all non-singular and continuous at every point. The agreement between the
evolutions of the different parameters in the two bases (up to O(#;3)) has also

been checked against the exact numerical running [57].

S.4.3 Bounds on 6,3 at low scale

We consider all the theories that predict #;3 = 0 at the high scale po = 102
GeV and consider the SM to be the low energy effective theory. The values
of the other parameters at high energy are chosen such that their low scale
values are compatible with experiments. Then the maximum value that 6,3
can gain through radiative corrections can be estimated as

t
913 = ‘/ Algdt+0<¢913> (41)
to

|C|A7m3
2|Am3, |
|my cos (21 — &) — (1 + ()macos (2¢2 — §) — (mszcosd|. (42)

sin 2912 sin 2923 X

Here we have C' = —3/2 for the SM and we define ty = In(uy/GeV)/(1672),
and A, = —(1/3272) (gom,/Mw)? =~ —1.4 x 107°, where g, is the SU(2),
gauge coupling, whereas m, and My are the 7 lepton and W boson masses
respectively. We keep the leading order terms in A, and 63, both of which

are small parameters.

We analytically obtain the maximum possible value of ;3 form Eq. (4.22)
(when 615 and 23 can take any value within the experimentally allowed range)
and compare with the experimental results. In Fig. 4.4 each point represents a
different high energy theory with 615 = 0 at the high scale. Thus it is seen that
the maximum value gained radiatively by 63 is rather small, being < 3 x 1073
in the range 0 < mgy < 0.5 eV for both the mass orderings. Hence if future
experiments measure ;3 greater than this limit, all the theories with 63 = 0
at the high scale and SM as the low energy effective theory will be ruled out
completely. If the upper limit for mg is brought down by KATRIN [17] to
mo < 0.2 eV, even lower 13 values will be excluded for this class of theories.
Note that for mg of this order, the effective electron neutrino mass mg as

measured by KATRIN, will essentially be the same as my.
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Figure 6: Scatter points show the low energy #,3 as a function of the lightest
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theory with 613 = 0. The solid (black) line gives the maximum attainable 6,3
for a given my, the current 3o limits of the masses and mixings, and the proper
choices of the phase values.

S.5 Conclusion

Heavy sterile neutrinos may play an important role in astrophysics and cos-
mology, for example in r-process nucleosynthesis or as dark matter. Neutrino
oscillation experiments, mainly the short baseline ones, have already put severe
constraints on the extent of mixing of these sterile neutrinos with the active
ones. Recently it has been pointed out that to satisfy both LSND and Mini-
BooNE data simultaneously, atleast two sterile neutrinos with Am? ~ O(1)

eV? are in fact needed.

At the same time, the current experimental values of the mass squared differ-
ences of the three active neutrinos, combined with the bound on the sum of
the neutrino masses coming from cosmology and astrophysics, indicate that
neutrino masses are orders of magnitude smaller than the masses of the quarks
and the charged leptons. The most favored mechanisms to generate such small
neutrino masses are the seesaw mechanisms. In this scenario small active
neutrino masses will be generated by seesaw at some high energy scale, while
the experimental data are available at the laboratory energy scales and hence
one need to include the effects of renormalization group (RG) evolution. Unlike

the quark sector where all the mixing angles being small RG evolutions are
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also quite small, the effect of RG evolution on the neutrino masses and the
mixing parameters are important as two of the mixing angles 6,5, 63 are large
in this case. If the neutrinos are quasi-degenerate, the effect of RG evolution

will be even more.

In this thesis we explore the neutrino oscillation phenomenology on two fronts.
In the first part we check whether the sterile neutrinos obeying the constraints
form astrophysics, cosmology and neutrino oscillation data can still give rise
to observable signals at future long baseline experiments, and whether these
signals can be cleanly identified in spite of our current lack of knowledge of
the parameters in the mixing of three active neutrinos. We also estimate
the bounds on the sterile neutrino parameters that can be obtained at these

experiments.

The sterile neutrinos required to fit all the oscillation data, help r-process
nucleosynthesis or act as the warm dark matter are too light to serve as the
seesaw particles giving small active neutrino masses at the high scale. On the
other hand, if we have a heavy right-handed Majorana fermion in the high
energy renormalizable theory to generate the neutrino mass via seesaw (Type-
I or Type-III), the mixing angle with the active species will be < 3.107° for a
mass 2 10 keV, and hence will not affect the signal at the future long baseline

experiments.

In the second part of the thesis we consider the Type-III seesaw scenario
when heavy right-handed Majorana fermion triplets are added to the standard
model (SM) at the high energy scale, so that they produce the small active
neutrino masses through the Type-III seesaw mechanism. At energies lower
than the mass of the respective heavy fermion, the particle gets decoupled
from the theory, and contributes to the active neutrino masses through the
non-renormalizable effective operator. We use the dimensional regularization
and the minimal subtraction scheme to compute the beta functions in the
renormalizable R¢ gauge and study the RG evolution of the neutrino masses
and mixing parameters in the high energy renormalizable theory as well as
the low energy effective theory. We point out some salient features of the RG
evolution of the neutrino masses and the mixing parameters in this model, and
also the important role of the threshold effects and Majorana phases in the

evolution of mixing angles through an illustrative example.

Some subtle issues are present when 613 = 0 is reached, either at the high

XXX



scale or during evolution. This is essentially because of the fact that the Dirac
CP phase § becomes unphysical when 613 = 0. We analyze this problem for a
better understanding and also present an alternative formalism which enables
one to determine analytically the change in the neutrino masses and mixing
parameters due to RG evolution unambiguously, even when the evolution
involves the 6,3 = 0 point. Finally we consider the models which predict
013 = 0 at the high scale and estimate the maximum value of #,3 that can be
generated through RG evolution. We obtain a correlated constraint on 6,3 and
the lightest neutrino mass my, for both the mass orderings and with the SM
as the low energy effective theory. It is seen that for both the mass orderings,
013 < 3 x 1073 for 0 < mg < 0.5 eV and future measurements of 03 and mg

may be able to rule out this whole class of models considered here.
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Chapter 1

Introduction

The field of neutrino physics has made immense progress in the last decade,
which was initiated when the Super-Kamiokande (SK) experiment in Japan
[1] reported the evidence for oscillations in the atmospheric neutrinos. Now
there is compelling evidence that solar, atmospheric, accelerator and reactor
neutrinos oscillate, which implies that the neutrinos are massive and the

leptons mix among themselves.

The atmospheric neutrinos are produced in the Earth’s atmosphere by cosmic
rays. The flux of cosmic rays that lead to neutrinos with energies above a
few GeV is isotropic. Hence one expects the downward and the upward-going
fluxes of multi-GeV neutrinos of a given flavor to be equal. The underground
SK detector found that for multi-GeV atmospheric muon neutrinos the zenith-
angle dependence deviates from this expectation and the deviation can be
explained when one invokes v, — v, oscillations. The oscillations of muon
neutrinos into other flavors have also been confirmed by the energy spectrum
obtained from the controlled source experiments K2K [5] and MINOS [76].
The allowed region for the oscillation parameters, Am?  and sin? 20, is
shown in Fig 1.1. As can be seen from the figure, the MINOS data is capable

of measuring Am?_ with high precision, while SK put stronger bound on

sin? 20,:m. The results from the short-baseline (SBL) experiments (like NO-
MAD [67], CDHS [68] etc.) show that the v, — v, oscillations can be present
only as small sub-dominant effects and also put strong bounds on the active-
sterile mixing angles in v, — v, oscillations, an oscillation channel whose

sub-dominant effect is not yet ruled out completely.
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Figure 1.1: The region of the atmospheric oscillation parameters Am?,_ and

sin? 20,.m obtained from the SK, K2K and MINOS experiments [13].

The pioneering solar neutrino experiment by Davis and collaborators using
37C1 reported a solar electron neutrino flux significantly smaller than that
predicted by the standard solar model (SSM), and this deficit in the number
of electron neutrinos is known as the “solar neutrino problem”. The puzzle per-
sisted in the literature for about 30 years, and then the charged current (CC)
and the neutral current (NC) data from the SNO experiment [2], combined
with the SK solar neutrino data [77], provided direct evidence for neutrino
oscillations in solar neutrinos. However, four different solutions were there
to explain the solar neutrino oscillations [78]: (i) the LMA or large mixing
angle solution (Am? = 5.0.107° eV?, tan’6, = 0.42), (ii) the low mass
solution (Am?2 = 7.9.107% eV?, tan?6, = 0.61
(AmZ = 4.6.1071° eV?, tan?6, = 1.8) and (iv) the SMA or small mixing
angle solution (Am2 = 5.0.107% eV2, tan?6, = 1.5.107%). The results from
the controlled source experiment KamLAND [3] confirmed the LMA solution

, (iii) the vacuum solution

~— ~—

and ruled out the other two possibilities. Fig 1.2 shows the allowed region of

the solar neutrino oscillation parameters Amé and tan? 6.

Combining the results obtained from the solar, atmospheric and the reac-
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Figure 1.2: The allowed region in the neutrino oscillation parameter space
from solar neutrino data and KamLAND experiment [13].

tor neutrino oscillation experiments described above, the current knowledge
about the neutrinos is that there are three neutrino flavors (v, € {e, u, 7}),
which mix to form three neutrino mass eigenstates (v;,7 € {1,2,3}). These
mass eigenstates are separated by Amg; = m7 —mj where, m;; denote mass
eigenvalues with 7,j € {1,2,3}. The two sets of eigenstates are connected
through v, = (Upmns)aiVi, Where Upyns is the Pontecorvo-Maki-Nakagawa-
Sakata neutrino mixing matrix [9, 10, 11, 12] in the basis where the charged

lepton mass matrix is diagonal. This matrix is parametrized as
Upmns = P-U-Q (1.1)
where
U = Us(03,0) Upz(613,0) Ura(612,0), @ = Diag{e ™', e " 1} . (1.2)

Here U;;(0, §) is the complex rotation matrix in the i-j plane, ¢ is the Dirac CP
violating phase, ¢; are the Majorana phases, and P is the flavor phase matrix

(Sometimes the flavor phases are called as the unphysical phases since they

3
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Best fit 30 range
Am2, [107°eV?] 7.65 7.05 - 8.34
|Am2,| [107%eV?) 2.40 2.07 - 2.75
sin? 14 0.304 0.25 - 0.37
sin? B3 0.50 0.36 - 0.67

sin? 0,5 0.01 < 0.056

Table 1.1: The present best-fit values and 3o ranges of oscillation parameters
[13, 14, 15].

do not play any role in the phenomenology of neutrino mixing or beta-decay.)
Finally, with all the above definitions, U/ takes the form

—id

C12C13 S512€13 S13€
_ i5 i5
U= —C23512 — $23513C12€" C23C12 — S23513512€" 523C13 s (1-3)
& i5
593512 — C23513C12€" —593C12 — C23513512€" C23C13

where ¢;; and s;; are the cosines and sines respectively of the mixing angle 6;;.
The current best-fit values and 30 ranges for these parameters are summarized
in Table 1.1. It is still not known whether the neutrino mass ordering is normal
(my; < mg < mg) or inverted (m3 < my < my), these two possibilities are
shown in Fig. 1.3.  Many other high precision oscillation experiments are
going on and also being planned in order to measure the neutrino oscillation

parameters with higher accuracy and to determine the neutrino mass ordering.
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While the neutrino oscillation experiments are not sensitive to the absolute
neutrino masses, the beta decay and the neutrinoless double beta decay (0v53)
processes are. At the same time, it is possible to estimate ), m; from cosmol-
ogy also. In case of the beta decay, the non-zero neutrino mass would modify
the Kurie plot, regardless of whether the neutrinos are Dirac or Majorana
particles. The effect will depend on mg = (3, |Uei|2m?)1/2, and if the neutrino
masses are small, it will be visible only near the end point of the Kurie
plot. The Mainz [79] experiment has placed the upper limit of mgz < 2.3
eV. The upcoming beta-decay experiments like KATRIN [17] will be sensitive
to mg > 0.2 eV and will thus improve the bound by an order of magnitude.
The OvpB33 decay, on the other hand, is sensitive to the effective Majorana
mass of the electron neutrinos, defined as m.. = |, U3m,|, and will be
observed only if the neutrinos are Majorana particles. A non-zero signal for
the OvBG decay will put bound on the specific combination of the neutrino
masses and the Majorana phases given by mg.. The current limit put by the
Heidelberg-Moscow experiment [80] is me. < 0.9 eV. The cosmic microwave
background radiation (CMBR) carries the imprint of the neutrino masses since
in the standard Big Bang model, for the standard model (SM) interactions of
the neutrinos, the neutrinos are abundant like the photons till the epoch of
nucleosynthesis when they decouple from the thermal bath of the photons. It
is also possible to get information about the neutrino masses from the study of
the large scale structure as an active neutrino species of mass m, will tend to
wash out all structures upto a scale ~ 1/m,, by free-streaming. Recent results
from the Wilkinson Microwave Anisotropy Probe (WMAP) and the surveys on
the large scale structure put the limit >, m; < 0.67 - 2.0 eV [16, 81]. However
it must be noticed that none of the processes discussed above can provide any
information about the lightest neutrino mass when there is a strong hierarchy

amongst the neutrinos, i.e. when the lightest neutrino mass is < 0.1 eV.

There have also been experiments that indicated the presence of neutrino
mixing beyond three flavors. The first such experiment showing the positive
indication for the neutrino oscillations beyond the three-neutrino paradigm
was the Los Alamos LSND [6] experiment, but the KARMEN [7] experiment
strongly constrained the region of the neutrino parameter space allowed by
the LSND. Currently MiniBooNE [8] experiment at Fermilab has probed the

entire LSND parameter region but has not observed any neutrino oscillations.

The very fact that the active neutrinos are massive demands an extension of
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the SM. One way is to extend it by addition of extra fermionic fields which
are heavy (m ~ 101 — 10 GeV for Type-I seesaw and ~ TeV for Type-
III seesaw) and hence can give rise to light active neutrino masses through
seesaw mechanisms. Light singlet fermions with m ~ 1 eV are also predicted
to explain the neutrino oscillation data when LSND, MiniBooNE and the SBL
appearance experiments are considered together [18]. They can also play an
important role in stellar astrophysics, while singlet fermions with m ~ keV
can serve the purpose of warm dark matter in cosmology. In this thesis we
explore the neutrino oscillation phenomenology, with fermions beyond the SM,
on two fronts. First, we study the effect of the presence of one or more ~ eV—
keV sterile neutrinos on the signals expected at the upcoming long baseline
experiments. Second, we examine neutrino mass models where new fermions

~ TeV or higher participate through the Type-II1 seesaw mechanism [82].

1.1 The light sterile neutrinos

Recently it has been pointed out [18] that with two sterile neutrinos, having
Am?* ~ O(1) eV?, it is possible to satisfy both LSND and MiniBooNE data
simultaneously. Fig. 1.4 shows the allowed regions in the Am?%-AmZ, plane,
when both LSND and MiniBooNE (MB475) data are considered along with
the SBL appearance data. It has also been shown that the introduction of
more than two sterile species does not introduce any significant changes in the

allowed values.

Sterile neutrinos, with masses ~ 0.1 eV or higher and obeying all the con-
straints from the terrestrial experiments, can also play an important role in
astrophysics and cosmology [19]. The matter enhanced active-sterile neutrino
transformation can produce a significant effect on r-process nucleosynthesis in
the core-collapse supernovae [20] by reducing the number of electron neutrinos
available for v.n — pe™ and thereby increasing the number of neutrons. Since
the sterile neutrinos interact very weakly with the nuclear matter, they can
transport heat out of the star very efficiently and thus can influence the explo-
sion dynamics of supernovae [21]. Presence of sterile neutrinos can explain the
large observed velocities of pulsars [22]. The Chandra blank sky observations
also allow keV neutrinos to be viable dark matter candidates [23]. Such keV

sterile neutrinos can help in the production of supermassive black holes [24].
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Figure 1.4: Allowed regions for SBL appearance data in (3+2) schemes at 90%,
95%, 99%, 99.73% C.L. (2 dof) in the plane of Am3, and Am2,. All other
parameters have been minimized [18]. MB475 implies that the MiniBooNE
data points in the range energy < 475 MeV have not been considered.

These are excellent dark matter candidates in ¥MSM [25, 26, 27, 28|, which
explain masses of active neutrinos and baryon asymmetry of the universe.
Sterile neutrinos may leave their imprints in the supernova neutrino burst
[83, 84], or in the ultrahigh energy neutrino signals observed at the neutrino

telescopes [85].

Thus the main requirements for the astrophysically and cosmologically relevant
sterile neutrinos are that they should be heavier than the three active neutrinos
(m ~ 1-10 eV or ~ keV) and that they mix weakly with the electron and muon

neutrino (in order to satisfy the MiniBooNE and SBL appearance constraints).

In the first part of the thesis we find out the analytic expressions for the
survival and conversion probabilities of neutrinos when the m ~ eV-keV sterile
neutrinos are present and examine some of the possible signatures of sterile
neutrino mixing on the signals at a neutrino factory setup with near and far
detectors. We also estimate bounds on the sterile neutrino parameters that

can be obtained at such long baseline experiments [30].
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1.2 Seesaw mechanisms and neutrino mass

One of the most distinctive features emerging out of the current experimental
values given in the Table 1.1, when combined with the present bound on the
absolute neutrino masses from cosmology and the beta-decay experiments,
is that the neutrinos are massive and the absolute masses of neutrinos are
orders of magnitude smaller than those of quarks and charged leptons. In the
framework of the SM, since there is no right-handed neutrino, the neutrinos are
massless at the tree-level, and they cannot have a Dirac mass even at loop level.
So the only other possibility is the lepton number violating Majorana mass
term. But lepton number is a symmetry of the SM, though accidental, and
if that symmetry is to be obeyed, Majorana masses also cannot be generated
at loop level. It can also be seen that the Planck scale (Mp)) effect cannot
introduce the required neutrino mass in the SM as it can only generate a
neutrino mass ~ O(viy /Mp)) ~ O(107°eV), and hence cannot explain the
atmospheric mass squared difference. Hence generally the neutrino masses are
incorporated at the tree-level by adding new particles to the SM. The most
favored mechanisms to generate such small neutrino masses are the so called
seesaw mechanisms which need the introduction of one or more heavy fields,
while maintains the SU(3)ox SU(2),x U(1)y gauge group structure of the
SM.

1.2.1 The seesaw

The simplest extension of the SM to incorporate small active neutrino mass is
to introduce right-handed singlet fermions N in the theory, which are singlets
under the SM gauge group. Hence these Ny fields are essentially right-handed
neutrinos. Presence of these new fields allows new terms in the Lagrangian
Ly = %N(i@)N - %W]MNN - (NYN&WL + h.c.) , (1.4)
where [, and ¢ are respectively the lepton and Higgs doublets belonging to
the SM. Here we do not write the generation or the SU(2), indices explicitly.
The field N is defined as N = Np + N, where N§ is the CP conjugate of the
right-handed field Ng. Yy is the Yukawa coupling for the singlet fermion and

8
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My is the mass matrix. Thus the complete Lagrangian of the theory becomes
L=Lsu+ LN, (15)

and it is possible to write the neutrino mass terms as

1 — 0 mp V¢
. :_<— NC) L) +he., 1.6
mass 2 VL R ( m’zl; MN ) ( NR C ( )

where mp = (v/v/2)Y4! is the Dirac mass matrix for the neutrinos generated
after the electroweak symmetry breaking when the Higgs gets the vacuum

expectation value (vev) v such that
(¢%) =v/V2. (1.7)

Thus the complete mass matrix for the neutrinos becomes

0 mp
M, = , 1.8
( m? My ) (1.8)

which when block-diagonalized gives the eigenvalues

m; ~ —-mpMy'm}, (1.9)

my = ]1\/[1\]7 (110)

where we have assumed that My > mp, i.e. the eigenvalues of My are
much larger than the eigenvalues of mp. Thus Egs. (1.10) and (1.9) show
respectively that eigenvalues of the matrix msy are large, while those of m;
are small and hence the eigenstates corresponding to these small eigenvalues
should serve the purpose of the mass eigenstates of the light active neutrinos.
Thus the presence of the heavy right-handed neutrinos will produce the light
active neutrino masses and this mechanism of making one particle light at the
expense of making another one heavy is called the seesaw mechanism. The
seesaw obtained by adding heavy right-handed singlet fermions to the SM is
called the Type-I seesaw [86, 87, 88, 89, 90].
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Figure 1.5: Generation of the Majorana neutrino mass from the low energy
effective Lagrangian given in Eq. (1.11) after spontaneous symmetry breaking.

1.2.2 The effective theory

The low energy effective Lagrangian needed to explain the non-zero active
neutrino masses can in general be expressed as a series of non-renormalizable

operators, the dominant one being the dimension-5 operator given as [31]

CZ I*€5ZLZL¢¢. (]_]_1)

Here k5 is the effective coupling which can be expressed in terms of a dimen-
sionless coupling as as k5 = as/A with A some high energy scale. In this picture
the SM serves as an effective theory valid upto the mass scale A, which can be
taken to be the mass of the lightest of the heavy fields. However the specific
form of k5 will depend on the high energy field content and the interactions
present at the high scale. The operator shown in Eq. (1.11) violates lepton
number by two units and hence gives rise to Majorana masses for neutrinos
after spontaneous symmetry breaking, m,, ~ %/<;5v2, as shown in the Fig. 1.5.
Here v is the vev of the Higgs field ¢, as given in Eq. (1.7). Taking v ~ 246
eV, a neutrino mass of ~ 0.05 eV implies A ~ 10'° GeV if a5 ~ 1.

Clearly the sterile neutrinos considered in Section 1.1 are too light to give
the seesaw masses to the active species. In the second part of this thesis
we consider the right-handed Majorana fermions capable of producing the
light active neutrino mass via seesaw. As can be seen from Fig. 1.6, for
neutrinos with a mass 2 O(10 keV) the mixing angle becomes < 3.107° [19]
and hence the heavy seesaw particles having masses > 10 keV will not affect

the phenomenology at the long baseline experiments discussed before.

10
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Figure 1.6: Constraints on the sterile neutrino mass and the mixing angle
from astrophysics and cosmology data [19].

1.2.3 Different seesaw mechanisms

There are four possible ways to form a dimension-5 gauge singlet term as given
in Eq. (1.11) at low energy through the tree-level exchange of a heavy particle
at the high energy: (i) each l[;-¢ pair forms a fermion singlet, (ii) each of the
l1-l, and ¢-¢ pair forms a scalar triplet, (iii) each [;-¢ pair forms a fermion
triplet, and (iv) each of the [;-l; and ¢-¢ pair forms a scalar singlet. Case (i)
can arise from the tree-level exchange of a right handed fermion singlet and this
corresponds to the Type-I seesaw mechanism, as discussed in the Section 1.2.1
in detail. Case (ii) arises when the heavy particle is a Higgs triplet giving rise
to the Type-II seesaw mechanism [91, 92]. For case (iii) the exchanged particle
should be a right-handed fermion triplet, which corresponds to the Type-III
seesaw mechanism [82, 93], which will be discussed in detail in Chapter 3.
The last scenario gives terms only of the form Ee 1, which cannot generate a

neutrino mass.

A summary of the form of x5 and hence the effective light neutrino mass at

the low scale in different types of seesaw is given in Table 1.2.
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The effective vertex K

i, Tn—1

Type-I ks = 2YNMy Y
b4

Type-11 K5 = —2%
i, Tng—1

Type-I11 ks = 2Y s My Yy
b4

Table 1.2: Summary of the low energy effective couplings and the effective
neutrino mass m, = —%/% in the three seesaw scenarios. Here, Yy(Ys) are
the Yukawa couplings for the heavy singlet(triplet) fermion present in Type-
[(Type-III) seesaw and My(Msy) is the mass matrix (N = Ng + NS; ¥ =
Yr + X%). In Type-II seesaw, My is the mass of the heavy triplet Higgs, Ya
is its Yukawa coupling with the SM lepton doublet [;, and Ag is its coupling
with the SM Higgs ¢.

1.3 Renormalization group evolution

Since the neutrino mass is generated at the high scale via seesaw mechanisms
while the neutrino masses and mixing parameters are measured experimentally
at a low scale, the renormalization group (RG) evolution effects need to be
included. The current experimental data in Table 1.1 shows that in the
neutrino sector two of the three mixing angles are large, while the third one is
small, which is rather different from the quark sector where all three mixing
angles are small. Because of the large values of the two mixing angles, RG
evolution of the neutrino masses and the mixing parameters plays an important
role in the neutrino sector, which is not the case with the quark sector. RG

evolution will be even larger if the neutrinos happen to be quasi-degenerate.

