
P-4811 Autumn 2015-2016

Physics of Standard Model: Part I

Homework # 2 Due Date: 23/09/2015

2.1 Solve for B from the following equations

B⌘ = cosh ✓ ⌘ (8)

B2 = I+ sinh2 ✓ ⌘⌘T , (9)

where ⌘ is a column matrix and I is an identity matrix.

2.2 Show that

⇤RB (✓, ⌘)⇤�1
R = B (✓, R⌘) (10)

2.3 We have argued in the class that in a relativistic quantum theory there exists a unitary operator

for each Lorentz transformation that acts on states in the associated vector space. In particular,

for infinitesimal Lorentz transformation (characterised by !µ
⌫ ), the operators can be expressed as

⇤µ
⌫ = �µ⌫ + !µ

⌫ and U [⇤] = 1� i
1

2
!µ⌫Mµ⌫ (11)

Find the commutation relations for the generators Mµ⌫ . We have done part of the proof in the

class. We have shown that

⇤µ
⌫ ⌘

�
⇤�1
2 ⇤�1

1 ⇤2⇤1
�µ
⌫

= 1�
h
!2, !1

iµ
⌫

(12)

By working out U [⇤] for the above case, show that
h
Mµ⌫ , M⇢�

i
= i (gµ�M⌫⇢ + g⌫⇢Mµ� � gµ⇢M⌫� + g⌫�Mµ⇢) (13)

2.4 Starting with the commutation relation of generators of Lorentz transformation, show that
h
Ji, Jj

i
= i✏ijkJk , (14)

where Ji =
1
2✏ijkMjk.

2.5 Let us repeat the whole procedure for finding algebras among the generators of Poincare group,

characterised by a Lorentz transformation and a translation, namely

xµ ���!
(⇤,a)

x0µ = ⇤µ
⌫x

⌫ + aµ (15)

(a) Defining

(⇤0, a0) = (⇤2, a2)
�1 (⇤1, a1)

�1 (⇤2, a2) (⇤1, a1) (16)

show that

(⇤0)
µ

⌫ = �µ⌫ +
h
!2,!1

iµ
⌫

and aµ0 = (!2a1 � !1a2)
µ
⌫ (17)
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(b) As before, define the unitary operators for infinitesimal transformations consisting of gen-

erators (10 in total)

U [⇤, a] = 1� i
1

2
!µ⌫Mµ⌫ + iaµPµ (18)

Using the property of representations (as before, in 2.3) find the additional relations among

the generators. In particular show that

h
Mµ⌫ , P�

i
= i (g⌫�Pµ � gµ�P⌫) (19)

h
Pµ, P⌫

i
= 0 (20)

2.6 Finally, denoting Pµ =
⇣
H, ~P

⌘
, show that

h
Ji, H

i
= 0 (21)

h
Ki, H

i
= iPi (22)

h
Ji, Pj

i
= i✏ijkPk (23)

h
Ki, Pj

i
= i�ijH (24)

2.7 Let us have some fun with spinors and sigma matrices. Using the dotted and undotted notation

regarding indices of SL (2, C) introduced in the class show the followings:

�µ
↵↵̇ ��̇�

µ = 2 ��↵ ��̇↵̇ (25)

�µ
↵↵̇ �µ��̇ = 2 ✏↵� ✏↵̇�̇ (26)

⇣
�µ �⌫ + �⌫ �µ

⌘�

↵
= 2 gµ⌫ �

�
↵ (27)

�µ�⌫�⇢ = gµ⌫�⇢ � gµ⇢�⌫ + g⌫⇢�µ + i✏µ⌫⇢� (28)

Tr
⇣
�µ �⌫

⌘
= 2 gµ⌫ (29)

Tr
⇣
�µ �⌫ �⇢ �

⌘
= 2

⇣
gµ⌫g⇢ � gµ⇢g⌫ + g⌫⇢gµ + i✏µ⌫⇢

⌘
(30)

Tr
⇣
�µ⌫

⌘
= Tr

⇣
�µ⌫

⌘
= 0 (31)

Tr
⇣
�µ⌫�⇢

⌘
=

1

2

⇣
gµ⇢g⌫ + g⌫⇢gµ � i✏µ⌫⇢

⌘
(32)
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