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Primordial Black Holes (PBHs)

Candidates for Dark Matter, Hawking Radiation,
Baryogenesis, Reheating, seeds of SMBHs etc.

Extremely interesting rich phenomenology!
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Inflation, Quantum fluctuations and PBHs

CMB −→ LSS
Adiabatic ζ(x⃗)

Almost scale-invariant

Pζ = AS

(
k

k∗

)n
S

AS ≃ 2× 10−9 , n
S
≃ −0.035

Nearly Gaussian

P [ζ] = B exp

[−ζ2

2σ2
(1 + fNL ζ + ...)

]

→ LSS, CMB ⇒ Large-scale tiny quantum fluctuations

→ PBHs, GW(2)s ⇒ Small-scale larger fluctuations ?
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Source of Inflation: A Scalar Field

φ

V
(φ

)

ρφ = 1
2
φ̇2 + V (φ)

φ∗φend

CMB

Reheating

Slow-roll Inflation

φ̇2� V (φ)

3H φ̇ ' −V ′(φ)

Inflaton potential

Density ρ
ϕ
=

1

2
ϕ̇2 + V (ϕ)

Pressure p
ϕ
=

1

2
ϕ̇2 − V (ϕ)

And Einstein’s equations imply

H2 =

(
ȧ

a

)2

=

(
8πG

3

)
ρ

ϕ
,

ä

a
= −

(
4πG

3

)(
ρ

ϕ
+ 3 p

ϕ

)

Condition for Inflation

ϕ̇2 < V (ϕ)

Motion of the scalar field is
governed by

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0

ϕ̇2 ≪ V (ϕ) ⇒ Nearly Exponential expansion a ∼ eHt at
the background level.
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Full System during Inflation

System = Gravity (gµν) + Scalar Field (ϕ)

S[gµν , ϕ] =

∫
d4x

√−g

(
m2

p

2
R− 1

2
∂µϕ∂νϕ gµν − V (ϕ) + ...

)

During Inflation, the metric takes the form

ds2 = −dt2 + a2(t)
[ (

e2Ψ(t,x⃗) δij + hij(t, x⃗)
)
dxidxj

]

In particular, two light fields are guaranteed to exist –

1 Comoving Curvature Perturbation

−ζ(t, x⃗) = Ψ +
1√
2 ϵH

δϕ

mp

(Later becomes density and temperature fluctuations)

2 Tensor Perturbation (Transverse, traceless hij(t, x⃗) –
relic Gravitational Waves)
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Power-spectra: Linear Perturbation Theory

During slow-roll (SR) inflation, ϵH , |ηH | ≪ 1

where ϵH = − Ḣ

H2
, ηH = ϵH − 1

2

dlnϵH
dN

Primordial Scalar power-spectrum at least at large scales –

Pζ =
1

8π2

(
H

mp

)2 1

ϵH
= AS

(
k

k∗

)n
S

Physical wavelength λp =
a

k

CMB pivot scale k∗ = 0.05 Mpc−1

From CMB observations,

As = 2.1× 10−9

Scalar spectral index

nS ≃ −0.035 Small red tilt

⇒ Tiny fluctuations that are nearly scale-invariant
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What we know from Observations

CMB probes scales k ∈ [0.0005, 0.5] Mpc−1 ⇒ ∆N ≃ 7

Small-scale power spectrum is not constrained!
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Possibility of enhancement of small-scale fluctuations!

**Green and Kavanagh, J. Phys. G 48 (2021) 4, 043001
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Single-field Inflation beyond the CMB Window

⇒ Scope for non-trivial small-scale dynamics
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Reheating

Radiative Epoch

Large-scale fluctuations: tiny, scale-invariant, gaussian

Pζ ∼ 2× 10−9

Pζ ∼ 10−2

Small-scale fluctuations

E
n

d
o

f
In

fl
a

ti
o

n

CMB scales : Pζ ∼ k−0.035 (Slightly red− tilted) ; ηH ≃ −0.018

Small-scale growth : Pζ ∼ knS (≤4) (Blue− tilted) ; ηH ≥ 3/2

**Byrnes et. al JCAP 06(2019) 028
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Large Quantum Fluctuations

1 Breakdown of scale-invariance at small-scales

ϵH = −dlnH

dN
, ηH = ϵH − 1

2

dlnϵH

dN
; N = ln(a)

2 Breakdown of Gaussian nature of primordial
fluctuations

For ζ ≫ 1

P [ζ] ̸= B exp

[
−ζ2

2
∫ k2

k1
dlnkPζ(k)

(
1 + fNL ζ + gNL ζ2 + ...