The radiative corrections in different types of seesaws are expected to be

different since the heavy particles couple differently to the SM fields present.

12
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However below the mass scale of the lightest of the heavy particles the effect of
all heavy degrees of freedom are integrated out and the effective mass operators
in these scenarios become identical, as seen from the Section 1.2.2, and so does

the RG evolution in different seesaw scenarios.

The effect of RG induced quantum corrections on leptonic masses and mixings
have been studied extensively in the literature [32, 33, 34, 35, 36, 37, 94].
These effects can have interesting consequences such as the generation of large
mixing angles [38, 39, 40, 41, 42, 43, 44], small mass splittings for degenerate
neutrinos [45, 46, 47, 48, 49, 50, 51, 52, 53], or radiative generation of 63
starting from a zero value at the high scale [54, 55, 56, 57]. RG induced
deviations from various high scale symmetries and correlations with low scale
observables have been explored. Such effects can have significant contributions
from the threshold corrections [58, 59, 60]. The RG evolution of the neutrino
mass operator in the SM and the Minimal Supersymmetric Standard Model
(MSSM) in the context of Type-I seesaw [59, 61, 62] and Type-II seesaw [63, 64]
have been studied in the literature. In the context of Type-III seesaw with
degenerate heavy fermions, the impact of the RG evolution on the vacuum
stability and perturbativity bounds of the Higgs Boson have been explored in
[65].

In the second part of this thesis we study the RG evolution of the neutrino
masses and mixing in the Type-III seesaw scenario with non-degenerate heavy
fermions [29]. We consider the effect of sequential decoupling of the heavy
particles as the energy scale becomes equal to the mass, which is known as the
threshold effect. Finally, we study the RG evolution of all these parameters in
the effective low energy theory. Analytical expressions for the RG evolution
of these parameters have been obtained through an expansion in the small
parameter 613 [34, 35]. However, some subtle issues are present when 6,3 = 0 is
reached, either at the high scale or during the evolution. We try to analyze the
problem for a better understanding and also present an alternative formalism

[57).
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Chapter 2

Signature of sterile neutrinos in

the upcoming experiments

In this chapter we consider the effects of one or more heavy sterile neutrinos,
with masses greater than 1 eV, on the survival and conversion probabilities of
the three active neutrino species and in turn on the signals of the upcoming

long-baseline experiments.

2.1 Introduction

In the framework of the Standard model (SM) of particle physics, there are
only three neutrinos, one each with the electron, muon and tau flavor. The
LEP experiments have determined the number of light neutrinos that couple
with the Z boson through electroweak interactions to be 2.984 + 0.008 [95],
thus closing the door on any more generations of “active” neutrinos. However,
there still may exist sterile neutrinos that do not have electroweak interactions.
Though they cannot be detected in the Z decay, they may mix with the
active neutrinos and hence participate in neutrino oscillations. The LSND
experiment [6] has reported a positive signal for 7, — 7, conversion, which
would necessitate the inclusion of a sterile neutrino in the standard framework
of neutrino masses and mixing. The extent of sterile neutrino participation
in solar neutrino data is severely restricted from the neutral current data
from SNO [96, 97]. The atmospheric neutrino data show that the major

contribution to the muon neutrino disappearance has to be from v, < v,
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oscillations, however a small admixture of sterile neutrinos cannot be ruled
out [98, 99, 100, 101]. Short baseline experiments sensitive to sterile neutrinos
in the ~ 1 eV range [7, 66, 67, 68] have given strong upper bounds on sterile
mixing. The parameter space consistent with the LSND results would be
further restricted at the CNGS experiment [102] or at a neutrino factory with
the baseline as short as 10 km [103] through the v, — v, channel, and
at a long baseline neutrino factory through the v, — v, channel [104]. The
MiniBooNE experiment [8] has virtually ruled out any effect of sterile neutrinos
in the LSND parameter space if there were only one sterile neutrino species.
However, recently it has been pointed out [18] that with two or more sterile
neutrinos, it is possible to be in agreement with LSND, MiniBooNE and the
short baseline (SBL) appearance data.

Even if the LSND results are ignored, so that there is no longer any need
for sterile neutrinos for explaining the neutrino oscillation data, sterile neu-
trinos that obey all the constraints from the terrestrial experiments can still
play a crucial role in astrophysics and cosmology [19], as discussed in the
Chapter 1. Finally combining all the above aspects, the main requirements
for the astrophysically and cosmologically relevant sterile neutrinos are that
they be heavy (m ~ 1-10 eV for r-process nucleosynthesis, and m ~ keV for
the dark matter candidates) and that they mix weakly with the electron and
muon neutrino (in order to satisfy the MiniBooNE and the SBL appearance
experiment constraints). In the first part of this chapter, we consider the
case with one such sterile neutrino, which may influence neutrino oscillation
experiments. We perform the complete 4-v analysis, taking into account all
the three additional mixing angles of the sterile neutrino v, with the active
ones, and the two additional CP violating phases. We only concentrate on
heavy neutrinos, such that if my, is the mass of the neutrino eigenstate with
a dominant sterile component, AmZ% = |m2 — m?2| > 0.1 eV? for all other
neutrino mass eigenstates v;. The oscillations due to Am?2, are rather rapid,
and can be taken to be averaged out in the long baseline data. As a result,
the data are expected to be insensitive to the exact value of Am2 in the long
baseline experiments. However, the additional mixing angles 6;4 may leave

their signatures in the data.

We treat the effects of the sterile neutrino as a perturbation parameterized by
a small auxiliary parameter A = 0.2. To this end, we represent the active-

sterile mixing angles 614, 094, 034, the deviation of #3 from maximality, the
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2

s formally as some power

reactor angle 013 as well as the ratio Am?2/Am
of A times O(1) numbers, so that a systematic expansion in powers of A may
be carried out. Averaging out the fast oscillations due to Am?2 allows us to
obtain simple analytic approximations for the flavor conversion probabilities of
neutrinos. The expressions thus obtained describe the dependence of relevant

conversion or survival probabilities on the parameters in a transparent manner.

We analyze, using analytical as well as numerical means, how the parameters
involving sterile neutrinos — constrained by the data from solar, atmospheric,
and short baseline experiments — affect the results at the long baseline ex-
periments. We illustrate this effect quantitatively in the case of a neutrino
factory setup involving a near and a far detector that are capable of lepton
charge identification. In particular, we consider the CP asymmetry in pu
and 7 channels as the observables and calculate how far the limits on the
sterile mixing parameters can be brought down. We also consider the electron
channel, where signals of sterile neutrino mixing can still be established by the

counting of the total number of events above a threshold.

This chapter is organized as follows. In Sec. 2.2, we explain our formalism
of a systematic expansion of all quantities in an auxiliary small parameter A
and the use of perturbation theory to obtain the neutrino flavor conversion
probabilities. In Sec. 2.3 we examine some of the possible signatures of sterile
neutrino mixing on the signals at a neutrino factory setup with near and far
detectors, where we also estimate bounds that can be obtained at such long
baseline experiments. However, as stated in the Chapter 1, [18] shows that
it is possible to be in agreement with the data from LSND, MiniBooNE and
the SBL appearance experiments simultaneously if two or more light sterile
neutrinos are considered. In Sec. 2.4, we generalize our formalism to any
number of sterile species and point out that only certain combinations of the
sterile mixing parameters are relevant, independent of the number of sterile

species. Sec. 2.5 summarizes the chapter.
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2.2 Analytic computation of neutrino flavor

conversion probabilities

We work in the 4-v framework, where (v, v, v,,v;) form the basis of neu-
trino flavor eigenstates and (vq, 19,13, 14) form the basis of neutrino mass
eigenstates. The mass eigenstates are numbered according to the convention
|AmZ,| > [Am3,| > Am3, > 0, where Am?; = m; —m7. We have Am}, =
|AmZ,|, Am2,, ~ |Am2,| and Am?2 ~ AmZ,. Note that the sign of Am2, is as

yet unknown, a positive (negative) Am3, corresponds to the normal (inverted)

mass ordering of neutrinos.

The mass and flavor eigenstates of neutrinos are connected through a unitary
matrix U, such that
Vo = Unil; ) (21)

where o« € {e,u,7,s} and i € {1,2,3,4}. Here mixing matrix U/ is a 4 x 4

matrix Uy and may be parameterized as

Uy = Un4(014,014) Usa(034,0) Una(0a4, 624) Uaz(Ba3, 0) Ui3(613, d13) Ur2(612,0) ,
(2.2)
where U;;(6;;,6;;) is the complex rotation matrix in the i—j plane, whose

elements [U;j],, are defined as

([ cosf p=q=iorp=q=]
1 p=q#iandp=q#j
[Ui;(0,0)]g = { sinfe™® p=iandq=j (2.3)

—sinfe® p=jandg=1

\ 0 otherwise .

In the four neutrino basis, the PMNS matrix will look like
Uy =Uy-Qy, (2.4)
where ()4 is the Majorana phase matrix given by
Q4 = Diag(e ™1, e7'%2 75 1) | (2.5)

and here we do not write the flavor phase matrix explicitly, which will not

contribute to the neutrino oscillations. The limit when the sterile neutrino
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is completely decoupled — or when it does not exist — is obtained simply by
setting 614, 024, 034 — 0 and ¢3 — 0 so that Uy — Uppnins as given by Eq. (1.1),

apart from the unphysical “Havor phase” part.

We expect 614, 024 and 6054, the mixing angles involving the sterile neutrino, to
be small. Indeed, though the 4v analysis of atmospheric neutrinos give a rather
weak bound of 63, ~ [[Uy] ,,|* < 0.19 (90% C.L.) [99, 100, 101], short baseline
disappearance experiments [68] constrain 63, < 0.013 (90% C.L.), whereas the
short baseline appearance experiments [7, 8, 66, 67| give a bound of 014654 ~
|[Ua].4[Us] 4] < 0.02. The atmospheric neutrino data restrict the deviation of
053 from maximality to be < 0.15 rad at 90% C.L. [69], and the CHOOZ data
[70] combined with solar, atmospheric and KamLAND experiments constrain
013 to be less than 0.2 rad at 30 C.L. [105]. In order to keep track of the
smallness of quantities, we introduce an auxiliary number A = 0.2 and define
the small parameters to be of the form a\”. This allows us to perform a

systematic expansion in powers of A. For the sterile mixing angles, we define
Ora = x4 Oog = xouA O34 = x3uA (2-6)

whereas for the active mixing angles, we define

~ s
+ 023 = — + ng)\ . (27)

™
05 = A Oy = —
13 = X137, 23 1 1

Here, all the y;; are taken to be O(1) quantities. We also treat the solar mixing
angle, 612 ~ 0.6, as an O(1) quantity. The limits on the other 6,;s mentioned
above translate to x24 < 0.6, X14X24 < 0.5, Y23 < 0.75 and y13 < 1.

In the long baseline neutrino experiments, the dominating term in flavor
L/(4E)]. Owing to the small value of
AmZ L/(4E), the oscillations due to Am? do not have enough time to develop,

conversions oscillates as sin?[Am?2

atm

and the effect of Amé may be viewed as a perturbation to the dominating
Am2,

parameter, and define

w oscillations.  We treat the ratio Am?2/|AmZ,.| ~ 0.03 as a small

Am3, /Am3, = )2 . (2.8)

Note that 7 is positive (negative) for the normal (inverted) neutrino mass

ordering.

When neutrinos pass through the earth matter, there are matter effects that

give rise to an effective potential V, = V2Gr N, for the electron neutrino as
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compared to the other neutrinos by virtue of the its charged current forward
scattering interactions. Here G is the Fermi constant and NN, is the number
density of electrons. In addition, all the active neutrinos also get an effective
potential V,, = —GrN,,/ V2 compared to the sterile neutrino by virtue of their
neutral current forward scattering reactions. Here N, is the number density of
neutrons. For anti-neutrinos, the signs of V, and V,, are reversed. The effective

Hamiltonian in the flavor basis is then

~Am3, 0 0 0 Ac+A, 0 0 0

1 0o 0 0 0 ; 0 A, 0 0
Hi~— |U U "

F=9p |70 0 0 Amd 0 0t 0 A, 0

0 0 0  AmZ 0 0 0 0

where Agny = 2EV, (), and Uy is the 4 x 4 mixing matrix in vacuum, whose
form is given in Eq. (2.2). Let H; be diagonalized by a unitary matrix U,
such that

Hp=U', H; U, , (2.9)

where Hp is the diagonal matrix. The elements [Hpl;;, being the eigenvalues of
H;, give the relative values of m?/(2E), where m; are the effective masses of the
interaction eigenstates in matter. If we assume that the density encountered
by the neutrinos during their passage through the earth is a constant, the
flavor conversion probabilities may be written in terms of m? and the elements

of U,, as

P.g=P(vy — 1) = (2.10)

> U]t ] exp [l%] |

i

This approximation is valid as long as the neutrino trajectories do not pass
through the core, and the neutrino energy is not close to the ;3 resonance

energy in the earth.

In order to calculate U,,, it is convenient to work in the basis of neutrino mass
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eigenstates in vacuum. The effective Hamiltonian in this basis is

H, = U Hf Uy

2
I (I 0 Atdn 0 0 0
0o 0 0 0 0 42 0 0
= Am2 +Z/{OT 2B A Z/{O )
0 0 =hm g 0 0 4o
0 0 o0 A 0 0 0 0
(2.11)

which can be diagonalized by the unitary matrix U defined through

Uy = UpT (2.12)

such that
Hy=U'U Hy U =U' H, U . (2.13)

Using the formal representation of the elements of Uy as well as Am3, in
terms of A\ as shown in Eqs. (2.6), (2.7), and (2.8), the matrix H, can now be

expanded formally in powers of A as

Am?
Hv — 32
2F

[ho + Ay + Nho + O(X?)] . (2.14)

The elements of hg; 2 are functions of all the neutrino mixing angles, mass
squared differences and CP violating phases in general; the exact expressions
are given in Appendix A. All the elements of the matrices h; and ho are of
O(1) or smaller, so that the techniques of Rayleigh-Schrédinger perturbation
theory can be used to calculate the eigenvalues and eigenvectors of H, that
are accurate up to O(\?). The complete set of four normalized eigenvectors
gives the unitary matrix U that diagonalizes H, through Eq. (2.13). Using
Eq. (2.12), one obtains the unitary matrix U, that diagonalizes Hy through
Eq. (2.9). The matrix U,, and the eigenvalues of H, (or Hy) allow us to

calculate the neutrino flavor conversion probabilities from Eq. (2.10).

The flavor conversion probabilities of neutrinos, accurate to O(\?), obtained by
assuming the neutrinos to travel through a constant matter density, are given
in Appendix A. These expressions seem rather complicated. However, we can
make certain approximations that will simplify these expressions and bring

forth some important physical insights. Since we are interested in heavy sterile
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neutrinos, we may take |Am3,| < |Am3,|. Also, since |Am3,L/E| ~ O(1),
we have |[Am3,L/E| > 1 and the oscillating terms of the form cos(Am3,L/E)
may be averaged out. In the long baseline experiments, we are interested in
the energy range 1-50 GeV. Even at the higher end of the energy spectrum,
taking the density of the earth mantle to be ~ 5 g/cc, we get A, ~ 2 x 1072
eVZ and A, ~ —1 x 1072 eV? for neutrinos, so we also approximate |A. | <
|AmS3,| wherever appropriate. With these approximations, the neutrino flavor

conversion (or survival) probabilities for an initial v, may be written as

Il2 (Ae — A32)

Pue 0 Hshs Sl(Ae “Am)? Oy (2.15)
P, = cos? Asy + 4533 sin? Agy — Ay sin? 05 sin 2A 5,
07305
(A — Aszp)?
{—2A32 cos Agy sin Ag sin(A, — Agy) + A (A — Asp) sin 2A32}
—205, cos® Agy + 2024034\, cOs Gag 50 235 + O(N\?) | (2.16)
P, =~ sin? Agy — 4533 sin? Ay + Ay sin® 05 sin 2A 39
0303
(A — Aszp)?

{2A32 sin A32 COS Ae sin (Ae - A32) - Ae(Ae - A32) sin 2A32}
—(954 + 934) Sil’l2 A32 — 924934 (2An COS 524 + sin 524) sin 2A32 + O()\3> s
(2.17)

where we have defined the dimensionless quantities A;; = Am7;L/(4F) and
A.pn = AcnL/(4E) for convenience. The following observations may be made

from the above expressions:

e The leading O(1) terms are of the form sin? A, or cos? Ay, correspond-
ing to the dominating atmospheric neutrino oscillations. There is no
subleading term of O(\).

e For P

ues
order sterile contribution to P, is proportional to #%,03,, which is O(\?).

there is no sterile contribution up to O(\?). Indeed, the leading

e In the expression for P,, or P, the first line contains the leading

T
oscillating term as well as the subleading terms due to the deviation

of B3 from maximality and due to the nonzero value of Am3,. The next
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line gives the contribution from 6%;, which matches the one obtained
in [106]. The last line contains the contribution from sterile neutrinos.
Whereas it is enough to have either 6y4 or 634 nonzero for the sterile

mixing to have an effect on P,

-, the sterile contribution to P,, will be

present only for nonzero 6.

e Only one CP violating phase, 094, is relevant for the flavor conversion
probabilities up to this order. The phases d;3 and d14 appear only at
O(A3) or higher. In particular, the CP violating terms proportional to
(Am3,/Am?2,)0,3, as given in [106], are absent since they are of O()\?).

e Note that the leading sterile contribution at the long baseline experi-
ments is found to be at O(A?). This may be compared with the CP vio-
lation in the active sector, whose leading contribution appears at O(\?)
and the short baseline appearance experiments, whose positive results
would appear only at O(A?) or higher. The O()\?) sterile contribution
to Py,

appearance experiments where in general |Agp| ~ O(1) and |As| < 1,

so that sin A3y ~ 0. MARK

which is proportional to sin Az, is absent in the short baseline

e When A, ~ Aj,, the #;3 contribution is enhanced due to the factor
(A, — Aszy)72. The analytical approximation is expected to fail in this

region since even the higher order terms in #;3 may become significant.

e The analytic expressions are not expected to be valid for large L/FE
where Ag; would become O(A) and higher order terms in Ay; would also
contribute to the probability in Eqgs. (2.16) and (2.17) at O()\?).

e The probabilities given in Egs. (2.15), (2.16) and (2.17) do not involve
Am?

st

vy is heavier or lighter than the other three. This is due to our ap-

and have no information on whether the mainly sterile neutrino

proximation of averaging out the fast oscillations due to Am?,. This

approximation will be more and more accurate as Am?, increases.

The probabilities for the antiparticles are obtained simply by replacing A, ,, —

—A., and d;; — —0;;. The sterile contribution to the CP violation is therefore
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given by
P,u,u — Pﬁ* ~ (Pﬂ# — ﬂﬂ)3l/ -+ 4924934An COS 524 sin 2A32 , (218)
PﬂT — Pﬂ* ~ (PﬂT — Pp;_)3,, — 4924934An COS 524 sin 2A32
- 2024034 sin 524 sin 2A32 . (219)

The CP violating contribution of sterile neutrinos to P,, — Py is entirely from
the earth matter effects, whereas for P,. — Pyz, the contribution comes from
both the earth matter effects (through the A, term) as well as the vacuum

mixing matrix Uy (from the sin dyy term).

For an initial v., the relevant neutrino flavor conversion probabilities are

9 sin2 (Ae — A32)

~ 2 2 3
in? (A, — Ag)
P o~ gz a2 (Be—An t 2.21
e B8R TN AL + 0N\, (2.21)
. 2 _
P o~ 202,025 (Be = Bw) sy (2.22)

32 (Ae - A32)2

where we have used the approximations |A.,| < |As|, and have averaged
out terms that oscillate as fast as sin Ayy. The complete expressions accurate
to O(M\?) may be found in Appendix A. Clearly, sterile neutrinos have no
effect at this order on these probabilities except on P.., and there is no sterile

contribution to the CP violation in any of these three channels.

We demonstrate the validity (and limitations) of our analytic approximations
in Fig. 2.1, where we show P,, and P, as a function of energy for three
baselines, 3000 km, 7000 km and 10000 km. In each panel, we show the
probabilities with 014 = 6y = 034 = 0.2 rad and 613 = 0, for Am?% = 0.1 eV?
and Am2, = 1 eV?: the complete 4-neutrino numerical simulation with the
Preliminary Reference Earth Model (PREM) [72] for the density of the earth,
as well as our analytical approximation that uses the average density along
the path of the neutrino and averages out the high frequency approximations.!
In order to estimate whether nonzero ;3 can mimic the signatures of sterile
mixing, we also show the probability for all the sterile mixing angles vanishing,
but 613 = 0.2 rad.

IFor a baseline of 10000 km, we only show Am2 = 0.1 eV?2, otherwise the oscillation
frequency would be too high.
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Figure 2.1: Probabilities P,
comparisons with the analytic expressions in Egs. (2.16) and (2.17). In all

the plots, we take Am2 = 8 x 107° eV2, AmZ,, = 2.5 x 1072 V2, fy3 = 45°,
and 015 = 33.2°. The magenta (dotted) curve corresponds to the situation
with no sterile contribution and vanishing 6;3. The blue (red) curve with

rapid (extremely rapid) oscillations corresponds to Am2 = 0.1 (1.0) eV?,
with 014 = 09y = 034 = 0.2 rad and 63 = 0. The black curve that passes

through the rapidly oscillating curves denotes the analytical approximation,
which is independent of the value of Am? since the high frequency oscillations
are averaged out. The green (dashed) curve represents the situation with

014 = 024 = 034 = 0, but 013 = 0.2 rad.
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The following observations may be made:

e The analytical approximation agrees well with the average of the exact
numerical results for L = 3000 km and 7000 km. For L = 10000 km,
though the analytic approximation predicts the qualitative behavior of
the averaged probabilities, the exact numerical values have an error of
~ 5%. This is due to the large L making Ay ~ O(A) in the energy
range under consideration, so that higher order terms in A3, contribute
to the probabilities in Egs. (2.16) and (2.17).

e The dominant effect of the sterile contribution is to pull down the value
of P

iy
mimicking is also possible through a nonzero 6,3, however the effect of 6;4

which mimics the deviation of 6,3 from its maximal value. Such a

may be significantly larger, beyond what is possible with the current limit
on 613. Moreover, at energies much larger than the 6,3 resonance, the 6,3
contribution is suppressed by the factor Agy/(A. — Agy) in earth matter,
whereas the sterile contribution does not undergo any suppression since
|A,| < |Ay| in the whole energy range of interest. One therefore
expects that distinguishing the sterile contribution would be easier at

high energies.

e Sterile contribution to P,, as well as P,

due to the A, term present in the Egs. (2.16) and (2.17), which in-

creases with increasing L. On the other hand, at low L/FE values, the

is larger at longer baselines,

sterile contribution to P, is highly suppressed by the factor sin Az, in
Eq. (2.17).

2.3 Signatures at long baseline experiments

The analytical expressions given in Egs. (2.15)—(2.17) indicate that at £ > 10
GeV where |A.| > |Ass|, the contribution of the currently unknown 63 is
suppressed by a factor ~ Ags/A.. There is no such suppression for the
sterile contribution, since |A.,| < |Ag| for £ < 50 GeV. For £ ~ 5-
10 GeV, the earth matter effects cause an enhancement through the factor
(A, — Aszy)™2 This energy range is therefore unsuitable for searching for a
sterile contribution to the conversion probabilities. At F < 5 GeV also, since

the contribution due to the currently unknown 6,3 is at least of the same order
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as the maximum allowed sterile contribution, discriminating between 613 and
sterile contributions to the probabilities would need data from more than one

experiment. A high energy neutrino experiment is therefore preferred.

