Final Exam., Mathematical Methods Course

24th November, 2 p.m. — 5 p.m.

1. a) An n x n matrix A satisfies a polynomial equation
p(A) =colpn +c1A+ C2A2 + C3A3 +..=0,

where [, is the n x n identity matrix. If B is connected to A via a similarity transformation,
B = §71AS, show that p(B) = 0.
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b) If n = 2, argue that exp(A) can be written as a linear combination of I and A (you may use
Cayley-Hamilton theorem). In this case, if the eigenvalues of A are r; and z; and z; # x5, show

that
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What about the case when x; = z,?
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2. By calculating the secular determinant, find the eigenvalues of

1 11 1
1 1 1 1
XIlll 1
1 11 1

(i.e., XU = 1, 1= ln, j= 11'1)

What is the Jordan canonical form of this matrix?
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3. Consider matrices of the form

m k
(5 2)
where m,n, k are integers mod 5, and integer operations (addition / multiplication) are defined
mod 5.

a) Show that the set of all A form a vector space.
8

b) Let G=set of all A such that m,n # 0. Show that G forms a group under matrix multiplication.
What is the order of the group?

c¢) Is G simple/semisimple?

&) C\\(Qr Ve  (Cong
TN e A £ Sonta ) L. 3
| ifffl\)w«\ﬁ—c\)b\,.wg
MMORRL Xion Akind) D 5 ki Gy ¢
CAC, me S € ( GG wmad S EF
el (NS TS Y (R ga)q‘gkj GrmudSily 6D emetoan Al

o®C - NS

Xz -c c\o VT S - ©
<|lo L % b \
R\ ~ ¢ NdC
_ © \ - > h - @
(e c¥e, 3¢ <l W 4




®
Now U v eosy B Qe ok A: @ ::B friwn VeOC i YAy,

Pﬁ@ A, - M ® g V-\@\(—-L) . @-m g\ C gume &e-(w
o ME N

Comnd vy 6D st o vy B Veowd (OB hn A vty

i - -\
e B N Tt o
o] o

0 AN

W) PSpet Wen D, Sden MR P\Coden &(NN U |

Y _ - _
) G( - ip‘\ U)v\th hr\,r\ —5‘:(3

A\k'),': h\* L\) Mo \L'L.} - P M\®\LL® @M (C(I

o Ny o W o @
S (R A |
M’t\) A"’,Q \)
\ _ o \w\L N
Nnse LR :Q \%\ Cudn Vax RORS \" :KC“" ik*«h‘\n)
n

\
_g\\'_\u_ \ W

(. \ -\ ' -
o, L=o )

W 2w ™ TN KMMS‘;@:“‘@)

\ { | _\“W':\ hﬂ@‘l\;
Ao o s Kk 9 KT

\(\"

v

D Ve ©@xisk3

Aisecena\s, ews a A

O‘dcx - CG\{W

-

A Aevments = Fo shece o G e L, 3\, 5 v



9 W= aw\o t\}m\ M3 b e Been waerc

oy B G e Gl Sl ] Setsiedphe

Nokzs W -
— Wen a Non\ sre CM)':"&”/)Q/W@OK"”[% W\aax\u}\s

NS pesthe Do wiave wr -\ e

Ve o

Sreess o &sw\y\zg\)k,ga“@’(\\u%'

.L) b MHW@,&({V&,
;\\@Nﬁ N/\w\fb\ses,\k WA s ok Thax 5 L o

\P“\“‘Mﬂf'% Ao W SrOITERS e é,&*% M%:}m

TR L\ J,& ove PV Qf\/"’ NN (‘\,QOQLB SS“" Q”’“W\”\D-v :

. \(Qﬂxj%@,\» N o 9dr O Csiveac ;) ?\%\5\’;%\%

"k\mw.



4. Let f(z,y) be a complex function of the real variables z and y, and let Ref = u, Imf =v. Find
the necessary relations (equivalent of Cauchy-Riemann conditions) between partial derivatives of
u and v for f to be a differentiable function of z* = = — iy.
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5. Find the value of the integral

b4
—Z 4
fcz*i—lﬁ #

where C is the semi-ellipse 922 + y? = 9 in the upper half-plane (y > 0), starting at (-1, 0) and
“ ending at (1, 0).
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6. a) Find the singularity structure of the function

_ log 2
2V (14 2)

in the complex plane. Find the residues at the poles.

f(2)

b) Use the above result to evaluate the integral

o
f dx —log r
0 x4 (1+1x)
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7. Let u(z,y) = z—(z®~y?)/2. Find a real function v(z, y) such that f(z = z+iy) = u(z,y)+iv(z,y)
is analytic, and f(0) = 0.

Find the saddle points of f(z). Find the directions along the saddle points such that u is nearly
constant and v has a local maximum (along the trajectory) at the saddle point.
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