)
]

**Celoria et. al JCAP 06 (2021) 051
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Breakdown of Scale-invariance via feature

A feature: an inflection point or a local bump/dip at low
scales slows down the inflaton

⇒ Breaking of scale invariance!!

At small scales ϵH ≪ 1 , ηH ≳≳≳ 3 Violation of slow-roll

Criteria for PBH from single field
Inflation–

1 Large scales satisfying with CMB
constraints.

2 Intermediate scale feature to
enhance power for PBH
formation.

3 Successful Reheating mechanism.
φ

V
(φ

)

φiφ∗φend

k∗ = 0.05 (Mpc)−1

CMB

Reheating

Inflaton potential with PBH feature

PBH bump

PBH dip

φPBH

**Motohashi, Hu PRD 96(2017) 6, Cole et. al arXiv:2304.01997
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Computing Power spectrum

Pζ(k) =
k3

2π2
|ζk|2

k<<aH

Mukhanov-Sasaki variable vk = z × ζk ; z = amp
√
2ϵH

satisfies the MS equation:

d2vk
dN2

+ (1− ϵH)
dvk
dN

+

[(
k

aH

)2

+M2
eff (N)

]
vk = 0

where the effective mass term is

M2
eff = −(aH)2

[
2 + 2ϵH + 2ϵ2H − 3ηH + η2

H − 3ϵHηH − dηH

dN

]

Background dynamics dependent and complicated!
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Typical Inflationary Dynamics

SR-I (CMB scale) −→ USR −→ CR −→ SR-II

ηH : η1 −→ η2 −→ η3 −→ η4 Wands Duality

Background

5 10 15 20 25 30 35 40 45

Number of e-folds Ne

−4

−2

0

2

4

6

(a
H

)−
2
z
′′ /
z

USR

SR-II SR-I

CR

ηH(
1
aH

)2 z′′
z

Reason for duality

For ϵH ≪ 1,

M2
eff

(aH)2
≃ 2− 3ηH + η2

H − dηH

dN

Assuming

ηH =
3

2
+ C tanh

[
C
(
Ne − Ñe

)]

ν2 ≡ M2
eff

(aH)2
+

1

4
≃ const.

**SSM, Sahni JCAP 04(2020) 007, **Karam et. al JCAP 03(2023) 013
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Typical Power-spectrum
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Statistics of Primordial Fluctuations

Is the Primordial PDF P [ζ] Gaussian or Non-Gaussian?

Non-Gaussian for ζ ≫ 1 in general

PBHs from Rare Peaks: Sensitive to the tail of PDF
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Non-Perturbative Methods for full PDF

Approach - I

Classical Non-linear δN formalism

Approach - II

Semi-classical Approximation

Approach - III

Stochastic Inflation
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Stochastic Inflation: Effective IR description

Coarse-grained description ϕ = Φ+ φ , πϕ = Π+ π

Langevin Equations (Non-linear)

dΦ

dN
= DΦ + ξϕ ;

dΠ

dN
= DΠ + ξπ

dFcg

dN
= Drift

cl
+ DiffusionQ

Gaussian White noise statistics

⟨ξi(N) ξj(N
′)⟩ = Σij(N) δD(N −N ′)

Noise Matrix elements

Σij(N) = (1− ϵH)
k3

2π2
ϕik(N)ϕ∗

jk
(N)