In order to demonstrate the capability of future long baseline experiments in
distinguishing the sterile neutrino contribution to the neutrino flavor conver-
sion probabilities, we choose a typical neutrino factory setup [107], with a
50 GeV muon beam directed to a 0.5 kt “near” detector 1 km away, and
a 50 kt “far” detector 7000 km away. The detectors may be magnetized
iron calorimeters [108], which can identify the charge of the lepton produced
from the charged current interaction of the neutrino or anti-neutrino. The
number of useful muons in the storage ring is taken to be 1.066 - 102!, which
corresponds to approximately two years of running with p~ and pu™ each at
the neutrino factory, using the NuFact-IT parameters in [71]. We implement
the propagation of the neutrinos through the earth using the 5-density model
of the Earth, where the density of each layer has been taken to be the average
of the densities encountered by the neutrinos along their path in that layer
with the PREM profile [72]. We take care of the detector characteristics using
the General Long Baseline Experiment Simulator (GLoBES) [73, 74]. The
cross-sections used are taken from [109, 110] and the simulation includes an
energy resolution of o /E = 15%, an overall detection efficiency of 75% for all
charged leptons, as well as additional energy dependent post-efficiencies that
are taken care of bin-by-bin. We assume perfect lepton charge identification,
and neglect any error due to wrong sign leptons produced from the oscillations
of the antiparticles. These can be taken care of in the complete simulation of

the detector once its detailed characteristics are known.

In Fig. 2.2, we display the asymmetries

_NEE) N (E) _ Ne(E) N
AM(E) = Nﬁear<E> - Nnear(E) ) AT(E) = Nﬁear<E) - Nzear(E) ) (2'23)

I

where N, (N) is the number of £~ (£*) observed at the near or far detector.
These asymmetries roughly correspond to A, ~ P,,—Ps; and A, = P, — Py,
where the events observed in the near detector act as a normalizing factor, and
help in canceling out the systematic errors due to fluxes, cross sections and
efficiencies in each energy bin. Note that we do not expect any 7+ at the near

detector, hence the number of events of 7% at the far detector needs to be
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normalized to the number of events of u* at the near detector.

In the absence of any sterile neutrinos, and in the limit of vanishing 6,3, the
asymmetries A4, and A, vanish, as can be seen from Egs. (2.16) and (2.17).
The 6;35 contribution is indeed suppressed at high energies, as discussed above.
In the figure, we show a band corresponding to the possible signals in the
absence of any sterile neutrinos, where we vary over the allowed values of the

angles o3, 613, the CP phase d;3 and both the normal as well as inverted mass
2

atm>»

ordering. For Am Amé and 615 we only take the current best-fit values,
since the variation in these parameters is not expected to cause any significant
change in our results. We choose to take sy = 634 and d94 = 0 for illustration,
since from the Egs. (2.18) and (2.19) we expect the asymmetries to be identical
in magnitude and proportional to the product 694034 with vanishing do4. Any
discrepancy between these two asymmetries would indicate a nonzero do4, and
hence CP violation in the sterile sector. The third sterile mixing angle, 644, is
taken to be vanishing since it is not expected to affect the relevant neutrino

conversions.

It may be observed from Fig. 2.2 that for £ > 15 GeV, the sterile contri-
bution results in an deficit (excess) of the asymmetry for normal (inverted)
hierarchy in the p channel. In the 7 channel, the situation is the reverse.
This is as expected from our analytic expressions in Egs. (2.18) and (2.19).
The asymmetry integrated over energy may therefore be expected to serve
as an efficient discriminator between the scenarios with and without sterile

neutrinos. In Fig. 2.3, we show the integrated asymmetries

—far

i NP (E > 15GeV) N, (E > 15GeV)

-’4 = ~ =—near )
" Nper(E > 15GeV) N, ™(E > 15GeV)

4 - NE(E>15Gev) N2(E > 15GeV) (2.24)
T Npe(E>15GeV)  NL(E > 15GeV) '

The figure indicates that for 6946034 = 0.005, the sterile contribution to neutrino
conversions can be discernable from the three neutrino mixing results at 3o
C.L. in the worst case scenario. The width of the band is determined essentially
by the allowed range of #,35. If the value of 63 is bounded further, the reach
of neutrino factories for the sterile mixing is enhanced. In addition, the actual
value of 0,3 also affects the discovery potential of sterile mixing by influencing

the integrated asymmetries -'Zw ./TT, as shown in the figure. Note that since the
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Figure 2.2: The asymmetries A, (E) and A.(E) as functions of energy at a
neutrino factory. The band corresponds to allowed values of the asymmetries
without any sterile mixing, with a3, 613 and 013 allowed to vary over all their
allowed ranges, and with both the normal (NH) and inverted (IH) hierarchies.
The plots for showing the dependence on sterile components are with fy3 =
7/4, do4 = 0, and Am3, = 0.1 eV?. The results will not change if Am?2,
has higher values. No significant dependence on 6,4 is expected from the
Egs. (2.16) and (2.17), hence we use 614 = 0. The errors shown are only
statistical.
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Figure 2.3: The integrated asymmetries /Tu and .ZT as functions of sterile
mixing parameters at a neutrino factory. We use 94 = 034 and do4 = 0. The
rest of the parameters are the same as in Fig. 2.2. The statistical errors are
smaller than the circles shown in the plots.
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asymmetries depend on the sign of Am3,, sterile mixing also makes it possible

to distinguish between normal and inverted hierarchies.

If we have a 50 kt detector that can detect e~ /e™ and identify their charge?,

we can use the observable

Re(E) = 7]\21(3 (2.25)

and the integrated quantity

- NF(E > 25GeV)
R, = —¢ 2.26
Nrear(E > 25GeV) (2.26)

for detecting the sterile neutrino contribution. Note that there is no difference
between the two hierarchies, or between v, and 7,, as far as the expected
probabilities are concerned. From Fig. 2.4, it may be seen that for 614 = 0.06,
the sterile mixing signals can be clearly discerned at 30 C.L. in worst case
scenario. If the bound on 6,3 becomes stronger, even smaller values of 6,4 may
be identified. On the other hand, an higher actual value of #;3 helps in the

identification of sterile mixing even at lower 6,4 values.

The “platinum” channel P, at the neutrino factories is not affected by the
sterile mixing, not just to O(A?), but even at O()\?). Indeed, going to one

higher order in the A-perturbation, we get

AZ, sin?(A, — A ~
Phe = 32(A <—A32)2 ) [29%3 + 4075 (02 — 913)]
. . cos (A, — Ags — sin A,
+2¢913A21A32 Sin (2912) S A32 <<Ae — A3232) 13) . Ae + O()\4) .
(2.27)

For getting Py, one just needs to replace A, — —A, and d;3 — —d13. Thus
this channel, being free of any sterile contaminations to O(\?), is suitable for
determining the parameters in the standard three flavor analysis. Nevertheless,
the neutrino factory will be able to probe the P,. channel upto an accuracy

of 107* and hence may be useful in putting bounds on the O(\*) sterile

2Charge identification is needed in order to get rid of the error due to misidentification of
the wrong sign leptons produced due to v,, — v, or ¥,, — 7, oscillations. A magnetized iron
calorimeter with thin iron strips, or a liquid Ar detector [111, 112], may serve the purpose.
If charge identification is not possible, as in a water Cherenkov detector for example, the
background due to the wrong sign lepton will have to be taken into account.
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Figure 2.4: The observables R.(E) and R, at a neutrino factory, where ¢~ /e*
and their charge may be identified. The active neutrino mixing parameters
are the same as that in Fig. 2.2. The sterile mixing parameters are taken to be
024 = 034 = 0 and Am?, = 0.1 eV2. Any increase in Am3,, or nonzero value of
04/634 are not expected to have any significant effect on this observable. The
result is insensitive to sgn(AmZ,).
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contributions.

2.4 Generalization to any number of sterile

neutrinos

If the LSND results [6] are taken to be valid, a single sterile neutrino is not
enough to describe all the data from short baseline experiments. However, two
or more sterile neutrinos with Am3, ~ 1 eV (j > 3) and |[Ue;U,,;| ~ O(0.01~
0.1) are consistent with all data [18]. Some avenues for probing the mixing
parameters and distinguishing between different mass orderings in such a case
have already been suggested [84, 113, 114]. It is therefore desirable to extend

our formalism to more sterile neutrinos.

The analytical treatment in Sec. 2.2 for the case of one sterile neutrino may
be generalized easily to any arbitrary number n of sterile neutrinos. The

(34 n) x (3 4+ n) mixing matrix Us;,, may be written in the block form as

<[UAA]3Xg [UAS]3Xn>
[USA]nXB [Uss]nxn

[ WA (W5, VAY305 [0 3xn
Y= ( 541 [WSSM)( [0 s [VSSM) /

(2.28)

Z/{3+n

where VA4 = Uys(6a3,0) Uyz(013, 613) Ura(012,0) is the standard mixing matrix
for three active neutrino flavors, and V°° is the matrix that mixes the n sterile
neutrinos among themselves. Since the assignment of “flavor” eigenstates to
the sterile species is arbitrary, we choose the basis such that the flavor and mass
eigenstates of the sterile neutrinos coincide in the absence of any active-sterile
mixing, i.e. V% = I,,.,. The matrix W parameterizes the mixing between
active and sterile states, and in general may be represented by a product of
matrices U;;(0;;,6;;) as defined in Eq. (2.3), with ¢ <3 and j > 3.

In addition, we assume that all the active-sterile mixing is small, which is
borne out by the recent 3+2 neutrino fit to LSND, MiniBooNE as well as the
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short baseline disappearance data [18]. This allows us to write

(W1 (X 1xn
AS: S = wS = AS
X
W= (W | =] X | =AXT. (2.29)
[WTS]lxn [XTS]lxn

If terms of O(A3) and smaller are neglected, the unitary matrix W may be

written in its most general form as

e [AXA5]
3xXn
v [—A(XASV]W;Xg [z—vw]m +O(N) . (2.30)

The net leptonic mixing matrix Us,,, in Eq. (2.28) can then be written as

[([ _ WAS(WAS)*> VAA] (45
Usin = AQS AA o (WAS)TV?/XAZ +O).
e R

(2.31)
For the active mixing angles in V44, we use the same M-expansion as in
Eq. (2.7), i.e. 013 = x13A and O3 = 7/4 + 523 = 7/4 4+ x23A. We also treat
Am2, /AmZ, to be a small quantity, and denote it formally by Am3, /Am3, =
nA%, as in Eq. (2.8). The quantities 7, y;; as well as all the elements of X495

are taken to be O(1) parameters.

Following the same systematic expansion procedure delineated in Sec. 2.2 in
the case of one sterile neutrino, we obtain the neutrino flavor conversion (or

survival) probabilities for an initial v, beam to be

Il2<Ae — A32)
(Ae - A32)2

Pﬂe 29%3A§2 i

Q

+ O\, (2.32)
01303

(Ae — Agy)?

{—2A32 cos Agp sin Ag sin(A, — Agy) + A (A — Agy) sin 2A32}

—2[WHS(WHT] cos? Asy + 2Re[W ™ (WH)TA,, sin 2A35 + O(N3) |

(2.33)

PMM COS2 Agg + 4533 SiIl2 Agg — Agl SiIl2 012 sin 2A32 +

Q
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0303
(Ae — Agy)?
{2A32 sin Agzp cos A sin (A — Aszg) — A(A. — Agy) sin 2A32}
— (W (W1 + (WS (WT)T]) sin® Agy
—2Re[WTS(WHTA,, sin 2A35 — Im[W ™ (W#5)T] sin 2435 + O(X?) .
(2.34)

PMT ~ SiIl2 Agg — 4533 sin2 Agg + Agl SiIl2 912 sin 2A32 -+

Here we have assumed |Am3,|, |Ae.n| < |Am3,|, and have averaged out the os-
cillating terms of the form cos(Am3,L/E), as before. The sterile contribution
to the CP violation in these channels is then

P

o — P~ ( Pun)sy + ARe[WT™S(WHHTA, sin 2A3, ,  (2.35)

ppe L pa
Py — P = (Pu; — Pur)s, — 4Re[WT (WH)T| A, sin 2A3,
— 2Im[W™S (W) sin 2As, . (2.36)

For an initial v, beam, the corresponding flavor conversion probabilities are

, sin? (A, — Agy)
2 (A — Agp)?
n? (A, — Aszp)
(A — Agp)?
n? (A, — Asp)
(A — Agp)?

P, =~ 1—40%A — WS (W + O(N%), (2.37)

P, ~ 20%A%% + OO | (2.38)

P, ~ 203,A%% + O . (2.39)

The mixing matrix Us,, in Eq. (2.31) reduces to the 4 x 4 mixing matrix Uy
given in Eq. (2.2) in the case of one sterile neutrino simply by taking n = 1

and using the substitution
WeS — 914€_i614 s W“S — 924€_i624 s WTS — 934 . (240)

As a result, the bounds obtained on 614, 024, 034 and do4 in the 4-neutrino anal-
ysis can be directly translated to bounds on the combinations [W¢%(W¢%)T],
[(WHS(WHHT], (W™ (WT)T] and the real and imaginary parts of [W ™ (W#9)T].
Note that the expressions in Eqs. (2.15)-(2.22) obtained in the special case
of only one sterile neutrino can be obtained from the general expressions
in Egs. (2.32)-(2.39) simply with the substitutions (2.40). Specifically, the

bounds obtained on 694634 in Sec. 2.3 using the observables jﬂ, A, are simply
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bounds on Re[W7S(W#S)]. Similarly, the bound obtained on 64 through R,
is simply the bound on [WeS(We5)f]1/2,

The above argument also implies that, at least in the region of validity of
our analytic approximations, the only combinations of active-sterile mixing
parameters that may be bounded by data are the four quantities [ (We%)f],
[(WHS(WeHT WS (W) and [W™(WH)T], irrespective of the number of
sterile species. For example, in the 3+2 scenario, the mixing matrix U = Us

may written as

I/{S = U45(0457 545) . U35(0357 535) : U25(0257 525) . U15(0157 515) . U34(0347 534) :
U24<9247 524) : U14<9147 514) : U23<‘9237 523) : U13<9137 513) : U12<9127 512) 9
(2.41)

where 0,5 = 0, and 6;; ~ O()) for j > 3. One may, in addition, choose some of
the phases d;; to be vanishing by proper redefinitions of leptonic phases. With
the mixing matrix Us in Eq. (2.41), the substitution

WeS 9146_2614 9156_2615
W“S = 0246_2624 0256_2625 (242)
WTS 034671’634 035671’635

would give the relevant combinations of the sterile mixing parameters:

[WES(WES)T] = 9%4 + 9%5 )
[WMS(WMS)T] = 9%4 + 9%5 )
[WTS<WTS)T] = 9?%4 + 9?%5 )
WS WIS = 034034 7% 4 s 35€" (25 055) (2.43)

The expected bounds obtained in Sec. 2.3 then would correspond to

024034 cO8(0aq — 034) + Oa5035 cos(da5 — d35) < 0.005, /62, + 6%, < 0.06 .
(2.44)
at 30 C.L. if the neutrino factory set up, like what we have stated above,
cannot see any sterile neutrino signature in the observables .Z(M,.ZT or 7:\;,6.
These bounds will act as a stringent test of the scenario with multiple sterile

neutrinos [18].
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2.5 Summary

Heavy sterile neutrinos may play an important role in astrophysics and cos-
mology, for example in r-process nucleosynthesis or as dark matter. Neutrino
oscillation experiments, mainly the short baseline ones, have already put severe
constraints on the extent of mixing of these sterile neutrinos with the active
ones. If the LSND results are taken to be valid, at least two sterile neutrinos

are in fact needed to describe all data.

Our aim in this chapter has been to check whether the sterile neutrinos so
constrained can still give rise to observable signals at future experiments, and
whether these signals can be cleanly identified in spite of our current lack
of knowledge of all parameters in the mixing of three active neutrinos. This
would lead to an estimation of bounds on the sterile mixing parameters that

can be obtained with neutrino oscillation experiments.

The number of neutrino mixing parameters increase quadratically with the
number of neutrinos, and only certain combinations are expected to be relevant
for the observed neutrino flavor conversions. In order to identify these combi-
nations in an analytically tractable manner, we have exploited the smallness of
certain parameters to carry out a systematic expansion in an arbitrarily defined
small parameter, A = 0.2. The small quantities 014, 024, 034, 013, 023 — 7/4, and
AmZ /Am?,,, have been formally written as powers of A times O(1) numbers,
and neutrino conversion probabilities correct to O(A?) have been obtained
using techniques of Rayleigh-Schrodinger perturbation theory. We have also
neglected terms proportional to Am?2,, /Am?2,, and averaged away the fast
oscillating terms like cos(Am?,L/E) since |Am3,L/E| > 1 in typical long

baseline experiments.

It has been observed that the conversion probabilities P, P, or P, get no
sterile contribution to O(A\?). For P,, and P,,, sterile mixing gives contribu-
tions proportional to 03, and (63, + 63,) respectively. In addition, there is a
CP violating contribution proportional to 654634 to both these quantities. The
survival probability P.. gets modified simply by a term proportional to 6%,.
There is no dependence on the mass of the sterile neutrino, since oscillations
containing Am3, have been averaged out. It has been observed that as long
as the neutrinos do not pass through the core of the earth, the probabilities

obtained through our analytic approximations match the exact numerical ones
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rather well. Note that the sterile contribution to the conversion probabilities
at long baseline experiments appears at O(\?), which is at a lower order than
the appearance of CP violation in the active sector or the sterile contribution

to short baseline appearance experiments.

Whereas the contribution due to the currently unknown 6,3 decreases at high
energies due to the earth matter effects, the sterile contribution stays almost
constant, and therefore the energy range £ = 10-50 GeV is suitable for dis-
tinguishing the sterile “signal” above the 6,3 “background”. The CP violating
part of the sterile contribution builds up with increasing L, and hence longer
baselines are preferable. This naturally leads to the consideration of neutrino
factories with F,, = 50 GeV and baseline of a few thousand km as the desirable
setup, with lepton charge identification capability and a near detector for

calibration purposes.

For illustration we have taken the far detector to be near the magic baseline
of ~ 7000 km, and choose three observables, /Tu and .ZT that correspond to
the CP asymmetries in the g and 7 channels respectively, and ﬁe, which
corresponds to the disappearance in the electron channel. The background
in these channels is obtained by varying over the unknown values of 63, 053
and the CP phase §;3. It has been observed that the signal rises above
this background for ﬂu and /TT when 654034 > 0.005 (30), and for ﬁe when
014 2, 0.06 rad (30). The range of ;4 probed is limited mainly by the unknown
value of 6;5. The limit on 6135 may be brought down by a factor of two or more
at the reactor experiments like Double CHOOZ [115] or Daya Bay [116], and
indeed at the neutrino factories themselves [117]. The values of 6,4 that can

be probed then decrease by approximately the same factor.

Note that we have only chosen to analyze a few specific observables whose
dependence on the sterile mixing is analytically transparent. A complete
analysis that fits for all the parameters simultaneously may give rise to more
stringent constraints. The long baseline experiments thus have the capability
of tightening the limits on the sterile mixing angles by almost an order of
magnitude over the current ones, or identify sterile neutrinos if their mixing is
indeed above such a value. Note that if the sterile mixing is identified through

/T“ or jl;, the neutrino mass hierarchy — normal vs. inverted — is also identified.

In the light of the recent results that show that LSND, MiniBooNE and the

earlier null-result short baseline experiments can be consistent if the number
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of sterile neutrinos is two or more, we have also extended our formalism to
include any number of sterile neutrinos. The number of distinct combinations
of sterile mixing parameters remains the same, irrespective of the number of
sterile neutrinos. We have given explicit expressions for such combinations,
and the neutrino conversion probabilities in terms of them. The limits obtained
on 6;4 through the 4-v analysis can easily be translated to the corresponding
combinations of these parameters in the general case. Indeed, the bounds on
the sterile mixing parameters obtained from the measurements described in
this chapter would act as stringent tests of the scenarios with multiple sterile

neutrinos.
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Chapter 3

Type-III seesaw: RG evolution

of neutrino masses and mixing

In this chapter, we consider the renormalization group evolution of the neutrino
masses and the mixing parameters in the framework of the standard model
(SM) of particle physics, extended by the addition of fermionic triplets to
give rise to the small active neutrino masses through the Type-III seesaw

mechanism.

3.1 Introduction

The very fact that the three active neutrinos have tiny masses requires ex-
tension of the standard model (SM) of particle physics. The most favored
mechanisms to generate such small neutrino masses are the so called seesaw
mechanisms which need the introduction of one or more heavy fields, while
maintaining the SU(3)¢xSU(2), xU(1)y gauge group structure of the SM. As
discussed in Chapter 1, there can be three types of seesaws if one demands
that the low energy small neutrino masses are generated by addition of only
one kind of heavy field at the high scale. These are known as Type-I, Type-II
and Type-III seesaw. Amongst them, Type-I and Type-III require additional
fermionic fields. Type-I is already discussed in Chapter 1 in detail. Type-II
requires addition of extra Higgs fields. Type-III seesaw mechanism is mediated
by heavy fermion triplets transforming in the adjoint representation of SU(2),,

and has been considered earlier in [82, 93]. Very recently there has been a
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renewed interest in these type of models. The smallness of neutrino masses
usually implies the mass of the heavy particle to be high ~ 10171 GeV, as
shown in Chapter 1. However, it is also possible that one or more of the
triplets have masses near the TeV scale, making it possible to search for their
signatures at the LHC [118, 119, 120, 121, 122]. In such models, the Yukawa
couplings need to be small to suppress the neutrino mass, if no fine tuning of
of the parameters is assumed. Lepton flavor violating decays in the context of
Type-111 seesaw models have also been considered in [123]. Recently it has also
been suggested that the neutral member of the triplet can serve as the dark

matter and can be instrumental in generating small neutrino mass radiatively
[124].

Fermions in the adjoint representation fit naturally into the 24-dimensional
representation of SU(5), and can rectify the two main problems encountered
in SU(5) Grand Unified Theory (GUT) models, viz. generation of neutrino
masses and gauge coupling unification [118, 119, 125, 126, 127]. The latter
requirement constrains the fermionic triplets to be of mass below TeV for
Mgyt ~ 10 GeV, making the model testable at the LHC. Leptogenesis
mediated by triplet fermions has been explored in [128, 129, 130]. MSSM

extended by triplet fermions has recently been considered in [131].

In this chapter we consider the RG evolution of neutrino masses and mixing
parameters in the Type-III seesaw scenario with nondegenerate heavy fermion
triplets, when the low energy effective theory is the SM. We evaluate the
contributions of these fermion triplets to the wavefunction, mass and coupling
constant renormalization of the SM fields and of the triplet fields themselves.
We obtain the S-functions for RG evolution of the Yukawa couplings, the Higgs
self-coupling, the Majorana mass matrix of the fermion triplets, the gauge
couplings, and the low energy effective vertex obtained by integrating out the
heavy triplets, including the extra contribution due to the additional triplets
still coupled to the theory. We obtain analytic expressions for the running of
the masses, mixing angles and phases in a basis where all the quantities are
well-defined at every point in the parameter space including 6,3 = 0. We also
solve the RG equations numerically and present some illustrative examples of

running of masses and mixing angles.
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3.2 The Type-III seesaw model

3.2.1 The Lagrangian

In the Type-III seesaw, there are right handed fermionic triplet ¥z added to
the SM at the high scale which is singlet under U(1)y to meet the requirement
that the theory must be anomaly free, while transform as a triplet in the adjoint
representation of SU(2)r. In the basis of the Pauli matrices {o', 02, o3}, this

triplet can be represented as

SRV f Yot
ER_( o —295&) VoA 31)

where Y% = (X} FiX%)v/2. For the sake of simplicity of further calculations,

we combine Yp with its CP conjugate £ to construct
Y=Y +X%. (3.2)

Clearly, ¥ also transforms in the adjoint representation of SU(2);. Note that
though formally ¥ = X¢, the individual elements of ¥ are not all Majorana
particles. While the diagonal elements of ¥ are indeed Majorana spinors which
represent the neutral component of ¥, the off-diagonal elements are charged

Dirac spinors.

Introduction of this triplet field will introduce new terms in the Lagrangian.

The net Lagrangian is

L=Lsy+ Ly, (33)

where
EE = EZ,kin + EE,mass + EZ,Yukawa . (34)

Here,
Lspin = Tr[Sipy], (3.5)

1 _

Lsmass = —5TEMsY], (3.6)
EZ,YuImwa = _EﬂYgE(E— (ngTi\/ﬁYElL ) (37)
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where

. ( _01 é) (3.8)

is the completely anti-symmetric tensor in the SU(2); space. Here we have
not written the generation indices explicitly. My is the Majorana mass matrix
of the heavy fermion triplets and Yy is the Yukawa coupling. The SM fields
I, ¢ and ¢ are SU(2);, doublets and can be written as

() o (5), Fe ()
' ( ez Y=-1 (b (bo Y=1 (b 8(25 _(b_ Y=-1 ( )

Each member of the SU(2), doublet [, is a 4-component Dirac spinor. Since
the fermion triplet X is in the adjoint representation of SU(2)y, the covariant

derivative of ¥ is defined as
DY = 0,E +ig:[W,, X], (3.10)
where go is the SU(2), gauge coupling.

