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The mathematical problem

Series expansion of the pressure in powers of chemical potential

∆P(µu, µd ,T ) = P(µu, µd ,T )− P(0, 0,T )

=
∑

m,n

χm,n(T )
µmu µ

n

d

m!n!
.

Well studied classical problem. Special complications in QCD: few
coefficients known, with errors. Questions:

Does this converge? Estimate whether the series is
summable, radius of convergence and location of nearest
singularity.

Can the function be reconstructed? More complicated:
estimating value of the function, nature of divergence.
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Our simulations

Lattice simulations with Nf = 2 staggered quarks and Wilson
gauge action. Used mπ ≃ 0.3mρ; spatial size L = 4/T .
Temperature scale, Tc , found by the point at which χL peaks. If
Tc ≃ 170 MeV, then 1/a = 0.7 GeV, 1 GeV, 1.4 GeV for Nt = 4,
6 and 8.

Partial statistics reported in: QM 2012, Lattice 2013 Datta, Gavai, SG:

arXiv:1210.6784 Now doubling the statistics reported in Lattice 2013.
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Our simulations

Lattice simulations with Nf = 2 staggered quarks and Wilson
gauge action. Used mπ ≃ 0.3mρ; spatial size L = 4/T .
Temperature scale, Tc , found by the point at which χL peaks. If
Tc ≃ 170 MeV, then 1/a = 0.7 GeV, 1 GeV, 1.4 GeV for Nt = 4,
6 and 8.

Partial statistics reported in: QM 2012, Lattice 2013 Datta, Gavai, SG:

arXiv:1210.6784 Now doubling the statistics reported in Lattice 2013.

Notation: z = µB/T and

χ20(µB ,T ) =
∂2∆P

∂µ2
B

= χ0(T ) +
T

2

2!
χ2(T )z2 +

T
4

4!
χ4(T )z4 + · · ·
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On Tc

Broad crossover: even with one single measure (figure: chiral
susceptibility) Tc uncertain by 20 MeV. Reflected in quoted values.
Aoki, Borsanyi, Dürr, Fodor, Katz, Krieg, Szabo: JHEP 0906 (2009) 088

Select any definition and stick with it: we use Polyakov loop
susceptibility.
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Freezeout: not unique
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Sandeep Chatterjee, Rohini Godbole and SG

Also see argument by Jajati Nayak and Sandeep Chatterjee

Upsilon freezes out at T ≃ 250 MeV at LHC Rishi Sharma and SG.
Fluctuations freeze out when Peclet number reaches about 1.
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Numerical errors
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Errors depend on number of fermion sources for evaluation of
propagator as well as number of gauge configurations. Multiple
fermion loops are source hungry.
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Numerical errors
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Susceptibilities at µ = 0
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Nearing continuum physics
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The radius of convergence
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Must resum a series expansion
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Truncated series sum is regular even at the radius of convergence,
so is missing something important.
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Critical behaviour and the pressure

At a critical point
χB = (z2

∗
− z

2)−ψ.

Continuity and finiteness of P at the CEP forces ψ ≤ 1. Also

m1(z) =
d logχB

dz
≃

2ψz

z2
∗
− z2

.

Convert series for χB to series for m1, and use it to estimate the
critical exponent. Use 2 terms to fix 2 parameters, remaining terms
serve as checks of critical behaviour.

From the Padé approximant to m1(z), integrate to find χB and
again twice to find ∆P .
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Critical region and critical slowing down

If χB(z) ≃ (z∗ − z)−ψ, then m1 = d logχB/dz has a pole. Series
expansion of χB gives series for m1. Resum series into a Padé
approximant:

[0, 1] : m1(z) =
c

z∗ − z

Width of the critical region? If we define it by

∣

∣

∣

∣

m1(z)

m1(0)

∣

∣

∣

∣

> Λ,

then |z − z∗| ≤ z∗/Λ.
If δ is fractional error in measurement of z∗, then error in Padé?
Easy to check

∣

∣

∣

∣

∆m1

m1

∣

∣

∣

∣

>
1

1− Λδ
.

SG Pressure in QCD at finite µ



Introduction QNS Criticality Summary

Critical slowing down

 0.001

 0.01

 0.1

 1

 10

 0  0.5  1  1.5  2

χ 
 /χ

2
3

B
B

µ /TB

T=0.94 Tc

N
v=

10
00

, N
=

20
0

N
v=

10
00

, N
=

35
0

N
v=

10
00

, N
=

46
9

N
v=

20
00

, N
=

46
9

SG Pressure in QCD at finite µ



Introduction QNS Criticality Summary

Predictions along the freezeout curve
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Interesting region inside the critical region: hence large errors.
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Predictions along the freezeout curve

 0

 0.5

 1

 1.5

 2

 2.5

 3

 10  100  1000  10000

m
1=

S
σ

S1/2 (GeV)

PRELI
M

IN
ARY

Interesting region inside the critical region: hence large errors.

SG Pressure in QCD at finite µ



Introduction QNS Criticality Summary

Critical exponents: Widom scaling

Widom scaling for the order parameter gives

|∆µ| = |∆n|δJ

(

|∆T |

|∆n|1/β

)

,

where ∆T = T − TE and ∆µ = µ− µE . For ∆T = 0 one finds
∆n ∝ |∆µ|1/δ in the high density phase. Then clearly one has

ψ = 1−
1

δ
.

For the 3d Ising model, δ = 1.49, so ψ = 0.79. In mean field
theory one has δ = 3, so ψ = 0.66. Our computations consistent
with both: cannot distinguish between them yet.
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Testing the DLOG Pade
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Padé uses 2 terms of the series for m1. Using these it predicts the
3rd: critical behaviour.
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Radius of convergence is critical point
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Position of pole agrees with radius of convergence.
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The pressure

 0

 0.03

 0.06

 0.09

 0.12

 0.15

 0  0.5  1  1.5  2

χ 2B
2

/T

µ /TB

T=0.94 Tc

PRELI
M

IN
ARY

Integrated m1 to find χ2.
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The pressure
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The pressure
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The pressure
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Critical point and the pressure

QNS require huge CPU expenses; we have up to the 8th
order. Momentum cutoff of 0.7 GeV, 1 GeV and 1.4 GeV.
Able to see the approach to the renormalized values:
T

E ≃ 0.94Tc , µ
E

B
/TE ≃ 1.7.

When the series diverges then ∆P at finite µB cannot be
obtained from a partial resummation of the series.

Since χB ≃ |µB − µE
B
|−ψ, the ratio m1 = χ′

B
/χB has a simple

pole. Resum the series expansion into a simple pole. Integrate
this to find χB and ∆P . First results for pressure at finite µB
are reported.

Lattice uses m1 along a path of constant T and varying µB .
Event-to-event fluctuations of baryon number can measure m1

along the freezeout curve. At high energies, this can be used
to estimate the critical point or the critical index ψ.
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