∣∣∣∣
k=σaH

Φ

H−1

(σH)−1

σ ' 0.01

Coarse-graining scale

k = σ aH , σ ≪ 1

**A. A. Starobinsky (1986)
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PDF from first-passage time analysis

dΦ

dN
= DΦ + ξϕ ;

dΠ

dN
= DΠ + ξπ

First-passage no. of e-folds N
and PDF P (N )

Subject to boundary conditions

1 Reflecting boundary at Φ = ϕen :

∂
∂ΦP (N )

∣∣∣∣
Φ=ϕen

= 0

2 Absorbing boundary at Φ = ϕex :

P (N )

∣∣∣∣
Φ=ϕex

= δD(N )
Numerical Simulations

Fokker-Planck Equation
(for analytical treatment)
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Langevin −→ Fokker-Planck Equation

PDF of first-passage number of e-foldings N : Adjoint FPE

∂P

∂N =

[
DΦ

∂

∂Φ
+DΠ

∂

∂Π
+

1

2
Σϕϕ

∂2

∂Φ2
+Σϕπ

∂2

∂Φ∂Π
+

1

2
Σππ

∂2

∂Π2

]
P (N )

P (N ) ≡ PΦ,Π(N )

Stochastic δN Formalism

Statistics of N → Statistics of ζcg : P [N ] −→ P [ζcg]

ζcg ≡ ζ(Φ) = N − ⟨N (Φ)⟩ ; ⟨N (Φ)⟩ =
∫ ∞

0
N P (N ) dN

Abundance of PBHs β ∼
∫ ∞

ζc

P (ζcg) dζcg

**Pattison et. al JCAP 04 (2021) 080
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Quasi de Sitter approximation

Mode functions {ϕk, πk} −→ dS

Σϕϕ ≃
(
H

2π

)2

, Σϕπ, Σππ ≪ Σϕϕ

The Langevin equations become

dΦ

dN
= DΦ +

H

2π
ξ ;

dΠ

dN
= DΠ

with single Gaussian white noise ξ satisfying

⟨ξ(N)⟩ = 0 , and ⟨ξ(N)ξ(N ′)⟩ = δD
(
N −N ′)

Adj. Fokker-Planck Equation becomes

∂P (N )

∂N =

[
H2

8π2

∂2

∂Φ2
+DΦ

∂

∂Φ
+DΠ

∂

∂Π

]
P (N )
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PDF for flat Quantum Well: Pure diffusion

V (Φ) = V0 , H2 ≃ V0

3m2
p

Leading to

PDF P (N ) =

∞∑

n=0

An(Φ) e−Λn N

with Λn = (2n+ 1)
2 π2

4

1

µ2

An = (2n+ 1)
π

µ2
sin

[
(2n+ 1)

π

2

(
Φ

∆Φ

)]

Control Parameter : µ = 2
√
2π

∆ϕwell

H

Exponential Tail

Highly Non-Gaussian!!

**Pattison et. al JCAP 10(2017) 046; Ezquiaga et. al. JCAP 03(2020) 029
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Additional Complications

General form of the feature

V (ϕ) = V0 ±
1

2
m2 ϕ2 ± µ

2
ϕ3 +

λ

4
ϕ4 ± ...

When inflaton drift is included

∂

∂N P (N ) =

[
Σϕϕ

2

∂2

∂Φ2
+

(
DΦ

∂

∂Φ
+DΠ

∂

∂Π

)]
P (N )

Beyond the de Sitter mode functions for noise

∂P

∂N =

[
DΦ

∂

∂Φ
+DΠ

∂

∂Π
+

Σϕϕ

2

∂2

∂Φ2
+Σϕπ

∂2

∂Φ∂Π
+

Σππ

2

∂2

∂Π2

]
P (N )
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Recently concluded work

SSM, Edmund J. Copeland and Anne M. Green,

“Primordial black holes and stochastic inflation beyond slow
roll: I - Noise Matrix Elements”

[arXiv:2303:17375]
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Computing Noise Matrix Elements

Σij(N) = (1−ϵH)
k3

2π2
ϕ∗
ik
(N)ϕjk(N)