All the Feynman diagrams for the new vertices involving the triplet fermionic

field ¥ as well as those involving the SM particles are given in the Appendix B.

3.2.2 The seesaw

The new term Ly in the Lagrangian, as shown in Eq. (3.4), can be expanded
as [123]

Ly = (%;Nf + 20igxY, + h.c.)
+gs (sz_%wPRxp + WS P h.c.) — g W3y
_ 1—
— UMV — (§Z%MEZ%C + h.c.)

_ (QSOZ_%YEVL V28T Yl + 6Tl — V2o OV h.c.) ,
(3.11)
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where we have defined the four component Dirac spinor
U =30+, (3.12)

for our convenience, while the neutral component of g is still in the two
component notation. In Eq. (3.11), the first two lines come from Ly, the
third line corresponds to the Majorana mass term in Lsy; 455 and the terms in
the last line corresponds to the Yukawa coupling terms in Ly yykawa, aS given
in Eqgs. (3.5)—(3.7). After the electroweak symmetry breaking, the mass matrix

for the neutral fields become

1 — = 0 mp vy,
La—§(yg 29%)<m£ MZ><Z9$>+h'C" (3.13)

where mp = (v/v/2)Yy is the Dirac mass matrix of the neutral fields. Thus
the mass matrix in Eq. (3.13) looks the same as that obtained in Eq. (1.8)
and hence for large My, diagonalization of the mass matrix will produce light

active neutrino states via seesaw mechanism,
1T
m, = —mpMy mp,, (3.14)

as obtained in the Section 1.2.1. The seesaw achieved here with the help
of the neutral component of the fermionic triplet is known as the Type-
IIT seesaw mechanism. Eq. (3.13) also implies that there will be a mixing
between the light and the heavy neutral states, however the mixing angle will

be O(mp/My) and hence very small for large My,.

3.2.3 Corrections to the charged lepton mass

Since the heavy fermion triplets added to the SM at the high scale have charged
components also, they will modify the masses of the charged leptons belonging
to the SM, in addition to the generation of the small active neutrino masses.
With the addition of the triplet fields, the mass term of the charged lepton
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sector becomes

— (mw )M ) (mwm )M ) )
( ) U, Vg

where m is the Dirac mass matrix of the SM charged leptons and

. my, 0
M, = ( o M2> (3.16)

denotes the complete mass matrix for the charged leptons after electroweak
symmetry breaking. Eq. (3.16) shows that the inclusion of the charged fermions
as components of the heavy triplets does not change the masses of the charged
leptons of the SM. However, there will be mixing between the states [,-U

and [z-Vg, but the mixing angle is small in the mp, m; < My, limit.

3.2.4 The effective vertex

In the low energy limit of the extended standard model, we have an effective
theory which will be described by the SM Lagrangian with the additional
operators obtained by integrating out the heavy fermion triplets added to it.
The lowest dimensional one of such operators is the dimension-5 operator [31]

R @f o'ed) (¢7o'el) +hc., (3.17)
—f 1
= ~Thyg (lfc ¢alib¢d) B (CacEbd + EavEea) + huc. (3.18)

where & is a symmetric complex matrix with mass dimension (—1). Generation
indices f, g € {1,2,3} are shown explicitly and a, b, ¢,d € {1,2} are the SU(2),
indices. In writing Eq. (3.18) we have used

(Oi)ab(ai)cd - 25ad5bc_5ab50d

= (09)p(0°)de = 2€4aEbe — Ebatc (3.19)
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Figure 3.1: The effective vertex x at an energy u << M, after all the
heavy fermions have been decoupled from the theory. f,g € {1,2,3} are the
generation indices. The SU(2), and generation indices for ¥ are not shown
explicitly since they are summed over.

and utilizing the ¢4 < ¢, symmetry, we can write

1
2€da€be — Ebade = 5 (5ab€dc + EdbéTac) . (3-2(])

The relevant diagrams in the complete theory giving rise to the effective
operators in the low energy limit are shown in Fig 3.1. The “shaded box”
on the left hand side represents the effective low energy vertex s, while A,
and A, are the amplitudes of the diagrams labeled as (a) and (b) on the right
hand side. The amplitudes are given by

Aw = ip (YEM'Ys) [0 )a(e 0")ea] Pr (3.21)
Ap = ipt (Y Mg'Ys), [(€70")a("0")ea] Pr, (3.22)

with ¢ = 4 — D where D is the dimensionality that we introduce in order to
use dimensional regularization. Note that Ay is obtained from A, just by

d < a interchange. Using Eq. (3.19) one finally gets
A +Ap = —ip (YET]M;Yg)fg (EavEed + Eactra) Pr - (3.23)
This is equal to the left hand side of Fig. 3.1 with the identification
k=2Yy Mg'Ys . (3.24)
Equation (3.24) gives the Feynman rule for the low energy effective vertex
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K, as shown in the Appendix B. From Egs. (3.24) and (3.18), one gets the

neutrino mass after spontaneous symmetry breaking to be
02
m, = —EYET]M;Yg (3.25)

which is the Type-III seesaw relation. Here, v denotes the vacuum expectation
value of the Higgs field.

3.3 Radiative corrections in Type-III seesaw

3.3.1 Sequential decoupling of heavy fermions

As mentioned in Sections 3.2.2 and 3.2.4, after electroweak symmetry breaking

the light neutrino mass matrix is given by
v?
m, = —EYET]M;YE : (3.26)
In this section we would like to study the radiative corrections to the quantity
R = Y Mg'Ys, (3.27)

which is the quantity of interest at different energy scales and finally gives
the light neutrino mass matrix as m, = —%IR, after spontaneous symmetry

breaking.

Let us consider the most general case when there are r triplets having masses
My < My < --+- < M,_1 < M,. Above the heaviest mass M,., all the r-triplets

are coupled to the theory and contribute to R as

(r+1) (r+1)

= Q, (3.28)

(r+1)
where () denotes the contribution from the r coupled triplet fields and is given

by

(r+1) R ) | D)

= VY MS' Yy (u>M,). (3.29)

(r+1)
Here Yy is a [r X np] dimensional matrix (np is the number of flavors, which
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is 3 in our case), given as

) <y2>1,1 T <y2)1,np
Yy = : : : (3.30)
(yz)r,l e (yz)r,np
(r+1) (r+1) (r+1)

My is a [r x r] matrix and @ as well as R is a [ng X ng| dimensional matrix.
We use the super-indices just to keep track of the number of coupled fields.
Below the scale M,., the heaviest triplet decouples from the theory. Integrating
out this degree of freedom gives rise to an effective operator . The matching

condition at p = M, is

) () e
Hij = 2(YE )z’r (MT") (Yz)rj ) (331>
M, M,
where no summation over ‘r’ is implied and i,j € {1,2,--- ,ng}. This con-

dition ensures the continuity of R at u = M,. In order to get the value of
the threshold M,., we need to write the above matching condition in the basis
where My, = Diag(My, Ms,---, M,). Here it is worth mentioning that the
matching scale has to be found carefully since My, itself runs with the energy
scale, i.e. M; = M;(u). The threshold scale M; is therefore to be understood
as M;(p = M;).

In the energy range M, 1 < p < M,, R will be given as

(r) 1oy ®

R = §/<J+ Q. (3.32)
The first term in Eq. (3.32) is the contribution of the integrated out triplet
of mass M, through the effective operator %. The second term represents the
contribution of the remaining (r — 1) heavy fermion triplets, which are still
coupled to the theory. ﬁ\?[g is now a [(r — 1) X (r — 1)] matrix while 3(% is a

[(r — 1) X np] dimensional matrix given as

(yz)l,l e <y2>1,np (r)
: : =Yy,
Yy — ' ' (3.33)
(?/Z)r—1 10 (yz)r—1 ng
0 M, integrated out .
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(r) (r) (r)
Finally My, and Yy constitute @, which is [np X np] dimensional.
The matching condition at u = M, _; is

e - R V) (M)t (Ya) (3.34)
" M1 " My_1 = Jir=1) T . (r=1)i Mr_l7 .

where no summation over ‘(r — 1)’ is to be taken.

Generalizing the above sequence, we can say that if we consider the interme-
diate energy region between the (n — 1) and the n'" threshold, i.e. M, >
@ > M, _1, then all the heavy triplets from masses M, down to M, have
been decoupled. In this region the Yukawa matrix ({/)g will be [(n — 1) X np]

dimensional that couples the (n — 1) coupled triplets with np flavors and will

be given as
(92)171 e (yz)l,np (n)
: : - YZ )
Yo (yz)gl,l - <yz>%1,np (3.35)
o heavy triplets with
masses M,—M,
0 “e 0 integrated out .

(n)
Mgy, will be [(n —1) x (n — 1)] dimensional matrix involving the mass terms of

all the coupled triplets. In this energy range R will be

R = §/<J+ Q, (3.36)
with

W )

Q=Y MyYs. (3.37)

Note that R, x and @ are [ngp X npg] matrices. The matching condition at
i = M, is given by Eq. (3.34) with r replaced by (n + 1).
At low energies p < M, when all the heavy triplets are decoupled, Q(u) =

1

(1) (1)

Q(p) = 0 and R(p) = (1/2)(/14)(/1). Fig. 3.2 shows the expressions for R at
different energy scales for the case of three fermion triplets i.e. for r = 3.
When o < My, all the heavy triplets will get decoupled and thus only W

will contribute. Finally the light neutrino mass matrix m, is obtained as
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<— EFT] —» <4 EFT2 —»><4—— EFT3 —»<— “FULL” theory —»

@ @ @ @ ® O

K K, Yy, My Kk, Yy, My Ys, My
1 1 2 1 9 Tnp—1
Rziﬁ R:§K+Q R:§H+Q R:Q:YZMEYZ
2) @, @ (2) @) 3)__(3) (3)
= YiMg'Yy Q = YIM; 'Yy,

e 2
Integrating out X%

et 3
Integrating out ¥

I;u | |
M, M, M Mgyt

1%

Figure 3.2: Sequential decoupling of the heavy fermion triplets and construc-
tion of R at different energy scales, for r = 3. Finally the light neutrino mass
matrix is given as m, = —%]R after spontaneous symmetry breaking, where
v is the vacuum expectation value of the SM Higgs.

m, = —%]R, after the electroweak symmetry breaking.

For the sake of convenience and to be consistent with the existing literature,
we will refer to m,, = —%]R as the effective light neutrino mass matrix at any
energy scale, in the rest of the thesis. However, it must be understood that the
quantity ‘v’ is present only after electroweak symmetry breaking and hence,
strictly speaking, this relation is valid only in that energy regime, while R is

a well-defined quantity at all energy scales.

3.3.2 Dimensional regularization and renormalization

Now we consider the radiative corrections to the fields, masses and couplings
in our model, on the lines of that performed in [34, 75] in the context of Type-I

seesaw. The wavefunction renormalizations are defined as
s 1
B= (Zé)fg Y7, (3.38)
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where ¥ € {l,qr,er,ur,dr}. We denote the renormalized quantities as X

and the corresponding bare fields as Xpg. For the fermion triplets

. 1 .
»fi = (Zg) i (3.39)
fg
For the doublet Higgs
1
¢op=20, (3.40)
whereas
Ap=7Z3A (3.41)

for the gauge bosons where A € {B, W', G*}. For the Faddeev-Popov ghosts
one has
cp=Z2c, (3.42)

however the ghosts will not appear in the RG evolution of the relevant quan-

tities at one loop level. We introduce the abbreviation
0Zx =Jx —1, (3.43)

where Zx denotes the renormalization constant of any of the relevant quanti-
ties X.

We will use the dimensional regularization and the minimal subtraction scheme
for renormalization. In this renormalization formalism, the counter terms
are defined such that they only cancel out the divergent parts. Thus the

renormalization constants are of the form

1
Zx =1+ OZxk - (3.44)

k>1

where the 07 are independent of e. In our scenario, at the one loop level,
the renormalization constants are proportional to 1/e. The final results of
course will be independent of the particular regularization as well as the

renormalization scheme used for the calculations.

The diagrams contributing to the renormalization constants of different quan-

tities are all shown explicitly in Appendix C. The renormalization constants
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of different quantities are given by

1 3 3 1
Z = ~15ma (2T~ 153 - Gel - 563~ &) 4
) [ 1672 10 (3 gl)g1 2(3 62)92 p (3 5)
67 vy L gy L 3 2, 3. 21
Iy _1677'2 ( e Ye T 3 w Yy + 1—0&91 + §£2g2); , (346)
1 6 1
82, = — <2Y6YT 0 2)_ e
R 1672 e T 5&91 . (3.47)
(n) (n)_‘_ 9 (n) (n)_l_ . ) 1
675 =~z | (e + 46208 Pr+ (20513)" + 4626 ) Pr | - (3.49)

where we have used the R¢ gauge, and the GUT normalization of the gauge
couplings [32].

The Yukawa couplings are renormalized as'

1 m, 9 3 1
_ T 2 2
6Zy. = —1 (-65/Z Vot 5 (2+&)00 + 5&92) - (349
1 3 1 1
5y = — <2YTY6 e~ (1247 2)— 3.50

while the Majorana neutrino mass matrix gets renormalized as

2y = —

1
2 J—
62 (12 4+ 4£) g5 - - (3.51)

The addition of the right handed fermion triplets to the SM will contribute one
extra diagram to the renormalization of the Higgs self-coupling A, as shown in
the diagram (G1) of the Appendix C. This contribution will be?

52| (3.52)

new

5 () () (), () 1
= —4—71_2TI‘ YE ngYZ Yy (5ab50d + 5a65bd)

€

1 In [65] the contributions of fermion triplets to some of the above renormalization
constants are calculated in the context of SM extended with these fields. Their conventions
of field normalizations are different and hence the results may differ upto numerical constants
in certain cases. However, their Eq. (19) for §Y,,, which is the same quantity as our 6 Zy,
in Eq. (3.50), is missing the Y,JY, term. The source of this term is the diagram labeled as
(F2) in Appendix C. The extra contribution to § Zy,. from the fermion triplets has also not
been calculated in [65].

2 Note that Ref. [65] gives this quantity (6 in their Eq. (20)) to be of the form Tr(YETYg).
However, the additional contribution to the Higgs quartic coupling dZy should be of the
form Tr(YgYZYETYE), since it comes from the diagram (G1) in Appendix C.
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Finally for the effective vertex (/7%), the renormalization constant is

P s RO ) i (3 - ) e (3 - ae) 1)

167
(3.53)
We observe that there is no contribution from the fermion triplet ¥ in the
loop, which means that &% will not directly depend on the fermion triplets still
coupled to the theory. However, during RG evolution an indirect dependence

will creep in via the other couplings.

3.3.3 Calculation of the 3 functions

To calculate the 8 functions for the RG evolution of the Yukawa couplings,
Majorana mass matrix, the effective vertex x and other relevant quantities,
we consider the relations between the bare (Xg) and the corresponding renor-

malized (X) quantities given by

ZL2MypZi = Zn,My, (3.54)
1 11 A

Zg YspZiZP = p2Ysly, (3.55)
1 1l 1 e

ZEYepZlZE = p2YoZy,, (3.56)
1 1 1 1

ZL2Z2kpZ3 22 = pf(k+0k) (3.57)

where Zy,, = PrZs. We further use the functional differentiation method as

in [75] to find the 8 functions for the Yukawa couplings as

3 15 (v, (v 9 9
167%3y, = Y, ( V1Y, + 5 Y Yy 4+ T - ng — Zgg) : (3.58)
5 (n) 9 33
167% By, = ( Yy, +3 TY2+T— %gf Zgg) : (3.59)
3 17 9
16723y, = Y, (=YY, — —YTYd+T — g2 — g2 —8¢2) , (3.60)
2 20 4
1 9
167°08y, = Yy < Y, - —YTY +T — Zg1 4g§ — 8g§) . (3.61)
Here
(n), (n)
T = Tr {Yj Y, +3Yy Yy + 3Y,Y, + 3Y] Yd] : (3.62)
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Figure 3.3: The solid (red) line and the dashed (green) lines show the energy
scale variations of g; and g3 respectively in the SM, which is unaffected in
Type-IIT seesaw. The dotted (blue) line gives the SM running of g,, while
dot-dashed (magenta), dot-dot-dashed (sky) and densely dotted (black) lines
show the running if there were one, two or three fermion triplets respectively.

(n)
and Bx = p(dX/du). Note that Yy is given in Eq. (3.35), with (n — 1) the

number of heavy fermion triplets still coupled to the theory.

Since the fermion triplets have non-zero SU(2), charge, they couple to the W

bosons and hence will affect the RG evolution of the gauge coupling g» via

167°3,, = bags (3.63)
where 19 4 3
n —
by = —— 4+ ———~ . 3.64
2 6+ 3 (3.64)

Note that if the number of heavy fermion triplets is < 2, the value of by is
always negative. On the other hand, if the number is > 3, then by becomes

positive above the mass scale Mj3. Adding fermion triplets shifts the g;-go
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intersection to higher energy scales, and the go-g3 intersection to lower energy
scales, as can be seen from Fig. 3.3. The exact situation would depend on the

values of M;.
The RG evolution of \ is given by

3 3(3 2
167263y = 6A% — 3\ (ggf + 3g§) + 395 + 3 <ggf + gg) +ANT

ty vt tv vt tv 1 i) Sy
—8 TY[YIY.Y Y, 4+ 3V Y, VY, + 3V, Y,V Y, — 20 Tr[Y Yo Y V) .

(3.65)

As it is evident from Eq. (3.65), the last term is the new contribution to the
[B-function from the heavy triplets still coupled to the theory.

The RG evolution of the Majorana mass matrix of the heavy triplet fermions

is given by
) (n) (), ) ), \ *
167 ﬁ]ME = YEYE PL + YEYE PR ME
(m) () * (n) (), )
+ MZ YZYZ PL + YZYZ PR - 129211\/[2 s (366)

where it is always possible to separate the components of different chirality to

get the left-chiral part as
) () (), o\ )
1670, = | YeYy | My + Myg(YeYy | —12¢;My,  (3.67)

since P, + Pg = I. Thus all the -functions are gauge-independent, as they

should be. The anomalous dimension of My, is

2 (0) | s (m) (), *
— 167 711\/[2 = ME YgYE PL"— YgYE PR Mg

(n) (), * (n) (), )
+ YZYE PL + YZYZ PR - 1292 . (368)

Similar to the left-chiral component of fy,. in Eq. (3.67), the left-chiral com-

t f(O) .
ponent or Yy, 1S

(n) (n) n) (), \ *
— 1672 (%)ME = Mg! (YZYET) My, + (YZY;) — 1293 . (3.69)
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As seen from Eq. (3.36) and the definition of the effective neutrino mass
n () . . . . (n
matrix I(rri,, = —%]R, the RG evolution of the light neutrino mass matrix I(Iﬁ,,

" )
is controlled by the evolutions of both % and @, which are given by

16726, = auri+ PR+ %P, (3.70)
(n) (n) (n)
167°6 = agQ + P5Q+ QP , (3.71)
with
(n), (n)

o= W -lvive ac=amaacsg. am)

3 (), (n) 5 9 9
Po = -“YdYe+-YlY,: =T — —g? — —¢2. 73

3.4 RG running of neutrino masses and mix-

ing angles

To derive the RG evolution for the neutrino masses and mixings we follow the
standard procedure [34, 61]. At any energy scale i, the neutrino mass matrix

m, can be diagonalized by a unitary transformation via

Uy (1) m, (1)U, (1) = Diag(ma (), ma(p), ms(p)) - (3.74)

In a basis where Y, is diagonal, the neutrino mixing matrix is given as
Upnns = U, (3.75)

where Upyns is the Pontecorvo-Maki-Nakagawa-Sakata neutrino mixing ma-
trix [9, 10, 11, 12]. From Egs. (3.58) it is seen that above and between the
thresholds, off-diagonal terms will be generated in Y, even if we start with
a diagonal Y, at the high scale, due to the Y;:Yg terms. These terms will
give additional contributions to the evolution of different parameters. In the
presence of Y, with off-diagonal entries, the neutrino mixing matrix will be
given as

Upmns = USU, (3.76)
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‘ Ce CE De DZ Qe ay
p>Ms| 5 5 5 9| T—1gi—7395 | 2T — f0% — 595
p<M -2 0 32 0 |T-%}—-%3| 2T+ X—3¢

Table 3.1: Coefficients of the [-functions governing the running of neutrino
masses and mixings in the energy regimes p > Mz and p < M;. The quantity
T is defined in Eq. (3.62).

where U, is the unitary matrix that diagonalizes Y'Y, by a unitary transfor-

mation. The parametrization of Upyns is shown in Eq. (1.1) in Chapter 1.

In this work, we consider r = 3 heavy fermion triplets, one for each generation.
Then Yy is a 3 X 3 matrix at high scale when all the three triplets are
coupled, and is identically zero for p < M;. The RG evolution of the neutrino

parameters is then controlled by

1670y, = Y.F +a.Ye, (3.77)
167%3y, = PT'm,+m,P+ a,m, , (3.78)
where
P = CY!Y,+CeYivy, (3.79)
F = DJYY,+ DgYivy . (3.80)

Egs. (3.77) and (3.78) are essentially the same as the [-functions given in
Egs. (3.58), (3.70) and (3.71), which we rewrite in the above form for later
discussions. For p > Mjs and p < M, the evolutions of Y, and m, can be
written in simple analytic forms, using Table 3.1. Note that for u > M3 the
running of the neutrino masses will be governed by (g and so P in Eq. (3.79)
is the same as Py as defined in Eq. (3.73). On the other hand, for u < M,
we have P = P, as given in Eq. (3.72). P and F are 3 x 3 matrices, with the
rows and columns representing generations. We denote the elements of P and
F by Pj, and Fy,. The coefficient of Pr, and Fy, in the running of Y, and
m, can be read off directly from [61], since the structure of Eqs. (3.77) and
(3.78) remain the same both in Type-I and Type-III seesaw. The values of Py,
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and Fy, themselves will however be different because of different underlying

theories. The values of the relevant coefficients in Type-III seesaw are shown
in Table 3.1.

If we consider the running equations in the basis Ps = {my; 6012, 013, O23; ¢i; 0},
then both § and § become ill-defined at 615 = 0 [34, 35] and as a consequence,
015 also becomes ill-defined because of its § dependence. This is only an ap-
parent singularity. One can get rid of it by imposing a particular value of cot §
at 613 = 0 [34, 35] or by using the basis Py = {my; 012, 023, 035; ¢s; Jop, Jép }
where the singularity does not appear at all [57]. We will elaborate on this

issue later on in Chapter 4. Here Jep and Jip are defined as

1

JCP = 5812012823023813C§3 sin & s (381)
1
Jép = 5812012823023813033 cosd . (382)

In the limit 015 — 0, Jep, J&p — 0. From the point of view of the experi-
ments also, the Jarlskog invariant Jcp is the quantity which appears in the
probability expressions for CP violation in neutrino oscillation experiments,
and is therefore directly measurable. J{p is needed in order to have complete
information on 4, since Jep has no information on the sign of cosd. We also
choose to write the RG evolution for 67, instead of 6;3 as is traditionally done.
This quantity turns out to have a smooth behavior at ;3 = 0. Moreover, since
613 > 0 by convention, the complete information about ;3 lies within 67,. The

information about the Dirac phase will be present in Jep, Jip.

The running of masses and the Majorana phases does not depend on the Dirac
phase to the lowest order in #;3. Hence the RG evolution equations do not
change with the change in basis Ps; — P;. Running of the two large mixing
angles 015 and 6,3, as given in Table 3.2, is also the same as that in the Py

basis since the quantities S;; and inj, defined as

+ _ |mgEtmie??1|? Q:I: _ |matmae?i®2)? Q:I: _ |moe?®24m;e?i®1 |2 (3 83)
13 = Amztm(l—’—C) ’ 23— Amgtm ’ 12 = A7”501 ’ ’
in 2¢1 maoms sin 2¢9 mima sin (2¢1—2¢2)
Spp = mumssin2or g mamssindey g, 3.84
13 Amgtm(l-i_g) ’ 23 Amgtm ’ 12 A7”501 ’ ( )

depend on the mass eigenvalues and Majorana phases only. However the

running of 6%, as seen from the Table 3.2, depends on the quantities jf;,
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3271'2 912 3277'2 ‘923
Py QE sin 2015 O
P33 —QF, sin 20,553, —( 3012 + Q13312) sin 26053
ReP21 2Q1r2 COS 2012023 ( Q13) sin 2012823
ReP31 —2Q1’—2 COS 2012823 (Q Qi’—?’) sin 2012023
RePs, Q7 sin 2015 sin 2053 (Q23012 + Qfys5%,) cos 263
ImP21 4812023 (823 — 813) sin 2012823
ImP31 —4812823 2 (823 — 813) sin 2012023
Im P, 0 4 (Sasciy + Si3sty)
6412 62,
Py 0
P22 (./2(;—3 - ./2(1’—3) sin 2012 sin 2023
P33 - (./2(4_ - ./2(+ ) sin 2012 sin 2023
ReP31 4 A13012 -+ ./2(3_38%2 Co3
R8P32 2 (A;:o, - A13> sin 2012 COS 2023
Im Py, 4 By, + Bays?y ) s23
ImP31 4 gfgC%Q + [3;_38%2 Co3
ImP32 2 (g;g 613) sin 2012

Table 3.2: Coefficients of Py, in the RG evolution equations of the mixing
angles 0o, 03, and fy3, in the limit 63 — 0.

ng defined as

4 (m2 +m32) Jop + 8mymg(Jip cos 2¢1 + Jop sin 2¢;)

AL = , 3.85
13 a’Amgtm (]- + C) ( )
~ 4 (m3+m3) Jop £ 8mamsa(Jip cos 2¢a + Jop sin 2¢5)
At - i . (3.86)
atm
~ 4 (m2+m3) Jep £ 8myma(Jop cos 2¢1 — Jp sin 2¢;)
Bi; = Tt L (3.87)
atm
g;g _ 4 (m3 4+ m3) Jop & 8mams(Jcp cos 2¢y — Jip sin 2¢5) ’ (3.88)

alAm?,

where a = s15¢12523¢23. Clearly these quantities depend on Jep, Jp in addition
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6472 Jop/a 642 Jip/a

Py 0 0

Pyo —4&9: 2a(go_ QQ’)

Pss 4aG; —2a(Gy —2G,)
RePy; 4593GF 2s03(Gg + 29+)
RePs; degsGF 2¢03(Gg + 2G.)
RePs —25in 2015 cos 2053 G sin 2615 cos 2023(G, — 2G.)
Im Py, 2593(Gy — 2G1) 4593G
Im Py 2023(96r - 2gc+) 4023g:

ImP;, sin 2612(G, + 2G.) —25in201,G;

Table 3.3: Coefficients of Py, in the RG evolution equations of the Jarlskog
invariant Jep, the quantity Jip = Jepcotd, in the limit 6135 — 0. The
convention used here is a = $15¢19523¢03, and Jop = (a/2)s13¢35 sin 6.

to the masses and Majorana phases. The coefficients for the RG evolution of

Jop and J/p are presented in Table 3.3, where the quantities ggfc,s are given

by

m3 4+ mj mi 4+ mj3

+
= + .
gO ATnatm Am?xtm(l + C) ’ (3 89)
n mymsz sin 2¢; MaoMmg Sin 2¢9
— + , 3.90
gs Amatm( + C) Anzatm ( )
i mimsg cos 2¢1 = Maomg COS 2¢9
= + ) 91
gc ATnzxtm(l + C) ATnatm (3 9 )

Thus all the the quantities appearing in the evolution equations (3.85) — (3.91)

have finite well-defined limits for ;5 — 0 in the P; basis.

The expressions for the running of masses and Majorana phases are the same
as the ones obtained in [61] for the Type-I seesaw mechanism. Tables 3.4
and 3.5 show the running of the masses m; and the difference between the

Majorana phases |¢1 — ¢o| respectively.

Even if one starts with diagonal Y, (i.e. Y, = Diag(y., y,, y-)) at the high scale,
non-zero off-diagonal elements of Y, will be generated through Egs. (3.77)

— (3.80) since }(/)TE(% is not diagonal. These off-diagonal elements will give
additional contributions to the running of masses and mixing above and be-
tween the thresholds through F' and a.. Since a. is flavor diagonal, it will
contribute to the running of y., y, and y,, while off-diagonal components of

F will contribute additional terms in the g-functions of angles and phases, as
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16721y /my 16721 /My 167%mi3/ms

, 1 1 1

Py 2c2, 252, 0

P 2515033 2ci, ¢35 2533

Pa3 2515533 215535 23,
RePy; —25in 201593 2 8in 2615¢93 0
RePs; 2 sin 26019593 —25in 2012823 0
RePss —25in 209353, —25sin 20932, 2 sin 2093
ImP21 0 0 0
ImP31 0 0 0
Imng 0 0 0

Table 3.4: Coefficients of Py, in the RG evolution equations of the neutrino
masses m; {i = 1,2, 3}, in the limit 65 — 0.

327 (¢1 — p2)

Py —48;5 cos 2615

Pa 481903, cos 2015

P33 48128%3 COS 2012
RePy; —8815Ca3 cos 2015 cot 2615
Repgl 8812823 COS 2012 cot 2012
RePsy —489 cos 26015 sin 20,3
ImPQl —4QI2023 cot 2912
ImP31 4Q172823 cot 2012
ImPs, 0

Table 3.5: Coefficients of Py, in the RG evolution equations of the Majorana
phase difference (¢ — ¢2), in the limit 6,5 — 0.

tabulated in Table 3.6 and Table 3.7, respectively. These contributions will
just get added to the Py, contribution for the evolution of the quantities in
Tables 3.2, 3.3, 3.5. Note that the Fy, coefficients are S O(1), whereas the Py,
coefficients are > O(m2/Am?2, ). Since the running is significant only when
m? > Am?

2tm» i1 almost all the region of interest Py, contributions dominate
over the Fy, contribution.

Note that the analytical expressions obtained in Eq. (3.83) onwards, and those
given in the tables, are valid only in the two extreme regions p > Mjz and
1 < M;. For the intermediate energy scales, m, will receive contributions from
both % and 8. In the SM these two quantities have non-identical evolutions,
as seen from Egs. (3.70) and (3.71), and therefore the net evolution of Y, and
m,, is rather complicated. We perform it numerically in the next section.
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. — U, -
16720% 167267, 1672 0%

Iy 0 0 0
Fo 0 0 0
i3 0 0 0
RefFy; —Cas3 —4s93J0p/a 0
R6F31 S93 —4023 Jép/a 0
R6F32 0 0 1
ImFgl 0 —4823JCP/(1 0
ImF31 0 —4023 Jcp/a 0
ImF3o 0 0 0

Table 3.6: Coefficients of Fy, in the RG evolution equations of all the
angles (012, 0%, 6a3), in the limit ;3 — 0. The convention used here is
a4 = 8121289303, and Jop = (a/2)s13¢i3sind. We neglect y,. and y,, compared
to y,, and take vanishing flavor phases.

1672 J% 1672 J. Y 1672 oV 1672 g5
iy 0 0 0 0
Fy 0 0 0 0
Fi3 0 0 0 0
R,ngl 0 —823(1,/2 0 0
R6F31 0 —023(1,/2 0 0
ReF3, 0 0 0 0
ImFy, —523a/2 0 023012/512 —023512/012
ImF3; —023a/2 0 —823012/512 523312/012
ImF32 0 0 —1/(023523) —1/(023823)

Table 3.7: Coeflicients of Fy, in the RG evolution equations of Jop, Jip and
the Majorana phases ¢; in the limit 613 — 0. The convention used here is
a = 8121289303, and Jop = (a/2)s13¢1;sind. We neglect y, and y,, compared
to y,, and take vanishing flavor phases.

3.5 Illustrative examples of RG running of the

masses and mixing

In this section we numerically calculate the RG evolution of the masses and
mixing parameters within the Type-III seesaw model including the impact of
running between the thresholds. This analysis is done by imposing suitable
matching conditions (3.34) at the thresholds. For illustration, we start at po =
10'® GeV and choose the basis in which Y, is diagonal, so that Upyng = U,.

We further choose U, at this high scale to be the bimaximal mixing matrix
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Uy bimax [45, 132, 133, 134, 135], i.e. 015 = b3 = m/4 and #;3 = 0. This scenario
is clearly inconsistent with the current data in the absence of RG evolution.
We shall check if the radiative corrections to the masses and mixing angles

can make it consistent with the data at the low scale.

If the low energy theory in the complete energy range pu < pg is the SM,
then 0,5 decreases as the energy scale decreases, however the running is not
sufficient to achieve compatibility with the low energy data. If the low energy
theory is the MSSM, then 65 increases with decreasing energy scale [136], so
that compatibility with the data is not possible. However, it has been shown in
[59, 137, 138] in the context of Type-I seesaw mechanism, that the inclusion of
threshold effects can make the mixing angle 6, decrease substantially as we go
to lower energy scale and can give the correct values consistent with the Large
Mixing Angle (LMA) solution. In this section we study the evolution from
bi-maximal mixing at high scale in the context of Type-III seesaw scenario,

including the seesaw threshold effects.

We write the neutrino mass matrix as

Diag(my, mg, ms)U; (3.92)

m, = .
v v,bimazx

*
v,bimazx
with . = 6, = 6; = 0 at the high scale. Given the masses of the three fermion
triplets and the light neutrino masses at the high scale, one can determine a Y,
at the high scale® that satisfies the seesaw relation m, = —(v?/2)Yy My 'Ys.

We then evolve the parameters using the analysis of Section 3.4.

Among the neutrino mixing angles, ;5 is expected to be the most sensitive

to RG effects. Table 3.2 shows that 912 is proportional to Qf, and S;», which

2
sol

are in turn proportional to (m?/Am?2,) as can be seen from Egs. (3.83) and

(3.84). For the other angles §;;, the corresponding quantities QZT; and §;; are
2

atm

proportional to (m?/Am?.,), so the evolution of these angles is smaller. The
direction of 6,5 evolution depends on the details of the Yukawa coupling matrix

and masses of the heavy fermions.

Since the values of Majorana phases at the low scale are completely unknown,

we first consider the case where ¢; = ¢ = 0. In this case the CP violation

3 The solution for Y5 need not be unique, however any one of the solutions would
suffice for the illustration. For practicality, we first choose an “trial” Yy, calculate the
corresponding My, from the seesaw relation, and then apply the basis transformation that
makes My, diagonal and takes the “trial” Yy to its final form.
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Figure 3.4: RG evolution of mixing angles and mass squared differences,
starting from bimaximal mixing at p = 106 GeV, for normal mass ordering
and hierarchical neutrino masses. The left panels represent the scenario where
the Majorana phases vanish at po. The right panel shows a representative
case of nonzero Majorana phases (¢; = 89.0°, o = 0.4°) at pg. The values of
parameters at the high scale have been chosen such that the Am?’s and ¢, at
the low scale are reproduced.

will remain zero at all energy scales. The left panels of Fig. 3.4 show the
running of mixing angles and mass squared differences for the normal mass
ordering in this scenario. It is observed that #;5 in the intermediate energy
region changes more rapidly than in the extreme regions, however this change
is in the opposite direction to what is required. As a result, bimaximal mixing
at the high scale is not compatible with the low energy data in our model
when the Majorana phases vanish. With nonzero Majorana phases, however,
it is possible to achieve compatibility with the low scale data, as can be seen

from the right panels of the figure.

The lower panels of Fig. 3.4 show the evolution of mg, the lowest mass scale,
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and the two mass squared differences. As can be observed, the running of
masses is quite substantial in Type-III seesaw, as compared to the SM, the
MSSM [35], or the Type-I seesaw [59]. Most of this running occurs in the
intermediate energy range M; < p < Mj, where threshold effects play a
crucial role in enhancing the running. Note that the values of mg required
to cause substantial running of mixing angles is quite small: in the case of
vanishing (non vanishing) Majorana phases, we have taken my = 0.04(0.01)
eV at u = po. Thus, even at extremely small mg, substantial running of

neutrino parameters can be present in the Type-III seesaw.

The example of the bimaximal mixing discussed above was just for illustration.
However, it brings out certain salient features of the RG running in Type-III
seesaw scenario. The running of neutrino masses can be quite substantial here
in the intermediate energy range. Moreover, threshold effects can enhance the
extent of running of mixing angles, as well as the direction of the evolution,
similar to the Type-I seesaw scenario [59]. Majorana phases are also seen
to play an important role in determining the extent and the direction of RG

running of neutrino mixing parameters.

In Fig. 3.5, we illustrate the RG evolution of parameters when the neutrino
masses are quasi-degenerate. We have taken the parameter values at the high
scale to achieve compatibility with the low scale data, without imposing any
special symmetry. However in order to bring out certain salient features of the
RG evolution that are independent of the threshold effects. we have chosen a
small 013 value, |¢1—po| =~ 7/2, and Y;:Yg to be almost diagonal in the charged
lepton basis, with hierarchical eigenvalues. These conditions ensure that Po;
and Pj; are small, and Sj5 vanishes, so that from Table 3.5, the evolution
of (¢1 — ¢9) is extremely small. Thus |p; — ¢s] is expected to stay close to
/2 even after evolution, which is verified by the figure. Moreover, combined
with m; ~ ms, the choice |¢; — ¢o| ~ /2 makes Qf, extremely small, thus

restricting the 615 evolution.

2

It is observed that the running of 6y is now large, owing to m3/Am3, .

1. This makes it possible to mimic maximal mixing accidentally, even if the
mixing generated at the high scale is arbitrary. The value of ;3 also quadruples
from its high scale value. The Dirac phase, which was chosen to vanish at py,
is generated by the RG evolution. The running of Dirac as well as Majorana

phases is substantial between the thresholds.
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Figure 3.5: RG evolution of mixing angles, mass squared differences, and
CP violating phases, for quasi-degenerate neutrino masses and normal mass
ordering. The values of parameters at the high scale have been chosen such that
the Am?’s and g, at the low scale are reproduced. Note that for the Majorana
phases ¢;, the regions (0° — 180°) and (180° — 360°) should be identified with
each other.

The right hand bottom panel of Fig. 3.5 shows the energy evolution of mgz =
\/m , the effective neutrino mass measured in the Tritium beta decay
experiments [17], as well as me. = | Y., U3m,|, the effective neutrino Majorana
mass in the neutrinoless double beta decay. Note that since 6,3 is small, m; ~
my & my, and since |p; — ¢o| ~ 7/2 in addition, we have m.. &~ mgcos 26;,.
Also in the quasi-degenerate case, the sum of neutrino masses that is restricted
by cosmology is > m; &~ 3mg. The large running of these masses suggests
that, even if the beta decay experiments were to bound mg to < 0.3 eV, or
the neutrinoless double beta decay experiments were to bound m.. to < 0.1
eV, or the cosmological observations were to restrict mg at the low scale to
< 0.3 eV, the value of my generated at the high scale can still be substantially

larger.
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It is thus observed that in Type-III seesaw, the RG evolution of masses, angles
as well as CP violating phases can be significant between the thresholds even
at low mg values. The reason behind this, as well as the exact dependence
of the evolution on the mass thresholds and Majorana phases, needs to be
studied in further detail for a better understanding of the allowed neutrino

parameter space at high energies.

3.6 Summary

In this chapter we have studied the RG evolution of neutrino masses and
mixing parameters in the context of Type-IIl seesaw mechanism mediated
by heavy fermions ¥ transforming as triplets under SU(2),. Tree level ex-
change of such particles gives rise to an effective operator kslil;¢¢ below
their lowest mass threshold. If one or more such triplets are present in the
model, they affect the RG evolution of wavefunctions, masses and couplings.
We compute these extra contributions using dimensional regularization and
minimal subtraction scheme. We calculate the beta functions for the Yukawa
couplings Y, Y,, Y; and Y5, the SU(2), gauge coupling g, the Higgs self-
coupling A, the heavy fermion triplet mass matrix My, and finally the light
neutrino mass matrix m,. We do our calculation in the R¢ gauge and show
the gauge invariance explicitly by demonstrating that the terms containing &

are not present in the g-functions.

It is found that the presence of the triplets does not give rise to any additional
diagram for the effective vertex k. However, the presence of these fields is
felt indirectly in the running of x through their contribution to the evolution
of the other quantities. Since the fermion triplets couple to W bosons, the
evolution of the SU(2), gauge coupling g, is significantly affected, with more
than two X triplets changing the sign of the  function for g,. This may also
have implications for the unification of gauge couplings. In turn, the masses

of the ¥’s are also affected substantially due to the coupling with gs.

We give the analytic expressions for the RG evolutions of the neutrino masses
and mixing above the highest mass threshold and below the lowest one. How-
ever, we use a basis P; = {my, 12,023, 0%, ¢, Jop, Jop } instead of the com-
monly used basis Ps = {m;, 012, O3, 013, ¢, 0 }. The advantage of P; is that in

this basis all the evolution equations are explicitly non-singular at all points in
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the parameter space including at #;3 = 0. This specific issue will be discussed
in detail in Chapter 4.

We consider the scenario with three triplets having non-degenerate masses
and include the effect of successive decoupling of the heavy triplets at their
respective mass thresholds by imposing suitable matching conditions at each
mass scale. We present illustrative examples of running of masses and mixings
by numerical diagonalization of the effective neutrino mass matrix. Although
the running of masses and mixing angles is not very large in the SM, in our
model the running can be large due to threshold effects of the heavy triplets.
In particular we find that starting from bi-maximal mixing at high scale it
is possible to generate low scale values of masses and mixing angles for the
normal hierarchical neutrino spectrum. However, this requires non-zero values
of the Majorana phases. Indeed it is observed that the presence of threshold
effects and Majorana phases can influence the evolution of the mixing angles

significantly.

In conclusion, the work in this chapter studies threshold effects in the context
of the Type-III seesaw mechanism. It is crucial for testing the viability of
a high scale theory with low scale data. Indeed it is seen that theories that
are excluded by the data in the absence of RG running can become viable
once these effects are included. In order to determine the allowed neutrino
parameter space at the high scale, a detailed exploration of the dependence of
RG effects on various parameters is necessary. This is all the more important

in view of the onset of the precision era in neutrino physics.
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Chapter 4

RG evolution near 63 =0

4.1 Introduction

The current experimental ranges for the different neutrino mixing parameters
are given in the Table 1.1 of Chapter 1, which shows that while two of the
mixing angles 615 and f#,3 are large, the third angle #,5 is small and may even
be zero. There is a whole class of models with 8,3 ~ 0 that are consistent with
data [139]. 623 = 7/4 and 613 = 0 are allowed by the current data and their
origin has been traced to an exact u — 7 exchange symmetry in the neutrino
mass matrix [140, 141, 142, 143, 144]. Such symmetries can be realized by
models based on the discrete non-abelian symmetry groups like A, [145, 146,
147], D4 [148, 149], S3 [150, 151, 152, 153, 154], Sy [155, 156, 157, 158]. Special
cases of an exact p — 7 symmetric matrix corresponding to a L, symmetry for
normal ordering [159], L, — L,, — L, symmetry for inverted ordering [160, 161,
162, 163, 164, 165] and L, — L, symmetry for quasidegenerate neutrinos can
give 613 = 0 [166]. Any deviation from this value would indicate breaking of
these symmetries. Models with discrete abelian symmetries can also make 63
vanish [167]. Models involving certain texture zeroes in the neutrino Yukawa
matrix or certain scaling relations between Majorana matrix elements can also
predict zero or almost vanishing 6;3 [168, 169, 170, 171, 172]. SO(10) models
with certain structures for Dirac mass matrices [173, 174, 175], or those with

a SO(3) symmetry can predict 63 < 107* with a normal mass ordering [176].

Most of the symmetries in these models are obeyed at the high scale, and are

broken at the low scale by, for example, radiative corrections. If the radiative
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corrections are large enough, any trace of the original symmetry may be wiped
out. However in the context of a specific model, the compatibility between
the high scale symmetry and low scale measurements can still be verified.
This needs a careful study of the renormalization group (RG) evolution of
the neutrino mass matrix and the mixing parameters. The basic formalism for
calculating this evolution has been established in [32, 33, 34, 35, 36], as already
discussed in Chapter 3. Specific features of the evolution, like the stability of
mixing angles and masses [177, 178, 179, 180], possible occurrence of fixed
points [181, 182, 183], evolution of nearly degenerate Majorana neutrinos [45,
46, 48, 49, 50, 51, 52, 53, 184], or the generation of large mixing angles from
small angles at the high scale [38, 39, 40, 41, 42, 43, 44], have been explored.
Radiative generation of U3 starting from zero value at high scale has been
studied in [54, 55, 56, 185], while its effect on lepton flavor violating decays
are examined in the framework of SUSY-GUTs in [186]. Threshold effects on
masses and mixings, due to the decoupling of heavy particles involved in the
neutrino mass generation, have also been estimated [60, 61, 187, 188]. These
effects can revive [59, 137, 138] the bimaximal mixing scenario [132, 189,

which predicts 63 = 0.

Analytical expressions for the RG evolution of the neutrino masses and mixing
parameters in the low energy effective theory have been obtained through an
expansion in the small parameter 6,5 [34]. For a quantity X € {m;,6,;, ¢:},

the evolution may be written as
X = Ax + O(b13) , (4.1)

where dot represents the derivative with respect to ¢t = In(u/GeV)/(167?),
with p the relevant energy scale. Here Ax is independent of 63, but is a
function of my, 012, 023, ¢;, 6 in general. In the context of quark-lepton comple-
mentarity, approximate but transparent analytical expressions were obtained
in [136] where a further expansion in the small parameter A, oc y2(1 +
tan? 3) was employed. Here y, is the Yukawa coupling of the tau lepton and
tan (# the ratio of vacuum expectation values of the two Higgses in minimal
supersymmetric standard model (MSSM). Such an expansion was used to
constrain the allowed values of mixing angles in the context of tri-bimaximal
mixing [190, 191] and to distinguish between various symmetry-based relations

at the high scale by comparing the low scale 0,5 values [192].
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A subtle but important issue arises in the evolution of the Dirac phase  at
613 = 0. With the parameterization in [34], the evolution formally takes the

form

o = Ds + A5 + O(613) , (4.2)
013

such that the derivative of ¢ formally diverges at vanishing 6,3, indicating an
apparent singularity. This is an unphysical singularity: all the elements of the
mixing matrix Upyng evolve continuously, and the peculiar evolution of § is
related to the fact that ¢ is undefined at #;3 = 0. This argument is in fact
used in [34] to assert that Ds identically vanishes when 63 = 0, which leads
to a specific value of cot § which is a function of {m;, ¢;} at 613 = 0. Ref. [183]

has examined this prescription in various limits in the parameter space.

Hence it is important to study this issue of apparent singularity at 6135 = 0
carefully. While the above prescription for choosing the value of § at 613 — 0
works practically when one needs to start with vanishing 6,3, a few conceptual
problems remain. Firstly, when 6135 = 0, the value of § chosen should not
make a difference to the RG evolution since ¢ is an unphysical quantity at this
point. Secondly, it is not a prior: clear whether the prescription would work
when 613 = 0 is reached during the process of RG evolution. Indeed, getting
the required value of § precisely when #1353 = 0 may seem like fine tuning.
The prescription in [34], though practical, does not tell us the origin of this
apparent coincidence. Here we analyze this problem in more detail, and find an
explanation in terms of the evolution of the complex quantity U5 = sin ;53¢

in the parameter plane Re(Ue3)-Im(Ues3).

We also evolve an alternative formalism where the singularity does not arise
at all. This is based on the observation that the set of quantities P; =
{mi, 019, 023,035, di, Jop, Jop }, where Jop = 55120125230233130%3 sin J is the Jarl-
skog invariant and Jp = 55120125230233130%3 cos 9, have the same information
as the set Ps = {m;, b12, 023, b13, ¢;, 0 }. We therefore write the evolution equa-
tions in terms of the former set and explicitly show that the complete evolution
may be studied without any reference to diverging quantities. We confirm
numerically that the evolutions with both the parameterizations indeed match

with each other and with the exact numerical one.

With the conceptual issue clarified, we numerically study the extent to which

013 may be generated through RG running in the class of models with 63 = 0
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at the high scale, where the low energy effective theory is the standard model
(SM) or the minimal supersymmetric standard model (MSSM). This evolution
turns out to be extremely sensitive to the mass of the lightest neutrino my,
the neutrino mass ordering and the Majorana phases. Another experimentally
observable quantity that depends on these parameters is the effective Majorana
mass m., which is explored by the neutrinoless double beta decay experiments.
Correlated constraints can therefore be obtained on 63, my and m,., the
quantities for which only upper bounds are available currently but which may
be measured in the next generation experiments. For the case of MSSM, it

will also depend on the value of tan 3.