∣∣∣∣
k=σaH

; ϕik ≡ {ϕk, πk}

ϕk(N) =
vk(N)

a
, πk(N) =

dϕk

dN

Mukhanov-Sasaki variable vk in spatially-flat gauge

d2vk
dN2

+ (1− ϵH)
dvk
dN

+

[(
k

aH

)2

+M2
eff

]
vk = 0

where the effective mass term is

M2
eff (aH)−2 = 2 + 2ϵH + 2ϵ2H − 3ηH + η2

H − 3ϵHηH − dηH

dN

Background dynamics dependent and complicated
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Numerical Noise Matrix Elements

Potential with a tiny Gaussian bump/dip feature

V (ϕ) = V0
ϕ2

ϕ2 + M2

[
1 ± A exp

(
−

1

2

(
ϕ − ϕ0

∆ϕ

)2
)]
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Ne

10−20
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10−16
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N
o
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M
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tr
ix
|Σ

ij
|×

m
−

2
p

|Σφφ|
|Re (Σφπ) |
|Σππ|

Σij evolves and swaps hierarchy! **Mishra et. al JCAP 04(2020) 007
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Analytical appprox: Sharp transitions

Assume |ϵH | ≪ |ηH | and ϵH ≪ 1 (qdS approx.)

⇒ −M2
eff (aH)−2 ≃ 2− 3ηH + ηH − 1

aH
ηH

And ηH → combination of Step functions

ηH(τ) = η1 + (η2 − η1) Θ(τ − τ1)

For which

−M2
eff (aH)−2 ≃ A τ δD(τ − τ1) +

(
ν21 − 1

4

)
+
(
ν22 − ν21

)
Θ(τ − τ1)

Where the strength of transition is A = η2 − η1 and

Order of Hankel ν21,2 =

(
3

2
− η1,2

)2
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Results from Analytical Techniques

ηH(τ) = η1 + (η2 − η1) Θ(τ − τ1) , Conformal time τ =
−1

aH

η1 ≃ −0.02 ; η2 ≃ 3.3
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Reproduces numerical results
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dS approximation
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Primary Conclusions

1 During SR-I phase, ΣSR
ϕϕ ≃

(
H
2π

)2

Σϕϕ : |Σϕπ| : Σππ ≃ 1 :

∣∣∣∣ν1 −
3

2

∣∣∣∣ :
(
ν1 −

3

2

)2

2 Immediately after the transition, Σij ∝ e−2AN , and

Σϕϕ : |Σϕπ| : Σππ ≃ 1 : A : A2

3 During CR phase, ΣCR
ϕϕ ≃ 22(ν2−ν1)

[
Γ(ν2)
Γ(ν1)

]2
σ2(ν1−ν2)ΣSR

ϕϕ

Σϕϕ : |Σϕπ| : Σππ ≃ 1 :

∣∣∣∣ν2 −
3

2

∣∣∣∣ :
(
ν2 −

3

2

)2

⇒ Strongest diffusion during Constant-Roll epoch!

What is the nature of PDF P [ζ]? Work in Progress
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PBHs −→ Large QFs

⇒ Sensitive to the tail
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Stochastic Inflation formalism

(Fokker-Planck Equation)

Noise-Matrix Elements

∂P

∂N =

[
DΦ

∂

∂Φ
+DΠ

∂

∂Π
+

1

2
Σϕϕ

∂2

∂Φ2
+Σϕπ

∂2

∂Φ∂Π
+

1

2
Σππ

∂2

∂Π2

]
P (N )
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Caveats

1 Mode functions evolved in a fixed (deterministic
background). **Figueroa et. al 2021

2 Computed in spatially-flat gauge. **Pattison et. al 2019

3 Only a single transition was considered analytically
(duality).

4 Both Φ and Π were treated stochastically. **Tomberg 2022

5 βPBH in terms of ζ rather than δ. **Tada, Vennin 2020

Questions & Comments are most welcome.

This is my second SOTU talk! Looking forward to
visiting TIFR in-person in the near future..
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