4.2 Apparent singularity in /-evolution at 6,3 =
0 and RG evolution in the complex .3

plane

Analytic studies of the evolution of neutrino parameters till date have been
mostly performed with the parameter set Ps = {m;, 012, a3, 613, ¢;,0}. The
RG evolution equations for the mixing parameters in this Ps basis are given
in Appendix D. As can be seen, all the evolution equations obtained are
continuous and non-singular, except the equation for the Dirac CP phase 9,

which is given by

. D
§ = 24 As+0(by), (4.3)
013
where
92 mg
D(g = —Tsin 2012 sin 2023 D) X
2 ms;

[ml sin (2¢1 — §) — (1 4 ()mgsin (2¢ — ) + (mssin 5] , (4.4)
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mim i
As = 20y2 Alm 2333 sin (2¢7 — 2¢o)

T 2
®
+mm;3 (coC3in (26 — 2¢1) + 7, COS 2093 sin 261 )
Am3,
+ZQT3 (3%2033 sin (20 — 2¢) + ¢}, cos 263 sin 2¢2) . (4.5)
matm

Here ¢ = Am2 /Am?,, and C is a constant which depends on the underlying
effective theory in the energy regime considered. Eq. (4.3) clearly suggests that
& diverges for 615 — 0. This problem is overcome by requiring that Ds = 0 at

613 = 0, which gives the following condition on ¢ at 613 = 0 [34]:

my cos 2¢1 — (1 + ()mg cos 2¢5 — (mg

to =
0 my sin 2¢; — (1 + ()mg sin 2¢

(4.6)

The above prescription works for the calculation of evolution when one starts
with vanishing #,3. However on the face of it, it seems to imply that the CP
phase ¢, which does not have any physical meaning at the point 63 = 0, should
attain a particular value depending on the masses and Majorana phases, as
given in Eq. (4.6). Also, the situation when 63 = 0 is reached during the
course of the RG evolution has not been studied so far, so it is not clear if
the prescription needs to be introduced by hand in such a case, or whether
the RG evolution equations stay valid while passing through 6,3 = 0. Getting
the required value of § precisely when 63 = 0 would seem to need fine tuning,
unless we are able to figure out the origin of this apparent coincidence, and

show that this value of § is a natural limit of the RG evolution.

The problem also propagates to the evolution of 63, since it depends in turn

on o:

6"13 = A3+ 0(b613), (4.7)

2
A13 = % sin 2912 sin 2923A7n—32 X

msy

[my cos (2¢1 — 0) — (1 4 {)ma cos (2¢2 — §) — (mgcosd] . (4.8)

The evolution of all the other quantities, viz. 61, b3, m;, ¢; is independent of
§ upto O(6%) [34], so these quantities do not concern us here.
In order to understand the nature of the apparent singularity in 6, we explore

the RG evolution of the complex quantity U.; = sinf3e~. We start with
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Figure 4.1: The left panel shows the evolution in the Re(Ues)-Im(Ues)
parameter plane, whereas The right panel shows the corresponding evolution

in the ;30 plane. The values of the parameters chosen at g = 10'? GeV are:
tan 8 = 50, mo = 0.0585 eV2, Am?2 = 4.22 x 107> V2, Am2,,, = 3.91 x 1073

atm

eV2, 015 = 32.84°, y3 = 43.71° and 615 = 0.014 rad. The Majorana phases
are taken to be ¢; = 58.9° and ¢, = 159.15°. The Dirac CP phase is 124.0°
for case A (violet, dash-dotted line), 128.447° for case B (red, solid line) and
133.0° for case C (green, dashed line).

three representative values of § at the energy scale g = 10'2 GeV, with the
other parameters chosen such that 615 < 1073 at u ~ 10° GeV. The left panel
of Fig. 4.1 shows the evolution in the complex U.3 plane. The right panel
shows the corresponding evolution in the #5-6 plane, with 6 = 27 — 8. The
following observations may be made from the figures:

(a) Though all the parameter values at the high scale are very close, and
though in all cases 613 decreases to a very small value before it starts to
increase, #,3 does not vanish during the evolution in all the cases. Indeed,
the value of ¢ chosen at the high scale, in order to make 6,3 vanish during its

evolution, needs to be extremely fine-tuned. This is because
SiIl2 913 = [Re(Z/{eg)]Q + [Im(u63>]2 s (49)

so that one needs both the real and imaginary components of U3 to vanish
simultaneously, which needs a coincidence. Note that when both the CP
violating phases 0 and ¢; vanish at the high scale, Im(U.3) = 0 automatically
throughout the evolution. Then starting from a non-zero value at high scale,
013 can be made to vanish simply by requiring Re(U,3) = 0 so that no fine
tuning is needed.

(b) With the definition 6 = 27 — § we have U3 = s13¢™ and thus 0 is the
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phase of U3 which can be read off easily from the Re(U.3)—Im(U.3) plot. The
values of & chosen at iy = 10'2 GeV are such that 4 is in the third quadrant,
so Re(Ue3) < 0 and Im(U.3) < 0 at this scale. At the end of the evolution, at
p = 10* GeV, & returns to the third quadrant. During its evolution, 5 may
change its quadrant zero, one or multiple times. The value of ;3 need not
vanish completely during the RG evolution, as is represented by the scenarios
A and C. Scenario B is the one where Re(U,3) and Im(U,3) vanish at the same
point, and therefore A3 passes through zero during its evolution.

(¢) In scenario A, since Re(U.3) stays negative, & simply moves from the third
quadrant to the second, and then returns to the third in a continuous manner.
In scenario C on the other hand, ¢ has to pass through the fourth, first and
second quadrant in sequence to finally return to the third quadrant. However
its evolution is continuous, the apparent jump at the lowest ;3 values in the
right panel of Fig. 4.1 is just the identification of 0° and 360°.

(d) In scenario B, § starts in the third quadrant and moves continuously to
the fourth quadrant. However it propagates to the second quadrant directly
through the origin, thus bypassing the first quadrant entirely. Its value at the
origin can be well-defined through the limit

~ 4Re(U,
cot o = lim Re(Ues) = lim a0 o(Ues)

Re(Ues) ImUez)—0  Im(Uez)  Re(Ues),Im(Ues)—0 %Im(ue3)

(4.10)

where we have used L’Hospital’s rule to compute the limit since both the

numerator and denominator in this ratio tend to zero at the limiting point.

Since
Re(Ue3) = sinfizcosd, Im(U.3) = —sinbyzsind (4.11)
we have 4 5 — Drsing
(5 “izcosd — Dssin e
ot Aigsind + Dscosd (4.12)
and using Eqgs. (4.4) and (4.8), one obtains
- 201 — (1 2¢9 —
cot 5y — — 08201 = (1F ¢)mg cos 26z — (g (4.13)
my sin 2¢1 — (1 + ¢)mag sin 2¢.
Since § = 27 — ¢, this is equivalent to
201 — (1 209 —
cot 6y = my cos 2¢1 — (1 + ()msg cos2¢y — (mg ’ (4.14)

my sin 2¢; — (1 + ()mg sin 2¢
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Figure 4.2: The evolution of 03,9, Re(Ues), Im(Ues), Jep and Jip as functions
of the energy scale p, in the scenarios A (violet, dash-dotted line), B (red,
solid line) and C (green, dashed line).

which corresponds exactly to the value of cotd in Eq. (4.6), which had been
prescribed in [34]. We have thus shown that the prescription follows directly
from the procedure of taking the limit of 6 as Re(U,3) and Im(U.3) go to zero

simultaneously.

The net evolution of 63 and § as functions of the energy scale has been shown
in the top panels of Fig. 4.2. The evolution of § clearly has a discontinuity at
013 = 0 in scenario B, where its value changes by 7. Though the origin of this
discontinuity has now been well understood, it is important to have a clear
evolution of parameters that reflect the continuous nature of the evolution of
elements of the neutrino mixing matrix Upyns. This can clearly be achieved
by using the parameters Re(U.3) and Im(U.3). However, we prefer to use the
Jarlskog invariant Jep, as defined in Eq. (3.81) in Chapter 3, which appears in
the probability expressions relevant for the neutrino oscillation experiments,

and is therefore more directly measurable than the real and imaginary parts
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of U.3. Since Jep has information only about sind, we need its partner Jip,
as defined already in Eq. (3.82) in Chapter 3, to keep track of the quadrant
in which § lies. The evolutions of (Jep, Jip) are very similar to those of
(Re(Ues),Im(U,3)), as can be seen from the bottom panels of Fig. 4.2.

4.3 RG evolution equations in terms of the

parameter set P;

We now calculate the RG evolution of the Jarlskog invariant Jep and its
partner Jip as defined in (3.82), and get to a set of evolution equations that
are nonsingular everywhere, even at ¢35 = 0. The RG evolution equation for

Jop and J(p are obtained as

Jop = A;+0(by3) , (4.15)
Jep = AL+ 0(013) , (4.16)
with
2.2 2 2 2 M3 . .
Ay = Cy;s1yCl9823C3 5 [ml sin2¢; — (1 + ¢)masin 2¢2i| , (4.17)
Am3,

A = Cyfs%cﬂsg?,c%g;% [ml cos 2¢1 — (1 + ()ma cos 2¢y — Cm;;} (4.18)
31

We also choose to write the RG evolution for 6%, instead of 6;3, as is tradition-
ally done. This quantity turns out to have a nonsingular behavior at 6,3 = 0.

Moreover, since #13 > 0 by convention, the complete information about 6,3 lies

»1

within #%;. Also, the possible “sign problem”! of 6,3 is avoided. In terms of

1Usuaully the convention used in defining the elements of Upnmns is to take the angles 6;;
to lie in the first quadrant. U3 can then take both positive or negative values depending
on the choice of the CP phase . In the formulation of Eq. (4.8) the sign of A;3 can be such
that 613 can assume negative values during the course of evolution and in such situations
one will have to talk about the evolution of |#;3]. Our formulation in terms of 67;, as shown
in Eq. (4.19), naturally avoids this problem.

79



Chapter /

0.1 T T T T T T T — 0.002

0.001

0 E
0.01 ¢
-0.001
-0.002

-0.003

Jep

-0.004

-0.005 F-~
le-04 +

-0.006 =

(N } -0.007 |

1005 s oot DT 10008 b
3 4 5 6 7 8 9 10 11 12 3 4 5 7 8 9 10 11 12

logyy (1/GeV) logs (1/GeV)

Figure 4.3: Comparison of the RG evolution of 813 and Jcp from the analytic
expressions in Py basis (green, dashed line) and P; basis (blue, dotted line)
with the exact numeric one (red, solid line). The parameters chosen at the
high scale pg = 102 GeV are: tan 8 = 50, mo = 0.05 eV2, Am? = 0.00008
eV2, Am?2 = 0.0026 eV2, 615 = 34.5°, O3 = 42.5° and 013 = 0.5°. The phases

atm

are taken to be § = 40°, ¢; = 25° and ¢ = 105°.

the new parameters Jep and J{p, the RG evolution equations for 67; becomes

0, = A+ 003, (4.19)
S m . .
ATy = 8Cy: Ami%a {JCP [mq sin2¢7 — (1 + ¢)mg sin 2¢s]

+JGp [ma cos2¢1 — (1 4 ¢)ma cos 2¢, — Cm3]} : (4.20)

Thus the evolution equations in basis P; are all non-singular and continuous
at every point. In particular, even when § shows a discontinuity, Jcp as well

as J{p change in a continuous manner.

In Fig. 4.3, we show the RG evolution of 0,3 (left panel) and Jep (right panel),
as obtained from the analytic expressions in Ps basis as well as in the P basis,
along with the exact numerical solution, for some chosen values of parameters.
It shows that the approximate running equations agree with each other to an

accuracy of O(6,3).

4.4 Bounds on 63 at low scale

We now consider all the theories that predict ;3 = 0 at the high scale and
try to see the nature of running of the masses and mixing parameters with

the energy scale. For high scale we consider py = 10'2 GeV and implement
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the symmetry 613 = 0 at this scale, which we also take to be the mass of
the lightest heavy particle responsible for the seesaw mechanism. We choose
this value of pg since it is consistent with the current neutrino mass squared
differences and seesaw mechanism with Dirac mass of the heaviest neutrino
around 1-100 GeV [193]. This scale is also desirable for successful leptogenesis
[194]. However, our results are only logarithmically sensitive to this choice and
hence our conclusions will be robust against variations of . Also, this would
allow us to compare our bounds with those obtained in [191, 192] for specific
models like tri-bimaximal mixing at the high scale. The values of the other
parameters at high energy are chosen such that their low scale values are
compatible with experiments. For the absolute mass scale of neutrinos, we

take the cosmological bound of mg < 0.5 €V [16] at the laboratory energy.

We consider the scenarios where the effective theory below g is the SM or
the MSSM. We then estimate the maximum value that 6,3 can gain through

radiative corrections. This can be obtained from

t
913 = ‘ / Algdt + 0(013) (421)
to
‘C|AT . . ms
5 sin 2645 sin 2923% X
|my cos (2¢1 — 6) — (1 4 {)ma cos (2¢3 — §) — (mg cosd)|
+O(A 013, A2) (4.22)

where to = In(uo/GeV)/(167%), C = —3/2 for SM and C = 1 for MSSM.
Note that we can use the parameter set Ps here since apart from the starting
point, where § is unphysical and hence is irrelevant completely, the evolution
in terms of this set is also continuous everywhere. Moreover it is convenient

to talk about Dirac and Majorana phases while putting bounds on quantities.
In Eq. (4.22), A; is defined as

1 Go2mr ? Ho
AM=— In (= 4.2
’ 32m? ( My, ) ! ( I (1.23)

in the SM, where g, is the SU(2), gauge coupling, whereas m, and My, are

the 7 lepton and W boson masses respectively. In the MSSM,

1 2
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Numerically, one has ASM ~ —1.4x 1075 and AMSM ~ —1.4x1075(1+tan? 3),
where tan 8 can take values upto ~ 50, and so one can treat these quantities
as small parameters. We explicitly indicate the neglected powers of these

parameters in Eq. (4.22).

In order to get the maximum 6,3 value possible, for any value of the lowest
neutrino mass mg, all the coefficients of the masses m; in Eq. (4.22) should
have the same sign (which we choose to be positive) and the maximum possible

magnitude. This can be achieved with the choice

2(]51 — 50 =0 y |2(b2 - 50| =T, (425)
which gives us
ClA; . :
S €] sin 2615 sin 2923L32 [m1 + (1 + C)ma + |¢mg cos 6| ] (4.26)
2 | Amg, |
ClA; . :
< €] sin 2615 sin 2923m732 [y + (1 + Q)ma + [¢|ms] (4.27)
2 |Amg, |

The right hand side of Eq. (4.27) corresponds to choosing the phases shown
in Table 4.1 for Eq. (4.22). As seen, these phases depend only on whether
the neutrino mass ordering is normal or inverted, and not on the low energy
effective theory (SM or MSSM). However, the value itself will indeed depend
on the effective theory considered. Note that in this procedure of bounding
013, the actual value of 9y did not need to be used, a considerable simplification

achieved at the expense of a small overestimation.

0 1 o
Normal ordering s /2 0
Inverted ordering 0 0 /2

Table 4.1: Phase choices in SM and MSSM that give the maximum radiative
correction for 6s.

To estimate 075 that can be generated at the low scale, we take the optimal
values of the other quantities in their current 3o allowed ranges [195]. We are
allowed to do this since the corrections to 8,3 due to the evolutions of the other
quantities will formally be O(A2) [136]. The quantity that may run quite a
bit is 012, however the running is extremely small in the SM and 6,5 always

increases in the MSSM, so we use the maximum allowed value of sin 26,5 in
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Eq. (4.27) for our estimation. The values of m, my and m3 depend on Amé,
Am?

~tms Mo as well as the chosen mass ordering. The running of masses and

the mass squared differences are governed by the Yukawa couplings of up-type
quarks and the U(1)y and SU(2); gauge couplings. For SM, these evolutions
depend also on the Higgs boson self coupling, and Yukawa couplings of down-
type quarks and charged leptons. But 63, as given in Eq. (4.27), will be
independent of these quantities to the leading order in A, and thus considering
Amé, Am?,  in the current 3¢ range is expected to give the correct estimate
to this order. This assumption can be seen to be valid a posteriori from the

comparison between analytic and numerical results that follow.

4.4.1 0,3 at the low scale in the SM

We first consider the case when the effective low energy theory below g is
the SM. Running of the masses and mixing parameters is considered from
po = 10'% GeV to the current experimental scale (~ My). The scatter points
in Fig. 4.4 are obtained by keeping 6135 = 0 and varying the other two mixing
angles randomly in the range 0 to 7/2, whereas the phases are varied between
0 to 2m. The masses at the high scale are varied within 0-1.0 eV, so that the
lightest neutrino mass my at the low scale varies between 0 and 0.5 eV. Thus
each point represents a different high energy theory with 6,5 = 0 at the high
scale. The upper bound can be analytically estimated through Eq. (4.27),
which depends on the neutrino mass ordering through the phase choices made
in Table 4.1 and the value of ASM is given in Eq. (4.23).

From Fig. 4.4 it is seen that the maximum value gained radiatively by 6,3 is
rather small, being < 3 x 1072 in the range 0 < mg < 0.5 eV for both the mass
orderings. Hence if future experiments measure 63 greater than this limit, all
the theories with 613 = 0 at the high scale and SM as the low energy effective
theory will be ruled out completely 2. If the upper limit for mg is brought
down by KATRIN [17] to my < 0.2 eV, even lower 6,3 values will be excluded
for this class of theories. Note that for mg of this order, the effective electron

neutrino mass measured by KATRIN will essentially be the same as my.

2Note however that if we consider multi-Higgs doublet SM with additional discrete
symmetries to ensure 613 = 0 at high scale, then for mg > 0.2 eV, the value of sin® 6,5 can
be as large as 1072 [185].
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Figure 4.4: Scatter points show the low energy 6,3 as a function of the lightest
neutrino mass mg at the low scale, for both normal (left panel) and inverted
(right panel) mass ordering. Each point represents a different high energy
theory with #;3 = 0 obtained by varying the other parameters at the high
scale randomly. The solid (black) line gives the maximum attainable 6,3 for
a given my, calculated using the analytic bound in Eq. (4.27), the current 3¢
limits of the masses and mixings at the low scale, and the phase values as

given in Table 4.1.
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Figure 4.5: Maximum 6,3 obtained at the low scale as a function of the lightest
neutrino mass mg at the low scale for tan 8 = 10, 20, 30 and 50 in the normal
(left panel) and inverted (right panel) mass ordering. The plots show that
simultaneous measurement of 63 and mg will help in ruling out of a class of
high energy theories with 6135 = 0. However there is a strong dependence on
the upper limit of tan 3.

4.4.2 0,3 at the low scale from MSSM

When MSSM is the low energy effective theory, the evolution of the neutrino
parameters is proportional to (1 + tan®3), as is seen from Eq. (4.24), where

tan  may take values up to ~ 50. Thus, considerably larger running of 6,3 may
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be expected at large tan 3. The variation of ;3 as a function of mg is shown
in Fig. 4.5. From the figure it can be concluded that with the current limit of
mg, the radiative correction to 613 = 0 at the high scale can be large enough
to reach the present upper bound of ;3 at laboratory energy. However, for a
given my < 0.1 eV, the maximum 6,3 these theories can generate is significantly
lower for the whole tan § range. For example, if m( happens to be 0.08 eV, the
maximum 65 for tan 3 = 50 is 013 ~ 0.12, i.e. sin?26;3 ~ 0.056. Such a 63
regime will be probed by the next generation neutrino oscillation experiments
like Double CHOOZ [115], Daya Bay [116], T2K [196]. Since the tritium beta
decay experiment KATRIN [17] plans to probe mg ~ 0.2 €V only, it may not

be enough to rule out theories with larger tan .

However, the neutrinoless double beta decay (0v(3/3) experiments will measure

the effective Majorana mass of the electron neutrino

2i(¢2-0) 4 sfgmg} , (4.28)

Mee = C%QCfgmleQi(‘bl_é) + Séc@mge
The value of m,. will allow us to estimate the mg range, albeit with a large
uncertainty owing to the complete lack of knowledge of the phases §, ¢ and ¢o
currently. The present upper bound on the average neutrino mass is me. < 1.1
eV [80], whereas the proposed next generation experiments like COBRA[197],
CUORE [198], EXO[199], GERDA [200], Super-NEMOI[201], MOON [202]
plan to probe me,. in the range as low as 0.01 eV < mg, < 0.1 V. Therefore,
combined measurement of 63 and m.. may enable us to put some bound on

the theories with large tan (.

The expression for me. in (4.28) can be expanded in terms of the parameter
0o = Amé/mg, which is small in the range m.. > 0.01 eV, and the small

parameter 63, to get

5@ 32
Mee = Mg COS 2019 (1 ~ 5 oos 122912 — 953) — 07,0/ mE + Am2,,,

+ O(62, 65075, 0%5) (4.29)

for normal mass ordering, where the phases are chosen as given in Table 4.1.

For inverted mass ordering,

Mee = €08 2012(1 — €)y/m + |AmZ| + O(03, 00075, 035) (4.30)
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Figure 4.6: Scatter points show the value of 6,3 generated at the low scale as
a function of m.., for normal (left panel) and inverted (right panel) ordering.
Each point represents a different high energy theory with 6,5 = 0. Different
symbols (colors) correspond to different ranges of tan 3, viz. squares (red) for
1.0 < tan < 20.0, diamonds (blue) for 20.0 < tan # < 30.0 and circles (gray)
for 30.0 < tan § < 50.0. The lines show analytic estimates of 073*: solid (red)
line for tan § = 20.0, dashed (blue) line for tan 8 = 30.0 and dot-dashed (gray)

line for tan 3 = 50.0.

where

e

C12

2

2 cos2015(1 + A)

+ 63,

1
1 —
( cos 2015v'1 + A)

(4.31)
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The quantity A = |Am2,,|/m2 is bounded from below, while for inverted
mass ordering J., is a small parameter (~ O(107!)) in the range m.. > 0.02
eV, so that € is small in this range. The analytic expressions in Egs. (4.29)
and (4.30) are valid for me, > 0.01 eV and m.. > 0.02 eV respectively. In this
domain of validity, we invert the relations (4.29) and (4.30) to obtain my in
terms of me., and then use Eq. (4.27) for an analytic estimation of 673*. For
the me. values outside the range of validity, one has to estimate numerically
the minimum allowed m.. for a given mg and then use Eq. (4.27) to determine
015, These estimations are shown in Fig. 4.6 for various tan 3 values. The
scattered points are the low scale predictions calculated numerically, which
show the correlated constraints in the parameter space of 3 and m... It may
be noted that the analytic bounds on 6;3 obtained here as a function of m.,
are generous overestimations, mainly due to the error in the estimation of my

for a given me..

Note that bounds on 6,3 at the low scale generated by RG evolution have been
studied earlier in the context of specific neutrino mixing scenarios at the high
scale, like the quark-lepton complementarity or tri-bimaximal mixing [192],
or correlated generation of Am2; and 63 [54, 55]. The bounds obtained in
this section, which are applicable not only for all the models with 6,3 = 0 at
the high scale, but to all the models with ;35 = 0 anytime during their RG

evolution, subsumes the earlier analyses with specific models.

4.5 Summary

If the neutrino mixing angle 6,3 is extremely small, it could point towards
some flavor symmetry in the lepton sector. There is indeed a large class of
theories of neutrino mass that predict extremely small or even vanishing 6.
However, such predictions are normally valid at the high scale where the masses
of the heavy particle responsible for neutrino mass generation lie. Below this
scale, radiative corrections give rise to RG evolution of the neutrino mixing
parameters, which in principle can wipe out signatures of such symmetries. In

this chapter, we have explored the RG evolution of all such theories collectively.

The RG evolution with the traditional parameter set Ps = {m;,0;;, ¢;, 0}
involves an apparent singularity in the evolution of the Dirac phase ¢ when

013 = 0. This singularity is unphysical, since all the elements of the neutrino

88



RG evolution near 615 =0

mixing matrix Upyng are continuous at 613 = 0, and in fact the value of  there
should be immaterial. A practical solution to this situation has already been
proposed, which involves prescribing a specific value of cot d when one starts
the RG evolution of a model with 6,35 = 0. However, if 6,3 vanishes during the
evolution, getting the required value of § exactly at that point looks like fine
tuning. This issue is relevant to the class of models under consideration, since

0,3 is already very close to zero at the high scale.

We have explored the apparent singularity in ¢ by analyzing the evolution of
the complex quantity U.3, which stays continuous throughout the RG evolu-
tion. We have found that a fine tuning is indeed required, but that is to ensure
that 0,3 exactly vanishes. In general, if the CP violating Dirac and Majorana
phases take nontrivial values, one does not pass through 6;3 = 0 even when
one starts with 613 very close to zero. One needs rather finely tuned values for
the starting values of the neutrino mixing parameters, unless one introduces a
symmetry like CP conservation, which makes the Dirac and Majorana phases
vanish everywhere. Since the latter assumption is used commonly in literature,
one tends to miss the fact that getting ;3 = 0 during RG evolution is possible

only in a small region of the parameter space.

However, if the parameters happen to be tuned such that ;3 vanishes exactly,
we have shown that the limiting value of § as 613 — 0 is indeed the one given
by the prescription mentioned above. Moreover, we have shown that if one is
starting from #;3 = 0, one need not give any specific value to §, which is an
undefined quantity at that point. An infinitesimally nonzero 6,3 automatically
ensures the correct values of . We have also proposed an alternate parame-
terization using the parameter set Py = {m;, 019, 023, 035, d:, Jop, Jop }, where
all the parameters are well-defined everywhere and any seemingly nonsingular

behavior is avoided.

For models with exactly vanishing 6;3 at the high scale, we have studied the
generation of nonzero #;3 through radiative corrections. We have considered
two scenarios, one when the low energy effective theory is the SM, and the
other where it is the MSSM. The radiatively generated 6,3 values are correlated
with the absolute neutrino mass scale mg. This scale will be probed by the
future experiments on tritium beta decay, and indirectly by the neutrinoless
double beta decay experiments. If the value of mg is indeed restricted to
the value ~ 0.2 eV which KATRIN will probe, the maximum value of ;3
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generated can only be < 3 x 1073 in the SM scenario. With the MSSM, the
running can be much higher for large tan 3, such that the current bound of
013 < 0.22 may be reached. In this scenario, we have correlated the bound
on 013 with the effective neutrino Majorana mass m.. to be measured in
the next generation neutrinoless double beta decay experiments. The whole
class of models considered in this chapter can then be ruled out from future

measurements of 03, m.. and tan (3.
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Conclusions

Heavy sterile neutrinos may play an important role in astrophysics and cos-
mology, for example in r-process nucleosynthesis or as dark matter. Neutrino
oscillation experiments, mainly the short baseline (SBL) ones, have already
put severe constraints on the extent of mixing of these sterile neutrinos with
the active ones. Recently it has been pointed out that to satisfy LSND,
MiniBooNE and the SBL appearance data simultaneously, at least two sterile
neutrinos with Am? ~ O(1) eV? are in fact needed. At the same time, the
current experimental values of the mass squared differences of the three active
neutrinos, combined with the bound on the sum of the neutrino masses coming
from cosmology and astrophysics, indicate that neutrino masses are orders of

magnitude smaller than the masses of the quarks and the charged leptons.

In the framework of the standard model (SM) of particle physics, neutrinos
are massless at the tree level as well as at loop level. Hence one has to
extend the SM in order to explain the tiny active neutrino masses observed
experimentally. The most favored mechanisms to generate such small neutrino
masses are the seesaw mechanisms, in which small active neutrino masses are
generated at some high energy scale. But since the experimental data are
available at the laboratory energy scales, one needs to include the effects of
renormalization group (RG) evolution. Unlike the quark sector where RG
evolutions are quite small, the effect of RG evolution on the neutrino masses

and the mixing parameters are important.

In this thesis we have explored the neutrino oscillation phenomenology on two

fronts. In the first part we have checked whether the sterile neutrinos obeying
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the constraints form astrophysics, cosmology and neutrino oscillation data
can still give rise to observable signals at future long baseline experiments,
and whether these signals can be cleanly identified in spite of our current lack
of knowledge of the parameters in the mixing of three active neutrinos. We
have also estimated the bounds on the sterile neutrino parameters that can be
obtained at these experiments. In the light of the recent results that show that
LSND, MiniBooNE and the earlier null-result SBL. appearance experiments
can be consistent if the number of sterile neutrinos is two or more, we have also
extended our formalism to include any number of sterile neutrinos. We have
given explicit expressions for the sterile mixing combinations to which long
baseline experiments are sensitive, and the neutrino conversion probabilities
in terms of them. The limits obtained on active-sterile mixing parameters
through the 4-v analysis can easily be translated to the corresponding combi-
nations of these parameters in the general case. It can be seen that the bounds
on the sterile mixing parameters obtained from the measurements described

here would act as stringent tests of the scenarios with multiple sterile neutrinos.

The sterile neutrinos required to fit all the oscillation data, help r-process
nucleosynthesis or act as the warm dark matter are too light to serve as the
seesaw particles giving small active neutrino masses at the high scale. On the
other hand, if we have a heavy right-handed Majorana fermion in the high
energy renormalizable theory to generate the neutrino mass via seesaw (Type-
I or Type-III), the mixing angle with the active species will be < 3.107° for a
mass = 10 keV, and hence will not affect the signal at the future long baseline

experiments.

In the second part of the thesis we have considered the Type-IIl seesaw
scenario when heavy right-handed Majorana fermion triplets have been added
to the SM at the high energy scale, so that they produce the small active
neutrino masses through the Type-III seesaw mechanism. At energies lower
than the mass of the respective heavy fermion, the particle gets decoupled
from the theory, and contributes to the active neutrino masses through the non-
renormalizable effective operator. We have used the dimensional regularization
and the minimal subtraction (MS) scheme to compute the beta functions in the
renormalizable R, gauge and studied the RG evolution of the neutrino masses
and mixing parameters in the high energy renormalizable theory as well as the
low energy effective theory. We have pointed out some salient features of the

RG evolution of the neutrino masses and the mixing parameters in this model,
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and also the important role of the threshold effects and Majorana phases in

the evolution of mixing angles through illustrative examples.

Some subtle issues are present when ;3 = 0 is reached, either at the high
scale or during evolution. This is essentially because of the fact that the
Dirac CP phase 6 becomes unphysical when 6,3 = 0. We have analyzed this
problem for a better understanding and also presented an alternative formalism
which enables one to determine analytically the change in the neutrino masses
and mixing parameters due to RG evolution unambiguously, even when the
evolution involves the #;3 = 0 point. Finally we have considered the models
which predict 613 = 0 at the high scale and estimated the maximum value
of 013 that can be generated through RG evolution. We have obtained a
correlated constraint on 6;3 and the lightest neutrino mass mg, for both the
mass orderings and with the SM as the low energy effective theory. It has
been seen that for both the mass orderings, 613 < 3 x 1073 for 0 < mg < 0.5
eV, so that future measurements of ¢35 and my may be able to rule out this
whole class of models considered here. It has also been observed that if the
low energy effective theory is the minimal supersymmetric standard model
(MSSM), the running can be much higher for large tan 3, and the current
bound of #13 < 0.22 may be reached. In this scenario, we have correlated the
bound on 6,3 with the effective neutrino Majorana mass m.. to be measured
in the next generation neutrinoless double beta decay experiments. The whole
class of models considered can then be ruled out from future measurements of

013, me. and tan (.

In summary, we have studied some aspects of light sterile neutrinos (masses
2 0.1 eV) and fermionic triplets (masses ~ TeV), in the light of current
experimental bounds on the neutrino masses and mixing parameters. A more
exhaustive numerical study is in progress. Such studies combined with the
precision data from future neutrino experiments and possible collider signa-
tures of new physics will guide the direction of future research and will help

in a better understanding of the fundamental interactions.
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Appendix A

Calculation of neutrino flavor

survival /conversion probabilities

AS.1 Effective Hamiltonian to second order in

a small parameter A

In order to calculate the neutrino conversion (survival) probabilities in the
presence of a sterile neutrino, we define an auxiliary small parameter A = 0.2,
write all the small quantities as a\™ where a and n are some constants, and
then perform a formal expansion of the effective Hamiltonian in powers of A.
This enables us to use the second order perturbation theory to get results
accurate to O(\?).

We have defined the small quantities in the problem as
010 = x1aA ,  boa = Xx2aA, O30 = X34, (A1)

s = X137, bhs — /4 =xa3A, Aml/AmI, =\ . (A.2)

atm
As argued in Sec. 2.2, we need to diagonalize the effective Hamiltonian H,,,

given in Eq. (2.11). This Hamiltonian matrix may be expanded in powers of

A as )
B Amg,

Hy = =% [ho + Ahy + A%hy + O(A?)] . (A.3)
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Here, the leading term is

ho

where

A = Aem/Amgz ;0= AmiQ/Am§2 A iAmzt/AmQ

a, + a.cos?biy . cos s sin b5 0 0

a. cosByasin iy a, + a.sin® Oy 0 0 ’ (A4)
0 0 a,+1 0
0 0 0 o

atm -

We take the neutrinos to be traversing through a constant matter density, so

that a., are constants.

The subleading term in (A.3) is

0 0 acx13cosfioe 3 (ae+ an)xiae 0 cosfiy — “—\/% sin 012 (x24€ 7924 — x34)

h1 =

0 0 acxizsinfine™™13  (ae + ap)x1ae "1 sin 012 + f/—% cos 01224924 — y34)
0 %(X24€_i624 + x34)
0
(A.5)

The matrix h; is hermitian, so we do not write its lower triangular elements
for the sake of brevity. Note that all the elements of h; are O(1).

The expression for the matrix hs in (A.3) is rather complicated, we just give

its ten independent elements separately here for the sake of completeness. The

diagonal elements are

n
h/2 —

2
h/2 —

33 _
h2 h—

44 _
h2 h—
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_A?’QT/ - [G’EX%?, + (a'e + a/n) X%ACOSQ 012
an, .
9 (X§4 + X34 — 2X24X34 COS 524) sin? 015

—\/§ (a'e + a'n) X14[X34 cos 014 — X24 COS(—514 + 524)] sin 615 cos 12 ,

—[aeXis + (ae + a,) x14)sin® 01y

_%(ng; + X§4 — 2X24X34 COS 04 COS” b1

+\/§ (ae + a'n) X14[X34 cos 014 — X24 COS(—514 + 524)] sin 645 cos 0y
—% (X34 + X34 + 2X24X34 €OS G24) + acx13”

anp (X§4 + X§4) + (ae + an) X142 ) (A.6)
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while the off-diagonal elements are

hy? = —laexis + (ae + an) xi4] sin 015 cos 6y,
G,
i)

ae + ay,
+(7\/§>X14[X34 COS 514 — X24 COS(—514 + 524)] COS 2012

(X34 + X34 — 2X24)X34 COS a4 Sin Oy cOS O}

Aae +ap : 1
+2%X14[—X34 sin 014 — X24 SIn(—014 + 024)] ,

(x24€* + x34)

hyd = — 5 [\/5 (ae + an) X146~ cos b1

—ap (X246_

5 )
o — X34) S 912] )

62524 + )
hgg _ (X24 5 X34) [\/5 (ae + an) X14671514 sin 912

—id24

+an (X24e ™" — x34) cOS 912] :

Ay, i —1 1
hyt = V2 (X2ae ™™ + X3a) (—x136~"* 0801 + X3 Sinb15)

Qn —i —i613 o
' o= V2 (X21e™"" + xa31) (X136 ' 8in 61 + X253 cos 012) |

G

hy!t = EX% (24"

t— Xa4) + (ac + an) Xiax1ae @370 (A7)

Note that all the elements of hy are O(1) or smaller. The dependence on Amg,

appears only at this order, and only in the element h}'.

AS.2 Calculation of the flavor survival /conversion

probabilities

Using the above formal expansion of the effective Hamiltonian, one can com-
pute the eigenvalues and eigenvectors of H, correct up to O()\?) by using
the techniques of time independent perturbation theory. The complete set
of four normalized eigenvectors gives the unitary matrix U that diagonalizes
H, through Eq. (2.13). Using Eq. (2.12), we can then compute the unitary
matrix U, that diagonalizes H; through Eq. (2.9). The matrix U, and the

eigenvalues of H, (or Hy) allow us to calculate the neutrino flavor conversion
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probabilities from

PalgEP(Vaﬁyg)I

(—M?)L} 2 , (A.8)

S oot 15

i

as given in Eq. (2.10). The complete expressions, accurate to O(\?), are given

below.

HQ(AG — Agg)
(A — Agy)?

si
Pue = 2)‘2X%3A§2 + O(Ag) ) (A-9)

PHH = C052 A32 + 4)\2)(%3 sin2 A32 — )\2?7 sin2 912A32 sin 2A32
A X130 %
(—Ac + Ag)?
{—2A32 COS A32 sin Ae sin(Ae - A32) + A6<Ae - A32) sin 2A32}
+)\2X§4 Q1 + )\2)(?;,4 QQ + )\2X24X34 COs (524 Qg + O()\?’) s (AlO)

+

Pl“' = sin2 A32 — 4)\2X§3 SiIl2 A32 —+ )\27] sin2 912A32 SiIl 2A32
)‘QX%gA?Q y
(—Ac + Agy)?
{—2A32 COS Ae sin Agg sin (Agg - Ae) + Ae(_Ae + Agg) sin 2A32}

+A* (X34 + X:254) Q4 + N X214 X34(c08 2y Q5 + sin day Q) + O(N?) |

+

(A.11)
where we have invoked the shorthand
AL A, L Am2, L Am2, L
A, == A, == = 32 Ay = 2= A12
iE, 1E, . 1B, 42 1E, ( )

and defined the quantities Q; {i = 1,6} as

1
X
4(A, + Asg — Ap)?(—A, + Agp)?

{ — (An(Age — 2A49) + 2A4(—Ag + A42))2 cos 2A 39

O =

+ (AnAss — 2(A, + Agp) Ags + 2A5%) cos (24, — 2A4,)

F2A2 A (A — As) (A + Ago — Auo) sin 284

—2 (AnAgy — 2(A, + Agp) Mgy + 2A47)  sin?(A,, + Agy — A42)} ,
(A.13)

98



Calculation of neutrino flavor survival/conversion probabilities

A% Az,
Q2 = 2 2~
2(A, 4+ Agy — Ag2)?(—A, + Aya)
{(An — Ayo)(Ay + Azy — Ayp) sin 2As,
—2A32 COS Agg sin (An — A42) SiIl(An + Agg — A42)} s (A14)
Q; = Ay (Ap(Ase — 2A49) + 2A40(—Aszs + Ays)) cos Asy o
T (Ap + Aze — Ago)?(—A, + Ay)?
{2<An — Ayo) (A + Asy — Ayp) sin Agy
4 Ags [ c08s Mg + c08(20, + Ags — 2A40)] } , (A.15)
1
= AN, (Ass — 2A49)(Aso — Ayo) A
O = SE TR A A T A (B~ 280)(An — Ap)he
—4(Azg — Agp)? A%, — 202 (AL, — 2A3A 45 + 2A3,)
+2 [ — 20, (Agp — 2049) (Azg — Ayo) Ayo + 2(Azg — Ago)* Al
+A2(A§2 — 2A32A42 —+ 2Ai2)i| COS 2A32
+AnA32 sin Agg |: - SAn(An - A42)(An -+ Agg - A42) COS Agg
—4[A(Agy — 2A49) + 2A45(—Aso + Ays)] sin (Aze — 2045 + ZAn)] } )
(A.16)
Q _ sin Agg %
° T 2(A, 4+ Agy — Ag2)?(— Ay, + Aya)?
{An[An(ABQ —2Ag0) + Ay (—Aszs + Ays)] X
[4(An — A42)(An + Agg — A42) COS A32 + 2A32 SiIl Agg]
+2 [ — 20, (Ao — 2049) (Azg — Ayo) Ayo + 2(Azg — Ago)* Al
FA2(AZ, — 2050 + 2A§2)] sin (24, + Agy — 2A42)} . (A7)
Q . —4(A32 — A42)A42 SiIl (An — A42) sin A32 SiIl (An + A32 — A42)
6 = )

(A 4 Ao — Ago) (A, + Ayo)
(A.18)

Here we are interested in heavy sterile neutrinos, we may take |Am3,| <
|Am3,|. Also, since |Am3,L/E| ~ O(1), we have |Am3,L/FE| > 1 and the
oscillating terms of the form cos(Am3,L/FE) may be averaged out. In the long
baseline experiments, we are interested in the energy range 1-50 GeV. Even at
the higher end of the energy spectrum, taking the density of the earth mantle to
be & 5 g/cc, we get A, ~2x 1072 eV? and A, ~ —1 x 1072 eV? for neutrinos,
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so we also approximate |A.,| < |Am3,| wherever appropriate. With these

approximations, the neutrino flavor conversion (or survival) probabilities for

an initial v, may be written as

P

ne

P

Hp

uT

Q

Q

Q

A2 sin (A Ass)

2
207, A — Ap)?

+ 0\, (A.19)

COS2 A32 + 4‘9;3 sin2 A32 — A21 sin2 912 sin 2A32

9%3A32
F— X
(Ae - A32)2
{—2A32 COS A32 sin Ae sin(Ae - A32) + Ae(Ae - A32) sin 2A32}
—263, cos® Agy + 2024034 ,, €08 Gg4 5i0 2835 + O(X?) (A.20)

sin? Agy — 4533 sin? Agy + Agg sin® 05 sin 2A 35
UPTAY®
(Ac — Aszp)?
{2A32 sin Ags cos Ag sin (A — Azy) — A(A, — Asg) sin 2A32}
— (03, + 03,) sin® Azy — 094034 (2, cOS Joy + sin day) sin 2035 + O(N?) |
(A.21)

which are the same as those obtained in Eqs. (2.15)—(2.17) in Chapter 2.

For an incident v,, the probabilities P, are

_ 142, sin (A A32) 402, A2, sin (A + A, A42) 3
(A.22)
A, — Agy)
P, — 26%,A%,°0 il 22 3 A2
ep 913 (A A32) O<)\ ) ’ ( 3)
B 5 o sin? (A, — Asp) 5
P., = 20{3A5, B, — Ay + 0O\, (A.24)
which with these approximations can be simplified to
Ay — Agy)
P. ~ 1—42A2sm( 52) _ 9p2 3 A2
ee 913 (A Agg) 914 + O<)‘ ) ) ( 5)
_ _ op2 A2 SiD (A — Aszy) 3
P., = P, =20{3A3, B, — Ay + O\, (A.26)
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Calculation of neutrino flavor survival/conversion probabilities

as given in Eqs. (2.20)—(2.22) in Chapter 2.
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Appendix B

Feynman diagrams in Type-III

SEEeSaw

BS.1 Feynman rules involving the fermion triplet

In this appendix, we list the Feynman rules involving the fermion triplets X.
Following [203], we introduce the fermion flow arrow for the leptons, which is
the gray arrow in the diagrams. The black arrows indicate the lepton number
flow. However interactions involving Y may violet lepton numbers and thus the
Y. line does not carry any lepton flow arrow. For the lepton number conserving
interactions, the two arrows are parallel for particles, and antiparallel for the
charge-conjugate fields. The Feynman rules are also given for the effective
operator in the low energy limit of the theory obtained by integrating out

these heavy fermion triplets.

BS.1.1 Propagator

_ _i(p+My) y
PP Mitic 01903

397 i
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BS.1.2 Yukawa interactions

- = —iu5/2 (Yg)fg (Uis)ba Pr Tt = *Z'Neﬂ (YET)fg (5T‘7i)ba Pr

- =i (V) (700, Pr oo = i (V) (07e) , Pr

Y90

BS.1.3 Gauge boson interactions
»rk
M we

= —ip2 goy* (i) 6y

99

BS.1.4 Counterterms

® = i [§(625) 1y — (0205 M)y, | 3
97 »fi
1
¢a . 5/2 ‘i‘ 'i' 7
Dot = (i) e
P
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Feynman diagrams in Type-I1I seesaw

;@~f“ww@@@L

I
I

\'\ )
R+ = il (573, %5)
}

9

BS.1.5 Effective vertex k

I
I

N

I
I

N

K

K

gf

7

7

’

L
¢ - \\\\ [La

«

B 2 i () () P

(gTJi) ba PL

g

(gig) ab PR

‘P
7 a

2 1
¢/ Rfg 5 (Eabecd + Eadebc) PL

‘P
7 a

= Z'lue/Q (KT)fg % (EabEcd + Eadebe) Pr

g
¢ \\ [La
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BS.1.6 Counterterms for

lib // ¢a

N

= ip/? (0) 44 5 (€abEed + Eaacve) PL

o/ 1,
l{b // ¢G/

= iuc/? (5I€T)fg 5 (eab€cd + €adcpe) Pr

g
lLd

BS.2 Feynman rules for the SM fields

Here we list the Feynman rules involving the SM fields only, also given in [75],
which are needed for our calculations. The directions of the arrows should be

interpreted in the same way as stated at the beginning of Appendix BS.1.

BS.2.1 Propagators

_ _ip ) __ip
g > ;o p;—w 5fg5ab ; P > I pgl—w 5fg , X € {u,d}
4La drp Xp Xr
—— =L 5.6 : B—— =2 5
g f - p2+i5 fg ab ) g f - p2+i5 fg
lLa lLb €r €r
— _ i . _ b
g f p2ie 69f5‘1b Ty f piie 59f
lLa lLb €r €r
— 7
—————— —————— - W 5ab
¢a gbb
i( =0 +(1-E)pHp” /p? ;
ANNNNNNNN = ( P Tic ) ;o X e{B, W}
XH XV

where £ = & for B boson and £ = & for W boson.
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Feynman diagrams in Type-I1I seesaw

BS.2.2 Yukawa interactions

f
o I1h
Pa Pa
e = —ip? (V) dabPr —e oo =i (YY), da P
9 9
eh €r
f f
Iy, Iy
b0, do
- =i (Yti)gf SabPL .- = —ipE (Y] )gf dabPr
9
en €r

Similar Feynman rules, as those in the left panel, are there for Yukawa in-
teractions of q;-ur and q-dgr with the Higgs ¢ having coefficients Y, and Yy

respectively.

BS.2.3 Gauge boson — lepton interactions

/ f
€x €r
U B ) H B .
=iz g17"04¢ Pr = —ip2gi"ore Pr
g9 g
€r €R
f
lefa lla
i wi o _ Y we . _
= —tp2g2y" (0),, 0gr PL = Lp2goyt (0'),, 054 Pr
g 9
7, Iy
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f
l{a lLa
ju B H B .
= 52 17"y f0abPL = —512g17"05g0ab Pr
17y

g
lLb

BS.2.4 Gauge boson — Higgs interactions

®a bq
AN AN
AN N .
RN B Y wioo i
N ANNN =~ g1(py + u)dab JLAVAVAVAVAY = =512 g2(pp + ) ('),
7/
» #
7/ /
7/ Ve
o o

The vertices involving two Higgses and two gauge bosons are not shown since

they do not appear explicitly in our analysis.

BS.2.5 Higgs self-interaction
gb\a g/bb

7N = *iﬂe)\%(éacisbd + 5b05ad)
gb/c a)d
BS.2.6 Counterterms

——QQ)—— = P (6Z1,) .5 PLOba —)—— = —ip(6Z1,) ;, PrOba
lia l%b v l{/a l%b i
> ® > = Zﬁ((SZeR)ngR > ® > == —Zﬁ((SZeR)ngR
€r €r €r €r
> (2 2
gzg_,__®__>_¢_ =1 (p 5Z¢—5m¢) Oba
a b
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Appendix C

Calculation of renormalization

constants

In this appendix we show the Feynman diagrams contributing to the renor-
malization constants of different quantities and evaluate them to determine
the renormalization constants. Note that for particles in the loop, we suppress
the flavor as well as the SU(2), indices.

We will use the dimensional regularization and the minimal subtraction (MS)
scheme for renormalization. In the MS scheme the counterterms are defined
such that they only cancel the divergent parts. Hence the renormalization

constants are defined as

1
Z; = 1+Zazz,k;, (C.1)

k>1

where 07, are independent of € = 4 — d, d being the space-time dimension.

At the one-loop level the sum reduces to the term proportional to 1/e.

The calculations are done in the general renormalizable R, gauge, and then
the very fact that the final beta-functions must be independent of the choice of
gauge is verified. The calculations are done considering the gauge bosons W*
and B to be massless, and strictly speaking the bosonic propagators considered
are correct before electroweak symmetry breaking only. However the results

are assumed to be true at energies below the symmetry breaking also.
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CS.1 Doublet Higgs wavefunction and mass
(Z4 and (5m?¢)

¢
Al /7 A2 A3
o e A
L
[ .d
QLA4 AN
+ —¢—>-— - - o —»——b
by qr
5 A6 A7
+ ——>——\\ // —»——QS + ——>——\\\>/ B
¢ ¢
T -¢-»--®--A»8-¢- — UV finite

Figure C.1: Feynman diagrams contributing to the one loop correction of the
doublet Higgs self-energy.

Let us evaluate the Feynman diagrams shown in the Fig. C.1 that contributes
to the renomalization of the doublet Higgs wavefunction and its mass.

¢

, ~
/
\

o~

B g P
A2 ' gba ¢b

3 dk 1
— (PN [ s
2 @2m)d k2 —m2
31
= —E,ue)\éablo,l(mi,e)
31

1
= 162 )\mzéabz + UV finite . (C.2)

~_ -

The d-dimensional integral defined here is given explicitly in the Section CS.9.
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Calculation of renormalization constants

B

Ptk I
- ot [ o [p D e ]
A AL / (gjr’;d 251(9};@)@7

1
= 2 Tr(Y]Y,) Oup {10,1(0, €)+p* [ de(l —2)loa(A(x), e)] :

0

' 1
- 82 5 Tr(YIY?) 6 p?~ + UV finite . (C.3)
€

™

Here A(z) = (1 — 2)*? — (1 — 2)p?. The trace is evaluated as given in
Eq. (C.56). Here we have used the Clifford algebra in d-dimension as de-
scribed in Section CS.10 and the Feynman parameterization as shown in the

Section CS.11. The overall negative sign comes because of the fermion loop.

Iy

k
S b
A4 ' gba Q ¢b
p+rE 3

9 T 4 i d?k ? My,
= (-D)PuTr(YyYs)(eho ae)ab/ (QW)dTr [PR[(;Z%;?;;_ MZE)]P kﬁ]

A%k 2p+k)k
2m)? k2[(p + k)* — M3]

= —uTr(3Y]Ys) 6 /(

1
= 2 pu Tr(3YJ1Y%) 64 [Io,l(]M%, €) +p2/ dz(1 — )2 (A(z, M%), e)} ,
0

: 1
_ # Tr(3YY5) 0 (¢ — 2M3) - + UV finite, (C.4)

where A(z, M%) = (1 —x)?p?— (1 —2)p* + M%. Here o' are the Pauli matrices

and " o'c" = 3. ¢ is the antisymmetric matrix in SU(2);, and e7e = ee” = 1.

Similarly we can evaluate the diagram A5 to get
up, dr

Ab 'é’p’@"b'b
qr
: 1
_ é Tr(3Y,}Y, + 3Y]Yy) 6ay p°= + UV finite . (C.5)
€

™

111



Appendixz C

i B
Ab: G5 T,
k+p ¢
2 d oy Bk
& 2 d°k "+ (1 fl)
= 2 k: 2 v ku R EC D)
4“915“"/<27r> 2p K R PR T
S / d'k —(2p+ k) + (1= &)plk(2p+ k)]
- e ey R[(p+ k)2 — m)
i 1
= %Q%%b( 3p” + &up” —§1m¢) + UV finite . (C.6)
Similarly
o
AT G5 N 7T 4
k+p ¢
3i 1
= 5 ——910a(—3p” + &op? —ggmd,) + UV finite (C.7)

where the difference of factor 3 is because of the fact that the W bosons form
a triplet in SU(2).

Then using the definition of counter term A8 in the minimal subtraction
scheme and demanding that the counter terms will only cancel the divergences,

the renormalization constants are evaluated to be

| 3 , 3 N
02y = “16m2 (QT 0(3 —&)gr — 5(3 - 52)92) . (C.8)
1 3 3 1
2 2 2,2 2,2 t 2
omy = 1 (3)\7% — 1o5191Ms — 54202y — 4 Tr[3YgYs)] Mz) .

(C.9)

CS.2 Left-handed lepton wavefunction (7, )

Now let us evaluate the Feynman diagrams that contribute to the renormal-

ization constant Z;, at the one loop level, as shown in Fig C.2.
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Calculation of renormalization constants

) R
- B1 — B2 —~~. B3
E + \ 1 + \ /
i C 1 1 N A
¢ ¢

B w
B4 B5
+
I $ 7 It g 17
lL lL
———B6
+ —f>—®—7 = UV finite
I I

Figure C.2: Feynman diagrams contributing to the one loop correction to the
self-energy of the lepton doublet [;,.

. A% i(f + Ms) i
_ 2y YTY) ieTeql / P P
(V) (oo, @m? TR -ML C(k—p?-m

L dk K
= 3u (Ygﬁ@)gf dap Pr / (2m)d (k2 — ]M%)[(k‘ —p)?— mi]

1
= 32[15 (YETYE> of 5ab¢ PL / IL‘dIL‘ ]072(A(ZL‘, ME),E)
0

1
_ lg’l (YTYE> bup # Pr — + UV finite . (C.10)

Here Az, My) = 2°p® — xp* + xm + (1 — 2)M3,.

eRk
p p
By A4 Wi
l{a \\«p—’/ l%b
p—k
dk il i
= i 5a/ ———Pr—-P
N e T T
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Appendixz C

1
— ipe(Y;Y;)gchbaﬁPL /0 zdx Ty (A(x),€)

' 1
= 16271_2 (}/eT}/e)gféba ﬁ PL ; + UV finite s (Cl]_)

where A(z) = 2°p® — xp® + xm.

k B
B4: % v
l{a lr, l%b
p—k
9 d . v kHEY
oo d°k -8 .+ 0 -86)%
= Z:u glégf(sab/ (27T)d’7uPL (p — k)nyl/PLZ ]{}2
Lo d'k 2(p — K) + (1 — &) (kpk — KE?) /R
— G20y 0uP
4!t i0orOab R/ (2m) K2 (p — k)?
7 1 .
= 3 €193 0g10a PPL -+ UV finite . (C.12)
kW
B5: L {j;u;
lia lL l%b
p—k
3, 1 .
= Wﬁle 5gf5ab ﬁPL E + UV finite . (Cl?))

Finally, using the counter term B6, the wavefunction renormalization can be

calculated in the minimal subtraction scheme to get

1

0 =~ 1573

3 3 1
(VYo + 3¥d¥s + Seigt + S6add) - (C.14)

CS.3 Wavefunction and mass of fermion triplet
(ZZ and ZMZ)

Now we evaluate the Feynman diagrams shown in the Fig C.3, which contribute

to the self-energy correction of the fermionic triplet 3 at one loop.
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Calculation of renormalization constants

I

e C1 C2

/_\ _ b . ﬂ

i " yai | yfi 3197 3 AR 3T
. ¢
C3 - C4
+
- nfi 397 W fi 297
W

= UV finite

Figure C.3: Feynman diagrams contributing to the one loop correction to the
self-energy of the fermion triplet ¥ = S5 + 3¢.

lr, i
co: » NP

Efi (Zg\b— /7‘1{: Egj
L dk il i

2 € 1 T j 1 -

= i‘n <Y2Y2>ngr(5 o O'E)/(2 )dPLkQPR(p—kP—mé
dik }

= 2u(YsYd) 6P P

”<22> ! L/(2) “k2((p — k)2 — m2)

— 2 (YE ) 5 ¥ Pr / vdz Ipa(A(@), €)

= —(Yg ) dij ]ﬁPR —+ UV finite , (C.15)

where A(x) = 2°p® — xp* + xm], and we have used Tr(o'0”) = 20;.

b)) p—k
C3: P P
Zfi 399
W =k
. ddl{j . _ M - /J,y+ 1_ k#];u

_ _224ueg§5ij59f/ (2W)d/yu'z;¢_ k5§2+_ ]N?g: Vi Y (kz §2) k

- A%k 2(p — §) — 3+ &)Ms + (1 — &)Y — PI/K?
= 2192000 / (2m)d k2[(p — k)? — Mg
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1 1
= 20y 9260, Kéﬁ — Mz) (3+ 52)/0 da Toa(A(z, M3,), )

1
+(=3+ fg)zﬁ/ xdx Iy (Alz, M2), e)}
0
== Lg%éijégf [Sgﬁ — (3 + 52)]1\/12] % + Uv finite s (016)

472

where we have used ¢7%clik = —26; and A(x, M%) = 22p? — zp® + xM2.

Using the above results, and the definition of the counter term in C4, we get

the renormalization constants in the minimal subtraction scheme to be

. 1
525 = —— | (25X + 46263) Pr+ (204X +4663) P |
(C.17)
1
8 s, ~T6.2 (12 + 4&) g3 - (C.18)

The term proportional to Py, in 6 Zy; comes from the Feynman diagram similar

to C2, where the particles in the closed loop flow in the opposite direction.

CS.4 Right-handed charged lepton wavefunc-
tion (Z.,)

lL ER
K D1 ﬂi D3
T\ T = g Sy A N AP R Y g
‘R ¢ R €Rr €r ‘R S °r R €r
¢ B
. D4
+ ——)——, = UV finite
h h

Figure C.4: Feynman diagrams contributing to the one loop correction to the
self-energy of the fermion singlet eg.

Let us now evaluate the Feynman diagrams that contribute to 6Z.,, as shown
in Fig C.4.

As can be seen, the diagram D2 can be evaluated in a quite similar way to B3
in Section CS.2 to get
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Calculation of renormalization constants

i 1 :
= Q(YGYJ)QMPRE + UV finite , (C.19)

while the evaluation of D3 will be similar to that of B5 and produce

k_ B
D3: % b
62 E€R 6?%
p—k
| 1
<5€1970479 P + UV finite . (C.20)

Thus finally using the definition of the counter term in D4 the wavefunction

renormalization constant can be obtained as

1 1
0Ze, = (2veyi + gglg%) (C.21)

" 1672 €’
CS.5 lrer¢p Yukawa vertex (Zy,)

Fig C.5 shows the Feynman diagrams that contribute to the one loop correction

of the I, —er — ¢ vertex in the SM. Let us now evaluate the diagrams explicitly.

e (YeYETY2> y (o) . (e0") B X

d’k Kk —d +§)
/ (2m)d (k2 — M2)[(k — ¢)2 — mi](k g+ ) (C.22)
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)
R

Figure C.5: Feynman diagrams contributing to the one loop correction of the
lrere Yukawa vertex.

1
1512 (3Y6YZTY2> 5baPL/ dzdyl 5(A(z, y, M3, m3), €) + UV finite
gf 0
3t 1
- (YngYE) P+ UV finite, (C.23)
9

872

where A(z, y, M3, m3) = (29)*+y*(p—q)*—2¢*—y(p—q)*+(1—z—y)M3+xm}
and (0'e),,(¢70")_, = 30a.

dk (d + Bl + (1 — &) 510 + §)
om)d K2k + p)2(k + q)2

’i6
- ——u3€/2gf(Ye)gf5baPL/<

~ 1

i :

= _§M36/2(3 + gl)gf(Ye)gfébaPL/ dxlya(A(z),e) + UV finite
0

? 1 .
T (3+ §1)gf(Ye)gf5baPLE + UV finite , (C.24)
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Calculation of renormalization constants

where A(z) = [xp+ (1 — x)q]* — zp* — (1 — 2)¢>.

g2
= ——1M36/2(Ye)gf5baPL X

4
/ Ak (f — Py l—n" + (1 — &) E712(q0 — pu) —
(2m)d (¢ —k)2k2[(q —k —p)* — mi]
2 1
= _%M36/2(}/e)gf5baPL/ d$dy(—i€1)fz,3(A(x,y,mi),e) + UV finite
0
= 397 2£191< e>gf5baPL% + UV finite . (CQ5)

Here A(z,y,m3) = [zp+ (x4 y)q]* + 2m} — z(p + q)* — yq°.

6
= 9 9%#36/2( e)gfébaPL X

/ d'k (29, — 2p, — k) [-n" + (1 — &) EE @+ 1)
(2m)d k(g —p— k)2 —mi](p+k)?

» 1
- _Z&gf(ye) 5baPL/O dx]072(A(x,mi),e)+UV finite

1 :
= “T6n 26191( Ye)gs0aPr— + UV finite. (C.26)

Here A(z,m3) = (1 — 2)*p* — (1 — 2)p® + 2°(p — q)* — 2(p — q)* + xm. The
diagram shown in E6 can be evaluated in a similar way as E4 to get
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3 9 1 :
= _%52% (Ye)gfébaPLE + UV finite . (C.27)
The factor ‘3’ comes because of the fact that W forms a triplet under SU(2),
while B is a singlet. The difference in sign is there because of the sign difference

between the coupling of the lepton doublet [, with these two gauge bosons.

Then finally, using the definition of the counter term in E7, the renormalization

constant for the Yukawa interaction vertex [ er¢ will be given by

9 1 3 1
(—61/;1/E 42 (1 n 551) e 5&95) - (C.28)

§Zy, = —

1672 5

CS.6 [;X¢ Yukawa vertex (Zy; )

97

)

I

ccc<==-®  _ UV finite

Figure C.6: Feynman diagrams contributing to the one loop correction of the
[1.2¢ Yukawa vertex.

Fig C.6 shows the Feynman diagrams that contribute to the one loop correction
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Calculation of renormalization constants

of the I, — ¥ — ¢ vertex in the Type-III seesaw scenario. Let us now evaluate

the diagrams explicitly.

/’Wk -4 +9)
(2m)¢ k2 (k — q + p)*[(q — k)* — m{]

6
i .
- ’LLBE/zg% (Y2>gf (‘ETJJ)ba Pr %

/‘Wk(d—Mmka + (1 - &)1 (2p0 — 290 + k)
(2m)d k2 (q — k)?[(p — q + k)* — m}]

- 4,u36/2§ g2 (Ys),f (" gJ)b PL/ dzloo(A(z,m3), €) + UV finite
0

= 322£w16%5f&rﬂ) PL-+Umene (C.30)

where A(z,m}) = 2*(p — ¢)* — x(p — ¢)* + (1 — 2)°¢* — (1 — z)¢* + am}.

F4 .
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/ d'k (4 — F)nl=n" + (1 — &)1 — k + Mx)
(2m)4 k*(q — k)*[(p — k)? — Mg

1
= —z',u36/2(3 + §2)9§(Yg)gf(5Taj)baPL/ dzlyo(A(r, M%), €) + UV finite

= —3 (3+£2)g2(Y2)gf(5 o PL + UV finite , (C.31)

where ™ (a’TeTam)ab =2 (5Taj ) .

T T __m

— QQSuge/z(Y )o@t eta™) P x

/ A%k (2p — 2qu — k) [0 + (1 — &) 5] v (F — §+ My)
(

2m) B [(p—q—k)> —=m]l(p — k) — Mg]

1
= —i&g2 i (Yy) ), PL/ dzloo(A(z, m3, M3,), €) + UV finite
0

= 5292(Y2)gf(5 U]) PL + UV finite. (C.32)

Here Az, m%, M) = (1 —2)%p? — (1 —2)p* + (1 —2)M§ +2%(p — q)* —x(p —

q)? + xm;. The diagram F6 can be evaluated in a similar way as F3 to get

1
) PL + UV finite , (C.33)

N "y .
where we have used (¢7'07)" = eT07 Vj. The extra ‘-’ sign comes because of

the difference in sign between the W and B boson couplings with /.

Then finally using the relation shown in Fig C.6 and using the minimal sub-

traction scheme to define the counter term F7, we find the renormalization
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constant to be

1

v = “Tom

3 1 1
(2vlv. - Sagt - S (2+78) ). (C34)

CS.7 The extra diagram contributing to the

renormalization of Higgs self-coupling A

¢§L ¢b

dc

/ d’k Trl PrE(F — d2) (K — g2 + d1)(F — #2)

= —(—z'/f/2)4Tr [YQYEY;}YE] (e0'd’e) ,(eTdla'e), x

(2m)d " [(k2 = MR)(k — q2)*(k — p2)’[(k — @2 + @1)* — Mg
; 1
= _4L7r2Tr [YZTYZYZTYE} (0ap0cd + 40acOba) - + UV finite . (C.35)

It is clear from the Feynman diagram that a < d or b « ¢ interchange will
produce diagrams which will contribute similarly to the amplitude and finally

one gets the amplitude to be
- 5iTY*YYTY S0 551 fini
- _4—7]'2 1"[ DI S Z](ab cd+ ac bd)E+UV nite .
CS.8 Renormalization constant of the effec-

tive vertex k

Fig C.7 shows the Feynman diagrams that contribute to the renormalization
of the effective low energy vertex x at the one loop level. As we have already

mentioned in Chapter 3, in the intermediate energy scales the fermion triplets
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lib ¢d

Figure C.7: Feynman diagrams contributing to the one loop correction of the
effective vertex k.

still coupled to the theory do not contribute. Thus the renormalization con-
stant Z, remains the same at all energies and also in different seesaw models

and is given by

1 T
b = e 20

~(5-a) e (5-3) ;- (©:30)
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Calculation of renormalization constants

CS.9 Evaluation of d-dimensional momentum

integrals

In this section, we write down the d-dimensional integrals explicitly, which

have been used in evaluating the diagrams in Sections CS.1 — CS.8.

LA = /d%; i
mel S = L 2n)d (£ A

1 T(n—fmr(se )(i)"_T, (C.37)

(4m)¥ T (5)T(n) A

where [ is the momentum of the particle in the loop in Euclidean space and
is given as % = —il® and I = [ and A is some function independent of the
momentum [gz. The quantity € is defined as ¢ = 4 — d. The explicit form of
L0 (A, €) for some specific m, n values are given below, which have been used

in the calculation of the diagrams in Section CS.1 - CS.5.

Ina(Aye) = 122 <—§ +y—-1+ (9(6)) : (C.38)
oa(A6) = £P<§—7+0&0, (C.39)
La(A¢) = £P<§—7+0&0, (C.40)

where v = 0.577216 is the Euler-Mascheroni constant.

CS.10 Clifford algebra in d dimensions

In this section, we write down the Clifford algebra in general d-dimension,

which have been used in evaluating the diagrams in Sections CS.1 — CS.8.

Let n*” be the Minkowski metric tensor in d-dimension. Then

nt = ', (C.A41)
', = 0", (C.42)
Nuwn™ = d, (C.43)
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and the definition of the Clifford algebra is

{7} =20 (C.44)

Using the above relations, one can get

Wyt = d,

Wi = (2=d)¢,

WPy = dab—(4—d)dy,
Wby = =2¢pd + (4 — d)dp¢ -

The traces involving gamma matrices are given below.

Tr(1) = 4, (C.49)

Tr(dp) = 4ab, (C.50)

Tr(odd number of 4's) = 0, (C.51)
Tr(dp¢d) = 4[(a.b)(c.d) — (a.c)(b.d) + (a.d)(b.c)] (C.52)

Thus the traces of v matrices not involving ~; remains the same as those in

4-dimension.

The issue of v5 in dimensional regularization is somewhat delicate, since the
4-dimensional definition leads to inconsistencies. However, it is consistent to
use “naive dimensional regularization” [204], where 75 anticommutes with all

other Dirac matrices to give

{77 =0, (C.53)

and also satisfies
Tr(ys) = 0, (C.54)
Tr(vsdf) = 0. (C.55)

Defining -5 in this way, one faces the problem that the quantity Tr(vsdp¢d)
is not defined in a consistent way. However as long as this quantity does not

appear in the calculations explicitly, the above “naive” definition of ~5 works
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fine. Hence we will stick to this definition. With this definition one gets
Tr(Prdl) = Tr(Prdp) =2a.b. (C.56)

There is another approach where 75 is defined as v5 = i7°y'4%y2, and thus

is an intrinsically 4-dimensional object. In that case Eq. (C.53) is replaced
by mixed commutation and anticommutation relations since now 5 now com-
mutes with +* for p = 0,1,2,3 and anticommutes with the other v*. This
is the dimensional regularization method suggested by 't Hooft and Veltman

[205] and this method is free from any inconsistencies stated above.

CS.11 Feynman parameterization

Feynman parameterization has been used in Sections CS.1 — CS.8 in order to

evaluate the d-dimensional integrals. We describe this parameterization below.

1 ! 1
AB /0 AT —DB (C-57)
1 ! ny"™ 1
1 ! (n —1)!
e — o R T I A )
1A, A /0 dxidzy - - - dx,,0 (Z X ) EYE (C.59)

1 ' [Ta7" " T(Zm)
A AT A /0 dxidxs - - - dx,0 (Z T — 1) [inAi]zmi 1T ()

(C.60)

After one uses the suitable Feynman parameterization to the d-dimensional
momentum integral, the standard form as given in Section CS.9 by change of
variables. The integrals over the auxiliary Feynman parameters may not be

solved analytically always.
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RG evolution equations of

masses and mixing parameters

The renormalization group (RG) evolution for some variable X € {m;, 0;;, ¢;}
can be written in the most general form as

P

: D
X =A% + ﬁ +013B% + O(6%;) (D.1)

where P denotes the basis in which the quantities are written. We have D} =
0V X and for P = P, Ps except for X = § when P = Ps. The coefficients in

P = Ps are given below.

Cy? 2 2 9 b 9
AT = _ﬁsin%lzsgg {ml +m32 + m1m22cos( b1 ¢2)] D2
2 Amg,
AP = _Cyz holma +mge®® > shlmy + mge* ™ (D.3)
. 2 Ami, AmZ ' -
2
yT . . m3
Aﬁf = —5sin 26015 sin 20255% X

[my cos (0 — 2¢1) —ma(1 + () cos (6 — 2¢2) — (mgcosd] , (D.4)
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where ¢ = Am?2 /Am2,,.

m
A;’;f = 203/72_ {COS 2923 _A 331 [m1512 sin 2(]51 + m2(1 -+ C)Cu sin 2¢2]
mims
+ehoshs g sin (261 — 2@)} , (D.5)
Amg
m _ _
AZ;;S = 202 {cos 2923ﬁ [m1s3,sin 2 + ma(1 + ()ci, sin 2¢s |
31
mims
52052 2 sin (26, — 2@)} . (D.6)
Amg,

From the expressions given above, it can be seen that Af(‘s, VX € {6, ¢:}, are

independent of § and hence we have AP" = AP‘S

The coefficients involved in 4, A?‘S and D?‘S are given by

112
AT = 20y { N s558i0 (261 — 2¢by)

©
m . .
—|—ﬁ (635 (mactysin (20 — 2¢n) + mao(1 + ) s7ysin (26 — 265))
31
+ €08 2053 (M 57, 8in 2¢ + ma(1 + ()}, sin 2¢5) | } , (D.7)
2 2 2
P ¢(m m m )
Dy* = 093512012323023 { (A 3 4 Am;m — Aml?n) sin §
2m1m3 . 2mams .
2 0—2 D.8
e sin (6= 201) + 3 sin (3= 200 D)

The other A% appearing in the basis P, are A?J , A{,PJ and are given as

m . )
A?’ = C’yTsmcms%gcg?,A 3 [m1 sin 2¢1 — mo(1 + () sin 2¢] (D.9)
1 Pr 2 9 m3
A = 097512012323023A [m1 cos 2¢1 — ma(1 + () cos 2y — (mg]
(D.10)

Thus the evolution equations in the P; basis are all continuous and well-

behaved at all points in the parameter space, including #,3 = 0.
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The running of the neutrino masses are given as

ml = [Og + Cy?_ (2 sin2 912 Sin2 923 + G?)} my, <D11>
e = [a+ Cy? (2cos®bipsin® bas + GF) | my (D.12)
s = [oz + 2C’y3 cos? 0,3 cos? 6’23] my . (D.13)

As can be seen from Egs. (D.11)-(D.13), the quantities G depends on the

choice of basis. In the Pjs basis they can be given as

G?‘; —  —sin 03 sin 265 sin 2055 cos & + 2sin? Oy3 cos? 015 cos? Oag (D.14)

G;D“ = sin )3 sin 26,5 sin 2053 cos § + 2sin? O13 sin? 15 cos? By ,  (D.15)

while in the P; basis they become

8J!
GfJ = — cp + 2 sin2 6’13 COS2 6’12 COS2 923 s (D-16)
cos? 0,3
8J!
G;’J = CP 1 94in? 015 sin? 015 cos? Oas . (D.17)
cos? 03

Here we define a = sin 65 cos 015 sin 093 cos Ha3.
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